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Simple linear regression model

y? Yi = WotW, X; + &

\\ :

f(x) = wy+w, X

square feet (sq.ft.) X
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More complex functions
of a single input



Polynomial regression
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Fit data with a lineor ... ?

You show
your friend
your analysis
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Fit data with a lineor ... ?

yA

T T
Dude, it's

not a linear

relationship!

price (S)

square feet (sq.ft.)
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What about a quadratic function?

b

Dude, It's
not a linear
relationship!
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What about a quadratic function?
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Even higher order polynomial

_ 2
f(x) = wg + wy X+ Wy X + ... + W xP
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Polynomial regression

Model.
_ 2
Vi = Wp + Wy X+ Wy X© + o+ W XP + &

N—

treat as different features

feature 1 = 1 (constant) parameter 1 = wj
feature 2 = X parameter 2 = w;,

feature 3 = x? parameter 3 = w,

feature p+1 = xP parameter p+1 = w,
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Other functions of one input
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log(Price)
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Motivating application:
Detrending time series

| yi=5ofi" house sale

<1 t = month of i'" house sale
To) JJ*-V\I"V’N

i AV

i v

o -uflrJ\A

1997-01 1999-01 2001-01 2003-01 2005-01 2007-01 2009-01 2011-01 2013-01

Month €= HouSse sales recorded monthly
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log(Price)
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Trends over time

=
3-
Lo
A -
Q
g -
o
< -
o On average, house prices
Al 7 J . .
- tend to increase with time
Lr)' —
199;—01 | 199:9—01 2001|—01 | 200;—01 | 2005|—01 | 200;—01 | 200£|)—01 | 2011|—01 | 2011;—01
Month
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log(Price)
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Seasonality

<41 Most houses listed in summer
+
=1  Good houses sell quickly
0 JJ*-V\I"V’N
o - NMV”‘ . .
~"Few homes listed in Nov./Dec.
S +
Transactions often leftover inventory
- or special circumstances

I I I I I I I I I
1997-01 1999-01 2001-01 2003-01 2005-01 2007-01 2009-01 2011-01 2013-01

Month
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An example detrending

Model.
y. =Wy +w, t+w,sin(2mtt /12 - ) + €

/ _
/ \ Unknown phase/shift

Linear trend Seasonal component =
Sinusoid with period 12

(resets annually)

AVAVAVAVA

Trigonometric identity: sin(a-b)=sin(a)cos(b)-cos(a)sin(b)
=2 sin(2Ttt, / 12 - @) = sin(2Ttt, / 12)cos(P) - cos(2Ttt, / 12)sin(P)
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An example detrending

Equivalently,
Y. =W, + w, t 4+ w,sin(2TTt, / 12)
+ w cos(2Ttt, / 12) + €,

feature 1 = 1 (constant)
feature 2 =t

feature 3 = sin(211t/12)
feature 4 = cos(2TTt/12)
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Detrended housing data

=7 Fit polynomial trend and

o | Sinusoidal seasonal component

o - 5t order polynomial
- +

o | sin/cos basis

I I I I I I I I I I I I I I I I I
1997-01 1999-01 2001-01 2003-01 2005-01 2007-01 2009-01 2011-01 2013-01

Month
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oom In...

Fit polynomial trend and
sinusoidal seasonal componéent

5t order polynomial
_|_

sin/cos basis
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Other examples of seasonality

Weather modeling
-————— (e.g., temperature, rainfall)

\J o~
V\\!vf_\’h\
o\

N -, Flumonitoring —

100UU |

- | Demand forecastin ng |
(e.g., jacket purchases) |

US Flu Rate

2000

0

0 100 200 300 400 500 600

Week

Motion capture data ——

—— upperneck
—— lowerback x
| ——lowerback y
——right arm
— left arm

‘ ——right hand
[AEE  — left hand
—right leg
—left leg
—right foot
_— left foot

o 50-
o)
20 40 60 80 100 120 140 160 180 200

} 004/ S
’(u/? h‘g[/ WIE
timesteps
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More generally...
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Generic basis expansion

Model:
Vi = Wohg(x) + w, hy(x) + ... + wy hp(x)+ €
D
=Y whx)+ g
§=0

\
/ jth feature

jt"" regression coefficient
or weight
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Generic basis expansion

Model:

Vi = Wohgo(x) + wy hy(x) + ... + wpy hp(x)+ &

D
=0

feature 1 = hy(x)...often 1 (constant)
feature 2 = h,(x)... e.q., X
feature 3 = h,(x)... e.g., x? or sin(21Tx/12)

feature D+1 = hy(x)... e.g., xP
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Feature
extraction

Y Yy

— P
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Incorporating multiple inputs
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Predictions just based on
house size

square feet (sq.ft.)
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Not same as my
3 bathrooms
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Add more inputs

y y (> + W, #bath
. Q
z o ° x[2]
(:) O &
aQ - QO o OO(O
o S
| g
X
>
square feet (sq.ft.) X[1]
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Many possible inputs

- Square feet
— # bathrooms
- # bedrooms
- Lot size

- Year built
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Reading your mind

very sad very happy

Features are

brain region
Intensities
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General notation

Output: y & scalar
Inputs: x = (x[1],x[2],..., x[d])

d-dim vector

Notational conventions:
x[jl =" input (scalar)
hi(x) = j™ feature (scalar)
X. = input of it" data point (vector)

x.[j] = j" input of it" data point (scalar)
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Simple hyperplane

Model:
Y = Wq + Wlxi[l] + ...+t W,y Xi[d] + €.

feature 1 =1
feature 2 = x[1] ... e.q., sq. ft.
feature 3 = x[2] ... e.q., #bath

feature d+1 = x|[d] ... e.q., lot size
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More generically...
D-dimensional curve

feature 1 = h,y(x) ... e.q., 1
feature 2 = h,(x) ... e.q., x[1] = sq. ft.

feature 3 = h,(x) ... e.9., x[2] = #Dbath
or, log(x[7]) x[2] = log(#bed) x #bath

feature D+1 = hy(x) ... some other function of x[1],..., x[d]
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More on notation

# observations (x,y:) : N
# inputs x|j] : d
# features h(x) : D
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Interpreting the fitted function
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Interpreting the coefficients —
Simple linear regression

predicted
changein S
©
1 sq. ft
{ 4 i
>
square feet (sq.ft.) X
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Interpreting the coefficients —
Two linear features
Yy = Wq + Wy X[1]|+ W, X[2]

fix

square feet X[1]
(sq.ft.)
i Machine Learning Specialization
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Interpreting the coefficients —
Two linear features

§ = W, + Wy X[1]

f1x
y A
@ ®
8 predicted ©
-— || changein$
ol e

37

+@x[z]
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Interpreting the coefficients —
Multiple linear features

§ = W, + W, x[1] 4 i 4+ .. + W xId]
fix || fix f1x f1x

square feet X[1]
(sq.ft.)
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Interpreting the coefficients-
Polynomial regression

V= Wy + WX +... +@><J + o W XP

other features
fixed!

square feet X
(sq.ft.)
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Fitting D-dimensional curves
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h(x y
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Step 1.
Rewrite the regression model
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Rewrite In matrix notation

For observation i

D
y =D whx)+ e
J=0 v Ot
P A hy 06) W
Yil = _héw — +]€ Wy
wo Wy, Wy .- wp h'b‘\) mh(xp e hg(‘l) Wy
b
:mel\ogfi):wﬁh("a)-ru-*\wkvb‘i) k" ) = a0 s + W (€)W +-+ -
. * € : ¥ \aglxiYwp +€
Sesla’
= W hk)+ & hpx:) Wp
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Rewrite In matrix notation

For all observations together
o W €
\\ \y ) W €
Yo ) - - holks) || w, €,
Y") W, ég
= H wy +
\u hd W) |- - holsn) ey
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Step 2:
Compute the cost
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Quality
metric
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“Cost” of using a given line

VY 4 Residual sum of squares (RSS)

price (S)

square feet (sq?’f‘.)
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RSS for multiple regression

price (S)
©
)
X
AS)

square feet (sq.ft.) x[1]
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RSS in matrix notation

N
RSS(W) = ¥ (y:- h(x)Tw)2
1—=1
_ “Hw)" (y-Hw)
(y-Ho) (e -
Why7 (part 1) 3;" E(C::’ W
| i v = Pt
= L Wy ~ A N cesidual | 7
H - \% (y,.\-hd}: (y—\l) = | r&S‘?AJua\z
q“ L r‘as-;duolg
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RSS in matrix notation

N

RSS(W) = D _ [y~ hi(x)Tw)2 &=
=1 /

= (y-Hw)'(y-Hw)

Why? (part 2) "C Y

residual, | residual, | residuals residualy || residual;

residual,

residuals

residualy,
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Step 3:
Take the gradient
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Gradient of RSS

VRSS(w) = VI(y-Hw)T(y-Hw)]
= -2H"(y-Hw)

Why? By analogy to 1D case:

_{i___ (y—hw)(y-hw) = 3&7 cy-hw)" = 2-(y-Lw)\ (-h)
: = -—’Zkty—hw)
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Step 4, Approach 1:
Set the gradient = 0

©2015 Emily Fox & Carlos Guestrin Machine Learning Specialization



Closed-form solution

3D plot of RSS with tangent plane at minimum

: VRSS(w) = -2HT(y-Hw) = 0
8030 Solve for w:

~7Hy +/HTH® =0
HHW = Wy

,\\f
_ v S~ FUY HTHO = (HTRYT
150000.(100000_050003,% 0 50000010000_(%)0 O'&‘QQ\‘ Ww (_H \") ‘l"l ‘/
* = (W HY W'y

Machine Learning Specialization
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Closed-form solution

w=(H'H)'H'y

L
¢ M » Gapores f;"\ 0\%1\;%&,.6”5
! . Invertible if: V
V - D 7‘? QM In most Coses 1S N 4 D
o \
=N o . .
N Complexity of inverse:
J O (D)
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Step 4, Approach 2:
Gradient descent
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Gradient descent

Contour plot corresponding to 3D plot of RSS

~. .

600 |-

400

while not converged
wt) & w - nV RSS(w)

wl

200

J

i
-2H"(y-Hw)

)
| S ¢ w(:('. “‘"27’( HT(V" Hw(,t\)
—-1000000 —506000 — 6 500I000 - W
w0 y‘w‘ﬂ)
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Feature-by-feature update

N

RSS(W) = ¥ (y:- h(x)Tw)2

1=1 2

N
- . - ohpUQ)"”]M\M\" W L‘ lx‘))
Z\ (Y- o - Update to j*" feature weight:

|V
' ' w6 [y —Wix. )

Partial with respectto w; w0 & w, O - (=225 y: Koo' )

> \ C/i(w‘*?

Z 2()’:— woho (1) <w hi () - .= Wp hfk))

! -(-‘/\J()‘;\)

N
= 27 K (Y- h6 Y w)
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Interpreting elementwise

ath Cor.

y ‘
B Dathrooms
' Update t@weight:
¥

— O
w o I house »
8 0 . X[2] Wj(t+1) é Wj(t) + ZnZ(y|_§/|(W(t)))
b= 0 © & =1 Alt)
= o " O . ’ o \¢ umlwesﬁma:ﬁnjjm(’“"* of :a"\o’*l\ (w.) 'ssmttbl)
‘ 0 @ Lhen [\I;_ \};(w“’)) on avarast.
)gé;ofb w-%hkz,d lo\/ % bath  will be pesitive
square feet x[1] = w5 W Gremased

(sg.ft.)
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Summary of gradient descent

for multiple regression

Contour plot corres

ponding to 3D plot of RSS

600 -

400

200 k™~

0Ok

—200R N ) NN |
—1000000 —-500000 0 500000
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An extremely useful algorithm
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Summary for
multiple linear regression
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What you can do now...

Describe polynomial regression
Detrend a time series using trend and seasonal components

Write a regression model using multiple inputs or features
thereof

Cast both polynomial regression and regression with multiple
inputs as regression with multiple features

Calculate a goodness-of-fit metric (e.g., RSS)

Estimate model parameters of a general multiple regression
model to minimize RSS:

- In closed form
- Using an iterative gradient descent algorithm

Interpret the coefficients of a non-featurized muiltiple
regression fit

Exploit the estimated model to form predictions

Explain applications of multiple regression beyond house
price modeling
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