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Phonons in crystals
Part IV: Bogoliubov transformation; quantum phonons
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Bogoliubov transformation

aq — U(lbq + l’qu_q
AT 'U.qu; + 'U(Ib—q

ag

[(’iq, (’ip] = [quq + quT_q, upBIT) + ’U'pB—'p]

= uqup [Eq, BH +uqup [Bq, B_p] +vquyp [ET_ g B;)] +vqup [BT_ g 5_p]
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Bogoliubov transformation

e ToO resolve the constraint ug — zg — 1 once and for all, we introduce

ug = cosh \q ag = cosh(Ay) 5(1 + sinh(Ag) BT_([
vg = Sinh A, ah = cosh(\g) b 4 sinh(Ag) b,

Qg
e [ he next step is to plug in into the Hamiltonian

A= /q A(q)afiq + B(@)agi—q + H.c. .

which leads to unpleasant algebra (exercise for you).



Bogoliubov transformation

e To resolve the constraint ug — vg — 1 once and for all, we introduce

ug = cosh A\ ag = cosh(\g) by + sinh(\) bl
vg = SINh Aq al = cosh(\y) bl + sinh(A\g) b_,

e Result
A = /1 A(q)blby + B()bgb—q + H.c.] .

A(q) = cosh(2Xy)A(q) + sinh(2)\,) B(q)
B(q) = cosh(2\;)B(q) 4+ sinh(2X;) A(q)



Bogoliubov transformation

e [0 resolve the constraint u o Lg — 1 once and for all, we introduce

ug = cosh )\, ag = cosh(\g) by + sinh(A\g) BT,
vg = Sinh Aq al = cosh(\y) bl + sinh(A\) b_,
e Result
B hwr1 — cos(qa)] — 2
tanh(2\,) = _Bla) _ 5 )l =7 | e

A(q) T""[l — cos(ga)] + %

{ A(q) = hw lsm <(12u>| and B(q) =0 B&EZ))



Final results
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H= /q [A(q)bgbq + H.c.] = /q zli(q) (b:[lbq + 5)
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Remarkably, quantum and classical phonons have identical dispersion relations!



