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Recall Task:
Predicting house prices



How much is my house worth?

for sale
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How much is my house worth?
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Look at recent sales in my neighborhood

 How much did they sell for?
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Regression fundamentals:
data, model, task



Data Input  output

/S

(X5 = sq.ft., yz = S)

7 N

T8 (xg=sqft,y,=9)

(X5 = sq.ft., ye = S)

>
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Data inout  output

(/ /

= sq.ft., y; = S)
(X, = sq.ft,y,=5)
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Input vs. Output:

* Yy isthe quantity of interest
assume y can be predicted from X




Model —
How we assume the world works

' acked
- \[/ %gat'\onsh:P
bexween

xmdy

o Regression model:
Ji= £(%:) + €.

Ele:l =0 « ‘—qw likedy

hot! error

i : > T—u(?cucd value S % er —
square feet (sg.ft.) X N

9 s Vi is equally

l:mf w be above
O ‘below £Clx:)
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Model -
How we assume the world works

yA

price (S)

“Essentially, all models are

I”

wrong, but some are usefu
George Box, 1987.

square feet (sq.ft.) X
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Task 1—
Which model f(x)?

sq.ft. X
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Task 2 — For a given model f(x),
estimate function ﬂx) from data

N e Coreme
y vbco'k\ ¢ N aal b&%\!‘\’
i (‘\r"“}g(\;ﬁ cer N (
F G

square feet (sq.ft.) X
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Feature
extraction

Quality
metric
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Simple linear regression
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Simple linear regression model

Y1 = Wo+W, X,

\)

square feet (sq.ft.) X
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Simple linear regression model

y? Y; = WotW, X; + &

\/

parameters:
regression coefficients

square feet (sq.ft.) X
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Fitting a line to data



Quality
metric
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“Cost” of using a given line

VY 4 Residual sum of squares (RSS)

©
RSS(\_N_(),\_A_/]_) -
(Shouse 1 [WO+W1$q-ft'house 1])2
T (Shouse 2" [WO+W1$q-ft'house 2])2

+ (Shouse 3 [WO+W1$q'ft'house 3])2
+ ...[include all training houses]

price (S)

—

square feet (sq.ft.) X
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“Cost” of using a given line

VY 4 Residual sum of squares (RSS)

price (S)

square feet (sq.ft.)
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Find “best” line

X Minimize cost over all

~ RSS(W,=0.97,w,=0.85)=4
square feet (sq.ft.) X
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possible wjy,w, i
— ?
& . '\
o _
¢ : (/ RSS(Wo=1.1y,=0.8) =,
RSS(w;=0.98,w,=0.87)
’
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The fitted line: use + interpretation
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Model vs. fitted line

0 A
Y1 A 7
flx) = W, + W, X

Regression model:

Y, = W,\o;M X; + &

?a.ﬂ&m:,{:zr.s ( unknown VM'?o\blbs)

Estlmateq parameters:

,110. 16
Wg , Wy

{'.al:c\/ values

>
square feet (sq.ft.) X

29 ©2015 Emily Fox & Carlos Guestrin Machine Learning Specialization



Seller:
Predicting your house price

Y1 ?‘ﬂx)=v“vo+v“v1x

Regression model:
. .’

price (S)

Best guess of your
house price:

Y= Wo + W; 8q.ft.poee

Machine Learning Specialization
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Buyer:
Predicting size of house

yT ﬂx)=v“v0+v“v1x

/I 3 Regression model:
' Y; = WotWg X; + &

price

Best guess of size of

house you can afford:
R P

= W, + W, Sq.ft.
=

square feet (sqg.ft.) ‘\K /
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A concrete example

Y1  fx) =-44850 + 280.76 x
Q

Uy c .
= APredlct S of 2,640 sqg.ft. house:
9 y= -44850 + 280.76 * 2,640
= = $696,356
Predict sq.ft. of $859,000 sale:
(859000+44850)/ 280.76

=
square feet (sqg.ft.) X = 3,219 sq.ft.

©2015 Emily Fox & Carlos Guestrin Machine Learning Specialization



Interpreting the coefficients

Y1 y=+v“le

— | Predicted S
£ of house with
G_d sq.ft.=0

= (Just land)

square feet (sq.ft.) X
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Interpreting the coefficients
Y4 § =W, +@x

predicted
changein S

Vs A
$wo\ 4.6t ‘— $\t>oo sq.f¢.

Q = ;\/o"\' (;)‘.\OO\ sq.ﬂ-
- (6‘0{4; ®, 1000 sq.H.)
_—

PnAiU«A c,hahﬁo. (n -k\qe_ o:‘be..;;b.
square feet (sq.ft.) X per unik “thange in inpuot

35
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Interpreting the coefficients
Y4 § =W, +@x

v
Y predicted
= change in S

Warning: magnitude depends
on units of both

features and observations

square feet (sq.ft.) X
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A concrete example

Y1 flx) = -$44,850 + 280.76 ($/sq.ft.) x

Q
\ " Predict S of 2,640 sqg.ft. house:

wn
)
9 -§44,850 + 280.76 ($/sq.ft.) * 2,640 sq.ft.
Q —
o e v&\. = §__696,356

‘”y Predict sq.ft. of $859,000 sale:

($859,000+544,850)/ 280.76 (S/sq.ft.)

>
square feet (sq.ft.) X = 3,219 sq.ft.
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A concrete example

Y1 fix) = -$44.850 + 280.76 ($/sq.ft.) X

™

But what if:

- House was measured In
square meters?

- Price was measured in RMB?

price (S)

>
square feet (sq.ft.) X
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Algorithms for fitting the model
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Find “best” line

X Minimize cost over all
possible Wo, W, _
/“/ '\
el RSS(wy=1.1,w,=0.8)
Y RSS(w,=0.98,w;=0.87)
- RSS(WO—O 97,w,=0.85)

price (S)

iz

square feet (sq.ft.) X
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Minimizing the cost

3D plot of RSS with tangent plane at minimum

-
[ee

-7

- 6

r5 L .

[ 2%  Minimize function
L 5 |&

- 2

- 1

n

over all possible wg,w;

- \
- 0

800 min Z(yi_[WO-I-WlXi])Z

600
o [ W, W&Wh 1=1
= B> 2 S

~1500009000000500000 ‘2‘;" RSS(wg,w,) is a function
| wo 5090901000008 of 2 variables = q(Wo,w,)
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An aside on optimization

©2015 Emily Fox & Carlos Guestrin Machine Learning Specialization



Convex/concave functions

A CONCAVE CONVEX
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Finding the max or min
analytically

CONCAVE CONVEX
v\,uﬁ"fgb Example:
Mmin (3(.“’)
W g(w) = 5-(w-10)?2
o ogez0
o “ﬁhﬁﬁ‘“&% éﬁ%’) = 0-2(w-10)- |
X Z -“2wWw+20
Set derivake = 0 :
J -2wW+20=0
\ A w=\0

e {
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Finding the max
via hill climbing

How do we Wknow whether €0 move
w %o r;%h-k or left 7 ]
( inc. er dec. +the value of uo,)

While not C.mw.rﬁecl

ww\) P w/{,}) . ﬂ, _A_‘?‘(‘_?)_
\ Stepsize

1tefoion
e d
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Finding the min
via hill descent

)
W - wa o« =
- : want- ‘o Jdecreosse W

and when derivakive TS negative,
LWe wante o WnaeasSe W

Algorithm:

while not conyerged
wittl) & W(t)en dg
dw
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Choosing the stepsize—
Fixed stepsize
T
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Choosing the stepsize—

Decreasing stepsize
or 3&:@?5\%9 Sc)‘\dlEl)Q,

Common choices:

Tle =

%
L g e
Ne= A

=
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Convergence criteria

For convex functions,
optimum occurs when

In practice, stop when Algorithm:
w) .
\%‘%\ < while not converged
&,‘d"“.;\"d&edﬂ W(t+1) é W(t) — n dg
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Moving to multiple dimensions:
Gradients

3D plot of RSS with tangent plane at minimum
’%ﬁ i
Wy

lel6

2 s (Q'H) -dimengional
: Vectkor

L

a derivative
2001 ?"'::“u a Berivate

u.wck a.s?we <o V’u

vom a‘t)olcs as conﬁ:mf

o)
w
(%3]

Ol—lebU‘m\‘m
0 4
(@)
=
N’
|

_150000Q0000Q0_=,ooooo 0

ot 50000010005659°
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Gradient example

3D plot of RSS with tangent plane at minimum

;’?RSS g(w) = S5w,+10w, w, + 2w,?

0 %—o:‘ 5.4- IOIOI

800 a
600 _bﬁ-: 0w, + uw'
W,

2001
_ 54 10w,
1500008 0000

Q%ooosv% 0 5000007000500 vg(W) = 10w LluJ/X
L o |
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Contour plots
‘;,rx‘ eye view

Yy

3D plot of RSS with tangent plane at minimum
8 S" Cont(?ur plot corresponding to 3D plot of R?S
@ X
7
6
600 |-
SRSS
4
3
400F
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0

200
800 \

500000
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0
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Gradient descent

Contour plot corresponding to 3D plot of RSS

| 5 N%(%{‘;f;iw'\
| Algorithm:

600 |-

while not converged
| W(t+1) é W(t) -~ nv g(W(t))
1 r.] F . —
N — ] _ 7([ ] | Conver dence.
—2‘336\05000 500000 — woé 500000 1 ‘ J L i " Vgtu,X) ée
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Finding the least squares line
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Find “best” line

X Minimize cost over all
possible wy,w,

N
min Z (y;-[wo+w,x])?
Wy, Wy =1

=) solution is
uniclu.e,

+ gmlim{- deScan—

square feet (sq.ft.) X “‘S;W“"':L;:?:ﬁ?)m

price (S)
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Compute the gradient

. % (g1(w) + g2(w) + QN(E))
5
- ) + L gaw) . g )
= Z diQZ<w)

64
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ln our case

A lw) = Cy;- l:wo+"~’|xﬂ)z

d RSS(w) _ "Z

bWo A=\

Seme Sor w

%5»( Y- Jw, “""’-)‘-zl)z
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Compute the gradient

Taking the derivative w.r.t. wy
ﬁ 27 (\" ~Iw,+w.\<xT)" (-1)

= —Zi (Yi =L wotw )(;J)
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Compute the gradient

Taking the derivative w.r.t. w;

2 20y, Lo uxdy- ()

A,-‘

= =9 Z_ (.\/x - [wetw, X)X,
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Compute the gradient

VRSS(w,w,) =| =

67 ©2015 Emily Fox & Carlos Guestrin Machine Learning Specialization



Approach 1: Set gradient = 0
223" [y, = (Wt w,x)]

VRSS(wo,w, ) =| © =
-2 ; ly; = (wo+w,x)x; p

rb —
3D plot of RSS with tangent plane at minimum o -t ‘b”‘": /o-:g'.,l‘":/- et e
8 3 0? A N A i)l ‘el 6Q‘
7 e
6 — Wy ® %Y."_ - WG
ZRSS N N
; botktom term
A g
....... ! ZYaXa- W2Xi-w, 2% =0
800 K
600 YO N . .
- oo T o ZYe ZAZH
= 1
TxE - TX R 5
N

—1500009 0000005
00000 _
WO 0 5000001000G0¢°
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(V)
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4zt
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421

(V)
Z YaX;

451
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Approach 2: Gradient descent

Interpreting the gradient:

VRSS(wo,w, ) =

69

v v
'22[}’, —

_'Zi;[Yi —

wt
2, el ok') o W)

v swf p) 0
0‘&‘ v / \_\ (W
(V\J_Q-I-Wlxi)] — -2 ; [yl
(W0+W1Xi)]xi_ __2 ; [yl
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Approach 2: Gradient descent

VRSS(WO,Wl) — -2 ; ly; — yilwg wy)]

231y, - §i(wo wlx

Contour plot corresponding to 3D plot of RSS

wh‘\e, not C.DnVu‘%a), (:ﬂ'('n)

\y A N
w;i*‘)r (e [ r é}‘/iﬁ«'lwﬁ iwl(t))‘s
)/'wf*""_ - [‘*’?“’X e ;:.E-.\[\la- Gi Lws',wé)]y;
| ow/al\, un&crpre}-‘(s‘mg qi , then 2[\/;-9,;‘3 1S ?os.‘eivg

RN . | —> W, is 90ing 0 (ncrease
0000000000000000000000 . _ .
Simlar inOALRVON for W, buxr’ M\Aw.e\y by X4
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Comparing the approaches

* For most ML problems,
cannot solve gradient = 0

* Even if solving gradient = 0
IS feasible, gradient descent
can be more efficient

» Gradient descent relies on
choosing stepsize and
convergence criteria
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Influence of high leverage points
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Asymmetric errors
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Symmetric cost functions

Y 4 Residual sum of squares (RSS)

n N

O _

é - % RSS(Wo,Wl) =Z (yi' [WO+W1Xi])2
o _ \ 1=1

Assumes cost of over-
estimating sales price Is same

as under-estimating

square feet (sq.ft.)
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Asymmetric cost functions

yA

different s glutlon

Mmin Aﬂﬂ'\m
W gﬁos

,I
’/
v d

o
P
P
P
o
/’
> 3

What if cost of listing house
too high has bigger cost?

oo high = no offers ($S=0)
0o low = offers for lower S

square feet (sq.ft.)

©2015 Emily Fox & Ca

rlos Guestrin Machine Learning Spec

>

X

ialization



Summary for
simple linear regression
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What you can do now...

Describe the input (features) and output (real-valued
predictions) of a regression model

Calculate a goodness-of-fit metric (e.g., RSS)

Estimate model parameters to minimize RSS using
gradient descent

Interpret estimated model parameters
Exploit the estimated model to form predictions
Discuss the possible influence of high leverage points

Describe intuitively how fitted line might change
when assuming different goodness-of-fit metrics
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