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Add another hue unto the rainbow . . .
Shakespeare
We subtract faith and fallacy from fact. . .
Samuel Hoffenstein
Be fruitful and multiply . . .
Genesis

Round numbers are always false . . .

Samuel Johnson
Vicious circle . . .

George Du Maurier
Straight down the crooked lane and all around the square.. ..
Thomas Hood
Every cubic inch of space is a miracle . . .
Walt Whitman
The god delights in an odd number. ..
Virgil
Euclid alone has looked on beauty bare . ..
Edna St. Vincent Millay
Measure your mind'’s height by the shade it casts . . .
Browning

Gaul is all divided in parts three . . .

Caesar
Is5 ..

e. e.cummings
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Figure 1 shows the side view of two equal wheels
between two parallel rails; if there is no slip-
ping, the wheels can roll either way and still
maintain their vertical relative positions. The
same would be true if they were spheres and the
horizontal lines were planes.

If, however, the top sphere were much larg-
er than the lower (Fig. 2), and they were
pushed to one side, which would go ahead of
which?

FIGURE 1

FIGURE 2

L

ROLLERS

19
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OwWL’'S EGGS

20

On Owl Island the eggs are spherical. Two
men were about to boil some, when one of the
men, a mathematical crank, said, “I wonder if
it takes more water to cover a big egg than a
small one. I mean in this pot,” he added, when
he saw his friend, a mathematical noncrank,
was about to say that it would depend on the
size of the pot. The pot was an exact cylinder,
4 in. in diameter.

The noncrank said, “Obviously ‘to cover
means the level of the water is to be at the high
point of the egg (Fig. 1), and if the egg was an
ostrich egg there wouldn’t be very much room
for water around it (Fig. 2). Then again if it
was an ant’s egg you'd only need a teaspoon or
less (Fig. 3).” Having agreed on this, they made
separate measurements of the pot, and separate
calculations. The crank was as good at figuring
as the noncrank, but he believed that = = 3.
The noncrank knew better, but he used a ruler
for measuring that was 1% off, while the
crank’s ruler was exact. Each worked out the
radius of egg that took the most water to cover
it in their pot. Which was most nearly right?

2R
OJ N AL

FIGURE 1 FIGURE 2 FIGURE 3
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CONICAL HELIX

There is a helical line around a right-circular
cone, measuring 2 along the slanting radius,
PA, and with bottom diameter 1. The curve
starts tangent to the base at P, makes one cir-
cuit, and ends vertically at A, the apex—to
which it is thus radial. There is a radial line,
P’A, diametrically opposite to P, and P’A inter-
sects the curve exactly halfway along the length
of the curve, and at an angle of 45° at I.
What is the simplest expression which will
precisely define and describe the curve?

Question 2
Where does the ¢ proportion come into it? *
Pi
P
—Plan—
1—> (P brought around to the front)

* For a definition of ¢, see Puzzle 27.

21
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THE OWL ISLAND FLAG

22

Having settled the egg-covering problem, a third
islander said it gave him an idea for a flag—“to
put over the door,” he explained. “The door is
4 ft. wide and the design will be a red square on
a white ground, but only at the sides.” He made
a sketch (see figure ). “It’s the same problem as
your stupid egg-and-water one (Puzzle 2); how
big should the red square be to give the greatest
amount of white on the sides? Width of flag to
be 4 ft. of course.”

“It’s not the same problem at all,” replied
a friend. “In this case you don’t need calculus
to get the answer.”

Without calculus, what value of h gives
the maximum of white?

A

Red

————>
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PSEUDO-MOEBIUS STRIP

Make two paper strips, one to be 1 in. x 11 in.
(A), and the other 1 in. x 10 in. (B), and join
as shown. Before attaching B—a cylinder—A
has two sides, two edges and two half-twists.
The final form will have two sides and one
edge.

If we now cut along the dotted lines, what
will be the result? Give number of sides, edges,
and twists. Answer must be got without cutting
along dotted line.

Question 2

This can be done without clairvoyance. If, after
joining the ends of A together and attaching x
to x’, we were to move y 4 in. along in the di-
rection of the arrow (see figure), and then cut
along the dotted lines, how would it affect the

final form?
2 /[

; .

N —
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THE BUTLER AND THE CRUMBS

24

A maid was about to wipe off a rectangular
table, measuring 4 ft. by 8 ft., when the butler,
a methodical type, took over. “System’s what
you need, my gal!” he said. They both had short
arms and could only reach 2 ft. with the dust-
cloth, so he decided to get all the crumbs to-
gether at the center point, C, on one long side.
He walked along the opposite side, AB, pushing
all the crumbs as far as he could directly toward
C, and then did the same at each end, finally
going to the other long side to pull them toward
the dustpan. When he had done so, the maid
complained. What did she say and why?




/

THE THREE CLOCKS

I wake up late on Sunday and find a note from
my wife: “I had to go out—be back for dinner.
Today we change the clocks because of daylight
saving—but I can’t remember if we put them
ahead or back an hour, so I set one of our three
clocks ahead, and another back. I couldn’t find
the third one. I know they were all correct and
fully wound last night.”

I have no watch, radio, TV, phone, or sun-
dial—or neighbors—and no way of telling time.
I find one clock, and from it I can deduce the
right time. How?

25
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SLIT STRIPS

26

If a strip of paper is joined into an untwisted
(cylindrical) loop, and then cut lengthwise
along the center line, it comes apart into two
similar, but narrower, loops. If given a half-
twist before joining—thus becoming a Moebius
strip, with one side and one edge—and cut
lengthwise it remains in one piece, a longer
loop with four half-twists. A loop with two half-
twists has two sides and two edges, like the
first, and when cut lengthwise it also comes
apart into two loops, but they are linked. Also
they are twisted the same way as the one they
were cut from (Fig. 1).

If we cut a slit in the strip before joining
(dotted line, Fig. 1), and push the end through
it, and then join (Fig. 2) and cut as before (by
extending the slit), what will the result be?
Give number of loops and twists, and whether
linked, with reasons.

FIGURE 2



Continued

Figure 1 shows two arbitrary forms, differing
only in their lower halves; one is the mirror
image of the other. If, instead of making a slit
as we did before, for the strip to pass through,
we make part of the strip wider and with a hole
(Fig. 2), the part that goes through can be
turned either way, or neither, as shown in the
figure. We now combine this method of inter-
section with the lower halves of the forms in
Fig. 1; the results are shown in Fig. 3.

If we now cut them both along their center
lines, considering the holes as part of the cut,
how will the resultant forms differ from each
other?

= FLAT; z

FIGURE 1 FIGURE 2

iy

FIGURE 3

3

Question 2

27
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THE POT ON THE CROSSPIECES

28

Question 2

A large cylindrical pot has been set over an open
fire on crosspieces of metal bars, at right an-
gles and with sharp upper edges marked in
inches out from the center, for some forgotten
reason.

The pot has been pushed to a precarious
position (see figure), and from where we are we
can see that the circular bottom just intersects
the bars at the 6-, 8-, and 15-in. marks.

What is the diameter of the pot?

Later the pot is replaced by another less than a
third its size. It intersects the crosspieces at the
1-in. mark on one crosspiece, and the 2- and
3-in. marks on the other. Apart from its diam-
eter, what can be said about it?




FOR SCRABB

On the assumption that only Scrabble players
will try this puzzle, we have left out the rules.
If the reader is an exception, we suggest buy-
ing this excellent game. We have, however,
given rules that apply to what words are allow-
able—a matter of style.

In a single play, and under what circumstances,

4 1 4 1 4
2 3 3 2
P 1 1 2
1 2 1 9 1
2 2
3 3 3 3
1 1 1 1
4 1 ¥ 1 4
1 1 1 1
3 3 3 3
2 2
1 2 1 2 1
2 1 1 2
2 3 3 2
4 1 4 1 4
The Board*

* The star is the middle square, which is a double
word score; 1 means double letter score; 2 means
double word score; 3 means triple letter score; 4
means triple word score.

10

LE PLAYERS

Question

Continued on next page

29
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1 O Continued

with what word can a player score at least 1,000
points?

Give the whole word pattern leading to this
score, so that the whole could have been rea-
sonably (if somewhat rashly), arrived at, keep-
ing strictly to the rules. For example, when a
foreign word is not generally considered to have
been anglicized, even though it is often used in
English, most dictionaries give it, but pre-
fixed by parallel bars: || flaneur [F.]. When a
foreign word is given without the bars it may
be used. The single word asked above, however,
must be English and well known.
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AREA OF ROOF

There is a 10-ft.-wide, cubical shed with a py-
ramidal roof; when seen from far enough to
show no perspective distortion, and from a
point opposite the center of a side, one sees a
square surmounted by an equilateral triangle,
as shown here. Without paper or pencil, give the
actual area of the roof (time limit, one minute).

12

PAPER-FOLDING

There are two rectangles of paper, measuring
1 x 2, and 1 x 3, in separate rooms. Without
bringing them together, in how few folds can
one indicate equal angles (other than 45°) in
each rectangle? Nothing but folding and creas-
ing is allowed, and we have no measuring de-
vices.

31
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THE TWO PYRAMIDS

32

An explorer in Tabasco, Mexico, came back to
camp to announce the discovery of two Mayan
pyramids in the jungle. “One has a square base,
and the other a triangular base,” he said. “But
the interesting thing is that all the edges of both
are exactly the same length.”

One of his partners said, “There’s a record
of them; they were built of the bricks taken
from a still older monument, which had gone
out of fashion—you know how those things are.
All the records say is that the old one, like your
discoveries, had all its edges equal, that all
three monuments were solid, and that all the
brick from the old one was used in the new
ones. Oh, I nearly forgot: the old one wasn’t a
pyramid, but some other simple geometrical
form.”

A mathematical member of the team asked,
“What is the length of the edges of the pyra-
mids?” When he was told, he said, “Then I
know the height of the old monument.”

What was it, and what was its shape?
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THE MAN WHO GAVE UP SMOKING

A man was looking sadly at a full package of
cigarettes from which he had torn the end (Fig.
1), and wondered how many could be removed
without loosening any others. So he tried rear-
ranging them. Obviously if C was missing, A
could slide down, and D up. Or if A was miss-
ing, C could slide from between B and D. But
the absence of B left things firm.

He soon found that the arrangement in
Fig. 2 was no good because the group EFGH
could rotate as a whole. He was never able to
pack in less than fifteen firmly, but he did find
an arrangement with five cigarettes in each of
the three rows.

Continued on next page

FIGURE 1
F G
(
H |
N
FIGURE 2

33



1 1 Continued

Question 1

What was it?

The coin collector from across the hall
came in and suggested experimenting with
coins on the table, in a rectangular frame. “It’s
more accurate,” he said, and added, “I wonder
why they don’t make square packages.” But he
soon saw that hexagonal packing would never
be square (Fig. 3), because the horizontal
would be multiples of the radius of the ciga-
rettes (or coins), but the verticals always in-
volved /3. His wife pointed out that they could
be packed square (Fig. 4). “And they wouldn’t
have to put so many cigarettes in for the size
of the package,” she added. “Sixteen in an eight-
radii square, and if it’s done at an angle (dotted
line, Fig. 4), you'd only get twelve in, and the
square would be only slightly smaller.” She
looked pensive. “I wonder how big a square
you could pack with twenty, and still have them
held rigid. . . .”

> 8r

«“——— (3\3 + 2)r——>

xy =2r, yz = 1r
xy = V3r

34

FIGURE 3 FIGURE 4



Continued 1 1

The coin collector got to work, and after a
while he said, “With the diagonal packing you
can get eighteen tightly in a square just over
9 x 9 (Fig. 5), but twenty, hmmm. . . .” Finally

he had it. “And the square’s slightly larger than
the last one!”

————(5vZT 4 2)r —— >

(5VZ + 2)r

FIGURE 5

Question 2

Give the arrangement.
Then the nonsmoker said, “I can do it with

only sixteen circles! And the square is still
larger.”

Continued on next page

35



Question 3

Question 4

Question 5

36

Continued

Give the arrangement.

Everyone admired it, but after a moment
the coin collector’s wife said, “Oh dear—I'm
afraid it won'’t do. It’s not rigid.” She turned out
to be right.

Explain why.

“To return to the hexagonal problem,” the
coin collector said, “it is actually possible to
pack six in a square—not too difficult to do—
but the question is, how big is the square?
I happen to like geometrical constructions, so
I want to solve it that way.”

Give the arrangement and geometrical con-
struction for finding the largest square. Explain
all answers in detail.
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TETRAHEDRON ANGLES

Any or all of the faces of a tetrahedron may be
right triangles, with the right angles distributed
in various ways. Obviously no two right angles
can be in the same face, and, for example, in
the figure, if three right angles are at the same
verteX, there cannot be a fourth one, because it
would make two of the edges parallel.

What are the restrictions in the case of a
tetrahedron which has only three right angles,
with two at one apex, and the third at another?
Give proof.

\4

Zg,
,‘Q//e/
=71t. V

V is the farthest vertex

37
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HYPOCYCLOIDS

When a small circle, A, rolls around the inside
of a larger one, B, a point, P, on the small one
traces a series of arcs which form a hypocycloid
curve, C. If the circles are commensurable, e.g.,
as shown here (Fig. 1), where the diameter of A
is one-sixth of the diameter of B, the hypocycloid
joins up with itself.

In Fig. 2 the inner circle is larger; in fact
five-sixths the size of the outer one, and rotates
the same way as circle A in Fig. 1.

In what respect, if at all and to the eye of a
nonmathematician, would the path traced by
point P’ differ most noticeably from the path of
P in Fig. 1?

>3

FIGURE 1

38

FIGURE 2
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SQUARES ON A CIRCLE

Equal squares are placed symmetrically around
a circle so that their inner corners touch it;
their diagonals are on radii and their contiguous
corners touch one another, as in the diagram.

Obviously there cannot be less than five
squares, because with four their inner corners
would meet at a point. With five the radius, 7,
of the circle is incommensurable with the side
of a square.

Question

What is the smallest number of squares with
side = 1, which will give a rational value for r?
Prove without algebra.*

* This restriction does not apply to showing that a

smaller number of squares gives an irrational value

for r; only to the proof that the correct smallest 39
number gives a rational value.
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THREE COINS

Three coins lying flat on a table all touch one
another, and their centers form a right triangle;
give their sizes in the smallest possible whole
numbers. No paper and pencil; time limit, one
minute.

19

TWO COINS

40

A coin collector had a table with an exactly
circular hole in it, where long ago had been an
inkwell. He had two pure gold coins of the same
thickness; the larger exactly fitted the hole, and
the smaller one, when slid gradually over the
hole, tipped into it when its edge reached the
center of the hole. The larger coin weighed
6 oz. (Troy); what was the weight of the
smaller?
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THE COIN COLLECTOR’S NIGHTMARE

The coin collector was experimenting with coins
of various sizes, putting them flat in groups of
three to see what angles their centers made.
He had two 1l-in.-radius coins on the table,
touching, when his wife asked him, “What size
coin would make a right angle with them?”

“That’s easy,” he said, and drew Fig. 1.
“Root two minus one.”

“No, I don’t mean with their centers,” she
said. “I mean with their outsides, like this.” She
pushed the coins symmetrically into the corner
of an inverted box lid (Fig. 2). “Now, how big
a coin will fit into the corner? And don’t give
me any more algebra; just geometry.” He
nodded.

“That was geometry I was using before,”
he added. “I suppose you mean a geometrical
construction.” When she came down for break-
fast next morning he had the answer.

What was the construction, using compass
and straight edge only?

FIGURE 1

7

FIGURE 2

d
(&

41




THE HI-® SET

42

“I bet you,” said the coin collector’s wife, “that
you can’t arrange a set of six equal coins so
they make a ¢ proportion somewhere.” (For
the definition of ¢, see Puzzle 27.) “I mean,”
she went on, when he frowned, “you can line
them up with a right angle, like the corner of
this box lid we were using several pages back.”

He shook his head. “You do it,” he said.

She did. How? The proportion must appear
as two definitely determined distances or
lengths, e.g., from one tangent point to an-
other, or the distance between two coins from
edge to edge; but no arrangement can be made
except by contact of one coin with another, or
alignment against the two straight edges, which
are at right angles—the box lid mentioned
above.
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CRYPTARITHMETIC

A cryptarithm is a sum in arithmetic, worked
out, but given in letters which stand for digits,
the same letter always standing for the same
digit, and positive unless otherwise designated.
The one here is a problem in subtraction, as
shown by the minus sign, but each letter stands
for a positive digit. Some cryptarithms are
tricky, and contain hidden clues.

ROME
— SUM
RUSE

(The number represented by “— SUM” is
to be subtracted from “ROME.”)

43
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ORIGAMETRY

44

In origami, the art of paper-folding, we are al-
lowed no instruments of any kind. It is as-
sumed that a fold is straight, and that length
and angle can be bisected by folding. If we start
with a paper rectangle, we can fold it across
twice, giving three creases (vertical in Fig. 1),
that divide the area into four equal parts. Let
us assume that we can trisect the other di-
mension, and make the two horizontal creases
shown. We have now divided the whole into
twelve equal areas. By choosing appropriate
sections of these creases, we can now demarcate
any fraction of the whole area, in which the
denominator is 12. For example, Fig. 2 shows
in heavy lines one-, five-, seven-, and eleven-
twelfths. The question is how we can, with only
three creases, subdivide a rectangle so that we
can demarcate any fraction with denominator
24? (If one fold makes two creases they both
count.)

2

1]7/12 7/1 2 %2

FIGURE 1 FIGURE 2
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THE HAUBERK

Medieval chain armor was usually made like
Fig. 1. As can be seen, every ring was connected
with four others around it, and actually linked
with each. An armorer from Pilsen arrived at
the castle of an English lord and said they were
doing it all wrong.

“In Bohemia we don’t believe in linking
the rings,” he said, holding up the arrangement
shown in Fig. 2. “These three are connected but
not linked.”

The lord was impressed. “You mean you
can make an entire hauberk this way?” (A hau-
berk is a tunic of chain mail.)

“Certainly,” replied the armorer.

He proceeded to do so, and when finished,
no rings were linked together. How were they
arranged?*

FIGURE 2

- 2 |

(7%

FIGURE 1

* Experimental models are best if made of paper, FIGURE 3
flat, and about 2V%-in. outside diameter, and not
more than VY4 in. wide (Fig. 3).
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MORE ORIGAMETRY

46

Starting with a square sheet of paper, fold it to
produce a square having three-fourths its area.
Only five folds are allowed.

26

UNIQUE PARTS OF LETTERS

Is there any part of any letter of the alphabet
that is unique? That is, a segment of a letter,
such as the cross stroke of A, which cannot be
found in the corresponding place in any other
letter—which of course is not true of the cross
stroke of A, because it could be a part of the
cross stroke of H.

We confine ourselves to block capitals,
without serifs or differences of line thickness,
or such details, so that the little stroke on a
Q can be got from part of the lower right side
of A. In that case we would have to move it
slightly to the left, which is allowed, but vertical
distance from the line base must be the same.
We can take part of an element, but not alter
its size, so that the loop of P will not make the
loop of D.
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FOR & FANS

The ratio between the parts of a line, divided
so that the lesser is to the greater as the greater
is to the whole, is called the Golden Section,
the Divina proporzione, or in some geometry
books, the Extreme and Mean proportion. It is
represented by the Greek letter ¢ (phi), and
we derive it from this equation (see figure):

a:b=a+Db:a,.. a :k,lszl,az
VE a+b a
52+ 1 _ 4 (1.618034...)
In the following equation, what does x
equal?
(¢J,_ z‘;l) 1
- — =X
¢ ¢
R a b

47
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THE TRUCK GARDENS

48

In Geometria everybody grows vegetables for a
living. The law says that all truck gardens must
have the same area as the plan of the dwelling
they go with, and that all dwellings—including
single-family houses, apartment houses, and the
apartments themselves—must be cubical. Thus
if you lived in an apartment, your garden would
have the area of the square plan of your apart-
ment.

An entrepreneur, Geo. T. Hales, decided to
build an eight-family apartment house next to
and touching his single house. The houses were
bordering on a huge rectangular field at its
corner, which the zoning law forbade building
on—but it could be used for gardens. Hales had
a square garden in front of his house (Fig. 1).

bk,
7.
»
Py
Z
é’{o
‘\
__ Truck garden
FIGURE 1



Continued 2 8
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FIGURE 2

His profits were so high that he was able to
build another, 3 x 3 x 3-unit, apartment house
(for 27 families) beyond to the west (Fig. 2).
In each case every family wanted a garden plot
out on the field, and each succeeding year a
new, cubical, apartment house was added; al-
ways to the west, and one unit wider than the
last. What was the simplest way to plan the
garden plots, with an unlimited field?
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® ORIGAMETRY

According to the more Procrustean* Origam-
ians, we may only fold, never cut. However,
they do start out with a square, which is usually
cut. But it can be made from a ragged-edged
piece of paper in five folds—so we shall make
another (imaginary) fold, and start witha 1 x 2
rectangle. The problem is to produce the ¢ ratio
by folding the rectangle only twice. The ratio
can be between any definitive points or other
demarcations we end up with.

* This may seem an odd word for an Origamian,
since Procrustes did a lot of cutting. Also stretching,

50 for which reason he described himself as the first
topologist.
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THE COCKEYED KITE

A boy was making a kite; he had two pieces of
bamboo for the ribs, and two pieces of silk. The
former were 4 ft. long, and he joined them
at right angles. One piece of silk was an isos-
celes triangle, ABC, 20 x 20 x 15 in., and the
other was a scrap from which he intended to
cut the upper triangle, as in the pattern (Fig.
1). He also planned to string wires along the
outer edges, but being a bit absent-minded, he
attached the big triangle sideways (Fig. 2). He
strung the wire along the edges AB and BC, and
continued with the first 9-in. length, CD, and
then found that the second 9-in. section of wire
wouldn’t reach across DA. His young brother,
who was very quick at arithmetic, said, “See?
It won’t reach—you put the first triangle on
sideways! Bet you don’t know how long DA is.”
The kitemaker immediately began figuring. He
was slow at arithmetic but more mathematical,
and beat his brother to it. What does DA equal
and how did he do it?

D
9”, 9” 9”
C B A 20" > \C
15"

15"
20” 20” 20"
FIGURE 2

FIGURE 1 B
51
A
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MORE & ORIGAMETRY
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With no more than four folds, produce a crease
in a square piece of paper—the dotted line in
the figure—which marks off a ¢ proportion rec-
tangle. Prove.

THE BOOKMARK

52

A professor wanted to mark a page in a book
by folding down a corner, but when the book
was closed, it didn’t show. Also he wanted to
mark the book so he could find it. He experi-
mented with folding the page so that it pro-
jected beyond the edges of the others, but with-
out tearing or pulling it loose. (The covers,
which usually project slightly, will be ignored.)

Having found the method of folding which
gave the maximum projection—in distance, not
area—he saw that one of the outer corners of
the folded page was exactly on one of the edges
of the other pages. If the height of the book is 1,
how far did the page project?
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SNOW ON THE ROOF

During the night, snow had fallen, and the pro-
fessor went out to the tool shed to get the shovel.
“Wonder how deep it is,” he said. “It’'s very
sticky, so it won’t do any sliding on the roof.”

“Why don’t you take the folding rule and
measure it?” his wife said.

He came back shortly, looking vexed. “I
took the foot rule by mistake,” he said, “and
the snow’s a lot deeper than a foot; still, I was
able to measure its thickness on the east slope
of the shed roof —theyre both at 45°—because
when the snow comes down at an angle it’s
thicker on one side than the other. It was 10 in.
Then I found an old rake handle, and I was able
to measure with a pencil mark on it that the
snow was exactly the same thickness on the
deep side—west—as it is on level ground. Inci-
dentally, the wind was steady from the west all
night. The radio said so.”

“Well why don’t you measure where the
mark on the handle is with the foot rule? Then
we’ll know how much snow we got.”

“Didn’t think of it. Left them both in the
shed. Anyway, it doesn’t matter—I can work it
out with elementary geometry. Just the thing for
measuring the elements. Ha, ha.”

What was the thickness, and how did he
do it? (“Thickness,” of course, means at right
angles to the roof, or the ground.)

53



34

DRAFTING PUZZLE

54

A draftsman has no instruments but a compass,
and a sheet of paper which he does not fold,
and which can be bought at any stationer’s.
How does he establish and mark the six vertices
of a regular hexagon with only one placing of
the point of the compass?
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THE PSYCHEDELIC CUBE

Optical illusion is not new in the arts; any realis-
tic picture in perspective is an optical illusion.
Parenthetically, such pictures are abstrac-
tions—of a three-dimensional reality—whereas
so-called abstractions, not being of anything,
would be more correctly termed concretes, or
Aldens, since they speak for themselves. A per-
spective representation is the projection by lines
converging to a point of a three-dimensional
object onto a plane. It differs from orthogonal
projection in that the latter uses parallel lines.
In both cases a cone, shown at an angle, gives
an image which is an ellipse with two lines (see
figure). The illusion succeeds; we see a cone.

Our problem here is to carry the process
one stage further: To make a three-dimensional
model (of cardboard) which, when viewed at
the correct angle, and with one eye, will give
the illusion of having a different form, in this
case a cube, seen from the corner. The required
model will thus be the projection in perspective
of a cube onto a different three-dimensional
form, but the simplest. (Describe the projection
in detail.)
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CONSTRUCTION PROBLEM

56

The figure shows the plan of a projected build-
ing to house two identical storage bins, between
which will be a staircase of constant width, a.
For structural reasons corners C and D must
lie on the diagonal AB, a supporting beam.
Given the dimensions AE and AF, show the sim-
plest geometrical construction that gives the
dimensions of the bins.

A E
N
AN
a N
AN
N Bin
C
— —
D
Bin \\\
N a
AN
N

F B



A WALK

A man is standing in a flat field, 1 rd. (more
than 5 yds.), due east of a post, and facing
north. He walks straight north until he is di-
rectly northeast of the post; then—always in a
straight line—he walks northwest until he is
directly north of the post; then west until he is
northwest of it; then southwest until he is west
of it; and so on, in a kind of segmented spiral.
When he is again due east of the post, how
many rods is he from it? Give the formula, with
d = distance from post in rods, and n = num-
ber of segments walked.

If he walked one more segment, and was north-
east of the post again, n would be 9, and
29 = 512. To find the root of 512 he would
need a book of tables; give a formula that can
be memorized, and with which he could calcu-
late his distance from the post as accurately as
he could with tables. We assume he can mem-
orize a number of, say, 8 digits, and has pencil
and paper for the simple arithmetic needed.

37

IN A FIELD

Question 2
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MORE DIAGONALS

58

At the advice of the builders of the storage
building of Puzzle 36, it was decided to put re-
inforcing beams under the diagonals of each
bin, ED and CF; but the angles EDB and ACF
must be right angles. Under these circum-
stances, what would be the ratio of the length
of the building, [, to its width?

l— o
(@]

[—n
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SHORT PROOF (CUT CUBE)

What two planes, passing through edges and/or
vertices of a cube, divide one of its dimensions
into three equal parts?

The proof must be as short as possible, and
the figure to which it refers must be a drawing
of the cube (transparent, if necessary) with no
more than three added lines. The cube may be
shown at any convenient angle. To explain and
describe the figure you may make a subsidiary
diagram, but the proof must refer only to the
former.

59
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WORD-CHANGING

Question 1

Question 2

60

There is a parlor game in which one word is
changed to another of equal length, one letter
at a time, so that at each stage we have a word.
For example, CAT to DOG:

CAT
coT
DOT
DOG

Letters may not be transposed; all words must
be English or British or their variants as given
in standard dictionaries, but not requiring cap-
italization. Plurals are allowed, as are verb-de-
rived forms such as RUNNER, etc. Compounds
needing hyphens are not allowed. The object is
to make the change in as few steps as possible;
the example above is in the minimum, three,
for all three letters had to be changed.

Can you change ASK to WHY in seven steps?

Now can you change SPRING to WINTER, in
eighteen steps?
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POLYHEDRAL MODEL

A piece of cardboard shaped as shown in the
figure is creased along the six lines of the hexa-
gon; three alternate triangles, x, are folded for-
ward to meet at a point, and the remaining
three triangles are folded back to meet at an-
other point behind. The result is a twelve-faced,
semiregular polyhedron with alternate faces
missing, but with all its edges and vertices.

What is the dihedral angle between any alter-
nate pair of faces, i.e., any two of the cardboard
faces that have a common vertex?

If we now imagine that the six existing faces
are extended in their planes to meet one an-
other, but with their present vertices remaining
stationary, what is the simplest description of
the resultant form?

N
YA SVAN

Question 1

Question 2
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DIHEDRAL ANGLES

62

The solution to the previous puzzles depended
on recognizing the given form as part of a cube;
we now ask for the determination of the dihe-
dral angle between a given pair of triangles in
the form without reference to the cube, and
proved by elementary geometry. The figure
shows that we use only part of the original stel-
lated regular hexagon, and the two triangles,
AEB and CFD: What is the dihedral angle be-
tween the triangles when bent up so that E and
F coincide?




43

CHEESE WEDGES

Two ladies were going to make toasted cheese
sandwiches, and found the cheese was in the
form of little right-angled wedges (Fig. 1).

“They’re exactly the wrong shape,” said
Mrs. V. “We have to cut them up so they lie flat.
I make vertical cuts and arrange the triangles to
fit the bread. One wedge just does for a sand-
wich.”

The other, Mrs. H., said, “I prefer to cut
them horizontally (Fig. 2) into slices that can
be fitted with the slanting edges together, and
they work out just right for me, too.” She was
talking to their mathematical friend, Mrs. M.,
so she added, “By a funny coincidence the un-
cut wedges, which are all alike, have exactly
the same proportions in plan, when they are
lying flat with the short side vertical, as the
rectangles of bread, but too small. Mrs. V.
makes almost four times as many cuts as I do,
but we can both arrange our slices so they
exactly fit the bread, which is trimmed to rec-
tangles. I arrange mine in one row.”

Mrs. M. didn’t look at the cheese wedges or
the bread. “Tell me one thing,” she said, “has
the bread the more or less normal proportions?
Because if so I can tell you the exact relative
dimensions of the uncut wedges.”

What were they?

FIGURE 1 FIGURE 2
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THE POISONED GLASS~

64

“Mathematicians are curious birds,” said the
police commissioner to his wife. “You see, we
had all those partly filled glasses lined up in
rows on a table in the hotel’s kitchen. Only one
contained poison, and we wanted to know which
one before we searched for fingerprints. Our
laboratory could test the liquid in each glass,
but the tests take time and money, and we
wanted to make as few of them as possible. So
we phoned the university and they sent over a
mathematics professor to help us. He counted
the glasses, smiled and said:

“‘Pick any glass you want, Commissioner.
We'll test it first.

“‘But won’t that waste a test?’ I asked.

“‘Not quite, and I like to gamble, he said.
‘It’s part of the best procedure. We can test one
glass first. It doesn’t matter which one.””

“How many glasses had to be tested?” the
commissioner’s wife asked.

“I don’t remember. Somewhere between
one and two hundred.”

What was the exact number of glasses? It
is assumed that any number of glasses can be
tested simultaneously by taking a small sample
of liquid from each, mixing the samples, and
making a single test of the mixture.

My thanks to Martin Gardner for permission to use
his version—much improved—of my puzzle The Poi-
soned Glass, which appeared in Scientific American.
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TO COVER A CIRCLE

A man wanted to cover the biggest possible
circle with a paper rectangle, 1 x 2 in. Flat, it
would cover a 1-in.-diameter circle, but folded
as in the figure it covered a slightly larger one,
and he was trying to work out the maximum
when his Japanese friend Suzi Origami came in.
“I know you disapprove of cutting,” he said, “so
I was trying to do it by folding. If I increase the
angle « it allows more room at the points of
contact, C, but the little gap at V gets bigger
and cuts into the circle. If I decrease «, the C’s
move in, so I'll have to use calculus.”

“Not at all,” replied Suzi. “The exact shape
can be arrived at by folding only. The proof will
need some calculation, but. . . . Oh, I forgot;
it’s only true if you make a symmetrical arrange-
ment like yours, with only one fold, which goes
through the center point, O. In my artless sym-
metrical way I'm quite good at avoiding calcu- v
lus.”

How did she do it?
This figure shows the method they both
used, and with the correct value for « to get

the desired result. (The dotted arc shows
the advantage gained.)

Within what limits does the above apply, when Question 2
we vary l?
What is unusual or interesting about the trian- Question 3

gle ADC in the original case, with [ = 2?
65
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PURE-ORIGAMI SOLUTION*

66

The next evening Suzi went to a paper-folding
bee in the Village, and took her friend Lillian
aside and told her about the problem of covering
the circle (Puzzle 45). “I didn’t want to confuse
the issue with our rules or predilections,” she
explained, “so it wasn’t until afterwards that I
worked out how to do it without knowing the
proportions of the paper rectangle. Once you
know the method you don’t have to calculate
anything; it’s pure origami and it only takes
eight folds.”

The method makes use of the relationships
proved in Puzzle 45, but no measurements
(with a ruler) have to be made, and it works
for any rectangle, diophantine or otherwise,
between the limits given: 1 by 1.865 . . . and
1 by 2.915 . . . What is the method?

* This puzzle is for Origamians who don’t want to
bother with a lot of math. Just skim over Puzzle 45,
and keep in mind the final single-fold shape, and
the all-important equation y = Y8, and the fact that
the fold must be symmetrical, i.e, the fold goes
through the center point of the rectangular paper.
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THE FLAT PAN

A man has a bowl that holds a little more than
a pint, and a flat rectangular straight-sided pan
that holds exactly a pint. The figure shows its
proportions. He wants to put exactly one-third
of a pint of water into the bowl, but he has no
other means of measuring anything. He has a
supply of water and an ordinary kitchen table
with an exactly level surface. How does he do
it?

67



48

THE SIAMESE MOEBIUS STRIP

Take a strip of paper and cut two longitudinal
slits (Fig. 1). Bring the upper pair of ends to-
gether and join with a half-twist so that A joins
A’, and B joins B’. Then do the same with the
lower, but twisting in the opposite direction.
The result will be like Fig. 2. If it is then cut
along the dotted line—also shown in the un-
joined strip (Fig. 3)—what is the result? Give
number of pieces, sides, edges, and twists, and
explain. The model may be made, but do not
cut along the dotted line; work out the answer
by reasoning.

Slit

Slit

68

FIGURE 1

FIGURE 3
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THE NINE DIGITS

Excluding zero, the nine digits are written
down in any arbitrary order (first line, Fig. 1).
Under these we write the ordinal numbers that
give the positions of the digits in the first line.
Thus we start with 7, because in the first line
1 is the seventh number; then we write the
number that gives the position of 2, in this case
6, and so on. We shall call this operation X. If
we now apply the operation to the second line
(Fig. 1), it gives the first line again. This will
always be true no matter what the order of the
first line is.

In some cases all three lines are the same,
for example when the first is a list of the digits
in their natural or reversed order.

Figure 2 gives two sequences of the nine
digits. The second could have been produced
from the first by operation X, but both were in
fact produced by a completely different opera-
tion—and separately. To be quite precise, the
operation was not exactly the same in the two
cases (Fig. 2), but similar. What was it?

FIGURE 1 FIGURE 2
947362158 369 58147
764285391 741852963
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MINIMUM AREA

Draw a rectilinear figure of minimum area, with
the following properties:
(1) Its sides are equal;
(2) Its angles are all right angles (reen-
trant or not);
(3) Its perimeter equals that of a given
square with side = s;
(4) It is a closed figure whose sides do
not touch or cross;
(5) It is quadrisymmetrical; that is, sym-
metrical about two axes at right angles.
For example, Fig. 1 does not follow (3)

for its perimeter :239

reduce its size the perimeter can be made to
match. However, Fig. 1 does not follow (4) for
its sides touch or cross at x. If we open x (Fig.
2) to conform to (4), sides y will be longer
than sides z.

s, instead of 4s. If we

A Y
x x Y VA
S x L
VA
X X
v
FIGURE 1 FIGURE 2
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COCYCLIC POINTS

Five paper rectangles—one with a corner torn
off—and seven paper disks have been tossed
on a table. They lie as shown in the figure.
Each corner of a rectangle and each spot where
edges intersect marks a point. The problem is
to find three sets of four cocyclic points: four
points that can be shown to lie on a circle. For
example, the corners of rectangle R are such a
set, because the corners of any rectangle lie on
a circle. What are the other two sets?
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THE TILTED CARTON

Assume that we have a very thin, almost weight-
less milk carton, which is flat-topped and ex-
actly square in plan. Its height is twice its
width. When full it can be tilted until its center,
C, is vertically above the bottom edge, B, before
tipping (Fig. 1).

If it were half-full, and tilted to the same
position as before (Fig. 2), it is obvious that its
new center of gravity would be to the right of
the vertical axis, AB; so we know it can be

A A
c S
e
Q8
b
90°
[ & ¥
B >B
FIGURE 1 FIGURE 2
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Continued 5 2

tilted further before tipping. However, if the
carton were empty—and we do not ignore its
infinitesimal weight—its center of gravity
would be where it was when full. In Fig. 2 we
can find the center of gravity (this time ignor-
ing the weight of the carton) from the trape-
zoid (shaded) by the formula

_d a+2b

T3 a+b
where P and Q are the midpoints of the parallel
sides a and b, d is the median, C the center of
gravity, and x the distance PC. When the carton
is tilted to bring C vertically above B, the trape-
zoid changes, because the level of the milk re-
mains horizontal, and thus C moves along PQ.
Ignoring the carton’s weight, what is the
amount of milk, in terms of the dimensions of
the carton, which allows the greatest tilting, and
what will « be?
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TOPOLOGY PUZZLE

The figure shows a piece of paper that by cut-
ting, twisting and rejoining, has been given one
side, two edges, and two holes, if we do not
count the outer edge as a hole, as we should if
it were distorted topologically into a sphere, as
shown.

The problem is to make a model that has
two sides, two edges, and seven holes, the latter
being counted in the same way as above. Give
any general rule that applies.

Edge 1 Edge
-~ 2>

1st Stage

2nd Stage

74 3rd Stage
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THE VANADIUM STEEL CLOTHESLINE

The professor’'s neighbor, Mrs. M, had hung
out the wash with the greatest of zeal, on a
tightly stretched line of vanadium steel; run-
ning corner to corner it’s very genteel, but the
wind it has blown it away—right into the pro-
fessor’s yard. It was winter, and the cloth had
all frozen stiff, and he was trying to figure out
what the odd shapes were, when Mrs. M stuck
her head over the fence.

“I'm so sorry,” she said, “those are my table-
cloths. I always hang them corner to corner—
that way they seem to dry quicker” (Fig. 1).
Then she noticed that he was folding the
corners in (Fig. 2).

Continued on next page

Clothesline
FIGURE 1
First stage
fold under fold over
URE 2 N - over
FIG \\\% V\ — // 4 //
N \
line of / f\\ [ \\ /'(\\ ,/
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o7 A NE 5|3
fold under fold over 8 i) e &
Second stage = Third stage
A
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pd A\
\e
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h 75

Opened out to show creases
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5 1 Continued

“Yes,” said he, “no matter what the propor-
tions of the original rectangles were, folding
them this way makes new rectangles. Smaller,
and with different proportions, of course.”

“What,” said Mrs. M, “is the proportion
between the proportions?”

“I don’t know yet—TI'll have to work it out.
Let’s see....”

“I made one of those tablecloths myself,”
she said, “It's ¢ proportion—I wonder if you
can tell which it is from the proportion of the
folded rectangle.”

The professor said, “While I'm working on
that, see if you can tell me why the red one is
the same proportion when folded as it was be-
fore.”

“All right,” she said. “But remember, no
calculus!”

Explain how they both succeeded. The
clothesline may be considered as a straight line,
being of tightly stretched vanadium steel wire.
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VISUALIZING

In this puzzle no drawings or experiments with
any objects are allowed.

We have ten square cards measuring re-
spectively 10, 9, 8, etc., down to 1 in. The
even numbered ones are black; the others,
white. If we put the 10-in. black one down, and
then on it the 9-in. white one, not centered but
pushed to the top left corner (Fig. 1); then on
that put the 8-in. one to the bottom left of the
9-in. one (Fig. 2); then the next smaller to the
bottom right, and so on, with the positions ro-
tating—going inward counterclockwise—what
pattern results in black and white when they
are all down?

Describe fully.

FIGURE 1 FIGURE 2
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THE BALANCE

L

<

\

————————t by

FIGURE 1

w

FIGURE 2

FIGURE 3
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Figure 1 shows a diagram of a simple balance,
in which the load to be weighed, L, the ful-
crum, F, and the weight, W, are in a straight
line. If the length LF = FW, and the load and
weight are the same, they balance, which is
the only accurate weighing we can get—other-
wise the heavier goes to the bottom (see dotted
line), merely showing which is heavier—not
how much. Thus we would need a lot of dif-
ferent weights, or the means of hanging W at
varying distances from F, or springs instead of
weights.

If however L, F, and W are held at right
angles by a bent rod (Fig. 2), the more L weighs
than W, the further down L will go to reach
equilibrium. The trouble is that the movement
down is not proportional to the increase in
weight of L. A radial scale, as shown, would
have to be graduated with decreasing spaces,
becoming less accurate and harder to read.
This inequality is shown in Fig. 3: the resultant
force of a given load at a given distance from
the fulcrum is the product of the downward
thrust (here called L) and the horizontal dis-
tance between the load and the fulcrum is x.
Thus, for L to balance W, the equation is
xL = yW, from which we can see that if L is
almost at the bottom, x would be close to zero,
and L would have to be enormous to balance
yW. Question: What fairly simple arrangement
of this balance can be made so that an evenly
graduated scale will show the weight of L, with-
out changing or moving W?
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HYDRAULIC INFERENCE

Water is poured into an exactly cubical 3% qt.
casserole, near its corner. The water rises to the
halfway mark, stops for a while, and then con-
tinues to rise at exactly half its previous rate.
The reason is that there is an empty pot of in-
considerable thickness inside, attached to the
bottom so it doesn’t float. What are its most

likely proportions and shape?

THE STRIPED WHATSIS

The figure shows a version of a merchandising
emblem. Describe the form that it indicates,
giving number of sides, edges, twists, etc., and
making germane comments.
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THE TERRI

FIGURE 1

Question 2

80

TURNOVER

Figure 1 shows a Klein bottle, which has only
one side, and a hole through which the neck
passes, although this self-intersection is not
supposed to exist in the imaginary, ideal ver-
sion. It is known that a torus—for example, an
inner tube—can, if it has a hole in it, be pulled
through the hole and in a sense be turned inside
out—in a sense, because it is then topologically
distorted almost beyond recognition (Fig. 2).

A hollow torus has two sides, but a Moebius
strip has only one, and it is meaningless to
speak of turning the latter inside out. The ques-
tion here is whether a model of the Klein bottle
can be turned inside out in any meaningful
sense, and if so, to what extent must its appear-
ance differ from the way it started?

What proportions must a torus have so that
when inverted it will have the same proportions
as before, if that is possible?

Cross section

Torus inverted

LU

Cross section

FIGURE 2
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THE HEAVY CHEST

A chest weighing 200 1b. had been placed
against a thin iron pillar, P in the figure, on a
tesselated floor, the squares of which measured
1 ft. The chest measured 3 x 4 in. The owner
could not lift that much, and he wanted the
chest on the other side of P; as shown by the
dotted lines, but still facing toward P. The chest
could not be slid, but he could lift half its weight
fairly easily, and thus turn it, pivoting on one
corner. In this way he managed to get it where
he wanted it, in a series of continuous, single
turns, pivoting on one leg at each turn. He was
able to determine the precise positions by the
tesselation on the floor. F indicates the front of
the chest. The size of the pillar can be ignored.
What was the method, and precise number of
turns? Answer on page 82, Figure 1.

Continued on next page

Chest P
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Continued

Question 2

He found another chest, also 3 by 5 in., against
no obstruction, but near to another thin post
(Fig. 2), and he wanted to move it to the posi-
tion shown by the dotted lines: show how he did

it.
|
— @® — = Point of rotation
|
| i gl'l ILfI | i
|__Point of ine of fix
pens oL et L
ine L }3\ ARSNPZEA + N
VAR R4 HANGIR \ N
a / b N-4-] \ ;‘3}
1) A h ~{A A Point of fuxrp=f S
Stage 11 2 —+3 4
FIGURE 1
P
F
FIGURE 2
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THE PILE AND THE PATRIOT

At Fort Ticonderoga a soldier was told to make
a pile of cannon balls. He began with a square
arrangement of the first layer (Fig. 1). The
second layer fitted over the spaces, S (herein-
after called squinches), producing an arrange-
ment like the first. When the pyramid was com-
plete, he decided to put a flag at the top, and
removed the top ball, but when he tried to put
the stick in the squinch where the ball had been
he found another ball vertically below, which
prevented it from going down far enough to stay
upright.

Continued on next page

FIGURE 1

Dotted lines
= 2nd layers
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E 1 Continued

FIGURE 2

Then he began again with a triangular base
(Fig. 2). In this case the second layer could
not be put in all the squinches because they
were too close together, so he chose the ones
marked S. It will be noticed that the layers—
all of the same triangular arrangement—were
horizontally more closely packed than in the
first arrangement. When the triangular pyramid
was finished he again tried to stick a flag in
the top squinch, but failed for the same reason
as before. His third attempt succeeded.

In experimenting with marbles we would
have to put a frame around the bottom layer to
keep them from being pushed aside by the sub-



Continued E 1

sequent layers, but since cannon balls are very
heavy they make depressions in the ground
which prevent rolling. All three arrangements
the soldier made are examples of normal (or
close) piling. If the second layer in the square
(first) arrangement were placed vertically
above the first layer it would not be stable, for
each ball in the second layer would be balanced
on one directly under it, and unless the frame
continued upward they would roll off. (This
latter arrangement is not considered normal pil-
ing.) In solving the problem, the reader is ad-
vised not to use actual balls—they get in each
other’s way and slide all over the place unless
one uses moth balls (and aside from smelling
dreadful, they aren’t accurate spheres).

Question 1
What was the soldier’s third and successful
method? Also explain how the three methods
relate to one another. Answer on page 2038.

Question 2

In starting with method two (triangular), we
eventually produce tilted planes of square-ar-
ranged balls, and the same polyhedra as with
method one; is it possible to start with method
one (square) and get the polyhedra associated
with method three, and at some angle produce
the continuous holes?* If not, show why, and
explain fully, with diagrams.

Continued on next page
*Do not turn page: answer to Question 2 begins on
next page.
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Answer 2
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All three arrangements are shown in the
plan. In the second and third the polyhedra oc-
cur in the plan also, as shown in Figs. 3 and 4
(pages 203-204). The lower A10,11,12 in the
last polyhedron is covered by the top A1,2,3.
The first arrangement (Fig. 8) gives the poly-
hedron at an angle of 55°— and is hard to rec-
ognize. It is like Fig. 5, but turned to one side
like the top of Fig. 6, and tilted toward us so
that the square 3,2,6,7 is seen straight on, and
coinciding with the square 9,4,10,12. (All the
numbers conform to Figs. 5 and 6 on page 205.)

The center balls of the polyhedra have been
left out. To see these relationships it is best to
make cardboard models. Number the vertexes,
but leave the top triangles empty, so that one

///"\\\ /,’—\
FIGURE 8 ’ 1

\

\

S 3(9) 2(4)

8 5

// 7 0
/ (12) (10)
|
\ , 11
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First
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can look through to see where vertexes coincide
at the different angles of view. In the second
polyhedron we show the far edges pale, and
the front edges dark. Numbers in brackets are
hidden vertexes, i.e., behind the other, non-
bracketed numbers. The dotted circles, Fig. 8,
are part of the second layer, containing 1,5,11,8;
9,4,10,12 are in the bottom layer.

For Answer to last part of Question 2 on
page 85, return to page 86.

Second

(10)

(12)

Third

87
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THE PILLAR OF CHIOS

88

The ruler of the ancient Greek island of Chios
was explaining to two goldsmiths that he’d
come into a little money, and wanted the new
monumental pillar changed. It was cylindrical,
and he wanted it covered with solid gold, but
the gold was to form four equal hemicylindrical
projecting moldings, the plan being as shown in
the figure. Where these four surfaces met they
were to form right angles with one another, and
exactly at the surface of the existing pillar.

One of the goldsmiths was rather deaf, and
thought what was wanted was a solid square
pillar, the four corners of which were to fit
exactly in the cylindrical surface of the one it
was to replace (see dotted lines in the figure).
The goldsmiths were then asked to estimate the
amount of gold needed.

To what extent did their estimates differ?
We are to assume that both calculations were
correct on the basis of what each thought were
the requirements.

)
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LITERARY QUIZ

The title “Father of” so-and-so has been popu-
larly given to many people: their names are
given in the second column, and you are to
match these with their putative offspring in the
first column.

W N =

18
19
20
21
22
23

Angling
Church History
Comedy
English Cathedral
Music

English Poetry
English Prose
Epic Poetry
Fathers

Good Works
Greek Music
Greek Tragedy

History
Italian Prose
Jests

Letters

Lies
Medicine

Moral Philosophy
Music

Orthodoxy
Ridicule

The Faithful
Waters

AN AN AN A AN AN AN AN AN A A

AN AN A AN AN

N NN N N N N NN NN N N NS N NS

A N N N

Abraham
Aeschylus
Aquinas
Aristophanes

Ascham
Athanasius
Boccaccio
Chaucer
Eusebius
Francis I
St. Gregory of
Nyssa
Hippocrates
Homer
Herodotus
Miller (Joe)
Mississippi
Mohammed II
(Turkey)
Palestrina
Rabelais
Satan
Tallis
Terpander
Walton
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THUNDER ON THE RIGHT

Question 1

Question 2

90

A man at P talks to a friend at F, by phone, and
hears a clap of thunder on the phone first, and
then ten seconds later from just outside (as-
sume sound goes a mile in 5 sec.).

“Did you hear that?” says the friend. “I
think it’s coming this way from the sea. I better
close the windows, so hold on.”

While he is waiting, the first man calcu-
lates the locus of the possible positions of S, the
source of sound.

Describe it, and give proof.

When F comes back to the phone he says,
“Incidentally, I counted the seconds between
the flash and the sound: it was just 3 mi. away.”

On hearing the latter, P was able to tell his
friend F the exact direction of S from F. What
was it?
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TWO TRIANGLES

We have two identical obtuse-angled triangles,
cut out of cardboard. As shown in Fig. 1, they
are arranged edge to edge, and in Fig. 2 over-
lapping, forming different quadrilaterals, the
second with a reentrant angle. We want to find
how many different quadrilaterals (including
the two shown) can be so formed. To be eligible
the arrangement must be geometrically deter-
mined by point-to-point, edge-to-edge, and
point-to-edge contact, and combinations of
these. For example, Fig. 3 is not determined,
because A can be at varying places on BC, and
D at varying places on BE.

Continued on next page

E

B‘
FIGURE 1 FIGURE 2 FIGURE 3
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65

Also Fig. 4 is not determined, since AB
can slide on CD. Figure 5 is a pentagon, though
correctly determined.

Either triangle may be inverted, giving its
mirror image, as in Fig. 2, but not both tri-
angles, for that would give mirror images of
the complete quadrilaterals, which are not al-
lowed. The reader is advised to make accurate
reproductions of the given triangles in thin
cardboard, since a quite small deviation of the
proportions will alter the number of possible
arrangements. The answers are in two parts,
with the more obvious quadrilaterals given first,
and then the total number given; so if the read-
er has not found the full total, check with the
first part first, and then try to find the rest.

A
2 3
C
1
4
B
5
D
FIGURE 4 FIGURE 5



A SUBMISCELLANY OF
SHORT PUZZLES

More or Less from
Everyday Life






These puzzles are slightly inconsequential and do not quite
strictly follow the rules of style. They must be read attentively,
because the wording is sometimes tricky or overliteral. Some
depend on observation, some on previous knowledge, some on
rather offbeat reasoning. The reader is warned to watch for the
unexpected.

1 TRANSPARENT OBJECT. What transparent object be-
comes less transparent when wiped with a clean cloth? (It is
found in many households.)

2 ICICLES. Which of these probably saw more icicles
more than 2 in. long during her life: Queen Elizabeth I, of
England (1533-1603), or an American Indian woman living
in upstate New York during the same years?

3 RODIN’S THINKER. What is unusual about the pose
of Rodin’s statue, “The Thinker”?

4 BLUE DRINK. How can a bartender who is fresh out
of Blue Curagao mix a bright, sky-blue drink, using only the
potables to be found in a well-stocked bar (e.g., food coloring
would not)?

5 VERBALIZED NUMBER. If you hear someone who
is ordering a number of items say: “Send us nine hundred and
ninety-nine thousand, nine hundred and ninety-nine million,
and one,” what would probably be the first thing you would
notice about him if you had never heard him before?

6 CHAIN REACTION. In giving an example of chain
reaction (in everyday life), most popular-scientists describe a
floor covered with mousetraps on which are balanced metal
balls, so that when one trap is sprung the three or four balls on
it fall on other traps, which do likewise, etc. Give a more com-
mon example.
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7 COUNT THE OBJECTS. Without moving your hands,
count the things shown below (Fig. 1); a dot inside a square
is two things; the letter A is one. Give the method used. Time
limit, 1Y% min.

— (@} ‘?
O"Nso
— 5 B

E%o E:t~——
=31 % 22>

FIGURE 1

8 BARLEY, MARBLES, ETC. If you put a half cup of
uncooked barley, a dozen (lead) buckshot, three glass marbles,
and some cork fragments in a tumbler, and shake or vibrate
the lot, what will be their relative arrangement finally? (Figure
2 gives their sizes.)

9 NORTH AMERICA AND EUROPE. How close does
any part of North America come to being as far east as any part
of Europe?

Barley <

Buckshot Q

Marble

Cork Bits % 0
(very small)

FIGURE 2
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10 GREAT CIRCLE. If all the seas were frozen over, and
you were standing at the corner of Fifth Avenue and Forty-
second Street in New York City (Fig. 3), which of the four
routes would take you nearest, and soonest, to Rome, Italy,
provided you walked in a straight path or great circle? (“Soon-
est” here means soonest to the nearest point to Rome.)

N

FIGURE 3

11 NEXT TO NEW YORK. Which city in the world is
the next biggest in population to New York City (as of 1968)?

12 FLOATING COFFEE. If you take a small, dry alumi-
num pot, put a heaping tablespoonful of dry drip-grind coffee
in the middle in a small heap, and carefully pour down the side
into the pot a cup of water so that it more than covers the coffee,
estimate the fraction of coffee floating on the surface after a
few seconds.

13 TWO-DIGIT NUMBERS. To be done in the head in
half a minute: How many two-digit, positive whole numbers
are there?
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14 RAIN ON THE ROOF. When rain falls straight down
on a roof which is tilted at 45° (Fig. 4), there is less rain per
unit area than if the roof were level (Fig. 5). This being the
case it would seem that rain falling vertically on level ground
would give it more of a wetting than the same rain would if it
fell at an angle, because of wind. Why is this not so?

<—10——>,.
l ‘ ~—10——>
S . .
2 /
<“—10—>
FIGURE 4 FIGURE 5

15 BOX AT EDGE. Sitting on a table, projecting slightly
more than half its width over the edge, is a cardboard box (Fig.
6). Owing to something inside it, it remains in this position.
When the table is bumped up vertically the box falls. Its con-
tents is to be found in most households; what is it?

Then there is an exactly similar box, but projecting less
than halfway over the edge; in this case it can be made to fall
without bumping, touching or imparting any pressure to it or
the table, even indirectly. How? What is in it?

Box

Table

FIGURE 6

98



16 LEAKY BALLOON. A child’s rubber balloon was left
in the attic resting on a box and an old-fashioned trunk with
a hemicylindrical lid, as in the figure. The balloon was so thin
that its outline may be considered a circle, but it leaked and
sank as it shrank. What is the locus of its center, C, as it low-
ered until it fell? The edge, E, may be considered as a point.

Box Trunk

Floor

17 MIDPAGE IN MANUSCRIPT. From a manuscript,
handwritten on both sides of the paper, we remove the middle
sheet; its two sides are numbered six and seven. How long is it?

18 OBLONG STATE. Most states of the United States are
at least partly bounded by arbitrary straight lines—that is to
say, they appear so on a Mercator’s projection map: Which, if
any, are completely rectangular? Which, if any, have no
straight lines as boundaries?

19 WATER FROM PAN. A saucepan half-full of water
is on the floor. Is it possible to get about a teaspoonful of water
from it into a cup, without spilling any or putting the cup or
anything else below the level of the saucepan’s brim, or raising
any part of the saucepan?

20 BOOKSHELF. You build a single-shelf bookcase for
an encyclopedia of twenty-odd volumes. First you measure the
dimensions of a volume, 9 by 12 in., and then put them in a
pile and measure the total to get the length of the single shelf,
about 30 in. Allowing an extra inch in height and depth from
front to back, you make the bookcase. What is liable to go
wrong?
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21 DOFFING OR DONNING. Why is it so much easier
to take a fairly tight sweater off, if you wear glasses, without
them being displaced, than it is to put the sweater on without
them being displaced?

22 GIBRALTAR. Figure 7 shows a view of the Rock of
Gibraltar. In between it and us is an old weather vane with
the pointer and letters missing, but here indicated as A, B, C, D,
with B toward us. Which arm points most nearly toward
Morocco?

FIGURE 7

23 BIBLE QUOTE. To whom did Jesus say, “Get thee
behind me . . .”?

24 BOX FITTING. A certain very common commodity
is sold in boxes, arranged in two rows; the objects are all iden-
tical, and if one were removed, we would be able to tell which,
in spite of the fact that they are slightly elastic and would fill
the gap. What are they?

25 FOLDING TIMES. This is a question not of theory,
but actual practice: A single sheet of The New York Times,
opened out flat, measures approximately 22 by 30 in., if folded
in half it will be 15 by 22 in. (like one printed page). Will its
proportions be as 15 to 22, or 22 to 30 when folded in half a
total of ten times?

26 TILTING DISH. An oval (quasi-elliptical) china dish
is on a table: which point on the rim of the dish requires the
least downward pressure to lift the opposite edge? Why? (Or
does it make no difference?)
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27 CORN IN BAG. How many shucked ears of fresh corn
can one fit into a thin polyethylene bag, about 8 by 10 in. (the
very thin kind that some bread comes wrapped in), in 10 sec.?

28 SAME HEIGHT. What single physical factor makes
it more advantageous to the housewife to have all grocery boxes,
bottles, etc., that are not kept in the refrigerator, uniform in
height rather than in the other two dimensions?

29 TORN CARD. It is impossible in actuality, but as-
suming that one could tear a playing card in two, put the
halves together and tear again (getting four), put them together
again and tear, and so on 52 times, and piled up the pieces, how
high would the stack be? Estimate within 100 percent.

30 BEAR AND PENGUIN. A bear walks due south 1 mi.,
then due east 1 mi., then due north 1 mi. He is a polar bear and
he has nothing else to do. He is close to the Arctic Circle. The
question is this: The bear is 3 mi. from the sea and can run
twice as fast as a penguin, who has just woken, and is also in
his natural habitat. He is due south of the bear and 9 mi. from
the sea, and can swim twice as fast as the bear. How close can
the bear get to the penguin?

31 REMOVE WATER. Put a small glass bowl, about 2 in.
deep and 312 in. across, in the sink, run in enough water to
come almost a quarter-inch above the rim of the small bowl.
Using a teaspoon, is it possible to remove enough water from
the bowl by speed and efficiency, so that it floats? The teaspoon
may only be put inside the bowl; not under it.

32 CHANGED EQUATION. A blackboard has an equa-
tion on it; to the left of the equal sign is one symbol, and to the
right three symbols. A boy remarks that if the symbol to the left
of the sign were inverted, and one of the three to the right were
erased, the equation would still be true, and contain no re-
dundant or unnecessary symbols. What is the equation? (The
line in a fraction counts as a symbol.)

33 NORTHERNMOST. Excluding Alaska, what is the
most northernly part of the United States?
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34 LETTER CODE. If we are told that certain letters in
the words “Standard Oath” represent something to do with a
number series, what should the next letters be?

35 MEASURING TREE. There is a pine tree that looks
about 100 ft. tall, about 150 ft. away from the house, and
slightly downhill. We can get to it by walking around a pond.
Our only means of measuring is a 6-ft. tape measure. What is
the simplest way to find its height within 10 percent?

36 HOW MANY KINGS? Guess within 30 percent how
many kings have been crowned in England since the Norman
Conquest.

37 TESSELATION. In the floor of a Gothic church is the
tesselated figure shown here, consisting of three equal arcs in
an equilateral triangle, measuring 2 ft. to the side. As simply
as possible, give, and prove, the area of the dark part.

38 QUIZ IN VERSE.

Oh, what'’s the past tense of Beware?

Do we say “He Bewore being caught”?
Should we use the same usage with Fare?
And what is the present of Wrought?

Can a wheelwright be said to Wright Wheels?
Should Sluice follow Loose into Sluisen?

And this oral philologist feels

That Mongoose & Son are Mongoosen.

Surely more than one Bus should be Bi;
Might not Might in the past become Mought?
And Trew is the perfect of Try—

But what is the present of Wrought?

102



39 OPPOSITE STATES. What two very familiar things,
that are alike in a certain important respect, are in opposite
states in that respect when described by the same term?

40 PANAMA CANAL. If you are at the Atlantic end of
the Panama Canal and sail along it to the Pacific end, how
many miles west will you have traveled?

41 DOUSING CIGARETTE. How can a well-lighted cig-
arette be put out in less than 30 sec. without using any liquid,
or blowing, or touch any part except the unlit half? Nothing is
needed except what can be found in most homes.

42 EASTERNMOST. What and where is the easternmost
point in the United States of America?

43 ALPHABET SPOKEN. In saying the alphabet the
words we utter have in some cases initial letters that differ
from the letter we refer to; for example, we say “ex” and “em.”
In how many cases does this occur?

44 RHYME PUZZLE.
I'll give R-a dog, oh ¢!
All he liked was cherry .
The cat will 5 fish and .
o-ology!

(Question: What does the last line mean?)

45 SOUTHERNMOST. Name the southernmost points of
Europe, Africa, and South America.

46 WHEELS. What vehicle has an odd number (greater
than three) of supporting wheels? (For example, steering or
transmission wheels wouldn’t count. And airplanes and boats
are not allowed.)

47 WET SPOON. When the professor started spooning
sugar into his coffee, Mrs. M. said, “The spoon’s wet—it won’t
let go of all the sugar.”

“I know,” he said, “but I stir with it, also.”

“Then you get more than you bargained for, because it
sticks to the bottom of the spoon, also. That is, unless you want
a little more than a spoonful.”
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“No; I like an exact measurement, but with the number I
take, it comes out just right.” How many did he take?

48 PINCH-PENNY. A man was sending a lot of letters
by airmail. He had an accurate scale for weighing, but he always
took the letters to be weighed at the post office. Why?

49 TWO LIQUIDS. What two liquids, which are to be
found in most average homes, when poured into the same clean
empty container, neither mix, flavor, nor contaminate each
other, and can be quickly and easily separated (no heating al-
lowed )?

50 LONGEST SENTENCE. What is the longest sentence
in two words in English?
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Neither.

Since the top surface of the lower ball is in non-
skidding contact with the bottom surface of the
top ball, we can imagine a sheet of paper, s,
between them, moving to the left. When s moves
x inches, the center, a, of the bottom ball moves
L4x inches in the same direction. The same is
true of the center, b, of the top ball; thus b
remains vertically above a, regardless of the di-
rection of motion.

L

ROLLERS
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OWL'’S EGGS

108

The crank.

The formula for the volume of a cylinder is
#«r2h, where r is the radius, and h is the height.
If we call the radius of the pot 1, then its vol-
ume up to the water level is =h. Since h is the
diameter of the egg, we call the egg’s radius r,
and the cylinder's volume becomes 27r. The
formula for the volume of a sphere is (4/3)=73.
Thus the volume of water, V, is 21 — 4/3=73.
To find the value of r that gives the greatest
value, i.e., the most water, we would have to
use calculus; but the question was which of the
two men got the nearest answer. We divide both

2

sides of the equation by 2: v =r— =7
2 3

From this we see that to get the value for r
that gives the maximum value for V, we can
disregard the 2x. Therefore the answer is inde-
pendent of 7, and the man with the more ac-
curate ruler got the nearest answer, since he
had the right measurement for the pot.

water
- r —

je—1—

j——=—
Il
v
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CONICAL HELIX

A semicircle with radius = 1, drawn on the
flattened surface of the cone, and with PA as
diameter.

Since the base of the cone has a diameter
of 1 and PA = 2 = the cone’s (tilted) radius,
the perimeter of the base = » = one-fourth the
perimeter of a circle with a radius of 2. There-
fore the flattened segment is a fourth of a circle.

In Fig. 1, P” is the repeat of P, and C is
the center of semicircle, PIA. Semicircle PIA
fills the requirements, because it is tangent to
the quarter-circle, PP’P”, at P, it is tangent to
radius P”A at A, and it intersects, at I, the
radius P’A, the bisector of /P”AP at 45°, since
IC is perpendicular to PA.

To make a model, it is best to put the semi-
circle—the helix-to-be—on PA, extending out-
ward (Fig. 2), and cut the whole figure from
one piece of paper. Then when rolled into a
cone, with the semicircle on the outside, the
latter gives the helix with its edge.

P” A
I C
P'
FIGURE 1 P FIGURE 2
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3 Continued

Answer 2

110

The ratio of the flat model’s greatest dimension
to its least dimension equals ¢.

P”Q is greatest if the line passes through
C, the center of semicircle AQP, and AP, its
least.

V5 +1
¢ = g
x2=22+4+1, so x= V5
PPQ=V5+1, AP=2
P’Q _ VE+1 _ "
AP — 2 -

Q.E.D.

P~ 2 A
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THE OWL ISLAND FLAG

h =2 ft.
In the figure, the vertical lines, ll, represent the
available space with width =4 ft. The red
square, R, is put at one side. Since R is always
square, the 45° diagonal is the locus of its free
corner, and the rectangle to its right, with
height h, and width w, is the total area of white
left. Change scale, making W = 2:
When h = w = 1, then the area of white
equals 1. If h and w are unequal by the
amount 2n, area = (1 +n) X (1 —n) =
1 — n2, which is less than 1; therefore
maximum area is got when k is 2 ft., in
original scale.

45

A
g
Y
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PSEUDO-MOEBIUS STRIP

Answer 2

112

A flat, hollow square (two sides, two edges, zero
twists). The four corners made at the intersec-
tion of the dotted lines give the four corners of
the square. When loop B is cut along the dotted
line (see page 23), loop A, whether cut along the
dotted line or not, can be opened out and un-
twisted, regardless of the number of its twists.
But it probably needs clairvoyance to visualize it.

In no way. Regardless of how far y were moved,
the length of each resulting edge would be un-
altered, and the way everything is connected
would be the same as before.
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THE BUTLER AND THE CRUMBS

“Now look! You missed some in the middle!”

4 A

ditto

Area X, half of which is shown, was beyond his
reach. He could not reach the center line,
dotted, because when walking along the top
side, AB, he pushed “directly toward C” (see
arrows ), a constant distance, r, instead of push-
ing at right angles from AB, as he should have
done. So the maid had to clean up X.

(r=2)
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THE THREE CLOCKS

3

I find an alarm clock, and I can see that it was
set back because the alarm indicator is at six,
and we always have it set to go off at seven. It
is in the fall.

SLIT STRIPS

114

Two loops, unlinked, one with a right-hand
twist, the other with a left-hand twist.

The reason is that there are two ways of
making the nonself-intersecting loop, with
right-hand or left-hand twists (R and L, Fig. 1
each of them remains the same when turned
top to bottom or back to front). To analyze them
we examine the edges.

When we cut either of them down the
center, the resultant halves conform to the two



Continued 8

edges (Fig. 2) which can be seen to cross the
same way and to be linked, at X. When the
strip goes through a slit we get a new arrange-
ment (Fig. 3), in which edge A goes to the right
of itself, and B to the left of itself. Thus the
two halves will have opposite twists, and can
be seen not to link together. This form is sym-
metrical.

Continued on next page

Bt

FIGURE 1 FIGURE 2

A B
\ /

FIGURE 3 115
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Continued

Answer 2

A will have four half-twists and no knot; B will
have eight half-twists and a knot. Again we
examine the edges. Figure 1 shows the uncut
form of A, and its edge (both A and B are
single-edged ), isolated and then further simpli-
fied. We see that A is in the form of a Moebius
strip, and when cut lengthwise, gives the same
result, an unknotted single loop with four half-
twists.

Figure 2 shows the isolated edge of B,
which has the form of a three-half-twist Moe-
bius strip, and when further simplified, is in
the form of a trefoil knot. The point is that A

A and B are not true mirror images of one an-
other; Fig. 3 shows the mirror image of A.

B
(slightly
shortened)

!
L Mirror Image of A
/

A

Moebius — 9 -
strip - O(_)

FIGURE 1 edge - 2
Trefoil 3-half-twist
knot M-strip

116 FIGURE 2 edge

(For further discussion of twists, etc., see page 94,
Experiments in Topology, Barr, T. Y. Crowell.)
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THE POT ON THE CROSSPIECES

21%4 in.
In the plan, I is the intersection of the cross-
pieces; AI, BI, and CI are respectively the 6-,
8-, and 15-in. lengths of the crosspieces cut off
by the pot, and AD is the diameter of the pot.
AB = V62 + 8 =10
AC = m =17
Since /ABD is subtended by a diameter and B
is on the circle, it is a right angle. Za = Z«/,
because both are subtended by AB. Finally,
£ AIC is a right angle. Hence, AABD is similar

to AAIC.
AD _ AC . _ 10 x 17 _ 1
AB = Al ..AD--———8 =21.250r21V4
B Continued on next page
A 8
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Answer 2

118

Continued

The unseen intersection is also exactly on a
mark: 6 in.

Proof: Since they are both subtended by
the chord AC, Za =/«

.". rt. AABI is similar to rt. ACID

x _ BI

©-CI T Al
_2x3
*=77
=6

B

2

I

Af— % ——\D
3
C
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FOR SCRABBLE PLAYERS

Answer is deferred (see next page). In case the
reader has not yet solved the puzzle, here is the
situation—or a possible one—before the play
that will give the required score; and the seven
letters he holds, from which the word is to be
made: G, I, L, Q, T, Y and Z.

COCOS is the preferred spelling.

AR is a variant of ARE, a metric system

measure.

DOR is a beetle (not to be confused with

Paul, or Ringo, etc.).

MEL is Latin for honey to English speaking

pharmacists, but given in dictionaries

without the bars, ||.

Continued on next page

D BERAI[TIED
I % A
S o S
J cocos
o PIKE H AR w
IDOL UT I GAMMA
NOVA D L Al EX
RAN U I IN L

Only the lower half of the board is needed.
[ is center square.
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1 O Continued

Answer

TRANQUILIZINGLY (scores 1148).
As can be seen, the word covers three triple-
word-score squares, and 3 X 3 X 3 = 27, so the

scoring is
TRANQUILIZ-

INGLY ...... gives 999 (27 x 37)
DISJOINT ..... “ 48 (3 x 16)
WAXY ........ “ 51 (3x17)
Premium for us-

ing all 7 letters 50

Total 1148
D B ER A[T|E D
I A% A
S (0] S
J cocos
(o] PI KE H A R w
IDOL UrT 1 GAMMA
NOV A D L Al E X
TRANQU I LTI ZINGLY

120
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AREA OF ROOF

200 sq. ft.

Since the profile we see of the roof is an equi-
lateral triangle, the altitude, a, of each triangu-
lar face must be equal to the width of the shed,
10 ft. (Fig. 1). This is twice the altitude of
each of the four triangles that would make up
the 10 x 10 ft. plan of the shed (Fig. 2). The
figures need not be drawn, because they can
easily be visualized. (When the altitude of a
figure is doubled, the area is doubled.)

a
10
5
4
Plan
FIGURE 1 FIGURE 2

121
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PAPER-FOLDING

122

Two folds, altogether.

In each case opposite corners are brought to-
gether and creased. In the figures we have mul-
tiplied the dimensions; in the short rectangle
by four and in the longer one by three. With the
first the dimensions of the right triangles be-
come 4, 5, and 3, and with the second they be-
come 3, 5, and 4. Thus they are similar, and
the corresponding angles « and o’ are equal
(also B and B’). (Proof of the relationships as
in Puzzle 43.)

Proof for short paper:
with width = 1, length = 2,
we change the scale as shown in the figure
(Proof for this one is similar)
a+b=2, ".b=2—a; c=1
by Pythagoras,
a2=1+b2=1+4—4a+ a?
C.d4a=1+ 4+ a2 — a2,
thus in the original scale:
a=5,¢c=4,and b=3



SYIMSNYV

Continued 1 2
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THE TWO PYRAMIDS

A cube, with height = Y2 V2, with length of
pyramids’ edge = 1. If a square has sides equal-
ing V%2 V2, its diagonal equals 1 (Fig. 1).

Figure 2 shows a cube with edge equaling
Y% V2; ABCD is the biggest tetrahedron that
can be cut from it, leaving four equal three-
sided (plus base) pyramids with their apexes
at E, F, G, and H. They have equilateral tri-
angles for their inner faces—their bases—and
the three angles meeting at each apex are right
angles. They can be fitted together with their
apexes meeting at a point on the ground, as in
Fig. 3. Their equilateral faces now form the
four sides of the square pyramid. The interior
tetrahedron forms, or is, the triangular pyramid.
All edges equal 1.

124

FIGURE 3
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THE MAN WHO GAVE UP SMOKING

The important clue is the word rearrange. By
putting the seven-space row in the middle, there
is only room for nineteen cigarettes, and four
can be removed, as in the figure.

Continued on next page
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1 1 Continued

Answer 2

As shown in the figure. He should not have been
surprised at the square being larger, since it
holds more circles.

Y N
\ ]

3
N

I

A
w

20 circles

S =2(3+V3)r
(= 9.464 =+ appr.)
(S? = 89.5673+)
4.478 per.

126
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Answer 3

ANSWERS

As in the figure. The dimensions are self-ex-

planatory.
Continued on next page
N
907
\/ A
A /
A(b
2 IR}
459 (0]
“— V6 J Vg |e1—
N S ;
16 circles

S=2(V6+ V24 I)r
(=9.72 + appr.)
S* = 94.48 appr.
5.28 per.
127
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Answer 4

(

_A

The nonrigidity involves the principle of group
rotation, which we saw in Fig. 2 in the ques-
tions. In Fig. 1, here, no single circle can move
alone, but all three can rotate as a group,
whereas in Fig. 2 they cannot. It is more clearly
shown in Fig. 3, where the circles, dotted, are
ignored and we consider their centers. The
possible motion of the center of a circle held
against a straight line, is another straight line
parallel with the first, so here we draw a new
triangle (solid), inside the original one (dot-
ted). It is understood that the circles do not
have to roll, but can slide against other surfaces.

Another factor of importance in this case
is symmetry. Figure 4 shows the bottom half of
the arrangement under consideration; if the
group ABC can rotate when A moves along the
line OAH, its mirror image ADE, symmetrical
with it about OAH, can rotate in the opposite
direction, and A, which is common to both
groups, will move along OAH. Similarly with
BFG, the other mirror image of ABC, in which
case B will move along their line of symmetry,

128

FIGURE 1

FIGURE 2 FIGURE 3
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N

FIGURE 4

OBJ. As in Fig. 3, we draw the triangle ABC
and decide whether it is free to rotate either or
both ways in the triangle OKL (with KL parallel
to HJ).

The locus of B when A moves on OK, and
C on KL is known to be an ellipse with its major
axis on BK (and part of it shown dotted) which
is the bisector of the 90° angle, OKL, therefore
the rotation is possible both ways. Obviously
this line of reasoning applies to all the three-
groups of circles because of symmetry. It can
be seen that there are two possible ways for the
distortion of the arrangement to happen; A and
its three counterparts moving toward O, or away
from it. If any one of the sixteen circles is fixed,
the whole will be rigid; but as Mrs. C. C. re-
alized, none of them is.

Continued on next page
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1 1 Continued

Answer 5

130

There are two fairly obvious ways; the first (Fig.
1) is to distort a three-row hexagonal arrange-
ment by reducing the vertical space. The second
(Fig. 2) starts with a symmetrical hollow hexa-
gon, distorted the same way, but with the
square only slightly larger. Both are obviously
rigid. The radius of the circles equals 1.

We begin by assuming the drawing of Fig. 1
is correct, in which case the four outer circles
have their centers on a square, and by sym-
metry all the triangles formed by any three con-
tiguous circles will be congruent. Thus the
spacing of the centers will divide the square
vertically in two, and horizontally in three. For
the construction we draw circle A first, and a
verticak line AB equal to any three convenient
units (here we use two), then at right angles

C B

~
d x
-

NN

Q
[

INT 27 N\

A

FIGURE 1



Continued /I 1

to the left draw BC = two units (or four).
Join AC; by similar triangles, AC will pass
through the centers of circles D and E, and
these are found by marking off diameters from
A along AC. The rest is easy.

To calculate the size of S: Let DF = x;
then by proportion AF = 1.5x, and by Pythag-
oras, x2 + (1.5x)2 =4; x = V1.2 (1.0954...),
S =2+ 3x, or 5.286. . . . To construct Fig. 2:
draw circle with A as center; draw a horizontal
through A cutting circle at B; draw a line BB’
at 45° to AB, and an arc with radius 2, and
center B, to cut BB’ at C; draw circle (radius 1)
with center C. The rest is easy. To calculate S:
draw line e | BC, line f || AB, and line x at
right angles to AB. Since /BCC’ = 45°, ¥’ = «x.
AB=1; e=V2/2. AC=2; d2=4— (2/4);
.d= V35, 2x2 = 3.5; x = V1.75. Since f =
1/2,8=3 +2V1.75 =3 + V7, or 5.64575. . ..

o/ %
2

2

)
Cx,dx C\
J /

/[ \
A S

(f =%)
FIGURE 2 131
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TETRAHEDRON ANGLES

132

The third (isolated) right angle (3 in Fig. 1)
must be between the two edges, a and c, that
meet at the other end of the edge b, which is
between the neighboring pair of right angles 1
and 2. Figure 2 shows the same tetrahedron
opened out flat like a cardboard model.
Proof: There are 12 facial angles on a tetrahe-
dron, but of the 9, other than the given ones, 1,
2, and 3, we can rule out those marked 0 (Fig.
2), for they are in the right triangles contain-
ing paired right angles 1 and 2. Also 0, since
it is at the same apex as 1 and 2. This leaves
4,5, 6, and 7. We take them in turn: If 4 = 90°
(Fig. 3):

y2 + 72 — x*®

x2 4 b2 = a2

.'.y2+z2+b2:a2

22 + b? = c?

Joy2 4+ c2=a2
and £7 is a right angle. The converse of the
above shows that if 7 is made a rt. 2, 4 will be
one too. If 5 =90° (Fig. 4):

X2+ y2 =22

b? + x% = a?

b2 + 22 =2

b4 x4y =c?

Soat+y?=c2,
and 6 = 90°. The converse shows that if 6 is
made a rt. £, 5 will be one too.

Q.E.D.
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FIGURE 2

FIGURE 3
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HYPOCYCLOIDS

134

The curves are identical, but the one in Fig. 2
would be generated in a counterclockwise di-
rection.

It is not necessary to know the equations
to these hypocycloids to see that as A’ rolls to
the left (clockwise around the inside of circle
B’), P’ starts by moving to the left. Since the
circumference of A’ is five-sixths that of B’, P’
will touch B’ at a point P”, five-sixths of the
lefthand semicircle from T to T’, whereupon
the same movement will be repeated, counter-
clockwise.
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SQUARES ON A CIRCLE

(nonalgebraic):

Eight squares. (With six squares, r =
(V2 x cot 30°) — V2
2

seven squares is worse.)
By symmetry the diagonals of alternate squares
AB, DE, etc., lie on extended radii, AC, DC, etc.,
which are at right angles. Thus the spaces left
between the squares have parallel sides, e.g.,
FH || JK, and we can slide four squares as
shown by the arrows until corners such as F
and G meet at inner corners of unmoved
squares, such as H. By symmetry, the four
moved squares will meet at C (see dotted lines).
Therefore r, in this case BC, is the distance
moved by F (or G), to H, which is the side of
a square, FH, or 1.

an irrational number;

Q.E.D.

For the Suspicious:
By symmetry YC | ZC,XY =ZC, and XZ =YC

XY=1+ V2/2
Sor=1 A
Q.E.D i
x 1 142 F
B) Y
’\
7/ N
& B
’ \\\ ,’H \\ G
'—*D Z‘,\E r/;(\f\: )
N ,’ \\\ 4
N ,’
\\
135
(ZE = V2)
2
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THREE COINS

1, 2, and 3—diameters or radii.

%

136



TWO COINS

3 oz. (troy).

When the small coin reaches the point where it
tips, its diameter AD must be a chord of the
circular hole. A point on the coin’s edge that
touches the center of the hole, C, will be on
CB, with B the center of the coin, and CB ] AD,
because AC = DC, radii of the hole. Since they
are also radii of the coin, AB = CB; call this
length 1. Then AC = V2, and since the coins
have the same thickness, their weights are pro-
portional to their areas, which in turn are pro-
portional to the squares of their respective radii.
Hence the big coin weighs twice as much as the
small one (V322 =2).

o
N

D

19
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THE COIN COLLECTOR’S NIGHTMARE

138

This construction is best described as very sen-
sitive; the slightest inaccuracy has an exag-
gerated effect on the result. It is the opposite
of those constructions which give very close
approximations to unattainable quantities like
m, but are mathematically false. The descrip-
tion of the construction is given here, and the
proof later, as a second question. Assume the
two coins and right-angle corner of the box are
drawn, with V as vertex. We omit obvious con-




= )

struction details, like bisection, etc. Because of
symmetry, as required, we consider only one
coin, center A, the other being indicated by a
dotted line. Both are tangent at B to a line at
45° through V. Obviously the required circle
will have its center on VB.

Draw radius BA and extend to D, intersect-

ing VC at C, and CD = CA;

Draw a semicircle with BD as diameter.

Draw CE perpendicular to BD, cutting

semicircle at E.

With C as center, mark F on VC (with

CF = CE).

Draw FG tangent to circle A at G.

Draw AG extended to cut VB at H.

H is the center of the required circle.
Prove the above construction.

Proof: The diagram on the following page is to
be regarded as illustrating the following proof,
not the previous construction. In it we shall use
similar labeling, and add certain necessary lines
and points. We start by assuming that the re-
quired circle is drawn; we know that it can
exist touching both axes through V, and both
large circles (the big coins). By symmetry, its
center H will be on VB, the bisector of the
corner of the box, V. AH joins the centers of the
chosen large circle and the required circle, and
G is their point of contact. Draw GF perpendicu-
lar to AH, with F on CV. Then:

Continued on next page
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20

45"

FG is the common tangent of circles A
and H.
AB is the radius of circle A, AB = 1.
VB is tangent to circle A at B, .", /CBV =
90°, and £/ BCV = 45°.
Draw HJ and AK perpendicular to VC; draw
FH and FA, and FL with L at midpoint of AH.

FK and FG are tangent to circle A, and FG
and F]J to circle H.

.".FK =FG = F]; FA bisects /GFK, and
FH bisects /GF].

‘. £AFH is the sum of the halves of the
supplementary /s GFK and GF]J.

‘. £AFH = 90°, and since Z/ABH = 90°,
the points A, B, H, and F are cocyclic, with
L as center and ALGH a diameter.



Continued 2 O

. the circle (with center L) through A,
B, H, and F can be drawn.
AK is parallel to H], LA = LH, and FK =
FJ.
.". LF is perpendicular to KJ.
.". CF is tangent to circle L.
By a well-known proposition, the secant CB : CF

ANSWERS

= CF : CA.
.". CB/CF = CF/CA, and obviously CA =
V2
1+V2_CF
CF — V3
C.CF2= V2 4 2,

We now add that part of the original construc-
tion which gave the position of F, and from it
prove that the value of CF in that construction
is equal to the value just given. By another well-
known proposition, since DEB is a semicircle
on diameter DB,

CE2=CD x CB

S.CE2 4 VZ(VZ2 —-1) =2+ V2

VJ.CF2= V2 42

Q.E.D.

141
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THE HI-® SET

142

The diagonal DD’ compared to the width of two
coins is ¢. DD’ is the greatest dimension of the
group, and the line DD’ runs through centers
B andC.

If we consider the figure at half-scale, so
that AB = 1, then AC = 2, and the hypotenuse
BC = V5.

BD and CD’ are radii, so that DD’ =

V5 + 1.

Thus at the original scale, with width =1,
DD’ = \/_5—2'*' 1 =¢ (coins x and y are
redundant).

n )
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CRYPTARITHMETIC

The clue is the wording; it's in Roman nu-

merals:

DCVI 606
— L XV {or,in Arabic numerals: — 6 5
DXLI 541

143
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ORIGAMETRY

Make the horizontal fold from A (Fig. 1); then
fold and crease on AB, and finally on the full
diagonal from C.

F H
9
3
A E A E G
1
5
2 /b D
4
c FIGURE 1 B c FIGURE 2 B
23 22 5l | 20 19 18
5 6
2 21 P
17 16 9 10 13 12
8 15 14 11 12
7
FIGURE 3

144

The numerals represent the number of twenty-
fourths of each area shown.
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To prove, draw the other diagonal FB
(Fig. 2). E is the midpoint of FB, and A the
midpoint of FC; thus D, the intersection of CE
and AB, is the centroid of AFBC. Therefore
BD =2 AD, and CD = 2 DE. Triangles AED
and ADC have the same altitude. Let the area
of AED be 1; then the area of ADC = 2. Since
the rectangle AGBC is made up of four triangles
like AEC, its area = 12, and the area of the
whole piece of paper FHBC = 24. Since BD =
2 AD, the area of DBC = 4, and by subtraction
the area of quadrilateral EGBD = 5. Similarly
the area of HGE = 3, and FHEA = 9. (All these
are marked in Fig. 1.)

From this it is easy to see how the twelve
patterns shown in Fig. 3 can be made by select-
ing parts of the given creases, so as to get the
twenty-four required fractions.

145
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THE HAUBERK

146

As in the Figure. Rings 1, 2, and 3 form the ar-
rangement shown in Fig. 2 in the question; also
2,3, and 4; and 3, 4, and 5; etc.

The lord was delighted, but his alchemist
was a great believer in even numbers, and par-
ticularly admired squares, and said, “It’s all
very well, but the pattern isn’t square, like the
ones we make. You've got the rings arranged
so that each one has 6 around it. Bet you can’t
make a square one.”

But the armorer did; that is, the rings were
arranged in straight lines crossing at right an-
gles—forming squares instead of hexagons.
What was the pattern?




Continued 2 1 |

Answer 2

As in Fig. 1. There is another arrangement
(Fig. 2) which as shown is apparently square,
but when pulled in the direction of the arrows
becomes Fig. 3, which is the same as the answer
to the first question. Fig. 1, here, cannot be thus

distorted.

* When X and Y are pulled, rings 1, 2, 4, 5, 10, and
9 form a hexagon around 3, corresponding to the
same numbered rings in the answer to the first ques-
tion, shown here in Fig. 3. Y and X have no counter-
parts because the pattern was not carried that far.

FIGURE 1

FIGURE 3

(0

FIGURE 2

147
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MORE ORIGAMETRY

(1) Fold A to B and make center crease. (2) Fold
A up to center crease. (3) Fold top edge down at
back, level with A, making crease CD horizontal by
aligning first center crease with itself; then bring
A back to old position (A). (4) Fold AD to coincide
with CD, making new crease DE. (5) Fold CB back
makmg new crease EF along AE. Flatten out; square
AEGD is the required one. Let AB = 2, then _area of
ri/_ger—li InFlgSAC—landAB— CB =
In Fig. 6, area of the square AEGD = V3 X
V3, which is three-fourths of 4.

B A
—1— B —9—
F F
V3 11) | | c
cla A“ G
|
V3 |
I
I
LN I
B |
% (A4) E B B g A
—4_ —5- —6—
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UNIQUE PARTS OF LETTERS

Only one: the top half of S.
It could be got from 8, but we are confined to

the alphabet.
ABCDEFGHI!IJKLMNOPQRSTUVW
YPOOFEGTF LUIEI I 0ROPSBFJ AV
V s L Aol v vy AA?2 LT AN
i ¥ I

Letters in the top line are made from indicated
parts of letters (heavy) under them.

149
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FOR @& FANS

150

x = 2.
The following equations may be known to the

reader, but they can all be easily derived from
a b

a+b a’
$=¢+1
1 . 1
— =¢ — 1, from which ¢2 - — =2
s L
So, in the original equation in the question, the
index of the first expression, ¢ — x; 1_
P2 — g——;—l =2, and the whole equation be-
comes
1
2_ 1 _9
¢ ¢
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THE TRUCK GARDENS

The right number of square gardens will fit
into a square whose side is the frontage of the
line of apartment houses, because

134234334...n _("("2 ))
=(14+2+3+...n)2

64 apts.
—Plan—
N 27 apts.
w E 8 apts.
S
1 apt.
Bldg. Line
etc.
| Truck grdns.
|
]
area = 9
area = 36

151
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® ORIGAMETRY

Dotted lines show positions before folding.

Figure 1: fold on diagonal, CB. Figure 2: fold

corner A down to bring AB onto diagonal CB.

DB:CA=¢:1.

VE+1.
5

¢ — 1=%; and VE—1=2 ¢—2 (these can

First a ¢-relationship proof: ¢ =

all be derived from the definition of ¢).
In Fig. 2, CB= V35, and CA= V5 —-1=
2 ¢ —2. If we make CA=1, then 1:CA =

1 __DB
DB.2and§¢—_2._ 5
-2 __1 ~ —1=1
DB_2¢_2_¢_1andsmce¢ l—d>
DB = ¢

Figure 3 shows that our folded rectangle
can be fitted to the well-known Euclidean con-
struction in which CF is divided by G, so that
CF : CG = CG : GF, (CG = CA), in other words,
the ¢ relationship.

152

FIGURE 3

FIGURE 2
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THE COCKEYED KITE

The kitemaker rightly ignored the isosceles tri-
angle as such, and used the formula that says,
in any quadrilateral whose diagonals (in this
case, the ribs) are at right angles, the sum of
the squares of two opposite sides is equal to the
sum of the squares of the other two sides:

202 4 92 = 152 4 AD?, thus AD = V256 = 16.

D
9
A 90°
20 15
B

153
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MORE & ORIGAMETRY

Let side of square equal 2: Figure 1: crease
one establishes center of an edge; crease two
is a diagonal of a 1 X 2 rectangle. Figure 2: fold
down corner A to make AC lie on crease two,
and making BC crease three. Figure 3: fold A
back, and make BD, crease four, parallel with
AC, by folding so that ED lies on DC. Then
AC/AB = ¢.

B
A
1 Crease 3
‘Crease 1
B A
1 Crease 2
ad rE Crea4se
2 C C S
FIGURE 1 FIGURE 2 \
B M E D c
FIGURE 3
Proof:
Figure 4: fold corner E up, so that FE lies on
B FC. As established in Puzzle 29, 2/y = ¢, so
y y=2/¢. Since AE’CG is similar to AFCE,
- y=2x
———— C.2x =2/¢
FIGURE 4 J.x=1/¢, and 1/x=¢

154

FG is the bisector of /EFE’, /ACF = /EFE’
and BC is the bisector of £ ACF

.. AACB is similar to AFEG

.AC/AB = ¢
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é—1 (or .618...).

The method of folding to get the maximum pro-
jection is as follows, shown first with a book of
usual proportions:

32

THE BOOKMARK

Since no point on the page can be pulled

(All books shown open)

D

Hinge

horizontally farther from the hinge, the motion
must be up or down. The diagonal BC (Fig. 1)
is the greatest dimension and allows the maxi-
mum projection of the corner B when BC ro-
tates upward with C as center. First A is folded
up, creasing the page along BC, and flattened
again. Turn page to the right (Fig. 2); then,
creasing along the bisector EC of the angle BCD,
fold to the left (Fig. 3). This brings BC onto
DC, or vertical, and B is at the maximum dis-
tance from the book’s edge. (The book can now
be shut, folding the page on BC.)

Continued on next page

(o)
FIGURE 1

C

FIGURE 3

FIGURE 2
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3 2 Continued

If the book were sufficiently wider in pro-
portion to height, A would be above the top
edge (Fig. 4), but we are told an outer corner is
on an edge, and since B is above it, A is on the
top edge (Fig. 5).

Proof: (Figure 5 is labeled as shown)

[By a well-known theorem] Since BAC and
BDA are right angles, AD is the “mean propor-
tional” of BD and DC, or x: y=1y: 1,

Lx/y=y/1

=

By Pythagoras, y2 + x2 =1

‘x+x2=1, and since x =d — 1

d—14+(d—-1)2=1

Sod—1+4d2-2d+1=1

d2—-d=1

.. d + 1 = d2, from which we can see that
B d=¢, or 1.618...
Cx=¢—1
4 Q.E.D.
————— [~ (All books shown open)
B
N
C
FIGURE 4 1
x
LY Dj| ____
Yy
d
1
156
C

FIGURE 5
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SNOW ON THE ROOF

Just over 2 ft. (1 + V2 times 10 in., or 24.142
... in).

The figure shows a cross section of the roof
and snow, thicker on the right (west) than the
left (east), which measures 10 in. The direc-
tion of the snowfall (dotted line) is obviously
the bisector of the angle between the roof and
level ground, since equal thicknesses of snow
were on them. Since the sides of the roof are at
45° to the level, the diagram can be labeled as
shown, and since ¢ bisects 2 «, triangles 1 and
2 are congruent.

From this we can see that aV2 + a = b;
and if a = 10 in.; then b= (V2 + 1) x 10 =
24.142. . . . (Even if the wind were not due
west, we could get the same result by consider-
ing its westerly component, only.)

a = thickness of snow on east slope = 10 in.
b = ditto on west slope
S
O
7 e

v

$
¥

«——— horizontal
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DRAFTING PUZZLE

158

He has a sheet of ruled paper.

He puts the compass point at any point C on
any line, e.g., 1, and sets the radius to line 3
beyond line 2 (next to C) and draws a circle
which touches 3 at D, and line 5 at G, and cuts
2atAand E,and 4 atBand F. A, D, E, F, G,
and B are the required vertices of a hexagon.

Proof: Radius AC =radius BC = AB = DC;
thus ABC is an equilateral triangle. For the
same reason EFC is an equilateral triangle, and
opposite to ABC. Thus A, E, F, and B are ver-
tices of a hexagon, and, since by symmetry D
and G are the midpoints of arcs AE and FB,
respectively, they too are vertices of the hexa-
gon.

Q.E.D.
D

A E
(o}

B F
G
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THE PSYCHEDELIC CUBE

The model will be of three slightly distorted,
continguous faces of a cube, but the surface
to be looked at is the inside (Fig. 1).

The orthogonal projection of a cube seen
from a corner is a regular hexagon with three
radial edges meeting at that corner, A (Fig. 2).
As can be seen, the projection could just as well
be of the inside view, like Fig. 1 seen from the
same angle but turned 60° on its axis (the line
of sight), to bring one of the rhombuses to the

top, in which case A would be the furthest:

point, E, instead of the nearest. (Figure 3
shows that three radial edges of a cube seen
from that angle, compared with the correspond-
ing radial edges of the model before turning it
on its axis, to demonstrate the necessity of so
doing.)

B
Z
D
A = The missing corner
(The edges are not yet distorted) Y
FIGURE 1 qurn 6g. FIGURE 2
Y
A E

FIGURE 3

Continued on next page
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Y
FIGURE 4

160

Perspective projection would not be so am-
biguous; the dotted lines, Fig. 4, show how the
three corners, B, C, and D would be pulled in
toward the center A. If this same projection
were of the model (Fig. 1), the corners X’, Y’,
and Z’ would be pulled in (Fig. 5), provided we
have turned it 60° to bring the radial edges AX’,
AY’, and AZ’ into alignment with the ones in
Fig. 4. If we now project the dotted lines from
Fig. 4 onto Fig. 5 and cut along them, we get
Fig. 6, which will then look like the corner view
of a (convex) cube, and is what we want. No-
tice that we make use of the three radial edges,
but they now masquerade as convex edges, and
the center point E, the far corner, will appear
to be the nearest. Since the projected figures
are symmetrical, we shall consider only one
face, BXAZ, which is the top of the cube we
shall think we are seeing. Figure 7 shows the
method of perspective projection of the face
BXAZ, in plan and from the side, onto
B’X’EZ’.

A = the missing corner. (The edges are not yet dis-
torted.)

B B
X z x Z
DI
C D’ C’
Y’ Y
FIGURE 5 FIGURE 6
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W
oL
L
=
wn
z
<

X FIGURE 7

projection line

A

/a = /a' because that is the angle of face B’X'A’Z’
of the model when in the position relative to EV
that gives the view shown in Fig. 5.

V is the projection point, or eye, and a
reasonable viewing distance is 18 in. The imag-
inary cube, with top BXAZ, should be about
3 in. wide. In actuality all we need to establish
is the diagonal AB, with its center point P (co-
incident with Z in the projection). We then lay
out the quadrilateral B’X’E’Z’ on cardboard,
with X’E’Z’ a right angle; cut three pieces that
size and shape, and join them as shown (Fig.
8). When the two edges Z’E are pulled together
we get Fig. 1, but with a modified (or distorted)
outer edge.

Continued on next page
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3 5 Continued

FIGURE 8

It is best not to make the construction from
one piece shaped like Fig. 8, because one can-
not make a very sharp fold in cardboard. Join
the pieces edges to edge with tape on the back,
and blacken the outer edges, otherwise they
look too light—they represent edges that turn
away from us. The effect is heightened if we
draw a grid of crossed lines in the appropriate
perspective on at least one face, as in Fig. 8,
top face. The end points of these lines can be
got in the projection by making equal subdivi-
sions on AZB, and marking them off on E’Z’B’
in the same way we established the points E’Z’B’.
Using this grid we can lay out designs or letter-
ing too by drawing them first on a rectangular
grid and then transferring, point by point.

The model should be taken up and held
perfectly still, with both eyes closed. Then open
one eye. Afterward the model can be slightly
turned; the effect is quite odd. It is best done
out of doors, not in the direct sunlight; other-
wise the shadows will be in the wrong places.
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CONSTRUCTION PROBLEM

Since the stairs are of equal width, the space
occupied by a turn is a square, one corner of
which touches the diagonal AB. With M the
midpoint of AE, draw the line MN parallel to
AF. Draw MP with PN = Y2 MN; the intersec-
tion, I, gives the corner of one of the equal bins,
dotted.

Proof:

MN is the line joining the center point of
the top of a square, with PN as half its base;
therefore MP is the locus of the corners of
squares, the center point of whose tops is M,
such as the required square XYZI.

163
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A WALK IN A FIELD

Nw

16 rd.

As the diagram shows, each segment walked is
one of the equal sides of an isosceles right tri-
angle, and the formula can be easily found by
inspection: d = V27; in this case n = 8, 28 =
256; V256 = 16.

NE
etc.

P = Post

Sw

164




Continued 3 7

Answer 2

The following will be readily understood by
plotting his walk on squared paper, as in the
figure. Each square has side = 1, and diagonal
= V2. First he walks one side, and then one
diagonal; then two sides and two diagonals;
then four sides and four diagonals; etc. Thus

the formula for even numbers of n is d = 22;
and for odd numbers of n, d=(n—-1) V2.
In the first case the man multiplies 2 by itself,
half the number of segments walked; in the sec-
ond, or odd-number, cases, all he has to remem-
ber is V2 (1.4142, etc.) as far as the table
would, and multiply it by the number of seg-
ments minus 1. The latter formula applies also
to an even-number n, but the results cannot be
worked out without tables—or a phenomenal
memory.

£
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MORE DIAGONALS

When w=1,1=1013— 1 (approx. 1.325).
All angles marked « are complements of angle

B.

By similar triangles 1 and 2:
c/a=a/b;.".c=a?/b

By similar triangles 2 and 3:
a b

b a+c’
..ac = b? — a2

..a2 + ac = b2,

Substitute for c:
ad/b = b2 — a2, .". a3 = b3 — a?b,
.. a2b = b3 — a3

Divide both sides by a3:
thus b/a = (b/a)3 — 1

By similar triangles:
l/w=b/a, and w=1

C.l=Db/a
Sl=B-1
b a b
/ B /
10
5 & a-+c
1@ ©
a = & b
a
(B
166 [ o
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SHORT PROOF (CUT CUBE)

Any two parallel equilateral triangles, whose
vertices lie at vertices of the cube, trisect the
interior diagonal of the cube which is perpen-
dicular to them.

Proof:

(The figure we use is an orthogonal view of the
cube shown in Fig. 1, from the direction of the
arrow, so that the line of sight is parallel to the
diagonals AC and EG. The two triangles men-
tioned above are ACH and BGE, and the orthog-
onal view is shown in Fig. 2, with the same
lettering, and with three added lines.)

Since all the edges are equal, and all an-
gles right angles, except for diagonals; by sym-
metry, the four triangles labeled 1, 2, 3, and 4
are congruent. Therefore their altitudes are
equal, and the diagonal FD is trisected by the
parallel lines CH and BG.

A
B (A behind)
c
D D B
1 3
F
2 4
H
H c F
G (E behind)
FIGURE 1 FIGURE 2
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WORD CHANGING

Answer 2

168

ASK
ARK
ART
AIT
WIT
WAT
WAY

WHY
(note: WAT is given in many
dictionaries: var. of WET, Scot., or of
WOT)

SPRING
SPYING
SAYING
SAVING
CAVING
CANING
CONING
CONINS
CONIES
COPIES
COPIER
COPPER
CAPPER
CARPER
CARDER
WARDER
WANDER
WINDER
WINTER
(note: CONIN is a var. spelling of
what killed Socrates)
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POLYHEDRAL MODEL

90°.

A cube.

The first answer is most easily got if we answer
the second question. We think of the central
hexagon as the hexagonal plane which bisects a
cube (Fig. 1): Its vertices are the numbered mid-
points of six of the cube’s edges; consequently
we can draw lines of equal length from these
vertices to the corners A and B of the cube.
These lines form twelve edges of a semiregular,
twelve-faced polyhedron; its remaining six
edges are the hexagon, and all the triangular
faces are congruent. Figure 2 shows one face
on a side of the cube; its altitude is one and a
half times its base, which enables us to identify
our model with this particular polyhedron,
whose alternate sides are parts of the faces of
a cube, and thus at 90° with one another.

Shaded As on the far sides ~
Hexagonal plane omitted.

Answer 2

FIGURE 1

FIGURE 2
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DIHEDRAL ANGLES

170

We draw the additional lines shown, with O as
center of the hexagon, IJ] and HK as perpen-
dicular bisectors of EG and GF respectively. By
symmetry, IH = 3, and BG = CG = 2. We ex-
tend the triangles AEB and CFD to form the
larger triangles AEG and DFG; then when E
and F are brought together by folding at AG
and DG, the edges EG and FG coincide, and J
meets K, forming a new triangle, I(JK)H. If we
now call the length IG, 1 (= HG = IE = FH),
then JI = KH = V2/2; therefore in the tri-
angle thus formed, the angle I(JK)H is a right
angle. Since IJ] and KH are both at right angles
to the common edge of the two triangles in ques-
tion, the dihedral angle between them is a right
angle, and consequently between the triangles
AEB and CFD.

Q.E.D.
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CHEESE WEDGES

w=1; l= \/-2; h = Vg/3 (Flg 1)

We start with Mrs. H’s method: Figure 2 shows
the diagrammatic cross section of the wedge
with cuts; the beveled edges fit together in
pairs, so the number of slices is always even.
With two slices (one cut), the plan is un-
changed, but Mrs. H said it was “too small,” so
she must have made more slices. It will be seen
that with four slices w is doubled, the expres-
sion being that if n is the number of slices, and
x is the total width of adjoining slices—the
single row she spoke of —then x = nw/2. With
four slices, if the proportions are to remain the
same, she must do it by reversing ! with w, as
it were (Fig. 3). Then the equation is with
w=1, 1=2/1, ".12=2, or l=VZ; so the
bread measures V2 by 2,(2/V2 = V2), which
we see is not an unusual proportion for bread.

FIGURE 2
<“«—x=1—> < x=2 >
A
1 74 B
VN VA 34 (o}
A B
B B| ¢ ~ D
1 %3 Yo 1
2 slices 4 slices
< x=3 /
/ﬁ
C
~ D
%% s Ve % E
IA”“B] ¢~ D ] E 7 F
3 3 23 %4 1

6 slices

v2

Vs
Yo

Ya

Yo
%}
Yo
24

%

FIGURE 1

Continued on next page
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1 3 Continued

If she had made six slices (x = 3; Fig. 2),
a similar equation for unaltered proportions
gives | = V3. Yet as we see in Fig. 4, that would
be abnormally tall for a loaf, and the greater
we make n, the worse it gets; therefore she
made four slices, and the plan of the cheese
wedges was 1 by V2,

For the height, h, we turn to Mrs. V’s meth-
od: here again the slices must go in pairs (Fig.
5). Since the bread measures V2 by 2, she
must have arranged her slices in at least two
rows (Fig. 6), but she made “almost four times
as many cuts” as Mrs. H, so the arrangement
must have been as in Fig. 7, or twelve slices—
eleven cuts is almost four times three cuts. Ob-
viously the number of slices for Mrs. V is always

Plan of Wedge Plan of Bread Slice
T
: /
| /
| /
| /
| /
| /
2 ' /
= I /
l=V2 'y
W/
Komo oo
/ Wedge to show
/ ratios
/
FIGURE 3 /
V2
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a multiple of four, and eight slices would only
need seven cuts. From this we see her slices
were l/12 in thickness, and since both ladies
dealt with the same volume of cheese, h =
4/12 1, or V2/3.

We can be thankful that Mrs. H did not
arrange her slices in more than one row, be-
cause it leads to boring complications.

l=vVv3
h
w=1 w
FIGURE 4 FIGURE 5
w w w w

—o—>
i
<.
e

«_—
Y

2 2

A
Y

A
Y

FIGURE 6 FIGURE 7
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THE POISONED GLASS

174

129.
The normal, most efficient procedure, is to test
half the glasses together, then half of which-
ever group is shown to be poisoned, then half
again, etc., until the guilty glass is found. Thus
the powers of 2 give the first clue: For two
glasses we need one test; for three or four we
need two tests; for five to eight we need three
tests; and so on. 128 is the only power of 2
between 100 and 200, so for 129 and up, we
need 8 tests. That is to say, we may need 8;
but in testing 1 first, the remaining 128 need
only 7 tests, so that in whole-number chances
there is no difference.

Actually there is an expectancy of 7.0155

. tests when using the halving procedure,
but of 7.9457 . . . when testing a single one
first, thus wasting .930 . . . of a test—as the
professor said, “Not quite a whole test.” (His
gamble paid off, it was the first glass, which
strained the credulity of the lab technician so
that he went ahead and tested them all.)
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TO COVER A CIRCLE

The solid lines (Fig. 1) show the original rec-
tangle. She establishes the center point, O, with
two creases, and then divides the bottom edge
successively into 1/4 (the first crease has given
the 1/2), 1/8, 1/16, and 1/32, and folds along
a line FF’ through O, and tilted so that the 1/32
mark, A, lies on the top edge. (O is later used
for finding the center of the required maximum
circle.) The dotted lines show the new position.

< ‘1=2 > X
F 7
S
// —_—
Yw_\O )/ w=1
Yol //
l ’
ol ol :
(A) sl Kl F
FIGURE 1

Proof:

Figure 2 is drawn to the proportions given,
but we ignore the fact that the length is 2, and
call it I. O is the center of the unfolded rectan-
gle, and the folded shape is symmetrical about
AO, perpendicular to FF’, the fold. D, the center
of the required circle, which is tangent to FF’
at O, and to the ends of the paper A’E (taking

Continued on next page
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1 5 Continued

AI
< A
B C x
2
B \
&
D
G
F o F’
FIGURE 2

only one because the shape is symmetrical) at
C’, and passing through A, the intersection of
the long edges.

DC’ is perpendicular to A’E; draw OB’
perpendicular to A’E, and thus parallel to DC’
and FE. O is the center of FF’, therefore B’ is
the center of A’E. Draw a line from A to B, the
intersection of OB’ with the required circle;
then £/ ABO is a right angle because it is in a
semicircle; therefore AB is parallel to A’B’.
Draw BD; since /ACD is a right angle, AC =
CB; therefore AC = 1/4.

Draw DG perpendicular to OB; then OG =
BG = CD. B’O =1/2; let x = radius AD, and y
=1/2 - 2BG. BG=CD =x —y;

Joy=l/2-2x+ 2y

J.y=2x—-1/2 or 2x—y=1/2 (Equa-

tion 1)

In the right triangle ACD, the sides are x, x — y,
and 1/4;



Continued 1 5
Cox2=x2—-2xy+y2+1/16

C.2xy —y2=1/16 (Equation 2)
Multiply both sides of Equation 1 by y;

2xy — y2 =yl/2; then with Equation 2

we get

yl/2 = 1/16

y =1l

This was the value Suzi calculated forAA’,
with | = 2; AA’ = 1/16. The circle covered has
radius = 1/4 + y/2, in this case 1/32 more than
the circle covered by the unfolded paper.

Answer 2
1

L= g—gvg and L= ggvg
The lower limit, l,, is when the required circle
has a diameter of 1, the width of the paper,
giving no advantage. The upper limit, I, which
gives the greatest advantage, is when the circle
touches the long edges of the paper. Any further
increase of I, means that the circle calculated
by the above method will be too big to be cov-

ered.

Continued on next page
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In the first case (Fig. 1), x = w/2, or 1/2,

so that in the AADC, DA = 2/4 and AC = 1/4;

. DC=V3/4=1/2—-y; y=1/2— V3/4=
2—-V3 g - 1

—71-—‘.y_ s8l; . ‘1"4-—2\/'3'

Q.E.D.

The upper limit (Fig. 2; showing the left
half only) gives x = 3/4 because CE = 3/4;
so in AADC, DA = 3/4and AC=1/4;.". DC =

VB 3 1 . 3-VB_ 1 . ,_
—z'—z}‘_ya y-—'82, .. . =38l l=
1
6—-2V8
Q.E.D.

Asymmetrical folding, where FF’ does not go
through O, within rather narrow limits can
give slightly higher values for x, but is too un-
wieldy to discuss here, and comes under the
heading of problems rather than puzzles.

S AVAN

f,

7\

F (0] F

FIGURE 1 FIGURE 2
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It is diophantine; that is, the ratio of its sides
is rational, and can be reduced to finite whole
numbers. In the case given, with w =1, 1 =2,
the AADC has sides measuring 1/4, x — y,
and x. y=1/16; x=1/4 —y/2=1/2 — 1/32;
so the three sides are 1/4, 17/32 — 1/16, and
17/32. Reduced to the same denominator, 8/32,
15/32, and 17/32, and 82 — 152 =172, If | =
w, the sides are 3, 4, and 5. Since we can al-
ways express a rational w/l by reducing w to
1, the general formula for the sides of the tri-
angle in question is: where | is a rational
number, the sides are as [, 12 — 1/4, and 2 +
1/4. This is another version of the more usual
expression:

If n is an odd number, the sides are n,

1/2(n2 - 1), 1/2(n%2+ 1),

If n is a whole number, the sides are m,

(n/2)2 -1, (n/2)2+ 1.
In this way any proportion of rectangle that
can be established by folding (i.e., that is ob-
tainable by the feasible subdivisions; all the
powers of 2, and a wide variety of others)
allows one to mark off y on the edge, and thus
fold the optimum shape within the limits given
above for symmetrical folding.

Answer 3
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PURE ORIGAMI SOLUTION

180

In Fig. 1 the creases are numbered in order.
1, 2, and 3 are successive halvings of the
width, 1, giving AC = 1/8. Crease 4 runs from
C to the corner, B (must be very exact). 5
brings the edge BD up to coincide with the
top edge AB, enabling one to mark the length y
with crease 6 on the bottom edge next to D.
With some finagling (Fig. 2), the y at D is trans-
ferred to the top edge next to A, with crease 7.
The final fold, 8, dotted, is made by bringing D
up and over next to A, and adjusting until creases
6 and 7 just meet—and flattening carefully.

»E<

— >

FIGURE 1



T

Proof:

In Fig. 1, AB is to AC(1/8) as 1 is to y,
. . ! 1

being in similar triangles. Thus 8= 3 y=

1/8 1

L which is the required value, as proved
in Puzzle 45.

Suzi explained to Lillian that it also works
for rectangles shorter than the low limit—even
a square—but that no advantage is gained in
size of circle covered. “I shouldn’t have brought
up all this math,” she said. “I know you’re not
keen on it.”

“Mathematics, no,” replied Lillian, “math-
ematicians, yes. Anyway I like the shape it
makes: I expect it to fold its wings like the
scarab, and as busily buzz away.”

(This is a slightly
longer paper)

FIGURE 2
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THE FLAT PAN

Side View

_—\; g
\ " Tabe S

He fills the pan on the table more than half-full,
and then carefully tilts up one end, pouring
out the water, until the level reaches E, the
bottom edge of the raised end (Fig. 1). This
leaves exactly 1/2 pt. in the pan, since the empty
part is the same shape and size as the filled
part.

Being an ordinary kitchen type, the table
has a straight edge; the man slides the pan
over the edge so that the opposite corners, C
and C’, coincide with the edge (Fig. 2), and
starts tilting again, with the bowl held to catch
the water. He tilts until the surface of the water
coincides with the corners C and C’. The bowl
now contains 1/3 pt.

Proof:
Proportions of the pan are ignored. Figure 3
shows the pan at the end of pouring. The re-
maining water is in the form of a pyramid, the
volume of which equals the area of the base
times one-third its height. Here the area of base
=££ : volume:l——wx k =l_wﬁ
2 2 73 6 °
Since the volume of the pan (1 pt.) = lwh, the
remaining water = 1/6 pt.
Thus he poured into the bowl 1/2 — 1/6
pt.; or 1/3 pt.
Transparent View

Plan

FIGURE 1

FIGURE 2 FIGURE 3
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THE SIAMESE MOEBIUS STRIP

One piece, two sides, three edges (1, 2, and 3),
no twists, topologically speaking, for the twists
in the upper part are canceled out by those in
the lower. There are also two holes.

The answer was foreseeable (see Fig. 2),
since EB, the lower edge of L, joins B’A, the
upper edge of R and L, which joins A’E’, the
lower edge of R; then EBB’AA’E’ together make
the upper half of edge one (Fig. 1). The lower
half of edge one is formed analogously by
FCC’'DD’F’.

The inner edge made by cut X (dotted),
and the outer edge made by cut Y, together
make edge three (Fig. 1), and analogously the
outer edge X and the inner edge Y make edge
two (Fig. 1). This tells us there are three edges.
By following the connections made by the joints,
we see that the strip remains in one piece.

Finally, in each case a twisted element is
joined to one twisted oppositely; therefore all
twists cancel; therefore there are (topologically)
no twists, and from that we see there must be
two sides, as there were before joining and
cutting.

"4 Edge 1 int
Edge 2 J otnt

b, Edge 3

- AST—RA
E'<

B»%E

N Edge 1
FIGURE 1
o (4 B’
RV -~ ——- L-— ——_ -0 - - R-— ——— -~ »
i Fix v B 4
"'D ————————— 21 L____.__.__———-—C-,-

FIGURE 2

Joints
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THE NINE DIGITS

184

The first line is produced by multiplying the
nine digits in their natural order, by three, and
writing down the final digits of the products; the
second is produced by multiplying the digits by
seven, and writing the terminal digits of the
products.

When one and nine are used as the multi-
pliers we again get all nine digits, but in nat-
ural and reversed order, respectively. The other
digits give less than all nine digits. This leads
to zeros and repeats, which throws everything
off (see figure).

Multipliers Terminal Digits*
123456789
246802468
369258147
482604826
505050505
628406284
741852963
864208642
987654321

© OO Ul b W=

*With operation X the first and last of these produce
themselves. It will be noticed that the pattern formed
by this figure is like a word square, in that it reads
the same down as across.
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MINIMUM AREA

Figure 1 shows one way to start; the sides add
up to 4s, and the area is reduced to 5/9s2.
But if we try to improve it by reducing the
length of the sides, and increasing their num-
ber (Fig. 2), getting an area of 41,’81s2, and
continue to increase the number of sides, we

can see that the limit is area = -;—sz.

FIGURE 1 FIGURE 2

One solution—there are others, but more
complicated—is Fig. 3. Figure 4 shows the
method carried further, and Fig. 5 shows the
limit, with zero area. The latter would, of
course, have to be reduced the appropriate
amount, like the others, to give the right length
of sides, in this case by one-half, because they
are still twice as long as they look, due to the
(now) infinitely small and infinitely numerous

Continued on next page
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steps. Topologically the solutions just described
form an open set, for the limit case is excluded
since by definition the sides would be touching
one another, the distance between them being
zero. This does not affect the answer, however.

LI

L

FIGURE 3 FIGURE 4

186 FIGURE 5
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COCYCLIC POINTS

The four points of intersection of circle E,
which needs no proof, and the points A, B, C,
and D.

Proof:

A and C are right angles; draw DB, which we
consider to be the diameter of an imaginary
circle. Any point, such as A or C, subtended at a
right angle by D and B, will lie on the circle.

P

G

187

ANSWERS



ANSWERS

52

THE TILTED CARTON

188

Enough milk to fill the carton to a depth of
half its width, or less; « = 45°. This is true for
any proportion of carton if k > w. If h = w, the
amount of milk has no effect on a.

Proof:

Figure 1 shows the carton tilted to « = 45°.
C is the midpoint of the dotted line parallel
to the base AB, and at a distance of V2w from
it; when the carton is tilted, the level of the
milk will still pass through C, and at 45° will
also touch B. Symmetry shows the carton will
balance at this angle (ignoring the weight of
the carton). If any more milk is added, NN,
the extra milk will be off-center to the left, so
that the new center of gravity will be to the left
of the vertical axis CA, and the carton will tip.
If on the other hand the amount of milk is less,
the center of gravity will still be vertically above
A when o = 45°.

When k = w the carton may be full, par-
tially full or empty, and « will always be 45°.
If h < w, any amount of milk less than full re-
duces a.

h
N
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TOPOLOGY PUZZLE

As shown in Fig. 1. The edges can be followed
by eye for counting. The rule is that the number
of holes is unlimited provided it is odd. Figure 2
shows an uncompleted model with three holes
and the possibility of a fourth if we join the
loose end to x. If the joint is made without a
twist, we shall have four holes and two edges
but only one side; with a twist we shall have
two sides and four holes, but three edges. This
applies to all even numbers of holes.

Shaded part is the
second side

Twists may be in
either direction

FIGURE 1

N

FIGURE 2
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THE VANADIUM STEEL CLOTHESLINE

190

We first prove that the folding produces another
rectangle. In Fig. 1, £/BCE = £ECD. Since AB
is folded to lie on CB, FB bisects £ ABC, which
equals £BCD; .". FB is parallel to CE.

In Fig. 2, G is the new position of A; /FGB
= 90°. C is next folded over so that CF lies on
FG; thus the fold, FH, bisects /CFG. /+HFG =
1% CFG, and /BFG = Y% 1 AFG; .". /BFH = 90°.
By symmetry /FJK = 90°; ", FJKH is a rec-
tangle. (Also CH will lie on OH.)

We shall call the length and width of the
cloth I and w, and the proportion of the final

rectangle, R:Q—;C (Fig. 3). We draw a line

from B, parallel with the ends (w), and label
certain angles « and B8, which have been proved
or are obvious, with « the same as in Fig. 1,
and B the complement of «. Then by similar

. 2y _ 2a . ly 2y 2a
l e = . = . T = —
tne;rllg es: T a ” Also =95~ w
T T
= 1 —2b= T
By similar triangles, X = &, c.b=2%,
b w 2y
Since R = 2, x = &, substitute Ru for =x,
y 2 2
. Ry w Rw .
tt == — — = —, .
getting b 2 "9y 4 Substitute for b:
Rw l—2b

I — 2b=1— —~. By similar triangles: ——=~
2 w

w

l_s

s Rw_wt L wr Ru

2 R A A

So with w=1, R =2l ——%. With this ex-



Continued 5 1

pression for R, we can get the answers. First
the red tablecloth: the professor said its pro-
portions were the same as the folded rectangle’s.
That is,

R=1L Then 1=2F "2 and ip=2p -2,
or l=V2.

Then the ¢-proportion tablecloth: ¢ =
V5 +1

9 but it is simpler to use another expres-

sion, ¢? = ¢ + 1. From this we get
R:2¢_.2:g¢f__2:.2_¢ = 9.
¢ ¢ ¢
The reader may care to experiment with
other proportions of the cloth, or R. A surprising
number of them lead to diophantine solutions,
and Mrs. M’s tablecloths got all dirty.

C
FIGURE 1 FIGURE 2
——pB—1 =
bia aﬁ %
B% ) o
w /v/
> 9
8 ¥t
+ ¥ o, l—2b(ﬁ b

(cloth opened out)
FIGURE 3

(center point)
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VISUALIZING

inward

, going

A black-on-white, square spiral

clockwise.
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THE BALANCE

The scale is straight, and moves with the bal-
ance. It is attached at a distance, ¢, from F,
and at right angles to a line radial to F (Fig. 1),
and the graduations are equally spaced. The
fixed vertical line V acts as a pointer to show
the weight of L on the scale, as a distance on
it, a. Figure 2 shows a state of equilibrium, in
which L and W are the downward forces of the
load and weight (W is constant) as before; b
is the distance of L from F, and a the distance
of W from F; so again xL = yW. Since VF is

Continued on next page

1 F
AN
/7 N
, \
\
7 o
s | /}
TR Scale &
/
’)/ F
L
7
\%
FIGURE 1 L x
C
¥ \w
a
\'%
FIGURE 2
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5 E Continued

vertical, and a and b are parallel, all the tri-
angles are similar:

.a/b=y/x
C.ax = by
From before, x = ll—‘iv—
Substitute for x, gyL_W = by
_Lb
W

Since b and W are constant when L changes, a
is changed proportionally; e.g., if we double L,

then ngVb: 24, etc. It will be noticed that ¢

need not equal b. There are many other arrange-
ments of the scale which embody the above
principle.



A squat cylinder; approximately 5 by 8. (The
old style of coffee cans would be very near,
both in proportion and size.)

Most, if not all, thin kitchen pots are
round. It was stated that the water, after stop-
ping, continued to rise at exactly half its pre-
vious rate, which strongly implies that its
previous rate was constant; therefore its sides
were vertical. Since the first rate was twice that
of the second, the pot’s area of cross section
was half that of the cubical casserole, and the
pot’s height is of course half. Taking the width
of the casserole as 2, the radius, r, of the pot is
got from =72 = 2 (half the area of the casserole);
therefore r = V2 /7, almost .8, as shown in the
figure. (The actual capacity of the casserole is
not needed for the above.)

5/

HYDRAULIC INFERENCE

Plan Side View
A
2
<«——— V2 m———
Y
< 2 > < 2 >

—

195

ANSWERS



ANSWERS

58

THE STRIPED WHATSIS

196

It is a solid, not a strip, and best described as a
torus with a triangular cross section .and one
complete twist. Thus it has three faces and three
edges. At first glance one might take it for a
Moebius strip with three half-twists, which, like
the usual one-half twist Moebius strip, has one
side and one edge, but when examined more
closely, we see that something funny is going
on.

For one thing it is obvious that the edge
AA’ is not part of the edge CC’, but by no stretch
of visual imagination can the edge BB’ be con-
sidered as a continuation of AA’. We can, in
fact, count three disconnected edges. Also, the
light and dark bands are an anomaly, for they
suggest a non-existent parallelism, as between
edges BB’ and CC’ (Fig. 1). Figure 2 shows
the three edges, each a circle, and Fig. 3 shows
one of the three identical surfaces cut out and
laid flat. It is the latter that shows us how far
from parallel the edges are, and how arbitrary
and misleading the light and dark bands.

A model can be made by cutting the three
surfaces from cardboard, and assembling and
joining the edges—it is quite hard to manage
but rather pretty.*

*Note to model maker: since the surfaces are
warped, and cannot be opened out to a true flat
plane, the cardboard must be thin, and soaked in
water so that it will stretch.
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FIGURE 1

(Sides marked x are
raised above the oppo-
site sides.)

FIGURE 2
C
§
& g 3
) S
8 = 3
- —
3
Q
A
S underneath

A FIGURE 3 -
The 2-sided surface The same surface open-
with edges A and C. ed out flat.
S is the inside and con- 197

cealed by solid.
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THE TERRI TURNOVER

It can, and there is no difference in appearance.
It all depends on the shape and material.

Mrs. Terri Burkhardt sent to this writer a
Klein bottle—an incredible achievement: it was
knitted in red wool!l Its proportions were as
shown here, topologically the equal of the model
shown in the question (the latter always seems
to be made of glass—they say). As we see, the
transformation leads to an end result that is the
same as before, but the label, L, sewn on the
outside, so to speak, is now on the hidden part
of the surface.

This transformation is far more surprising
than the inverted torus, in that the shape is un-
altered.

Terri Turnover

Stage 1

Made from a cylinder,
but being wool it lies
flat. A and B are parts
of edge of hole H. L is
a label. H is moved up,
neck down.

198

View from edge E; H
is moved up and neck
down.

3

Front view: L has just
disappeared over the
top, inside. H is almost
at the top.
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4

Turned more than stage
2, to show back as H

Continued 5 9

Reversing the positions
of A and B. Part of H

ANSWERS

6

Now turned all the
way, we see the back,

has reached top. Back faces away, and start to roll B
edges FF now twisted down,
to front, and
same
B hole
-A

!

7 8

Over what is now the
front (edge view
again),

Ending with this,
which is to all appear-
ances the same as stage
1.

Continued on next page

199



ANSWERS

5Q =

Answer 2

FIGURE 1

Section
from side

200

Square when flattened, or cut and opened out
flat (Fig. 1). The material may be rubber (or
better, knitted wool). Its torus form will not be
immediately apparent when flat, but as the se-
quential diagrams show (Fig. 2), inversion
changes length for width, so equality of these
will insure an unchanged proportion of the
torus. The hole should run the full half-width,
as with the Terri Turnover, for ease of invert-
ing, but is shown here stretched still more.

Section
A B
Arrows show
direction of cuts D c

Same opened
out flat, still square
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FIGURE 2

x between P and Q

1. Normal proportion. 2. We begin to stretch the
hole until it leaves only a narrow connection: then
we begin. 3. To roll part of the torus back on itself
like a stocking, labeling the newly appeared part
of the inner surface P, and the outer Q. 4. Then
we continue as shown. 5. Until P is back next to Q.
6. And reduce the hole to 7. Its original shape.
8. Turned into the original position.

201
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THE HEAVY CHEST

Figure 1 (page 82) shows each stage, four moves

in all.
Answer 2
As shown in the figure. (This can be made into
a board game.)
T4 €)
d /)
4l ﬂ,‘ S ol “‘
X ‘?4\ [ \
\ \< 3 \S \X
NHEEEER
T ) | O |F - (VSN
413
SN E]
—
Move |1 2 3 4

The diagonal,
thin line, reaches
the corner (Fix)
of a 3 x 4 rect.
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THE PILE AND THE PATRIOT

Start with the triangular arrangement—Ilike his
second, but the outline of the first layer is a
hexagon (irregular) (Fig. 1). The second layer
goes on the $ squinches, but the third layer
goes directly over the first, which differs rad-
ically from his second method in which all
three sets of squinches are occupied at different
levels, so that there are three, instead of two
placements of layers. By this new means the N
squinches are never used, since the placements
alternate: S, S, S, &, etc., thus leaving vertical
holes from bottom to top. This new, or third,
method could have the second layer on the N
squinches, instead of S’, and then alternate S,
N, S, N, leaving the S’ squinches free; but in
this particular case (Fig. 1), there would not be
a vertical hole in the center.
Return to Question 2, page 85.

odd numbered
layers
even numbered
layers

FIGURE 3
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E 1 Continued

The reason a hexagon is used instead of a
triangle for the first layer is merely that the
corners of the triangle would be superfluous;
in any triangle, no matter how big, the squinch
formed by the corner is always of the same type
as the center one, where the flag is to go. That
is, if we put a ball on the corner squinch, we
find the center one will be occupied, and if we
don’t, the corner ball of the first layer is unnec-
essary, because it supports nothing. (The larger
we make the hexagonal bottom layer, the more
nearly regular it can be made.)

The way in which the three methods are
related is as follows: The first and second are
identical except that they are tilted from one
another at 60°. When a sufficient amount has
been piled in the triangular (second) way, we
begin to see the same square pattern in layers
that are at an angle with the bottom triangle
(Fig. 4). The six balls in the square relationship
are drawn solid, and the others dotted. The pairs
AA, BB, and CC are in the bottom, second, and
third layers respectively. Any set of balls taken
at the same angle will be in the square arrange-
ment.

’
N
A
K
.
-
-
'
A

Sealo”” tel - ~eae’

FIGURE 4
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The best way to analyze the three methods
is to consider the fact that in all three any ball
is in contact with twelve others—excluding, of
course, those on the outside—and we can con-
tinue these arrangements indefinitely in all di-
rections. The centers of the twelve balls (with
the thirteenth in the middle) form a fourteen-
sided polyhedron (Fig. 5), in the first and sec-
ond arrangements. In the third the polyhedron
is similar, but the top half is twisted 60° (Fig.
6), bringing the top triangle into alignment with
the base. Figure 7 shows how these polyhedra
occur in the three arrangements.

Return to Question 2, page 85.

120
FIGURE 5 FIGURE 6
4 5 4 5
10 (plan)
1 2 1K (10)
9 6 9 (.t 2 6
12 1 3 an
3
8 7 8 7
FIGURE 7
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Answer 2 continued

206

No; because method one starts with an indef-
initely large square arrangement, and such a
continuous plane of squares does not occur at
any angle in the third method: the squares are
in continuous rows, but the rows are staggered.
Consequently we would have to build on a non-
flat surface to accommodate these unevenly
placed rows.

Figure 9 shows the plan of method three,
starting next a corner with balls 1 and 5 in the
first layer, and the two balls 2 and 6 in the
second layer, which form a square with 1 and 5.
The angle (&) of the plane of this square to the
base is seen to be that of the edge, 1, 2, of the
tetrahedron formed by the four balls 1, 2, 3, 4
(e« = 55°, almost). We consider only the balls
on a line S-S to the right of 1. They, and the
row above that form the squares, are shown
solid; a few of the others are shown dotted. We
now give, at a larger scale (Fig. 10), the view
from the side—from the direction given by the
arrow (Fig. 9)—of the balls in a vertical plane
through S-S. The four to the left and above S-S
would be there if the arrangement were made

AN

FIGURE 9




Continued

larger. They, all of them, occur only on the
vertical lines marked A, B, C, D, E, F, etc. Two
balls are shown dotted in placements x that
occur only in other vertical planes, and cannot
form squares with any balls in the given plane
through S-S. The layers are numbered at the
right.

We can now see that the rows of squares,
of which only the ends are shown, e.g., 1, 2, are
first on the slanting plane, A-A’, for two layers,
then for four layers they are not, then again on
it for two layers, 7 and 8, etc. Consequently to
make a pile with A-A’ as the horizontal bottom
layer, we should have to have a base with a
stepped surface, and the patriot’s flag would be
at a sad angle—a.
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THE PILLAR OF CHIOS
They were the same.

Proof: We shall consider one of the four hemi-
cylindrical covers, a, and one quarter of the
square replacement pillar, ABC, and demon-
strate their equality.

D is the midpoint of the side AC, and we
make x = 1. Then y = V2.

_ow wV22 VD2
Areaofa_§—(T— 2)

T TX2 2

=37 73 ta3

=1

2
Area of ABC = % =1
Q.E.D.

The attentive, nondeaf goldsmith was a
pupil of Hippocrates (not the doctor), who dis-
covered the above ratio.

>

208



Column 2 should read:

(22) Abraham
(11) Aeschylus
(18) Aquinas
(3) Aristophanes
(6) Ascham
(20) Athanasius
(13) Boccaccio
(5) Chaucer
(2) Eusebius
(15) FrancisI

(8) St. Gregory of Nyssa

(17) Hippocrates
(7) Homer
(12) Herodotus
(14) Miller (Joe)
(23) Mississippi
(9) Mohammed II
(19) Palestrina
(21) Rabelais
(16) Satan
(4) Tallis
(10) Terpander
(1) Walton

63

LITERARY QUIZ
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THUNDER ON THE RIGHT

210

Anywhere on a hyperbola, with focus at F.

The general definition of a hyperbola given in
geometry books is: the locus of a point which
moves so that the difference of its distances
from two fixed points is constant. This is ful-
filled by what is known to P of the source, S, i.e.,
wherever S is, it is 2 mi. nearer F than P.

The diagram shows the source at its near-
est possible position, S, with a = b — 2; thus
b=a+ 2

C.a4+a+2=4,so0a=1and b=3

=



Continued E 1

Due east.

We can ignore the hyperbola, k, and concen-
trate on the time elapsed between the flash and
the sound reaching P not over the phone but from
outside. The flash was reported by F as being
calculably 15 sec. prior to his hearing the sound
—at the same moment P heard it on the phone,
and therefore 25 sec. before P heard it outside.
Thus S was 5 mi. away from P. In the diagram
the arc with center P has a radius of 5, and
intersects the circle with center F and radius
of 3, at S”. The triangle S”PF has sides measur-
ing 5, 4, and 3, and is therefore a right-angled
triangle, and S” is directly east of F.

Answer 2

211
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TWO TRIANGLES

Total: 18 quadrilaterals (known so far).

>

/|

%/ﬁ

212

/




W
{

Note: A indicates lo-
cation of one apex on
another, or on an edge.
Line section outside a
figure indicates an
alignment of parts of

_ edges.
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1 Wet ground glass. The clean cloth must be dry. The
commonest example in a kitchen might be a Pyrex baking dish
that had become worn or scratched on the bottom, so as to be
merely translucent. When wet it is clear.

2 Queen Elizabeth. Freezing rain can make tiny 1-in. ici-
cles on trees. Icicles more than 1 in. long rarely form in nature
except at waterfalls, and she undoubtedly saw more houses
than her American contemporary did waterfalls, and one
waterfall usually keeps the same set of icicles all winter,
whereas a heated house, especially in England, keeps melting
them and forming new ones. Wigwams have no eaves. English
houses were badly insulated; winters warmer. Algonquin women
rarely hunted.

3 His right elbow is on his left knee.

4 Two parts Créme Yvette (violet), and one part Créme
de Menthe (green), shaken up with beaten egg white (other-
wise the blue is rather dark). The green cancels the red com-
ponent of the violet, leaving blue. Not as nasty as it sounds, with
a little lime.

5 An English accent. The English billion is 1,000,000,-
000,000. He must have been referring to 999,999,000,001; if it
were instead, 999,000,000,001, he would call it nine hundred
and ninety-nine thousand million and one. In America the first
number would be called nine hundred and ninety-nine billion,
nine hundred and ninety-nine million and one.

6 Fire.

7 57. The trick is to take the things in order of com-
plexity; start with dots, then lines, then circles, then squares,
then letters. When you've reached 16 for the dots, keep on
going with 17, etc., for the others.

217



8 According to size, not weight. Counting from the
bottom up: cork fragments, barley, buckshot, marbles.

9 They overlap. Iceland (according to the National Geo-
graphic Society et al.) is in Europe, and its west coast is 200 mi.
west of 17° west meridian, which runs through Shannon Island,
the eastern outpost of Greenland (part of North America).

10 Up Fifth Avenue. It would take you through northern
Europe, but east on Forty-second Street just misses South
Africa, and doesn’t hit land until Asia. To be seen, one must
test it on a large globe with a great-circle ring (or wait for the
Ice Age).

11 Shanghai. (Tokyo is biggest, London next, New York
third.)

12 Almost none. It doesn’t always work, but usually it all
stays on the bottom until bumped or heated.

13 90.

14 Figure 1 shows the rain from a 100-mi. stretch of
clouds falling at an angle of 45°; it wets the same extent of
ground that it would if it fell vertically (but moved to the left).
and to the same extent. The point is that the ground area is
being compared with the cloud area, to which it is parallel. but
in the case of the tilted roof (Fig. 1), it was not. Therefore.
100 mi. of cloud wet 100 mi. of ground; 10 in. of cloud wet
14 in. of roof. -

SO A NS T

! FIGURE 1
]
I
|
1
1

15 Uncooked rice, piled at an angle (Fig. 2). By shutting
the windows and turning on the heat (it's freezing), and wait-
ing. Figure 3 shows contents and arrangement.

ice

Iron -

Weight
-

218
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16 A hyperbola. If the reader remembers the definition
of this curve in the answer to Puzzle 63, he will realize that
the center, C, of the balloon will move so that its distance from
the edge, E, will always equal the balloon’s radius, and at any
given position its distance from the center of the hemicylinder
will always equal the radius of the balloon plus the radius of
the cylindrical lid. This fulfills the definition.

17 Not more than 15 numbered pages. The clue is the
page having an even number followed by an odd; manuscript
pages are numbered odd on the front of each page, starting with
1 for the first, so a page (a side), or an odd number of pages,
must have been erased, thus carrying the number forward. Since
we are told that the “middle sheet” was 6/7, there could have
been a maximum of 3 erased pages, and the corresponding
number of unchanged sheets beyond the middle (Fig. 4) shows
the arrangement. If both sides were erased, the sheet would be

discarded. FIGURE 4

1 2 3 4 6 8 10 12 14

2 345 7 9 11 13 15

18 Colorado and Wyoming are rectangles; Hawaii is an
island.

19 Yes. Hold the handle and slide the pan back and
forth about an inch so that the water begins to hump up in the
middle; it is easy to find the right speed of oscillation; the
water does not swing back and forth, but soon forms a peak,
and throws up blobs which can be caught in the cup.

20 The shelf will be too short. When twenty volumes of
this size are stacked on their sides, their weight will compress
them so that there will be much too tight a fit to get them in
and out of a shelf whose length is the height of the pile.

21 If one is wearing glasses, one pulls a sweater off by
its neck, thereby stretching it open in front. Pulling it on has
the reverse effect, and it catches on the glasses, for the neck
gets tighter, if anything.

22 A. We are looking the eastern side of the Rock, with
Spain to the right and the Mediterranean to the left.
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23 Peter. The missing word—which was not asked for—
is Satan (Matt. 16:23).

24 Matchbooks. They are arranged with their narrow
ends alternating, so that the missing one leaves two pointing
the same way.

25 Neither. It is totally impossible to fold it ten times.
(Tryit.)

26 A point, P, at the middle of the side, because most if
not all oval dishes have rims of constant width. Figure 5 shows
that the distance from rim to base, B, which acts as fulcrum,
bears a greater proportion to the distance from B to center, C,
when we press at P than if we press at E.

FIGURE § E R_—C

27 Three, if you're lucky, unless you thoroughly soap the
inside of the bag. (Try it.)

28 Gravity. It makes it inconvenient to pile things up;
thus most shelves have greater length than headroom. Thus
variation in width matters less than having even one box or jar
much higher than the rest. Refrigerators are crowded both
ways.

29 Higher than the sun is from the earth. (Don’t try it.)

30 About 4,500 mi. It involves the Bionomical Theorem:
There are no wild penguins north of the Galapagos Islands,
which are on the equator, and polar bears rarely swim more
than 40 mi. from shore.

vy
[71%
JY
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31 Yes; by stirring the water in the small bowl very fast.
32 6 = SIX becomes 9 = IX.

33 Lake of the Woods, Minnesota; it extends into Mani-
toba, Canada, over 25 mi. north of the 49th parallel. (The
latter is over 100 mi. north of Maine.) There is some land, too.

34 TH. The pairs of consonants in STaNDaRDoaTH are
the endings of the ordinal numbers, firST, secoND, thiRD,
fourTH.

35 Go to the tree and pin a bit of white paper to it 6 ft.
from the ground; go back to the house and put a pile of books
on a table near a window that overlooks the pine. On the books
put a bent piece of cardboard, over the top of which we can
see the top and bottom of the pine and the bit of paper; mark
off —or get someone to mark off—the position of these three
points on the window, and measure them. The pine will almost
certainly be very nearly vertical and thus parallel to the window.
Simple proportion will give the required height.

36 One. King James VI of Scotland was crowned king of
England as James I, in 1603. The others when crowned were
all princes or dukes, etc.

37 V3 ——;—sq. ft.

Continue the pattern to form a rectangle; by Pythagoras, h=V3.
By symmetry the area of the new dark part, A, equals the area
of B. The area of A + C equals the area of the rectangle minus

half the area of a circle with radius 1, or V3 — %
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38 Work.
39 The sun and a lamp, when “out.”
40 None. You will be more than 20 mi. east of it.

41 The medicine closet probably contains a transparent
cylindrical plastic pillbox; empty it and hold the cigarette
pinched between the base of two fingers, so that the lit end
projects no more than half the length of the box, and put it
inside (see Fig. 6), pressing the two fingers tightly against the
circular opening to exclude air. The carbon dioxide puts the
fire out very fast.

FIGURE 6

42 Semisopochnoi Island, in the Aleutians. Not Quoddy
Head, Maine, the longitude of which is just less than 67°W.
The Aleutians cross the 180th meridian, and Semisopochnoi
(the Russian name is suggestive of its position) is at longitude
179°40’ E., approximately.

43 10. Some people forget to include Y; still others in-
clude U which has a Y sound, but so has “unit.” The following
list gives all the initials of the spoken alphabet:

ABCDEEGAIJKEEEOPQAETUVDEWZ
44 Oh my chronology’s askew! (Omicron -0108Y S askew)

45 Punta Marroqui: a few miles south of Gibraltar. Cape
Agulhas: over 30 mi. south of Cape of Good Hope. Diego
Ramirez Islands: about 45 mi. south of Cape Horn. It is not on
the mainland, but neither is the Cape.

46 Rack railway. The pinion supports the engine in that
it prevents it from running downhill.
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47 Two teaspoonfuls. Call the amount that sticks to the
inside of the spoon, x: we have to assume that x also sticks to
the under side, otherwise the problem cannot be solved, and
anyway it has nearly the same area. Therefore, calling the dry
spoonful 1, if 1 wet spoonful is put into the cup with the spoon,
1 + x is delivered: with 2 it would be 1 — x and 1 + x, or 2:
with 3 it would be 1 —x+1—x+ 14 x, or 3 — x: with 4
it would be 4 — 2x. The expression is, if n = number of spoon-
ings, the delivered amount is n(1 — x) + x, which is asymp-
totic to n(1 — x). In other words he wanted, and got, two.

48 Airmail is figured by fractions of ounces. He gave his
letters unstamped to be weighed by the clerk, who then sold
him the right stamps to be put on afterward. Their weight could
frequently have made just enough difference to require more
postage.

49 Mercury and water. The former can be got from a
thermometer by breaking. The water stays on top and can be
poured off, and any traces removed with blotting paper or just
waiting. Oils leave a nearly unremovable film on both water and
mercury.

50 “Ido.”
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ENVOI

(with apologies to John Lyly)

Euclid and my Arachne played
At Geometrics,

Euclid prayed.

Arachne raised him—in the pot
She threw her spindle.

“That’s the lot,”

She cried, and Euclid, nothing loath,
Bet pen and compass,

Losing both.

Then he put up his dearest prize;
The Golden Section,

But his eyes

Narrow. “If I'm not being trite
“The angles of a square

“Are right.”

She says, “But of this tetragon,
“Whose angles, each

“And every one,

“Are more than right, what do you say?”
Poor Euclid now

Has turned away,

And mumbles as his spirits ebb,
“It isn’t fair,

“It's made of web!”
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