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Symmetry in Quantum Physics
Part VIIl. Angular Momentum — More Explicit Solutions
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We previously found that any purely radial
function f(r) has zero angular momentum.

Let’s look among familiar things to find functions
with definite, nontrivial angular momentum.

How about x,, x, and x?
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r1,x9, x3 are eigenfunctions of L? with eigenvalues (I + l)h2 with [ =1

Multiply by exp(—7r2/2d?) to get orbitals pi,p2, p3
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Invideo quiz

\noindent Sx_1, x_2, x_3S are three eigenfunctions of SLA2S that
have the same eigenvalues, $2 \hbar?2 = |(1+1) \hbar?2$ with S| =
15

\vspace {8 pt}

\noindent Keep in mind the identities S\left[L_u,x_v \right]=i
\hbar \epsilon_{uvw} x_wS and Sr22 = x_172+x_2/2+x_3A"2S.
\vspace {8 pt}

Which of the following statements are true?

\vspace {8 pt}

The eigenfunction Sx_kS is simultaneously an eigenfunction of
the operator SL_kS, with eigenvalue 0. True

\vspace {8 pt}

The three eigenfunctions Sx_kS have the same parity under
inversion of all coordinates. True
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r1,To, 3 are eigenfunctions of L? with eigenvalues I(I + 1)h* with [ = 1

Another choice of the three eigenfunctions :
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X11 = — 11\4}%582 Construct general |I,m > as follows :
l

|lal > (Xl.l)

Xl.,O = I3 '
_ eiin L |lLl>=+\Il+1)—mm-1)|l,I-1> m=1

X1,-1= — 75~ L

Repeat application of L_
L3X1m - TN/hXI,m Ll >= > Uabc.’lt‘f.’ltg.’ltg

a+b4c=l

L:}:XL'm — \,/2 —m (TTL =+ ]-)Xl,-m.:i:l

L3 (Xl,l)l = [h (X1,1)l

L? (x11) =11+ 1)R* (x1.1)'
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We constructed angular momentum
functions from polynomials in the spatial
coordinates. However, all powers of r can
be removed to get set of dimensionless
wavefunctions in angles (6,$) only. These
are the so-called spherical harmonics (for
which multiple conventions exist):

l, m >= Y},?n ({)~ (D)
http://dImf.nist.gov/14.30

Universal for all systems!
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Definitions:

S\vec{L} = \vec{r} \times \vec{p} = \frac{\hbar}{i}
\vec{r} \times \vec{\nabla}= \frac{\hbar}{i}
\epsilon_{uvw}\hat{\mathrm{\bf e}} ux_ v
\frac{\partial}{\partial x_w} \equiv \frac{\hbar}i}
\epsilon_{uvw}\hat{\mathrm{\bf e}} u x_v \partial_w
S

\vspace {8 pt}

SLA2 =L 172 +L 272 + L 372 \equiv L_kL_kS

The eigenvalues of SLA2S are S\hbar”2 [(I+1)S, where
SI=0,1,2,...5. By convention we designate these as
eigenvalues corresponding to “angular momentum Sl
S" which is the maximum value that can be
measured for any component of the angular
momentum. in units of S\hbarS. For example. S| = 1S
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The science of
Spherical
Harmonics at
Weta Digital

Spherical Harmonics are an invaluable tool for production rendering, and also a common device used in
games, but few really understand them and how they are used.
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