
Examples of 
Cosmological 
Models	





Specific Models	



Consider several simple models:	


•  k = 0, matter dominated, Einstein de Sitter	


•  k = 0, radiation dominated	


•  k < 0, ρ = 0, Milne Model	


•  k < 0, ρ > 0	


•  k > 0	


•   Λ dominated	





k = 0, matter dominated���
Einstein de Sitter	
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Friedman Equation 

with k = 0 
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k = 0, radiation dominated	
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Friedman Equation:	





Milne Cosmology	


•  Galaxies are created at one point in a flat spacetime	


•  Galaxies behave as massless test particles	



–  then “trivially” get v = H0d (faster particles move 
further)	



•  Special relativity holds	


–  Lorentz contraction lets us have infinitely���

many galaxies (almost all right at the edge���
of our expanding bubble)	



•  No special locations	


–  Milne was the first to state this ���

“Cosmological Principle”	





k = < 0, ρ = 0���
Milne Model	
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Friedman Equation: 
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with ρ = 0 

since k < 0 

k < 0, ρ>0	
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Friedman Equation: 



Matter Dominated Model	





Positive Curvature Model:  k = +1	
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Friedman Equation: 
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at some point 02 =a
The acceleration equation is: 

  Therefore, a collapse is inevitable 

€ 

˙ ̇ a < 0

!
"

#
$
%

& +−= 23
3
4

c
PG

a
a

ρπ


if 3−∝ aρ 4−∝ aρor  naa −∝2ρthen  decreases  ( )2,1=n

	



And since all other quantities are positive, 



Cosmological Constant (Λ) Dominated	
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Assuming that a is allowed to grow, then eventually   

0>Λρ
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Universe expands for ever 

no matter what value of k 

Which can be written as:  	



If	



€ 

˙ a >then	

 0	



	



€ 

ρΛ < 0(Note that if 	

 things get more complicated) 



Models With Both Matter & Radiation	



( )ta

Harder to solve for ρ (t) 

tlog

lo
g 
ρ 

no
w

 

M
at

te
r D

om
in

at
io

n 

R
ad

ia
tio

n 
D

om
in

at
io

n 

However, to a good approximation, 
we can assume that k = 0 and either 
radiation or  matter dominate 
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What is Dominant When?	


Matter dominated (w = 0):   ρ ~ R-3 	


Radiation dominated (w = 1/3):   ρ ~ R-4	


Dark energy (w ~ –1):  ρ ~ constant	



•  Radiation density decreases the fastest with time 	


–  Must increase fastest on going back in time	


–  Radiation must dominate early in the Universe	



•  Dark energy with  w ~ –1 dominates last; it is the dominant 
component now, and in the (infinite?) future	



Radiation  
domination 

Matter  
domination 

Dark energy  
domination 



Dynamics of the Universe	



•  Matter dominated (w = 0): R ~ t 2/3	



§ Decelerating	


•  Radiation dominated (w = 1/3):  R ~ t 1/2	



§ Decelerating	


•  Cosmological constant (w = –1):  R ~ e λ t  (special)	



§ Accelerating	


•  Where is the transition?	



§  w > –1/3 decelerating	


§  w < –1/3 accelerating	



R(t) ~ t 2/[3(w+1)] 



Pure Λ	
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←High density	





Next: 
Distances in Cosmology 


