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Erwin	  Schrödinger	  
1887-‐1961	  

1933	  Nobel	  Prize	  in	  Physics	  
"for	  the	  discovery	  of	  new	  
produc4ve	  forms	  of	  atomic	  
theory".	  

Who	  was	  first	  to	  solve	  the	  Schrödinger	  
equaHon	  using	  special	  funcHons?	  

Schrödinger’s	  first	  papers	  on	  wave	  mechanics	  used	  special	  
func4ons	  to	  solve	  the	  equa4ons	  for	  the	  harmonic	  oscillator	  
and	  hydrogen	  atom.	  
	  
He	  mapped	  those	  equa4ons	  onto	  standard	  exis4ng,	  well-‐
studied	  equa4ons	  of	  mathema4cal	  physics.	  
	  
We	  shall	  take	  the	  same	  approach	  here.	  
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Erwin	  Schrödinger	  
1887-‐1961	  

1933	  Nobel	  Prize	  in	  Physics	  
"for	  the	  discovery	  of	  new	  
produc4ve	  forms	  of	  atomic	  
theory".	  

Three	  one-‐dimensional	  examples	  

These	  map	  on	  to	  exponen4al,	  Airy	  and	  	  
parabolic	  cylinder	  func4ons	  respec4vely	  
and	  illustrate	  general	  principles	  that	  are	  
important	  in	  the	  numerical	  solu4on	  of	  
one-‐dimensional	  Schrödinger	  equa4ons.	  	  
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1933	  Nobel	  Prize	  in	  Physics	  
"for	  the	  discovery	  of	  new	  
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theory".	  

Need	  solu4ons	  for	  all	  E	  so	  that	  we	  can	  find	  those	  
that	  will	  sa4sfy	  par4cular	  boundary	  equa4ons.	  
	  	  

Transform	  the	  Schrödinger	  equa4on	  into	  the	  
standard	  form	  	  

that	  defines	  the	  exponen4al	  func4on	  
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oscillatory	   divergent	  



Solving	  the	  Schrödinger	  Equa4on	  

Simulate	  general	  V(x)	  by	  constant	  segments	  
Solve	  exactly	  segment-‐by-‐segment	  	  

An	  example	  that	  you	  see	  every	  day	  

Air	   Glass	  

light	  



In-‐video	  quiz	  

This	  is	  a	  reasonable	  model	  of	  light	  coming	  from	  air	  $(x	  <	  0)$	  into	  glass	  $(x	  >	  0)$.	  The	  index	  of	  refrac4on	  
of	  this	  glass	  is	  $n	  =	  1.5$.	  	  
\vspace	  {12	  pt}	  
The	  Schr\"{o}dinger	  equa4on	  in	  the	  air	  region	  $(x	  <	  0)$	  can	  be	  cast	  in	  the	  form	  	  
\vspace	  {12	  pt}	  
$\lee[	  \frac{\par4al^2}{\par4al	  x^2}	  +	  k^2	  \right]	  \psi	  (x)	  =	  0$,	  and	  its	  solu4on	  there	  is	  given	  by	  	  
\vspace	  {12	  pt}	  
$\psi(x)	  =	  e^{ikx}	  +	  R	  e^{-‐ikx}$	  
\vspace	  {12	  pt}	  
The	  Schr\"{o}dinger	  equa4on	  in	  the	  glass	  region	  $(x	  >	  0)$	  can	  be	  cast	  in	  the	  form	  	  
\vspace	  {12	  pt}	  
$\lee[	  \frac{\par4al^2}{\par4al	  x^2}	  +	  n^2	  k^2	  \right]	  \psi	  (x)	  =	  0$,	  and	  its	  solu4on	  there	  is	  given	  by	  	  
\vspace	  {12	  pt}	  
$\psi(x)	  =	  Te^{inkx}$	  
\vspace	  {12	  pt}	  
Find	  $R$	  by	  requiring	  that	  the	  wavefunc4on	  and	  its	  deriva4ve	  be	  con4nuous	  at	  $x=0$.	  The	  frac4on	  of	  
the	  incident	  light	  reflected	  from	  the	  glass	  back	  into	  the	  air	  is	  given	  by	  $|R|^2$.	  Which	  of	  these	  is	  closest	  
to	  its	  value,	  expressed	  as	  a	  percentage	  (i.e.	  $R	  =	  1$	  would	  be	  espressed	  as	  100\%)?	  
\vspace	  {12	  pt}	  
50\%	  
37.5\%	  
12.5\%	  
4\%	  correct	  
1\% 
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Pair	  of	  universal	  solu4ons:	  Airy	  func4ons	  

Both	  oscillatory	  for	  ρ	  <	  0	  

Ai:	  quantum	  bouncing	  ball	  
Bi:	  scanning	  tunneling	  microscope	  

http://dlmf.nist.gov/9.3#F1 



Solving	  the	  Schrödinger	  Equa4on	  

“Realization of a gravity-resonance-spectroscopy 
technique,” T. Jenke, et al. , Nature Physics 7, 468 (2011)  
	  

The quantum-mechanical bouncing ball 

Measurement of energy levels of a 
neutron bouncing off a mirror in 
the Earth’s gravitational field	  

Mirror	  

n	  

x 

V(x) = Mgx 
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Energy levels of a neutron 
bouncing off a mirror in the Earth’s 
gravitational field	  

g	  =	  accelera4on	  due	  to	  Earth’s	  gravity	  ≈	  9.8	  m	  s-‐2	  	  
M	  =	  mass	  of	  neutron	  =	  1.67	  x	  10-‐27	  kg	  

=	  0	  for	  x = 0	  	  ,	  the	  surface	  of	  the	  mirror	  	  

Mirror	  

n	  

x 

V(x) = Mgx 



In-‐video	  quiz	  

	  
For	  a	  neutron	  bouncing	  off	  a	  mirror	  in	  the	  Earth's	  gravita4onal	  field,	  the	  Schr\"{o}dinger	  equa4on	  is	  	  
\vspace	  {5	  mm}	  
$	  \lee[-‐\frac{\hbar^2}{2M}	  \frac{\par4al^2}{\par4al	  x^2}	  +	  Mgx\right]\Psi(x)	  =	  E	  \Psi(x)$	  
where	  $M$	  is	  the	  neutron	  mass	  and	  $g$	  the	  accelera4on	  due	  to	  Earth's	  gravity.	  The	  wavefunc4on	  $
\Psi(x)$	  must	  vanish	  when	  $x$	  has	  the	  value	  corresponding	  to	  the	  surface	  of	  the	  mirror:	  $x=0$.	  In	  other	  
words,	  the	  neutron	  is	  perfectly	  reflected	  by	  the	  mirror.	  
\vspace	  {5	  mm}	  
In	  the	  transforma4on	  to	  the	  dimensionless	  variable,	  $\rho$,	  we	  found	  the	  rela4onship	  $x	  =	  \frac{\alpha	  
\rho	  +	  E}{Mg}$.	  What	  are	  the	  units	  of	  $\alpha$	  in	  terms	  of	  $\mathrm{mass}	  [\mathrm{M}],
\mathrm{length}	  [\mathrm{L}],$	  and	  4me	  $[\mathrm{T}]$?	  	  
\vspace	  {5	  mm}	  
$[\mathrm{M}][\mathrm{L}]^2[\mathrm{T}]^{-‐2}$	  correct	  
\vspace	  {5	  mm}	  
it	  is	  dimensionless	  
\vspace	  {5	  mm}	  
$[\mathrm{M}][\mathrm{L}][\mathrm{T}]^{-‐1}$	  
\vspace	  {5	  mm}	  
$[\mathrm{L}][\mathrm{T}]^{-‐2}$	  
\vspace	  {5	  mm}	  
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Energy levels of a neutron 
bouncing off a mirror in the Earth’s 
gravitational field	  

g	  =	  accelera4on	  due	  to	  Earth’s	  gravity	  ≈	  9.8	  m	  s-‐2	  	  
M	  =	  mass	  of	  neutron	  =	  1.67	  x	  10-‐27	  kg	  

=	  0	  for	  x = 0	  	  ,	  the	  surface	  of	  the	  mirror	  	  

Mirror	  

n	  

x 

V(x) = Mgx must	  have	  units	  of	  energy	  
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For	  a	  neutron	  bouncing	  off	  a	  mirror	  in	  the	  Earth's	  gravita4onal	  field,	  the	  Schr\"{o}dinger	  equa4on	  is	  	  
\vspace	  {5	  mm}	  
$	  \lee[-‐\frac{\hbar^2}{2M}	  \frac{\par4al^2}{\par4al	  x^2}	  +	  Mgx\right]\Psi(x)	  =	  E	  \Psi(x)$	  
where	  $M$	  is	  the	  neutron	  mass	  and	  $g$	  the	  accelera4on	  due	  to	  Earth's	  gravity.	  The	  wavefunc4on	  $
\Psi(x)$	  must	  vanish	  when	  $x$	  has	  the	  value	  corresponding	  to	  the	  surface	  of	  the	  mirror:	  $x=0$.	  In	  other	  
words,	  the	  neutron	  is	  perfectly	  reflected	  by	  the	  mirror.	  
\vspace	  {5	  mm}	  
In	  the	  transforma4on	  to	  the	  dimensionless	  variable,	  $\rho$,	  we	  found	  the	  rela4onship	  $x	  =	  \frac{\alpha	  
\rho	  +	  E}{Mg}$.	  In	  terms	  of	  the	  classical	  mo4on	  performed	  by	  a	  par4cle	  with	  the	  same	  mass,	  $M$,	  and	  
energy$E$,	  what	  is	  the	  significance	  of	  the	  coordinate	  value	  $\rho	  =	  0$?	  	  
\vspace	  {5	  mm}	  
The	  kine4c	  energy	  is	  a	  maximum	  at	  $\rho	  =	  0$	  
The	  surface	  of	  the	  mirror	  is	  at	  $\rho	  =	  0$	  
The	  par4cle	  auains	  its	  maximum	  distance	  from	  the	  mirror	  at	  $\rho	  =	  0$	  correct	  
The	  point	  $\rho	  =	  0$	  is	  in	  the	  classically-‐forbidden	  region	  and	  is	  never	  reached	  by	  the	  classical	  par4cle.	  
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Energy levels of a neutron 
bouncing off a mirror in the Earth’s 
gravitational field	  

g	  =	  accelera4on	  due	  to	  Earth’s	  gravity	  ≈	  9.8	  m	  s-‐2	  	  
M	  =	  mass	  of	  neutron	  =	  1.67	  x	  10-‐27	  kg	  

=	  0	  for	  x = 0	  	  ,	  the	  surface	  of	  the	  mirror	  	  

Mirror	  

n	  

x 

V(x) = Mgx must	  have	  units	  of	  energy	  
=	  0	  describes	  the	  “classical	  turning	  point”,	  i.e.	  
the	  place	  where	  the	  velocity	  changes	  sign.	  
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Mirror	  

n	  

x 

V(x) = Mgx 

http://dlmf.nist.gov/9.3#F1 

is	  the	  relevant	  solu4on.	  
We	  posi4on	  the	  mirror	  at	  its	  nodes	  
to	  generate	  all	  of	  the	  eigenfunc4ons.	  
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0	  

3	  

3/2	  

9/2	  

Two	  solu4ons:	  the	  parabolic	  	  cylinder	  
func4ons	  	  	  	  	  	  	  	  	  	  	  	  	  and	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  .	  	  Both	  
of	  these	  diverge	  unless	  n	  =	  integer.	  	  	  	  	  
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