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Basics of
Relativistic
Cosmology:

Global Geometry
and Dynamics of
the Universe
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Part 1




Special Relativity (1905)

A fundamental change 1in viewing the physical space
and time, now unified in spacetime

Postulates equivalence among all unaccelerated frames
of reference (inertial observers)

Reconciles classical
electrodynamics and coordinate
and velocity transformations

Novel effects:

— ¢ 1s the maximum velocity
— Lorentz contraction

— Time dilation
— Equivalence of mass and energy

— Explains the anomalous precession
of Mercury' s orbit
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General Relativity (1915)

 An even more fundamental change in viewing the
physical space and time, and matter/energy

e Postulates equivalence among all frames of reference
(including accelerated ones)

Presence of mass/energy determines the geometry of space
Geometry of space determines the motion of mass/energy

e Introduces curvature of space, predicting a number of
new effects:

— Light deflection by masses

— QGravitational redshift

etc. etc.
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The Equivalence Principle

Mach’ s Principle: The gravitational interaction of mass in
the universe causes all inertial forces. In an empty universe,
there would be no inertia.

Einstein argued that gravity can be regarded as an inertial
force: “A frame linearly accelerating relative to an inertial
frame 1n special relativity 1s locally 1dentical to a frame at
rest in a gravitational field”. He explored this idea in a
famous thought experiment with elevators and rockets.

The equivalence principle results in two effects:

* Light should be blue/redshifted in a gravitational field
* Light paths 1n a gravitational field should be curved




Einstein already predicted
the gravitational
deflection of light in 1911.
Here is his letter to G. E.
Hale 1n 1913, asking him
about the possibility of
observing the light
deflection around the Sun.
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Confirmation of the GR

-- Eddington’ s 1919 eclipse
observations “confirmed”
Einstein’ s relativistic
prediction of oo = 1.78 arcsec

Later observations have
provided more accurate
evidence of light deflection
due to the influence of GR




What is the Global Geometry of
the Universe?

Generally, it can be curved

Q,>1
The curvature will depend

on 1ts matter-energy
content ... Q<1

... and 1t will determine its
global dynamics and
evolution

Q0=1



Metric and Spacetime

Geometry of space can be generally defined through the
metric, enabling one to compute the distance between any

two points:
ds? = >y gapda®da®
a p

where g, 1s the metric tensor. Indices {a,b} run O to 3,
for the spacetime (0 is the time dimension, 1,2,3 are the

spatial ones, 1.€., Xyz)

In a stmple Euclidean geometry, 1t is a diagonal unit tensor
(matrix): g,, =1, g,., =0, where {a,b} = {1,2,3}

The metric coetficients g, are generally functions of the
spacetime position, and a proper theory of spacetime has
to specify these functions



Metric: Quantifying the Geometry

 The geometry of spacetime 1s completely specified by a
metric, g,

e A special relativistic, Euclidean case 1s the Minkowski
metric:
ds’=(c dt)? - (dx?* + dy? + dz?)

* A general case for a GR, homogeneous and 1sotropic
universe 1s the Robertson-Walker metric:

i 2
ds? = (c dt)? — R2(t) | —2— + r2(d6® + sin? 6dg?)

1 — kr?

where k = —1,0,+1 for a (negative,flat,positive) curvature



Robertson-Walker Metric

Polar coordinates are useful if all directions are equal

(space 1s isotropic):

ds® =c’dt’ —Rz(f)lél””z +5, (’”)d‘pz]

where

 sinr, (k=1)

Positive space curvature

S, (r)= Jsinhr, (k=-1) Negative space curvature

R (k=0)

Flat (Euclidean) space

If the spatial dimensions expand or contract with time:

B 2
ds’ =c’dt” —a’(t) ar ~+ r°d0” +r”°sin0d¢’
1-kr
R()
where a(t =—— 1s the scale factor

R,
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