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Learn a probabilistic classification model

“The sushi & everything §ll “The sushi was good,
else were awesome!” the service was OK”

Definite Not sure

_ __ “The sushi & everything _ __ 'The sushi was gqood,
P(y_ + 1| X= else were awesonte!” P(y_ + 1 | X= the service was OK”

= 0.99 = 0.55

Many classifiers provide a degree of certainty:
Output label Input sentence

P(y|x)

Extremely useful in practice
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A (linear) classifier

* Will use training data to learn a weight
or coefficient for each word

W, -2.0
good W, 1.0
great W, 1.5
awesome W3 2.7
bad W, -1.0
terrible Wi -2.1
awful Weg -3.3
restaurant, the, we, ... W, Wg Wq 0.0

5 ©2015-2016 Emily Fox & Carlos Guestrin Machine Learning Specialization



Logistic regression model
Score(x) = W'h(x)

e 0.0 T
d v L
0.0 =32 5170
Ply=+1|x,W) = 1

4 ©2015-2016 Emily Fox & Carlos Guestrin

Machine Learnin g Specialization



Quality metric for logistic regression:

Maximum likelihood estimation




ﬁ(y=+1|X,W) = 1

Quality
metric
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Learning problem

Training data:
N observations (x.y)

x[1] = #awesome x[2] = #awful y = sentiment

2 1 +1

0 2 -1

3 3 -1

4 1 +1 O|_otimize _

quality metric

1 1 +1 on training
) 4 -1 data

0 3 -1

0 1 -1

2 1 +1
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Finding best coefficients

x[1] = #awesome x[2] = #awful y = sentiment

2 1 +1
0 2 -1
3 3 -1
4 1 +1
1 1 +1
2 4 -1
0 3 -1
0 1 -1
2 1 +1
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Finding best coefficients

x[1] = #awesome x[2] = #awful y = sentiment x[1] = #awesome x[2] = #awful y = sentiment
3 3 -1 4 1 +1
2 4 -1 1 1 +1
0 3 -1 2 1 +1
0 1 =1 1 1 +1
2 4 -1
0 3 -1
0 1 -1
2 1 +1
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Finding best coefficients

x[1] = #awesome x[2] = #awful y = sentiment x[1] = #awesome x[2] = #awful y = sentiment
3 3 -1 4 1 +1
2 4 -1 1 1 +1
0 3 -1 2 1 +1
0 1 -1
\ ] | J

! Y
P(y=+1|Xi,W) =0.0 P(y=+1|xilw) =1

N
Pick w that makes
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Quality metric = Likelihood function

\ Negative data points D Positive data points I
Y Y
P(y=+1IM-.G——P(y?HTXi,{)!1-O

No W achieves perfect predictions (usually)

Likelihood #( ): Measures quality of

fit for model with coefficients

12 ©2015-2016 Emily Fox & Carlos Guestrin Machine Learning Specialization



Find “best” classifier
Maximize likelihood over all possible wy,wy,w,

f(wo=0, w,=1, W2=-1.5) '= 10'6
Vi

E
H
” Best model:
4 Highest likelihood #( )
3 =0.5, =-15)
2
; P(w,=1, w,=0.5, w,=-15) Z 104 «-- 9raAu,,+

—_— —— oSt o)

Gak &

Machine Learning Specialization

Hawesome
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Data likelihood
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Quality metric: probability of data

x[1] = #awesome x[2] = #awful Yy = sentiment x[1] = #awesome x[2] = #awful y = sentiment

If model good, should predict: If model good, should predict:

Pick to maximize;: Pick to maximize:
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Maximizing likelihood
(probability of data)

Data

x[1]

x[2] y

Choose to maximize

point
Xpy; 2 1 41 Pymaly, ) 2 py=ined-2 v, w)
XYz O 2 A Plgeilnw)
Xsys 3 3 1 P(qz=-11k3w)
Xg¥qg 4 1 1 Pz w0 g w)
Xz, Y5 1 1 +1
XeYe 2 24 -1
X,y;, 0 3 -1
Xgyg O 1 -1
Xq.Yq 2 1 +1
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measure of quality 7

Hu'%rb an.bz);ko
?(‘J'-“"‘ Ix, ) Y(:} z-1| X, W) ?(3:-]\)‘3,1»)
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Learn logistic regression model with
maximum likelihood estimation (MLE)

DEE]

point x[1]  xI2] y Choose  to maximize
Xp¥1 2 1 Y+l Ply=+1lx[11=2 x[2=1w)
X5.Y> 0 2 -‘1_ P()f_—_1|X[1]=0. x[2]=2,w)
Xz,Yz 3 3 -1 Ply=-1|x[1]=3, x[2]=3,w)
X4.Ya 4 1 +1 Ply=+1[x[1]=4, x[2]=1,w)
tw) = . - . : |
7 i
\ P(Y1|X1: y2|x2 y3|x3w P(y4|x4,w) |

'\wﬂ of ™ N

?M(:) HP Yi | X, W) /
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Finding best linear classifier

with gradient ascent
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ﬁ(y=+1|X,W) =
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Find “best” classifier
Maximize likelihood over all possible wg,w;,w,

f(wo=0, w,=1, W2=-1.5) '= 10'6
Vi

wo=1, w;=1, w,=-15) = 107>

%-- Best model:

2 Highest likelihood #( )
z = (=1, /=05, | =-15)
1 0 /5‘»1: w,
: 10 Phmize o,k

0”“"""4' as cnt

H#awesome
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Maximizing likelihood

ikelihood

g Maximize function over all
§  possible vv%wl,w2

/ Py, | x;, W
Wor,nv\%NZH (Yi | xi, W)

o :
2 2y 80 U= 1 J
we , 0 _ A\
19ht for dwespm, 2 4 6 6 4 «e\g

el

(woiw,w.) is a
function of 3 variables

Machine Learning Specialization

No closed-form solution =» use gradient ascent
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Review of gradient ascent
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Finding the max
via hill climbing

Algorithm:
/ while not converged
0% \wm witt) & w4 n ﬁ
ERCINL wh w / dw (t)

W
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Convergence criteria

For convex functions,
optimum occurs when

__Ai, -0 wi
Aw | |
In practice, stop when Algorithm:
a¢ while not converged

&VJ w ) 't dW
'hkmn e W(t)
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Moving to multiple dimensions:
Gradients

-0
-20
-40 3
-60
-80 g
- -100 =
r-120 § rg&
F-180 V‘B(W) = e Vee be
-8 -
—:3‘“\‘ a W,
\a\ :
¢
Wp

Machine Learning Specialization
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Contour plots

©
Q
Q
R
= §
o a

1]
3

8

£

=y

L7

=

weight for 'awful’
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Gradient ascent

| Algorithm:

. W(°) =0 , vom‘om, or Sm“lij Somacte.

.| while not converged

wittd) & wit + n\72(w)
A

\ o : . /, Skp Site

-6 -4 =2 0 2 4
weight for 'awesome’

weight for "awful’

—
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Learning algorithm for
logistic regression
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D‘erivative of (log-)likelihood

Sum over Feature
data points value

\ Difference between truth and prediction
| \
|

1y, =+1— Ply=+1 | x;,w
> v = +1] = Ply = +1 | xw))

\wcaic\' Y, i$ postive

5
~
Z

]
R
S.
2
P

Indicator function:

1 iF%i=+)

Ty, = +1|=
[y +] 0'(“':);':—-]
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Computing derivative
(wt)) &

1=1 =S -

- Zhj(xi)(]l[yi =+ - Ply=+1] Xi’“’(t)>>

x[1] x[2] Ply=+1|x,w)

Contribution to
derivative for

___ Total derivative:

WY [ +0-015 +0-49 - 1-33
M,

2 1 #  95 2(l~es)=d
0 2 -1 002 0fo-002) z o
3 30 - 0.05  3(0-0es):-0§
4 1 +1 088 401~ 6-69): 0.47
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Derivative of (log-)likelihood: Interpretation

|
Sum over Feature
data points value
\ Difference between truth and prediction
)
[
= 3y (L = 1] = Ply=+1| %, w)
1=1
Bl Po-iibow =1 oty
A= (| ') 2~ 0 &% ~ 1 ) ineray w

— S (1) b'ws ‘ﬂ-f £r
S dsnd d\any. A-uJ{-A.@) Mp(j W) .\ﬁ,.ys

A= ) Wy b dcray Dixo
= Seave (3:) rh.cmys Dlvuliw) = Kont Che ok ﬂnjl-h;:)
e
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weight for ‘awful'

Summary of gradient ascent
for logistic regression

Wj(t+1)
t<ct+1

38

- = - e wm

Zhj(xi)(ﬂ[yi =+1] - Jé(\?JJ;‘H | XuW(t))>
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— INit W(1)=O (or randomly, or smartlz), t=1
| (hlw&q ‘
| while ||{/£(w"Y)|| > €

p—

— W hix.
|+ € v

-

é'Vwﬁ{ﬁ'ﬂ partiallj]
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Choosing the step size n
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Learning curve:
Plot quality (likelihood) over iterations

,» —26000
= —
—~ 8 —28000} -
S ©
2 ®
=& T —30000¢
S ©
S ¢ -32000¢
- O
"-C*: 3
< 8§ —34000}
- £ _ IO-S
£ -36000 {L
2 ) = step_size=1.0e-05
- _ . L : I
38000, 10 56 30 20 50 — Awd mece FAa.,
# of iterations SO t Flra "ion&
¢
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If step size is too small, can take a
long time to converge

—32000¢}

—34000¢}

—36000 |,

—38000

= step size=1.0e-05

= step size=1.0e-06 |1

0 10 20 30 40

# of iterations
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Compare converge with

different step sizes

oulter
)
wl

T
P

—26000 . : : .
1

—28000
—30000 f

—32000¢} fmeoth  fustes, P"’ﬁ'“s_

| SO

= step_size=1.0e-05 |
=== step size=1.5e-05

—34000
—36000
—38000

—40000 ¢

Log likelihood over all data points

—42000 4 A .
0~———" 10 20 30 40 50

Aol oy (loisn # of iterations
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Careful with step sizes that are too large

—20000

V\: 10-S

-

)

>
(=2}

—30000}

=
<

/

2

c

'S

Q

3

©

T —40000 ¢ )

g —50000} 3 {

2 K'L:l-s , 1o 65¢Cillafiung £,

= Cmr.s;,.’ S

g —60000 | : /5' .

% = step_size=1.0e-05

=< —70000 === step_size=1.5e-05 -4 |

2 N ) = step_size=2.5e-05 h > A : " :
- _800000 1'0 Zb 36 4:0 50 weight for 'awesome’

# of iterations
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Very large step sizes can even
cause divergence or wild oscillations

q\c\o's

" 0 T . . .
= 3
S —50000f |
3
c —100000 | 7
©
© —150000| 1
>
_g —200000 t = step_size=1.0e-06 |1
S 550000 = step _size=1.0e-05
£ = [ = step size=1.5e-05|
§ - 10 % = step size=2.5e-05
= —300000 =10 E |
2 = step _size=1.0e-04
- —350000 ' ' ‘ ‘

0 10 20 30 40 50

# of iterations
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Simple rule of thumb for picking step size n

« Unfortunately, picking step size
requires a lot of trial and error ®

* Try a several values, ex nti aced

- Goal: plot learning curves to
* find one n that is too small (smooth but moving too slowly)

» find one n that is too large (oscillation or divergence)
* Try values in between to find "best” n
Le cyro,u,.\y,_l[‘\) Speat pick  oac Lhol leads Lest +m:n'l’5 Qaka. | kalithoed
« Advanced tip: can also try step size that decreases wi
iterations, e.q., _
(R

/

€
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Deriving the gradient for

logistic regression




MOVE TO
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Log-likelihood function

« Goal: choose coefficients w maximizing likelihood:

l(w) = HP(yz- | X, W)

« Math simplified by using log-likelihood - taking (natural) log:

N
V(w) = lnHP(yi | x;, W)
— /=1
Nak.,.g)|

Ky,

ol ©2015-2016 Emily Fox & Carlos Guestrin Machine Learning Specialization



The log trick, often used in ML...

* Products become sums:

\na'b:|n6~-}|nb |n%__ ‘(\A.—)nb

* Doesn’'t change maximum!

— If W maximizes f(w):

G = Argmes Flw) .
w
~N—_—
the W that malas flw) l“'}d}

— Then w,maximizes n(f(w)):
Q’lh 2 ﬁrjmax |n(““"))
w

Na'tural ng (In)' functivon

1
w = W

In

2.0 02 0.‘42_ 06 08 1.0
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Insert next title slide before Slide 52,
around 4:55 In
PL/_DerivingtheGradient_1stEdit




Expressing the log-likelihood
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Using, log to turn products into sums
N
w114 = 2 Wk

‘I
1zl

* The log of the product of likelihoods becomes the sum of the logs:

N
V(w) = lnHP(yi | x;, W)
i=1

= > in Ply 1 w)
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Rewriting log-likelihood

* For simpler math, we'll rewrite likelihood with indicators:

v(w) = ZlnP(yi | X, W) o
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Insert next title slide before Slide 54,
around /7:335 In
PL/_DerivingtheGradient_1stEdit




Deriving probability that y=-1 given x
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Logistic regression model: P(y=-1|x,w)

* Probability model predicts y=+1.

Ply=+1|x,w) = 1
1+ ewhi
* Probability model predicts y=-1.
Plyz-t 1A W) = 1= P(y=+1Ix,w) = |- _\:‘Q’.m«)

WTh® ~wTh&)
k/ : l+€.‘~ - l - e,

TWThG T ————ha)
|+ & HQU
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Insert next title slide before Slide 55,
around 9:15 In
PL/_DerivingtheGradient_1stEdit




Rewriting the log-likelihood
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Plugging in logistic function for 1 data point

1 e_WTh(X)
Ply=+1|xw) = s Ply=—1]xw) =

— - \ 1‘|‘€_WTh(x)
\'
U(w) =1[y; = +1] lnP(y =+1|x;,w)+ 1y, = —1] In P(y = —h1(|)xz, W)
— - -wWT hr

_‘ﬂ[to‘ tl} In T:(_—"“‘) ok (' 'ﬂC‘J “"G)ln D)
=050 In(1+ € u»*(l-ﬂ[‘J Y[~ Whid - lne(l;c'”w))} Dlg=-D |- Cyi=ai]

In 2T 2 (14 €

(ne“ = O~

_wThix:
= — (1- 1y 1)) Whhn) — n (14 ¢ “) ¢~ ]

X .=
N Tree) Jo=-
(o / !

ERYO R ~WThe:s
S)fn/leu form In€ - |"‘(er )

\_/N

__,\A)T .’\ (A.)
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Insert next title slide before Slide 56,
around 16:56 In

PL/_DerivingtheGradient_1stEdit




Deriving gradient of log-likelihood
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Gradient for 1 data point

((w) = —(1 =1y = +1))w " hx;) — In (1 + e 00

W

W,

—

~wthx)
(l_ﬂcng:ﬂ]) ‘b___w“h(x.‘)_ ‘a ‘V\(“‘Q )
dw;

) %w",
FUJ‘ J
= -(1-1ly =+13) hy(5) + hyon) Ply=-! lo;, ) o

— e,
_ L\(i-) (-’II(L:)-,:-\-I_S — P((JHI | X ,W)] / J ~wThxy)
-y - - kd()l;) —
, a0
P(.‘-O'.-\l’)(- W)
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Finally, gradient for all data points

« Gradient for one data point:
hy(xi) (Uys = +1] = Py = +1 | x;, w))

* Adding over data points:

N Ta - ) — =4 [ X, W)
?_Q_Q—- =~ h;)()fx)(ﬂ"(‘j'ﬂ’) Ply=n? >/5

VW iz -
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Summary of logistic

regression classifier
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ﬁ(y=+1|X,W) = 1
1 + e-w h(X)

Feature

Trainin
J extraction

Data

ML algorithm

Quality
metric
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What you can do now...

* Measure quality of a classifier using
the likelihood function

* Interpret the likelihood function as
the probability of the observed data

* Learn a logistic regression model with
gradient descent

* (Optional) Derive the gradient
descent update rule for logistic
regression
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Simplest link function: sign(z)

- 00
< v
0.0 1.0
—
sign(z)
+1 ifz>0

sign(z) = {

—1 otherwise

/3

But, sign(z) only outputs -1 or +1,

no probabilities in between
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Finding best coefficients

x[1] = #awesome x[2] = #awful y = sentiment x[1] = #awesome  x[2] = #awful y = sentiment
0 2 -1

2 1 +1
3 3 1 4 1 +1
2 4 -1 1 1 +1
0 3 1 2 1 +1
0 1 -1
\ ] | J

! |
0.0 € P(y=+1x, W) ————> 1.0

L Score(x) = W'h(x;) Tt
coo —————— 5 e
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Quality metric: probability of data

Is(y=+1|x,v“v) = 1
1 + e-WTh(X)

x[1] = #awesome Xx[2] = #awful y = sentiment x[1] = #awesome Xx[2] = #awful y = sentiment

If model good, should predict If model good, should predict

Increase probability y=+1 when Increase probability y=-1 when

Choose w to make Choose w to make
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Maximizing likelihood

(probability of data)

DEE]

Choose w to

point 1] x(2] maximize
X1.Y1 2 1 +1
X2.Y> 0 2 -1
X3Ys 3 3 -
X4.Ya 4 1 +1
Xs, Y5 1 1 +1
Xe. Y6 2 4 -1
X7.Y7 g . L
X3/ Ys 0 1 -1
X9.Yg 2 1 +1

—r

/6
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Learn logistic regression model with
maximum likelihood estimation (MLE)

 Choose coefficients w that maximize likelihood:

N
HP(yZ ‘ X’iaw)
1=1

* No closed-form solution =» use gradient ascent
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