Linear Regression with
multiple variables

Multiple features

Machine Learning



Multiple features (variables).

Size (feet?) |Price ($1000)

—> T Y <—
2104 460
1416 232
1534 315
852 178

h@(il?) =0y + 01
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Multiple features (variables).

= Size (feet?) | Number of | Number of | Age of home Price ($1000)
bedrooms floors (years)
Py Ky Ka A \'j
2104 5 1 45 460
—=, [1416 3 2 40 | 232 ¥ Wz 41
1534 3 2 30 315 —_—
852 2 1 36 178
X A 0 % ¢ Tlgig
Notation: 7((?.\ =| 2
—> 1. = number of features n=% —_— : L=
—> ()= input (features) of ith training example. ) °

__ba:;i) = value of feature 7 in i*? training example. K (4 =2
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Hypothesis:

Previously: h@(a?) =X
Vd
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= hg(x) = b + bhay + Ooao + -

For convenience of notation, define
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Multivariate linear regression.é‘“
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Linear Regression with
multiple variables

Gradient descent for
multiple variables

Machine Learning



=) o= l
Hypothesis: ho(z) = 0r'z = Ogzg + 0171 + 00 + - - + O,

Parameters: Q‘@'Tg'ﬁew S htt - &'\MIOJ\ N or

Cost function:

1 m . .
E ( (2)y _ ,,(8))2

'S(Q)

Gradient descent:
Repeat {

. 0
=N Hj = Hj — Ozaej UI(QQ, ; .ﬁJQ,W\_’:S(e)

} (simultaneously update for everyJ = 0,...,n)
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Gradient Descent

Previously (n=1):

Repeat {

> | bOp:=0p —

77 New algorithm (n > 1)

Repeat { N %51(93

’:-

= 0, ::ej—a—z (ho(z™) )(“J

(5|multaneously update 9 for
j=0,...,n) (‘\\
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Linear Regression with
multiple variables

Gradient descent in
practice |: Feature Scaling

Machine Learning



Feature Scaling

Idea: Make sure features are on a similar scale.

E.g. 1 = size (0-2000 feet?) &

L2 = number of bedrooms (1-5) <

?EA f\

7(6)

__ size (feet?) &

-2 L1 = 73000
4
> Ty = number of5bedrooms
O Sw%w < | &St <\
" (6)
01
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Feature Scaling 'L /
Get every feature into approximately a|—1 < z; < ' range.
Yo= ZN A
<%, ¢y
“Y € wa €08V "3 e RV
\ (
-3 t =
—loo € «i E < - .
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Mean normalization
Replace Z; with Z; — i to make features have approximately zero mean

(Do not apply toxzg = 1).
I _ size—1000 =13
E.g. _;lﬂjl = 255550 Ru.,.a__ 512
__ #bedrooms—2 |-& \ru&no-.
ixQ ~ T & - =
— |05 < < 0.5on.5 <5 <0.5 |
\ R
&R Vela
L e % -@ &N X, Y —'}k\
! \n Xrdagr - _
C = \TT e

C "~'0M32- (“"0';‘- M-‘n\
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Cor ctadd Qesiatron)
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Linear Regression with
multiple variables

Gradient descent in
practice |l: Learning rate

Machine Learning



Gradient descent
. 0

- “Debugging”: How to make sure gradient
descent is working correctly.

- How to choose learning rate
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Making sure gradient descent is working correctly.

T shdl

decieore

0 100 200 300 400
—== No. of iterations K
2 0, eoo, ooo,000

- Example automatic

WA

convergence test:

—> Declare convergence if J(0)

decreases by less than

(
=3

In one iteration.
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Making sure gradient descent is working correctly.

J(6)

AN
/<_~
- >

No. of iterations

\ANNJ

Gradient descent not working.

;ljse smaller Oé.( <

No. of iterations

>

T
J(9)

T

No. of iterations

>

- For sufficiently small ¢, J(Q) should decrease on every iteration. <—

But if @ is too small, gradient descent can be slow to converge.

-,?_-———
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3
Summary: “"‘J \(Q

- If aistoo small: slow convergence, Hiders
- If ais too large: J(f) may not decrease on

every iteration; may not converge. (Slow Conmge
C,\\Sb PDSi\-(L\

To choose ¢, try

,0.001,0093 /0.01,0:02 0.1, [ 1,...
™ \—)7\)1\_) 7 K A

3% l"lx I & x
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Linear Regression with
multiple variables

~eatures and
oolynomial regression

Machine Learning



Housing prices prediction

ho(x) = 6y + 01 xl.frontage-!—l— 65 ><

—
P Y

Area

———

YT S'r‘on'to.cg, S &G.f-’cln
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/t'\oa& erea
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Polynomial regression

i T2 0y + 011 + Or2?
Price — 5 3
(y) — L~—> 0o + 01z + sz_ + O3x
Size (x) Stee.t |- \eso
h9($)290+91$1—|—923}2—|—93$3 (S 9\2&1 V|- V000,08V
= 0y + 01 (size) + Ox(size)? + 93(Si26)::C3 2
= = - — Swe ! |- o®

= x1 = (size)
5 19 = (si2€)?
= x3 = (size)’
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Choice of features

Price

(y)

Size (x)

— hy () = O + 01(size) + O(size)? K— 7

—a@(aj) :*_Q_LOJF ngie) + @Wﬂ
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Linear Regression with
multiple variables

Normal equation

Machine Learning



Gradient Descent

0

Normal equation: Method to solve for 0
analytically. a
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Intuition: If 1D (0 € R) N
= J(0) = ab® + b0 + ¢ 7(0)
_&__.-5(95 - ..o
A6 >
goloe. got- @ 0
1 | |
n _ - ()Y _ ,,(4))2
QER +1 11(007017“-79'”1,)— 27 Z(h@(x ) Y )
et 1=1
a%j.](@) =-..--=0 (forevery}j)

Solve for 0o, 01,...,0,
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Examples: m = 4.

Size (feet?) | Number of | Number of | Age of home Price ($1000)
\[, bedrooms floors (years)
%o | L1 L2 T3 L4 Y _
1 2104 5 T 45 460 |
1 1416 3 2 40 232
1 1534 3 2 30 315
1 852 2 1 36 178
= 2=
1 2104 5 1 45 460 |
|1 1416 3 2 40 232
ZX =11 1534 3 2 30 Y= 315
1 852 2 1 36 178
m % (At M - Somensirl Jekor
6= (XTX)XTy] <
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m examples (z1), y(1), ... (™) (™), p features.

T T —
G (&) —
) o |25 | e mr+? K= :
. (&Qstst\ .tm {
_51357,%')_ MoKy ) [ (X( ‘) __\
K r D
Eg. If 2(V) = | < | Ku‘;_) | = = ’_30\
- 2t 37
_ © (g
© = (' Xy L %o SR {
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=00 5 <

XTX |s inverse of matrix X1 X,

Sax A: XT¥

. ) S\

(xx/? - R

Octave: pinv b(’ *X] *X' *y K

f'um LXT‘*XB *X‘r’f‘j
< Ten-1 LT '




m training examples, 1 features.

Gradient Descent

—>+ Need to choose <.
- ¢ Needs many iterations.
* Works well even
when n is large.

/7 6
nx 1O
/

Normal Equation

No need to choose ¢,
Don’t need to iterate.
* Need to compute

- ®
—70

_ ¥ N 3
— @J — 951)
* Slow if 1 is very large.
nN=(oO
n= (66D

- N* (00DD
/

Andrew Ng



Linear Regression with
multiple variables

Normal equation
and non-invertibility
(optional)

Machine Learning



Normal equation

0= (XTX)"1XxTy

-

N

- What if| " X [is non-invertible? (singular/
degenerate)

- Octave: pinv (X’ *X) *X'’ *y | L{m

/'7 T
S,
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What iizXTX]s non-invertible?

N
 Redundant features (linearly dependent).

E.g. |21 =size in feet? I = 228 feet

W= 10 &
- hz (00 <
Too many features (e.g.m < n). o«

=z

- Delete some features, or use regularization.
L \odter
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