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Solving the Schrodinger Equation

i UP "1' A "l E"‘,IS 13 YI ]"F Exploring Quantum Physics
@ A\ D by Dr. Charles Clark and Dr. Victor Galitski

Additional Materials

Re—k= etik= Tetiks

Mathematical References

For those who may want to brush up on their mathematics before or during the courses, we present a short crash course on the mathematics of Quantum
Mechanics.

Home

Video Lectures

Solution of frequently-encountered Schrodinger equations in terms of special functions - a one-page reference chart of known solutions

Additional Material . . . L . . . . . )
fional Materials Demonstration of numerical solution of the Schrodinger equation - we provide a spreadsheet that demonstrates a simple numerical technique for solving

the Schrodinger equation. This is a Microsoft Excel .xIs document, which has also been tested with the freely-available Google Sheets. A brief description of the
method is contained in this document

Discussion Forums

Homeworks and Assignments Our notation for and definition of special functions of mathematics (e.g. Bessel, Legendre, Laguerre, etc.) is taken from The NIST Digital Library of Mathematical
Functions (DLMF). The DLMF is a free online digital library that gives extensive mathematical reference information on these functions and guidance to their

Course Logistics applications

In examples and exercises in which numerical values of physical constants are called for, we use the values given in The CODATA Internationally Recommended

Syllabus Values of the Fundamental Physical Constants .

About Us In examples and exercises that use atomic data, we use the values given in The Handbook of Basic Atomic Spectroscopic Data .

We use a standard periodic table of the elements in the lectures and exercises. A high-resolution version is available as a free download at Atomic Properties of
the Elements .

Join a Meetup Original scientific literature

@ Instructor Support

it 14O i

Surveys

Some lectures draw on material from original scientific literature, which we provide here for the convenience of students.



Solving the Schrodinger Equation

Who was first to solve the Schrodinger
equation using special functions?

Schrodinger’s first papers on wave mechanics used special
functions to solve the equations for the harmonic oscillator
and hydrogen atom.

Wikimedia Public Domain

Erwin Schrodinger
1887-1961
1933 Nobel Prize in Physics
"for the discovery of new
productive forms of atomic We shall take the same approach here.

theory".

He mapped those equations onto standard existing, well-
studied equations of mathematical physics.



Solving the Schrodinger Equation

Three one-dimensional examples

=
S

— VO
Viz)=Vy+ Viz
V(QZ) — VO -+ Vlill -+ V2332

Wikimedia Public Domain

These map on to exponential, Airy and

Erwin Schréd; AR _ :
rwin Schrodinger parabolic cylinder functions respectively

1887-1961 _ s
1933 Nobel Prize in Physics ~ and illustrate general principles that are

"for the discovery of new important in the numerical solution of

productive forms of atomic one-dimensional Schrodinger equations.

theory".



Solving the Schrodinger Equation

£ Viz) =W
a
= 52 N N
= A 2+ V0| U(2) = EY(a)
%
£ Need solutions for all E so that we can find those
= that will satisfy particular boundary equations.
Erwin Schrodinger Transform the Schrodinger equation into the
1887-1961 standard form
1933 Nobel Prize in Physics 52 |
"for the discovery of new 927 V(p) £Y(p) =0

productive forms of atomic
theory". that defines the exponential function



Solving the Schrodinger Equation

2 2.2
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92 82 .-
52 ¥(p) +9(p) =0 #w(p) —(p) =0
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Solving the Schrodinger Equation

[ o+ VO} U(z)= EU(z) z=Fkp BE gy
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Simulate general V(x) by constant segments An example that you see every day
Solve exactly segment-by-segment
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In-video quiz

This is a reasonable model of light coming from air S(x < 0)S into glass S(x > 0)S. The index of refraction
of this glass is Sn = 1.5S.

\vspace {12 pt}

The Schr\"{o}dinger equation in the air region $(x < 0)S can be cast in the form

\vspace {12 pt}

S\left[ \frac{\partial*2}{\partial xA2} + k"2 \right] \psi (x) = 0S, and its solution there is given by
\vspace {12 pt}

S\psi(x) = eMikx} + R e”{-ikx}S

\vspace {12 pt}

The Schr\"{o}dinger equation in the glass region $(x > 0)$ can be cast in the form

\vspace {12 pt}

S\left[ \frac{\partial*2}{\partial x*2} + n*2 k*2 \right] \psi (x) = 05, and its solution there is given by
\vspace {12 pt}

S\psi(x) = TeM{inkx}S

\vspace {12 pt}

Find SRS by requiring that the wavefunction and its derivative be continuous at $x=0S. The fraction of
the incident light reflected from the glass back into the air is given by S|R|*2S. Which of these is closest
to its value, expressed as a percentage (i.e. SR = 1S would be espressed as 100\%)?

\vspace {12 pt}



Solving the Schrodinger Equation

V(z) =Vy+ Vix

h2V?2 1/3
|: 2M ]

[ Zﬁfj 12 + V() + Vl I:| ‘I’() — E\II(ZIJ) €Tr = Gp—i—éi—\/i, o =

2
%Q (p) = pY(p) Pair of universal solutions: Airy functions

Ai(p), Bi(p)

Both oscillatory for p< 0

P Ai: quantum bouncing ball
Bi: scanning tunneling microscope

http://dlmf.nist.gov/9.3#F1
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The quantum-mechanical bouncing ball

LETTERS NATURE PHYSICS poi: 101038/NPHYS1970
nergy egion 1 egi

Measurement of energy levels of a
neutron bouncing off a mirror in
the Earth’s gravitational field

©) V(x) = Mgx

“Realization of a gravity-resonance-spectroscopy
technique,’ T. Jenke, et al., Nature Physics 7,468 (201 I)




Solving the Schrodinger Equation

Viz) = Mgz

_ Fl2 (')2 A/ P, P . , s P ap_i_E N ﬁ21\192
{ 53 922 T *u-‘]"’] V(r)=EY¥Y(x) T = =i, o = [

Energy levels of a neutron g = acceleration due to Earth’s gravity = 9.8 m s
bouncing off a mirror in the Earth’s M = mass of neutron = 1.67 x 10?7 kg

gravitational field W(xz)=0forx =0 , the surface of the mirror

™ V() = Mex

=



In-video quiz

For a neutron bouncing off a mirror in the Earth's gravitational field, the Schr\"{o}dinger equation is
\vspace {5 mm}

S \left[-\frac{\hbar*2K2M} \frac{\partial*2}{\partial x*2} + Mgx\right]\Psi(x) = E \Psi(x)S$

where SMS is the neutron mass and Sg$ the acceleration due to Earth's gravity. The wavefunction $
\Psi(x)S must vanish when $x$ has the value corresponding to the surface of the mirror: $x=0S. In other
words, the neutron is perfectly reflected by the mirror.

\vspace {5 mm}

In the transformation to the dimensionless variable, S\rhoS, we found the relationship Sx = \frac{\alpha
\rho + E{Mg]}S. What are the units of S\alpha$ in terms of S\mathrm{mass} [\mathrm{M}],
\mathrm{length} [\mathrm{L}],$ and time S[\mathrm{T}]$?

\vspace {5 mm}

S[\mathrm{M}][\mathrm{L}]*2[\mathrm{T}]*{-2}S correct

\vspace {5 mm}

it is dimensionless

\vspace {5 mm}

S[\mathrm{M}][\mathrm{L}][\mathrm{T}]*{-1}$

\vspace {5 mm}

S[\mathrm{L}][\mathrm{T}*{-2}S
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V(z) = Mgx

. h? 92 A e ) — . _ ap+FE N h? M g*
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Energy levels of a neutron g = acceleration due to Earth’s gravity = 9.8 m s
bouncing off a mirror in the Earth’s M = mass of neutron = 1.67 x 10?7 kg

gravitational field W(xz)=0forx =0 , the surface of the mirror

@ V(x) = Max < must have units of energy

=



In-video quiz

For a neutron bouncing off a mirror in the Earth's gravitational field, the Schr\"{o}dinger equation is
\vspace {5 mm}

S \left[-\frac{\hbar*2K2M} \frac{\partial*2}{\partial x*2} + Mgx\right]\Psi(x) = E \Psi(x)S$

where SMS is the neutron mass and Sg$ the acceleration due to Earth's gravity. The wavefunction $
\Psi(x)S must vanish when $x$ has the value corresponding to the surface of the mirror: $x=0S. In other
words, the neutron is perfectly reflected by the mirror.

\vspace {5 mm}

In the transformation to the dimensionless variable, S\rhoS, we found the relationship Sx = \frac{\alpha
\rho + E{Mg]}S. In terms of the classical motion performed by a particle with the same mass, SMS, and
energySES, what is the significance of the coordinate value S\rho = 05?

\vspace {5 mm}

The kinetic energy is a maximum at S\rho = 05

The surface of the mirror is at S\rho = 0$

The particle attains its maximum distance from the mirror at S\rho = 0S correct

The point S\rho = 0S is in the classically-forbidden region and is never reached by the classical particle.



Solving the Schrodinger Equation

V(z) = Mgx
[_W()—rf + 1’\»[;]:1:] U(z) = E¥Y(x) x = 4F a = { . ]
Energy levels of a neutron g = acceleration due to Earth’s gravity = 9.8 m s

bouncing off a mirror in the Earth’s M = mass of neutron = 1.67 x 10?7 kg

gravitational field W(xz)=0forx =0 , the surface of the mirror

@ V(x) = Mgx ¢ must have units of energy
£ =0 describes the “classical turning point”, i.e.

= the place where the velocity changes sign.



Solving the Schrodinger Equation

V(r) = Mgx

. 5. 971/3
h? 9?2 Fo N\ - . __ ap+E | r*Mmg?
[_211\__1 T2 + A"[Q.L] \IJ(J,) — E\IJ(I,) T = 1\"Ig oy = [ 5
Ai(p) is the relevant solution. On(p) = Al(p—pn) Ai(pn) =0
i . . En = —&pPn 1t
We position the mirror at its nodes

= {—2.34,-4.09, —5.52, ...
to generate all of the eigenfunctions. tonf =1 j

AVAVAVAVAVAVAAWAA
®  Vx) = Mex A VAVAVVAVAVVANVANY,

= —-M
W)/A///////// I B

http://dlmf.nist.gov/9.3#F1
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Vi) =Vy+ Vix + m;"’z 2

2

_ r—z _ h v — V1 — 1 Vizy
p = —q d = p— .L]_ — W E — hw (Tl- + 2) + VO + 2

6

92 o\ 3/2 . ~ Dy(p)
2
0

Two solutions: the parabolic cylinder
functions D, (p) and D, (—p). Both
of these diverge unless n = integer.
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