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Nikolai Dokuchaev’s comprehensive text book provides a systematic, self-sufficient and
yet short presentation of the mainstream topics of mathematical finance and related parts
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discrete and continuous time market models, a comprehensive review of Ito calculus and
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continuous time setting. All basic concepts and results are given with proofs and with
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including Barry Goss’s Models of Futures Markets and Advanced Mathematical
Economics by Rakesh Vohra. It is suitable for undergraduate and postgraduate courses
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Preface

Dedicated to Natalia, Lidia, and Mikhail

This book gives a systematic, self-sufficient, and yet short presentation of the mainstream
topics of Mathematical Finance and related part of Stochastic Analysis and Statistical
Finance that covers typical university programs. It is suitable for undergraduate and
graduate students in Mathematics, Statistics, Finance, and Economics. It can be
recommended also for academics and practitioners.

The book contains sufficient reference material, including basic models, formulas, and
algorithms, plus problems and solutions. A reader who wishes to obtain some basic
understanding of the subject may skip proofs and use mathematical theorems as
reference. However, there is the second goal of this book: to provide fundamentals for
further research and study in this field that has a huge prospectus, and where so many
problems are still unsolved. In other words, we want to help readers who intend to do
research in Mathematical Finance. For this purpose, it was insufficient to give descriptive
material and list the definitions and rules. We provide the fundamentals that give the
ability to do research, in particular to create new definitions and rules.

This is why we use the mathematically rigorous way of presentation and give all
essential proofs. It is a hard way. To make the ideas more visible, the most technical
details of some proofs are omitted, if the main idea of the proof still can be exposed (an
example is the proof of the Martingale Representation Theorem in Chapter 4). However,
certain angles cannot be cut, and some key proofs cannot be skipped.' A reader should be
able to set and solve certain theoretical problems after finishing this book. For this
purpose, a set of special challenging problems is given for all main topics.” The author
believes that ability to solve these problems indicates that one is capable of steps toward
original research projects.

To keep the course compact, we concentrate on the ultimately important core topics.
Moreover, we tried to implement the Okkam razor rule for material selection: we omitted
everything that was not necessary for logical and structural completeness. For instance,
there are several important approaches to the theory of pricing that are not discussed,
including equilibrium concept.

Chapters 1 and 2 give a systematic introduction to probability theory that can be used
independently as a reference. Chapter 1 can be also considered as a short introduction to
measure and integration theory. Further, we describe generic discrete time market models
(Chapter 3) and continuous time market models (Chapter 5). For these two types of
models, the book provides all basic concepts of Mathematical Finance (strategies,
completeness, risk-neutral pricing, etc.) using numerous examples and problems. Chapter
4 gives a self-sufficient review of Ito calculus that is used for continuous time

1 In mathematical sciences, understanding of the proofs gives ability to modify them and to extend
for new settings. Usually, it is necessary for research.
2 Problems 3.47, 3.70, 5.84, 5.85, 6.25, 6.34, and 9.20, and some others.



models. In this chapter, uniqueness for the Ito equation, Kolmogorov’s parabolic
equations, Martingale representation theorem, and Girsanov theorem, are given with
short and relatively simple proofs such that only technical details are omitted.

Chapter 6 addresses binomial trees and American options. Chapter 7 discusses implied
volatility. Chapter 8 gives a review of statistical methods. Chapter 9 is devoted to
statistical estimation of several generic models for stock prices. In particular, methods of
forecast and estimation of the appreciation rates and the volatility are given for log-
normal and mean reverting model. Many supporting MATLAB programs are given.

The size of this book is such that it covers approximately three consequent
undergraduate or graduate modules such as Mathematical Finance, Statistical Finance,
and Stochastic Analysis; for undergraduate modules, some parts can be skipped.
Respectively, the set of problems provided is sufficient to cover tutorials for three
modules (there are also some solutions). Actually, the book grew out from Mathematical
Finance and Statistical Finance undergraduate modules that the author taught at the
University of Limerick, and the problems cover the past exam papers.

Let us list some topics that are not covered in this book. Continuous time models with
jumps in prices are not addressed: it requires a too-advanced version of stochastic
calculus. Optimal portfolio selection is also not covered, with the exception of the
solution for the single period market in the simplest version of Markowitz setting (to
cover this topic in multi-period or continuous time setting, we need facts from stochastic
control theory). Bond market models are described very briefly. The author admits that
the corresponding additions could be useful; however, the size of the course in that case
would be much bigger.

For further reading, we can recommend the mathematically challenging books of
Karatzas and Shreve (1998), Korn (2001), Lambertone and Lapeyre (1996), which cover
continuous market models. Discrete time market models were considered by Pliska
(1997) and Follmer and Schied (2002). Shiryaev (1999) considered both discrete time
and continuous time models. These books include many advanced results outside of
typical university undergraduate and even graduate programs; they can be recommended
to readers with some background in stochastic analysis. A more intuitive mathematical
approach is offered by Avellaneda (2000), Neftci (1996), Wilmott et al. (1997), and
Higham (2004). More details for statistical methods can be found in Gujarati (1995) and
Soderlind (2005).
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1
Review of probability theory

In probability theory based on Kolmogorov’s probability axioms, the model of
randomness is the following. It is assumed that there exists a set €, and it is assumed that

subsets <1 = £are random events. Some value P{A} & [{l, I]is attached to any event
as the probability of an event, and P(Q)=1. To make this model valid, some axioms about
possible classes of events are accepted such that the expectation can be interpreted as an
integral.

1.1 Measure space and probability space

c-algebra of events

Let Q be a non-empty set. We denote by 2 the set of all subsets of Q.
Example 1.1 Let Q={q, b}, then 2°={{ _ {a}, {b}, Q}.
Definition 1.2 4 system of subsets JF 2% called an algebra of subsets of Q if
)2 EF:
(i) If A € Lthen A € F:
(iiz)lf—’h-/]'z«- condy € Fithen “'I?:l‘d-" € F.

Note that (i) and (ii) imply that the empty set ¥always belongs to an algebra.
Definition 1.3 A system of subsets FC Enis called a o-algebra of subsets of Q if

(i) It is an algebra of subsets;
i) 1f Az, € F fie [Ai)

+0c
i=1

C Fhithen UT 4 € F.

Definition 1.4 Let Q be a set, let F be a o-algebra of subsets, and let ** - F =
10, +¢]pe ¢ mapping.

0 0 ,
(i) We said that ju is a o-additive measure if ;=) A = X0 ”{-’11'3]"01’ any
Ay Az, .. € Fuch thar Ai NV Aj = Wifi # j. 1y that case, the triplet

(€2, F, 1t)is said to be a measure space.
(it) If W(Q)<too, then the measure u is said to be finite.
(iii) If u(Q)=1, then the measure u is said to be a probability measure.

To make notations more visible, we shall use the symbol P for the probability measures.



Mathematical Finance 2

Definition 1.5 Consider a measure space (§2,F. [). Assume that some property
holds for all i & §1,where 2y € Fis such that w(E\D)=0. We say that this property
holds a.e. (almost everywhere). In the case of a probability measure, we say that this
property holds with probability 1, or a.s. (almost surely).

In probability theory based on Kolmogorov’s probability axioms, the following
definition is accepted.

Definition 1.6 4 measure space (£2, F.P)is said to be a probability space if P is a
probability measure, i.e., P(Q)=1. Elements @ € Sare said to be elementary events, and
sets A € Fare said to be events (or random events). Correspondingly, Fis the o-
algebra of events.

Under these axioms, 4NB means the event ‘4 and B’ (or 4-B), and A J B means the
event ‘4 or B’ (or A+B), where 4 and B are events.

A random event A={w} is a set of elementary events.

Example 1.7 For Q=[0, 1], a probability measure may be defined such that

P((a, b])=P([a, b))=P((a, b))=P([a,b])=b—a

for all intervals, where 0<a<b<l1. Clearly, the set of all intervals does not form an algebra
and, therefore, it does not form a g-algebra. The question arises for which o-algebra this
measure can be defined. A natural solution is to take the minimal o-algebra that contains
all open intervals. It is the so-called Borel o-algebra discussed below. It can be shown
that this o-algebra contains all closed and semi-open intervals as well.

Example 1.8 For Q=R, a probability measure may be defined such that

]
P((a,b]) = P([a. b)) = P((a,b)) = P([a.b]) = f plx)dx,
i

where p:R—R is a function such that

plx) =0, f pix)de = 1.
R

Again, this measure can be defined on the minimal o-algebra that contains all open
intervals (Borel g-algebra).

Completeness

Definition 1.9 A o-algebra Fis said to be complete (with respect to a measure
poF = R) if the following is satisfied: if A € F, B C A, and u(4)=0, then

BelF.
Problem 1.10 Prove that x(B)=0 under the assumptions of the definition above.

Definition 1.11 Let (€2, F, it} be a measure space. Let F be a minimal o-algebra

such that + S F and Fis complete with respect to p. Then Fis called the completion
with respect to u (in the literature, it is sometimes called the y-augmentation of F ).
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Remark 1.12 The completion of the Borel g-algebra defined in Example 1.7 is called
the Lebesgue o-algebra.
We shall consider complete probability spaces only.

1.2 Random variables

Notation: Let X and Y be two sets, let />X—Y be a mapping, and let # C ¥.We denote

- A .
I '(B) = v e X 1 flx) € BY. (Note that we do not exclude the case when the
inverse function f':Y—X does not exist.)

Definition 1.13 (i) Let (€2, F. ipe complete measure space. A mapping &:Q—R is

said to be measurable (with respect to & ! (I & F), if Fforany openset D C R.

(ii) Let (52, F. P)pe a probability space. A measurable mapping £:Q—R is said to be
a random variable (on this probability space).

As can be seen from the definitions, a mapping may be a random variable for some F
and not be a random variable for some different -

Notation: iff means if and only if.

Proposition 1.14 4 mapping & Q—R is a random variable iff £ ]{I} e Ffor any

semi-open interval I'=(a,b] CR

Problem 1.15 Introduce and describe a probability space with four elementary events
only: Q={a,b,c,d}. Suggest at least three different o-algebras of events and measures.
Describe random variables &Q—R. Give an example of non-measurable function
&Q—R.

Problem 1.16 Introduce and describe a probability space with Q=[0, 1] and with a o-
algebra of events that contains only four events. Describe measurable functions &:Q—R.
Give an example of non-measurable function.

Definition 1.17 (i) Let (82, F, -H‘}be a complete measure space. A mapping &Q—R"
is said to be measurable (with respect to F ), if 13 < R" for any open set [ C R”,

(ii) Let (52, F, PYbe a probability space. A measurable mapping &:Q—R" is said to be
a random vector.

Note that &=(&,...,¢&,) is a random vector iff all components &; are random variables.

Definition 1.18 Two random vectors &, and &, are said to be P-indistinguishable (or
P-equivalent, or equivalent) if P(&,#&,)=0. In that case, ¢, is said to be a modification of
&

1.3 Expectations

Let (82, 7, Plype o probability space.
Definition 1.19 (i) A random variable &:Q—R is said to be finitely valued if
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dne N, cp.....on e R,

A Az, Apg e F E{w}lml:.-h =0, E{W}lrucﬁ'\d,ﬂf = (.

(ii) The value

> P4y,

I=h

is said to be the integral [o&(w)P(dw) (i.e., the integral of & over Q with respect to the
measure P). It is also said to be the expectation EE of & (or the expected value, or the
mathematical expectation, or the mean).

Let -Eff{“’}denote the indicator function of a set 4:

L }..a. [, med
alew) =
: 0, wed

Example 1.20 If 4 € .F,than the function Il : £2 — R is measurable and finitely
valued, and

El; = / ILi(e)P{den) = P(A).

L1

Note that Iﬂ Li(ew)E(w)P(dw) can also be written as [,&(w)P(dw).

Problem 1.21 Give an example of (£, 5, P} and of a finitely valued measurable
function. Find its expectation.

Definition 1.22' 4 non-negative random variable &Q—R is said to be integrable if
there exists a non-decreasing sequence of non-negative finitely valued random variables
&) such that &(w)—E(w) as i—+o a.s. (almost surely) (i.e., with probability 1), and
such that

sup f Eplen)Plcdw)

is finite.

Lemma 1.24 Under the assumptions of the previous definition, there exists the limit of
E&,=loé,(w)P(dw) as n—+o. This limit is uniquely defined (i.e., it does not depend on
the choice of {&}), and this limit is said to be the integral [o&(w)P(dw), or the expectation
ES.

A
Notation: We denote X = max{x, ) and x =max(—x, 0).
Definition 1.25 A random variable &:Q—R is said to be integrable if Eand & are
integrable (note that E=E—E). In that case, the value

| D — FE =LE*{m}P{n’m]—LE (e2)P(dew)
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is said to be Ef = J'Q E{w)P(dw).
Resuming, we may say that, for a probability space (£2,JF, P}, a measurable (with

respect to ;) function &Q—R is a random variable, and the integral E&= Igf(w)P(dw) is
the expectation (or mathematical expectation, or mean).

1 There is an equivalent definition.
Definition 1.23 4 random variable &Q—R is said to be integrable if there exists a sequence of
finitely valued random variables &; such that &i(w)—E(w) as i—+o© a.s., and such that

lim fl.':',-,[cu] Eqle)|Pileden) = (O
N e = ]

Notation: Let p € [1,400). We denote by Lpl€2, F,P)the set of all random
variables & on a probability space (£2, F, P} such that E|¢]"<+. In addition, we denote

by L(52. T, P) the set of all random variables ¢ on a probability space (£2, ., P} such
that there exists a (non-random) constant c=c(¢)>0 such that |£|<c a.s.

With these notations, the set of all integrable random variables is Li(S2, F.P).
If £ e £3(,F, P).then E&<+oo. In that case, the variance of & is defined: Var
£ = E§” — (E§)” = E(§ — E§).

Note that it can happen that £.1j € ﬁp{ﬂﬁf P &y, and P(E£n)=0 (in other
words, they are P-indistinguishable). Formally, ¢ and # are different elements of

Lp(Q, F, I:“}I'This can be inconvenient, so we introduce the following notation.
Notation: For P € 1. +00).ye denote by Lp(£2, F, P) the set of classes of random
variables from £(£2. 7., ) that are P-equivalent. In other words, if P(&#7)=0, then ¢=7,

meaning that they represent the same element of Ly(£2, F,P), i.e., they are in the same
class of equivalency.

About L, and L, as linear spaces

The current course is constructed such that we do not need to refer to the definition of
linear normed spaces, inner product spaces, and their properties that are usually studied
in Functional Analysis or Function Spaces courses. However, it may be useful for

readers who are familiar with these definitions to note that Lp(€2, F,P)and
LS, F, P} are linear spaces. In addition, Ly(2, F,P)is a metric space, a linear

normed space, and a Banach space for any p>1, and L,(R2, F, P) is an inner product
space and a Hilbert space.
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Remark 1.26

(1) Any bounded random variable is integrable.

(i1) The integrability is defined by the probability distribution of the random variable (the
distributions are discussed below).

(iii) A random variable is integrable iff |£] is integrable.

Theorem 1.27 Let & 5 be integrable ransom variables, ® € R.Then

(i) E(Ctn)=EStEn E(ad)=aES;

(ii) If P(&En)=0, then E&=En.

Proof follows from the construction of an appropriate sequence of finitely valued
functions.

We say that a random variable & has the probability distribution N(a,¢*) and write
§~N(a,ol) if & is a Gaussian random variable such that E¢=a and Var &=¢° (see Section
1.8 below).

Example 1.28 It is possible that a random variable is non-integrable. For instance, if

E~N(0, o), then e is 1ntegrab1e for some ¢>0 and it is non-integrable for some ¢>0.

Problem 1.29 Find when e is integrable for &~N(0, ¢*).
Definition 1.30 Let & be a random variable that is non-integrable.

(i) Let 0. We may say that the expectation of & does not exist; alternatively, we may say
that Eé=+oo.

(ii) Let £<0. We may say that the expectation of & does not exist; alternatively, we may
say that E&=—oo.

(iii) Let & be integrable. It follows that &' is non-integrable (since we have assumed that
¢ is non-integrable). We may say that Eé=+oo.

(iv) Let & be integrable, then & is non-integrable, and we may say that Eé=—w,

Remark 1.31 In fact, the definitions above give a brief description of the measure theory
and integration theory, which covers the theory of Lebesgue’s integral.

1.4 Equivalent probability measures

Definition 1.32 Ler (£2: F.P; Jbe two probability spaces with the same (£2. Fdand with
different P, i=1, 2. The measures P; are said to be equivalent if they have the same sets of
zero sets, i.e.,

Piid)y=0 & Pad)=0, AdeF.

Theorem 1.33 (Radon-Nikodim theorem). The measures P, and P, are equivalent iff
there exist © € L1022 F . Pad o thas Z(0)>0 a.s., and

PiA) =f£{m}l’1{cfw} V4 e F.
A
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We say that Z is the Radon-Nikodim derivative: Z=dP/dP,.
In that case, E\=E,Z¢ for any P;-integrable random variable ¢ where E; is the
expectation under the measure P;.

1.5 Conditional probability and expectation

Definition 1.34 Let A, B be random events. The conditional probability P(A|B) is defined
as P{A | B) = P(A - BYP(B). (In fact, it is the probability of A under the condition that
the event B occurs.)

Remember that L2(€2, F,P)denotes the set of all random variables & on a
probability space {£2, F, P') such that E&<+oo.

Proposition 1.35 Let & € L2(52, F, P). Then

Elt — E&]* < E|f —¢|* VYeeR.

Proof: Clearly,

E(&¢)’=E([&EEHEE—c])
=E(&E&) +2cE(EHHEE—c)
=E(&-E&*+HEE—)>E(E-E&)%

Proposition 1.35 states that c=E¢ is the solution of the minimization problem

Minimize E(¢—cy over ¢ € R

with p=2. (If p#£2, then it is not true for the general case.) This fact helps to justify the
following definition.

Definition 1.36 Let £ & L£3(52,.F,P).Let Ghe a o-algebra such that G < JF.A
random variable E\E | G) from £2(82, G, P)such that

Elf — E{£|G)* < ElE —nf° Vi€ L20R.6.P)

is called the conditional expectation.

(Note that (£2, G, P)is also a probability space.)
In addition to the formal definition, it may be useful to keep in mind the following

intuitive description: the conditional expectation E{& | (7} is the expectation of a random

variable ¢ in an imaginary universe, where an observer knows about all events from &, if
they occur or not.

Theorem 1.37 Let a g-algebra (f and a random vector & be given. Then:

(i) The conditional expectation E{£ | G}is uniquely defined (up to P-equivalency; i.e., all
versions of E{E | Gare P-indistinguishable),

i) E(§ — E{& |G = Oforall n € L2(2,G,P);

i) EE = EE{§ | G}.

(iv) Let Gn be a o-algebra such that Gy € G.Then E{& | Gy = E{E{& | G}1Go).
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By this theorem, the conditional expectation may be interpreted as a projection.’
Example 1.38 If G = (¥, R}(the trivial o-algebra), then E{§ |G} = E&.

Definition 1.39 The conditional probability measure Pl-1G} « F — [0, 1];
defined as

P(4|G) = E{l; |G}

It can be shown that it is a probability measure, and that (S, F.P(-[G))is 5 probability
space.

Problem 1.40 Let Q={w,, 0,03}, F = 2. P({w:})=1/3, i=1, 2, 3. Let {w,)=i. Let
G =W, Q, o) e, w3)].

(i) Prove that Yis a g-algebra. (ii) Find Plg- (iii) Find E{£ | G}.

In fact, (£, JF, P(- | gﬂ is a probability space, where the probabilities are calculated

by an observer who knows whether any event from G occurs or not. We illustrate below
this statement via g-algebras generated by a random vector.

1.6 The o-algebra generated by a random vector

Definition 1.41 Borel o-algebra of subsets in R" is the minimal o-algebra that contains

all sers 1¥ € R" - aj = xj = 'bi'}(ln fact, it is also the minimal o-algebra that contains
all open sets.) A function f:R"—>R is said to be measurable (or Borel measurable) if it is
measurable with respect to this o-algebra.

Definition 1.42 Let £:Q—R be a random variable. Let F& be the minimal o-algebra

such that F includes all random events {a<E<b}, where @, b € R. We say that Fe is the
o-algebra generated by &.

This definition can be extended for a vector case.

Definition 1.43 Let &Q—R" be a random vector (i.e., all its components are random

variables). Let g be the minimal o-algebra such that F includes all events {E & B} for

all Borel sets B in R" (or for all open sets). We say that Fg is the o-algebra generated by
é

2 Usually, we do not refer to the theory of Hilbert spaces. However, it may be useful to keep in

mind that Ls(%2, 7, P)is a Hilbert with the inner product (scalar product) (£, i} & Ec . Then
L2, &, P)is a linear subspace of Lz{2, .7, Pl.and E|£ | 7] is the projection of ¢ on this subspace.
As usual, statement (ii) of Theorem 1.37 above means that £ — E{& | {i} Ly for all

i = La(0, &, P);here L means the orthogonality, i.e., £1y7 means that (&, 5} A g =0,

Notation: (i) o(¢) denotes the o-algebra generated by &; (ii) & (£ ) denotes the completion

of the g-algebra generated by £. (Sometimes we use other notations, for instance, -:'EE-

Definition 1.44 Let & and 5 be random variables. Then E{n | €} = Efn| F:}
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In fact, the o-algebra represents the set of all random events generated by & and

P ﬁ']is the modification of the original probability P for an observer for whom ¢ is
known.

Remember that Einl 7 Iis the best (in mean variance sense) estimate of # obtained
via observations of & (see Definition 1.36).

Theorem 1.45 Let &:Q—R" be a random vector. Let n be a Fz-measurable random
variable. Then there exists a (non-random) function f-R"—R such that’ y=f(¢).
Note that any # generates its own fin the previous theorem.

Corollary 1.46 If & € L£2(S2, F,P).then there exists a function fR"—R such that
E{¢ &} = E{{ | F:} =f(E)
Problem 1.47 Let (£2, F, ") be a probability space with Q={w,,w;,m3}, F = 24
P{en ) =%, P({wz}) ="%. Pllws:)) ="

Let &w;)=i—2. Let =|¢]. Find E{{]n}. Express E{&n} as a deterministic function of 7.
Solution. We have that

iw) = l

) w=uon

1 o= Orew =

Hence 75 generates the c-algebra JF,, = {£3, W, |ew:], {ew.a}}. By the definition,
E{£ [n} = E{§|F,) = {,where { is an JF,-measurable random variable such that

E(-¢)?* is minimal over all F,-measurable random variables. An J,-measurable
random variable has a form

B = orw=uay

{{m]:[{l‘ o = (2 , a’,,b'GR.

3 f'is also measurable.

Let fla, p)=E((—-&?*. It suffices to find (a, ) such that f{a, f)=E((—&)’= min. We have
that

FloB)=E& —5) =P([en A+ 1 + Pl ) oe— 0)F £ P(laa)i(B— 1)

=B+ 1Y +1a+ 26— 17,

and
o, « AP PO

Hence the only minimum of fis at (¢, )=(0, 1/3). Therefore,
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] =

E{f | nlw) = i

/3 = o OF a0 = 3.

Clearly, E{{]n} can be expressed as a deterministic function of #:
0 x=0

E(£ |n) =/f(n), where f(x)=
Elnl=/m, where f(x) llfj x #0.

1.7 Independence

Definition 1.48 Two random events A and B are said to be independent iff
P(4-B)=P(A)P(B).

Note that if 4 and B are independent events then P(4|B)=P(4).

Definition 1.49 Two o-algebras of events F| and F are said to be independent if any
events A & Fyand B € F3 are independent. Otherwise, these o-algebras are said to be
dependent.

Definition 1.50 Two random vectors &Q—R" and 7:Q—R" are said to be

independent if the o-algebras Fe and Fi (generated by & and n respectively) are
independent. Otherwise, these random vectors are said to be dependent.
Theorem 1.51 The following statements are equivalent:

* Two random vectors £&Q—R" and n:Q—R" are independent;

<P((5.n) € Dy D3) = P(§ € D))P(y € D) for any open set Dy C R,
DE '-: Rl‘.ﬂ;

. ng,f}}niﬂl x Dy) = P(E € D)P(n € D:)for any Borel set )} C R”",

L .

. Ef(é‘;g(n):Ef(f)Eg(n) for all functions f"R"—R, g:R"—>R such that the corresponding
expectations are well defined;

« B¢ M=Ee™ B for all A, M © Riyhere i = JT'

P& € D|n)=P(& €D) 5 any open ser D C R".

PEeD[n=PE e leor any Borel set 1 C R".

In particular, if £ and # are independent random variables, then E&7=ECEx.

Example 1.52 It can happen that ESy=EZE#n, but ¢ and # are not independent. For
instance, take 7z, {~N(0, 1) such that { and # are independent, and take &={z, then
Eén=EZEx=0 but £ depends on #.

Definition 1.53 Random events A, A, ..., A, are said to be mutually independent if
Pl Ay - - Ai,) = Pl JP(A) - - P(-"’!:}.,:'.for every m=2,..., n and for every subset

of indices iy, ..., i
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Definition 1.54 Random vectors &, &, ..., &, are said to be mutually independent if the

random events (&1 € D)oo ldn € Jr:"J}ctre mutually independent for any Borel sets
Dy, ..., D, (or any open sets).

1.8 Probability distributions

In most common undergraduate courses in probability theory, random variables are
studied via their probability distributions. It is the classical approach. (However, we also
need the axiomatic approach described above.)

Distribution theory is to characterize and describe random variables and vectors in
terms of the distribution of their possible values and generated measures.

A probability distribution on R" is a probability measure on the o-algebra of Borel
subsets; i.e., it assigns a probability to every Borel set, so that the probability axioms are
satisfied. In fact, this measure is uniquely defined by its values for sets

e Rt ay < x; = byly generate the Borel g-algebra; if n=1, then the Borel o-
algebra is generated by intervals. Every random vector gives rise to a probability
distribution, and this distribution contains most of the important information about the
random vector. On the other hand, for any probability distribution, one can find a random
vector with that distribution.

Let us consider the simplest case of one-dimensional probability distribution, when the
distribution is defined on R. In this case, the distribution assigns to every interval of the
real numbers a probability. If ¢ is a random variable, the corresponding probability
distribution assigns to the interval (a, b/ the probability P(a<{<h), i.e., the probability
that the variable & will take a value in the interval (a, b/, the probability distribution of a
random variable completely describes its probabilistic properties. The distributions of any
real-valued random variable £ is uniquely defined by the cumulative distribution function
(c.d.f) F(x)=P(£< x), where —oo<x<+oo. We have that P(a<¢<bh)= F(b)—F(a) and P(i=
x)=F(x)—F(x—0) for any real x. This function F is non-decreasing, F(x+0)=F(x) for all x,
F(—0)=0,F(+0)=1. On the other hand, any function F with these properties uniquely
defines a probability distribution.

The support of a distribution is the smallest closed set whose complement has
probability zero.

A distribution is called discrete if it belongs to a random variable ¢ which can only
attain values from a certain finite or countable set. This random variable & is also said to
be discrete. In this case, the distribution can be given in the form of a complete list of the
possible realizations, and a specialization of the probability of each. This is called the
point density function or probability mass function. In fact, ¢ is discrete if and only if its
c.d.f. F(x) is a piecewise constant step function.

A distribution is called continuous if its cumulative distribution function is continuous,
which means that it belongs to a random variable & for which P(&=x)=0 forall x € R.
The corresponding random variable is also said to be continuous. Note that if £ is a
discrete random variable and # is a continuous random variable then &+ is a random
variable which is in general neither discrete nor continuous.



Mathematical Finance 12
A distribution and the corresponding random variable is called absolutely continuous

if F(x) is absolutely continuous, i.e., Filx) = | _11 PLVIEY for some integrable function
p- The derivative p(x)=dF(x)/dx is said to be the probability density function (p.d.f). In
this case

Pla<=éf<h=Pla=tf<h=Pa<&E=sh=Pa=sE=h

b
= f pixyde = Fib) — Fla)

et

for any a<b, and the distribution of & can be described by its p.d.f. Discrete distributions
do not admit such a density, which is not too surprising. There are continuous
distributions that are not absolutely continuous, i.e. which do not admit a density (an
example is a distribution supported on the Cantor set; it is a non-countable set with zero
measure).

Note that identity of two probability distributions does not mean identity of the
random variables for which they belong. For example, ¢ and —¢ have the same
distribution if & is standard normal.

The key concept of the theory of random variables and their distributions is the
expectation, or mean. If ¢ is discrete, then the expectation E¢ is

Ef = Z.\‘RP{{-‘ =xi)= Y x[Flxy) — Fag — 0)l,
k k

provided that the series is absolutely convergent. Here {x;/! is the set of all possible values

of & Since ¢ is discrete, this set is at least countable. If this set is finite, then the

expectation E¢ always exists; if this set is infinite and the series is not converging

absolutely, we say that the expectation of & does not exist. If & has p.d.f. p(x), then

+o0

Ef = f xplx)ax
)

provided that

o0
E|¢| = f |x] pix)de = +o0.

e sl

G ey .
If Jr o0 [x[p(x)dx = +00, then we say that E|¢]=+c and that the expectation of ¢ does
not exist.
In general, the expectation E¢ can be found as

o0
E: = f xelf(x),
~na

provided that the integral exists; and the integral exists if and only if
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+oo
E|§| = f |x|dFx) = 4o,

o

In this case, the random variable £ is said to have expectation, or to be integrable. In fact,
this definition is equivalent to the previous definition of E¢ as Eé= [oé(w)P(dw), where

(€2, F, P)is the probability space such that £Q—R is an F-measurable mapping. Here

Q={w} is the set of elementary events, F is a g-algebra of subsets of £2. P : F — Ris
a probability measure.

In particular, for any measurable function £R—R, #=f(¢) is also a random variable,
and the expectation E#=Ef(¢) can be found as

g
Ef(g)= f S )dF(x),

o

provided that the random variable f{&) is integrable. (For example, it holds if /is bounded,
or f'is continuous and the support of the distribution of ¢ is bounded.) If ¢ has p.d.f. p(x),
then
oo
Ef(g) = Sx)p(x)edx.

=3

In many problems we are interested in certain characteristics (instead of the complete
characterization) of a random variable, for example its mean, variance, median, moments,
quantiles, and some others.

The kth moment of a random variable is defined as EZ. The kth absolute moment of a
random variable is defined as E|§|". If E|§|k<+oo, then & is said to have kth moment. Note
that (E|d9)*<(E|g™)"™ if 0<k<m. It follows that if E|&"<+co then E|&*<+co. But it is
possible that E|&*<+o0 and E|&"=+o0 (for example, E|f<+o0 and E¢*=+o0).

If the distribution of a random variable is known, then the distributions of all linear
transformations of this variable can also be derived. Suppose that a real-valued random
variable & has c.d.f. F. Let a, b be constants with 5>0. Then the linear transformation
n=a+b¢ has c.d.f. Fyn given by Fn(x)=F[(x—a)/(b)]. Clearly, the distribution of ¢ and the
pair (a,b) defines the distribution of #. In particular, Ey=a+bE& Var y=b"Var & If & has
density function p, then # has density function p,i(x):b_lp[ (x—a)/(b)]. It is convenient to
describe this family via the distribution of & with E&=0, Var &1, or standardized
distribution.

Vector case

Let us consider now the case of n-dimensional probability distribution, i.e. when the
distribution is defined on R”. In this case, the distribution is a probability measure that
assigns to every measurable (Borel) set of R” a probability. If & (&, ..., &,) is a random

]
vector, the corresponding probability distribution assigns to the rectangle nk_lf'”u bi]
the probability P(a,<&<b;, k=1,..., n). This defines the distribution uniquely for the Borel
o-algebra. Hence the distribution of any random vector &=(¢&,, ..., &) is uniquely defined
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by the cumulative distribution function F(xy, ... x,)=P(&,<xy, ..., £,< x,,), where —oo< x;<+o0.
We call this function also the joint cumulative distribution function of random variables
&,y & The probability distribution of a random vector completely describes its
probabilistic properties, including mutual dependence of components. The components &

are independent if and only if F(xy..., x)= | lim1 F&(¥t): where Fk(x)=P(é<x). In
general, the probability distribution of a random vector is not uniquely defined by the set
of probability distributions of its components.

Probability distributions on infinite dimensional spaces are commonly used in the

theory of stochastic processes. For example, the Wiener process w(l)ci0,7) studied in
Chapter 4 is a random (infinity-dimensional) vector with values at the space C(0,7) of
continuous functions f:[0, 7]—R. It generates a probability distribution on this space (the
so-called Wiener measure).

Some special distributions

The binomial coefficient is defined as ('.'fj' = n'k!(n — k)': here m! denotes the
factorial of m.
Some useful special distributions are listed below.

Discrete uniform distribution

The discrete uniform distribution is a distribution where all elements of a finite set are
equally likely. This is supposed to be the distribution of a balanced coin, an unbiased die,
or a casino roulette.

Binomial distribution
Let #>0 be an integer, and let p € [0,1]. Arandom variable & such that
PE=ky=Cp(l—p)"*, k=1,....n
is said to have the binomial distribution. The number of successes in n repeating

Bernoulli trials has this distribution. For this distribution, E¢=np and Var &= np(1—p).

Continuous uniform distribution
A random variable & with density

(b—a)"', xelab)

Py = 0, otherwise,

is said to have the uniform distribution on /a, b/, a<b. For this distribution, all points in a
finite interval are equally likely, and Eé=(b—a)/2, Var é&= (b—a)*/12. In many program
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languages, built-in random number generators produce the uniform distribution on [0, 1]
(in MATLAB, it is the rand command).

Normal or Gaussian distribution

A random variable & with density

) ] { (x —a)* } cR
x) = expl———1, x R
! o2 P 202

is said to be a Gaussian random variable. It is said also to have the normal or Gaussian
distribution. Tt can be written as ¢~N(a, ¢*). For this distribution, Eé=a and Var &=¢°. If
a=0 and o=1, then the distribution is said to be the standard normal distribution. This is
an extremely important probability distribution which has applications in statistics,
probability theory, physics, and engineering. By the central limit theorem, it is the limit
distribution for the mixing of a large number of independent random variables.

Log-normal distribution

Let ¢ be a Gaussian random variable, i.e., ~N(a, 02), where @ € R, o = G-A random
variable 7=e" is said to have log-normal distribution (i.e., In # is normal). The random
variable # has density function

1 { (Inx — a)’ } 0
—_—Kpy————— ., I =
px)y= 3 xa/27 P 262 (.

0, x=10

For this distribution, En=exp{a+¢’/2}, En’=exp{2a+2¢’} and Var 7=
exp{2a+20”} —exp{2a+o’}.

1.9 Problems

Solve Problems 1.29 and 1.40.

Problem 1.55 Describe the difference between an event and an elementary event in a
probability space. Is a probability of occurrence assigned to an elementary event?

Problem 1.56 Find an example of a probability space with Q={a,b,c,d} an example of
a (non-constant) random variable £ and find E¢ E& and Var & Find its cumulative
distribution function (c.d.f.) F(x)=P(&<x).

Problem 1.57 Let Q={w,,w, w3}, F = 2%, Let &(w,)=(i—2)". Find the o-algebra o(&)
generated by ¢.

Problem 1.58 Let (£2,7F,P)be a probability space such that Q={w,w, w3},
F =29

P({w\})=1/4, P({w2})=1/4, P({w3})=1/2.
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Let &(w1)=0.1, &(w,)=0, &(w;)=—0.1. Let 5(w1)=n(w3)=0.1, n(w,)= —0.1. Find E{& .

Challenging problems

Problem 1.59 Is there an example of a probability distribution on R such that its support
coincides with the set of all rational numbers? If yes, give an example; if no, prove it.

Problem 1.60 Let Q” be the set of all pairs [x, ¥} € R? such that x and y are rational

numbers. We consider a random direct line L in R? such that ({}, )} & L with probability
1, and that the angle between L and the vector (1, 0) has the uniform distribution on [0,

7). Find the probability that the set L. M 02 is finite.



2
Basics of stochastic processes

In this chapter, some basic facts and definitions from the theory of stochastic (random)
processes are given, including filtrations, martingales, Markov times, and Markov
processes.

2.1 Definitions of stochastic processes

Sometimes it is necessary to consider random variables or vectors that depend on time.
Definition 2.1 4 sequence of random variables &, =0, 1, 2,..., is said to be a discrete
time stochastic (or random) process.

Definition 2.2 Let T < [(), +m¢] be given. A mapping &[0,T]xQ—R is said to be a
continuous time stochastic (random) process if &(t,w) is a random variable for a.e.
(almost every) t.

A random process has two independent variables (# and w). It can be written as &(w),

¢(tw), or just &, <(1).

Example 2.3 Let 5 be a random variable. Then £j(¢} 2y + 1 and &(t)=sin(yt) are
random processes.
Example 2.4 Consider an ordinary differential equation

dy . .
Em = fp(r)1).
HO) = alw),

when a(w) is a random variable. Then the solution y(2)=y(f, w) is a continuous time
random process (provided that this solution exists and it is well defined).

It can be seen that the randomness is presented only in initial time =0 for the process
from the last example, and the evolution of this process is uniquely defined by its initial
data. The following definitions give examples that are different.

Definition 2.5 Let &, =0, 1, 2,..., be a discrete time random process such that &; are
mutually independent and have the same distribution, and EE=0. Then the process & is
said to be a discrete time white noise.

Definition 2.6 Let & be a discrete time white noise, and let 1 2 En+E& + - +&,
t=0, 1, 2,.... Then the process 1, is said to be a random walk.

The theory of stochastic processes studies their pathwise properties (or properties of
trajectories &(t, w) for given w, as well as the evolution of the probability distributions.
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Definition 2.7 A continuous time process &(t)=E(t, @) is said to be continuous (or
pathwise continuous), if trajectories &(t, w) are continuous in t a.s. (i.e., with probability
1, or for a.e. w).

It can happen that a continuous time process is not continuous (for instance, a process
with jumps).

2.2 Filtrations, independent processes and martingales

In this section, we shall assume that either t € [0, +x}0r =0,1,2,....

Filtrations

In addition to evolving random variables, we shall use evolving o-algebras.

Definition 2.8 4 set of o-algebras |F;)is called a filtration if F,  F;for s<t.

Definition 2.9 Let &(t) be a random process, and let F, be a filtration. We say that the
process &(°) is adapted to the filtration F. if any random variable &(t) is measurable with
respectto F,(i.e, \E(t) € B} € F,where B — Ris any open interval).

Definition 2.10 Let &(t) be a random process. The filtration F; generated by &(t) is
defined as the minimal filtration such that &(t) is adapted to it.

Example 2.11 Let Q={w,, w3}, F — 3% Consider a discrete time random process
&, =0, 1,... such that

0 w=uw
j:C”:m}_ll W= ] OF & = ;3
11 = e 7 (= ¢
E{w) = | ’ ' - _ Ex(m)=1{1.1 w=w;
| = OF 0 = (3 0.5 @=ws

Let us find the filtration T, p generated by & for =0, 1, 2.

We have that & generates the o-algebra Fe, = [£2, W, {ewa], [, 03}).i=0, 1, and &
generates the o-algebra Fir, = 2% of all subsets of Q. We have that
-:'L_Eu = F 5 S Fi £3+ 80 we can conclude that F: & is the filtration generated by & the
filtration generated by ¢& cannot consist of smaller o-algebras, and Fg, © Fz, € Fi,.

Example 2.12 Let Q={w,, 0,03}, F — 2% Consider a discrete time random process
&, =0, 1,... such that
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_— 0 = (1)

E(oy=1{ “7 " Ei(w) = {03333 =
1 w=worw=tw;

0.5 W= ih

Ealw) = Eplw).

Let us find again the filtration ‘,F} generated by the process &, =0, 1, 2.
Let &, denote the o-algebra generated by the random variable & for any given time .
We have that & generates the o-algebra Fz, = [, W, e}, [e, e3}),i=0, 2, and &

generates the g-algebra g, = 2% of all subsets of Q. Therefore, the filtration generated

by the process & is Fy = Fg, F) = Fg, = 2%, = F|. (Note that Fe, & Fi,
i.e., the sequence | %, };> is not ‘non-decreasing’), therefore {F¢, |;=0 is not a filtration;

to make the sequence non-decreasing, we must replace F, by Fr, = 24

Independent processes

Definition 2.13 Random processes &(-) and 3(*) are said to be independent iff the events
e . &) € Aland [(n(T)),....0(Tw)) € Blare independent for all m,n,

all times (1, ..., t,) and (1y,..., 1), and all sets 4 C R"and B ¢ R™,
In fact, processes are independent iff all events from the filtrations generated by them
are mutually independent.

Martingales

Definition 2.14 Let &) be a process such that E|&f)*<+oo for all t, and let F; be a
filtration. We say that &(t) is a martingale with respect to F iif

E{E(NIF) =&(s) as Vs, tis <1

Note that we require that E|¢(#)]><+w because, for simplicity, we have defined the
conditional expectation only for this case. In the literature, the martingales are often
defined under the condition E|&(f)|<+oo, which is less restrictive.

Sometimes the term ‘martingale’ is used without mentioning the filtration.
Definition 2.15 Let &(t) be a process, and let “Ffbe the filtration generated by this
process. We say that &(t) is a martingale if &(t) is a martingale with respect to the

filtration ~ ¢
Problem 2.16 Prove that any discrete time random walk is a martingale.
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Problem 2.17 Let { be a random variable such that E|(]><+o0, and let Ftbe a filtration.
a . .
Prove that EN=ElL |"'r-’}is a martingale with respect to Fi.
The following definitions will also be useful.
Definition 2.18 Let &(t) be a process such that E|&f)[*<+wo for all t, and let JF,bea
filtration. We say that £(t) is a submartingale with respect to F, if

£(s) = ElE(NF} as ¥sfix =1

Definition 2.19 Let &(t) be a process such that E|&(1)|*<+oo for all t, and let Fibe a
filtration. We say that &(t) is a super martingale with respect to ~ 1 if

£(s) = EE(NFs} as Vs, tis <1

The term sub(super)martingale can also be used without mentioning the filtration,
meaning the filtration generated by the process itself.

2.3 Markov times

To discuss American options, we need some additional definitions for random times.

Let Ftbe a filtration.

Definition 2.20 Markov time with respect to }-'is any random time t such that
ir=tte Fl'forallt.

The definition means that, for a Markov time 7, we can say at time ¢ if z< ¢ or not if we
know all events from -

In particular, if 'ﬂis the filtration generated by a random process &(¢) and 7 is a
Markov time with respect to Fisthen we can say at time ¢ if 7<¢ or not if we know all
values {&(s), s<t}. )

Corollary 2.21 7 is a Markov time iff the process ~1=tlis Fi-adapted.

For instance, ==min {£0: {(¢)=2} is Markov time with respect to the filtration Fi

generated by a process &(1), but 7 such that &(T) = MaXse(0,11 §(5)is 1ot a Markov
time. In particular, the mathematical concept of Markov time explains why one cannot
catch the best time to sell stocks (when the price is maximal): this time exists, but we
cannot catch it by observing current data. The same is true for the best time of exit from
stochastic games like roulette.

Sometimes Markov times are called stopping times.

Definition 2.22 Let t be a Markov time, then F, A 14 €2 ANt < 1) e F vt
It can be shown that 7 tis a o-algebra, and that 7 and &(z) are JFr-measurable with

respect to it, for Fy-adapted. process &) (in fact, for the case of continuous time process
&(), it is true under some additional conditions; it suffices to require that &(¢) is pathwise
continuous).
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2.4 Markov processes

Definition 2.23 Let &(t) be a process, and let F}a‘:be the filtration generated by &(t). We
say that &(t) is a Markov (Markovian) process if

P(E(r) = I, B e D | FRy=PE) E Dy Et) e Dy | E(s)

for any k>0, for any times s and t,, such that t,>s, for any system of open sets {D,,},
m=1,..., k.

This property is said to be the Markov property.

The Markov property means that if we want to estimate the distribution of &(2)|,
using information of the past values &(7)|,<, it suffices to use the last observable value

&(s) only. Using the values for # € [{), 5} does not give any additional benefits. This
property (if it holds) helps to solve many problems.

The following proposition will be useful.

Proposition 2.24 Under the assumptions and notations of Definition 2.23,

EiFEN), 5. 5D F ] = EFEN).E(). .5 |50} for all
measurable deterministic functions F such that the corresponding random variables are
integrable.

Problem 2.25 Prove that a discrete time random walk is a Markov process.

Vector processes

Let &@t)=(&1(1), ..., £i(t) be a vector process such that all its components are random
processes. Then ¢ is said to be an n-dimensional (vector) random process. All definitions
given above can be extended for these vector processes.

Sometimes, we can convert a process that is not a Markov process to a Markov
process of higher dimension.

Example 2.26 Let #, be a random walk, =0, 1, 2,..., and let y¥ = 4.
Then v, is not a Markov process, but the vector process (7, ;) is a Markov process.

2.5 Problems

Problem 2.27 Let { be a random variable, and let 0<a<b<l. Let a continuous time
random process ¢(2) be such that

£, rela,b]

SO=V0 ratan

Find the filtration .f":f generated by &) for f & [(), 1]for the cases when a=0, 5=1/2, and
when a=1/4, b=2/3.
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Problem 2.28 Let Q={w,, 0, w3}, F — 7% Consider a discrete time random process

& r=0,1,.... Let f,(a)i)=(i—2)2+’(t7”/2. Find the filtration f}'L‘ generated by &(t) for =0, 1, 2.
Problem 2.29 Let { be a random variable. Let the random process &(#) be such that

¢, 1el0,1]

SO=1

Find the filtration F; generated by &) for ¢ € [0, 2].
Problem 2.30 Let (a1, f#) RZ.Leta process & be such that

Pl elabl)=1, Pl =a)=0, PE=5b=0 (Vi)

Let i3, = &1+ -+ E&.Is it possible to find a measure P such that #, is a martingale? If
yes, give an example. Consider the cases: (i) a=—1, b=1; (ii) a=1, b=1/2; (iii) a=b=—1.

Hint: in Problems 2.30 and 2.31, look for a measure in the class of measures such that
¢&; are independent.

Problem 2.31 Let (a1, B, ) & R¥.Leta process & be such that
Pi&elahehi=1, PE=a1=0, P&E=m=0PLt=m1=0 (¥

Let = £y ++++&.Is it possible to find a measure P such that 7, is a martingale? If
yes, give an example. Consider the following cases: (i) a=—1, b=2, ¢=3; (ii) a=1, b=2,
c=3; (iil) a=b=—1, ¢=2.

Problem 2.32 Find when the desired measure P is unique in Problems 2.30 and 2.31
(in the class of measures such that & are independent).

Problem 2.33 Let r be a Markov time with respect to a filtration, (i) Is 27 a Markov
time? (ii) Is 7/2 a Markov time?
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Discrete time market models

In this chapter, we study discrete time mathematical models of markets. These models are
relatively simple and straightforward. However, they still allow us to introduce all core
definitions of mathematical finance such as self-financing strategies, replicating,
arbitrage, risk-neutral measures, market completeness, and option price. Besides, these
models have fundamental significance, and their theory is not completed yet.

3.1 Introduction: basic problems for market models

Market models are being created with the goal of explaining the internal logic of market
transactions and the laws of price movement. In addition, market models target the
following key problems:

* Portfolio selection problem: To find a strategy of buying and selling stocks.
* Pricing problem: To find a ‘fair’ price for derivatives (i.e., options, futures, etc.).

There is an auxiliary problem (which is the main problem for financial econometrics):

* To estimate the evolution law of the probability distributions from market statistics.

Portfolio selection problem

A generic optimal investment (or optimal portfolio selection) problem is
Maximize EU(X(T)) over a class of investment strategies.

Here T is the terminal time, X(7) is the wealth of an investor at time 7, and U(") is a given
utility function that describes risk preferences. Typically, the stock prices, the wealth, and
the strategies, are supposed to be random processes; this is why there is maximization for
the expectation EU.

The most common utilities are log and power functions, i.e., U(x)=In x and
U(x)=6"x°, where 0<1 and d#0. Another important example of utility is Ux)=kx—pux>,
where k>0 and x>0 are some constants.

This generic problem allows many modifications, including:

* optimal strategies of consumption and dividends;
« optimal hedging of (non-replicable) claims;

* problem with constraints on the wealth;

* problems with 7=+co0.



Mathematical Finance 24

The theory of optimal portfolio selection can be considered as a special part of optimal
control theory, or, more precisely, of optimal stochastic control theory. Optimal
investment problems are intensively studied in the literature. However, they are not
discussed here in detail, because this course is focused on the problem of pricing (the
only exception is Section 3.12).

3.2 Discrete time model with free borrowing

We introduce a model of a financial market consisting of the risky stock with price .S,
t=0, 1, 2,..., where ¢ are times (for example, days, weeks, months, etc.). The initial price
So>0 is a given non-random value.

Let us assume first that the rate for money borrowing and lending is zero.

Let us describe investment operations, or portfolio strategies.

Let X,>0 be the initial wealth at time =0, and let X, be the wealth at time £>0.

We assume that the wealth X, at time >0 is

‘X/t:ﬁt-‘rytstx t:()a 1’ 29--'9
3.1)

where f, is the quantity of cash on a bank account, and y, is the quantity of the stock
portfolio. The pair (5, y,) describes the state of the portfolio at time #. We call a sequence
of these pairs strategy, or portfolio strategy.

Note that we allow negative j, and y, meaning borrowing or short positions.

Some constraints will be imposed on strategies.

Definition 3.1 A sequence {(B, y,)} is said to be an admissible strategy if there exist
measurable functions F.:R"™'—R* such that

By v)=F(So, S1, ..., Sy.

It follows from this definition that the process (5, y,) is adapted to the filtration generated
by S, and that (B, y,) does not use information about the ‘future’, or about S, for m>0.
Definition 3.2 We say that the strategy is self-financing if

‘X;+1_X;:yt(st+l_st)) t:(), 15
(3.2)

It follows from (3.2) that
i—I

Xr =-}lr{i + Z }’n:[sarr-i-] - Srn)- (3~3)

wp={}

Here X,>0 is the initial wealth at time =0.
For example, for the trivial risk-free strategy, when y=0, the corresponding total
wealth is X;=X.
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Note that these definitions present a simplification of the real market situation,
because transaction costs, bid and ask gap, possible taxes and dividends, interest rate for
borrowing, etc., are not taken into account.

3.3 A discrete time bond-stock market model

A more realistic model of the market with non-zero interest rate for borrowing can be
described via the following bond—stock model.

We introduce a model of a market, consisting of the risk-free bond or bank account
with price B, and the risky stock with the price S, =0, 1, 2,.... The initial prices Sp>0 and
By>0 are given non-random variables.

Set
s B . Y
A i A f
= &= - - 1.
! B ' P81
In other words,
8= oo+ 5,
¢ = pror-i(l + 1) r=1,2..... (3.4)

Br = J"'-"!B.r—1 s

We assume that

& =1, pp =1 Wi
3.5)

Note that these conditions are technical. In particular, they ensure that S;>0. It is not too
restrictive. For instance, if the change in the stock prices is no more than 5% per time
period, then |&|<0.05.

In the case of daily transactions,

p,=l+interest rate/365.

Remark 3.3 The case of p=1 corresponds to the market model with free borrowing.
Let X;>0 be the initial wealth at time /=0, and let X, be the wealth at time ~0. We
assume that the wealth X at time =0, 1, 2,... is
X=PB+7:S,,
(3.6)

where f; is the quantity of the bond portfolio, and y, is the quantity of the stock portfolio.
The pair (B, y,) describes the state of the bond—stocks securities portfolio at time 7. We
call sequences of these pairs strategies.

Some constraints will be imposed on strategies.

Note that we allow negative j, and y, meaning borrowing or short positions.

Definition 3.4 A sequence {(B, y,)} is said to be an admissible strategy if there exist
measurable functions F,:R*+*—R* such that

(B v)=F(So, By, S1, By, ..., S, By.
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It follows from this definition that the process (5, y,) is adapted to the filtration generated
by (S, By, and that (f, y,) does not use information about the ‘future’, or about (S,
Byi) for m>0.
The main constraint in choosing a strategy is the so-called condition of self-financing.
Definition 3.5 4 strategy {(B, v,)} is said to be self-financing, if
X1 =X =BiBr=B)+y(Si+1=S).
3.7

Remark 3.6 In the literature, a definition of admissible strategies may include
requirements that the risk is bounded. An example of this requirement is the following:
there exists a constant C such that X;>C for all ¢ a.s. For simplicity, we do not require this,
because this condition is always satisfied for the special problems discussed below.

Remark 3.7 Similarly, we can consider a multistock market model, when S,={S,} and
y,={yu} are vectors, and when the wealth is X,=,B,+Y; 7::S;.

Some strategies

Example 3.8 A risk-free (‘keep-only bonds’) strategy is a strategy when the portfolio
contains only the bonds, p=0, and the corresponding total wealth is

X, = foB, = ]._[:.I'E—l. PmXi.

Example 3.9 A buy-and-hold strategy is a strategy when y>0 does not depend on
time. This strategy ensures a gain when stock price is increasing.

Example 3.10 A short position is the state of the portfolio when y,<0. This portfolio
ensures a gain when stock price is decreasing.

Example 3.11 A ‘doubling strategy’ is sometimes used by an aggressive gambler (for
instance in the coin-tossing game). In fact, the stochastic market model is close to the
model of gambling. Therefore, it is possible to suggest the analogue of this strategy for
the stock market. Let us assume that S;;=S(1+&41), where &==¢ is random, with given

€>0. An analogue of the doubling strategy is as follows: 3 = 5, Lpr+l 4 < ¢ ,and
y,=0, 1, where =min{t.£,=+¢}.
Problem 3.12 Assume that, with probability 1, there exists a time T = T{®) €

10, 1.2, dsuch that &>0. Prove that the doubling strategy ensures with probability 1
positive gain on the unlimited time horizon.

Example 3.13 ‘Constantly rebalanced portfolio’ is a strategy such that there is a given
constant C>0 such that y,S/X,=C and f,B/X,=1—C. In other words, the investor keeps the
constant proportion of investment in the bonds and in the stock. This strategy requires
selling the stock when its price is going up and buying when it is going down. Therefore,
this strategy makes a profit when stock prices oscillate.

Let us describe the resulting wealth for the constantly rebalanced portfolio given C.
For simplicity, we assume that p,=1. Then

Xen1 _X;:yt(St+l_St) =181 =CXi&ir1,
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ie.,

Xepr = X1 + C&in) = X1 (1 + CEN + C&ry)

i+

==X | [0+ Ce.
k=1

For instance, let (S, Si;, S, S...)=(1, 2, 1, 2, 1,.). It follows that

; | 1 |
(51,82,...) = (I,— I L T l,- 3 ":I'Let Xo=1. For the buy-and-hold strategy,
the wealth is (X;, X5, X;,...)=(1, 2, 1, 2, 1,...). In contrast, the constantly rebalanced
3 33 333

portfolio with ¢ = Zgives the wealth (X1, X2, X5,..) =(3:35:337 ot an
exponential order of growth. (Of course, one cannot be sure that the stock prices will
evolve in this specific way.)

Problem 3.14 Consider a discrete time bond—stock market such that S=1, S$;=1.3,
S>=1.1. Let the bond prices be By=1, B1=1.1B,, B,=1.05B,. Let the initial wealth be X,=1.
Let a self-financing strategy be such that the number of stock shares at the initial time is

e 1
Y0 = 3-Find 7, X1, Xo, B, i=0, 1, 2 for the constantly rebalanced portfolio.
Solution. We have

A 1
msu:$=;~ C=3 FBo=1-3=14 fo=3,
Xi=Xo+03-1401-4=14015+005=12,
| 0.6 0.6
}"]5]=C~X|.=§X|=ﬂ_ﬁ, yl=5—=ﬁ=ﬂ_4ﬁ‘2,
Xi 1Xy 06 '
Br=C. 2= -2 = 2 = 0545,

‘B, 211 11
By =By~ 1.1-1.05 = 1.155,
Xy = 1.2 4 (=0.2)y + (1155 = 1.1)§)
= 1.2 + (=0.2)0.462 + (0.055)0.545 = 1.138,
A X 1.13%

c=2 = = = 0.493.

B2
B 2R 2-1.155

3.4 The discounted wealth and stock prices

For the trivial, risk-free, ‘keep-only bonds’ strategy, the portfolio contains only the

bonds, y=0, and the corresponding total wealth is Ay = fluf; = [n:”_1 .”m:' Xu. Some
loss is possible for a strategy that deals with risky assets. It is natural to estimate the loss
and gain by comparing it with the results for the ‘keep-only bonds’ strategy.
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s — | -~
Definition 3.15 The process Xi = { ir:! .ﬂm} Xi. Xo = X, is called the
discounted wealth (or the normalized wealth).

o . = y
Definition 3.16 The process % = {n:ﬂ:;ﬂm] St So = S, is called the
discounted stock price (or the normalized stock price).

Proposition 3.17 5 =8_101+&).
The proof is straightforward.
Theorem 3.18

i:il_f?r=}‘.'{r§;1l_3f}-. t=0.1,... (-8)

Proof of Theorem 3.18. Let {(.X, Vi)}i—,be a sequence such that (3.8) holds. Then it

suffices to prove that JXj = {]_[:.re—l ,nm] .J?, is the wealth corresponding to the self-

financing strategy {(B, 7))}, where fi; = (X; — 1. X} ]B;',

We have that
41 _ ) i _
Xerr = Xe =[] pw (Rt = %) + (o1 = D[] puks
m=1 mr=1
i41

= l_[ Ve (S,r-;—] - S;) + (o1 — DA

=1

=¥ (See1 — P13 + (o1 — DAY
=y (Sie1 = 85 = (st = DSy + (oo — DX,
=¥ (S — 5+ (g1 — 10X — Sep)
= ¥ (S = S0+ (pegr — 1By
= ¥ (51 — 5 + (B — By,

This completes the proof.

Thanks to Theorem 3.18, we can reduce many problems for markets with non-zero

interest for borrowing to the simpler case of the market with zero interest rate (i.e., with
free borrowing).

For simplicity, one can assume for the first reading that p, =1, :, =X,

and S = §;, everywhere in this chapter. After that, one can read this
chapter again taking into account the impact of p#1.
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3.5 Risk-neutral measure

Up to this point, we have not needed probability space, and the market model was not a
stochastic market model. Now we assume that we are given a standard complete

probability space {£2, F, P} (see Chapter 1). The probability measure P describes the
probability distribution of the sequence {(p, &)}. Sometimes we shall address it as the
original probability measure, or the prior probability measure, or the historical
probability measure. (Some other probability measures will also be used.)

Let .F; be the filtration generated by (S, p,).
_ Definition 3.19 Let P : F — |0, 1] be a probability measure such that the process

Stis a martingale under P+ with respect to the filtration Ft-Then P- is said to be a risk-
neutral probability measure for the bond—stock market (3.4). Es« denotes the
corresponding expectation.

In particular, E.{S;|51,..., 8} = S, for all v>.
In literature, a risk-neutral measure is also called a martingale measure.
Proposition 3.20

E &7 =0 YO0 =k<t=T. (3.9
Proof. Let k=t—1. We have that

E, [5} f:..!] =81 (1 + Eo {&]F)) =81

Then the proof follows for k=¢—1, and, therefore, for all k<t.
Proposition 3.21 The following statements are equivalent.

(i) A measure P~ is risk neutral;

S".'|~§"-.'—I-.5:.'—31- B 1:'5‘“‘] = jl':.1—1 Wi,

(i) Es
(iii) E. |5':|E:— 1:&-2.. .., €1 i =8, V&
i) Ex &6 6] =0 v

Proof. We have that = S0 [Tizi(1 + &), then equivalency of (i) and (ii)—(iii)
follows. Further, equivalency of (i) and (iv) follows from the equation

E|Sl81.62. .6} =5 (1 +Eufglér.....01]).
In addition, it follows that if & does not depend on &y, ..., & under Ps«, then the

measure P+ is risk-neutral iff E+&r = 0 (Vi =1,....n).
Theorem 3.22 For any admissible self-financing strategy, the corresponding

discounted wealth Xtis a martingale with respect to Fi under a risk-neutral measure Px.
Proof. Let y, be the quantity of stock portfolio. Clearly,
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r—1 r—1
Xr =Xo +E, Z ¥ (_i._:__] - Sr) =X + E Es}’rifa-b- I
=0 I=s

Hence
=1

E X7 | F) =X+ ) EdnSé&n | R

f=x
T=1

=X, 4+ ) BBy 1 | F) | F)

r=s
=1
=X+ ) EudynSiE b | F) | F) = X

=3

We have used here the fact that ()4, 5;)is a function of {(P# S.ﬂ.'”i=; (i.e., the vector

(v1,5;)is F-measurable ), and the fact that E4|&41]F]} =0, by Proposition 3.20.
This completes the proof.

3.6 Replicating strategies

Let an integer 7>0 be given. Let y be an < r-Measurable andom variable. (As we know,
there exists a deterministic function F:R*"?—R such that w=F(S., p.), i.e., y=F(S,
S], ...STW,D(), Plseees pr))

Definition 3.23 Let the initial wealth X, be given, and let a self-financing strategy (b,
y,) be such that Xr=y a.s. for the corresponding wealth. Then the claim y is called
replicable (attainable, redundant), and the strategy is said to be a replicating strategy
(with respect to this claim).

Definition 3.24 Let the initial wealth X, be given, and let a self-financing strategy (p,
) be such that Xr>y a.s. for the corresponding wealth. Then the strategy is said to be a
super-replicating strategy.

Theorem 3.25 Let the initial wealth Xy and a self-financing strategy {(B, y,)} be such
that Xr=y a.s. for the corresponding wealth. Let P« be a risk-neutral measure, and let E«
be the corresponding expectation. Let Exy*<+o0. Then

;
Xo=E. (]'[ p,) V.
=1
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. -1
Proof. Clearly, X/=y iff X7 = (HL] P:) W a.s. By Theorem 3.22, it follows that
the process A7is a martingale under P. with respect to the filtration J;, i.e.,

Xy = E X7 | F) forallz. In particular, Ap = Ap = E4&T. This completes the proof.

We have not yet referred to the original probability distribution of the process {(S, p,)}
(i.e., of the process {(&, p)}). All previous speculations did not use the original
probability measure P; we used only the risk-neutral measure P« which is an artificial
object; it was not related to the real market. Any particular market model (3.4) is defined
by the distribution (or evolution law) for (&, p,). Clearly, we cannot study a particular
market model without taking into account the distribution of {(S, p,)}, i.e., the original
probability measure P. The following definition addresses the measure P for the first
time.

Definition 3.26 If a risk-neutral probability measure P« is equivalent to the original
measure P, then we call it an equivalent risk-neutral measure.

First application: the uniqueness of the replicating strategy

Theorem 3.27 Let the market model be such that there exists an equivalent risk-neutral
probability measure P« Let a claim y be replicable for some initial wealth Xy and some
self-financing strategy {(B, y)} i.e, Xr=w a.s. for the corresponding wealth. Let
E«y<tow. Then the initial wealth X, is uniquely defined. Moreover, the processes X; and
&Yy are uniquely defined up to equivalency. If E#0 a.s. for all t, and the replicating
strategy and the corresponding wealth process X,are uniquely defined up to equivalency.

Proof. Let the initial wealth z"n’ri”and the strategy {{ﬁ: 1 }’r'”]}be such that

1 . 1
X ;-! = ¥ as. for the corresponding wealth X: ”~ i=1,2.
Let j (f) be the corresponding discounted wealth. By Theorem 3.22, it follows that the

processes .JE’: "V are martingales under P. with respect to the filtration F, i.e.,
w7 =i . ol = .
z".r:” = E:;JX?) | ;). Since );-}- ) = X;E-EJ, it follows that

FO_FD a5 i=0,1,...T.

pel il iz ol il orld wl2
Further, z‘l‘,[rlji XF'r} = }ff”ﬁ;&'f.,.hand X:_,_J] —Xf ) =X:[__ ]I - X  as. Hence

Dz Dz
}"';: }.?;E;+| = ]."'r{ -ij;l‘;";+1 a5 = ﬂ, |,2, ssay T—1.
. . . il (2
Finally, it follows that if {#0 a.s. for all ¢, then ¥, ° = }; " a.s. for all 7. Hence

By = B2y as. forall 1
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3.7 Arbitrage possibilities and arbitrage-free market

Arbitrage is a possibility of a risk-free positive gain. Let us define it formally.
Definition 3.28 Let T>0 be given. Let {(B, y)} be an admissible self-financing

strategy, let X 1 be the corresponding discounted wealth. If

P(Yr=Xo)=1, PXr =Xy >0, (3.10)

then this strategy is said to be an arbitrage strategy. If there exists an arbitrage strategy,
then we say that the market model allows an arbitrage.

In fact, some arbitrage possibilities may occasionally exist in real markets, but they
cannot last for long. (There is even a special term, ‘arbitrageurs’, for traders who look for
arbitrage.) However, we are interested in models without arbitrage possibilities, since the
presence of arbitrage is a sign of some temporary abnormality, and it is used to be
corrected by the market forces. Typically, models that allow arbitrage are not useful
(unless there is a special interest in arbitrage phenomena). We shall concentrate on
arbitrage-free models only.

Problem 3.29 Let there exist t € {1, ... T Vsuch that £,>0 a.s., P({>0)>0. Prove
that this market model allows arbitrage. Hint: take y;=0, i#t—1, and take y,—1>0.

Theorem 3.30 Let a market model be such that there exists a risk-neutral probability
measure P« being equivalent to the original measure P. Then the market model does not
allow arbitrage.

Proof. Let {(B, y)} be a self-financing admissible strategy that allows arbitrage, i.e., it
is such that (3.10) holds for the corresponding discounted wealth. Let there exist a risk-
neutral P« that is equivalent to the original measure P. In that case,

P Xr=Xo) =1, PXy > Xg) >0,

Hence
E,_jf;r = X, (3.11)
But
=1 T—1
E*XT = 'H“ + E* Z ¥ (S-’+1 - Sf] = MF + E E-g}"fns-_-_é;_l_] = /11'_1].
t=0 r=l

This contradicts (3.11).

Problem 3.31 Prove that a risk-neutral equivalent probability measure does not exist
for Problem 3.29.

Remark 3.32 The opposite statement to the above theorem, ‘absence of arbitrage
implies the existence of an equivalent risk-neutral measure’, is also valid under some
additional requirements on the strategies. The proof of this assertion is beyond the scope
of this book. The equivalence relation between the existence of equivalent risk-neutral
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measure and the absence of (certain types of) arbitrage is called the fundamental theorem
of asset pricing.

3.8 A case of complete market

Definition 3.33 Let a market model be such that there exists an equivalent risk-neutral
probability measure P« (i.e., equivalent to the original measure P). A market model is
said to be complete if any claim w such that v is Frand E-y’<+o0, is replicable with
some initial wealth.
Note that the initial wealth is in fact uniquely defined by v and P« (see Theorem 3.25).
Theorem 3.34 If a market model is complete and there exists an equivalent risk-

neutral measure, then this measure is unique (as a measure on Fr ).

\ . -1
Proof. Let A € Fy,and letr = (]_[r?_| ,rJr) L4 (I is the indicator function of
A). By the assumption, the claim y is replicable with some initial wealth X[f.By

Theorem 3.27, this X;j'is uniquely defined. By Theorem 3.25,E,I4 = X{','I for for any

risk-neutral measure P+. Therefore, P+ is uniquely defined on Fiy-.
Corollary 3.35 Let a market model be such that there exists an equivalent risk-neutral
probability measure P+. In addition, let {£} be independent, and let there exist t and

{a.b,c) e R such that a#b, b#c, c#a,
P(5 efa,bel)=1, P& =a)=0, P&=b=0 P&=c)=0

Then the market model is incomplete.

Proof follows from the existence of more than one risk-neutral probability measure P«
being equivalent to the original measure P and such that &, are independent under P-. (See
Problems 2.31 and 2.32.)

Remark 3.36 By Theorem 3.25, if the initial wealth X, and a self-financing strategy
{(B» vy} are such that X;=y a.s. for the corresponding wealth, then

-1

"
Xy =E. (ﬂ A2

r=1

Here P+ is any risk-neutral measure, and E: is the corresponding expectation. By the
uniqueness of the initial wealth X, this expectation does not depend on the choice of the
risk-neutral measure, even if there is more than one risk-neutral measure. It is not a
contradiction: all expectations E« of all replicable claims are indeed uniquely defined and
do not depend on the choice of the risk-neutral measure P+. However, it can happen that

claims Ltfor some 4 € Frare not replicable.
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3.9 Cox-Ross-Rubinstein model

The celebrated Cox-Ross-Rubinstein model (Cox et al. 1979) is such that p,=p are non-
random and constant, and &, are mutually independent random variables that have equal
distribution and can have only two values, d| and d,, where d,, d, are given real numbers,
—1<d,<0<d)<1.

Risk-neutral measure for the Cox-Ross-Rubinstein model
Proposition 3.37 A measure P+ is an equivalent risk-neutral measure if and only if {E,}
are independent under P+ and E..&; = () (¥t),i.e,
Pusy =d)=p, PjJ{E.I‘ =d:)=1-p ¥i=12,....T,
where p is such that

dip+dy(1-p)=0.
(3.12)

Proof. By Proposition 3.20, P« must be such that E_{&|F,_q} =
E.{&|&—1,.... &} = O for the corresponding expectation E«. Hence

E & F o) = diPuE = dy | Fim) Y+ da Pl = da | F2y)
=d\ P& =i |Fo )+ da(l = PuUAE =di|F-1))
=1.

Hence f = P.(& = d|Fi—1)is uniquely defined from the equation dp+
d>(1—p)=0. It follows that p does not depend on ¢ and it is non-random together with the

value Py(& = d2|F;-1) = | — p. Therefore,
P& = di) = Pulé, = di|Fy ), i=1,2.
It follows that & does not depend on {&, ..., &-1} under Ps.

Completeness of the Cox-Ross-Rubinstein model
Theorem 3.38 The Cox-Ross-Rubinstein market model is complete.

Proof Let F(-): RT*! —s R be an arbitrary function such that E.F(§ )* = +oc.
To prove the completeness of the market, it suffices to find an admissible strategy such

that X7 = p! F(8 ) ie, Xy = F(8)as., and Xp = E.F(8).
Let

Y, £ EJF(S) | Fi).
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Clearly, F; = al(&)...., &;),and

Y, = EAF(S)|&.... &)

Let ¥y = E.F(5). Define the functions F;(x) = E (F(5)|(&.....&) = x}
xeRt=1,...,T. Clearly,
Y=g, ..., &).

By Bayes formula,
En = E{n | A)P(A) + E{n | A}P(A)

for any integrable random variable # and for any event 4 and 4= A . Here E(-|4) is
the expectation for the conditional probability measure P(:|4).
We can apply this Bayes formula for the events

A={&n =d}, 4= =d),
and for the probability space (p FoP|(El. .. &) = ,1-}) ‘We have that
Vix) = pEJFG) (&1, .. &) =X, £ = d)
+ (1= PEAFS) G165 = x, Gy = o)
= pVea((,di)) + (1 = pVieg((x,da)).

Hence
Y= Y=V ., S Vil ., &)
=Vl oo Sr)=PViri (& oo, Eod))=(L=D)Vini(C, ..., Eud).
Let &+1=d,, then
Yio=Y=VilSy, ..., &d)=pVin(Ch, oo Sod)=(1-p)Visi (S, -, Gpda)
=(1=-p)VialCr, .., &d)=(1=p)Vi1(Cy, ..., Spdo).

Let &+1=d,, then

Yt+1_Yt:VVt+1(§l"") é:t’dz)_thJrl(ilx"" 5t1d1)_(1_p)Vt+l(511"" 5t1d2)
=pVir(C, ..., &odd)=pVia(Cy, ..., S d).

In both cases, we have that

1

Y1 — Hr = s — d LT P End2) — 3Vie( oo G d N6

since (3.12) implies that
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dy (1 } dy
d—d P m—a T

Remember that & E, = .HH.] — .%}. Hence

Yrm—Y= }’J{S'H 1 — S':}
where

1
Vi = —=[Vis1(§1.. .. &d2) = Vis (81,0 B dh ).
2e5;

Hence Y, is the discounted wealth which corresponds to the stock portfolio {y,}. We have
that Yr = F {S-]'Hence X,=p'Y, is the corresponding wealth that replicates the claim

PT!;' (5). This completes the proof.
Remark 3.39 It can be seen that this proof can be extended for the case when p is non-

random, and, for any ¢, there exists F;_j-measurable random variables d,(?) and d,(?)

such that —1<d,()<0<d>()<1 as. and P(& €{d|(t),da(t)}|Fi—1) = las. It
follows that the discrete time market model is also complete for this case of conditionally
two-point distribution of &,. Technically, this model is more general than the Cox-Ross-
Rubinstein model. It appears that it is the most general assumption that still allows a
discrete time market to be complete. (For instance, Corollary 3.35 states that three-point
distribution for & leads to incompleteness.)

Remark 3.40 In fact, the Cox-Ross-Rubinstein model is the most common model in
numerical option pricing, since it leads to approximate numerical calculations of option
prices via binomial trees, including American options (see Chapter 6). To reduce the
number of nodes for binomial trees, it is more convenient to use a model such that

_;i =pll +&)e{d.u}. where du=1, 0=d <u
|

Pup(l+E&)=u)y=p, Pap(l+&)=d)=1-p,

where

pelll), wpt+d(l—p)=p.

This choice of parameters helps to decrease the number of different possible stock prices.
Problem 3.41 (i) Prove that p=(p—d)/(u—d) in Remark 3.40.
(ii) Find the (risk-neutral) probability that S;=Seu’d for t=3.
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3.10 Option pricing

Options and their types

Let us describe first the most generic options: the European call option and the European
put option.

A European call option contract traded (contracted and paid) in =0 is such that the
buyer of the contract has the right (not the obligation) to buy one unit of the underlying
asset (from the issuer of the option) in 7>0 at the strike price K. The option payoff at

time Tis (&p — K)* = max((), Sy — K), where S, is the asset price, and K is the strike
price, t=0, 1,..., T.

A European put option contract traded in =0 gives to the buyer of the contract the
right to sell one unit of the underlying asset in 7>0 at the strike price K. The option

payoff (at time 7) is (K — S7)7 4 max{0, K — 57), where Sris the asset price, and K
is the strike price.

We consider more general options. Let an integer 7>0 be given.

Definition 3.42 Let w=F(S., p.)=F(Sy, ..., St, po, .., pr),where a function FRT? SR s
given. The European option with payoff w can be defined as a contract traded in t=0 such
that the buyer of the contract receives an amount of money equal to y at terminal time T.

The following special cases are covered by this setting:

+ (vanilla) European call option: y=(S;—K)" where K>0 is the strike price;
» (vanilla) European put option: y=(S;—K)™

* share-or-nothing European call option: r = S7ly5, - x}:

T oo
* an Asian option: ¥ =i (Zﬂ F10Y }] *where f; are given functions.

All options in this list are such that payoff time 7 is given a priori; they are all European
options.

An option is called a derivative of the underlying assets. For instance, let the payoff y
be such that there exists a deterministic function F:R™'—R such that y=F(S.), i.e.,
w=F(S,, Si,..., S), where S; are prices of an asset. Then the option with this payoff is a
derivative of this asset. European put and call options are derivatives of the underlying
stocks (since the payoff does not include p,).

Another important class of options is the class of so-called American options.

Definition 3.43 Let Fi(-):R**?>—R be a given set of functions, k=0, 1, ..., T. An
American option is a contract when the option holder can exercise the option at any time

ref{0l,..., T}by his/her choice. In that case, he/she obtains the amount of money
equal to F(S,, ..., S, po, ..., po) (or obtains some benefits with this market price).

For instance, an American put option gives the right (not the obligation) to sell one
unit of the underlying asset for a fixed price K (to the issuer of the option); the market
value of the payoff is (K—S,)". Similarly, an American call option gives the right (not the
obligation) to sell a unit of the underlying asset (see the detailed discussion in Chapter 6).
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Similarly to the case of European options, an American option is said to be a
derivative of the underlying assets, if the payoff depends on these assets only. For
instance, American put and call options are derivatives of the underlying stock (since the
payoft does not include p,).

In addition to the classical American and European put and call options, there are
many different types of options that cover different demands of the financial market (we
can mention barrier options, lookback options, Bermudian, Israeli, Russian, Parisian,
etc.). Most of them can still be classified as either European or American options.
However, there are some exceptions: for instance, the Israeli option allows early exercise
for the issuer as well as for the holder. Technically, it is not an American option."

Problem 3.44 Let F,(-)R” 'SR be a given set of functions, =0, 1,..., 7. Consider the
following option. The option holder can choose to ‘exercise’ it at any time

T € {0, 1,.... T})-This exercise time is recorded, but the actual payoff is delayed up to
time 7. At this time 7, the option holder obtains the amount of money equal to F,(S,,

S1,..., S7) (or obtains some benefits with this market price). Does this option belong to
any of the classes described here (i.e., European, American, Israeli, Asian, or Irish
options)?

(See also Problem 3.70.)
Problem 3.45 Let Fg,,(-):RT”—»R be a given set of functions, where s, 1= 0, 1,..., T,
s<t. Consider the following option. The option holder can choose to ‘exercise’ it at any

time T & 0. 1,..., T}'Moreover, he/she can choose to ‘exercise’ it for a second time

at any time elfr,t+1,....1 }-Any exercise times are recorded, but the actual
payoff is delayed up to time 7. At this time 7, the option holder obtains the amount of
money equal to F4(So, Sy, ..., S7) (or obtains some benefits with this market price). Does
this option belong to any of the classes described above?

Remark 3.46 Note that the options described in Problems 3.44 and 3.45 may have

economical sense. For instance, take F:(S0.51....,87) = Z,erja — K), and
consider an electricity market, where S; is the price of an electricity unit at time ¢. The
corresponding option from Problem 3.44 gives the right to enter at any time t a contract
for buying an electricity unit every time ¢=rt, 1+1,..., T for a fixed price K; once started,
the contract will continue up to time 7 without a possibility of early exit. A modification
of this option with a possibility of early exit can be represented as a special case of the
option from Problem 3.45.

1 The author of this book suggested recently one more modification of the American option: the
holder of this option can exercise it at any time by his/her choice; in addition, the holder can retract
later the decision to exercise. (The author called it the Irish option, because this research was
conducted at the University of Limerick, Ireland.)

The following problem requires some creativity.

Problem 3.47 Invent a new option that does not belong to any of the classes
mentioned here. Preferably, suggest an option that has some economical sense. If
possible, suggest a pricing method using the approach described below for European and
American options.
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Fair price of an option

The key role in mathematical finance belongs to a concept of the ‘fair price’ of options.

The following definition is a discrete time analogue of the definition introduced by
Black and Scholes (1973) for a continuous time market.

Definition 3.48 The fair price of an option of any type (i.e., European, American, etc.)
is the minimal initial wealth such that this wealth can be raised to a wealth such that
allows to fulfil the option obligation for any market situation with some admissible
Strategies.

Let us assume that a probabilistic concept is accepted. This means that the stock price
evolves as a random discrete time process, and a probabilistic measure is fixed.

We now rewrite Definition 3.48 more formally for European options.

Definition 3.49 The fair price of the European option with payoff v is the minimal
initial wealth X, such that there exists an admissible self-financing strategy {(B, v,)} such
that

Xr>y a.s.

for the corresponding wealth.
For a complete market, Definition 3.49 leads to replication.
Theorem 3.50 Let a market be complete. Then the fair price cr of the option from

Definition 3.49 is
-1

r
cr = E. l_l O .

r=1

and it is the initial wealth X, such that there exists an admissible self-financing strategy
such that

Xr>y as.

for the corresponding wealth.
Proof.- From the completeness of the market, it follows that the replicating strategy
exists and the corresponding initial wealth is equal to p " E.y. Let us show that it is the

. . r - e e ]
fair  price. Let _f"E'" << Crbe  another initial wealth, then E.X ; —

- | -
P T ¢
Xy = e =E. (I_[.-H; -""'f) w for the corresponding discounted wealth X "Hence it

cannot be true that ]_I,:r__| X ;: = ras.

Remark 3.51 Similarly to Propositions 5.44 and 5.45 below, it can be shown that the
fair price introduced above is the only price that does not allow arbitrage opportunities
either for the buyer or for the seller of an option.

Corollary 3.52 Consider the Cox-Ross-Rubinstein model such that & € {dy.dz},
p=p. Let w=F(Sy) be the payoff, where F(*) is a given function. Then the fair price of the
option is
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T
Cr = p"TEgF{ST} — p--T EFRF{JJT-SU“ 4 ﬁr| }-ﬂ'.{l _|_n|-3}.'|"...,’l-],

b=l

where

pr = Chph(l = py' =+,

and where f? = P& = d)is such that B.£=0, i.e., pd,+(1—p)d>,=0

Proof. We have that S;=p” So(1+d,)"(1+d,)" ", where v=v(w) is the (random) number
of the values d, in the set of the values of &, t=1,..., T. Clearly, v has binomial law under
P-.

Problem 3.53 Consider the Cox-Ross-Rubinstein model such that &=+e¢, B= B, ,,
So=1, e=1/4, T=1. Find the fair price of the option with payoff y=max(S—1, 0).

Solution. We have

cr=3F(So(1+3)+3F(So(1-3) =3 5+30=3

Problem 3.54 Consider the Cox-Ross-Rubinstein model such that &=+¢, B,=1.1B,,
So=1, e=1/4, T=2. Find the fair price of the option with payoff F(Si,..., Sp)=max(Sr—1,
0).

Solution. We have

=11 ¥ (150 ) (h)

HF (L3S (1-1) (1+4]) + %F(I-”nﬂh[l—%)[l—%))]

=I.1‘3-£F(I.12-§-§)+ F(1025-3)+5F (117 1)]

b —
-:--|_-

=117 tmax (1.21- 2 = 1,0)+ S max (1.21- £ - 1,0)

-I-_];rmax{l,zl-%—l,ﬁ]l}

=1.17%[0.22340.0674+0]=0.24.

For incomplete markets, Definition 3.49 leads to super-replication. That is not always

meaningful. Therefore, there is another popular approach for incomplete markets.
Definition 3.55 (mean-variance hedging). The fair price of the option is the initial

wealth X, such that E|X;—y|* is minimal over all admissible self-financing strategies.
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In many cases, this definition leads to the option price calculated as the expectation
under a risk-neutral equivalent measure which needs to be chosen by some optimal way,
since a risk-neutral equivalent measure is not unique for an incomplete market.

3.11 Increasing frequency and continuous time limit

In reality, prices may change and be measured very frequently. For instance, prices can
be given for every five minutes. Therefore, it is reasonable to consider the case when
T—+o and {—0 (in certain senses). A large number of trading operations per day and
per hour leads to a limit model where prices and portfolio are continuous time processes.
(In fact, it is a model where a trader can adjust the portfolio with increasingly high
frequency.) Therefore, the corresponding continuous time market model for this limit can
be useful.

Let P(#) be a continuous time process that describes a stock price, £ [{), T], and let

P(r) = e "' P(f) be the corresponding discounted price. Here 7>0 is the bank interest
rate, >0 is given terminal time.

Let us assume first that £°({}is a continuous non-constant function, such that the
derivative ¢ P{#)/dt is bounded.

Let t=0, t,.1=kA, k=0,..., T, where A 2 o/, T = 1,2,....Note that ¢,=t.
Consider discrete time discounted prices §p = P{1;). f=pr = &

Consider the discrete time market model with discounted stock prices {5 }and with
the self-financing strategy defined by the stock portfolio {y;!, where y,=g(%;), and where

g(t) = M{dPide)(t), M = 0.Let Xy be the corresponding discounted wealth. We
have that
; . 3
dP
Xr = X(0) + Z}f‘x{& 1 =5 = X +f (F}E(f}ﬂ’f

r=0

as A=max; |t,.1—t]—0, i.e.,
.

Xr - Xo+ —{r dt.

et

Hence
Xy — 400 as M — o0, A=max|fp — ] — O
k

It follows that a market model with differentiable P (1) is non-realistic.

Let us consider a different model such that S'Iq-.,.] = .5.';,-{ 1 + &g+ ), where
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"
b1 = 5 — |
TS

I

obeys the so-called square root law:>
Var &~T",

ie.,
Pltgs)

Var &, = Var o)

- 1| ~ const. |t — ]

Therefore,
12 —
£ o~ const.T 12~ const. Vi — -1,

ie.,
.ﬁ{.i".g T+ = j’[f;] = COnst. f‘{.r& Wi = &

This property of P(#)matches the one for the so-called diffusion (Ito) processes that are
non-differentiable (they are studied below). To describe these processes, we need Ito
calculus (or stochastic calculus). In fact, the diffusion market model (based on Ito
calculus) is the ultimate continuous time model.

2 It was Bachelier (1900) who first discovered that the square root law is a law for evolution of
stock prices. In fact, Bachelier’s model can be approximated to the discrete time market such that
Si1=St¢4, =1, 2,..., 1.e.,, when S,=&+& +...+¢&,. (See also comment in Section 5.9.)

Theorem 3.56 Consider the Cox-Ross-Rubinstein market model with T—+o, and
d1:_8, d2:8, 8:5T_]/2.

Then the sequence 8] = 15 .f”ﬁ_g is such that SJ converges under Px in distribution
to the log-normal random variable Sye", where n~N(—6°/2, &°). (More precisely,

P.(Sr € D) — P(Sye" € D) any interval P  R.)
Proof. We have that
;
Sy = S HU + &)= So(1 +&)'(1 — &)™,

r=|

where v is the (random) number of positive values +¢ in the set of all values of &, ¢=1,...,
T, and where v_=T—v. Hence

InSr =InSy+vin(l +&)+v_In(l — &).
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We have that
In(1+e)=e—*2+0(&’), In(1-e)=—e—*2+0(&).

Here O(&’) is a function such that 0(*)/&’ is bounded as e—0.
Remember that v+v_=T. Hence
vIn(1+e)+v_ In(1—e)=ve—v_e—T*2+T-O(E).
Here O(€’) is a random variable such that O(e*)/e” is bounded uniformly in ¢ € £2.Let

A V=

oy =
JT

We have that
lnf-,r- —InSy=ve—v_g— Teli24 TO{ESJ =y VTe—TeX2+T. G{EJ‘}

2

d 3 , "
=ar VT —= =T —=+T-0(T ) =a;d - 182+ O(T™"?).
vI 2T “

Clearly, Px(‘?; =—£)= Pa(Er = +£)= %,and v has binomial law under P:. We
have that v—v_=2v—T, and

Wy = ————. Wwhere p=1/2,

By the de Moivre-Laplace theorem, we have that a7 converges under P in distribution to

a Gaussian random variable N(0, 1), i.e., P,{wy € D) — P(¢ € D) for any interval
1 C R.yhere (=N, 1). Hence w78 — %32 converges in distribution under P« to

n L 8¢ — 8212 ~ N(—8%72,87) where n~N(~6/2,8%). Then the proof follows.
Corollary 3.57 Let >0 and p=p(T) be such that p'—e™ as T—+w. Under the
assumptions of Theorem 3.56 and Corollary 3.52,
p—"E+F(Sy)—e—""EF(c"Spe") as T—+w,

where
0

¢ TR See") — ¢ " — ,
(e Se’) N

o~ . 0’2 h
e tF (Sn exp |:rr - = -:n.':| | chx.
A

For the case of call and put options, the limit in the last corollary gives the so-called
Black—Scholes price that will be discussed below.
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3.12 Optimal portfolio selection

In addition to the pricing problem, let us discuss briefly the problem of optimal portfolio
selection. Consider the following portfolio selection problem:

Maximize ELJ{ Y ) over self-financing admissible strategies.

Here T'is the terminal time “%fis the discounted wealth at time =0,1,...,T,and U(*) is a
given utility function that describes risk preferences.
Let 7=1, then the problem can be rewritten as

Maximize EU(Xp + wSeE)) over e R, (3.13)

A solution y, of problem (3.13) can be found given the probability distribution of & and
given U.

Let U be a strictly convex function, then it can be shown that if Var &>0 then
EU(Xy+y0S¢&1)—+0 as |yg|—+oo. Clearly, it is meaningless to estimate the performance
of a strategy using this U, since this performance criterion leads to the strategies with
infinitely large values of |yy| which make no sense from a practical point of view.
Therefore, the optimality criteria with strictly convex U are not practical. The most
popular utility functions U are concave, for instance U(x)=In x and U(x)=6'x’, where
0<1 and 6#0. Another important example of a concave utility function is U(x)=kx—pux’,
where k>0 and x>0 are some constants. Note that non-concave functions U are also used:

for instance, if U(x) = Ljx=k}s then EUV(X(T)) = P(X(T) = K). The optimal
strategy for this utility function maximizes the probability that the goal value K is
achieved for the discounted wealth (i.e., it solves a goal-achieving problem).

Problem 3.58 (mean-variance optimization). Assume that U(x)=kx—ux’, where k>0
and x>0 are some constants. Find optimal y, explicitly given E¢, and Var &;.

To solve this problem, it suffices to represent the expected utility as EU{)_I:' 1=

.
=¥y + €170 + €2, where ¢; € R are constants, and ¢y>0.

The solution to Problem 3.58 represents the special single-stock case of the celebrated
Markowitz optimal portfolio in mean-variance setting (Markowitz 1959) which is widely
used in practice for multi-stock markets. With some standard techniques from quadratic
optimization, its solution can be used for practically interesting problems with constraints
such as EX;—max, VarX;<const., or VarX;—min, EX;>const.

Remark 3.59 The solution of the optimal investment problem for a discrete time
market with 7>1 is much more difficult. For instance, Markovitz’s results for quadratic U
were extended for the case of 7>1 only recently (Li and Ng, 2000).
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3.13 Possible generalizations

The discrete time market model allows some other variants, some of which are described
below.

* One can consider an additive model for the stock price, when S§,=Sy+&,+ ... +¢&. This
approach leads to the very similar theory. Increasing frequency leads to a normal
distribution of prices and allows S,<0.

* One can consider a multi-stock market model with N stocks S;, i=1,..., N, N>1, when
v,={y:} are vectors of dimension N, and when the wealth is X,=f,B,+Z;,S;.. The model
with N>1 has different properties compared with the case of N=1. For instance, as far
as we know, there are no examples of complete discrete time markets with N>1. Some
special effects can be found for N—+oo (such as strategies that converge to arbitrage).
Note also that the most widely used results in practice for optimal portfolio selection
are obtained for the case of single-period multi-stock markets, i.e., with 7=1 and N>1
(Markowitz mean-variance setting).

* Transaction costs (brokerage fees), bid-ask gap, gap between lending and borrowing
rate, taxes, and dividends, can be included in the condition of self-investment.

* Additional constraint can be imposed on the admissible strategies (for instance, we can
consider only strategies without short positions, i.e., with y,>0).

* In fact, we addressed only the so-called ‘small investor’ setting, when the stock prices
are not affected by any strategy. For a model that takes into account the impact of a
large investor’s behaviour, (p,, S,) is affected by {yi}i<m.

3.14 Conclusions

* A discrete time market model is the most generic one, and it covers any market with
time series of prices. Strategies developed for this model can be implemented directly.
The discrete time model does not require the theory of stochastic integrals.

* Unfortunately, discrete time models are difficult for theoretical investigations, and their
role in mathematical finance is limited. A discrete time market model is complete only
for the very special case of a two-point distribution (for the Cox-Ross-Rubinstein
model and for a model from Remark 3.39). Therefore, pricing is difficult for the
general case. Some useful theorems from continuous time setting are not valid for the
general discrete time model. Many problems are still unsolved for discrete time market
models (including pricing problems and optimal portfolio selection problems).
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* The complete Cox-Ross-Rubinstein model of a discrete time market is the main tool in
computational finance, since it leads to the so-called method of binomial trees for
calculation of option prices. However, this model is restrictive because of a fixed norm
of change of price for every step. Formally, the negative impact of this can be reduced
by increasing the frequency, i.e., increasing the number of periods and decreasing the
size of |&|. Obviously, this leads to numerical difficulties for the large number of
periods.

* Continuous time limit models allow a bigger choice of complete markets and provide
more possibilities for theoretical investigations.

3.15 Problems

Discrete time market: self-financing strategies

Problem 3.60 Consider a discrete time market model with free borrowing. Let the stock
prices be Sp=1, S;=1.3, S,=1.1. Let a self-financing strategy be such that the number of
stock shares is yo=1, y;=1.2, ,=1000. Let the initial wealth be X,=1. Find wealth X;, X,
and the quantity of cash in a bank account g, =0, 1, 2, 3.

Problem 3.61 Consider a discrete time bond-stock market model. Let the stock prices
be Sp=1, S;=1.3, S,=1.1. Let the bond prices be By=1, B;=1.1B,, B,=1.05B,. Let a self-
financing strategy be such that the number of stock shares is yo=1, y;=1.2. Let the initial
wealth be X,=1. Find the wealth X;, X, and the quantity of bonds g, =0, 1, 2.

Problem 3.62 Consider a discrete time bond—stock market with prices from Problem
3.61. Let the initial wealth be X,=1. Let a self-financing strategy be such that the number
of stock shares at the initial time be yy=1/2. Find y,, X}, X, 5, i=0, 1, 2 for the constantly
rebalanced portfolio.

Solve Problems 3.11 and 3.12.

Problem 3.63 (Make your own model). Introduce a reasonable version of the discrete
time market model that takes into account transaction costs (a brokerage fee), and derive
the equation for the wealth evolution for self-financing strategy here. (Hint: transaction
costs may be per transaction, or may be proportional to the size of transaction or may be
of a mixed type.)

Discrete time market: arbitrage and completeness

Solve Problem 3.29.

Problem 3.64 Prove that an equivalent risk-neutral probability measure does not exist
for Problem 3.29.

Problem 3.65 Let a market model be such that p,=p, where p is non-random and

given, {&) are independent, and let there exist (a,b,c) € R? such that P&,

{a.b,c})y = | for all 7. Explain in which cases the market is arbitrage-free, allows
arbitrage, complete or incomplete:
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(1) p=1, a=b=0.1, c=-0.05,
Pig ela,ch=1LPE=a)e(0,1);
(i) p=1.1, a=b=0.15, ¢c=—0.05,
Pig ela,ch=1P& =a)e(0,1);
(ii1) p=1.1, a=b=0.15, c=1.1,
P& ela,ch=1LP& =a)e(0,1)
(iv) p=1.1, a=b=0, c=-0.05,
P& e la,cl) =1, P(§ =a) £ (0, 1)
(v) p=1.1, a=0.05, b=0.1, ¢c=-0.05,
P(C=a)>0, P(C=b)>0, P(=c)>0;
(vi) p=1.1, a=—0.05, b=0.15, ¢=—0.05,
P=a)>0, P(=b)>0, P(&=c)>O0.
Problem 3.66 Let a market model be such that p,=p, where p is non-random and given,
/&) are independent, and let there exist (@, b, €) € R? such that P(n; € la, b,¢}) = 1

lﬁ' [ . . . . .
for all ¢, where 1y = 8;.51/8;. Explain in which cases the market is arbitrage-free, allows
arbitrage, complete or incomplete:

(i) p=1, a=b=1.1, ¢=0.95,

P(n, € la,c]) = 1,P(n, =a) € (0, 1)
(i) p=1.1, a=b=1.15, ¢=0.95,

Pim efla.cll=1LPn =a)e (0, 1)
(iii) p=1.1, a=b=1.15, c=1.1,

P(y e la,ch=1,Pnp, =a)e (0,1
(iv) p=1.1, a=b=1, ¢=0.95,

Pl ela,ceh=1,Ply=a)e(0,1)
(v) p=1.1, a=1.05, b=1.1, ¢=0.95,

P(n=a)>0, P(,=b)>0, P(n,=c)>0;
i) p=1.1, a=0.95, b=1.15, c=0.95,

P(1,=a)>0, P(n,=b)>0, P(n=c)>0.

Problem 3.67 Let @, b € R be given such that a<bh, P{8/5-| € {a,b}) = 1,
P(S/S,-1=a)>0, and P(S/S,=b)>0 for all ¢. In addition, let B,= 1.07-B,-; for all ¢£. Find
conditions on a and b such that the market is arbitrage-free.
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Option price for the Cox-Ross-Rubinstein model

Problem 3.68 Consider the Cox-Ross-Rubinstein model such that 5} = 5}_]{] +
£). & = Le.Let B=B,, So=1, F(5.)=max(Sr—1.1, 0), e=1/5, T=1. Find the fair price
of the option.

Problem 3.69 Consider the Cox-Ross-Rubinstein model such that 5’, = 5‘,_ (14

£), & = £l/d.Let B=1.1 B, , So=1, F(S.)=max(S7—1.2, 0), 7=2. Find the fair price of
the option.

Challenging problem

Problem 3.70 Consider the option described in Problem 3.44. Prove that there exists an
American option (Definition 3.43) such that its fair price is equal to the fair price of the
option from Problem 3.44.



4
Basics of Ito calculus and stochastic
analysis

This chapter introduces the stochastic integral, stochastic differential equations, and core
results of Ito calculus.

4.1 Wiener process (Brownian motion)

Let >0 be given,! € [0, 7].
Definition 4.1 We say that a continuous time random process w(t) is a (one-
dimensional) Wiener process (or Brownian motion) if

(1) w(0)=0;
(ii) w(t) is Gaussian with Ew(t)=0, Ew(1)*=t, i.e., w(?) is distributed as N(0, 1);
(iii) w(t+t)—w(t) does not depend on {w(s), s<t} for all 0, t>0.

Theorem 4.2 (N. Wiener). There exists a probability space (2, F, lT-'such that there
exists a pathwise continuous process with these properties.

This is why we call it the Wiener process. The corresponding set ©2 in Wiener’s proof
of this theorem is the set C(0, 7). Remember that C(0, 7)) denotes the set of all continuous
functions f:[0, T]—R.

&

Corollary 4.3 Let Ar>0, &W(1) = w{t + &) = Wt tpen var Aw=Ar.

Corollary 4.4

o
Awl(n)y© 1
E O\ _ 1
At At

This can be interpreted as

Awl(t ]
wit) —~— gy Ay — 0
Af VAL

This means that a Wiener process cannot have pathwise differentiable trajectories. Its
trajectories are very irregular (but they are still continuous a.s.).
Let us list some basic properties of w(z):
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* sample paths maintain continuity;

* paths are non-differentiable;

* paths are not absolutely continuous, and any path of the process (¢, w(?)) is a fractal line
in R?, or a very irregular set.

Definition 4.5 We say that a continuous time process w(t) = (wi(t),..., wu(t)): [0,
+0)xQ—R" is a (standard) n-dimensional Wiener process if

(i) wi(t) is a (one-dimensional) Wiener process for any i=1,..., n;
(ii) the processes {w;(t)} are mutually independent.

Remark 4.6 Let 4 = {[’j'”-]- c R""% be a matrix such that Z; ﬂﬁ = |. Then the

process Wwi{) = Awi(t) is also said to be a Wiener process (but not a standard Wiener
process, since it has correlated components).

We shall omit the word ‘standard’ below; all Wiener processes in this book are
assumed to be standard.

For simplicity, one can assume for the first reading that n=1, and all
processes used in this chapter are one-dimensional. After that, one can
read this chapter again taking into account the general case.

Proposition 4.7 A Wiener process is a Markov process.

Proof. We consider an n-dimensional Wiener process w(z). Let ;" be the filtration
generated by w(z). We have that w(r+1)=w(t+1)—w(?)+w(z). Further, let times {#;} and s

be such that #>s, i=1,..., k. Clearly, w(s) is F. - measurable and does not depend on
[wi#)— “'(-‘-’)lf— 1- For any bounded measurable function F “R™ SR, we have that
FLF (e ), wita), S| .F:‘I
= E[F (wit;) — wis), wir:) —wis). . wlrg) — wis), wisN ]| 7))
= Fa(w(s))

for some measurable functions F:-R”—R and F,-R"—R. It follows that w(s) is a Markov
process.

Proposition 4.8 Let Fi be a filtration such that an n-dimensional Wiener process w(t)
is adapted to Froand w(t+1)—w(t) does not depend on Ft-Then w(t) is a martingale with

respect to Fi.
Proof. We have that w(t+t)=w(t+1)—w(?)+w(?). Hence

Elw(r+ 1) F)=Elw(t +t)—wl(t) | F} + win

= E(w(t + 1) — wlf)) + w(1) = wir),

since w(t+1)—w(?) does not depend on vt Therefore, the martingale property holds.
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Corollary 4.9 A Wiener process w(t) is a martingale. (In other words, if Fis the

filtration generated by w(t), then w(t) is a martingale with respect to F )
Up to the end of this chapter, we assume that we are given an n-dimensional Wiener

process w(t) and the filtration F such as described in Proposition 4.8. One may assume
that this filtration is generated by the process (w(?), #(t)), where 5(S) is a process

independent from w(-). We assume also that ¢ € [0, T'], where 7>0 is given deterministic
terminal time.

4.2 Stochastic integral (Ito integral)

Stochastic integral for step functions

Let w(?) be a one-dimensional Wiener process. Repeat that Flis a filtration such as
described in Proposition 4.8.

. i) . .
Notation: Let L[gg be me set of JFy-adapted functions f{7, w) such that there exists an
integer N>0, a set of times O0=f(<#(<..<ty=7, and a sequence

(G, C Lo, F, P, such that i)=& for t € [t tpgt)s k=0, N — L.

Clearly, all these functions are pathwise step functions.

Problem 4.10 Prove that, in the definition above, & are 4, -measurable.

Definition 4.11 Let f(-) € i':g:- The value
M=1

1) 2D FRwitee) — witg)]

k=0

is said to be the Ito integral of f, or stochastic integral, and it is denoted as

[ findw(ey.ie,
;
ﬁ S(dw(t) = I( ).

Theorem 4.12 Let |, g & ﬁg:_Then

@ Ef) f()dw(r) = 0;
(ii) h(i’,:, F(0)dw(1) ) =Ef, 1/(0))di;
(i) E 'D Sindw( I]Jrﬂ, (thiw(t) =E .I'u Sing(ndte.

Proof'is straightforward and follows from the definitions given above.
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Theorem 4.13 Let | € ,ﬁgz.Then EIJG:._I'U}EIW[I’} | i} = ‘JI;;_.I'F(-T}‘?‘"":-"J-

Cauchy sequences in £

First, let us describe some properties of random variables from £:($2. F. P).

Definition 4.14 Let & € L£2(2,F, P),and let {£.} < L:(52, F,P)be a sequence
such that E|&—E*—0. Then we say that this sequence converges to & in L2, F, ) (or
&—C as k—+ooin LH(82, F,P)or &=lim & in Ly(82, F, P)).

Remember that L5(§2, F, P)is the set of classes of P-equivalent random variables
from £2(€2, F, P).'

Definition 4.15 Lez (&) € L2(82, F. P)be a sequence such that, for any €>0, there
exists N>0 such that E|¢’k—§m|2<sfor all k and m such that k>N, m>N. Then we call this

sequence a Cauchy sequence in L2(2, F,P).
Theorem 4.16

(i) Any Cauchy sequence {}t in L5{S2, F, P) has a unique limit in L{S2, F,P). In
other words, there exists a unique (up to P-equivalency) element & & £:(€2, F,P)
such that &—< in Ls( Q. F, P).

(ii) Letf£ & £5(9, F,P)and let{EL} & L£4(S2, F,P)be asequence. If §—¢ in
L:(2, F, P), then E&—EE and E|&|*—E|&.

(iii) Let£ .y € L2092, F, P),and let{§;} © La(2,F,P), [} © L2092, F.P)be
some sequences. If §—¢ and n—n in L( Q. F P), then E&a—ESy,.

Ito integral for general functions

Notation: We denote by L33 the set of all random processes that can be approximated by

o . S .
processes from ‘EZE in the following sense: for any f € Lg3~there exists a sequence

LRSS € L9, such that E fif 1£(0) — fi(0)Pdt — 0 ask — +0c.as k—+oo

1 We do not need to refer to the definition of Banach and Hilbert spaces and their properties that
are usually studied in functional analysis or function spaces courses. However, it may be useful to

note that #2(£2..F. Flis a Banach space and a Hilbert space with the norm ||¢ ||=(E|& |92

Note that all processes from L12 are adapted to the filtration JF; (more precisely,if
f € L2, then f{1) is JF;-measurable for a.e. (almost every) 7.2

Theorem 4.17 Let /' € L322, and let {fn{j};:r - ‘L‘gl be such that K JI'”I [ f{r) =
ijl;t{m:ﬂff —» () as k—+oo. Then {I{ )12 is a Cauchy sequence in [5(52, F, P),where
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. AT .
I fe) = [y Jel0)dw(it). This sequence converges in Lz($2. F.P).and its limit depends
only on f and does not depend on the choice of the approximating sequence (in the sense
that all possible modifications of the limit are P-equivalent).

Definition 4.18 The limit of I(f;) in L1(S2, F, P)_from the theorem above is said to be
the Ito integral (stochastic integral)

7
f Findwir).
i
Theorem 4.19 Let [, 2 € Laa. Then

@ E [ f(ndwir) = 0;
@ E( [ fdwn) =E [ 1f@0Pd
@i) g [T f(ndwie) ] g(tydwie) = E [ fit)g(t)dr.

Proof follows from the properties for approximating functions from f:gz.
Theorem 4.20 Let f,2 € L32. Then

(i) E["ﬁ]?_j"(!}ﬁ’h'{!} ‘ f-_l—} = [o f(O)dw(t):
(ii) EI ST Fydwn) | SE-] =0

, T
LI[ f{f]dht{f}[ g{r‘}dn*(r}‘j—}l
0 {

}

£ % T
(iii) =_£ f{r}dw{:}ﬁ .s:{r}du'{#}+ﬂ‘|f _f'{rls:{r}-re’:‘iﬁl.

. . . . . 0
Proof follows again from the properties for approximating functions from £35.
Definition 4.21 A modification of a process &(t, w) is any process &'(t, w) such that

E=(t, w)=E (1, w) for a.e. t, o.
2 In fact, processes £ € L2 are measurable as mappings &[0, T]xP—R with respect to the

completion of the g-algebra generated by all mappings &):[0, T]xP—R such that &y = ﬁg 3

T
Theorem 4.22 Let T>0 be fixed, and let | € £33.Then the process Jr.nf (s)dw(s)is

pathwise continuous in { € [0, T (more precisely, there exists a modification of the

| -
process fn,f (#)dw(s) that is continuous in t € [0, T]a.s. (i.e., with probability 1, or for
a.e. (almost every) o).
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Note that

(1) a stochastic integral is defined up to P-equivalency;
(ii) it is not defined pathwise, i.e., we cannot construct it as a function of 7 for a fixed w).

Ito integral for a random time interval

Let Frbe the filtration generated by the Wiener process w(?), and let f €L Lettbea

Markov time with respect to F;, T € [0}, T']. Then Iji=r) S(2) € L22. 1n that case, we
can define the Ito integral for a random time interval [0, t] as

T T
[jhﬂﬂﬂéf Tjrer) f(OAW(D).
i) }]
It follows that

Ef}ﬂwﬂﬂzﬂ
0

In particular, it can be shown that w(T) = w(0) + [, dw(1). hence Ew(t)=0. Note
that it holds for Markov times Tt and may not hold for arbitrary random time t. For

instance, if time 7 is such that w{7) = maxse0,7) wis), then 1 is not a Markov time and
Ew(1)>0.
In addition,

- ]
hlf f{f:lif"‘-"“}‘:ﬁ} = f f(dwir).
0 0

Vector case

Let w(?) be an n-dimensional Wiener process, and let F; be a filtration such as described
in Proposition 4.8. Let f=(f;...., £,):[0,7]*Q—R" be a (vector row) process such that

fi € L2 for all i. Then we can define the Ito integral

. .
fjw@mmnézl[ﬁmmmmm
0 1 0

The right-hand part is well defined by the previous definitions.

Ito processes

Definition 4.23 Let w(t) be an n-dimensional Wiener process, & € L1, @ €

L2(2, Fo. P). Let a random process f=(B,, ..., B,) take values in R™", and let B € L322
foralli. Let
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! I
Wty=a+ f a(r)dr 4 f B dw(r).
0 0

Then the process y(t) is said to be an Ito process. The expression

dy()=a()dt+pt)dw(1)

is said to be the stochastic differential (or Ito differential) of y(t). The process a(t) is said
to be the drift coefficient, and B(t) is said to be the diffusion coefficient.
Theorem 4.24 An Ito process

Wiy=a+ f a(r)dr + f B(r)dw(r)
0 [1]

is a martingale with respect to Fi if and only if a(t)=0 up to equivalency.
Proof. By Theorem 4.20, it follows that if =0 then y is a martingale. Proof of the
opposite statement needs some analysis.

4.3 Ito formula

One-dimensional case

Let us assume first that @, i € L322 are one-dimensional processes, and w(z) is a one-
dimensional process

1) = p(s) + f e(r)dr + f B(r)dw(r),

v

i.e., y(?) is an Ito process, and

dy()=a()dt+pt)dw(1).

Let V(:, -):R%[0, T]—R be a continuous function such that its derivatives ¥y . ¥}, V], are

continuous (and such that some additional conditions on their growth are satisfied).
Theorem 4.25 (Ito formula, or Ito lemma). The process V(y(t), t) is also an Ito
process, and its stochastic differential is
]

. dV aF 1 ¥
dy VU'{'.}"”_;{3:'”’"}“;F':"EU’U],HH{F{I}—I—:. :

A
dx=

(¥ (L OB L. 4.1)
Note that the last equation can be rewritten as

y ay
deV 1 (0. 1) = [%U-‘LI}. )+ ALY .t J] di + %—(;Lf ), (AWl
i ) !

where A( ) is the differential operator
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Altvix) = — (A Jee(r) -

Remark 4.26 In fact, the formula for the drift and diffusion coefficients of the process
V(y(1), t) was first obtained by A.N.Kolmogorov as long ago as 1931° for the special case
when y(?) is a Markov (diffusion) process. It gives (4.1) for this case (see Shiryaev
(1999), p. 263, where it was outlined that it would be natural to call it the Kolmogorov-
Ito formula).

Proof of Theorem 4.25 is based on the Taylor series and the estimate

Ay =yt + Al — ¥ (1) ~ al)AL + B(HAW,
where (Aw)*~At.
Example 4.27 Let y(t)=w()%, then dy(t)=2w(t)dw(t)+dL.
Let ¢, B € L2z,
dyi()=oy(t)dt+f()dw(t) i=1, 2.

Theorem 4.28 Lezt V{t) = yiltwva(6), then
dy(t)=y1(t)dy»(t) +y2(t)dy () +P1 () Ba(1)dt.

3 Mathematische Annalen 104 (1931), 415-458.

The vector case

Let us assume first that w(?) is an n-dimensional Wiener process. Let random processes
a=(ay, ..., a,) and f={B;} take values in R” and R"™" respectively, and let @; & L27and

bi; € La2for all i, J. Let y(?) be an m-dimensional Ito process, and

dy()=a(t)dt+p(t)dw(t),
ie.,

dy(t) = a(t)de + ) Blt)dwi(2).

i=1

Here p; are the columns of the matrix . (It is an equation for a vector process that has not
been formally introduced before; we simply require that the corresponding equation holds
for any component). Let V(-, -):R"x[0, T]—R be a continuous function such that the

. . ! i’
derivatives ¥, V.. V. v are continuous (and such that some additional conditions on their

mxm

growth are satisfied). Note that jKJttakes values in R”, and Ve xrtakes values in R
Theorem 4.29 (Ito formula for the vector case). T. he process V(y(t), t) is also an Ito
process, and its stochastic differential is
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de Vv, 1) = d.I—PU'{f], elt + i{_!’{?’},”f{l’{”
it iy

L)

+ 2 > ﬁm"HzV{' (). )it
- "l —( ¥ R ; .
2 & ax2

Note that the last equation can be rewritten as

) i
dp Fiple), 1) =

¥ i
Y (i) 0} A{r}i-’f_v(r}.r]:| dt 4 - (vt ). )8 awile],
oy

where A({) is the differential operator
L

Ao = L + 13 B0 w0
AlMx) = dx 2 — P e pild).
In addition, it can be useful to note that

m ) az 1% N azy
Db Sahi= e[ 487 = |

where Tr denotes the trace of a matrix (i.e., the summa of all eigenvalues).
Problem 4.30 Prove that Theorem 4.28 follows from Theorem 4.29.

4.4 Stochastic differential equations (Ito equations)

4.4.1 Definitions

Let f(x, t, @):R"%[0, T|xQ—R" and b(x, t, ):R" %[0, TxQ—R™" be some functions.

Let the processes f(x, ¢, @) and b(x ¢, w) be adapted to the filtration -‘c}for all x.
Definition 4.31 Let a=(a,, ..., a,) be a random vector with values in R™ such that

ai € L2082, Fo.P)Let an m-dimensional process y(t)=y\(1), ..., ym(t) be such that
¥i € L22and

! !
yvt)=a+ f Fiv(r), r,w)dr + f Bly(r), r,a)dwir)
1] I

We say that the process y(t), t € I, T, is a solution of the stochastic differential
equation (Ito equation)

dv(t)y = f(e(2), 1, w)dt + by(r). t, w)dw(r). 4.2)
w0 =a.
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Let £22(5, T') be the set of functions f[s, T]*Q—R defined similarly to L33,
Definition 4.32 Let 5 < [(), T'|,and let a=(a,, ..., a,) be a random vector with values
in R" such that gy & L£a(81, Fe, P).Let an m-dimensional process y(t)=y\(1), ..., yu(t)
be such that y; € Laa(s, T)and
)

i
¥ =a+ f S (), row)dr + f b(y(r). v, a)dw(r) Vi (4.3)

¥

We say that the process y(t),t € |x,T|, is a solution of the stochastic differential
equation (Ito equation)

{ﬂfl-'(r} = f(w(r) 2, )de + bl(r), 1, e)dw(r), 4.3)

M) =a.

Problem 4.33 Does it make a difference if one requires that (4.3) holds a.s. for all ¢
(instead of ‘for all ¢ a.s.”)?

Example 4.34 The following result is immediate. Let @, 8 € L2, @ €
L2582, F.. P).The equation

l{{t-‘{f ) = a()dt + B(Odw(n), 4.5)

visy=a

has a solution

wWiy=a+ frcr{r]dr + fll Bilrydw(r), trels.T]

Remark 4.35 For the case when f{x, 1):R"x[0, T]—R" and b(x, t):R"x [0, T]—-R"™" are
non-random, the solution y(#) of equation (4.2) is a Markov process. In that case, it is
called a diffusion process.

For the general case of random f'or b, the process y(?) is not a Markov process; in that
case, it is sometimes called a diffision-type process (but not a diffusion process).

In particular, if n=m=1, f{x, t)=ax, b(x t)=ox, then the equation for y(?) is the equation
for the stock price dS(1)=S(t)[adt+odw(t)], which we will discuss below.

4.4.2 The existence and uniqueness theorem

Theorem 4.36 (The existence and uniqueness theorem). Let (random) functions f(x, t,
o):R"%[0, TIxQ—R" b(x, t, ©):R"¥[0, T*Q—R"" be continuous in (x, t) with
probability 1. Further, let the processes f(x, -) and b(x, -) be F¢-adapted for all x, and let
there exist a constant C>0 such that

[f(x, &, @) +]b(x, t, @)|<C(|x|+1),

65 4, @)/, 4, @)|+1bx, 1, )=b(x,, 1, @)|<Cle=xi|
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for all x,x; € R, t € |0,t].as. Let s € [0,T],and let & € L£3(52, F;, P). Then
equation (4.4) has a unique solution ¥ & L, T) (unique up to equivalency).

12
n ‘2}

Here and below | = {Z;:] A denotes the Euclidean norm for x & R™. and

12
I _ L 2
x| = ( inj=1 'rf!') denotes the Frobenius matrix norm for X €

We shall deal mostly with Ito equations with known solutions, when it can be verified
that the Ito equation is satisfied. However, a question arises over whether this solution is
unique. Therefore, for our purposes, it is more important to prove the uniqueness claimed
in the theorem. Let us prove the uniqueness only.

Proof of Theorem 4.36 (uniqueness). Let y;(¢) be two solutions. We have that

yilt) —y2(t) = [ﬂ [FOns)s) — f () s)lds

Ii]’" =

¥
+ [ 18(v1(5). 5) — Blvals), s)]dw(x).
0

Hence
Elvi(t) ()’

#

. .
=E ’ LAl a1 =r 1 nds) s~ f £ (). 5] — Bl Oldwix)
0 0

=2E

y 2
} LAyl =fw {a'}-b':'j"r“"]
L]

b

+2E { jﬁ [A01(),8) = Bvai ) Neb(s)

=2k

¥ | J
j [Fvish o= s |r.i¢]
1]

I
+2 [ Elf(r1(s1.51 = Balo.s)| e
L1

, ,
f rifsi—ya(e)lde
[1]

= 3
2K 1202 L Elyy(s)—yale) ds

14

- -t
EI:'.GTE" [¥102) _L’;_{.ﬁ'}lzn"‘i' | 31'_'.'2] Ely{s) _1’2{.if||:a’.~r.
i 0

We have used here the inequality (a+b)*<2a’+2b%, and the inequality

! I 152
f lg(s)|edy = Vi |: f |g{.&','l|2£f,&':|
0 LI}
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that holds for all square integrable functions g:[0, f/]—R.
Proposition 4.37 (Bellman inequality). Let T>0 and k>0 be given, i=1, 2. Then there

exists C>0 such that 3UPy.c10,7) mir) = Cﬁf?for any function m(*): [0, T|—R such that
i
O=min =k f mis)ds 4+ ka.
0

A

Let miif) = E|z(#)]%.and 2(1)
We have that

yilt)—»valt)
. f
0=<m(ty=20(T + ]}f m(s)ds.
0

By Bellman inequality, it follows that 0<m(2)<0, i.e., m()=0, i.e., y1(t)=)2(?) a.s. for all 7.
This completes the proof of the uniqueness in Theorem 4.36.

Note that the solution of the Ito equation (4.4) is not defined backward (i.e., for t<s);
in other words, the Cauchy condition y(s)=a cannot be imposed at the end of the time
interval. This is different from the case of ordinary differential equations, where the
simple change of time variable from ¢ to — makes forward and backward equations
mutually interchangeable.

4.4.3 Continuous time white noise

Sometimes, especially in engineering literature, the Ito equation appears in the form

ﬂl'-!. vd“‘

dy e ) aw (4.6)
= () = f(0(2), £) + Bly(1), 8) & (1)

ys) = a.

This way is legitimate, provided that integral equation (4.3) is assumed. In that case, we
do not need to give an interpretation for /dw/dt](t). (Remember that the process w(?) is
non-differentiable, and y(?) is also non-differentiable.) Alternatively, the derivative dw/dt
can be defined in a class of so-called generalized random processes (constructed similarly
to the generalized deterministic functions such as the delta function). This generalized
process dw/dt is a continuous time analogue of the discrete time white noise. This
approach is used mainly for the case of linear equations with constant 4 in control system
theory.

4.4.4 Examples of explicit solutions for Ito equations

In Problems 4.38, 4.39, and 4.41 below, we assume that n=m=1.
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Processes with log-normal distributions
Problem 4.38 Let ¢, & R, 1y € R.Show that the equation

dv(r) = av(tdt + op(Ndw(r), 4.7)
W)y =w

has the unique solution
5

¥ =g I.'Hp(-:u — %r + cfu'{:}) , =

Hint 1: For the uniqueness, use the existence and uniqueness Theorem 4.36.

Hint 2: Apply the Ito formula for y(z). For instance, set V(x, #)=¢", &)= In
yotat—(*/2)/t+ow(t). Then the process y()=V(&(t), 1) is such that y(0)=y, The Ito
formula should be used to verify that the stochastic differential equation is satisfied for
the process y(t)=V(&(), ¢).

Problem 4.39 Let a, o € R, vy € L£2(52, F;, P).Show that the equation

In{;-(rj = ay(t)dt + ay()dw(t), (4.8)
Ys) = vs
has the unique solution
o 2
¥ =y uxp({u - ?][: —5)+ a(w(t) — Il’[.‘f}}) ., =

Note that the solutions of equations (4.7) and (4.8) are distributed log-normally
conditionally given y;.

A generalization

Problem 4.40 Let w(t) be an n-dimensional Wiener process, al-) € La2.let

o()=(01(1), ..., 0,(1)) be a process with values in R such that oi(-) € L32.and let some
conditions on the growth for a, o be satisfied (it suffices to assume that they are

bounded). Let Vs € L£2(%2, F5. P). Show that the equation
dv(t) = al(t)()dt 4+ v(t)er (thdw(r), (4.9)
H(s) = Y5

has the unique solution

¥ -t " .
=y, cx;](f alrhdr — al ’ In[r}lzm' + j c{_--]r.l’n:(rj-) . =

o
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Ormtein-Uhlenbek process

Problem 4.41 Let &, 4,7 € R, yv; € £2(£2, F,, P}.Show that the equation

.1!{"'. :|- = ¥

le'{v{r} = (& — y())dt + ordwi), (4.10)

has a unique solution

{ [
Wiy=e "y, + f e Mg dr + f e M Nadw(r), t = s

Hint: use that

I d)
f e~ Mg dw(r) = E-P‘Ij e adw(r).
Z ¥

If >0, then the solution y(z) of (4.10) is said to be an Ornstein-Uhlenbek process. This
process converges (in a certain sense) to a stationary Gaussian process as f—+oo
(continuous time stationary processes; this convergency will be discussed in Chapter 9).

4.5 Diffusion Markov processes and Kolmogorov equations

One-dimensional case

Let (non-random) functions f:Rx[0, 7]—R and 5:Rx[0, T]—R be given. Let y(z) be a
solution of the stochastic differential equation

ﬂf'l-'(f} = I,J"I[-l-'(f}, I}ﬂrf + h{'ﬁ:!], f){fh'{: ]_ f - L' (41 1)

Wa)=a.
We shall denote this solution as y**(¢). As was mentioned above, this process is called a
diffusion process; it is a Markov process.

Let functions W:R—R and ¢:Rx[0, T]—R be such that certain conditions on their

smoothness and growth are satisfied (for instance, it suffices to assume that they are

continuous and bounded).
Let V(x, s) be the solution of a Cauchy problem for the parabolic equation

%I-(-{L::} + As)F(x, 5) = —lx, 5), (4.12)
.
Fix, T) = ¥(x).

Here x £ R, 5 & [(), T,



Basics of Ito Calculus and Stochastic Analysis 63

Alt)v(x) = —(T)f[‘f 1+ ; {T}I'?'{Jt £y

Note that (4.12) is a so-called backward parabolic equation, since the Cauchy condition is
imposed at the end of the time interval.

We assume that the functions f, b, ¥, ¢ are such that this boundary value problem
V¥, [

(4.12) has a unique solution ¥ such that it has continuous derivatives vrand

Theorem 4.42
a1 i
I'l"i._:l-' HILT”‘I'] 9"‘__""x"\-[.r'll‘f}«'ﬁ —_ ;2{1.1 EH‘ [

35 0B, D).

Proof. By the Ito formula,
WTHTY) = Vi s) = V()L T) = V™ (s),9)

LA rav ,
:f F-I'..*U (e, Nl + . E}_FUI'“:'H'H;U"J]‘.deil-’{!}

T

- 3V
=— f #(), dr + f 9—(3-”{!},r:hmr},r}.a’u-r.r_r.
£ K ¥
Then the proof follows.

Vector case

Let w(t) be an n-dimensional Wiener process. Let (non-random) functions f:R"x[0,
T]—R™ and b:R"x[0, T]—R™" be given, & € R™. ILet y®) be a solution of the
stochastic differential equation
dv(t) = f(vit), Ddt + by(r). ydw(t), 1= s,
v(t) = f(vit)t) vl )dw(t) = 8, @13
vis) = a.

We shall denote this solution as y**(z).

Let functions ¥:R"—R and ¢:R"%[0, T]—R be such that certain conditions on their
smoothness and growth are satisfied (it suffices again to assume that they are continuous
and bounded).

Let V(x, s) be the solution of the Cauchy problem for the parabolic equation

ar
—{L:-] + A(s)V(x,5) = —@lx, 5), (4.14)
Vix, T) = W(x).

Here X e RH?I_S = I[}-p TI.
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elv l ~d*v
AlWx) = S0 + 5 )bl 0) =5 (0)bil. ).

Here b; are the columns of the matrix b.

Again, (4.12) is a so-called backward parabolic equation, since the Cauchy condition
is imposed at the end of the time interval.

Theorem 4.43

1
Wy (T)) + [ (VS (0, 0)dt = V(x,s) + f

&

ar
—i ("5 (1), OB 1), Ddwir).
v

Proofrepeats the proof of Theorem 4.42.

The following corollary gives the probabilistic representation of the solution V of the
Cauchy problem for the parabolic equation.

Corollary 4.44

.
Vix,5) = Ew{_x-“"{r)}-r-Ef @y (1), t)dt.

Case of a bounded domain

The same approach is used for boundary value problems for parabolic equations: the
solution can be represented via expectation of a function of a random process. If there is a
boundary of the domain, then these functions include first exit time from the domain for
the random process.

Let {2 < R™ x [0}, T'] be a domain with the boundary oD.

Under the assumptions of Theorem 4.43, let 7" 2 inf ol e, 1) & D).

Let the domain D have a regular enough boundary 0D, and let functions y: D—R and
@:D—R be such that certain conditions on their smoothness and growth are satisfied (for
instance, it suffices to assume that they are continuous and bounded).

Let V(x, 5) be the solution of the boundary problem for the parabolic equation

¥
(x.5)+ AW (x.5) = —@lx, 5). (4.15)

Fix, s)lix seap = yrix.s).

Theorem 4.45

Ty

h'l‘r{.VrJ'fTT"v}. 1_.1',.1.'} + f ‘F"U'r'x{fj. Vel

L

= l*’{r.s)m:f %U-‘”E!Lf}b(l-‘{r},r'}du'{ffl-
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Proof'is again similar to the proof of Theorem 4.42.
The following corollary gives the probabilistic representation of V.
Corollary 4.46

L)

V(x,s) = B¢ (= (r*). v + E f @™ (1), ).

Remark 4.47 A similar approach can be used for Dirichlet problems for elliptic
equations: their solution can be represented via functions of diffusion processes with
time-independent coefficients and with infinite time horizon 7=+co.

Some terminology

* The differential operator Ais said to be the differential operator generated by the
process y(2).

* Equation (4.12) is said to be the backward Kolmogorov (parabolic) equation for the
process y(t) (or Kolmogorov-Fokker-Planck equation). Historically, diffusion Markov
processes were studied via these equations before the appearance of the Ito calculus.
The novelty of the Ito calculus was that it gave a very powerful method that covers
very general settings, in particular non-Markov processes.

* The equation for the probability density function of y(?) is called the forward
Kolmogorov equation (forward Kolmogorov-Fokker-Planck equation). It is the so-
called adjoint equation for equation (4.12) and it can be derived from (4.12).

For the examples below, we assume that n=m=1.
Example 4.48 Let y(1)=y""(2) be a solution of the stochastic differential equation

dv(t) = av(t)dt + ov(t)dw(t), 1t > s,
¥i(s) = x.

Here ¢ € R, @ & R are given. Then the function u(x, s)=EW¥(y"°(T)) can be
represented as the solution of the Cauchy problem for the parabolic equation
at au 1 3 3 A .
—{1!}1.:11 f\r)i—-::rw.—z(xr}—. reR, t =T,
ax 2 dx

wlx, T) = Wix).

It suffices to apply Theorem 4.42 with f{x, t)=ax, b(x, t)=ox, and the corresponding
operator is

i ] d?u
A = ax 52 + 5075
= mm .:h

Example 4.49 The Cauchy problem for the heat equation (heat parabolic equation) is
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eiuf 54 1}131:[ =0 CR T
X0t o= i)=U xehkh <1,
ar T 2

W, Ty = dx)

allows solution
u(x, s)=E¥("(T))=E¥w(T)—w(s)+x)=E¥(n),
(4.16)

where n=w(T)—w(s)+x is Gaussian with law N(x, T—s). It suffices to apply Theorem 4.42
with /=0, b=I1, then y*’())=w()—w(s)+x, and the corresponding operator is
A(#) = (172)(d>1dx?).

In Example 4.49, representation (4.16) is said to be the probabilistic representation of
the solution. In particular, it follows that

400
wix,s) = f ple, v, s, Ty,

L]
where

| _ =l
X ET) = ————¢ =1
f){ J ° \_.-'EET—.‘.':I

is the probability density function for N(x, T—s). Note that this function is also well
known in the theory of parabolic equations: it is the so-called fundamental solution of the
heat equation.

The representation of functions of the stochastic processes via solution of parabolic
partial differential equations (PDEs) helps to study stochastic processes: one can use
numerical methods developed for PDEs (i.e., finite differences, fundamental solutions,
etc.).

On the other hand, the probabilistic representation of a solution of parabolic PDEs can
also help to study PDEs. For instance, one can use Monte Carlo simulation for numerical
solution of PDEs. Some theoretical results can also be proved easier with probabilistic
representation (for example, the so-called maximum principle for parabolic equations
follows from this representation: if >0 and ¥>0 in (4.15), then >0).

Remark 4.50 It follows that the diffusion process y(#) can be considered as the
characteristics of the parabolic equation, by an analogy with the first-order hyperbolic
equations (the case of »=0). It is known from physical models that the propagation
described by the first-order hyperbolic equations has a bounded speed, and that the speed
of heat propagation is infinite, i.e., the ‘physical’ diffusion process has unlimited speed.
This fact is linked with non-differentiability of y(z).
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4.6 Martingale representation theorem

In this section, we assume that w(?) is an n-dimensional vector process, Fiis the filtration
generated by w(t), and a wider filtration is not allowed.

The following result is known as the Clark theorem or Clark-Hausmann-Ocone
theorem.

Theorem 4.51 Let £ € Lo(52, F, P).Then there exists an n-dimensional process
f=(f, ... ;) with values in R"" such that fi € f’ﬂfor all i and

-
£ =Ef + 1; Sitydw(r).

L] a

Proof. (a) Let us consider first the case when & = [[;_; s, where Mk =

gr(w(ig)), 0 =ty < --- <) = T,and where guR"—R are some measurable
bounded functions, k=1,..., n. Let m=1, then the theorem’s statement follows from
Theorem 4.43 applied for W(x)=g;(x), T=t;, and y*° (t)=w(t).

For m>1, we use the induction by m. Therefore, it suffices to show that if the theorem

.- . . - A rpm—1
holds for m—1, then it implies that it holds for m. Let Let -1 = ]_[J;-zl Mi-Let us
assume that there exists an n-dimensional process f,,—1= (fu-1.1,---» fm—1.,) With values in

R"" such that f—1.; € £22 forall i and
-
fIIJH 1= E'}n.‘ I +f S 1()edw(t).
0
(It is the induction assumption.) Clearly, § = Nmilm-1sand
E=Ef|F, }+5—-ElE|F,)

= ’Iarln{ﬁm—f : -:F.r,,,} + ’Irn{;?m—l - Em‘.«rr—l |:F:..,}:|'
T
= F.farrli':{i:rrr.l—li : -:F.r.\.:i + Nm [ .J'r;n— (¢ ehw(e ).
i

By the Markov property of w(?), it follows that there exists a measurable bounded
function QB : R — R such that Efitm-11F,} = @(wlfm)). Hence
B a1 | Fr, } = @(w(t)). where h(x) = g, (x)(x). It follows that
-
£ = @(w(im)) + f J'J'm_f:r.'—l{ﬂd'l'l"{ﬂ-

L



Mathematical Finance 68

By Theorem 4.43 applied for W{x} = ¢#{x)and T=t,, we have that there exists an n-

dimensional process _,.F () with values in R'*" and with components from L225uch that
I _
vty )) = Eg{wity)) +[ Findwir).
0

Then the proof follows for this special &.

(b) By the linearity of the Ito integral, the proof follows for all random variables
£ = ) pely, with some constants ¢, and with random events
Ay = M5 wltn) € Jiehowhere M = L=t <. < ling = T-‘and

=1

where J, are measurable subsets of R". (Note that Iy, = ]_[:r;] Djwizy 20 150 the
theorem statement proved in (a) can be used for “4i ")

(¢) For the case when §€ f'ﬂis of the general type, the proof follows from the fact

that the set of random variables described in (b) is dense in Lz{%2, F, P).(We omit this
part.)

Note that Theorem 4.51 allows equivalent formulation as the following martingale
representation theorem.

Theorem 4.52 Let &(2) be a martingale with respect to the filtration Fi generated by a

Wiener process w(t) such that E&(T)*<+ow. Then there exists a process f{t) with values in
R"" and with components from L225uch that

h
§(1)=E&(1) + f f(s)dwis), re
0

0.7].

Proof. Apply Theorem 4.51 to &(T).
Corollary 4.53 Any martingale described in Theorem 4.52 is pathwise continuous.
Problem 4.54 Prove that the process f{¢) in Theorems 4.51 and 4.52 is uniquely
defined up to equivalency.

4.7 Change of measure and the Girsanov theorem

In this section, we assume again that Ftis a filtration such that an n-dimensional Wiener
process w(t) is ':rfadapted and w(t+1)—w(t) does not depend on Fin particular, we

allow that “tis the filtration generated by the process (w(?), n(t)), where #(2) is a random
process that does not depend on w(+).

Let 6(t)=(6:(1), ..., 6,(t) be a bounded Fi mlﬂpmdrandom process with values in R”

and with components from La3.
Let

. | .
Z= txr’(-ﬁ aet) dw(t) — %ﬁ |m:1|1dr)- (4.17)
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Change of the probability measure
Proposition 4.55 Let the process 6 be bounded.* Then
(i) EZ = 1.

4 Instead of boundedness of 8, we could assume that the less restrictive so-called Novikov’s
condition is satisfied:
L
E cxp( = f |-‘-?[f’]|":f.') < e,
a7

Clearly, this condition is satisfied for all bounded processes 6.

(ii) Let mapping Pyt F — Ry, defined via the equation
dP. z
ar (4.18)

Then P+ is a probability measure on JF equivalent to the original measure P.
Remember that (4.18) means that

P.d) = f Zlw)Pldw) ¥4 e F,
A

1.e.,

E.Z=El,Z VAdelF,

and

for any integrable random variable & (see Section 1.4).

Proof of Proposition 4.55. Let us prove (i). We have that Z = ¥(T)where y() is
the solution of the equation

dv(t) = = ()0 dw(?).
1(0) = 1.

Then

.
W =1+ f w8 dwir).
[

Hence EZ = EWT) = L.15 prove (ii), it suffices to verify that all probability
P.(£2) = EZljueny) =EZ =1.

axioms are satisfied. For instance, we have that
s
Example 4.56 We have E: 2 = EZ - 2 = EZ~.
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Example 4.57 Let n=1. We have that E.w(T)=EZw(T).L¢t 9 be non-random
and constant, then

T
E.w(T) = Ew( T}Exp(—ﬁ'u'[?‘} — :).Hz)

| oo 2 T .
= J’.ﬁf@ € -'T:rexp(—ﬂ:-:— El‘?‘)rir.

Girsanov’s theorem

Let

i
wull) = wli) + f B el
i

The following is a special case of the celebrated Girsanov’s theorem.
Theorem 4.58 Let the assumptions of Proposition 4.55 be satisfied, and let the
measure P« be defined via the equation

dP.
dP

Then wx«(t) is a Wiener process under Px.
Proof of Theorem 4.58. We are going to prove only that

7 ;
s Juweir) s o Findwin)

E,elo 11 = Ee/o
! (4,19)

for all deterministic continuous functions £{-):/0, TJ—R"". (In fact, it suffices; it follows

that w(-) and w«(-) have the same distributions as processes in (82, F, l-m]and

($8,F,Py)
Let

respectively.)

OETIORT IO

Proposition 4.59

| -
Euxp(——f Iﬁr{I]}jff!-I-f ﬁ(f}fhv(r}) =1.
2 Jo 0

Proof of Proposition 4.59. Let y(t) be the solution of the equation
dv(r) = YOy ()dw(r).
W)= 1.
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Then

r
wWTy=1 —:-—f v (e )dw(t).
0

Hence Ey(T)=1. On the other hand,
2 T

1! . '
p[?'}=<:xp(—5£ [ () "dt + jﬂ rﬁff]dur{a’)).

This completes the proof of Proposition 4.59.
o Y TP,
ex ()ew r}:] = ex (5.' t 'ﬂ".i")
Proposition 4.60 E F(Jn J (5w P2 fn il ‘for

deterministic continuous functions f{*):[0, TJ—R"".
Proof. Apply Proposition 4.59 with 6(2)=0.
Let us complete the proof of Theorem 4.58. We have that

r
E, exp ( f St ux-:fll)
Jll

=k uxp(fj_,f(rfllﬁi.f:w i :4’11'{(}])
tul -

all

7 _ ) | -7 2 - N A
= FCI"F(— [ llf}li_ll:l d’lq-“_l - _‘l |q(rll !.I!ll'l - l ul'll.']['?{_l'l:glrf + 1]’”-'“3])

w i = i wil

i ) ) I T i . 1 B n
- E¢.v.p( { el jdwlf) — = [ [~ + f Ii"{r_lﬂ{i‘}q'!.')
Ji 20y Ju J

L ,
=mp(( W) —[ wolkdet [ feewd:
Ji 20 Jil

{T
-3/

=Wl

I T
LA e — 5 [ A ]l)rﬂ)

=l

| r T 1 T ;
- ex:‘s(— { |_;'{”_;2.::'r)ﬁe:\-:]:'-: } Wtdny!] — = [ 1?!:[::.|!;]fr}.
2.t A0 e :

It follows from Propositions 4.59 and 4.60 that

E. u'.-xp(r [T Ji e [ :l — QX [% L | | Hﬂn‘.r:' — Eexp (i; .F_;' [.*;{,r.u(rju:l.

L

This completes the proof of Theorem 4.58.
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Example 4.61 Let us reconsider Example 4.57. We have that w(T) = wi(T) —
T A
Jo H[“'J{"'&'Hence

r -
E.w(T)=E, |:1*.‘,,(T] —f H(.’ﬁ')-:i'.'-':| = —Erf 0(s)ds.
0 ¥

(Remember that w+ is a Wiener process with respect to P, hence E«w«(7)=0.) One can

~E. [ 0(s)ds =

verify that the integral in Example 4.57 has the value —Tfor the

case of non-random and constant 4.

4.8 Problems
Problems

In these problems, all processes are one-dimensional.

Ito integral

Problem 4.62 Let Jﬂ:f] —_ 2':[r|§|ii,|,[]_fp|]. g{f} == _3':“.3[1],2.",5{”-Find explicitly

rl g ) Mo i
Jo S()dw(2), Jy g(n)dw Im'(i.e., express these integrals as functions of w(-)).
Problem 4.63 Let f and g be defined in the previous problem. Find

E(,.I".E)[.f'l’f]#'rl-’ir])z. E ( A gl:.l']ldn'i!])z. E | /(dwin) ! goaw().
Problem 4.64 Lot J =% lyeor0ay —4-lpei0307Find  explicitly
Jo S @
Problem 4.65 Let f be defined in the previous problem. Let £(1) = Lire10.5.11Find
E [ fit)dw(t) [, g(ndw().

|:‘r}(i.e., express the integrals as functions of w(-)).

2
Problem 4.66 Let fii)=¢, g(ty=w(y). Find E fo f(0dw(0). K (v"ﬂ! SAa)dw(t }') :
E (o gdw(n)) . E [y £(t)dw(z) f e(t)dw(o)
Problem 4.67 Let f{t)=¢', g(t)=e *'. Let 'rrbe the filtration generated by w(z). Find
B4/ i) 1 7 Bf (2 ftoraim))” | 53] B{( 7 etsiawinn)” | 73},

E| 5 Fs)in(s) f§ 2(xiwis) | 7).
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Ito differential and Ito formula

Problem 4.68 Let y(2)=w(?)>. Prove that dy(t)=2w(t)dw(t)+dt.
Problem 4.69 Let y(t)=w(?)’. Find dy(z). Find Ey(2).
Problem 4.70 Let y(t)=w(?)*. Find dy(z). Find Ey(2).
Problem 4.71 Let y(t)=sin w(t). Find dy(t).
Problem 4.72 Let y(2)=sin z(t), where z(t)=w(t)*+t. Find dy(?).
Problem 4.73 Let y(2)=cos z(t), where z(1)=w(t)*—t. Find dy(t).
Problem 4.74 Let y(t)=¢""”. Prove that dy(t)=y(t)dw(t)+(1/2)y(t)dt. Find dy(t). Find
Ey(@).
Problem 4.75 Let y(t)=e"® 2. Prove that dy(t)=ydw(1). Find Ey(1).
Problem 4.76 Let y(t)=e>*”** Find dy(?). Find Ey(1).
Problem 4.77 Let y(2)=¢"", x(t)=w(?). Find d(y(1)x(1)).

Ito equations

Solve Problems 4.38—4.41.
Problem 4.78 For Problem 4.41, find equations for Ey(z) and Ey(2)”.
Problem 4.79 Show that the equation

dv(t) = dit/2 + S 2v(n)dw(t)

H0) = 0 (4.20)

has a solution y(¢)=w(2)*/2, £>0. Can we apply the existence and uniqueness theorem 4.36
to verify the uniqueness?

Markov processes and Kolmogorov equations

Problem 4.80 Find the probabilistic representation of solutions of the Cauchy problem
for the parabolic equation

dn d?u
—(x. )+ —(x.1)=0, xeR, =T,
fffh )+ r.".rz{1L ) vE

wlx, ) = P{x).

Problem 4.81 Let y(2)=)y""(?) be a solution of the stochastic differential equation
dv(t) = 0.7p()dw(t), t = s,

yis)=a.

(4.21)

Find deterministic equations for the function u(x, s)=E¥(y**(T)) for a given function V.
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Problem 4.82 Let y(2)=)y""(¢) be a solution of the stochastic differential equation
dv(t) = siny(t)dr + cos(y(r) — Ddw(r), t = s,

¥s)=a.

Find deterministic equations for the function u(x, s)=E¥(y**(T)) for a given function V.
Problem 4.83 Let f(x, t)=sin x, b(x, t)=sin(x—1). Find deterministic equations for the
function u(x, s)=E¥(y"*(T)) for a function V.
Problem 4.84 Given a function W, find the probabilistic representation of the solution
of the Cauchy problem for the parabolic equation
o 32 .
—(x, 1)+ ﬁf-‘é ty=10, xeR.r=T,
it ix

wix, T = Pix).



5
Continuous time market models

In this chapter, the most mainstream models of markets with continuous time are studied.
These models are based on the theory of stochastic integrals (stochastic calculus); stock
prices are represented via stochastic integrals. Core concepts and results of mathematical
finance are given (including self-financing strategies, replicating, arbitrage, risk-neutral
measures, market completeness, and option price).

5.1 Continuous time model for stock price

We assume that we are given a standard complete probability space (82, F, P:'(see
Chapter 1). Sometimes we shall address P as the original probability measure. Other
measures will also be used.

Consider a risky asset (stock, bond, foreign currency unit, etc.) with time-series prices
51,585,855, ..., for example daily prices. The premier model of price evolution is such that
Sy=S(t,), where S(t) is a continuous time Ito process. (Note that Ito processes are pathwise
continuous. For a more general model, continuous time process S(z) may have jumps; this
case will not be considered here.)

We consider evolution of the price S(z) for 1 € [0, Tl!Where t is time, T is some
terminal time.
The initial price Sp>0 is a given non-random value, and the evolution of S(z) is
described by the following [to equation:
dS()=S(1)(a(t)dt+o(t)dw(1)).
(5.1)

Here w(?) is a (one-dimensional) Wiener process, and a and ¢ are market parameters.

Sometimes in the literature S(z) is called a geometric Brownian motion (for the case of
non-random and constant a, o), sometimes In S(z) is also said to be a Brownian motion.
Mathematicians prefer to use the term ‘Brownian motion’ for w(?) only (i.e., Brownian
motion is the same as a Wiener process).

Definition 5.1 In (5.1), a(t) is said to be the appreciation rate, o(t) is said to be the
volatility.

Note that, in terms of more general stochastic differential equations, the coefficient for
dt (i.e., a(?)S(?)) is said to be the drift (or the drift coefficient), and the coefficient for
dw(t) (i.e., o(t)S(t)) is said to be the diffusion coefficient.

Definition 5.2 If o(?) is such that o(t)#0 a.e. (i.e., for almost every t with probability
1), then equation (5.1) (and the market model) is said to be non-degenerate
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We assume that there exists a random process 7(2) that does not depend on w(-). This
process describes additional random factors presented in the model besides the driving
Wiener process w(?).

Let Frbe the filtration generated by (w(2),5(t)), and let ‘}C:"rbe the filtration generated
by the process w(?) only

It follows that FreF and that w(z+z)—w(?) does not depend on Frfor all ¢ and
7>0. (Note that the case when Fi=F is not excluded.)

We assume that the process (a(t), o(t)) is Fi-adapted.p, particular, it follows that
(a(t), o(t)) does not depend on w(z+t)—w(z) for all ¢ and =>0.

Without loss of generality, we assume that F=Fr.
Remark 5.3 The assumptions imposed imply that the vector (7(?), a(?), o(¢)) can be

presented as a deterministic function of (w(s) 0D sero-
Let us discuss some basic properties of the Ito equation (5.1).
Lemma 5.4

I I [}
S = S(0) cxp( f ais)ds — l f o (s)ds + [ fr{x}n’w{.t}) .
0 2.Jy Jo

Proof follows from the Ito formula (see Problem 4.40).
Note that the stochastic integral above is well defined.
The process S(?) has the following properties (for the case of non-zero o):

* sample paths maintain continuity;
* sample paths are non-differentiable;
¢ if a, o are deterministic and constant, then

S+ A 2
Var u =& ™ W= 0, Ar = 0;
S(r)

« if @, o are deterministic, then the probability distribution of S(?) is log-normal (i.e., its
logarithm follows a normal law);

* if a, o are deterministic, then the relative increments /S(2)—S(z)//S(z) are independent
from the past prices S(s)|,<, for 0<r<t¢,

* if @, o are deterministic and constant, then the probability distribution of relative
increments does not depend on time shift. More precisely, the probability distribution
of [S(t)—S(x)]/S(z) is identical to the distribution of /S(#—1)—S(0)]/5(0), 0<r<t.

5.2 Continuous time bond-stock market model

The case of the market with a non-zero interest rate for borrowing can be described via
the following bond—stock model.

We introduce a market model consisting of the risk-free bond or bank account with
price B(t) and the risky stock with the price S(z), £-0. The initial prices S(0)>0 and B(0)>0
are given non-random variables. We assume that the bond price is
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B(r) = B(0) cxr:( ﬁ i'{.\']{i\'). (5.2)

where r(2) is the process of the risk-free interest rate. We assume that the process »(?) is

Fi-ada pmd-(in particular, it follows that r(¢) does not depend on w(z+7)— w(t) for all ¢,
7>0). Typically, it suffices to consider non-negative processes r(z) (however, we do not
assume this, because it can be restrictive for some models, especially for bond markets).
Let X(0)>0 be the initial wealth at time =0, and let X(z) be the wealth at time ~0. We
assume that, for 0,
X()=PO)B()+y(1)S(1).
(5.3)

Here () is the quantity of the bond portfolio, y(?) is the quantity of the stock portfolio.
The pair (A(-), y(*)) describes the state of the bond-stocks portfolio at time z. Each of these
pairs is called a strategy (portfolio strategy).

We consider the problem of trading or choosing a strategy in a class of strategies that
does not use future values of (S(?), r(t)). Some constraints will be imposed on current
operations in the market, or in other words, on strategies.

Definition 5.5 4 pair (B(-), y(*)) is said to be an admissible strategy if f(t) and y(t) are

random processes adapted to the filtration Fi and such that

7
E,f (5(;}3,&{:}3 +S{r33y{r33) dt < +oc. (5.4)
]

Definition 5.6 A pair (B(), y(*)) is said to be a self-financing strategy, if

dX()=p()dB(1)+y(t)dS().
(5.5)

Note that condition (5.4) ensures that the process X(?) is well defined by equation (5.5) as
an Ito process.

We allow negative S(?) and y(z), meaning borrowing and short positions.

We shall consider admissible self-financing strategies only.

Remark 5.7 In literature, a definition of admissible strategies may include
requirements that the risk is bounded. An example of this requirement is the following:
there exists a constant C such that X(¢)>C for all ¢ a.s. For simplicity, we do not require
this.

Remark 5.8 The case of 7(2)=0 corresponds to the market model with free borrowing.

Some strategies

Example 5.9 For risk-free, ‘keep-only-bonds’, the strategy is such that the portfolio
contains only the bonds, y@®=0, and the corresponding total wealth is

X(1) = PoB(r) = expl(fy r(s)ds)X (0).
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Example 5.10 Buy-and-hold strategy is a strategy when y(2)>0 does not depend on
time. This strategy ensures a gain when the stock price is increasing.
Example 5.11 Merton’s type strategy is a strategy in a closed-loop form when

fa
YO=uOOX(1), where u@®>0 is a coefficient, X(r) is the wealth, ()=

a(r) Matr) - F(N]is the so-called market price of the risk process. This strategy is
important since it is optimal for certain optimal investment problems (including
maximization of E In X(7)).

Example 5.12 (‘buy low, sell high’ rule). Let T=+co. Consider a strategy when
Y1) = Lietoslwhere >0 is a constant, 7=min{£>0: S(¢)=K}. Here K> S(0) is a ‘high’
price K>S(0), or the goal price. Let X(0)=S(0) and S(¢)=0, then X(zr)=S(r)=K>X(0). This
strategy has interesting mathematical features for the non-degenerate diffusion model
(i.e., when a(#)>c>0 for some constant ¢>0). In this case, we have that P(r<+c0)=1 for all
K>0 (i.e., any ‘high’ price will be achieved with probability 1. However, Ez=+ (i.e., the
risk-free gain is achieved for stopping time that is not reasonably small). (See related
Problem 5.83 below.)

5.3 The discounted wealth and stock prices

For the trivial, risk-free, ‘keep-only-bonds’ strategy, the portfolio contains only the

bonds, y()=0, and the corresponding total wealth is X(1) = BoB(t) =

e
cxp(fﬂ ! |:"'M}H}ﬂ:’m}'Some loss is possible for a strategy that deals with risky assets. It
is natural to estimate the loss and gain by comparing it with the results for the ‘keep-only-
bonds’ strategy.

Vit = avnie ¥ g v —

Definition 5.13 The process X(1) = expl ~'|rH 7(s)ds)X (1), X(0) = X{m'is

called the discounted wealth (or the normalized wealth).
- & ot s

Definition 5.14 The process S(1) = exp(— [y r(s)ds)S(1), So = So,
discounted stock price (or the normalized stock price).

Let (1) = alf) = r1).

Proposition 5.15 @5(1) = S()a(ndt + o (1)dw(1)).

The proof is straightforward.
Theorem 5.16 The property of self-financing (5.5) is equivalent to

dX (1) = y(Nd5(1).

is called the

(5.6)

ie.,
!

X)) = X(0)+ f y(s)dS(s). 5.7)
0
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Proof of Theorem 5.16. Let (X (e o process such that (5.6) holds. Then it
X(1) = exp( [ r(s)d)X (1),

suffices to prove that is the wealth corresponding to the

self-financing strategy (8(*), y(*)), where B(t)=(X(t)—y(t)X(t))B(t)"".
We have that

!
WX = w.p([ Ik Jtﬂa)n’ﬁ?{!} + (X (et
S
= :.:mp(f r[.&'_]r-’,a') y{f}dﬂ'[r} + X (el
i

I
= cxp([ r[s}ds) y{fﬁ(f]lﬁﬂ}df + ol edw()] + (DX (et
]

= p(NSIN[ande + a(Ddw(n)] + r(O[y(OSQ) + Bin)B(1))de
= (NS O[a(O)dt + a(Odw()] + r(O BB dr
= p(dS(e) + B(DAB(1).

This completes the proof.

Thanks to Theorem 5.16, we can reduce many problems for markets with non-zero
interest for borrowing to the simpler case of the market with zero interest rate (free
borrowing). In particular, it makes calculation of the wealth for a given strategy easier.

Example 5.17 Let #(2)=r. Let y(0) = Lisers o) *where 0<#;<,<T. Then

f

- d N P - .
Ximy=X{+ } PO LS = X100 - J A8y = X4 5000 — Sl
AN

and X(T) = &TX(T).

— LG |
Example 5.18 Let r(t)=r, a(t)=a, o(t)=c be constant. Let y(t) = kS(1) *where
k € R.Then

.
X(T)y=X(0)+ f w(DdS(1)
0
W

T
= X(0)+ j kiur'di‘(;} = X(0)+ j k(adt + adw(t))
0 0

-
=X+ kal + ko f aw(t) = X + kaT + kaw(T).
0
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o -
Clearly, X(T)=e" X(T) ‘It can be seen that the random variable X(T)-X I|-rﬂjl'is
Gaussian with the law N(kaT, K*6°T).

— -]
Example 5.19 Let #(1)=r, a(t)=a, o(t)=c be constant. Let y(t) = kaS(t)" .ywhere
k>0, a=a—r. Then

X(ry= X[ f ()5 = X(0) f kakey ' dS(r)
1 1

r .
Y0y —k | aadt + adw(1)) = X[0) + k3 T + kie f dwit)
1 o

X0 — ki T + kiaow( T

— T X
Clearly, X(T) =¢e"X LEﬁ'lt can be seen that the random variable X (7} — X (0);g
Gaussian with the law N(ka@’T, K’a’o”T). It can also be seen that this strategy gives
positive average gain if a#0.

For simplicity, one can assume for the first reading that (a, ¢) is non-

random and constant, #(2)=0, and that »(¢2)=0, B(t)=B(0), X(1) = X(1),

and S(f) =5 “}1everywhere in this chapter. After that, one can read this
chapter again taking into account the general case.

5.4 Risk-neutral measure

Definitions

Remember that + = F7sand Fiis the filtration generated by the process (w(2), #(1),
where 7(-) is a process independent from w(-) that describes additional random factors
presented in the model besides the driving Wiener process (see also Remark 5.3).

Definition 5.20 Ler P=  F — [0, 115 4 probability measure such that the
S(1);

process is a martingale with respect to the filtration v 'for P«. Then P+« is said to be
a risk-neutral probability measure for the bond—stock market (5.1), (5.2).

In the literature, a risk-neutral measure is also called a martingale
measure. As usual, E« denotes the corresponding expectation.

EAS: 15C)j00} = S(1)

In particular, for all ©>1.

Definition 5.21 If a risk-neutral probability measure P« is equivalent to the original
measure P, we call it an equivalent risk-neutral measure.
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Market price of risk

- A
Remember that 9(f) = @lf) — #{1). et a process 6 be a solution of the equation

a()0()=a().
(5.8)

This process 6 is called the market price of risk process; this term came from optimal
portfolio selection theory. If the market is non-degenerate, i.e., o(2)#0, then

0()=a(t) 'a@)=o(t) [a()=r()] a.e.

Up to the end of this chapter, we assume that the following condition is satisfied.
Condition 5.22 The market price of risk process exists for a.e. ¢, w, and there exists a
constant ¢>0 such that |0(z, w)|<c a.s. for a.e. ¢."
Clearly, this condition ensures that if o(z)=0 then a(?)=0 a.e., i.e., a(t)=r(?) for a.e. t
a.s.

1 Instead of Condition 5.22, we could assume that the less restrictive Novikov’s condition is
satisfied. We say that Novikov’s condition is satisfied if

gt
l-:.e:q:-(;jjl Itimijdr) < 00,

Clearly, Novikov’s condition is satisfied if Condition 5.22 is satisfied.

It follows that if the market is non-degenerate (i.e., |o(¢)|> const. >0), and the process
(r(t), o(t), a(t)) is bounded, then Condition 5.22 is satisfied.

A measure P- defined by the market price of risk

Let
a r e 2
Z = exp —f fH)dw(t) — = f |ty “dr . (5.9)
0 2 Jo

By Proposition 4.55, it follows that

() EZ = ]_1

(ii) If the mapping P. : F — Ris defined via the equation
dP.
ap - (5.10)

then P+ is a probability measure on F equivalent to the original measure P.

Remember that (5.10) means that Pi(4) = -'II.-F ﬁ[cu}P{dw}for any A€ Fiand
E.& = EZff, any integrable random variable £.
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Application of the Girsanov theorem

Let

'
w.i1) = wiid) +f B )eds,
[

Here 6 is defined by (5.8).
Note that
a)di+o(t)dw(t)=o(t)dw«(t).

Hence

d8(r) = S(O[a(ndr + a(Ddwin] = S(Na(Ndw.(1).

P- as an equivalent risk-neutral measure

Theorem 5.23 Let Condition 5.22 be satisfied, and let the measure P« be defined by
equation (5.10). Then

(i) w«(t) is a Wiener process under Px,
(ii) P« is an equivalent risk-neutral measure.

Proof. Statement (i) follows from the Girsanov theorem (4.58), as well as the statement
that P« is equivalent to P. Let us prove the rest of part (ii).
We have that

n'rqg‘“} = S(D[a(Odr + a(Ndw(n)] = S’U}n{f}du-,{f}.

By Theorem 4.58, wx«(?) is a Wiener process under P«. Then

f
E.S(1)|F)}=E, {Su + f S(t)e(t)dw,(1) | .?-"\]
1]
= S(0)+ E. ![ E_f{t}alithdn‘r.iﬂlﬁ}
Jo |

=5 :—f EfT}G’{T]ﬂ'H'*{rT}
0

= §(s).

This completes the proof.
Theorem 5.24 Let Condition 5.22 be satisfied, and let P« be the equivalent risk-
neutral measure defined in Theorem 4.58. For any admissible self-financing strategy, the

- )
corresponding discounted wealth At }is a martingale with respect to -'F]'under P-.
Proof. We have that
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dS(1) = S(Do (1w, (1),
dX (1) = y(0dS(1) = p(OS(Da (dw.(1),

where y(?) is the number of shares. By Girsanov’s theorem, w«(?) is a Wiener process
under P+, Then

I

E+|-‘i'-”}|-?:.w} =E, {/Yl'l +f V{T}S{T}ﬂ{r}d“’l{-f}|j:x}
0

= Xp + E, {f y{r}j’{r}a{r}du‘.{r)|SF_;}
0

=Xy + f Y(T)S(T)e (T)dws(T)
L]
= X().

This completes the proof.

5.5 Replicating strategies

Remember that 7>0 is given.

Let i be a random variable.

Definition 5.25 Let the initial wealth X(0) be given, and let a self-financing strategy
(BC), y()) be such that X(T)=w a.s. for the corresponding wealth. Then the claim y is
called replicable (attainable, redundant), and the strategy is said to be a replicating
strategy (with respect to this claim).

Definition 5.26 Let the initial wealth X(0) be given, and let a self-financing strategy
B, v()) be such that X(T)>y a.s. for the corresponding wealth. Then the strategy is
said to be a super-replicating strategy.

Theorem 5.27 Let Condition 5.22 be satisfied, and let P+ be the equivalent risk-

neutral measure such as defined in Theorem 5.23. Let y be an Fr-measwrable ,qnqom

variable such that Exy*<+oo Let the initial wealth X(0) and a self-financing strategy (B(*),
y(*)) be such that X(T)=y a.s. for the corresponding wealth. Then

!
XY =E, m:p(— f J'{.ﬁ}(f.&')g#_
{

YTy — avrf—e T i et
Proof. Clearly, X(T)=y iff X(T) = exp( j[i r(s)ds)y a.s. We have that
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=X0)+E, j vINdS(
1

=X+ E./ vIOS (0 (Odwal 1)
di
= Xy,

We have used here the fact that w«(?) is a Wiener process under P+, and J-dw« is an Tto
integral under P+, 50 Ex [-dw.=0.

First application: the uniqueness of the replicating strategy

Theorem 5.28 Let Condition 5.22 be satisfied, and let P« be the equivalent risk-neutral

measure defined in Theorem 5.23. Let w be an F-measwrable .qndom variable,
E.y/<+w. Let the initial wealth X(0) and a self-financing strategy (B(), y(*)) be such that
X(T)=y a.s. for the corresponding wealth X(t). Then the initial wealth X(0) is uniquely
defined. Moreover, the processes X(t) and o(t)y(t) are uniquely defined up to equivalency.
If o()£0 for a.e. t, then the replicating strategy and the corresponding wealth process
X(t) are uniquely defined up to equivalency.

Proof. Let the initial wealth X”’(0) and the strategy (8”(-), y”(-)) be such that X”(T)=y
a.s. for the corresponding wealth X” (1), i=1, 2.

= (i
Let X IJ”?‘be the corresponding discounted wealth.
Set
re =y -y®m, Y =X -x%0)
We have that Y(7)=0 a.s. Hence

.
Y(I) = I*’{ﬂ}-i-f I (0)dS(t) = 0.
1]

Then Y1) = EL{¥(T) | F} = Os., ¥(0)=0, and
1
f (NdS(1) = 0.
0

Hence
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0=E, U r{:]:fi{n} =E, [f 1“(:131:}“(;};#“-,,(;)}
L 0

T T
- E,..f IC(OS(Ne (1) dt = E,f I - 1800 (1)t
il ]

2

Hence T'(t)o(1)=0 for ae. t as. If o(1)#0 a.e., then IS(Na (D) £ 0..nd B,
YW)=B2@), Y1) for ae. t as.

5.6 Arbitrage possibilities and arbitrage-free markets

Similarly to the case of the discrete time market, we define arbitrage as a possibility of a
risk-free positive gain. The formal definition is as follows.
Definition 5.29 Let T>0 be given. Let (B(*), y(*)) be an admissible self-financing

strategy, and let X(Dpe the corresponding discounted wealth. If

PX(T) =z X(0) =1, PX(T) = X(0)) >0,
(5.11)

then this strategy is said to be an arbitrage strategy. If there exists an arbitrage strategy,
then we say that the market model allows an arbitrage.

As we have mentioned in Chapter 3, we are interested in models without arbitrage
possibilities. If a model allows arbitrage, then it is usually not useful (despite the fact that
arbitrage opportunities could exist occasionally in real-life market situations).

Problem 5.30 Let there exist #; and #, such that 0< #,<6,<T and o(?)=0, a(t)#0 for

R OB }a.s. Prove that this market model allows arbitrage. Hint: take
yir) = alt e i)

Theorem 5.31 Let a market model be such that Condition 5.22 is satisfied (in
particular, this means that there exists an equivalent risk-neutral probability measure
that is equivalent to the original measure P). Then the market model does not allow
arbitrage.

Proof. Let (B(°), y(-)) be a self-financing admissible strategy that ensures arbitrage, i.e.,
it is such that (5.11) holds for the corresponding discounted wealth. Let P« be the
equivalent risk-neutral measure defined in Theorem 4.58. Then

PAX(T) = X =1, PX(T)=X(0)) = 0. .

Hence

E.X(T) = X(0).
(5.13)
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But

T
E.X(T)= X(0)+ F.,f y()dS(1)
1]

)
= X(0) + E. f YOS (t)dwa(1) = X (0),
[}]

since wx is a Wiener process under P:. This contradicts (5.13). We have used again the
fact that w«(?) is a Wiener process under P+, and [-dws is an Tto integral under P+, i.e., E«
[-dw.=0.

Problem 5.32 Prove that an equivalent probability measure does not exist for Problem
5.30. (Suggest a proof that is not based on Theorem 5.31.) Assume that (d(2), o(?) is a
non-random continuous function. Hint: use the fact that there exists ¢>0 such that the

sign of a(?) is constant for ten, i +e)
Remark 5.33 We can repeat here Remark 3.32 regarding the ‘fundamental theorem of
asset pricing’.

5.7 A case of complete market

s P AT s
Let * be the filtration generated by the process (S(?), r(¢)). (Note that FeH *and,
S
FO

for the general case, Fi is larger than

In fact, any ‘P?S' -measurable random variable y can be presented as y= F(S(-), B(*))

for a certain mapping F(-):C(0, T)xC(0, T)—R (see related Theorem 1.45_).

S o
Definition 5.34 A market model is said to be complete if any ‘FT -measurable

random claim y such that E«|y|*<+c for some risk-neutral measure P+ is replicable with
some initial wealth.
Theorem 5.35 [f a market model is complete and there exists an equivalent risk-

r
neutral measure, then this measure is unique (as a measure of ?:? ).
A el i
Proof. Let e FT ‘By the assumption, the claim expl fy rif)dnl is replicable
with some initial wealth X,(0) (*4 is the indicator function of 4). By Theorem 5.28, this
X,4(0) is uniquely defined. By Theorem 5.27, E.Li = X0 any risk-neutral

measure P:. Therefore, P+ is uniquely defined on

5.8 Completeness of the Black-Scholes model
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The so-called Black-Scholes model (Black and Scholes 1973) is such that the vector (7(2),
a(t), o(t))=(r, a, o) is non-random and constant, a#0. For this model, we assume that the
filtration  fis generated by w(?) (or by S(), or by S{_f}).

Let w- and P« be defined as above, ie., 4P+/@P = Z.Remember that wx(t) is a
Wiener process with respect to P+, and

dS(6) = S(Nodw.(D),
(5.14)

dS(t) = S()rdr + adw,(1)].

Theorem 5.36 The Black-Scholes market is complete.

Proof. Let We Lo, Fr, Pidbe an arbitrary claim. By the martingale
representation theorem (or by Theorem 4.51) applied to the probability space

(82, 77 Pa)sit follows that there exists a process 1€ Laguch that

Py me oy + [ i
1]

(We mean the space ﬁlE‘deﬁned with respect to the measure P+.) By (5.14), it follows
that

.
e Ty = e TR + f y(0dS(.  y() =£O3@) o
0

¥ A =rTE LI
Hence the process X(1) = e Eu + JG* y{“‘}ds{ﬂis the discounted wealth
generated by a self-financing strategy such that the quantity of the stock portfolio is y(2).
Since J € L22sjtis easy to see that this strategy is admissible.

Corollary 5.37 The measure P« is the only equivalent risk-neutral measure on Fr.

Theorem 5.36 does not explain how to calculate the replicating strategy and the
corresponding initial wealth. The following theorem gives a method of calculation for an
important special case.

Theorem 5.38 Let functions Y:R—R and ¢:Rx[0, T|->R be such that certain
conditions on their smoothness and growth are satisfied (it suffices to require that ¥ and
@ are continuous and bounded). Let

.
= e [%S‘(T}Hf @{S‘m.:;l.:ﬁ]
1]

Then this claim is replicable with the initial wealth I(.':“Sl':'m-‘ﬂ'}and with the stock
quantity y(t) = d(F/8xNS (), 1) pe corresponding discounted wealth is

X() = V(5.1 + f @(S(s), 5)ds.
0
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where V'is the solution of Problem (5.15). In addition,

il
.E'{:}:E,,,{wé'w‘}Hf m[ﬂ'[:}.rjd:|:ﬂl vi < T.
]

Moreover,

P36, = E*if"f{r},f] + r’ ' #7{3.[3;»‘3}«’.?5‘.;! L VWhr0<i<r=<T.
S ! ‘

Proof. Let V(x.5)be the solution of the Cauchy problem for the backward parabolic
equation

ol ~
= (x.5) + AV(x,5) = —plx.5). (5.15)
Vix, T) = W(x).

Here x>0, ¥ € [0. 7]
l

...-"I.\ {T} =". i

Note that the assumptions on ¥ and ¢ have not yet been specified. Starting from now, we
assume that they are such that problem (5.15) has a unique classical solution in the
domain {(x, s)}=(0, +0)x[0, T].?

Let T € [0, TI-Similarly to Theorem 4.42, by Ito formula,

V(S(T). 1) — F(S(0),0)

fav ] TV :
=f |:—+AV} (S(e), 1)t +[ —(85(1), NdS(1)
0 ir (1] dx

T Tav L. -
= —j w(S(r), 1)dt +f a—{xr"‘{f},:}da'{:}_
5 ¥ X

Hence

- L . Tav .
FiS(t)h o) +f WS, Nelt = F{S(0),0) +f 3 —(5(i), r;n"a{f}
(i X

]
For 7=T, this gives

W(S(T)) + [

S

ro . . Tap . -
(S0, O)dr = V(S(0), 0) + f (800, 0din).
Jo dx
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Hence this claim is replicable with the initial wealth VAS(0) 0)and with the stock
quantity y (1) = (BVIay)S(r), 1) The corresponding discounted wealth is

i [
Em:xim:mf y{r]dﬂ'{s}:X{{}}-’r—[ ,l
0 0 dy

(S(s), 5)d S(s)

F(S(t),1) '1'[ qﬁ{.g'[.*:},,s'}d.e.
0

2 At this point, note that the change of variable x for y=In x makes this equation a non-degenerate
parabolic equation in the domain {(y,s)}=Rx[0, T]. This can help to see which conditions for ¢ and
Y are sufficient.

and

,
X = w{S'w‘}Hf @(S(1), t)dr.
il

The corresponding wealth is X(t)=e"X (#):and the amount of bonds is p)=
[X®)—y(®)St)]B()"". This completes the proof.

Remark 5.39 If the volatility process o(2) is non-random but time dependent and such
that |o(z)|>const.>0 and some regularity conditions are satisfied, then the market is also
complete. The proof of Theorem 5.38 can be repeated for this case with o replaced by

time-dependent o(?) in the definition for A.

Problem 5.40 Under the assumptions of T'heorem 5.138, find an initial wealth and a
strategy that replicates the claim ¥ =eTWEM) =3

Solution. We need to ﬁndj} for W(x)=e¢ ""x ' and ¢=0. In this case, I_"can be found
explicitly: Vi, )= e Tem (T~ I(Verify that this ¥ is the solution of (5.15)). Then
(@VBx)x, 1) = —e~Te™ =072,y

av . o
y(1) = —(5().00 = e T (T=05(py2,
oy

The initial wealth is & (0) = V(5(0),0) = ¢~"Te” T5(0) .
Problem 5.41 Under the assumptions of Theorem 5.38, find an initial wealth and a

strategy that replicates the claim vr=S5(T).
= 8Ty = ¢ Tuyis .,
Solution. We have that ¥ = S(T)" = € W{S(T))yhere Y(x)=e ""x*. We need

to find Ffor this ¥ and ¢=0. In this case, Fcan be found explicitly:

P =rT o (T=r) 2 =
Vi) =e e 0" erify that this Fis the solution of (5.15)). Then

(DF x)x, 1) = 2e™ T e Ty,
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Ay . 3 -
w(t) = C:—{S{r}_.r} =2~ =051,
(LAY

The initial wealth is X(0) = E’{S{D], 0) = EIHFTE”:TS{U\J:-

5.9 Option pricing

5.9.1 Options and their prices

Let us repeat the definitions of the most generic options: the European call option and the
European put option. Let terminal time 7>0 be given.

A European call option contract traded (contracted and paid) in =0 is such that the
buyer of the contract has the right (not the obligation) to buy one unit of the underlying
asset (from the issuer of the option) in 7>0 at the strike price K. The market price of
option payoff (in 7) is max(0, S(7)—K), where S(7) is the asset price, and K is the strike
price.

A European put option contract traded in =0 gives to the buyer of the contract the
right to sell one unit of the underlying asset in 7>0 at the strike price K. The market price
of option payoff (in 7) is max(0, K—S(T)), where S(7) is the asset price, and K is the strike
price.

In a more general case, for a given function F(x)>0, the European option with payoff
F(S(T)) can be defined as a contract traded in =0 such that the buyer of the contract
receives an amount of money equal to F(S(7)) at time 7>0.

In the most general setting, a non-negative function F:C(0, T)xC(0, T)—R is given.
Let w=F(S(-), B()) The European option with payoff F(S(), B(-)) is a contract traded in
=0 §uch that the buyer of the contract receives an amount of money equal to y at time
7>0.

The following special cases are covered by this setting:

* (vanilla) European call option: W =(3(T) = K) "swhere K>0 is the strike price;
 (vanilla) European put option: ¥ = (K — S(THF:
v = S5(T)isiry=k):

* share-or-nothing European call option:

v = (fy A,

* an Asian option: where f; are given functions.

There are many other examples, including exotic options of the European type.

The key role in mathematical finance belongs to a concept of the ‘fair price’ of
options, or derivatives.

The following pricing rule was suggested by Black and Scholes (1973) and has its
origins in the model suggested by Bachelier (1900).*

Definition 5.42 The fair price of an option at time t=0 is the minimal initial wealth
such that, for any market situation, it can be raised with some acceptable strategies to a
wealth such that the option obligation can be fulfilled.
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In fact, we assume that Definition 5.42 is valid for options of all types. We rewrite it
now more formally for European options.

3 The options with payoff at given time T are said to be European options. Another important class
of options is the class of so-called American options. For these options, the option holder can
exercise the option at any time T € [0, T'by his/her choice (see related Definition 3.43; more
details are given in Chapter 6).

4 In our notations, the Bachelier model corresponds to the case when S(2)=S(0)+attow(z). This
model is less popular than the one introduced above, because it gives less realistic distribution of
the stock prices: for instance, S(¢) may be negative. However, the mathematical properties of this
model are very close to the properties of the model introduced above.

Definition 5.43 The fair price at time t=0 of the European option with payoff v is the
minimal wealth X(0) such that there exists an admissible self-financing strategy (f(-),
y(*)) such that

X(T)zy a.s.

for the corresponding wealth X(*).

5.9.2 The fair price is arbitrage-free

Starting from now and up to the end of this section, we assume that a continuous time
market is complete with constant » and o.

Let us extend the definition of the strategy by assuming that a strategy may include
buying and selling bonds, stock and options. Short selling is allowed but all transactions
must be self-financing; they represent redistribution of the wealth between different
assets. There are no outputs or inputs of wealth. For instance, a trader may borrow an
amount of money x to buy & options with payoff y at time =0, then his/her total wealth at
time 7 will be ky—e"x. Assume that Definition 5.29 is extended for these strategies.

Proposition 5.44 Assume that an option seller sells at time t=0 an option with payoff
v for a price c. higher than the fair price cr of the option. Then he/she can have an
arbitrage profit.

Proof. Assume that the seller has zero initial wealth and sells the option for the price
c.. After that, the seller can invest the wealth ¢,—cz>0 to bonds, and use the initial wealth

A

X(0) = ¢r with the replicating strategy (that exists) to replicate the claim . Therefore,
the option obligation will be fulfilled, and the seller will have a profit equal to
eT(e.—cp)>0.

Proposition 5.45 Assume that an option buyer buys at time t=0 an option with payoff
for w a price c_ that is lower than the fair price cr of the option. Then he/she can have an
arbitrage profit.

Proof. Assume that the buyer has zero initial wealth. He/she can borrow money and
buy the option for the price c_<cr. The option holder receives the amount of money equal
to y at time =T and needs to repay his debt ¢’ ¢_ (with the interest), so the resulting
wealth is y—e” ¢_. In addition to this portfolio, the buyer may create the auxiliary
portfolio with some self-financing strategy such that the discounted wealth is
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-~ 'r -~
X(t) = —-ﬁ yishdS(s).

Here y(2) is the quantity of the stock in the self-financing strategy that replicates the claim

v with the initial wealth cp. ic., € X(T) = =¥ + € cr.Ciearny, X(0) = 0.ppe
total wealth for both portfolios is e’ (c;—c_)>0. Therefore, the buyer will have a risk-free
profit equal to this amount.

Corollary 5.46 The fair price of options is the only price that does not allow arbitrage
opportunities either for the option seller or for the option buyer.

Problem 5.47 Is it possible to prove analogs of Propositions 5.44 and 5.45 for the
discrete time market model?

5.9.3 Option pricing for a complete market

For a complete market, Definition 5.43 leads to replication.

Theorem 5.48 Let the market be complete, and let a claim w be such that E«y*< +o,
and y=F(S(*)), where F(-):C(0, T)—R is a function. Then the fair price (from Definition
5.43) of the European option with payoff 'y at time T is

e "B,

(5.16)

and it is the initial wealth X(0) such that there exists an admissible self-financing strategy

BC), () such that
X(T)=y a.s.

for the corresponding wealth.

Proof. From the completeness of the market, it follows that the replicating strategy
exists and the corresponding initial wealth is equal to e ""E.y. Let us show that it is the
fair price. Let X(0)<cr be another initial wealth, then

] - S . .
E.X(T) = X'(0) < ¢r = ¢ Es¥pyr the corresponding discounted wealth

A"(-)-Hence it cannot be true that ¢ TXI“ )z Was,

We shall refer to the price (5.16) as the Black-Scholes price of a European option for
the case of a complete market.

Corollary 5.49 Let the assumptions of Theorem 5.38 be satisfied. Let functions
Y:R—R and ¢:Rx[0, T|—>R be such that certain conditions on their smoothness and
growth are satisfied such that problem (5.15) has a unique classical solution in {x, s}=(0,
+00)X[0, T]. Let an option claim y be such that

:—
=" [4:{5‘{1"}”[ :,u{S‘(r).r}d.r]
1]

Then the fair price (Black-Scholes price) of the option at time =0 is
t=01s V(5(0), I:ipl"where V is the solution of problem (5.15).
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Proof. By Theorem 5.38, X(0) = V(5(0),0)is the initial wealth for the replicating
strategy.
Corollary 5.50 The Black-Scholes price does not depend on the appreciation rate a(*).

Proof. By Theorems 5.48 and 5.38, the fair price is F(S(0), m=and the equation for V
does not include a. Then the proof follows. Another way to prove this corollary is to
notice that S(r) = St explow.(r) — _-5;:73:}._
does not depend on a.

Corollary 5.51 (Put-call parity). Let K>0 be given. Let H,, be the Black-Scholes price
of the call option with payoff F.(S(T))=(S(T)—K)+, and let H, be the Black-Scholes price
of the put option with payoff Fp(S(T))=(K—S(T))". Then HC—Hp:S(O)—e_rTK.

Proof. It suffices to note that (S(T)—K)—(K—S(T))"=S(T)—-K, and H.—Hp=e "
E«(S(T)—K)=S(0)— K.

Theorem 5.52 Consider the Black-Scholes model given volatility o and the risk-free

— ST
rate r. Let y=¢ "I"'[‘S'{T“*Where Y:R—R is a function. Then the fair price of the
option at time t=0 is

e Eve” W(S(T)) = E,W(S(0)e™),

i.e., the distribution of 'SL{T}under P-

where

A U"I- -
o = =5~ +owu(T).

We have that §o~N(—d"T/2, o*T) under P«. In other words, the price is

- | )
E,W{5(T)) = JT_T.[ e TW (Snt:xp[—ﬂT +oﬁ.\':|) dx, (5.17)
i a0

Proof. 1t suffices to apply the previous result, bearing in mind that
5(0)e™, S(T) = &' T§(T).5(T) =

Corollary 5.53 The Cox-Ross-Rubinstein market model with an increasing number of
periods gives the Black-Scholes price as the limit.

Proof. The proof for the case when 7=1 follows from Corollary 3.57 and Theorem
5.52, since the corresponding formulae for the expectation are identical. For the case

. (T =oaT
when T#1, it suffices to note that Var In * .
Problem 5.54 Under the assumptions of Theorem 5.38, find the fair price of the
option with payoff y=S(T)?, i.e., find e " E.S(T)".
— T ©
Solution 1. We have that W =5T) =¢ I"I‘r':‘giT”‘Wher_e ¥(x)=¢'"x*. We need to
find the solution ¥ of (5.15) for this ¥ and ¢=0. In this case, ¥ can be found explicitly:

2 SRR A ey S S . i .
Vix,1) = e e Yx (verify that this ¥ is the solution of (5.15)). The initial wealth
is

X(0) = 7(5(0),0) = &Te” TS(0)2,
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In addition, we can obtain the replicating strategy: we have that (@F/dx)x, 1) =
ZFPTEH(T—J]T
- “+and

av PP
p(0) = (80,0 = 26" =05,
oy

Solution 2. Set »(i) = S{”z'We have that
dy()=2S(1)dS(1)+S(1)*Pdt=2S()* [adt+c dw()]+S(1)*c” dt
=2y(t)[adt+c dw(t)] +y(t)o” dt=2y(1)[rdt+c dw«(1)] +y(t)o” dt.

Hence

) I
W) = v(0) 4 2 f Vs)rdw,(s) + f visi2r + o’ )ds.
0 0

We have that y(0)=S(0)".
& i
Set M(1) = E,p(1) = ELS(1Y .we have that M(0)=S(0)2,

I
M(1) = M(0) +f [2r + o )M (s5)ds.
0

It follows that dM(y/di—[2r+cM(). Hence M) =e® I MO)rperepore.
S B T — BT — Gl 2T o2

M(T) = E.p(T) = E.S(T)" = elr+el S(OY - Then the price of the option is

F—i'?‘{,l 2r+a* |.|r5{ {}}2 — E“-rr_‘” = TnE'l.[U:'ln

5.9.4 A code for the fair option price

We give below some examples of codes that illustrate how to apply our formulae in
numerical calculation. This course is not intended to be a course in programming, so all
codes provided here are very illustrative and generic, they are not optimal in terms of
effectiveness. You may prefer to write your own codes. For instance, we do not use
MATLAB functions for integral or MATLAB erf functions.

Example 5.55 Let (s,7,v,r)=(1,1,0.2, 0.07). Then the fair price of the option with
payoff F(S(T)), where F(x)=1+cos(x) is 1.4361. Let (s, T, v, r)= (2, 1, 0.2, 0.07). Then
the price of the option is 0.5443.

MATLAB code for the price of an option with payoff F(x)=1+cos(x)

function [f]=option(s,r,T,V)

N=800; eps=0.01; £=0; pi=3.1415;

for k=1:800; x=-4+eps* (k-1);

f=f+eps/sqrt (2*pi*T)

*exp (-x"2/ (2*T) ) * (1+cos (s*exp ((r-v"2/2) *T+v*x)) ) ;
end; f=exp(-r*T)*f;
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Problem 5.56 (i) Write your own code for calculation of the fair price for payoff F(S(7))
where F(x)=|sin(4x)|e". (ii) Let (S(0), 7, o, r)=(2, 1, 0.2, 0.07). Find the option price with
payoft F(S(T)).

5.9.5 Black-Scholes formula

We saw already that the fair option price (Black-Scholes price) can be calculated
explicitly for some cases. The corresponding explicit formula for the price of European
put and call options is called the Black—Scholes formula.

Let K>0, >0, >0, and 7>0 be given. We shall consider two types of options: call
and put, with payoff function y where y=(S(T)—K)" or y=(K—S(T))", respectively. Here
K is the strike price.

Let Hgg(x, K, 0, T, r) and Hgg,(x, K, 0, T, r) denote the fair prices at time =0 for call
and put options with the payoff functions F(S(T)) described above given (K, o, T, r) and
under the assumption that S(0)=x. Then

Hps (%, K, 0, T, r)=x®(d,)—Ke " ®(d_),

Hpsp(x, K, 0, T, r)=Hps(x, K, 0, T, r)—x+Ke—"", (5.18)

where

Y -
Px) = N f e Ty,
4 =

and where
jo2 In{x/Ky+ Tr L o T o
. = . 5.
* avT 2 (519)

e éff}—ﬁ'\ﬁ.

This is the celebrated Black-Scholes formula. Note that the formula for put follows from
the formula for call from the put-call parity (Corollary 5.51).

Numerical calculation via the Black-Scholes formula

MATLAB code for @(*)

function[f]=Phi (x)

N=400; eps=abs(x+4)/N; £f=0; pi=3.1415;
for k=1:N; y=x-eps*(k-1);
f=f+eps/sqrt (2*pi) *exp (-y*2/2); end;

Here N=400 is the number of steps of integration that defines preciseness. One can try
different N=10, 20, 100,.... (See also the MATLAB erf function.)
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MATLAB code for Black-Scholes formula (call)

function[x]=call (x, K, v, T, r) x=max(0, s-K);
if T>0.001

d=(log (s/K)+T* (r+v*2/2)) /v/sqrt (T) ;
dl=d-v*sqrt (T) ;

x=s*Phi (d) -K*exp (-r*T) *Phi (dl); end;

MATLAB code for Black-Scholes formula (put)

function[x]=put (x,K,v,T, r)
x=call(x,K,v,T,r)-stK*exp (-r*T); end;

Problem 5.57 Assume that =0.05, ¢=0.07, S(0)=1. Write a code and calculate the
Black-Scholes price of the call option with the strike price K=2 for three months. (Hint:
three-month term corresponds to 7=1/4.)

5.10 Dynamic option price process

In this section, we consider again the Black-Scholes model with non-random volatility &
and non-random risk-free interest rate .

Definition 5.58 The fair price of the option at time t is the minimal Fi-measurable
random variable (the initial wealth) X(t) such that there exists an admissible

self-financing strategy B YIselt, T such that

X(T)>y a.s.

for the corresponding wealth.
Theorem 5.59 The fair price of the option from Definition 5.58 is

Eute "0y | 7,
v (5.20)

and it is the wealth X(t) such that there exists an admissible self-financing strategy
(B y($SDsele. M lesuch that
X(T)=y a.s.

for the corresponding wealth.
Proof. Let (B(-), y(*)) be the replicating strategy that replicates the claim y at the time

interval [0, T with the corresponding wealth X(#) and the discounted wealth X(#)we
have that

- .Ir- - e .lr -
e~ Ty = X{Ty=X{0)+ f piadd5(s) =X -1~f Pl S(x).
0

I
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Lot X(5) = & T=0X(s), §(s) = " T=I8(5). Then

)
o "lT"”T,f,r :.-lll.r(fj] 4 [ }-f[.‘ij].t'.'j.?{.ﬂ. (5.21)
I

v

Clearly, Theorem 5.16 can be rewritten for the case when [0, T], X(r Jand S“}are
replaced for /¢, 7], X()and SU)-1¢ follows that (r(s), B(S)\ .1y 1s the replicating strategy
on the interval /¢, 7] with the initial wealth X(z). Further, the theorem statements follow
after taking the condition expectation E.{- | Frlofboth parts of (5.21).

Let us show that X(?) is the fair price. Let X'(#) be another initial wealth at time ¢ such

that  P(X'()<X(t))>0,  then EAX(T)NF} = X'(1)qng  PX(T) <

— TR ; S A ’
e " E.Wr | F1) > Oufor the corresponding discounted wealth A (F) = ¢ "X(r).

AR
Hence it cannot be true A (1 ) = W a8, ¢

Definition 5.60 Let ¢(1) be the price of an option at time ¥ € 0. 7] 7pe process e
c(t) is said to be the discounted price of the option.
Corollary 5.61 Let Y=F(S(T)) where F:R—R is a function. Let the function ¥.R—R

S S
be such that F(x)=¢ ¥(e " x), i.e., U= & W(S(T)).
Then the following holds:

rt

(i) The fair price of the option at time t e [0, ir“!a’epends only on (S(t), t), and it is

VS, 0) = V(8,1 = TEJVS(TY | F).
(5.22)

Here V'is the solution of (5.15) for this ¥ and ¢=0, and

Fix.t)=e "VF(e"x.1).
(5.23)

(ii) The discounted fair price of the option is
P(S(0),0) = e "V (S(2). 1),

and it is a martingale with respect to the risk-neutral measure Ps.
Proof. Statement (i) follows from Theorem 5.38 (with ¢=0). Further, it follows from

(5.22) that V(SG) 1) = EWS(T) | Frlfor all <7, Then statement (i1) follows.
(See, for example, Problem 2.17.)

Corollary 5.62 Let | € [0, "r]be given. Under the assumptions of Corollary 5.61, the
fair price V(S(t), t) of the option at time t given the current stock price S(t) is such that,

for any non-random time e (1.7),
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F(5(0),0) = EL(F(5(9),9) | 5(1)},
V(S0 — e DRV (S0, )| 5(H),  V(S(T), T) — F(S(T)).

In particular,

V(S(),1) = e " SEfV(Str + A)r + A)1S(0)),  Ael0,T—1].

Corollary 5.62 allows us to calculate V' consequently starting from #=T.

Black-Scholes parabolic equation

&

By (5.23), we have that Vit,x) = f.f_”?._”E,{F[S[T]]|.5'{fj = x} =

VL -
Ve X, Dowhere Vis the solution of (5.15) with ¢=0. Tt follows that
»—F i — - . . . . .
e " Ve x, 1) = V(X Owith this change of the variables, parabolic equation (5.15)

is converted to the equation
T Y a3 i ,

22 g x}—;-[:f{: 0 —x2L s r}] 5.24

2 a2 A Rl (5.24)

(T, x)= Fix).

dV (1.5) +
—(r.x
i

This is the so-called Black-Scholes parabolic equation.

5.11 Non-uniqueness of the equivalent risk-neutral measure

Typically, an equivalent risk-neutral measure is not unique in the case of random
volatility (even if it is constant in time). If an equivalent risk-neutral measure is not
unique then, by Theorem 5.35, the market cannot be complete, i.e., there are claims y that
cannot be replicable.

A
"'T-' be the filtration
| S, W
Iy =F7 Dor the
j;:'?

!

In this section, we assume that 7 is non-random and constant. Let
generated by the process S(#). (For this case of non-random

general case, the filtration Fi generated by the process (w(?), #(?) is larger than

5.11.1 Examples of incomplete markets

An example with a=r

Let a(t)=r(t), and let o=0(t, 1), where # is a random process (or a random vector, or a
random variable), independent from the driving Wiener process w(t) (for instance, # may
represent another Wiener process). Clearly, any original probability measure P=P, is a
risk-neutral measure (note that Z = lfor any #). Any probability measure is defined by
the pair (w, ), therefore it depends on the choice of #. In other words, different # may
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generate different risk-neutral measures. Clearly, it can happen that two of these different
measures are equivalent (it suffices to take two n=z;, i=1, 2, such that their probability
distributions are equivalent, i.e., have the same sets of zero probability). Therefore, an
equivalent risk-neutral measure depends on the choice of 7, and it may not be unique. It is
different from the case of non-random c.

The simplest example is the following.

Example 5.63 Consider a single stock market model with traded options on that stock.
Assume that all option prices are based on the hypothesis that under any risk-neutral
measure the volatility is random, independent from time, and can take only two values, o,

and o,, with probabilities p and 1—p respectively, where € [0, 1] given. Let E« be
the expectation generated by the measure P: such that
P.(4)=pP«(d|o=c1)+(1-p)P«(4|c=0)

for all random events 4. In this case, the pricing formula e ""E.y applied to the price of
call option with the strike price K and expiration time 7 gives

e~""E«max(0, S(T)~K)=pHjs(S(0), K, o1, 1, T)

+(1=p)Hps(S(0), K, 62, T, 1),

where Hps(S(0), K, o;, T, r) is the Black—Scholes price for call with non-random

volatility o; given (S(0), K, r, T). Clearly, any # € [0, Ngefines its own risk-neutral
M

probability measure, and therefore it defines its own E,=E/".

The model in this example can be described as o(n, ?)=r5, where 5 is a time-
independent random variable that can take only two values, o; and 6,, with probabilities p

and 1-p respectively. In ths case, any ¥ e [0, ]Ideﬁnes the distribution of #, and it

)
defines its own risk-neutral probability measure on F Tand on “Fi""and all these
measures with # € (0 Dare mutually equivalent. Therefore, the equivalent risk-neutral
i

measure is not unique on in this case. In particular, any # defines its own Exy.

Case when a#r, and (a, 6) are random

Let (a, o)=f(t, n), for some deterministic function f and for a random vector 7
independent from w(-). Formally, any # generates its own risk-neutral measure P defined
by Theorem 4.58, since Z depends on 7. It can happen that two of these measures are

]
equivalent but different on *FT'(i.e., the equivalent risk-neutral measure is not unique on

‘?:? in this case).

Remark 5.64 Usually, it can be proved that the pricing rule e ""E.y is arbitrage-free
for a wide selection of P+. However, the claim F(S(7)) is non-replicable for the general
case of random volatility.
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Case when a is random but ¢ is non-random

Let o(¢) be non-random, and let a=f{t, ) for some deterministic function f and for a
random vector # that does not depend on time and on w(-). Formally, any # generates
again its own risk-neutral measure P« defined in Theorem 4.58, since . depends on 7.

dS(t) = S(Oo (Hdw.(1).

However, for any 7, we have that where w«(*) is a process

defined in Theorem 4.58. Therefore, the distribution of S['}and S(-) is uniquely defined
by the distribution of w*(:). Since w«(*) is a Wiener process under the corresponding
measure P« for any 7, then the distribution of S(*) is the same under all these P+«. In other

5
words, all these measures coincide on ‘;ri"'
In addition, note that theoretical problems also arise for the case of random r.

5.11.2 Pricing for an incomplete market

Mean-variance hedging

Similarly to the case of the discrete time market, Definition 5.43 leads to super-
replication for incomplete markets. Clearly, it is not always meaningful. Therefore, there
is another popular approach for an incomplete market.

Definition 5.65 (mean-variance hedging). The fair price of the option is the initial
wealth X(0) such E|X(T)—w|* is minimal over all admissible self-financing strategies.

In many cases, this definition leads to the option price ¢ ""E-y, where E. is the
expectation for a risk-neutral equivalent measure that needs to be chosen by some
optimal way, since this measure is not unique for an incomplete market. This measure
needs to be found via solution of an optimization problem. In fact, this method is the
latest big step in the development of modern pricing theory. It requires some additional
non-trivial analysis outside of our course.

Completion of the market

Sometimes it is possible to make an incomplete market model complete by adding new
assets. For instance, if o(%) is random and evolves as the solution of an Ito equation driven
by a new Wiener process W(z) then the market can be made complete by allowing trading
of any option on this stock (say, European call with given strike price). All other options
can be replicated via portfolio strategies that include the stock, the option, and the bond.

A similar approach can be used for the case of random . Remember that, in our
generic setting, we called the risk-free investment a bond, and it was considered as a risk-
free investment. In reality, there are many different bonds (or fixed income securities). In
fact, they are risky assets, similarly to stocks (discussed in the next section). If r is
random, then the market can be made complete by including additional fixed income
securities.
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5.12 A generalization: multistock markets

Similarly, we can consider a multistock market model, when there are N stocks. Let
{Si(1)} be the vector of the stock prices. The most common continuous time model for the
prices is again based on Ito equations, which now can be written as

S = 500 | e (et 4 Z ai(Ddwilt) |, i=1,...,N.
f=1

Here w(t)=(w1(1),..., w,(t)) is a vector Wiener process; i.c., its components are scalar
Wiener processes. Further, a(t)={a;(t)} is the vector of the appreciation rates, and
o(t)={o;(t)} is the volatility matrix.

We assume that the components of w(?) are independent.

The equation for the stock prices may be rewritten in the vector form:

dS@)=S(y[a(dt+ot)dw())],

where S(t)=(SI(?), ..., Sx(t) is a vector with values in R", S(?) is a diagonal matrix in RV
with the main diagonal (S(2), ..., Snx(?)).

Similarly to the case of single stock markets, we assume there is also the risk-free
bond or bank account with price B(?) such as described in Section 5.2. In particular, we
assume that (5.2) holds, where r(?) is a process of risk-free interest rates that is adapted
with respect to the filtration generated by (w(z), #(¢)), where #(z) is some random process
independent from w(-).

The strategy (portfolio strategy) is a process (f(t), y(t) with values in RxR",
P()=(y1(1), ..., yn(t)), where y,(1) is the quantity of the ith stock, and f(?) is the quantity of
the bond. The total wealth is X(2)=0(t)B(t)+> :(t)Si(t). A strategy (B(*), y(*)) is said to be

self-financing if there is no income from or outflow to external sources. In that case,
N

dX(1) =Y yilt)dSi(1) + B(e)dB(1).

To ensure that S(#) and X(#) are well defined as Ito processes, some restrictions on
measurability and integrability must be imposed for the processes a, o, y, and S.
It can be seen that

Blt) = — Lim KOS

Bit)

L S0 = 1800 2 exp(fi risyas)

Theorem 5.16, it can be shown that

N
dX () =) yindSi(o),

i=l1

be the discounted stock price. Similarly to
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v A LT
where X(r) = exp (III':’ ! U]{h)is the discounted wealth.

Then absence of arbitrage for this model can be described loosely as the condition that
a risk-free gain cannot be achieved with a self-financing strategy.

The following example shows that absence of arbitrage for single stock markets
defined for isolated stocks does not guarantee that the corresponding multistock market
with the same stocks is arbitrage-free.

Example 5.66 Let N=2, n=1, and let

dS;(0) = Si(Oa; (Nt + o Ddw(n),

where d;(¢) and 0,(¢) are some pathwise continuous processes, o,(?)>const.>0.
i p . s A m
Let W(#) = a1(8 1 (DIS2(0)o2(0] ' ang 10 = Nayioy=vinaan)s
M=), p()=—1()y(1).

Then
dX (1) = y(OdSi (1) + p1()dSa(1) = HOdS (1) = W()dSa(1)]

= (W () — et et )]edv.

Hence

.
Ty = X(0) + f @1 (t) — y(aan) .
[}]

Clearly, this two-stock market model allows arbitrage for some dy(-).

In the last example, the model was such that N>n. However, it is possible that N>n
and the market is still arbitrage-free.

Similarly to the case when n=m=1, it can be shown that the market is arbitrage-free if
there exists an equivalent risk-neutral measure such that the discounted stock price vector

S(r }is a martingale.
Let us show that there is no arbitrage if there exists a process 0(¢) with values in R”
such that
o()0()=a(1)
(5.25)

and such that some conditions of integrability of € are satisfied. (These conditions are
always satisfied if the process 6(?) is bounded.) This process 6(#) is called the market

- = i
price of risk process. Here alt) = al)=r()l yhere 1 = (1., ' eRY,
Let us show that the existence of the process () implies existence of an equivalent
risk-neutral measure. It suffices to show that the measure P: defined in the Girsanov
theorem (4.58) for this 8 is an equivalent risk-neutral measure. Set

I
valt) = wit) + [ ((s)ds.
Jo



Continuous Time Market Models 103

By the Girsanov theorem (4.58), w«(?) is a Wiener process under P-«. Clearly,
o(t)dw«t)=a(t)dt+o(t)dw(t).

In addition, d S{f ) =S(r }[?{F.}d" +o(Ddw()]where S“}is a diagonal matrix with the
main diagonal (S1(z) ... S (?)-Hence
dS(r) = S(Nor ()dw.(1).

1t follows that S )is a martingale under P-.

For instance, if =N and the matrix ¢ is non-degenerate, then 0(t)= o(2)"'d(t). If this
process is bounded, then the market is arbitrage-free.

Problem 5.67 Consider the Black-Scholes market model with stock, bond, and the call
options on this stock with the strike prices K; and expiration times 7;, i=1,..., N—1. These
options are priced by the Black-Scholes formula. Consider these options as new risky
assets. The new market can be considered as a multistock market model with N stocks
(N—1 options plus the original stock). Is this market arbitrage-free? (Hint: consider first
N=2 and T>T.)

5.13 Bond markets

Bonds are being sold an initial time for a certain price, and the owners are entitled to
obtain certain amounts of cash (higher than this initial price) in fixed time (we restrict our
consideration to zero-coupon bonds only). Therefore, the owner can have fixed income.
Typically, there are many different bonds on the market with different times of maturity,
and they are actively traded, so the analysis of bonds is very important for applications.

For the bond-and-stock market models introduced above, we refer to bonds as a risk-
free investment similar to a cash account. For instance, it is typical for the Black-Scholes
market model where the bank interest rate is supposed to be constant. In reality, the bank
interest rate is fluctuating, and its future evolution is unknown. Investments in bonds are
such that money is trapped for some time period with a fixed interest rate. Therefore, the
investment in bonds may be more or less profitable than the investment in cash account.
Thus, there is risk and uncertainty for the bond market that requires stochastic analysis,
similarly to the stock market.

General requirements for bond market models

The main features of models for bond markets that generate requirements for the pricing
rules are the following:

(i) the process r(t) of bank interest rate is assumed to be random;
(i1) the range for the discounted price processes is bounded;
(iii) the number of securities is larger than the number of driving Wiener processes.
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The last feature (iii) has explicit economical sense: there are many different bonds (since
bonds with different maturities represent different assets) but their evolution depends on
few factors only, and the main factors are the ones that describe the evolution of r(%).

The multistock market model can be used as a model for a market with many different
bonds (or fixed income securities). Assume that we are using a multistock market model
described above as the model for bonds (i.e., Si(?) are the bond prices). Feature (iii) can
be expressed as the condition that 6,;;(2)=0 for all j>n,=1,..., N, where n is the number of
driving Wiener processes, N is the number of bonds, N>>n. It follows that the matrix a is
degenerate. This is a very essential feature of the bond market. To ensure that the process
0(¢) is finite and the model is arbitrage-free, some special conditions on a must be
imposed such that equation (5.25) is solvable with respect to 6. To satisfy these
restrictions, the bond market model deals with @ being linear functions of o.

In addition, we have feature (ii): the process (4@, g) must be chosen to ensure that the

price process is bounded (for instance, Si(T) = 1.5i(r) € [0, Has. it Si(t) is the price
for a zero-coupon bond with the payoff 1 at terminal (maturing) time 7).

Consider the case when the bank interest rate r(z) is non-random and known. Let P(?)
be the price of a bond with payoff 1 at terminal time T (said to be the maturity time).
Clearly, the only price of the bond that does not allow arbitrage for seller and for buyer is

-
Plr) = uxp(—f r[.*.-'}d's).
T

In this case, investment in the bond gives the same profit as investment in the cash
account. However, this formula cannot be used for the case when r(s) is a random
process, since it requires future values of ». In fact, a model for bond prices suggests that
the price is

.
Pi1) = Ep, {uxp(—f rl{s}ﬂ’ﬂ;) Fi } (5.20)
I

where Eg, is the expectation generated by a probability measure Q,, Flis the filtration
generated by all observable data. The measure Q, has to be chosen to satisfy the
requirements mentioned above. The choice of this measure may be affected by risk and
risk premium associated with particular bonds. (For instance, some bonds are considered
more risky than others; to ensure liquidity, they are offered for some lower price, so the
possible reward for an investor may be higher.)

Models for bond prices are widely studied in the literature (see the review in
Lambertone and Lapeyre, 1996).

An example: a model of the bond market

Let us describe a possible model of a market with N zero-coupon bonds with bond prices
i ——

Py(t), where I E [0, Tk L.and  where i1 }F;:lis a given set of maturing times,

T e(LTL P, T =1,
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We consider the case where there is a driving n-dimensional Wiener process w(?). Let
Fibe a filtration generated by this Wiener process. We assume that the process 7(2) is
adapted to Fi *(To cover some special models, we do not assume that 7(¢)>0.) In addition,
we assume that we are given an Fr-adapted o4 pounded process ¢(t) that takes values
in R".

Set the bond prices as

: T, T, 1l
flt)=E { ».‘xp(—j r{s)ds -I-j q[.s‘]lTr.'w[.f}— 5 / |q(.3'}|2fr'.':)
] I I

In this model, different bonds are defined by their maturity times.
Clearly, the processes Py(t) are adapted to Fr. Pe(Ty) = 1, Pr(0) € [0, 1].5nq

- A A
Py(r) = Pr(t) exp( JU ris)ds) € [0, I]a.s. In addition, it can be seen that (5.26)
holds for the measure Q,=Q, such that Q,/dP=Z(?), where

Ty 'y
Zilt) 2 cxp(f ;’;{R}Tg“{.ﬂ} — % f |q.|j_,,-}|1ri:~'),
h ]

Theorem 5.68 Pricing rule (5.27) ensures that, for any k, there exists an Fy-adapted
process oy(t) with values in R" such that

- - 3
di ) = _f';.if'}( r(f) = ag(f) I q(r}] it + oy (t) :i"n'(l':lj. t < T, (5.28)

Tt I (5.27)

Proof. Let k be fixed. We have that

!
Fr(t) = wl)z(t) exp (‘[] r{,s'}u’.s')? (5.29)

where

w2 Ii.[txp(m (l;

Y

" 7 . 1 7 L
s kls + qls) ehil{sl = = { Iq:.r}l‘rf::)
0 2 R

-"'rn" I-r
) P : | o
= I:J'Ep(— j_' gls) dnis] + 5 fn lersh] ol )

It follows from the Clark theorem (4.51) that there exists a square integrable n-
dimensional 71 '“dﬂpm‘dprocess 1) = ¥t Ty )with values in R” such that

i
WT)=Ex(T)+ f ¥ dw(t).
0

Note that V() = 0. Set §x(r) = ¥(1)¥(#).Then
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-
¥(T)y = Ev(T) -|-f ,i-'l[.r}ﬁ;i{:}Trfw{i'}.
0

By the Ito formula, it follows that
dz(f) = :{:}(|ql{r}|3n‘f - q[r}Ta'n'{r]).

&
Set @k} = dp(1) — qlz }'Finally, the Ito formula applied to (5.29) implies that (5.28)
holds. This completes the proof.

It follows from (5.28) that this bond market is a special case of the multistock market

described above, when Si(t)=Pi(1), k=1,..., N, where alr) =
- ~ T N
(a1(#),....an(1))" € R™..nd where a(2) is a matrix process with values in RV*” such

I
that its kth row is zero for #>T} and it is equal to Tx1) for t<T}. The process d(t) is such
that

—(I,(-{f]Tq{fL t=T;

aplt) =
() 0, t= T

Then the corresponding market price of risk process 8(?) is 6(t)=—q(t). This process 6(t)
is bounded if ¢(2) is bounded, since 6(2)=—q(t). Note that the case N>>n allowed, and the
bond market is still arbitrage-free.

To derive an explicit equation for P,(?) and o.(?), we need to specify a model for the
evolution of the process (7(2), ¢(t). The choice of this model defines the model for the
bond prices. For instance, let n=1, let the process g be constant, and let »() be an
Ornstein-Uhlenbek process described in Problem 4.41. Then this case corresponds to the
so-called Vasicek model (see, e.g., Lambertone and Lapeyre (1996, p. 127)). In this case,
P(t) can be found explicitly from (5.27).

5.14 Conclusions

* Continuous time models allow explicit and complete solution for many theoretical
problems, and they are the main models in mathematical finance.

* A continuous time market model is complete for a generic case of non-random constant
volatility (this case can be considered as a limit for the Cox-Ross-Rubinstein model
with increasing frequency).
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* Continuous time models allow the solution of many pricing problems via Kolmogorov
partial differential equations.

« A continuous time market model is based on Ito calculus, and it needs some
interpretation to be implemented for a real market with time series of prices. Strategies
developed for this model cannot be applied immediately, because they include Ito
processes that are not explicitly presented in real market data. For instance, there is the
question of how to extract the appreciation rate a(?) and volatility o(z) from the time
series of prices.

Interpretation of historical data in view of continuous time models is studied in Chapter
9.

5.15 Problems

Below, a is the appreciation rate, o is the volatility, 7 is the risk-free rate, S(z) is the stock

price, X(?) is the wealth, S(t)is the discounted stock price, X(1)is the discounted wealth,
(B(), y()) is a self-financing strategy, where y is the quantity of the stock shares, f is the
quantity of the bonds.

Self-financing strategies for a continuous time market
Problem 5.69 Let r(1=0. Let ¥{f) = Ltel0n), yt)=-121eln,T]

where 0<1,<T. Let S(0)=1, S(t,)=1.1, $(T)=0.95. Find X () and x(7).

Problem 5.70 Solve the previous problem for the case when 7(2)=0.05.

Problem 5.71 Let r(t)=r, a(t)=a, o()=0>0 be constant. Let y(1) =(a—r)5(1)
Find EX(T).

Problem 5.72 Let r(y)=r, a(t)=a, o(t)=a>0 be constant. Let y (1) =kX(0S(n~',
where A1) isﬂthe corresponding wealth, & € R.Find X fT\]-(Hint: derive a closed Ito
equation for A1) and use the known solutions of these equations.)

Problem 5.73 Let there exist #, #©:0< #,<t,<T such that a(r)=0,a(r) # 0,

t € (11.12)55. Prove that this market model allows arbitrage. (Hint: take yir) =
ﬂ{”—retr;.rp}-}

Claim replication and option price

Assume that (a, r, 0, ) is non-random and constant, and they are given. Assume that
S5(0)>0 and 7>0 are also given.
Problem 5.74 Under the assumptions of Theorem 5.38, find an initial wealth and a

— ST T I
strategy that replicates the claim Y= " WS(T) = S(T) ".Find the option price
for this claim.
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Problem 5.75 Find an initial wealth and a strategy that replicates the claim Y=
vy T Ty /

(11 }an S(T 'r'(Hint: use Theorem 5.38, and find the solution V" of the boundary

value Problem 5.15 from the proof of Theorem 5.38 for o(x, t)=e """ x/T, ¥=0; V can be

found explicitly.)

Problem 5.76 Find an initial wealth and a strategy that replicates the claim V=

(1) Jy S(Tdt "(Hint: use Theorem 5.38 and find the solution ¥ of the boundary value
problem 5.15 from the proof of Theorem 5.38 for ¢(x, H)=e—"T ¢" x/T, ¥=0; V can be

Fro T .
found explicitly as Vi) = fy loe, 0dr.)

Problem 5.77 Consider an option with payoff Vo= Lsn=k) *where K>0 (it is the
so-called digital option). Express the option price via an integral with the probability
density function of a Gaussian random variable.

Problem 5.78 (Bachelier’s model). Consider a market model where the risk-free rate
r>0 is constant and known, and where the stock price evolves as

dPt)=adt+o dw(),

where ¢>0 is a given constant, & le(t) is a Wiener process. Assume that the fair
price for a call option is e "E+ max(P(T)—K, 0), where K is the strike price, T is
termination time. Here E- is the expectation defined by the risk-neutral probability
measure (this measure gives the same probability distribution of P(:) as the original
measure for the case when r=q). Find an analogue of the Black-Scholes formula for the
call option. (Hint: (1) find the expectation via calculation of an integral with a certain
(known) probability density; (2) for simplicity, you may take first »=0.)

Black-Scholes formula

Problem 5.79 Let Hps (s, K, , T, o) and Hpg,(s, K, , T, o) be the Black-Scholes prices
for call and put options respectively. Here & € Ris the volatility, >0 is the bank interest
rate, s=S(0) is the initial stock price, K is the strike price.

(1) Are these functions increasing (decreasing) in s? Prove. (Hint: use the basic risk-
neutral valuation rule.)

(i1) Find the limits for these functions as: (a) T—+©; (b) o—+w; (¢) T7—+0; (d) 0—+0.
(Hint: use the Black-Scholes formula.)

Challenging problems
Problem 5.80 Let d(z)=d#0 not depend on time, and let a self-financing strategy be

A g g ¥ &y v
defined in closed-loop form such that p(t) = RalK = X()SU) sywhere 4155
the corresponding discounted wealth. Here £>0 and K>0 are given constants. Prove that

T — K12 ) e ~ N . B K
EIX(1)—=K[* — Oast — +oo.q, addition, prove that if X(0)>K, then A (f) > K
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for all >0 a.s., and if X(0)<K, then A1) = "l'-:for all >0 a.s. Is X“]bounded from
below?
Problem 5.81 Let X(0)=1, and let a self-financing strategy be defined in closedloop

form such that ¥{) 2 “"? “}_2]}?“ }'{?(’) l1where E“,.}is the corresponding
discounted wealth. Here & € Ris a given constant. Prove that X(1) €10, 2-\]for all >0
a.s. In addition, prove that if o(t)=0>0 is constant, then, for any &>0,
JI_*:'I'I Pz = )E’{r} < 2 e)dt = Das s — oo

Problem 5.82 Let d(2)=d#0 not depend on time, and let a self-financing strategy be
defined in closed-loop form such that y(1) = ka(K({r) — )E’{;}}S’(”‘l *where )E’U}is

the corresponding discounted wealth. Here k>0 is a given constant, K(#)>0 is a given
deterministic function bounded in >0 together with its derivative dK(z)/dt. Let

X(0)>K(0). Is it possible that X0 = Kfor all 150 a.s.2 Ts it possible that if X(0)<K,

‘as s—+oo

then AU <Kgor all 50 as? Investigate the properties of the process
Xi{ny— K for t — 4.

Problem 5.83 (see Example 5.12). Let 6>0 and a be constant, let 7=+, and let
=min{t>0: S(t)=K}, where K#S5(0). Prove that P(t<+w0)=1 and Et=+c. (Hint: the last
equality is easier to prove for a=r=0.)

For simplicity, you can assume that S(z)=S(0)+w(?); it does not remove the main
challenge for the previous problem as well as for the following problem.

Problem 5.84 John’s initial wealth is X(0)=S(0), and he uses the following strategy:

Y1) = List)=501where Idenotes the indicator function. (This means that John keeps
one share of stock when §(#)>S(0) and keeps zero amount of shares if S(#)<S(0), i.e., in
that case all his money is in a cash account). John hopes to have the wealth
X(T)=max(S(0), S(T)) at time T. Is it feasible? (Hint. some special topics of stochastic
analysis omitted in the present book may help to solve the last problem (local time).)

Problem 5.85 An investor looks for opportunities to obtain an annual profit of 1000%,
and asks a quantitative analyst to create a self-financing strategy for the Black-Scholes
model with given T=1 (year), >0, >0, S(0)=$1, such that the initial wealth X(0)=$1000
has to be raised to the wealth X(7) such that

X(T)>$11 000 if either S(7)<$1000 or S(7)>$1001.

(Note that it is allowed that X(T)<$11 000 if $1000<S(7)<$1001; this situation is
considered as an unfavourable market scenario that has a low chance of occurring.) Does
this strategy exist?



6
American options and binomial trees

This chapter introduces numerical methods for option pricing based on the so-called
binomial trees. The binomial trees method is important since it can be used for
complicated cases when the Black-Scholes formula is not applicable:

« for American options and exotic options;
« for models with time-variable random volatility or the risk-free rate.

We will first demonstrate how to apply the binomial trees for European options, and then
this method will be extended for American options.

6.1 The binomial tree for stock prices

6.1.1 General description

Binomial trees are used to approximate the distributions of continuous time random
processes of the stock price S(#) via discrete time processes. It is suggested to replace the

price process by a random process St with the following properties:

* The process S }changes only at discrete times #,=0, t,=A¢,..., {,=kA, ty=T, where
A=T/N, T is terminal time, and A denotes the one time step.

S(t)

« If the price of the underlying asset is at time 7, then it may take only one of two

possible values, S(trar) = - SUk) ot time ter1, where @ € (0. Dand u>1 (see
Figure 6.1).

« The probability p of Sk )moving up to S(tg1) = 1+ Stk )is known, as well as the
probability g=1—p of Sty ]'moving down to Sfr+1) = d - S(ix).

The dynamics of the process can be visualized via a graph called a binomial tree.
If the risk-free interest rate » is non-random and constant, then the corresponding
market model is equivalent to the Cox-Ross-Rubinstein discrete time market model for

the discrete time prices S(tp) k=0,1,...,N.

The parameters p, u, and d are chosen to match the stock price expectation and
volatility.
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.Efl’fi._ﬂj =10 S'{Fk,'l

Sir)

g=1-p
S ) =d - S(1;)

Figure 6.1 Price evolution in the
binomial model.

When binomial trees are used in practice, the life of the option is typically divided into a
large enough number of steps to ensure good approximation. With 20 time steps, 2°°>10°
stock price paths are possible. However, if one chose u=1/d, then ud=1, and the number
of possible price paths will be less. Figure 6.2 gives an example of a tree for five steps if
ud=1.
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Figure 6.2 Binomial tree for N=5
when ud=1.
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Note that higher multinomial trees, for example a trinomial tree, are also widely used.

6.1.2 Choice of u, d, p for the case of constant r and o

The most popular binomial tree represents the Cox-Ross-Rubinstein discrete time market
model described in Section 3.9. It is known as the Cox-Ross-Rubinstein binomial tree.
Let us assume that the continuous time stock price process S(?) is the solution of the
Ito equation
dS(t)=S(t)(adt+o dw(t)),
(6.1)

where o and a are constants. We assumed also that the risk-free interest rate r is constant
and non-random.

It was shown above that the Cox, Ross, and Rubinstein model ensures approximation
of the continuous time Black-Scholes model for a large number of periods. This means
that the options prices calculated via binomial trees approximate the fair prices.

Let Ps be the risk-neutral equivalent measure. For the Black-Scholes market model
with constant non-random (o, g, r), this measure exists and it is uniquely defined (see
Theorem 4.58). (Remember that this measure coincides with the original probability
measure iff a=r.) Let E« be the corresponding conditional expectation.

Let Ffbe the filtration generated by w(s), s<t. (Note that 'ﬂis also the filtration
generated by S(#), and it is also the filtration generated by S(1), or by w(?).) Under the

o A t o
measure Px, the discounted price process Sy =e S Jis a martingale with respect to
F;.

We shall model the probabilistic characteristics of the price evolution under the risk-
neutral measure Px, as required by the Black-Scholes approach. This means that

Sty )=S(t) M+,

where
2

[od
M4 = €/t ’EKP{—I-JLH = i) F o lwalten) = walip)]

= g" ucpl .ﬁ?+rrv"_€; ]

Here w«(#) is a Wiener process under P«, and & are i.i.d. (independent identically
distributed) random variables with law N(0, 1) under P*

Proposition 6.1 Let p~N(0, o). Then Ee¥ = ¢ Papg Be Y =,

Problem 6.2 Prove Proposition 6.1.

Let us describe our choice of parameters for the binomial tree. Let S, be the prices at
time ¢=t; modelled by the binomial tree.

It is natural to assume that
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so = 5(0), Spp1 =5 Migr, k=012,

where *M-‘-' are random variables such that

TN K with probability p
ST ld with probability g = | — p.

We want the discrete time approximation to be close in some sense to the original
continuous stock price. There are three unknown parameters (u, d, p), hence three
restrictions can be satisfied. The most popular choice of the restrictions is

ud =1, E*.fﬁ- =EM,, Varin My = Var In M;.
(6.2)

We have that
E-M;1=¢"™, Var In M;=c’A.

(The first equation here follows from Proposition 6.1.) Hence we have the following
restriction for parameters:

E.M; = up+di(l —p) = &,

or
er:\ —d

'y = -
y w—d

Further, we need to choose u to ensure that Var In Mk = Varin A, with d=1/u. It leads
to the following rule.

Rule 6.3 (choice of parameters for the binomial tree). The most popular choice of
parameters is

p=——, g=1=—p

In that case, (6.2) holds.

For example, this rule is used in MATLAB Financial Toolbox (Version 2).

Problem 6.4 Prove that the equalities for the variances in (6.2) hold.

Note that the market with the prices (pk, sk), where p,=B(0)e"™, is a special case of the
Cox-Ross-Rubinstein model introduced in Section 3.9, and d=p(1+ d,), u=p(1+d,), where
d; are parameters from Section 3.9.
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6.1.3 Pricing of European options via a binomial tree

Let us apply the binomial tree described above to pricing of European options. It was
shown above that the Black-Scholes formula gives an explicit formula for European put
and call (under certain assumptions). Moreover, formula (5.17) gives a good enough
solution for a European option general payoff function F(S(7)). In addition, it will now be
demonstrated how to apply the binomial trees for European options, and then this method
will be extended for American options.

Rule 6.5 For a European call option with payoff F(S(T)) the option prices at times t;
can be estimated as V(s t), and these values can be calculated backward starting from
tv=T, and

V(SN, IN):F(SN),

Visir, tie)=e " [pV(usi-y, t)+(1=p)V(dsi, 1], (6.3)

k=N, N—1,..., L.

Here “k = Stg) tp = kA, A =T "'N'The price at time t,=0 is V(so, 0), where
50=S(0).

(Compare with Corollary 5.62.)

Note that the parameters d, u, p do not depend on the type of option (i.e., on F(*)).

Figure 6.3 shows an example of a tree for the stock prices and the corresponding tree
for the call option prices.

6.2 American option and non-arbitrage prices

We describe the American option in the continuous time setting. However, all definitions
given below are valid in the discrete time setting as well (see Definition 3.43).

Up to the end of this chapter, we assume that the risk-free rate »>0 is a non-random
constant, and that the process (a(?), o(t)) is adapted to the filtration Friand

Froa(t), 8 are as described in Section 5.1.
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STOCK FPRICES s,= 141.39

s, = 12598

EUROPEAN CALL 41.39

Figure 6.3 Binomial tree for the stock
prices and for the call option prices. It
is assumed that S(0)=100, 7=1, ¢=0.2,
N=3, r=0, K=100 (the strike price).
Note that the tree for the prices does
not depend on 7, and u=1.12, d=0.89,
p=0.47.
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We assume that all Markov times mentioned below are Markov times with respect to this

Fi.

Definitions

An American call (put) option contract traded at time ¢ may stipulate that the buyer
(holder) of the contract has the right (not the obligation) to buy (sell) one unit of the
underlying asset (from the writer, or issuer of the option) at any time ¥ € L4 T](by
his/her choice) at the strike price K. The option payoff (in s) is max(0, S(s)—K) for call
and max(0, K—S(s)) for put, where S(s) is the asset price.

More generally, an American option with payoff F(SGDlselrTIcan be defined as a
contract traded at time ¢ that stipulates that the buyer of the contract receives an amount
of money equal to F(S(s)) at any time ¥ € [#. T lby his/her choice.

We assume that F'(x) is a given function such that F(x)>0.

If the option holder has to fulfil the option obligations at time 7, we say that he or she
exercises the option, and 7 is called the exercise time.

Sub (super) martingale properties for non-arbitrage prices

Similarly to Section 5.9, we shall use the extended definition of the strategy assuming
that a strategy may include buying and selling bonds, stock, and options. Short selling is
allowed for stocks and bonds and not allowed for options. All transactions must be self-
financing; they represent redistribution of the wealth between different assets. For
instance, a trader may borrow an amount of money x to buy £ American options at time ¢
with payoff F(S()]se10.7 1 then his/her total wealth at exercise time s is kF (S(s))—e 7
x. We assume that Definition 5.29 is extended for these strategies. In addition, we assume
that the wealth and strategies are defined for Markov random initial times 6 such that

0 & [0, T]. A1l definitions can be easily rewritten for this case.

In particular, let X(0) be an initial wealth, and let X(1)be the discounted wealth
generated by an admissible self-financing strategy (5(*), y(*)). For any Markov time 7 such

that T € U, T'l.we have

E.X(1) = X(0) + E, f Y(dS(1)
0

— X(0) + E, f v(OS() a(e)de + o ()dw(r)] = X(0),
0

. - N =l
since a(t)dt+ao(t)dw(t)=o(t)dw«(t), where Walt) = w(r) + J o (s) ﬂ{‘ﬁ}mis a Wiener

- A
process with respect to the risk-neutral measure P..alt) = alt) —r.
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Similarly, let X(6) be an initial wealth at Markov initial time 6 such that 8 e [0,T],

and let X {f)be the discounted wealth generated by an admissible self-financing strategy

(B(-), y()). For any Markov time 7 such that T € 16, T,
we have

E.[X(z)Fs) = X(8) + E. [ ﬁ y{r]di‘{r}‘.?—'ﬂl

i
= X(8) + L{f YOSy dw, (1)
0

:F,;I = X(8).

Lemma 6.6 Let C(t) be the market price at time t for an American option with the payoff
F(S(s))|

ST L this price is not necessarily the fair price). We assume that this process

is adapted to Ft.Assume that the market does not allow arbitrage for the option buyer.
Then

C(8) = E.[C(1)|Fs)

for any two Markov times 6 and t such that 0<t<T a.s. In other words, Cltis 4
supermartingale with respect to the risk-neutral measure Px.

Proof. Let the lemma’s statement be untrue. Then there exists a Markov time 6 such
that <t and

C(8) + y = EJC(0)Fs ).

where y is an Jr-measurableandom variable such that y>0 as., and P >
0) > IU"Assume that the buyer has zero initial wealth. He/she buys the option at time 6

L
for the market price Cf) = e Ir'F'h':':;'}"ln addition, he/she invests ¢’ y in the bonds. To
obtain cash for these purchases, he/she creates an auxiliary portfolio with negative initial

wealth A (#) = ~E.{C(r) IFi-“'}and with some self-financing strategy such that the

discounted wealth is such that <X (T) = —C(T }(this wealth and strategy exist since the
market is complete). Note that the initial wealth for the combined portfolio is zero. At
time 7, the buyer sells the option for the market price C(z), and this is sufficient to cover
the debt generated by the second portfolio that has the total wealth —C(z) at this time. The
remaining wealth originated from the investment of the amount ¢ y in bonds gives the
arbitrage profit.

Lemma 6.7 Let C(t) and Cle }be the processes described in Lemma 6.6. Let

- i . v P
C) = e "Clpe the discounted option price. Let © be a Markov time such that the

option is not exercised at ¥ € [t.7 }'Assume that the market does not allow arbitrage for
the option seller. Then

C(8) = EL{C()1Fs)
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for any Markov time 0 such that gelt, T)-In other words, Cls Vis a submartingale on
time interval [t, ©) with respect to the risk-neutral measure P-.
Proof. Let the lemma’s statement be untrue. This means that there exists a Markov

time 6 such that 6elr, ﬂ'and
C(A) = EAC(T)|Fe} + 1,

where 7 is an Férandom variable such that 7n>0 a.s., and P«(#>0)>0. Assume that the

e
seller sells the option at time & for the market price C(A) = e CB)- At this time,
he/she invests the wealth e  to bonds, and starts the portfolio with the self-financing
strategy such that the corresponding discounted wealth is such that

X(#) = E=a=Ef?'[r}l':“"'-'ﬁ'}'and X (1) = C(T)-Remember that the option is not exercised

before 7. At time 7, the seller is using the wealth e’ X(r) = IET{]::"[O buy back the
option from the buyer (or, equivalently, to buy the same option and keep it up to the time
when the buyer exercises the option). This allows to fulfil obligations for the option that
had been sold. The remaining wealth originated from the investment of ¢ 5 in bonds
gives the arbitrage profit.

Corollary 6.8 Let C(t) and IE:'1'“:'be the processes described in Lemma 6.6. Assume
that the market does not allow arbitrage for the option buyer and for the option seller. In

that case, ‘C“}is a supermartingale on [0, T] under the measure P«. Further, let 8 and t
be Markov times such that 0<t and the option is not exercised at [0, t). Then

C(8) = E{C(1)|Fs)

for any Markov time 6 such that 0<t a.s. In other words, ['["]'is a martingale on time

interval [0, t) with respect to the risk-neutral measure Px.

6.3 Fair price of the American option

The following pricing rule is similar to the rule for European options from Definitions
5.42 and 5.43.

Definition 6.9 The fair price of an American option at time t is the minimal initial
wealth X(t) such that, for any market situation, this wealth can be raised with some
acceptable strategies to the wealth that can cover option obligations.

We now rewrite Definition 6.9 more formally.

Definition 6.10 The fair price at time t of an American option with payoff
F(S(s))

scenario, there exists an admissible self-financing strategy {A(), F{S}}I-'FGII-?']such
that for the corresponding wealth X(s) and for all times s such that ¥ el T]

l-“:|"~T]is the minimal Fi random variable cp(t) such that, for any stock price
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X(s)>F(S(s)) a.s.

The fair price does not allow arbitrage

Lemma 6.11 Assume that an option seller sells at time t an American option with the

payoff F(S(s)) |-“‘:]"'~T1f0r a price c.(t) such that c.(t)>cg(t), where cp(t) is the fair price
of this option. Then he/she can have an arbitrage profit.

Proof. Assume that the seller has zero initial wealth and sells the option for the price
c+(t). After that, the seller can invest the wealth c.(2)—cp(2)>0 to bonds, and create an

&
additional portfolio with the initial wealth X1y = lTI":”and with an admissible self-

financing strategy (that exists) such that X(s)>F(S(s)) a.s. for all ¥ € Lt 1 |~Therefore,
the option obligation will be fulfilled, and the seller will have the risk-free (arbitrage)
profit equal to &/ (c+(t)—cp(1))>0.

Lemma 6.12 Assume that an option seller sells at time t an American option with the

payoff £ {'3{"‘}}|-"‘:|f-?-|f0r a price c_(t) such that c_(t)<cp(t), where cg(t) is the fair price
of this option. Then he/she cannot have an arbitrage profit.

Proof. Assume that the initial wealth of the option seller is zero. At time ¢, he/she sells
the American option for the price c_(z) and creates a portfolio using this amount of cash
as the initial wealth. Let X(s) be the wealth obtained by an admissible self-financing

strategy (BEs) ¥ (SDlselr.Tlwith this initial wealth X(t)=c_(1). By the definition of the

fair price, it follows that there exists time 0 e [ T]such that P(X(8)<F(S(6)))>0 (this
time may depend on the strategy). If the option holder exercises the option at time 6, then
the seller has losses. Therefore, arbitrage gain for the seller is impossible for any
admissible self-financing strategy. Then the proof follows.

Corollary 6.13 The fair price of options is the only price that does not allow arbitrage
opportunities for the seller and such that the option obligations may be fulfilled with
probability 1 for the wealth generated from this price with a self-financing strategy.

Lemma 6.14 Assume that the market price of an American option with the payoff

F (‘R’['“‘m-"":-l'““is the fair price cg(t). Then a buyer of the option cannot have an
arbitrage profit.

Proof. Assume that the option buyer has the initial wealth cg(?) at time ¢. He/she buys
the option, so his/her total wealth at time s>¢ is either F(S(s)) (if the option is exercised)
or cx(S) (if it is being sold).

Assume first that the option is exercised. By the definition of the fair price, there exists
an admissible self-financing strategy I',=(B('). y(:))|r; such that X(s)>F(s) for the
corresponding total wealth X(s) such that the initial wealth is X(z)=cg(?). The strategy I,
does not allow arbitrage, and the wealth X(s) is the same or bigger than the buyer’s
wealth (obtained after the exercise of the option). Therefore, the buyer cannot have
arbitrage profit if the option is exercised.

Further, we have that X(s)>cg(s), since the initial wealth X(#)=cg(?) must ensure that
X(q)>F(S(q)) for all g>t, and the initial wealth X{(s, s)=cp(S) must ensure that X(g,
§)>F(S(q)) for g=>s only, where X(q, s) is the total wealth for the self-financing strategy
that can cover the option’s obligations after time s. Hence X(s)>X(s, s)=cr(S). Again, the
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strategy I'; does not allow arbitrage, and its wealth at time s is the same or bigger than the
buyer’s wealth. Therefore, the buyer cannot have arbitrage profit at time s.
- A
Corollary 6.15 Let cx(?) be the fair price of the American option, and let cr(t) =
=l
e ‘-'P'E'r}be the discounted fair price. Then

(i) Cilt)is supermartingale for T € 10, Tl

(ii) Let 0 and T be Markoyv times such that <t and the option is not exercised at [0,7).
Then €r(P) = Eulcp(T) |':'Eﬁ"‘}for any Markov time p such that P € W Tl other
words, ©F ( }is a martingale on time interval [0, t) with respect to the risk-neutral
measure Ps.

Proof follows from Corollary 6.8 and Lemmas 6.6 and 6.7.

6.4 The basic rule for the American option

Up to the end of this chapter, we assume that the market is complete with constant 7>0
and a>0.

_In addition, we assume that :':fis the filtration generated by S(?) (i.e., by w(?), or by
S(1).

Let the function F(x)>0 be such that some technical conditions are satisfied (it suffices
to require that F'(x) is continuous and |F(x)|< const. (]x|+1)). For instance, the functions
F(x)=(x—K)" and F(x)=(K—x)" are admissible.

Theorem 6.16 Let initial time ¥ € [0 T 1.tpe risk-free rate >0 and volatility 6>0 be
given. Consider an American option with the payoff F{‘meffc[f-”'Let cr(t) be the fair
price of this option at time T € 10, T} en the following holds:

(1) co(T)=F(S(T));
(ii) cp()>F(S(t)) for all t € |0, T and there exists (random) Markov time t=t(w)=1(t,
) such that t(w) €1, Tlfor all w and
ce(s) = F(S(s)) Yielnt),  crlr)=F(5(z))

(If ce(t)=F(S(t)), then t=t.) Moreover, the option will not be exercised at time [t,
1) by a rational investor.
(iii) ce(0)=Ese " F(S(7)).
(iv) The fair price c(0) is the solution of the optimal stopping problem
cr(0) = sup E.e TR (S(1)),
: (6.4)

where the supremum is over all (random) Markov times ¥ = t@)such that

t(w) € [0, ilI"Ifor all w. Time t from (ii) is the optimal stopping time for this

problem.
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The process cp(t) and random time v are uniquely defined up to equivalency, i.e.,
P(t=t")=1 for any other optimal '

In fact, Theorem 6.16 (iv) defines the fair price for an American option uniquely for a
wide class of F(*) but it is not an explicit formula. An explicit solution is still unknown.
Theorem 6.16 (iv) states that the optimal exercise time 7 for an option’s buyer is the
solution of the optimal stopping problem, when 7 is the optimal stopping time. It can be
shown that this optimal time 7 is the first time that S(z) hits a certain optimal level, I'(?).
Therefore, the problem can be reduced to calculation of this I'(z). An explicit solution is
unknown even when r and ¢ are known constants. A possible and most popular numerical
solution is described below; it is based on binomial trees. There is much literature
devoted to approximate methods of solution; the pricing of American options is not easy.

Proof of Theorem 6.16. Statement (i) is obvious. Let us prove statement (ii). Assume
that cx(1)<F(S(t)). Then an option buyer can exercise the option immediately at time ¢ of
its purchase and obtain the risk-free gain. It contradicts Lemma 6.14. Hence cx(2)>F(S(?)).

Further, if the holder exercises the option when cx(S)>F(S(s)). then he/she obtains the
value F(S(¢)) which is less than the market price cq(s) of the option. Clearly, he or she
would prefer to sell the option rather than exercise it. It follows that 7 is the first
reasonable time that the option can be exercised. This 7 can be found as the first time
before T when cp(t)=F(S(r)), if this does not occur before 7, then 7=T, because of (i). It
follows that this 7 is a Markov time, since it is constructed as a time of first achievement
for the currently observable process. Then (ii) follows.

Further, let #=0 be initial time. Let X(0) be the initial wealth equal to the option price
c(0). We have that

X(t)y=X(0) + f y(OdS(r)
1]

for any Markov time T € [0, Tland for any self-financing admissible strategy (5("),

»()) with the corresponding discounted wealth “ﬂri )-The option writer needs to obtain
the total wealth X(#) such that X(7T) = FIS(TDgor an possible exercise times
7 e[0,TLi,

X(%) = e TF(S(F)). EX(f) = E.e " TF(S(?)). 65)

For Markov times ¥ +it follows that

X(0) = EX(7) = E,e " F(S(T)).

By (ii), it follows that 7 is a Markov time. By Lemma 6.12, it follows that the option
seller cannot have an arbitrage profit if the price is fair. By Lemma 6.7, it follows that
X(0)=cH0)<E:e " cr(t)=E+e " F(S(z)).

Remember that (6.5) holds for all Markov times THence
X(0)=cA0)=E+e "F(S(7)),
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and

E,e " F(S(t)) 2 Exe " F(S(7))

for all Markov times 7 € [0, T'l-Then (ii1) and (iv) follow.

Remark 6.17 By equation (ii) from Theorem 6.16, it follows that the price for an
American option cannot be less than the price of the corresponding European option
which is E«e " F(S(r)) with fixed 7=T. This can also be seen from the economical
meaning of conditions for both options: the American option gives more opportunities to
its holder.

Markov property and price at time >0

Clearly, all definitions can be rewritten for a market model such that time interval [0, 7]

is replaced for time interval [z, T/, where t € (0, T}is non-random, and where the initial
stock price S(?) is non-random. The complete analogue of Theorem 6.16 (iii)—(iv) is valid
(the proof is similar). By this theorem (rewritten for the market with new time interval),
the price at time s is

ee(t) = sup E.e™ "  F(5(T)),

where supremum is taken over Markov times 7 such that * (w) € [1, T]for all w.
Formally, we cannot apply this result directly to the original model for the case when

£>0, because S(?) is random and cx(2) is an 7 t-Measurable ,ndom variable. However,
we can use that S(?) is a Markov process under P« (see Remark 4.35). It follows that

Edcr() [ F} = Eler(s)|S(0), s=r

In particular, cx(t)=E-{cp(t)|S(1)}, since cy(t) is < -measurable
Now observe that the following is satisfied:

(a) The conditional probability space with the probability P«(*|S(?)) (i.e., under the
condition that S(?) is known) is such that Theorem 6.16 (iii)—(iv) (rewritten for the
market with time interval /7, T]) can be applied (by the reasons described above).

(b) Let ¢/, 7y(s) denote the option fair price for the corresponding market at time
5 € |1, T'],on the conditional probability space with the probability P«(*|S(?)) (i.e.,
under the condition that S(z) is known). Then ¢ 7y(5)=cjo,r1(s) (remember that the first
value here is defined on the conditional probability space given S(s)).

These observations lead to the following useful addition to Theorem 6.16.
Theorem 6.18 Under the assumptions and notations of Theorem 6.16, the following
holds:

(i) cp(t)=E«fe " VF(S(z)|S(t)}, where t=1(t, w) is as described in Theorem 6.16 (ii);
(it) The fair price cp(t) is the solution of the optimal stopping problem

crl(f) = sup Eofe TTIE(S(£))1S(1)),
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where the supremum is over all (random) Markov times * = T I:-rf""}such that
t(w) €[4, II“Efor all w. Time t is the optimal stopping time for this problem.

Corollary 6.19 Under the assumptions and notations of Theorem 6.18, it follows that
time t is the best time for the option holder to exercise the option in the following sense:

E. X (T) = E.X:(T),
for all (random) Markov times T= ﬂm]’such that t(w) € [1, T}for all ®. Here
X r-T}denotes the terminal wealth for the option buyer if he/she exercises the option at

time Trobtains the amount of cash F(S(z Weand invests this amount in the bonds (or in
the bank account with interest rate r).
Proof of Corollary 6.19. By Theorem 6.18 (ii), it follows that time 7 is such that

E.e " "F(S(1)) = E.e” " F(S()),

for all (random) Markov times T = T(@)gych that T(@) € (0. Tlgor all . Clearly,
Xe(T) = T OF(S())-Hence
EX(T)=E. T OFS(t) = Ese " F(S(1))

> ¢TE, e F(S(7)) = EX:(T).

This completes the proof.

The fair price at random time

Theorem 6.16 (iii) can be generalized as the following.

Theorem 6.20 Let cp(t) be the fair option at time ' & L0, TJ-Then, under the
assumptions and notations of Theorem 6.16,

e™ep(0) = Eu{e™ T F(S(1)) | Fa}

for any Markov time 0 such that 6<z.

Proof. Note that the statement of the theorem for §=0 follows from Theorem 6.16. Let
us extend the corresponding proof for the general case of random 6.

Let the initial wealth X(6) at Markov time 6 be equal to the option price cy(0). We
have that

T
)?{r}:.fwaf »(OdS(1)

for any Markov time T € 8, Tland for any self-financing admissible strategy (5("),
y(:)) with the corresponding discounted wealth X(1)The option writer needs to obtain
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tpe total wealth X{(*) such that XH)=F {Sﬁnfor all possible exercise times
T e |d, T]d.e.,

¥(H) = F(SEY, X0)= DR = E, e T FS()F).
(6.6)

Here *’?“} =e X (*)-For Markov times f*it follows that
X(8) = E[X(T)Fa} = E{e” " F(S(T)|Fa}.

Remember that 7 is a Markov time. By Lemma 6.12, it follows that the option seller
cannot have an arbitrage profit for the fair price. By Lemma 6.7, it follows that

X(8) = Eule (1) Fa) = Eule " "F(S(t ) Fs).

Remember that (6.6) holds for all Markov times T.Hence
X(6) = e "ep(0) = Eufe TF(S(T))| Fp].

Then the proof follows.
The following theorem establishes some causality property for the price of the
American option: the price at a given time can be represented via the price at a later time.
Theorem 6.21 Under the assumptions and notations of Theorem 6.20,

e e (0) = E eV cr(Wr) Fa

for all Markov times w and 6 such that 0<y=<t a.s.
Proof follows from Theorem 6.20.

6.5 When American and European options have the same price

Note that it is possible that the Black-Scholes price of a European put option at time ¢
with the strike price K is less than (K—S(2))" (to see this, solve Problem 5.79 (i) for put
with »>0). In contrast, it is impossible for the American put, so the price for the
American put can be higher than the price of the corresponding European put. The
question arises as to whether there are cases when American and European options have
the same price.

Theorem 6.22 (Merton’s theorem). Consider an American call option, i.e., with the
payoff F(S(t))=(K—S())". Then the fair price for this option is the same as for the
corresponding European call.

Proof.- We only consider the case of =0, the other cases being similar. Since

5) £ s(re"
(1) = 5(Ne™" i 5 martingale under P-, for any Markov time taking values in [0, 77,

we have that S(r) = E.{S(7)|F bsand
Sty —e” K = B T8 = K F) < B de™ N (S(T) = KVHF).
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Clearly,
e T(S(r) — Ky = (8(1) — e TK)T < S(r) - e TK)

Hence

e (S(r) — K)T < E e (S(T) — K)F | Fe ).

By taking expectations, we obtain
E-e " (S()—K) <E«e """ (S(T)—K) =e—""E+(S(T)—K)",

and it is the Black-Scholes price. By Remark 6.17, it follows that the fair price of the
American option cannot be less then the Black-Scholes price. Then the proof follows.
The previous theorem can be generalized as the following.

Theorem 6.23 Consider an American option with the payoff F(5(s))lse .7 lsuch that
the function F(x) is convex in x>0, and such that the function oF(x/0) is non-increasing in

o € (0, 1J'Then, under the notations of Theorem 6.16, ©=T, and the fair price is the
same for American and European calls.

Proof. We only consider the case of =0; the other cases are similar. It follows from
the assumptions about F(*) that, for any Markov time taking values in [0, 77,

e TTF(S(1)) = e "TFe " §(x)) < e T F(eT ().

Since (1) = ‘“”e-”is a martingale under P+, we have S(r) = EJS(NIFc by
addition, let us assume that P(z<7)>0. We have that the support of the conditional
distribution of S(z) given S(8) is (0, +o). Since F(-) is convex and non-linear, it follows
from Jensen’s inequality’ that

e TFETS(0) = e TEF (T S(TNF: ) = Eule " F(S(TY)|F ).

Hence

¢ "TF(S(7)) < Eofe™™ FIS(TIF: ).

By taking expectations, we obtain

E,e ""F(5(t)) < E,e " F(S(T)) = e ""EF(S(T)).

i.e., it is the fair price of the European option. Therefore, the supremum over all 7 is
achieved only for z=T7. Then the proof follows.

Note that the function F(x)=(x—K)" (for the American call option) is such that the
assumptions of Theorem 6.23 are satisfied.

Theorem 6.24 Consider an American option with convex function F(x), for a market
with r=0 (i.e., with zero risk-free interest rate). Then, under the notations of Theorem
6.16, =T, and the fair price is the same for American and European options with this
F¢).

Problem 6.25 (challenging problem). Prove Theorem 6.24. (Hint: use Jensen’s
inequality.)
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1 Let la-#] € R pe given, —o<a<b<+oo. Let /> [a, b/ —R be a function that is convex in
v € [ B].Let & be an integrable random variable such that f{&) is also integrable. Then AE&)<
Ef(&). (This is Jensen's inequality.)

Corollary 6.26 Note that the American put option has convex payoff function
F(x)=max(K—x, 0). Then, under the notations of Theorem 6.16, =T, and the fair price is
the same for the American and European put options, if r=0. (In addition, it was proved
already that the fair price is the same for American and European call options for r>0.)

However, the prices for the corresponding American and European put options are
different if »>0. Thus, we need a numerical calculation algorithm for the fair prices of
American put options for 7>0.

6.6 Stefan problem for the price of American options

In this section, we assume that the function F(x) is absolutely continuous and such that
|F(x)|+|dF (x)/dx|< const.
By Theorem 6.18 (ii), it follows that the solution cx(?) of the optimal stopping problem
(6.6) can be represented as cq(2)=V(S(t), t), where
Fix,0) = sup E.{e™ " F(S(z )| 8(1) = x},
T 6.7)

and where supremum is taken over Markov times 7 such that t(w) € [, Tfor all o,
By Theorem 6.21 (i)—(ii), it follows that V(x, T)=F(x) and V(x, s)>F(x).
Let

D= {(x,0): Vix,6)> F(x), te[0,T]}.

Let V':-T: f} = p " V(t’”&'. ”-i.e., IJ-EJ_} f} = pff F{LF_”I: ”'Then E'*“} —
F{5(1),1)
Let us assume that the solution ¥ of optimal stopping problem (6 7) is continuous and

L i
locally bounded in D together with the derivatives Vi b rand Ve xx* By the Ito formula, it

follows that
al§ E-{ tiE d*

dedt) = [—[:-L )4+ ]rH+ J—u-:..n OS5 er dwy (1)

when ¢ evolves inside a connected time interval such that €¢(f} € D *(Remember that
walt) = wit) + fy 0~ als)ds g S(t)odwi(r) = dS(1)on the other hand, E#(1)

is a martingale under P for thls time interval (Corollary 6.15 (ii)). It follows that

@r e ('
F{&{:J,:] —i— 3 o (3(r),1) = as. forae o op(i) e £

2 Locally bounded means that it is bounded on any bounded subset of D0, 4+oc) = [0.T]
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Hence

2.2 27

x= a=F

o‘ -
3 ﬁ{-ﬁ:. ty=0, (x,8)eb,

Y ) 4
—(x, ) +
T

= 4 - .
where P = {lx, 1)+ Vix, 1) = e "Flx), t € [0, T1}ypis equation can be re-
written as

v n+”2‘rzazr{ 0 [:f{ f-x2l :)} (LeD
— (Nt —— — ()= V() —x—(x.0)|, (rn1)eD.
ai : 2 oxf ) ix

It follows that ¥ is a solution of the boundary value problem for the parabolic equation
W e+ T = rwn -] wen
=[x, — . fy=r|Vixg)=x—x, ). (x,! .
dt 2 ax ' ix

Vix, T) = Flx),

Fix, Olivengn = Fx),

where

D=lxe.): Vix,t) = Flx). +t]0,T]}
(6.8)

Remark 6.27 In fact, (6.8) is the Bellman equation (or the dynamic programming
equation) for the optimal stopping problem (6.7). It is one of the basic results of the
classical theory of optimal stochastic control (for the special case of the optimal stopping
problem).

Condition of smooth fitting

In fact, the solution V of (6.8) is not unique in the class of all functions that are smooth
inside D such as was described. Therefore, not any solution of this Stefan problem
represents the option fair price. Typically, the solution V' of (6.8) is unique in the class of
functions V: (0+w)—R such that the derivative OV(x, ¢)/0x is continuous in

e I|-rII::'!'i'C"""\’(in addition to the assumptions about the properties of V inside D
formulated above). This new assumption implies that the so-called condition of smooth
fitting holds:

oV aF

—_—(x )= —i(x), (x,1) e DD,

E}.‘l.'[ ) {iTE ) JE (6.9)

The proof follows from the fact that the function u(x, #)=V(x, t)—F(x) is continuous
together with du(x, #)/éx, and u(x, )=0 for (X. 1) & L.

Let us explain briefly why we need condition (6.9) to ensure that the solution V' of
(6.8) represents the solution of the optimal stopping problem (6.7).
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It can be seen that V(x, t)=max(U(x, t), F(x)), where U(x, t) is a function that is

absolutely continuous in x>0 together with the derivative V% 8 and such that U] Ip=Vp.
It follows that

ay av
40— (x=0,0) =0 ¥x=>0,
i iy

Let us assume that a solution V" of problem (6.8) is such that

iV il
—(x+00-—(x=0,0)=0
dx dx

for some X.In this case, the process e " V(S(?), ) cannot be a supermartingale. The reason
can be described, in short words, as the following: formal application by the Ito formula
gives that the process e—"" V(S(t), t) has some ‘drift coefficient’ represented as the summa
of a bounded process plus some unbounded positive part. The last one is generated by the
derivative &* V(x, 1)/0x* presented in the Ito formula; this derivative turns out to be a delta
function at ¥ = .i'-(To describe the situation in a mathematically correct way, we need to
use some special results from the Ito calculus related to so-called local time). We have

proved in Corollary 6.15 that the process Celt) = e "epltlis o supermartingale.
Therefore, the fair price can be presented as cz(?)=V(S(), t) only for V' that is a solution of
the Stefan problem (6.8) such that (6.9) holds.

Remark 6.28 We derived (6.8) only under the assumption that V" is smooth enough
inside D. Typically, the solvability and uniqueness of (6.8) can be proved
unconditionally, i.e., under some assumptions for F(*), r, o, T only. It is a more
challenging problem.

6.7 Pricing of the American option via a binomial tree

We found that the fair price of an American option can be obtained via solution of a
Stefan problem (6.8) for a parabolic equation.

The main difference with the related problem (5.24) is that the domain £} C R’
(where the parabolic equation is valid) is not fixed a priori and needs to be found together
with 7(*). A boundary value problem with this feature is said to be a Stefan problem. As
was mentioned above, an explicit solution of this problem is unknown even for our
relatively simple case of constant (7, ) and scalar state variable x. One possible approach
is a numerical solution.

Note that Theorem 6.21 implies that

VISUATLIATI=E e KIS+ A)ATLIE+ A)A T) | },_A_:Iq

Wie [hLT) A=[0,T —1],

AL
where & = (f + A) AT — I A ToThis leads to the following rule.
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Rule 6.29 (calculation of American option prices). For the binomial tree described in
Section 6.1, the American option prices at times t, can be estimated as V(s;, t), and these
values can be calculated backward starting from ty=T, and

Fisy, ty) = F(Sy),
Vs, tx) = max [F(sg), V(s t2)]

where
V(siorati—1) = ¢ [pVlusgorte) + (1 = p)V(d sp-1,00)] 610
F=NN-1...1, '

Here Sk = Stig). 1y = kTIN.gp, price at time =0 is V(so, 0), where 5o=5(0).

(Compare with Rule 6.5.) The process S )is described in Section 6.1.

The corresponding MATLAB code is given below. Note that the MATLAB Financial
Toolbox has the built-in program binprice; it covers more options (including ones that
take into account dividends) but it uses the same algorithm for the same binomial tree.

MATLAB code for pricing of the American put via a binomial tree

function[c]=amerput (N,s0,K,vol, T, r)
DT=T/ (N-1) ;
rho=exp (-DT*r) ;
u=exp (vol*sqrt (DT)) ;
d=1/u;
s=zeros (N, N); ff=s; S(1,1)=s0;
for k=1:N form=k:N
s(k,m)=s(1,1)*u” (m-k)*d" (k-1);
end; end;
p=(exp (DT*r)-d) / (u-d);
for k=1:N ff (k,N)=max (0,K-s(k/N)); end;
vV=ff; for m=1:N-1 for k=l:m
y=s (k,m); end; end;
for k=1:N-1 kk=N-k; for m=1l:kk
wV=rho* (p*V (m, kk+1)+ (1-p) *V (m+1, kk+1));
V (m, kk) =max (max (K-s (m, kk) ,0) ,wV); end; end;
$PutPricesTree=V
c=V(1,1);

Figure 6.4 shows examples of trees for European and American put prices at times ¢, i,
t,, t;, for the case when the tree for the stock prices is given by Figure 6.3. It can be seen
that the early exercise for American put is possible at time #, if $,=79.37; if the stock
price in the binomial tree model does not hit this value at time #, then the option is
exercised at terminal time #;=T.
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EUROPEAN PUT 0

AMERICAN PUT 4]

571

Vis,.t) =Vis.t)=11.13
(K — s+ =1091]

Vis,. 1) =18.32
V (55, 15) = (K — 5,)" = 20.62

Figure 6.4 Binomial trees for
European and American put.

It is assumed that S(0)=100, 7=1,
0=0.2, N=3, r=0.07, K= 100 (the strike
price). The corresponding tree for the
stock prices is given in Figure 6.3;
u=1.12, d=0.89, p=0.47.
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6.8 Problems

Problem 6.30 Complete the tree in Figure 6.2.

Problem 6.31 Using a binomial tree with two time periods, calculate the price of a
European put option with the strike price K=100 for a three-month term with »=0.05,
0=0.2, S(0)=100. (Hint: a three-month term corresponds to 7=1/4.)

Problem 6.32 Using a binomial tree with three time periods, calculate the price of an
American put option with the strike price K=100 for a three-month term with »=0.05,
0=0.2, S(0)=100.

Problem 6.33 Let NV be the number of time periods in a binomial tree. Let the prices
for American and European put be calculated using a binomial tree. Is it possible that
prices are different for American and European put if N=1? if N=2?

Challenging problem

Solve Problem 6.25.
Problem 6.34 Suggest a pricing rule for the option described in Remark 3.46. (Hint:
use Problem 3.70.)



7
Implied and historical volatility

In this chapter, we consider again stocks and options prices in the framework of the
continuous time diffusion market model. Some connections between the Black-Scholes
model and the analysis of empirical market data will now be discussed.

7.1 Definitions for historical and implied volatility

Consider a risky asset (stock) with the price S(?). The basic assumption for the continuous
time stock price model is that the evolution of S(?) is described by an Ito stochastic
differential equation
dS()=a®)S()dt+o()S(t)dw(1).
(7.1)

Here w(?) is a Wiener process such that w(z)~N(0, ¢), i.e., the distribution law for w(z) is
N(QO, ).

Remember that the coefficient o(?) is said to be the volatility, and a(?) is said to be the
appreciation rate.

It was shown above that

- r
S(T) = S{texp ( f (s )ds + f U(.ﬁ'}n’v.‘{.ﬂ'}) . (7.2)
) f
where
pelr) = ali) — G?H
Clearly,
- -
InS(T) = InS(r) +f (s )eds —|—f o (5 )adwis). (7.3)
I I

If S(0), o(?), and o(?) are deterministic, ¥ € [0, T .then the distribut_ion of log asset price
S(0) + J'”I (s )ils a(s)ds.

-7
In S(T) is normal with mean In and variance Ju
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Historical volatility

For the generic Black-Scholes model, we accept the hypothesis that a and ¢ are non-
random constants. However, empirical research shows that the model may better match
empirical data if the process (a(?), o(?)) is allowed to be time-varying and random. A
number of different hypotheses based on less or more sophisticated deterministic and
stochastic equations for (@, g) have been proposed in the literature. We saw that the
option price depends on the volatility (but not on a), hence it is especially important for
derivatives pricing to evaluate and model random volatility.

Proposition 7.1 For any € € 10,7).
! i
[ a(s)ds =2 [ S(s)"'dS(s) — 2In8(t) + 2In S — £). (7.4)

of [t o f=f

Problem 7.2 (i) Prove Proposition 7.1. (ii) Let Fibe a filtration such as described in

Chapter 5, and let ) {F}e}.p(l_{u r(s) T).

F-adapted

where r(s) is a random bounded
process. Prove that

I i
f a(sVds =2 f S(5)7"dS(s) = 2In8(0) + 2 In Si¢ — £).
f—g f—g

It follows that o(?)* can be represented as an explicit function of past stock prices {£S(s),
t—e<s<t} for any £>0. This is true for the case of random and time-varying volatility, as
well as for constant volatility.

In theory, formula (7.4) gives a complete description of past and present values of
o(t)? given past price observations for a very general class of processes a(?). However,
this formula is not really useful in practice: the stochastic integral cannot be calculated
precisely, since it must be replaced by a summa defined by the observed time series for
prices. There are many working statistical methods of volatility estimation (usually, they
require certain a priori assumptions about the evolution of the volatility process). We
shall consider below some of these methods, including a method based on the hypothesis
that volatility is constant, and a method based on so-called ARCH and GARCH models.
These methods have in common that the volatility is calculated from historical stock
prices. The resulting estimation is called historical volatility.

Note that estimation (7.4) does not give future values of volatility.

Implied volatility

Let Hgs (x, K, 0, T, r) and Hgs,(x, K, o, T, r) be the Black-Scholes prices at time =0 for
call and put, where K is the strike price, o is the volatility, r is the risk-free rate, T is the
termination time, under the assumption that S(0)=x. Remember that call and put options
have payoff functions F(S(T)), where F(S(-))=(S(T)-K)" or F(S(-))=(K—S(T))",
respectively. Let us repeat the Black-Scholes formula (5.18):
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Hpso(x, K, 0, T, )=x®(d,)—Ke " ®(d),

Hgsp(x, K, 6, T, r)=Hps(x)—x+Ke ", (7.5)
where
D(x) s | f‘t I ”
X)) = e Tgs,
V2T oo
and where
W InKY+ Tr oNT
ds a (x/K) A

aT 2
il ;ﬁ“ —ﬂﬁ.

Lemma 7.3 The Black-Scholes prices for put and call are monotonically strictly
increasing functions with respect to o.

Proof. It suffices to find the derivatives 0Hps/00 and OHjps,/0Oc (i.e., to solve the
problem below). Then it will be seen that these derivatives are positive.

Problem 7.4 Find the derivatives mentioned in the proof of Lemma 7.3.

Lemma 7.3 has clear economical sense: the price for options is higher for a market
with bigger uncertainty (i.e., with a bigger o). In other words, a more volatile market
defines a higher price for risk.

By Lemma 7.3, there is a one-to-one correspondence between the Black-Scholes
option prices for put or call and the volatilities (if all other parameters are fixed).

Consider a market where a stock and options on this stock are traded. Let
Vs(a)=Vps(S(0), K, o, T, r) denotes the Black-Scholes price for either put or for call,
where K is the strike price, o is the volatility, and 7 is the risk-free rate. It is reasonable to
assume that the market prices of options are meaningful and that they reflect some
essential market factors. For instance, one can assume that a market price is based on
offers made by major financial institutions, who set prices accurately using sophisticated
models and refined methods to estimate volatility.

Assume that an investor does not collect the historical prices and does not measure
volatility from the historical prices, but observes stock and option prices. This investor

may try to calculate volatility by solving the equation Vis(o) = Vwith respect to o,

where ¥'is the market price of the option. (It follows from Lemma 7.3 that V(o) is a
strictly increasing function in o, so this equation is solvable.) The solution o=a,,,, of the

equation Vas(o) = Fis called implied volatility.

Definition 7.5 A4 value 0,,, is said to be implied volatility at time =0 for the call
option given K, r, T, if the current market price of the option at time t=0 can be
represented as Hps(S(0), K, T, Gy, 7), where Hgs (S(0), K, T, o, r) is the Black-Scholes
price for call, where K is the strike price, o is the volatility, r is the risk-free rate, and T is
the terminal time.

The definition for the implied volatility for a put option is similar.
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If a market is exactly the Black-Scholes market with constant g, then o,,, does not
depend on (7, K), and it is equal to this ¢ (which is also the historical volatility).
However, in the real market, o,,, depends usually on (7, K) (and on the type of option),
and the implied volatility differs from the historical volatility. In this case, we can
conclude that the Black-Scholes model does not describe the real market perfectly, and its
imperfections can be characterized by the gap between the historical and implied
volatilities.

Varying K and T gives different patterns for implied volatility. Similarly, the evolving
price S(?) gives different patterns for implied volatility for different ¢ for a given K.

The most famous pattern is the so-called volatility smile (or volatility skew) that
describes dependence of ¢;,, on K. Very often these patterns have the shape of a smile (or
sometimes skew). These shapes are carefully studied in finance, and very often they are
used by decision-makers. They are considered to be important market indicators, and
there are some empirical rules about how to use them in option pricing. For instance,
there is some empirical evidences that the Black-Scholes formula gives a better estimate
of at-the-money options (i.e., when K~S(#)), and a larger error for in-the-money and out-
of-the-money options (i.e., the historical volatility is closer to the implied volatility when
K~S(?)). In addition, different models for evolution of random volatility are often tested
by comparing the shape of volatility smiles resulting from simulation with the volatility
smile obtained from real market data.

7.2 Calculation of implied volatility

By Lemma 7.3, any Black-Scholes price V(o) for call or put is a monotonic increasing
function in 0. An example of its shape is given in Figure 7.1. The code that creates this
graph is given below.

MATLAB code for representation of the Black-Scholes price as a
function of volatility

function[v]=volprice (N, eps,s,K,T,r) v=zeros(l,N);
op=v; for k=1:N, v(k)=eps*k; op(k)=call (x, K, v (k),
T,r); end;

plot(v(1:N), op(l:N),'b-");

. . . . .V — I
Since V' is monotonic, finding the root of the scalar equation Vo) =1}
numerical problem. A very straightforward, and the simplest, solution is

is a simple
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Figure 7.1 Option price as a function
of volatility.

It is assumed that (N, eps, s, K, T,
r)=(500, 0.01, 1, 1, 1, 0.07).

to calculate all values of V(o) with some small enough step (i.e., to calculate the Black-
Scholes price as a function of volatility), and then find the best matching value. The
corresponding code is given below.

MATLAB code for extracting implied volatility from the call price

function[vol]=impvol (N, eps,price,s,K,T,r) v=zeros(l,N);
op=V;
delta=100; m=0; for k=1:N,v(k)=eps*k;op(k)=call
(x,K,v(k),T,r);
if abs (op (k) -price)<delta
delta=abs (op (k) -price); m=k; end;
end;
vol=v (m); pr=price*ones (1,N);
plot (v(1:N),op(l:N),'b-",v(1l:N),pr(l:N),"'r=-.");

Another way is to use any modification of the gradient method (for this, the explicit
formula for V'(g) can be used). For example, the Newton-Raphson method of solution of
the equation f{x)=0 is to find a root via sequence x;.;=x;—f(x)/f(x), k=0, 1, 2,.... Note
that MATLAB Financial Toolbox has a program blsimpv for calculating implied
volatility that is based on a precise numerical solution of the scalar equation.
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Problem 7.6 Suggest an algorithm of calculation of implied volatility using a gradient
method.

7.3 A simple market model with volatility smile effect

Consider a single stock market model from Example 5.63 with traded options on that
stock. For this model, all options are priced on the basis of the hypothesis that, for any
risk-neutral measure, volatility is random, independent of time, and can take only two

values, o; and o,, with probabilities p and 1—p respectively, where # e [0, I]is given.

Further, assume that the pricing rule for an option with payoff function F(S(7)) is

e—""E+F(S(T)). Here E- is the expectation generated by the measure P« such that
P:(4)=pP:(A|o=01)+(1—p)P«(A|c=0,)

for all random events A. In particular, the price of the call option with the strike price K
and expiration time 7 is
Hps (S(0), K, T, 01, r)+(1-p)Hps (S(0), K, T, 65, 7).
(7.6)

Figure 7.2 represents the implied volatility calculated for this market using the code given
below. It can be seen that even this very simple volatility model generates a volatility
smile.

.62 < T T T T T

(.6 -

0.52 c oo 4

0.5 L . ooooolbbo—»~L—
0.5 1 1.5 2 2.5 3 3.5

Figure 7.2 Implied volatility, the
market with random volatility from
Example 5.63. It is assumed that (N,
eps, s, T, r)=(24, 0.125,2, 1, 0.1).
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MATLAB code for modelling of volatility smile (Example 5.63)

function[v]=volsmile (N,eps,s,T,r) p=0.5; v1=0.3;
v2=0.7; N1=100;
epsl=1/100; v=zeros(l,N); op=v; K=v; KO=max(0.1l, s-
N*eps/2); for
k=1:N K (k)=KO+eps*k;
op (k)=p*call (x,K(k),vl,T,r)+(1-
p) *call (x,K(k),v2,T,r);
v(k)=impliedvol (N1,epsl,op(k),s,K(k),T,r);
end; plot(K(l:N),v(l:N),'ro'");

7.4 Problems

Ar)
Problem 7.7 Assume that we observe prices ' for two different stocks at time =0, i=1,
2. We assume that the risk-free rate is constant and known. Assume also that European
call options on these two stocks, with the same strike price K and same expiration time
(i)

T>0, have market prices C"” at time =0, i=1, 2. Let V>, Let Tirbe the
corresponding implied volatilities, i=1, 2. Indicate which statement is most correct and
explain your answer:

o g

R At

e 12 A1)

WIEEY < &7 thener,) <55 b IrS) = 507, then o,

) lf'.:‘félj = .'_'."'JEI thea rrj:__l_l = 1]{;: {d) H'.TE” = "1.."::. then nhr_:] = 51:':?
] 2 S w " 1 i
(=) IF .‘ﬁ'él’ = ."i_‘], “hen -':__!r;_;l = -TJ;_:II “nor same sets of parameiers, and r:::_lj = T

For some othar sets of parameters,

Problem 7.8 Solve Problem 7.7 assuming put options instead of call options.

Problem 7.9 Assume that »= 0.05, S(0)=1, and 7=1. Using a code that represents the
Black-Scholes price of a call option as a function of volatility, draw a graph that
represents the option price with this parameter as a function of the volatility. Further,
assume that the price of the call option with strike price K=1 is 0.25. Estimate the implied
volatility using the figure.

Problem 7.10 Calculate the implied volatility using a code. Assume that the price of a
call option with strike price K=100 is 25, and »=0.05, S(0)=100, T=1.

Problem 7.11 Assume that »=0.05, S(0)=100, 7=0.5. The price of a call option with
strike price K=90 is 25. Calculate the implied volatility.

Problem 7.12 For the market model described in Section 7.3, calculate the implied
volatility for K=S,+0.1, £0.2, £0.3 given (S(0), », T, p)=(1, 0.03, 1, 0.45).



8
Review of statistical estimation

In this chapter, we collect some core facts from mathematical statistics and statistical
inference that will be used later to estimate parameters for continuous time market
models.

8.1 Some basic facts about discrete time random processes

In this section, several additional definitions and facts about discrete time stochastic
processes are given.
Definition 8.1 A process &, is said to be stationary (or strict-sense stationary), if the

distribution of the vector (&) 4ms - s Eny tm) does not depend on m for any N>0, ty, ...,
ty.
Definition 8.2 A (vector) process ¢ is said to be wide-sense stationary, if E&timand

: T
E&ttm&yio-em does not depend on time shift m for all t, 6, and m.

It can happen that a process is wide-sense stationary, but it is not stationary. In fact,
stationarity in a wide sense is sufficient for many applications.

Definition 8.3 Let &, 1=0, 1, 2,..., be a discrete time random process such that &, are
mutually independent and have the same distribution, and EE=0. Then the process ¢, is
said to be a discrete time white noise. If, in addition, &, are normally distributed, then it is
said to be a Gaussian white noise.

The main feature of a white noise process is that its value cannot be predicted. More
precisely, whatever large statistic one collects, it will not help to improve forecasting. A
typical example is the outcome of the coin tossing game: it is meaningless to collect
historical data to predict the result. The standard approach in data analysis is to represent
the observable process as a summa of a white noise and a meaningful process that
evolves under a certain law (and it appears that this meaningful part is zero for the case of
the coin tossing game).

On the other hand, a white noise can be used as a basic construction block for the
modelling of random processes. For instance, one can model a stationary discrete time
process with given characteristics as the output of an autoregression, where a white noise
is used as the input. In contrast to the white noise, the resulting output process can be
statistically forecasted in a certain sense.

Sometimes in the literature white noise is defined as a wide-sense stationary process
with no correlation and with zero mean.

Let x; and y,, k=1,..., T, be two sequences.
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; i
Definition 8.4 The sample mean of the sequence {xk} is (1/T) E"=l Y The sample

second moment of the sequence {x;} lS (/1) Zg—]

UNY T (= (m Y )

( }E"=] (H ( FZ"‘:[ 1,{) The sample covariance for sequences {x;} and
" T |

i is VT 2y Ve —(UT)Y (U L x:

Theorem 8.5 Let {x;}, {vi}, and {(x;, yi)} be wide-sense stationary random processes.
Then

Yk he sample variance of {x;} is

r T r
o . ) o

Exp = lum N w, Exi= lim 3 . Expre= lim XE V-

& f—a--l-hc'r‘}—"' K - e hrry T A g} ENE '|"—r—.‘|f:Tz EVE

h= i=1

Corollary 8.6 Let x; be i.i.d. (independent identically distributed) and have the same
probability distributions as a random variable X. Further, let y, be i.i.d., and let (x;, y)
be i.id. and have the same probability distributions as a random variable Y and a
random vector (X, Y) respectively. Then

EX= Ilm ,—TF;, EX’= lim —Tf,, I:u':']-— hm _T\.\‘j.-}'ﬁ-.
T == I.l' 1 T T T :’

One may think that, under the assumptions of Corollary 8.6, x; are random variables
generated as the results of measurement of the random variable X. In this case, it is
common to use the following definition.

Definition 8.7 Assume that we have results X1,..., X7 of measurements of a random

variable X. The sample mean of X is (1/T) E k=1 The sample second moment of X is
2
ST 2 (T Y7 (r — iy’ .u) .
(1/7) Lﬁ'_1 Y& The sample variance of X is Lk_l ( Zﬁ_l '

A similar definition exists for sample covariance and sample correlations of two
sequences of random variables, and for results of measurements of two random variables.
Remark 8.8 Note that some authors prefer to define the sample variance of {x;}! as

. - 2
1T -1 T (J.'j; —(1/T) T _1]-) .
Lﬁ'_l Li_l This is an unbiased estimate. The

distinction between two definitions may be a source of confusion, and one should be
aware which definition is used. We shall use the definition with 1/T.

For simplicity, we shall use below stationary processes and white noise in the sense of
Definitions 8.1-8.3, but all results are valid for wide-sense stationary processes and for
the white noise defined as a wide-sense stationary process with no correlation and zero
mean.

8.2 Simplest regression and autoregression

The first-order regression model can be described by a one-dimensional equation
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yt:ﬁ0+ﬂxt+31, =1,2,....
8.1)

Here y, and x, represent observable discrete time processes; y, is called the regressand, or
dependent variable, x; is called the regressor, or explanatory variable, &, is an unobserved

error term, Bo € Ryng B € Rype parameters that are usually unknown.
The standard assumption is that
Ez;, =10, Ex;g = Covix,&)=0 ¥Yi
(8.2)

Special case: autoregression (AR)

Let us describe the first-order autoregressive process, AR(1), as

Vi=BotPyi-1+e,
(8.3)

where ¢, is a white noise process, fo. B € Rype parameters.
The AR(1) model is a special case of the simplest regression (8.1), where x,= y,_,.
It can be shown that ¢, is uncorrelated with {y},-..

If —1<p<l, then there exists a stationary process Yfsuch that FElVr—2el™ = Oy
t—+to0.

If =1 and Sy=0 in (8.3), then y, is a random walk (see Definition 2.6). A random walk
is non-stationary and it does not converge to any stationary process.

In fact, if |f[>1, then Var y,—+o0 as t—+oo. This implies that many standard tools for
forecasting and testing coefficients etc. are invalid. To avoid this, we can try to study
changes in y, instead: for example, the differences z,=y,—y,—; may converge to a stationary
process. If not, the differences z,—z,-; (i.e., the second differences y—2y,_;+y,—;) may
converge to a stationary process.

8.3 Least squares (LS) estimation

Consider again the basic regression model (8.1)—(8.2). Suppose that either f, or f, or the

RS YA
entire pair (B,, B) is unknown, and that we have a sample of data by
The problem arises as to how to estimate (f,, f) most effectively using all results of
observations available.

Let Poand Pbe some estimates of parameters £, and £5.
The term

j*r = H{I + ﬁ-’f.'

is called the fitted value of observation. The term

4 N
wy=wvi—vi=wy— o — fx,
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is called the residual, or fitted residual.
Definition 8.9 The LS estimator (or OLS—ordinary least squares estimator) of f§y and

p chooses the estimates Bo and B that minimize the loss function
r
2
u;. (8.4

=1

Remark 8.10 LS methods allow many modifications. For instance, it can be reasonable
to minimize LI—1 o ”f *where ¢>0 are some given weight coefficients. For example, it
can be useful when the variance of errors ¢ is not constant. In that case, one can take

lrFP-" ) : "it is natural, since terms with more uncertainty should have reduced
1mpact on the decision.
Note that least squares is only one of many possible ways to estimate regression
coefficients. Some of them will also be discussed here.
Remark 8.11 Note that (f,, f) is the true (unobservable) value which we estimate to

be (Bo. B)-Even if (Bo,p) is an unknown deterministic vector, (Bo. B)is a random vector
since it is calculated as a function of the random sample of {(y, x)}.

We shall use below the following elementary fact.

First-order condition for minimizing for square polynomial: assume that we want to
find the value of e that solves the problem

Minimize f{x) over ¥ € R,

where f{x)=ax*+bx+c, a>0. Then the minimum exists, it is unique, and it is for the value
of x where df (x)/dx=0.

T 2 ~
Since ZI=| Hiis a quadratic polynomial with respect to ﬁ‘]and with respect to £, it

follows that the mlmmum of this summa 1s achieved for b’ land ,E:’ such that

FJ'.{)':] Z - 0, Zn =1L (8.5

Case of known

Proposition 8.12 Consider a model with known and given f. Then the LS estimate for By
is

A
Bo = ? Z{""r — Bx;).

=1

Proof. By (8.5),
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) - . ,
===} (= po— Px:)” (8.6)
ifn p

T

;
= =2 Eu; = =2 ZU-‘; — fo—Bx)=0

=1 =1

. T .
is straightforward. By (8.6), we have Thy = L::lU'-’ - ﬁ'rfJ'Hence

= — I T P _
Po = (1T }Zk=|0'“ ‘H""}'This completes the proof.

Case of known [=0

Proposition 8.13 Consider a model with known [=0. In addition, we assume that y, and
x; have zero expectation. Then the LS estimate for p is

L T}? ..... i __._1_‘_1_‘*_ 57

Proof By (8.5),

T

F}ﬁ =1

Then

%3 =

1":' r = - ! &
— ) = Bxey = =23 (- Bk, (88)
] R

=1
|

= =2 Z wexy, = 0.
=1

7 L ¥

E“r—ﬁrh:—ﬁw iy = Dy = B3t =0

1=1

=1 =1

Then (8.7) follows. This completes the proof.
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Case of unknown (P, )
Theorem 8.14 For the case of unknown (B, p), the LS estimator is
o -

!
Bo = ;_l, > - ‘élr pRETS (8.9)

k=1 k=1
= “’T}L'—'}"‘f_“ )Y 4= zhﬂl'“TlL; 1% (8.10)
Nyl -yl xS

To make these formulae more visible, we can rewrite them as

.1 X
bo=Fl0n D) = px. D @.11)
f = (v, x) — (v, Dix, 1VT
T ) — (L DT (8.12)
Here 12 (1,.... 10 = R'_r7 =[x, T _'_,:.I & [{.r'}, = (aar) e R'r.,.and .
V=YX

P— - T i =T 3 -

Remark 8.15 Remember that (1/7) 2pmy ¥ — (VT) 2y 2(VT) 2y v
the sample covariance. It follows that the estimator for f is the sample covariance of y,
and x,, divided by the sample covariance of the regressor x,.

Remark 8.16 If (x, y,) is a stationary process, then there is a convergence of LS
estimates:

Bo» By By, jo s IObE TR e

Ex; = (Ex;)* Varxy

ProofofTheorem 8.14. By (8.9),

-
ZU' — fo — Bx)’ = =2 Zf}-‘; — Bo — Bxp) =0, (8.13)

r-—l =1

H - - . -
Y Z{.v, —Bo— Bl = =2 (v — fo — Bxow =0. (8.14)
L =1

r=1

i Fg

We have two equations and two unknowns (Fo and B)-The solution is straightforward.
By (8.13), we have

¥
TE’O = ZU’; - ﬁ-ﬁ]-

r=1
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Hence

T | | N T )
E |:_]J.- - ? '+ ﬁ? Z;{_{. — ’ﬁl—::| X
T | T X T .
— Z (,]--‘:Ir - T IZ,I.-'J,.{-; + ﬁT ZIL‘L‘; — Iﬁ,\'l,) = ().

Hence
. . T N T T L L

i = }' =1 _{1-‘T}'}.{—|hr‘n]‘ _ }.;—1."!&1‘ (1/7) 3 1 }...l—""';

5= ] T ey O . Y] 2 | i i
iy = (T 3 ey A Dam =T e

Then (8.9) and (8.10) follow. This completes the proof of Theorem 8.14.
Remark 8.17 Note that (8.13) and (8.14) can be rewritten as

7 i
1 1
— E w, =0, — E tpxy = 0.
T T p—

=l

This can be seen as the sample analogues of the assumptions in (8.2) that E¢,=0 and
Cov(x, &)=0.
Problem 8.18 Estimate parameters (f, f) for the series
(1) x»=(1,-2,3,1,0,0, 1); y=(1,-2,3,1, 0.5, 0, 1);
(i1) y=In Sy(9)—In Sy(t—1), x=In Sy(t)—In S,(+—1), where S(2) and S,(?) are daily prices
stored in some files.

Problem 8.18 may be solved using the following codes.
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MATLAB code for the LS estimator for Problem 8.18 (i)

function[b0, bl=0ls (m)

m=7;

x=[1 -2 3100 1]; y=[1 -2 31 0.50 171;

%$load OLSdat -ascii; xxx=0LSdat; Another way to load
data

one=ones (size(x)); b=1l;

Sfigure (1); plot (t (l:ml), xxx(l:ml), 'b-");
b=(sum(y .*x) -sum(y .*one) *sum(x .*one) /m) / (sum (x
. FX)

—-sum(x.*one) "2/m);

bO0=sum(y .*one) /m-b*sum(x .*one) /m;

MATLAB code for the LS estimator for Problem 8.18 (ii)

It is assumed that the prices are stored in the ASCII files NCP.mat and ANZ.mat placed
in the working directory; these files contain matrices, where the second column
represents the prices under consideration.

function[b0,b] = ols(m)

load ncp -ascii; xxx=ncp;

load anz -ascii;

yyy=anz; yy=ones(m,1l); xx=yy; ml=m-1; y=ones(ml,1);
x=y; one=y; b=1;

t=one; for k=1:m t(k)=k;

yy (k) = log (yyy (k,2)); xx (k) = log (xxx (k,2));
end; for k=1l:ml

y (k) = (yy(k+1)) - (yy(k)); x(k) = (xx(k+1)) -
(xx(k));

end; plot(t(l:ml), x(l:ml)-y(l:ml), 'b-");

b=(sum(y .*x)-sum(y .*one) *sum(x .*one)/ml)/(sum (x
. *X)

—-sum(x.*one)*2/ml); bO=sum (y .*one)/ml-b*sum(x
.*one) /ml;

8.4 The LS estimate of the variance of the error term

Consider the linear regression model (8.1).
Definition 8.19 T/e value

1
~2 __ 2
gt = —?_ 1 E I I, (8.15)

is said to be the LS estimate of the variance of the error term.
Let -:rrbe the filtration generated by the observations, i.e., by the process (x, y,).
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Definition 8.20 (homoscedasticity and heteroscedasticity). We say that the errors &,

el yd
are homoscedastic if there exists a constant o* such that Elef|Fa) =07 > for all t.
Otherwise, the errors are said to be heteroscedastic.

ny P .
Theorem 8.21 Let the errors be homoscedastic, and let Ele; | Froi) =07 = II:'for
all t. Then, under some additional conditions, the estimate (8.15) of &” is unbiased.

8.5 The case of AR(1)

The AR(1) model is a special case of the simplest regression (8.1), where x=y,-; (since &
and y,-, are uncorrelated). Hence AR(1) can be estimated with LS.
Remark 8.22 For LS applied for the AR(1) model and series (v, ..., yr) we use the

; [ —
initial value y, only to produce x,=y,, we apply the LS for Xk, =

[y }|j-r_1 .
Problem 8.23 Consider the sequence (1, —1, 0.5). Estimate the parameters for the
autoregression model

ViePyi-1ten k=1,2,...,

s 2
where ¢, is a white noise process, Eef =0 *and where « is an unknown parameter.

Solution. This model is a special case of the regression model
Vi=Px;te, where (x1, x,)=(1, —1), (v1, ¥2)=(—1, 0.5).

The LS estimator (the case of £y=0) estimates S as
Yoxy _ —1-05 3

ré= T 7 = - —

-, =2
Zf:] X3 141 4

8.6 Maximum likelihood

If & in (8.1) are i.i.d. (i.e., independent identically distributed) with the distribution N(0,
%), then (By, B, o) can be estimated via maximization of a likelihood function. The
probability density function of ¢, is

1 e’
g (€) = —=== ex (— ) 8.16
PO Famer T\ 2 (®19

Since the errors are independent, the joint probability density function of the (g, &, ..., €7)
is the product of the probability density functions of each of the errors

T i T s
I—[ | z s
Pey.iy @1s-...01) = 1=l Pulér) = [ 2iu 2} e:\p(“ 2.}'1) . ¢
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The maximum likelihood estimation method requires finding the value of (Pos B9 Vhat
maximizes Pets- Cr(ul, ..., ur) given the observations (x,..., X, yi,..., yr), Where
I’"I
up = ve — Po — xP.
It is more convenient to maximize the logarithm of the probability density function, or
the log-likelihood function

A . ?’ 1
L=lnp;, eltijg.tr)= In{-rl prs: Z{u L— (8.18)

This likelihood function L is maximized by minimizing the last term, which is
proportional to the sum of squared errors similarly to (8.4).

Corollary 8.24 The ML estimate for (fo, ) is the same as the LS estimate when the
errors are i.i.d. with normal law (but only then).

r 2 2
Remark 8.25 If errors ¢ are independent with law N0, o7 }‘where oy = l-‘iare

known deterministic values (not necessarily equal), then the ML estimate leads to

T qma2y?
minimization of Zf -l 120 hy *which can be considered as a modification of the LS
method with weighted terms.

Further,
7
Al T T
t“ =——=3+ — Euf.
da=) 262 269 p—

A P
where Hr = ¥r — Po — X ‘Bquality /M) = Ugiyes the following corollary.
Corollary 8.26 The ML estzmate of o is

&= — Z u (8.19)

It follows that ML and LS estimates for ¢ are different, but they converge as 7—+oo (see
Definition 8.19). By Theorem 8.21, it follows that the ML estimate for o is biased.

Since the ML method is based on the hypothesis that the fitted errors are Gaussian, it
may require some preliminary analysis of the distributions.

8.7 Hypothesis testing

The distribution of Band properties of error
Repeat that the estimated coefficients are different from the true coefficients (B, ) in

(8.1). Moreover, the estimated coefficients (B, Bo)are random variables since they
depend on a particular sample.
Let us consider the simple case when =0, Ex,=0, and Ey,=0." By (8.7),
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(WD Y x  (UN S xlBx +e)

(V) Yoy ¥ (UT) Yy ¥

g (1/T) l::r_:] X £y
N«

A= f+E, (8.20)

(8.21)

Here E is the error of estimation, and y,=fx,+s. Remember that Cov(x, &)=0. Under
some conditions of stationarity of (x, y,), we have that

i s E )
=Y x = Ex} = Vary, F:):.nz;—btmfx..ér}:ti as I'— 400, (8.22)
Fl

=] =]

In this case, E—0 as T—+oo, and we say that the estimator of § is consistent.
Further, it can be seen that it is difficult to find explicitly the distribution of E, even if

the distribution of ¢, are known. A possible way is to find the distribution of P via Monte
Carlo simulation. Another way is to use the asymptotic distribution for 7—+o as an
approximation.

Asymptotic distribution

Suppose that Bis consistent, i.e., there is a non-random limit £ such that B = fas

T—+o0. In this case, the distribution of ™ = Bwill typically converge to a non-
trivial normal distribution. To see why, note that (8.20) implies

! =] T
N (% Z.rf) ﬁ% Z.r;.r;.-. (8.23)

i=l i=1

A central limit theorem ensures (under some standard conditions) that the distribution of
[ - .
VT(IT) 2 =1 %1 €tconverges to the normal distribution N(0, v*) as T—-+oo, where
2 =i Var VT(1/T) Yy 5 VT(f
vi = limy— oo Var v (L }Lr:1 *tE€i'In  other words, T(g — Blhas an

asymptotic normal distribution, i.e.,

VT(f — B) = N[0, Var (x)"%v*],
(8.24)

1 The case with f#0 can also be reduced to this case in a multi-dimensional setting (see Problem
8.28).

in distributions, as 7—+o0. If ¢; is independent from x, and &, are i.i.d., then (8.24) can be
simplified as

'"_ — [ 'i ‘r ! .-'r _] -
VT(f — B) — NIO, Var (&) Var (x,)~"] €25
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Testing hypotheses about

Suppose that the asymptotic distribution of an estimator p is normal with mean £ and
variance v, i.e.,

VT(B = B) = N(0,v).
(8.26)

Let Sy be a hypothesis about the value of . The problem of testing the hypotheses that
S=PBy now arises.

Confidence interval

Recall that if »~N(0, 1), then
P(|n|<x)=0(x)~0(—x).

Further, if &~N(0, v*) then &v~N(0, 1) and
P(1ENV|< x)=O(x)—D(—x).

Let us consider the inverse problem: given a probability ¥ € (0,1 )'ﬁnd an interval that
contains a random variable & with this probability, if &~N(0, v*). In other words, we need
to find y such that # = P(&§ € (=), ¥))-The solution is the following: first find x such
that @ (x)—®(—x)=p. Further,

P(Id<v - )=P(|V[<x)=0(x)~D(—x)=p.

(We assume that v>0.) Hence y=v - x.
For instance,
P(|&]<1.65v)=P(|v|<1.65)=D(1.65)—D(—1.65)=0.9,
P(|&]<2v)=P(|E|<2)=D(2)—D(—2)=0.95.

Hence
P(|£]<1.65 - v)=0.9, P(|£]<2 - v)=0.95.

We say that [—1.65v, 1.65v] is the confidence interval of significance level 10%, and that
[-2v, 2v] is the confidence interval of significance level 5%.

For instance, consider the hypothesis that the true value of f in the linear regression is
S=0. If this is true, then

PUVT(A — B iv| = 2) = PN TAiv| = 2) ~ 0.05.

We then say that we reject the hypothesis that f=0 at the 5% significance level (95%
confidence level) if the test statistic |"'!T-IH "'.Viis larger than 2. This means that if the

hypothesis is true (B = 0).then this rule gives the wrong decision in 5% of the cases. In
fact, this estimate is only an approximation, since we are using the normal distribution as
an approximation, instead of the true (and typically unknown) distribution.
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Algorithm of hypothesis test

Assume that we have regression with £,=0. We need to test the hypothesis that f=; with
confidence level p using an LS estimator. The discussion given above can be summarized
as the following algorithm:

* Find x>0 such that P(]&|<x)=p for &~N(0, 1), i.e.,

JL_ f " e Ty = D) — D(—):
oy g i

« Calculate P using the LS estimator;
* Calculate

» Varu, FEu’ as V2 (w.u)y (U/T) Lf_] T
Vo —— = as v- = = »
Varx,  Ex} nx) (DY,

p=PFlf| =x)=

where Ut = Pxr — yr:
it o =
«Find M = IWT(8 = Bu)vl:
* If M>x, then reject the hypothesis that f=f.

Note that the expression for v contains biased sample estimates of variances.
The following MATLAB codes support this algorithm.

MATLAB code for the inverse of ®(x)—®(—x)

function[x]=interval (p,N) v=zeros(l, N);
eps=4/N; v=99;
for k=1:N
v (k) =eps*k;
if abs (Phi (v (k))-Phi(-v(k))-p)<v x=v(k); end;
end;
pp=Phi (x) - Phi (-x)

MATLAB code for the hypothesis test

It is assumed again that the prices are stored in the ASCII files NCP.mat and ANZ.mat
placed in the working directory; these files contain matrices, where the second column
represents the prices under consideration. To verify that fy~0 and Ex~0, Ey~0, one can
find (B, p) and sample means preliminary with the LS estimator (see Problem 8.18 (ii)).
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function[b,H]=htest (p, B, m)

% p 1s the probability, B is the value tested, m is the
number

% of prices

load ncp -ascii; xxx=ncp; load anz -ascii; yyy=anz;
yy=ones (m,1l); xx=yy; ml=m-1; y=zeros(ml,l); x=y;
one=y; b=1l; t=one;

for k=1:m
t(k)=k; yy(k)=log(yyy(k,2)); xx(k)=log(xxx(k,2));
end;
b=sum(y .*x)/(sum(x.*x);
for k=1:ml
Y (k)=(yy(k+1l))-(yy(k)); x(k)=(xx(k+1l))-(xx(k));
end;

u=b*x-y; sigmalLS=sqgrt (sum(u .*u)/(ml-1));
sigmaML=sqgrt (sum(u.*u/ (ml)

v2=sum(u .*u)/sum(x.*x); v=sqrt(v2);

M=abs (sqrt (ml) * (b—-B) /v); x=interval (p,1000); H=1; if
M>x H=0; end;

8.8 LS estimate for multiple regression

The previous results can be extended for a multiple regression.
Consider the linear model

yi=xufr+xubr -+ xpbi+ 8 =x, B+ e (8.27)

where Vi and ¢, are scalars, ¥ € R* sand e R, is a vector of the true coefficients.

'!.
Let ﬁbe an estimate of f. Let Y+ =} — 'ﬁbe the fitted residuals. The LS
estimator minimizes the summa

Zu Zu- —x Y. (8.28)

=1 =1

by choosing the vector £-The first-order conditions are
-
Y xe—x' B) =0 (8.29)

1=l

where Ogk denotes a zero vector in R or
!

E X Vr = E 'lr'l., .

1=l =1
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which can be solved as

T -1 T
j= (z) 3w (830)

=1 r=1
Definition 8.27 The value

o
Gl =Y (8.31)

is said to be the LS estimate of the variance of the error term for linear regression model
(8.27).

Problem 8.28 Show that regression (8.1) with f#0 is a special case of multiple
regression (8.27), where k=2 and x;=1.

Error of LS estimator for multiple regression

By (8.27)—(8.30), it follows that
1 4
!

-
5’ - (Z‘T-'-’“] ) Errh}l B+ ).

=1 =1

Hence

5 LA e
VT = )= (? ZIH}' ) TF Zm’*' (8.32)

f=l =l

Similarly to (8.24), the distribution of this vector converges a vector normal distribution
under some conditions of stationarity.

More general models

The pth-order autoregressive process, AR(p), is a straightforward extension of the AR(1)
model:

Yi=Bot Py thoyat...+ ﬂpyt—p+8t-
(8.33)

Here £t € Rare parameters. It is usually assumed that ¢ does not depend on
Dre-adiey-

In fact, the AR(p) model is a special case of the multiple regression (8.27), where
Xu=y- Hence AR(p) can be estimated with the multi-dimensional version of the LS
estimator.

A gth-order moving average (MA) process is
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yi=ertOie 1t 0.,
(8.34)

where ¢, is a white noise.

Autoregressive-moving average models (ARMA(p,q)) are combinations of a moving
average and an autoregression model. For instance, the ARMA(2, 1) model has the
following evolution law:

V=P 1tBoyiotetOis

where ¢, is a white noise.

8.9 Forecasting

Conditional expectation as the best estimation

Suppose we observed first the ¢ terms of time series ), yy, ..., and we want to estimate a
(random variable) ¢ that can be correlated with the series. That means that we want to
find a deterministic function F,-R™™' SR such that the estimate can be obtained as

§ = Fi(M, 71, ¥t)-Note that the mapping F,(-) cannot depend on realizations of y,
but can (and must) be constructed using our knowledge about the distributions of (¢, {y,}).
Let E, denote the conditional expectation given (y,, yi, ..., V). 1.€.,

Ed -} =E{|30.....0)

In other words, it is the conditional expectation with respect to the o-algebra generated by
the random vector (y, ..., y,). (See Definitions 1.42—1.44.) Let Var=E/(Z—(E.£)) (i.e., it
is the conditional variance, or the variance for the conditional probability space under the
condition that (y, ..., ¥,) is known).

Let E&<+oo, let &= E!E'--and let # be any random variable that is measurable with
respect to (Vo ..., ¥) and such that E4’<+c. By Definition 1.36 for the conditional

! 2 .
expectation, it follows that E — £ = E§ — 1) that sense, £ = Ei&is the
best estimate of &.

Repeat that § = Eidcanbe represented as Fy(yy, ..., y) for some function F;: R—R
(see Theorem 1.45).

Forecasting for AR(1)

Forecasting with known parameters

Suppose we have estimated an AR(1) described by (8.3), i.e.,

Yerr=PotPyte
(8.35)



Review of Statistical Estimation 155

e
with white noise ¢ such that @~ = Var (&;) = const. Assume that we know f,, f# and o
(for instance, we had estimated them by the LS method precisely enough).
We want to forecast y,.; using information available in ¢. In fact, Ey; is the best
forecast of y;, k>t (in the sense of Definition 1.36). Since E/£.;=0, then
Epw1=Bytho.
(8.36)

Further,

J/t+22:ﬂyt+ 1 +,b)0+8t+2 :ﬁ(,l’)yt+ﬁ0+8t+ ) +,b)0+8t+2
=BytBPotPer1tPoter.

Since E&,+1=0 and E&,,=0, it follows that

Ez)’t+2:ﬁ2yt+ﬁﬂo+ﬁo-
(8.37)

Repeating this, we obtain
, g L ag—1 . I _ Iﬂ.‘
Epps=Ay T H 418 = +

gt s= i (8.38)

(The last equality holds if f#1.)
Remark 8.29 If f=£,=0 in (8.3), then y, is a white noise process. By (8.38), the
forecast in this case is a constant (zero) for all forecasting horizons.

Conditional variance of the forecast error

We have that
Vi1 B =gy, Varg,, =Varg,, =Var zet:cfz,
yt+2_EZyt+2:ﬁ8t+l+8t+2; Varﬂ;t+2:ﬂ o to".

Similarly, it can be shown that

AL : : wIE ne 2 L2BY
= B0 = By = L BE b e 70 " = =y

where the last equality holds if |a|#1. In fact, v=Vary,., i.e., it is the conditional
variance given yy, ..., ¥; (the variance on the conditional probability space).
Problem 8.30 Let

ViePyi-1ten k=1,2,...,

5

I
Eef =0 *and where =2, 6°=1/2. Find E{yo|y,, ...,

where ¢ is the white noise process,
il
e and E{.}'q[]’l-- » s.]"lﬁ]'-
Solution. We have

Yo=Pysteo=P(ByrTes) teo=P(B(Byster) Teg) ey
:ﬁ3J’6+,5237+ﬁ88 +éo.
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We have that & does not depend on y,, m<k. Hence E{vo|yy 1, ..., V6}= B v6=8Vs.

Further, {Vili<s, €1 &5 €0 are mutually independent. Hence Bys fer, Pes & are
mutually independent, and Sy S, Pes & are mutually independent given yy,... ye.
Hence

EDhni.. . .. ¥a)
4 1 a2 o2
= %% + £'Ele3bo.y .6l = BPEE 0., - e
I b 92 T 7
+ El=5l00.F1s-- -2 ¥0)
— B2 + FHEe? + BB £ B

= 647 + o116+ 4 + 1= 6407 + 116+ 4+ 1] = 607 + 10.5.

Estimation of the probability that the error is in a given interval

Assume that ¢, are normally distributed as i.i.d. N(0, o) . Then y,, is normal with
variance v, conditionally given yoy, yi,..., y.. In other words, y. is normal with the
conditional variance

T A -
ve = Varg 4.

i.e., with the variance on the conditional probability space given yq, i, ..., V.
- a7
Recall that if &~N(0, 1), then P(]&<x)=0(x)—®(—x). Further, if & ~ N0,V )then
ENV A~ N ) ng PUEN < v-x)P(JE/V] < x) = P(x) — P(—X)Hence we can
estimate the conditional probability that the absolute value of the difference between y,.

and its forecast Ey,,, is less than a given X =
Py B <v - x)=0(x)—D(—x),

A
where Py = P{-| vou V1o oo Wy }'or
P(1yirs Eies| <x)=O(x/vs)— D (—x/vy).

Confidence interval

Let us consider the following problem: find an interval that contains y,.., with a given
probability p.

Again, we need to find x such that ®(x)—0(—x)=p.

For instance, if & ~ N(0, f’z]'then P{|£/v] = 1.63) = ®(1.65) — P#(—1.65) =
0.9, P&/ <= 2) = $(2) — P(—-2) = .95,

Hence

Pr( vres Evres] = 16500 =089, Py Epres] =21 =005,
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By this method, we can define confidence intervals around the point forecasts. For
instance, the interval +1.65v, gives a 90% confidence interval.

Forecasting with unknown (b, )

The most straightforward approach is to find an estimate {ﬁﬂ ﬁ Jof Bo, B) (for instance,

by the LS estimate method), and then apply the forecasting rule with this {ﬁf' -H )-The
same approach can be applied to estimate the confidence interval. Clearly, the

replacement of (B, p) for (o, B ]generates an additional error, but we are not going to
discuss its impact here.

Problem 8.31 Forecast the fourth and fifth terms in the sequence 1, —1, 0.5, assuming
the autoregression model

Vi=Pyi-1ten k=1,2,...,

. 2
. . . u = .
where ¢, is the white noise process, Eef =0 *and where f is unknown.

Solution. Our model is a special case of the regression model
yi=Pxiter, where (x1, x2)=(1, =1), (1, )=(-1, 0.5).

By the formula from Chapter 2 (the case of 5,=0), the LS estimate of § is

T
joThin_Z1-05 3,

2T + ="
T R I

We have proved above that E{y,.|yvo, Y1,.... Vit =8y We do not know f, so we are in a

position to replace it by its estimate B. Then the forecast is

Elvesslvo.vi, ..o} ~ B,

1e.,

E{vilvo, v1. 02} ~ ﬁ}-‘z =05 (=3/4)= —3/8 = —0.375,
E{yalyo,v1,v2} ~ B2 = 0.5 (=3/4)° = 9/32 = 0.2813.

Problem 8.32 Using historical daily prices for 100 days and a MATLAB program,
forecast the return for N days. Estimate an interval such that it contains the increments of
the log of prices (and/or prices) for 102, 110, 200 days with probability 0.9.

Solution is represented by the following program. (It is assumed that the prices are
stored in the ASCII file ANZ.mat and are placed in the working directory; this file
contains a matrix, where the second column represents the prices under consideration.)



Remark 8.33 Typically, the reliability of forecasts for financial data is relatively low,
since the trend is usually overshadowed by the volatility. In addition, the stationarity
conditions do not usually hold for financial data, and there is no guarantee that a given
evolution law holds for long enough. In Problem 8.32, the forecast is a conditional
expectation calculated for a certain model for autoregression. Similar forecast algorithms
are used in practice (with more sophisticated models and with a larger number of
parameters). These and other methods of forecast for finan— cial data are intensively
studied. A very popular approach for financial forecast is so-called technical analysis
(which is usually considered as a non-academic approach); the algorithms in this
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MATLAB code for the forecast of price return

function[forecast, Confid interval]=forecast06(m,N,p)
%m - number of days observed; m=100; N day forecasts
%p - probability; p=0.9
load anz -ascii; yyy=anz; yy=zeros(m, 1l); xx=yy;
ml=m-2;
y=ones (ml,1); x=y;
one=ones (ml,1); b=1; t=one;
for k=1:m

vy (k)=log(yyy(k,2));
end; for k=1:ml t(k)=k;

y (k) =yy (k+2) —yy (k+1) ; x (k) =yy (k+1) -yy (k) ;
end;
b=(sum(y .*x)-sum(y .*one)*sum(x .*one)/ml)/ (sum(x
. FX) —sum (x
.*one) *2/ml); bO=sum(y .*one)/ml-b*sum(x .*one)/ml;
forecast=y (ml)* (b"N)+b0* (1-b" (N-1))/ (1-b); kk=ml+N;
TrueValue=log(yyy (k+2,2))-log(yyy(k+1,2))
u=b0*ones (ml, 1) tb*x-y;
sigmaLS=sqrt (sum(u .*u)/ (ml-1)); x=interval (0.9,1000)
Confid_interval:x*sqrt((l—bA(Z*N))/(l—bA2))*sigmaLS

framework are based on statistical methods as well as on empirical rules.

All the previous calculations can be extended for a pth-order autoregressive process,

AR(p)

Forecasting with an AR(p)

Vi=P1yi +ﬁ2yt72+ﬂp)ﬁ-f’+€t~

As an example, consider a forecast of y,.; based on the information in ¢ by using an

AR(2)

Vet =BryitPayi1tem.

(8.39)

This immediately gives the one-period point forecast
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EngI:ﬁLyt"',BZYH-
(8.40)

We can use (8.39) to write y,+, as
Va2 = Bivesr + Bave + &4
, (8.41)
= BBy + Bovemt + £011) + (B7 + B2)vi + 1 Bave—

+ P&y + Eq2e

Similarly, formulae for forecasts and forecast error variances can be obtained for p>2.

8.10 Heteroscedastic residuals, ARCH and GARCH

Suppose we have estimated a regression model, and obtained the fitted residuals u, for
t=1,..., T, and we are not sure if the errors are homoscedastic, i.e., if the conditions of
Definition 8.20 are satisfied for ¢, The real errors &, are non-observable, so we may try to

g2 . .
verify whether ut are homoscedastic, or E{uf | Fim1} = const.gor a1 t, where fris the
filtration generated by the observations.

Definition 8.34 If the conditions of Definition 8.20 are not satisfied for u, i.e.,

E{uf | Fi-1} # const,

or all t, we say that the residuals u, are heteroscedastic.

Heteroscedasticity and homoscedasticity are important characteristics of statistical
data, and the related analysis is crucial for many models. For instance, stock price models
with time-varying random volatility lead to heteroscedastic models, and
heteroscedasticity may have an impact on hypothesis testing in the LS setting described
above. However, the LS method is consistent (converges to the true value as the sample
size increases) even if the residuals are heteroscedastic.

8.10.1 Some tests of heteroscedasticity

¥
In fact, heteroscedasticity can be detected by testing the autocorrelation of ¥ *if there is
autocorrelation, then the residuals are heteroscedastic.

Engles test
Consider the AR(q) model for residual

]
2 2
iy = Po+ Z Biur_, 4 .

=]

Then one can test the hypothesis that f=0 for i=1,..., g. (If it is not true, then the
residuals are autocorrelated and heteroscedastic.)
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Durbin—Watson test

The classic test for autocorrelation is the Durbin-Watson test. It requires us to find
._\T' 2
¥ ool — 1)

Lo = ST 2
Lr=] ”.f

Clearly,
-.:ll" “ . -."" :"- 1""
Dol Y el — 2R Ut
T )
E.l':l ”f

For large 7, the differences in the ranges of the summations in this expression can be
ignored, and

How =

‘-:-
A 2 p—p Hplig)
fow ™~ 2(1 = ), = +2
Z.r_] iy

We have that b £ |—1, 1].1t follows that upy ranges through [0, 4] (for large 7).
The following criteria are commonly accepted:

* If upw<2 for positive autocorrelation;
* If upw>2 for negative autocorrelation;
o If upy~2 for zero autocorrelation.

Clearly, one may use the value ¢ instead of upy; for instance, ¢ ~ {) means zero
autocorrelation.

In fact, exact critical values cannot be computed and instead an upper bound and a
lower bound are used to test the null or zero autocorrelation.

8.10.2 ARCH models

Let us describe the Autoregressive Conditional Heteroscedastic Model (ARCH) using as
an example the so-called ARCH(1) model. Consider first the following regression:

ve=x, B+e, t=012.... (8.42)

Here y, and x, are observable values, weER x e R* . The vector fe R*is a non-
observable parameter, &, are non-observable errors.

We call this model the ARCH(1) model since 7, ,3 depends only on &,-;.

Let E, denote the conditional expectation given observations yg, yi,..., Vi Xo, X1, --., X
Let Var, denote the corresponding conditional variance.

Further, we assume that

& =noy.... En=0, E I’i.?:]- with ¢=12,..., (8.43)
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. . . .. . 2
where #, is the normalized error, and Urz is the conditional variance ;" = Var,_ &
(conditional given observations yg, Vi, ..., Vi X0, X1, ..., Xy).
Finally, we assume the following evolution law for
a 3

o =ag+og_y, ag =0, a ][0,1) (8.44)

Here o and a, are some parameters that are usually unknown and need to be estimated
from statistical data.
By (8.43), it follows that

Er [E-";:{]:I‘JIE,I 117 :U. G'F:Ef |E—'3.
(8.45)

It is clear that the unconditional distribution of ¢, is non-normal even if we assume that #,
are i.i.d. N(O, 1).
Note that the conventions for the time subscript of the conditional variance can be

.
different. Some authors use “1—1to indicate the variance in .

Starting value of &

. d _ 2 . .
Note that we need a starting value of @] = 0 =+ €0£j- To obtain o), we need &. It is
why we have a sample running from =0 to =7, but observation =0 is only used to

.
construct a starting value of oy~

Restrictions on oy and a,

2 Ty
To guarantee that af >0

0[()20, 06120, 0[()+0C1>0.

*we require that

In addition, we require that
o<l

to ensure that the unconditional variance is bounded as t—+o0. To see this, use (8.45) to
write (8.44) as

E; |._=r‘,2 = o +fr|£f_1_.
(8.46)

which implies
2

EEE =ap+ a1 Es;_|.

r B 2
Vi = Eg “We have that this process evolves as a deterministic dynamic system

V,:a()"‘athq, Z:O, 1, 2,

Set
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Clearly, this equation has a bounded solution if and only if |a|<1. It can be seen from
Fi — wep + ooy — C-'][:EE_:} — v ap(l + o +af + o0+ o Eef).

5
Forecasting of £y and ﬂ'fz for known (ay, ay)
2 . )
By (8.45), Or s = Erss—18700 5 = 0,1,2,. . .Hence

E, o7 s=0,1,2.....

1
s = Er Eppg 8y

s
Hence

2 2
E, 107, = Ei a8, s=0,1,2,....

2
Therefore, it suffices to describe forecasting of *1 *Similarly to (8.46), we have
2 2
Eig) ) = ap + opg;.
By (8.46),
X 2 x 2
Ei g =0+ oEye) = aoll +a1) +aye). (8.47)
It follows that

Ei_16), =ag+aE16f,) = ao(l + oy +af) +aje) . (8.48)

Continuation of this process gives

. -
Ei_1i5,, = Eal, = B0 = 1 S ]-‘-11‘”.‘-‘2
j— 4 = Ly = Ly, = T S
i+ i+ P -l — gt ! - . | —1
o ) i )
= +aj'! Ira';_ - - .
1 =y I, -1

Remark 8.35 If |a;|< 1 then, for any ¢,
- 2 ey
Ergr, —

Problem 8.36 Prove Remark 8.35.

8.10.3 Estimation of parameters for ARCH(1) with the ML method

The most common way of estimating the model is to assume that 7, are i.i.d. with law
N(0, 1) and to set up the likelihood function. The log-likelihood is easily found, since the
model is conditionally Gaussian.
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2 2 . . 2
Remember that 7, = @y +0'!F-‘,2_|-This means that if £;_1is given, then O} is

. 2 .
given (for known non-random a, and ;). On the other hand, the value of @;_ is the only
information from (g-, &-5 ..., &) that can have an impact on ¢. Therefore, the
conditional probability density function of ¢, given (g1, &-o, ..., &) 18

. 3 1 e*
Pedelera etz Ea) =pelele a1 ) =pe,(c|o, )= ——=wexp | 292 )
v 2ol o

Thus, we get the joint probability density function of the (g ¢, ..., &7) (conditional given
s0) by multiplying the conditional probability density functions of each of the errors

[ LI Lrlea)=pg (o |fnj‘r:-,z:.-*;|r1,;c.1'_|y- v e (Ew|Er oy, LEg)

5 -
=P &) g .._Pe-.g :.E:.'Iﬂj- | AR \"f}-’r;r'. er "-'_]F}

r

o

_n '—ﬂ”( \r_\ -'r)
f_l..wu.:'-:rJ L = I" f

It is more convenient to use the logarithm of the probability density function, or the log-
likelihood function

-

. r :
v =T e TI . 1 e’ e
ey, ....erl= HJ?;h__‘,.-I.{r.‘h....__(.-,r']_—E n[;:rj—i E ne, _Z—a 7-

il

=1 t=1

Assume that we are given the observations (xo, Xy, ..., Vo, V1, -..,yr). We are looking for a
set of estimates £ @0, @1)of unknown parameters (B, ao, o).

The ML estimation method requires us to find the value of { {3, (), ¢ ) that maximizes
L(u, ..., up) given the observations (xo, X\, ..., Xz, Yo, V1, ..., V1.

Therefore, we need to maximize over U'}. . 01 )

2
Liwy,....ur)=——In{27) — = ng 4 (8.50)

p."!l“'
2o0°
r-_I r=I i

where the fitted residuals and their fitted variances are defined by (b, . o) ang by the

observations as

it éj-‘, —.i.;r,!i. =012, .. l;;.ﬁl 2 Ar:-l-u]u,}_] i=1,2,....

(8.51)
The likelihood function L is maximized by minimizing the last two terms in (8.50).

Substitute values from (8.51) for ut and & ‘then L is a function of [ﬁ 0, @1 )-Then L is
maximized with respect to the parameters. This requires some optimization methods.
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Note that ML methods give the same results as an LS with weight coefficient
described in Remark 8.10 (with errors replaced by residuals).
Problem 8.37 Consider the following model:

Y=y de =042, Elely) =0, (8.52)
g=ma with r=0,12,..., E,_y =0, E;_mf =1,

wnp+ oy =0,

3 A
o, =aytag_, a0,

Here y, are observable values, ¥; € R, and the parameter ({3, g, ) € R is non-
observable. E, denotes the conditional expectation given observations {y,}<t. In addition,
we assume that #, are i.i.d. N(0, 1), and 7, does not depend on {y,}<.

Assume that we are given a series of data y,=In S(#;)—In S(#-,) for quarterly prices
(S(to), S(t1), S(to), S(t:)=(e", &', &', &*9), where (1), t;, t,, t;)= (January lst, April 1st,
July 1st, October 1st). Find out which set of parameters is more likely to be the true one:

ﬁ g, @) = (0.1,0.25,0) or {_H g, @) =(0.1,0.05,0.5).

Solution. We are given a series of data {y/={1.1, 2, 1.5}. Apply the algorithm

described above for the case when x,= y,-;. We have that:

* uy is defined by (x;, 1) or by (vo, y1);

* Tlis defined by uy;

* uy is defined by (x,, yo), or by (v_1, yo).

Therefore, we need terms y_; and y, to proceed. Since we have only three terms, we must

take 7=1 and (y-1, ¥o, y1)=(1.1, 2, 1.5).
We have

i =15-28, w=2-1.18. & =do+dng.

-

f Eﬁr&ﬂ!&} = {ﬂ-]--. ﬂ-:zj':-ﬂ}r‘[hen
m=15-28=13 w=2-1.18= 189,

ﬁ|2 = +&arﬁ =025+0-189" = (.25,
and
Llw nyl+ T]n{’*r}—i[u b+ = : (27 = __Z]n,_, !
L T T | 5 In(2 br
I 1.3
= —E]nn-] — .In?]z = —Elﬂﬂ_”}lﬁ ~ 3538

— =2.6¥7,

Similarly, if (B: &0, é1) = (0.1,0.05,0.5),,
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H|=|.5—2}§=|.3, !-u';]zz—1.1,&:1.3";'f

67 = o + &uf = 0,05 4+ 0.5 1.89% = 1.836,

and

Ly, . uy)+ g Ini2m)y= Lty ) + % Int2m)

Thus, the set of parameters {B [Jx"u? i 1) = (0.1,0.05, 0.5} is more likely to be the true
set.
In addition, if one finds that all other hypotheses with ¢} = (J are less likely than the

ones with @} # ( then it may be concluded that the right model is heteroscedastic (of
course, the reliability of this conclusion is low for this particular Problem 8.37, since the
size of the statistical series is small).

The solution of Problem 8.37 shows how to use optimization techniques for
maximization of the likelihood function, since it is clear now how to form the optimality
criteria.

8.10.4 ARCH(q) and GARCH models
The ARCH(q) is the regression (8.42) together with

2 2 2 1 2
op =wg Lengy Lengp |- 1 agtg,

ap = 0, wp [0, 1) (8.53)
The GARCH(1,1) (generalized ARCH) model is the regression (8.42) together with
ol =ay+ael | + pro) . (8.54)
op =0, oy =0, H=0, omi+f =1
Restrictions for parameters oy, oy, B for GARCH(1, 1)

N
To ensure that & = ), we need to take 0¢>0, 2,>0, ,>0.

Let us show that the restriction a;+f;<1 ensures that process (¥ ,2 is such that the
unconditional variance is finite if F:E,z is bounded as 7—. To see this, note that

2 2
o = E.—15.
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Hence
2 4 2
Ei 8 =an+ae_ + HE z¢7_,.

Set F; = E&?.We have that
Vi=oot(ait)Vie, t—+o0.
Clearly, this equation has a bounded solution if and only if |a;+f,|<1. In this case
(¥

V,=FEe® 5 ——  as f— +oc. 8.55
! ! I =) = B (839

The GARCH(1, 1) corresponds to an ARCH(»)
Solution of (8.54) recursively by substituting for gives

2 \ 2 | 2 2
o =ag+og_ + Filag+ag_; + Bro_5)

= ag(l + 1) + a6l + Brogel, + plol,

o e
0 Z 2
= .. = ]_ﬁ +,ur] ﬁ]E?—I—j'
: =0

Therefore, the GARCH(1, 1) model can be interpreted as an ARCH model with unlimited
memory (with exponentially declining coefficients for long memory, since 0<5,<1).

Forecasting with GARCH(1, 1)

Similarly to the case of the ARCH model (8.49), but with the sum of a; and f, as the
AR(1) parameter, repeated substitutions show that
o

) PER I ]
m-*(ﬂ'l-i-ﬁli (&;_1 —m) (8.56)

It is the forecasting formula for errors.

s 2
1'l"—t‘r\‘r+.r -

Estimation of parameters

To estimate the model consisting of (8.42) and (8.54) we can still use the likelihood

function as was described for the ARCH model (with some adjustment). We need to

create the starting value of &, as in the ARCH model (use y, and x, to create &), but for
9

GARCH(1, 1) we also need a starting value of 701t is often recommended that we use

Iy
oy = Var(u }‘Where u, are the residuals from an LS estimation of (8.42) (clearly, this
is applicable if the process is stationary).
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GARCH(p, q)
The GARCH(p, q) is the regression (8.42) together with

» q
¥ “¥ - bl
o = oy + Z Bio;_; + L wjE_; + B

i=lI J=l

= IF

where ¥ = 0, o = 0, ,H_If = ﬂ, L}':I ﬁ; -4 X;LI o = l.

8.11 Problems

Problem 8.38 Estimate the parameters (a, g) by an LS estimator in the AR(1) models
¥=Py.-1+e, Var g,=a", for the series: (i) (1,-2,3,1,0,0,1); i) (1,-1,1,-1,1,—-1, 1).
Problem 8.39 Forecast the series with AR(1) model for % steps: (i) (1, =2, 3, 1, 0, 0,
1); (i) (1,-1,1,—1, 1, —1, 1). (Hint: it is the series from Exercise 8.38.)
Problem 8.40 Let y,=R(t;), where R(t)=In S(t;), and where S(%;) are the daily prices for
some stock, k=1, ..., N, for some large enough N. (Find some prices on the internet or in
newspapers.)

(1) Using the LS estimator, forecast y; for N+2, N+10, N+100 days. Use this result to
forecast the corresponding R(?).

(i1) Estimate intervals that contain these increments of log of prices (and/or prices) with
probability 0.7.
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Estimation of models for stock prices

In this chapter, methods of statistical analysis are applied to historical stock prices. We
show how to estimate the appreciation rate and the volatility for some continuous time
stock price models. Some generic methods of forecast of evolution of prices and
parameters are also given.

9.1 Review of the continuous time model

Let us consider again the stock price equation
dS(t)=a(y)S()dt+a(1)S()dw(1),

9.1
where a(?) is the appreciation rate, o(?) is the volatility, w(z) is a Wiener process,
w(t)~N(0, 1).
Remember that
' i
S(T) = S(0e™, Ry = [ 11(s)ds + f o (s)dw(s). 9.2)
0 0

Let us repeat the proof that was given above in a different form. Let f{x)=¢". By the Ito
formula, it follows that
4 I d* 5
i F(R(1)) = iiﬁf{:}}:ﬁ'{(fj -+ - ":{R[F}hrrﬂfr
dx I dxs

= (ORI + o (Ddw(r) + Jo (1) dr)
=£‘H"']{;.LU}{.'? + o (dw(t) + %ﬂ{sznﬁ}
= cfm"]l;u{.r'rm'.' + o (dw )y = SOREOM (el — e (Odw(67).

Hence

df(R())=f(R()(at)dt+o()dw(1)).

By uniqueness of the solution of the Ito equation for S(z), it follows that f{R(z))=S(t) if
S(0)=A(R(0)). Hence J(R®))/AR(0))=S(2)/5(0), and
R(®)=In/f(R(0))S(2)/5(0)] =In(S(2)/S(0))+R(0).
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Usually, it is more convenient to apply statistical methods to the process R(?), since it
is more likely that its evolution has stationary characteristics.

Clearly, R(f) = In(S(¢)/S(0)), R(0)=0 and

dR() = p(Ddt + a(Odw(t), 9:3)

where

We can only observe prices as time series at a limited number of times, so we need to
understand how the time series of prices is connected to the continuous time process
(9.3).

9.2 Examples of special models for stock price evolution

The following two models are based on a certain hypothesis about (1, o).

The log-normal model without mean-reverting

For this model, # and ¢ are non-random constants. Then the distribution of log price R(7)
at time 7 is normal with some mean x and with variance To”. In this case,
R()=R(t=h)+uh+q(t), h>0,
9.4)

where

q{r}éf: adw(s) = a[w(t) — w(t — h)].

=h

Clearly,

' 2 !
Eg(r) =10, Eq{{]z =E (f U;.’w{x}) = f oldi = n::rzfi_.
f=h 1=l

and ¢(t) is a Gaussian random variable distributed as N(0, o°h).
Moreover, if t,=hk, k=0, 1, ..., where A>0, then {q(%;)} are mutually independent, and

R(t)=PR(tr-1)+Poter,

where f=1 and fy,=uh, and {g} is a random discrete time process that represents
stochastic changes. It is a Gaussian discrete time white noise process, &,=¢q(t), Ee,=0,

and I::Ef = a?h.
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Problem 9.1 Show that if u and ¢ are constants then

Ri{12) — R(ty) ~ N[l — n) otz — 1], 9.5)

E(R(i2) — R(MR(4) — R(13) =0, 14 =13 =12 > 0.

Mean-reverting model

Let >0 be a non-random constant. We say that R(z) is a process with mean reverting if
dR(t)=(a—R(t))dt+odw(t),
(9.6)

where 0£0, & € R.)>0 are some non-random constants. In this case, u=u(t)=a—AR(t).
The solution of the closed equation for R(z) can be expressed as

i
{ e M8 aduis), b= D 9.7

v

0
R{.':I B A -'JI_RU — ) _|_f e A 'I':IC:'ﬂ'.T-l-
!

Hence n
R(t)=e "R(t—h)+2"'(1—e "a+q(t), h>0.
(9.8)

Here (1) = Jl':,'r_ i ¢~ ""=%)g dw(5) are Gaussian random variables, Eq(#)=0,

o : R, | —e= 2
g i ""6:3’11'{5-]) - { g Mgl = o®

4
Egup = k| [ !, 5T

bl =it
Theorem 9.2 For the mean-reverting model, Var R(t) is bounded in t>0, and R(?)

converges to a stationary process. More precisely, there exists a stationary process1 Ry(?)
such that E|R(1)—Ro(t)|*—0 as t—-+oo. In fact, this process Ry(t) can be expressed as

' [ o}
Rolf) = f e Mg e 4 f e M ds) = — f e Mg dns).
oo = ~ =

Note that we need a small modification of the definition of w(#) and of the stochastic

i}
integral, to define _Ir__x. -dw(5).Normally, a Wiener process is defined on the time

interval [so, +o0), where 5y € Ris initial time; we had introduced Wiener processes for
time interval [0, +o) only. We can wuse the following definition:
0 afi—s A ' R - LT .
A Derdw(s) = [~ e ordiv(s),where "(5)is some standard Wiener
process independent from w().

Proof of Theorem 9.2. To proof convergency, one should notice that R, satisfies

ol)
dRo(r) = (e = ARy(0)dt + odw(ty, Ry(0) = ;i + j e dwls), 9.9
R P
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and Y(£) = Ry(t) — R(1) satisfies
dY(t)=—1Y())dt, Y(0)=R(0),
(9.10)

i.e., Y(t)=Ro(t)—R(t)=e “Ry(0). This process converges to zero in the required sense.
If t=t,, t,, ... and h=t,—t;_,, then {q(t;)} are mutually independent, and

R(ty) = BR(ti-1)+Poter
B A g AL ] L A . .

where - and fp = A (1 —¢ Y, and €& = ¢lfi)is a random discrete
time process that represents stochastic changes. It is a discrete time white noise process,

Ee,=0, and E€} = [(1 — e™**")/(20)]0 2.

In the following chapters, we shall study estimation of market parameters from the
observation of {R(t;)}.

Note that the process R(?) can be thought of as the limit of the discrete time process
R(t) as the time interval 4 becomes very small.

Remark 9.3 The stock price in the mean-reverting model has log-normal distribution
as well as for the log-normal model. The log-normal model can be considered as a special
case of the mean-reverting model with A=0.

1 A process Ry(?) is said to be stationary if the distribution of the vector (R(¢,+4), ..., R(ty+h) does
not depend on the time shift / for any N>0 and any set (7, ..., ty).

Another version of the mean-reverting model

For simplicity, assume that o=0. Then the model described above gives S(z)= S(0)e*?”

. e
with R(t) = |, ¢ M= dhw(s), and this R(t) converges to a stationary process with
zero mean. In fact, this process oscillates near zero. On the other hand, the risk-free
investment with initial wealth equal to S(0) gives the total wealth equal to

Chﬁ{fﬂ P($)ds) 1t is unnatural to expect that the risk-free investments have bigger
systematic growth than risky stocks (in this case, it would be meaningless to invest in
stocks). It would be more realistic to consider a model where the log prices oscillate near

ot
Jr.r. r(5)ds. This feature can be taken into account by the following model:

]
R(1) = f #($)ds + R(1),
]

dR(1) = (& — AR())dt + adw(t), R(0) =0,

where 0#0, &¢ € R, and A>0 are some non-random constants, and where r(?) is the

currently observable risk-free interest rate. In this case, # (1) = r(f)+o— J-"'*r""“}"Since
r(t) is an observable parameter and the process R(?) is observable, we have that the
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process R(1}is observable as well, and one may apply the method described above for

the estimation of parameters (o, 4, o) of the equation for R(1).

Other models for stock prices
There are many other special types of diffusion models for stock prices:

* The volatility is non-random, and the appreciation rate a(?) is an Ito process that evolves
as

da(t) = (o — ra()dt + adw(t),

where @ # 0, @ € R, & > O3n4 where Wis some Wiener process;
* (a(), o(t))=f(£(t)), where fis a deterministic function, ¢ is a Markov chain process;
« 6()=CS(1), where €+ P € R}
» the volatility o(?) is an Ito process that evolves as

do(t) = (& = Aa(t)dt + adw(t),

where @ 7= 0.0 € R,a € R, % = 0.514 where Wis some Wiener process.

All these models (and many others) need statistical evaluation in implementation with
real market data, and that is one of the mainstream research fields in financial
econometrics and statistical finance.

For a practical estimation of parameters of price models from historical data, we need
statistical methods.

9.3 Estimation of models with constant volatility

Consider asset (stock) with the price S(¢) defined by (9.1). We shall use notations from
Section 7.1. Up to the end of this section, we assume that the volatility ¢ is non-random
and constant but its value is unknown a priori.

Remember that the Black-Scholes formula for the option price includes volatility and
does not depend on u (or on @) (Corollary 5.50).

9.3.1 Estimation of the log-normal model without mean-reverting

Consider the case when a, 1, and ¢ are constant. Then the distribution of log asset price
R(?) in T is normal with the variance To” and the mean uT (not important for the option
price).

Let t=t, t,,... and h=t,—1t,—,. We have found in Section 9.2 above that if 1= ¢#,, t,,... and
h:fk_tkfl, then

R(t)=BR(t-)+Po+er
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where f=1 and po=wph, and {¢} is a random discrete time process that represents
stochastic changes. It is a discrete time white noise process, &=q(t), Ee=0, and

EE‘E = vi';r_r.jr.rld.\' = alh.

The LS estimator

By Proposition 8.12 and Definition 8.19, it can be seen that the LS estimator gives
i

o1
h== Rt ) — Rte—1)).
jih ”é‘c (k) = R(tg—1)) ©.11)
.l n
&%= > up,  where ug = R(ty) — R(tg—1) — fih,

n—=1

K=l

and where h=t,—t;,.

Example 9.4 If we have daily data, then 2=1/365 (or possibly something like 1/250 if
only weekdays are counted). If o’k estimated on daily data is 0.162/250, then the
volatility in the Black-Scholes formula is 6°=0.16.

Of course, the estimate can change as new data points are added to the sample.

The ML estimator

By the results from Section 8.6, it can be seen that the ML estimator gives

A 1 "
jith = ~ :L']‘ (R(tx) — R(tx_1)), 9.12)

"

-~ ]' L
&2h= - E H%. where wy = R(ie) — Riiz 1) — fuh,
[}
k=]

and where h=t,—t;,.
Note that the data for the two estimators described above can be obtained from the

prices S(t) directly as
St ., . Lee, S

=1 — — [ih, h=- E l
Uy n ) i jih - =~ n T

S(rx—1 S(tg—1)
Note that we do not assume that the sample mean is zero, even if this assumption is often

made (to simplify the calculations).
Problem 9.5 Let the quarterly stock prices (S(t,), S(t), S(t3), S(ts))= (°, ™3, &3, &**
be given. Estimate parameters for the log-normal continuous time model without mean-

reverting.
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Solution. Note that A=1/4. Take y;=R(t,)=In S(t,),x,=yi-1, k=1, 2, 3, and apply the LS
estimator with T=3, when =1 is known. Then ,ié'n = .r'i-’! =

(2 k=12 — k= )3 = 0.1333, hence & = 0.5333. Further, we have fitted
residuals

up = vg —xp — fh, (ty.mz2,u3) = (01667, 0.06067, —0.2333),

hence the LS estimate @ for the volatility ¢ can be found from
I <
a2 2 -
gh = —— wi, o =0.1733.
T—1 E *

The estimate for the appreciation rate a is @ = 0.62.

Let us show how the estimation of parameters described above can be applied for
forecasting.

Problem 9.6 Under the assumptions and notations of the previous problem, find a
forecast for the return R(z,) and R(ts) based on observations for times (%, t, t;) and
presuming that #,—f;. is three months for all £.

Solution. By (8.36), the desired forecast of R(t4) is E{R(t4)|o, V1, Y2, V3}= R(t;)+uh. As
was suggested in Section 89, we can replace this expectation by

R(13) + ‘ﬁh =04+0.1333 = ﬂ'5333'Similarly, (8.37) implies that the forecast of
Rity) is - R(3) + 2ih = 0.4 +0.2666 = 0.6666.

9.3.2 Estimation of the mean-reverting model

Let us estimate the parameters for the model
S(1)=5(0)"",
dR(t)=(a—AR(t))dt+odw(t), R(0)=0.

We have found in Section 9.2 that if t=t,, t,,..., Z and h=t;—t,_,, then

R(t)=PR(t—)+Poter

A 3 A . - . . .
where B = ¢ *"and fp = L1 — e *"e,and {er} is a random discrete time
process that represents stochastic changes. It is a discrete time white noise process,

E¢,=0, and ]irf‘f =[(1- e~ V2| E(see (9.8)). Then estimates Band ﬁu can be
found by LS or ML methods, as well as the LS or ML estimate of the variance (square)

2 a2 . A B oa -
Tisof K& . Then an estimate (&, %, )of unknown parameters (¢, 4, Jcan be found
from the system
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(J_ih = ||§ & iﬁ = ﬁ;
N = e =,ég ie ) (1 —ﬁ'}& =,|f§n
i =
L —e M 2 | - 5" , 2
———————— (] = .D'LS = (e} — ":‘.f..‘;
25 2

Problem 9.7 Consider quarterly prices (S(t), S(t;) S(t3), S(ts))=(eo, €03 €os €o4)-
Estimate parameters for a mean-reverting continuous time model.

Solution. Note that h=1/4. Take y,=R(t;)=In S(t), x,=yi-1, k=1, 2, 3, and apply LS
with 7=3 for the regression y,=fy+fy,-1+¢, Then the LS estimates of the parameters here

are § = 0.2368, fy = 0.3368. Further, it = — In(§) = 1.4404, i = 5.7614,
. . A
G =fo—r =4 — 2.5430,

| —eth Hl —ﬁ
We have fitted residuals
= Vi — fo — B, {1, w2, 3) = (00368, 00921, 0.0553),

hence the LS estimate for error variance (for a time series) is

:||" ]n'g
I v ol -
oLs = [ﬁ %} u{l = 0.0803,

hence

—_—

[ 2L
VT=F

ars = 0.2805.

Problem 9.8 Under the assumptions and notations of the previous problem, find a
forecast of the return R(#;) and R(#s) based on observations for times (7, ¢, t3). Presume
that #,—t;+, is three months for all £.

Solution. Let us use the estimates obtained in the previous solution. By (8.36), the
desired forecast of R(z4) is E{R(t4)|v0, Y1, V2, ¥3}=PR(t;)+fo). As was suggested in Section

8.9, we can replace this expectation by ﬁﬂR[I:!,]—l-,ﬁ"ﬂ = (.2368.
0.4 4+ 03368 = 0.4315. Similarly, (8.37) implies that the forecast of R(#s) is
RG34 (f 4+ Do = 123682 . 0.4 4+ (12368 + 1)-0 3368 = 04391,
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Remark 9.9 It can be seen that the forecast above is different from the one obtained in
Problem 9.6 for the same data set but for a different model. It is no surprise, since we
have assumed more general autoregression now (in Problem 9.6, it was assumed a priori
that f=1). This outlines one more challenge for the reliability of forecasts for financial
data: the results depend on the model choice. (See the discussion in Remark 8.33.)

9.4 Forecast of volatility with ARCH models

We assume that the risk-free interest rate r is a non-random constant. Consider the
diffusion market model with a single stock such that its price S(z) evolves as (9.1) and
such that the volatility process o(?) is random. Typically, an equivalent risk-neutral
measure is not unique in this case. If an equivalent risk-neutral measure is not unique on
the o-algebra generated by the stock prices, then the market cannot be complete
(Theorem 5.35), i.e., there are claims F' (S(-)) that cannot be replicable. The question
arises as to how to price these claims.

9.4.1 Black-Scholes formula and forecast of volatility square

For brevity, we shall denote by Hjs the corresponding Black-Scholes prices of different
options, i.e., Hgs=Hpg, or Hps=Hjps, for call and put respectively.

Let
a1 ! *
= ~;-:f a{s)ds.
T Jo

Lemma 9.10 Let V be non-random. Then:

(i) the initial wealth Hps(S(0), K, V', T, r) ensures replication of the option claim;
(ii) e "TE-F(S(T))=H3s(S(0), K, V', T, r) for any risk-neutral measure Ps, where Ex is the
corresponding expectation

Clearly, examples of a random volatility with non-random v can be invented: for

instance, assume that o(t)=a, for t € [1.T + k), 6(t)=0, for I & [T.T 4 k), where
h>0, o), 6, are given non-random values, and 7 is a random time independent from w(*)
and such that 0<t<r+h<T a.s. Then the corresponding / is non-random.

Proof of Lemma 9.10. Note that (ii) follows from (i). Therefore, it suffices to prove (i)

only. Set { = e~ TK and set fix, K)=(x—K)" or f{x, K)=(K—x)* for call and put
respectively. We introduce the function f'-:fﬂ_.;{-j [0, ] * R — R such that
¢ Hyslt,x) = Hys(t, "', K, V', T, p(0)).

It is easy to see that
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A, XV 37 H o
a;;\ {t,x)+ T ?;{LI} =1,

Hyo( T x) = f(x, K).

Let Y (1) = Hys(t (1), S(¢)). where

I !
T(f) = %f o'[.'_.'}lffy, S(1) = exp (f r{.ﬂfh') S(r).
4] L[]

By Ito formula, we obtain that

~

d s
dx

dX(1) = (T(0), SNdS(1),  X(T) =f(S(T),K).

2 Hull and White (1987), p. 245.

Hence

X(0) = Hys(0,5(0)) = Ef(S(T),K) = ¢™TE, f(S(T), K).

This completes the proof.
Corollary 9.11 Assume that Hgg=Hpg . or Hgs=Hpg,,. Then
e "TE-F(S(T))=E+Hps(S(0), K, V', T, r)

for any risk-neutral probability measure P« such that o(*) does not depend on w(*) under
P-.
Proof. It suffices to observe that e ""E*F(S(T))=e ""E-E*{F(S(T))|V}.

Clearly, V' = (1/T) jﬂr a(s) ds is random in the general case of stochastic o, and
the assumptions of Lemma 9.10 are not satisfied. In this case, there is no simple solution
for the option pricing problem (even if o(?) is constant over time).

By Lemma 9.10, it is natural to use an estimate (forecast)

-1 r ,
= Llg, f o (sYods 9.13)
1 o

as a replacement for unknown and random V. For some volatility models, ¥ can be
estimated using well-developed ARCH and GARCH models for heteroscedastic time
series. This approach may provide an approximate option price, when ¥ is replaced by its

estimate (forecast) V.

9.4.2 Volatility forecast with GARCH and without mean-reverting

We consider again the stock price model (9.1)
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dS(t)=a(y)S(t)dt+a(1)S(t)dw(1).

Let R(1) = In{S(1)/S(0)). Assume that
R(0)=0, dR(1)=udt+a(t)dw(1),
(9.14)

where u is a constant, i.e.,
!

R{:):R{r—fa}+;,:;:+f a(s)dw(s), &> 0. (9.15)

=1

We assume also that o(?) with probability 1 is a piecewise constant function with jumps
only in ¢, k=1, 2, 3,..., where £,=0, #,=hk, h>0 is given. In addition, we assume that
o(t)=a(t+0).

In this case, the process R(?) is such that

Rity) = Ritg—1) + ph + ot )é,  h= 0,

(9.16)
o= " dw . . -
where £k = Jlr.r,-L y m (%) are Gaussian random variables, Var £¢ = h.In other words,
R(t)=R(t;-1) +uh+e, h>0,
9.17)

where
fy

Eg = Gillks Gk = ot }Frl"j, e = fr_"zf dwis).
1

=1

Note that 7, are Gaussian random variables distributed as N(0, 1).
Let 7=Nh, where N is an integer. We have that

T N N
[ a(tVdr = Z a(ty ) h ~ Z qi. (9.18)
- k=0 b=l

Assume that we accept the hypothesis that the evolution of g,=a(#)h"? is defined by the
ARCH(1) model such that

qri_] = ¥y -I—{II’EF.“E.

and that we have obtained estimates { fi, &g, &) of (1, &, o1). In addition, assume that we
estimate &, as the corresponding residual, i.e., & be estimated as the corresponding

residual, i.e., gg ~ R(tg) — R(t_1) — jih.By (9.18) and (8.49), we obtain

1‘ ."'. I'l\’l £ A \
), 3 LT L (9.19)
E Nt ~EY g = e .
1: o(t) a ;;A Z[l_mﬂr] (u 'j|

| —é&
k=1 !
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Assume that we accept the hypothesis that the evolution of ¢, is defined by the
GARCH(1, 1) model such that

2 " 2 2
Gre = o+ gy + By,

and that we have obtained estimates { fi, ¢tg, &, 51)of (1, oo, a1, f). Again, assume that
we estimate ¢, as the corresponding residual, i.e., g is estimated as the corresponding
residual.

Let 7=Nh, where N is an integer. By (9.18) and (8.56), we obtain

] B
£ [ s(tfd~EY g (9.20)
-0 k=1
N i) ! &y '
=) | ——+ @+ |- ——— ]
E['-Gl‘ﬁl l\u I'“"ﬁ")

9.4.3 Volatility forecast with GARCH and with mean-reverting

Assume that the process R{t) 2 In( 5(1)/5(0)) evolves as
dR()=u()dt+o()dw(1),
9.21)

where
u()=a—iR(0),

where v € R, i € R are unknown constants.

We assume again that o(z) with probability 1 is a piecewise constant function with
jumps only in #, k=1, 2, 3,..., where #,=0, t,=h;, h>0 is given, and that a(?)=0(z+0).

In this case, the process R(?) is such that

I I
Rit)= e Rit—h + [ e M ey — ’( L'_j'”_s'lﬂ'[.‘.'}ﬂ"lf[.?}, b= (9.22)
1—h dr
Hence
R{I,l\-:l - E_UJ R[fk— I} + 47 I (1-— E_'ﬁ'n}ﬂf -+ ﬂfl:f,;- )ﬁfl 5 h= 0. (9.23)

A [ - . .
where Ij; = j';; e MI=5)ghw(s) are Gaussian random variables,

— =2k

25

al

Ej =0, E&l=h h

In other words,
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R(t)=BR(t-)+Bo+er
(9.24)

where

= Bo=—, s Eqm. g =o'

and where nx = h~'2 [ e"Mdw(s) are Gaussian random variables
distributed as N(0, 1).

. . . — A L
Assume again that we accept the hypothesis that the evolution of ¥k = ot s
defined by the ARCH(1) model, f,rE 1 =9+ G‘]Ff1 and that we have obtained an

estimate (fF, Bo. o, &) of (B, Bo, & o). In addition, we estimate ¢, as the corresponding

residual, i.e., €0 ~ R(fg) — BR(f_1) — foh.

Let 7=Nh, where N is an integer. Then (9.18) holds again. By (8.49), we obtain (9.19)
again.

Assume that we accept the hypothesis that the evolution of ¢, is defined by the

2 _ 2 2
GARCH(1, 1) model 9r+1 = @0 + @18 + Bigi. and that we have obtained

estimates { 1, Gg, &, ,ﬂn|]' of the coefficients. Again, assume that we estimate g, as the
corresponding residual. In this case, (9.18) holds again, with 7=Nh, where N is an
integer. By (8.56), we obtain (9.20).

9.5 Problems

Problem 9.12 Find ERy(?) and Var Ry(2) for the mean-reverting model.

Problem 9.13 Find E{R(?)|R(s)} and conditional variance of R(?) given R(s), s<t, for a
log-normal model without mean-reverting.

Problem 9.14 Assume that the stock price S(?) is defined by Ito equation (9.1), (9.2).
Find the conditional expectation E{R(?)|R(s)} under the assumption that u(z)=a— AR(?),
where r € R, . & Rare known constants, for t=2, s=1, a=2, A=1, o=1.

For the following problems, assume that all time periods #—f;—; are one-quarter of a
year.

Problem 9.15 Assume that we are given the sequence of historical stock prices (S(%),
S(tl), S(tz), S(t3)):(eo, €0.1, €03, €0A3), Where (to, tl, tz, 13): (January 1St, Aprll ISt, July lst,
October 1st). Assume that the price S(#) is defined by Ito equation (9.1), where @ € R
and v = R are constants. Using the LS estimation procedure, estimate the parameters (a,
g).

Problem 9.16 Under the assumptions and notations of the previous problem, find a
forecast of the return R(#) and R(ts) based on observations for times (7, ¢, t;) and
presuming that #,—#;. is three months for all £.
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Problem 9.17 Assume that the stock price S(?) is defined by Ito equation (9.1), (9.2)
such that u(z)=a—AR(t), whereex = R, & &€ R, & = (I (i.e., assume the mean-reverting
model). Using the LS estimation procedure and the sample data (S(z%), #) given in
Problem 9.15, estimate the parameters (o, 4).

Problem 9.18 Under the assumptions and notations of the previous problem, find a
forecast of the return R(z,) and R(#;) based on observations for times (¢y #; t3) and
presuming that #,—#., is three months for all £.

Problem 9.19 Consider the following ARCH(1) model:

Vi = ﬁ_ll"l-‘;—l. -I—.‘:'I:', k :ﬂ.. quq--' 3 E{H-‘. |:".-EJL = ﬂ"

e =y with k=0,1,2,.... Ei g =10, E;_u}i:I._

kaz =y + -‘:z'LE‘.‘fI_.].
In addition, assume that #, are mutually independent and distributed as N(0, 1), and #; do
not depend on {y,,} <1

Here y, are observable values, and ay, a; and & € R are unknown constants; E,
denotes the conditional expectation given observations (i, Vi-1, V-2, ---)-

Assume that we are given the sample of data y;,=In S(#)—In S(#,-,), where (S(%), ) are
given in Problem 9.15. Using the ML approach, find out which set of estimates of the

parameters (B, aq, a;) is more likely to be the true one: (B, Gp, 1) = (0.1,0.5,0.1)or

(B, &0, &) = (0.1,0.3,0.2),

Challenging problem

Problem 9.20 Suggest a method for estimating the parameters (oy, 0,, p) under the
hypothesis that the appreciation rate & € Ris a non-random constant, and the volatility
o0=0(w) is random and has the two-point distribution described in Section 7.3.



Legend of notations and abbreviations

a.e.
a.s.
c.d.f.
iff
iid.
p.d.f.
C(0, 7)

E(S¢)

F(S.)
I
LS

ML

N(a, ¢*)

4
2!2
a(<)

x|

M

EN(0, V)

—almost everywhere, or for almost every
—almost surely
—cumulative distribution function
—if and only if
—independent identically distributed
—probability density function
—the set of all continuous functions f:[0, {]—R
ECn=E(&n)
means that F is a function of the whole path S(),
tel0,7)
means that F is a function of the whole path Sy, ..., Sy
is the indicator function of an event 4
—Ileast squares
—maximum likelihood
—the normal distribution la\;v with mean @ and variance
o
—empty set
—the set of all subsets of Q

is the o-algebra of events generated by a random vector

¢

A
= maxix. ), x =max(-x, 0)
12

{Efxl':] for X £ R”

means that x is defined such that x=X
—the random variable & has the distribution law N(0, v*)
—if and only if

—end of a proof or solution.



Selected answers and key figures

Chapter 1
Problem 1.58: E{&|n}(w)=0, E{|n}(w,)=1/30.

Chapter 2
Problem 2.33: (i) no, (ii) yes.

Chapter 3
Problem 3.67: a<1.07<b or a=b= 1.07; Problem 3.69:0.302.

Chapter 4

3 2
Problem 4.33: yes; Problem 4.67: The second expectation is ( f feldwt )"+
3
fim ey,

Chapter 5
Problem 5.71:(a—r)*T; Problem 5.74: X = e"3"T33”ITS{{}}"2.

Chapter 6
Problem 6.31:4.66; Problem 6.32:5.78; Problem 6.33: yes in both cases.

Chapter 7
Problem 7.7:(c); Problem 7.10:0.59; Problem 7.11: 0.7.

Chapter 8

Problem 8.18 (i):(fo, 5)=(0.0833, 0.9792); Problem 8.38 (i):(1.6333, —0.3333); Problem
8.39 (i):(—0.3333)",

Chapter 9

Problem 9.14:0.36R(s)+1.2642; Problem 9.15:(a, &) = (0.42,0.2); Problem

9.17: (&, &) = (0.82, 2.24): Problem 9.19:(0.1, 0.3, 0.2).
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Ito process 58
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forward 69
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Stefan problem 135
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