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Symmetry in Quantum Physics
Part lll. Angular momentum:
Einstein summation and Levi-Civita symbol
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Symmetry in quantum physics

nobel.se public domain

Eugene Paul Wigner
1902-1995

1963 Nobel Prize in Physics
“for his contributions to the theory of
the atomic nucleus and the
elementary particles, particularly
through the discovery and application
of fundamental symmetry principles”.

Angular momentum

We are going to derive a number of
foundational properties of the angular
momentum operator.

We start by reviewing some standard
conventions and procedures for tensor calculus.

First used by Albert Einstein in the context of
general relativity, these techniques are now
applied throughout physics.



Symmetry in quantum physics

We use vector notation but all the symbols denote operators.
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Three really useful tools, both here and in every other physics subject
that involves vector calculus :

A~ A

1) Notation Z,Y,z — X1,T2,T3 XY,z — €e;,€e3,€3

2) Einstein summation convention for repeated indices:

3

a-b= > a;b;

1=1



Symmetry in quantum physics

We use vector notation but all the symbols denote operators.

—

L=rxp= %F'XV

Three really useful tools, both here and in every other physics subject
that involves vector calculus :

T

1) Notation Z,Y,z — X1,T2,T3 XY,z — €e;,€e3,€3

2) Einstein summation convention for repeated indices:

3
a-b= a;b;




Symmetry in quantum physics

We use vector notation but all the symbols denote operators.

o o

Three really useful tools, both here and in every other physics subject
that involves vector calculus :

A~ A

1) Notation Z,Y,z — X1,T2,T3 XY,z — €e;,€e3,€3

2) Einstein summation convention for repeated indices:

o
—

a-b= a;b;



Symmetry in quantum physics

Three really useful tools, both here and in every other physics subject
that involves vector calculus :

3) Levi-Civita symbol
€ijk = +1 (igk) = (123),(231),(312) cyclic

€ijk = —1 (ijk) = (213),(132),(321) odd

€ijk = 0 otherwise



Symmetry in quantum physics

Important contraction identity:

€ijk€ist = 0jsOkt — 0jtOks

Kronecker delta

0js =0 otherwise Strongly recommend you pause here

and convince yourself of this.
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An example from vector calculus:
A. (B X (7)

Ai (B X C)z

€ijk€ist = 0550kt — 0;¢0ks

Ai€ijk BjCk = €ijk AiBjCy = €ki BjCrAi = €ijCrAiBj

A*.(B'xé) B-(Cx A) é.(gxg)
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Another example from vector calculus: €ijk€ist = 0jsOkt — 5jt5ks

Ax (BxC)

€ijk€iAj (B x (),

Gijké-iAjE/cstBsCt = eki.j€ksté-iAstCt

(055056 — 05¢0;5) €;A; B Cy ¢;B;A;C; —¢;C;A;B;

A % (éxé):é(ﬁ'-é)—é(ﬁ'ﬁ)



