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Introduction

The connection between L-functions and arithmetic must surely be one of the most
profound in mathematics. From Dirichlet’s discovery that infinitely many primes
occur in an arithmetic progression, right through to Wiles’ celebrated proof of
Fermat’s Last Theorem, the applications of L-series to number theory seem to be
limitless.

This book is concerned with the special values of L-functions of modular forms.
The twentieth century saw many deep conjectures made about the interrelation
between L-values and associated arithmetic invariants. Moreover, the last few years
have seen a lot of these predictions proved correct, though much is still shrouded
in mystery. Very frequently modular forms can be grouped together into families
parametrised by a single analytic variable, and it is their properties which we intend
to study here. Whilst we shall be primarily interested in the arithmetic of the
whole family itself, the control theory often tells us something valuable about each
individual member.

What then do we mean by a modular form? Let £ and N be positive integers.
An analytic function fi : HU {0} — C is modular of weight k and level N if

i () = Ve Ae)

at all integers a,b,c,d € Z such that 1 4+ bcN = ad. In particular, the quadruple
(a,b,¢,d) = (1,1,0,1) clearly satisfies this condition, so we must have the identity
fe(z+1) = fi(z) for all z € H. Moreover, if fi(z) is appropriately bounded as z
approaches the cusps, we call f; a modular form.

It follows that fj is a periodic function of z, with a Fourier expansion

fe(z) = Y an(fr)g" where q = exp(2miz).

n=0

Hecke proved that for a fixed level N and weight k, the space of modular forms is
finitely-generated over C. He introduced a system of operators ‘the Hecke algebra’,
under whose action a basis of eigenforms can always be found.

N.B. It is very far from being true that every modular form occurring in nature
hides deep secrets. For example, the Eisenstein series

. 1 _
Eisi(z) := E m for integers k > 2
(0,0)#(m,n)ELXZ

whilst indispensable tools in the analytic theory, tell us precious little about the
arithmetic of Diophantine equations.



2 Introduction

We’ll concern ourselves exclusively with the study of newforms of weight £ > 2,
a precise definition of which can be found in the next chapter. For the moment,
we just mention that a newform f; vanishes at the cusp oo, so the constant term
ap(fx) in its Fourier expansion must be zero. The complex L-function

o0

L(frs) = > an(fr)n*

n=1

converges in the right-half plane Re(s) > % + 1, and can be analytically continued
to the whole of the complex numbers. In contrast to the rather crude nature of
Eisenstein series, newforms encode a lot of useful arithmetic data.

Let us fix an integer so € {1,...,k — 1}, and assume that L(fx, so) is non-zero.
The conjectures of Bloch and Kato relate the value of the L-function at s = sg
with the order of a mysterious group I, = III(fx;so), which can be defined
cohomologically. For their conjecture to make any sense, it is essential that the
quantity #III; be finite. In the special case where the weight k£ = 2, the object
IIT, is the Tate-Shafarevich group of a modular elliptic curve which has f> as
its associated newform; the Bloch-Kato Conjecture then reduces to the famous
conjectures of Birch and Swinnerton-Dyer (see Chapter 1 for details).

Beilinson, and then subsequently Kato, discovered that the critical values of the
L-function are governed by certain cohomology classes, which we now refer to as
Kato-Beilinson zeta-elements.

Our first main result is purely technical, but nonetheless vital:

Theorem 0.1. The space of zeta-elements generates the algebraic modular symbol
associated to the cuspidal eigenform f.

Let’s see what the implications of this theorem are in deformation theory.

So far the weight k& of our newforms has remained fixed, but we can relax this.
We shall allow k to vary over the whole of the p-adic integers Z,, although only at
positive integers can one say anything meaningful about the behaviour of newforms.
Let p > 3 denote a prime number, and write A for the power series ring Z,[X].
Hida showed that whenever the p™"-Fourier coefficient is a p-adic unit, these modular
forms come in ordinary families

oo
f = > ant:X)q" € Aldl
n=1
where at infinitely many weights k > 2, the expansion

f = ian(f;(l+p)’“_2—1) " € Zyld]

n=1

is a classical eigenform of weight k.
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This means we are no longer dealing with just a single Bloch-Kato Conjecture,
rather a continuum of statements relating the quantities

Bloch-Kato
—

the special value L(fy, so) the p-part of #I11}.

We consider only the p-primary part of III; above, because the choice of prime p
is fundamental to the original deformation.

Not surprisingly, this raises a whole host of arithmetic questions:
Q1. Is there a p-adic analytic L-function of k interpolating these special values?
Q2. What is the underlying object governing these Tate-Shafarevich groups 111y ?

Q3. Can the Bloch-Kato Conjecture be formulated for the whole p-ordinary family,
so that each individual conjecture is simply a manifestation at weight k?

We shall look for answers to all these questions.

As a first step, we find an analytic parametrisation for the Galois cohomology of
the representations interpolating {fk} x>p- Let F denote an abelian extension of Q.

Theorem 0.2. The étale Coleman ezxact sequence over F @ Z,, deforms along the
universal p-ordinary representation pi : Gg — GLa(Z,[X]).

o0

The proof is based on the following generalisation of Theorem 0.1:

Theorem 0.3. The weight-deformation of the zeta-elements over Z,[X], generates
the universal A-adic modular symbol associated to the family f.

Of course, there is no reason at all why the point s = sp should have remain fixed.
If we allow it to vary in exactly the same manner as the weight k varied, one can
consider special values at all points of the critical strip, simultaneously.

'.....‘.....‘.....‘.....‘.
P3|
11
I R R A@z)
CNT)| D
BEEEER
o <—————— feq(®@
0 L
0 5 10 15 20
cyclotomic

The critical region at p=11 and tame level one
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In terms of the deformation theory, this amounts to adding a second variable to
the power series ring A, which means we are now working over Z,[X, Y] instead.
The whole picture becomes clearer when we allow this extra cyclotomic variable Y
because the full force of Iwasawa theory is at our disposal.

Our intention is to study Selmer groups associated to the following three lines:
the vertical line s = 1, the central line s = k/2, and the boundary line s = k — 1.
Let’s consider s = 1 and s = k — 1 first.

Theorem 0.4. The Selmer groups along both s = 1 and s = k—1 are A-cotorsion,
over all abelian extensions F of the rational numbers Q.

It is worthwhile remarking that the cotorsion of the cyclotomic Selmer group along
the horizontal line k = 2 was recently proven by Kato, and in the CM case Rubin.
This remains one of the crown jewels in the Iwasawa theory of elliptic curves.

Unfortunately for the central line s = k/2, things are less clear cut.

Conjecture 0.5. The Selmer group along s = k/2 should have A-corank equal to
the generic order of vanishing of Lp(f;c7 k/?) for even integers k.

Greenberg predicted that the order of vanishing along s = k/2 was either almost
always zero, or almost always one. Without knowing whether this statement holds
true in general, alas 0.5 is destined to remain only a conjecture at best.

Granted we know something about the structure of these three Selmer groups,
one can then compute the leading terms of their characteristic power series.

Theorem 0.6. There are explicit formulae relating the Iwasawa invariants along
s=1,s=k/2 and s =k —1 to the p-part of the BSD Conjecture.

The author apologises profusely for stating the result in such a vacuous manner —
for the full statements, we refer the reader to Theorems 9.18 and 10.1 in the text.
To obtain these formulae is by no means trivial. If the function L(fz, 5) vanishes at
the point s = 1 it is necessary to define analogues over A of the elliptic regulator,
which in turn involves constructing ‘p-adic weight pairings’ on an elliptic curve.

‘When combined, the results 0.1-0.6 allow us to deduce the arithmetic behaviour
of the two-variable Selmer group over Z,[X, Y], at the critical point (1,2):

Theorem 0.7. The leading term of the algebraic two-variable p-adic L-function
at (s,k) = (1,2) is equal to the order of 11y, multiplied by some
readily computable A-adic Tamagawa numbers.

In particular, this last theorem shows how the p-primary part of III is completely
controlled by the arithmetic of the Hida family that lifts the classical eigenform f,
(c.f. Section 10.3 for the precise formulae).
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The organisation of this book is as follows. The first chapter is meant to be purely
introductory, containing a very brief review of elliptic curves and modular forms.
In Chapter IT we recall the work of Perrin-Riou and Kato on the theory of Euler
systems for modular forms. Then in Chapter III we describe a brand new method
for constructing p-adic L-functions using these tools. The main advantage of our
constructions is that each Euler system is assigned a modular symbol, and there is
a particularly nice deformation theory for these symbols.

Once we have a working model in place for the cyclotomic variable Y, it is
then time to introduce the weight variable X. In Chapter IV we provide a short
description of Hida’s ordinary deformation theory, which exerts strict control over
the modular forms occurring in the family. The two chapters that follow contain
the technical heart of the book. We develop a theory of two-variable Euler systems
over Zy[X,Y], in terms of the A-deformation of the space of modular symbols.
Since there are already ambiguities present in certain of the objects considered, we
will give a construction compatible with the analytic theory of Greenberg-Stevens
and Kitagawa.

The remainder of the book is completely devoted to a study of the arithmetic of
p-ordinary families. In Chapter VII we explain how to associate Selmer groups over
a one-variable deformation ring A = Z,[X], and hence compute their A-coranks.
In the next two chapters we prove formulae for the p-part of the Tate-Shafarevich
group of an elliptic curve (under the assumption that the number field is abelian).
Finally, Chapter X ties everything together in what is rather grandly called the
“Two-Variable Main Conjecture”. This statement is now over the larger power
series ring Z,[X,Y], and our previous Euler characteristic computations allow us
to formulate the conjecture without error terms.

The reader who has done a graduate-level course in algebraic number theory,
should have no trouble at all in understanding most of the material. A passing
acquaintance with algebraic geometry could also be helpful. However, someone
with a number theory background could easily skip the first couple of chapters, and
the battle-hardened Iwasawa theorist could probably dive straight into Chapter IV.

Acknowledgements: Firstly, the author is greatly indebted to Adrian Iovita for
explaining his generalisation of Bmax, and to Denis Benois for sharing his knowledge
of the dual exponential map. He also thanks Paul Smith for writing Appendix C,
and for both his and John Cremona’s computer experiments.

For their moral support, he is particularly grateful to John Coates, David Burns,
and his work colleagues at the University of Nottingham. He thanks D.P.M.M.S.
for their very kind hospitality during a sabbatical leave period at the end of 2006.
Lastly, many thanks to Nigel Hitchin and the team at Cambridge University Press,
for their assistance and technical knowhow.



List of Notations

(a)

For a field K we write K for its separable algebraic closure. At each prime
number p, let u,» denote the group of p"-th roots of unity living inside of K.
If M is a Z,[Gal(K /K)]-module and the integer j > 0, then ‘M (j)’ denotes the
Tate twist M ®z, (mn ,upn)®j. On the other hand, if j < 0 then it denotes the
twist M ®z, Homgz, (lim,, pin 7, 7).

Throughout we shall fix embeddings Q — C and Q — Q, at each prime p.
We write C,, for the completion of Q, with respect to the p-adic metric (it is
an algebraically closed field). Thus we may consider all Dirichlet characters

Vi (Z/MZ)* — Q" as taking values in both C* and C, under our embeddings.

The maximal unramified extension Q)" of the p-adic numbers, has Galois group
Gal(QP'/Q,) = Gal(F,/F,). The arithmetic Frobenius element Frob, : z — a7
in the latter group can be considered as generating Gal((@gr / @p) topologically.

Moreover, we abuse notation and write ‘Frob,’ for any of its lifts to Gal (@p / Qp),
which are only well-defined modulo the inertia group I,,.

For a ring R we denote the i*"-étale cohomology group H{(Spec(R), —) by
Hi (R, —), or sometimes just by H'(R, —). Assume further that R is an
integral domain with field of fractions K, and write j : Spec(K) — Spec(R) for
the inclusion morphism. Then for any sheaf A of abelian groups on Spec(K),
we abbreviate H' (R, j.(A)) simply by H*(R, A).

Given an integer level N > 1, let I'g(IN) denote the group of unimodular matrices
(i Z) satisfying the congruence ¢ = 0 (mod N). Similarly, the subgroup
I'1(N) consists of matrices satisfying ¢ =0 (mod N) and a=d=1 (mod N).
If & =T'o(N) or I'1 (), then Si(®) is the space of cusp forms of weight k on ®.

Finally, for each primitive Dirichlet character € : (Z/NZ)* — C*, we will write
Sie(To(N), €) to indicate the e-eigenspace

{f € Sk(T1(V)) such that /| (“ 2) — e(d) for all (i Z) eFo(N)}.

C



CHAPTER 1

Background

Although the study of elliptic curves can be traced back to the ancient Greeks,
even today there remain surprisingly many unanswered questions in the subject.
The most famous are surely the conjectures of Birch and Swinnerton-Dyer made
almost half a century ago. Their predictions have motivated a significant portion
of current number theory research, however they seem as elusive as they are ele-
gant. Indeed the Clay Institute included them as one of the seven millenium
problems in mathematics, and there is a million dollar financial reward for their
resolution.

This book is devoted to studying the Birch, Swinnerton-Dyer (BSD) conjecture
over the universal deformation ring of an elliptic curve. A natural place to begin
is with a short exposition of the basic theory of elliptic curves, certainly enough
to carry us through the remaining chapters. Our main motivation here will be to
state the BSD conjecture in the most succinct form possible (for later reference).
This seems a necessary approach, since the arithmetic portion of this work entails
searching for their magic formula amongst all the detritus of Galois cohomology,
i.e. we had better recognise the formula when it finally does appear!

After defining precisely what is meant by an elliptic curve E, we introduce its
Tate module Ta,(E) which is an example of a two-dimensional Galois represen-
tation. The image of the Galois group inside the automorphisms of Ta,(E) was
computed by Serre in the late 1960’s. We next explain how to reduce elliptic
curves modulo prime ideals, which then enables us to define the L-function of
the elliptic curve E. This L-function is a pivotal component in the BSD formula
in §1.4.

One of the highlights of the subject is the Mordell-Weil theorem, which ass-
erts that the group of rational points on an elliptic curve is in fact finitely-generated.
We shall sketch the proof of this famous result, primarily because it involves
the application of ‘height pairings’ which will be invaluable tools in later chap-
ters. Lastly, the connection between elliptic curves and modular forms is cov-
ered in §1.5. These important objects are introduced from a purely algebraic
standpoint, because this gives us greater flexibility when visualising Beilinson’s
Koy-elements.

The excellent volumes of Silverman [Sil,Si2] cover just about everything you
would want to know about the fundamental theory of elliptic curves, and about
two thirds of this chapter is no more than a selective summary of his first tome.
For the complex analytic theory there is the book of Knapp [Kn], which covers the
connection with modular forms in some detail. A gentler introduction is the volume
of Silverman-Tate [ST], and of course Cassels’ text [Cal] is a classic.
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1.1 Elliptic curves

We say that E is an elliptic curve if it is a smooth projective curve of genus one,
equipped with a specified base-point Og. Furthermore, E is said to be defined
over a field K if the underlying curve is, and in addition the base-point O has
K-rational coordinates. Since every elliptic curve may be embedded as a cubic in
projective space, we can equally well picture it in Weierstrass form

E : Y Z4+a XYZ+a3YZ? = X3+ X?’Z 4+ auXZ? + agZ°

where the a1, as, as, aq, ag all lie inside K. Under this identification, the origin Og
will be represented by the point at infinity (X,Y, Z) = (0,1,0).

If the characteristic of K is neither 2 nor 3, one can always change coordinates
to obtain (birationally) a simpler affine equation

E:y? =a2>4+Az+B

where again A, B are elements of K. The non-singularity of our curve is then
equivalent to the cubic x® + Az + B possessing three distinct roots, i.e. to the

numerical condition
A(E) = —16(44% 4+ 27B%) #£0.

Remark: The above quantity is called the discriminant of E and depends on that
particular choice of Weierstrass equation. On the other hand, the j-invariant

443

(E) = 1728 x — 2
i(E) 28X B e

is independent of this choice, and classifies elliptic curves up to isomorphism.

The principal reason why the theory of elliptic curves is so rewarding is because
the points on an elliptic curve are endowed with the structure of an abelian group.
If P, and P, are two such points on FE, then their sum P; = “P; + P»” is the
unique point satisfying

(Ps) — (Og) ~ (P1)+ (P2) —2(0g) inside Pic®(E),

the degree zero part of the divisor class group of E. In terms of the Weierstrass
equation y% = 22 + Az + B, it can be shown that the z-coordinate of Pj is

2(Ps) = a(P+Py) = (H)Q— (21 + 22)

X1 — Ty
when Py = (x1,y1) differs from P, = (22,y2), and if they are the same point

) —2Az? — 8Bz, + A?

#(Py) = a(Pr+ 1) = 423 + 4Az; + 4B




Elliptic curves 9

Geometrically three points sum to zero if and only if they lie on the same line, so
the additive inverse of P, = (z1,y;) must be —P; = (z1, —y1).

)

\P+Q”

Adding the same point repeatedly to itself a fixed number of times gives rise to
an endomorphism of E, defined over K. More precisely, for an integer m € Z we
denote by [xm] € End(E) the map for which

Figure 1.1

P+.--+P ifm>0
[xm|P = Og iftm=0 “ |m|—times 7
—-P—---—P iftm<0

at all points P € E.

Actually there are not that many possibilities for the endomorphism ring of E.
If the field K has characteristic zero then End(E) is either Z, or an order in an
imaginary quadratic field in which case we say that E has complex multiplication.
Note that if K has positive characteristic then End(FE) could also be a maximal
order in a quaternion algebra.

Isogenies and the Tate module.

Suppose now that E’ is another elliptic curve defined over K. An isogeny between
E and E’ is a non-constant morphism ¢ : E — E’ of curves such that ¢(Og) = Op:.
In particular, ¢ is a group homomorphism whence ¢(P1 + P2) = ¢(P1) + ¢(Pe).
The kernel of ¢ will be a finite subgroup of E, and the degree of ¢ is its degree as
a finite map of curves.

The dual isogeny qAbz E’ — FE is then characterized by the property that
o = [xn]g and pod = [xn]g  where n = deg(¢).

If \: E— E' and 0 : E' — E are two further isogenies, their duals satisfy

o — —

6 = o, d+A=0¢+A and ¢of = Ao
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Definition 1.1. The kernel of the isogeny [xm] : E — E is denoted by
Elm] := Ker([xm]) = {P € E  such that [xm|P = OE},

and consists of geometric points on E defined over a fized algebraic closure K.

We also write Eyors for the union |J,,>, E[m].
Remarks: (a) If the characteristic of K is zero or is coprime to m > 1, then
Elm] 2 Z/mZ x Z/mZ;
(b) If the characteristic of K equals p > 0, then
E[p"] = Z/p"Z or {0} for all n > 1,
if E[p"] is zero we call the elliptic curve supersingular, otherwise it is ordinary.

Let us fix a prime number p. The multiplication-by-p endomorphism induces a
transition map [xp] : E[p"*l] — E[p"] of finite p-groups, for all integers n > 1.
The projective limit is called the p-adic Tate module of E, and is written as

Tay(B) = lim B[]

Whenever the characteristic of K is coprime to p, we see from part (a) of the above
remark that there is a naive decomposition

Tay(E) = Zp © Zy,
or in terms of Q,-vector spaces
Vp(E) = Tap(E) ®z, Q = Q © Q.

The advantage of studying torsion points on elliptic curves is that they provide us
with many examples of Galois representations, which we describe below.

Recall that F is an elliptic curve defined over K. In addition, we shall now
suppose our field K to be perfect. The action of the Galois group Gx = Gal(K/K)
commutes with the group law on E, so leaves the finite subgroup FE[p"] stable.
Provided the characteristic of K is coprime to p, one obtains a two-dimensional
representation

pg’i) :Gg — Aut(E[p"]) = GL2(Z/p"Z)

for all integers n > 1. Passing to the limit over n yields

pEp Gk — Aut(Ta,(E)) = GLa(Z,y),

and we shall also write pg, : Gx — Aut (V,,(E)) ~ GL2(Q,) for the associated
vector space Galois representation.
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It is only natural to ask how large the image of Galois in the automorphism group
of the Tate module can be. If our elliptic curve E admits complex multiplication
and K is a number field, then pg , is neatly described using global class field theory,
in fact the image of the Galois group Gk is “almost abelian” (see Theorem 1.9 for
an explanation).

In the non-CM case we have the following description.

Theorem 1.2. (Serre) Assume that K is a number field, and the elliptic curve E
s without complex multiplication. Then

(a) The image of pg, is of finite index in GLo(Zy) for all primes p;
(b) The image of pr,p is equal to GLa(Z,) for all but finitely many primes p.

Let us focus attention for the moment on the relationship between Ta,(E) and its
dual module Ta,(E)* = Homy, (Ta,(E),Z,). Again fix an integer m > 2 which is
coprime to the characteristic of K. The Weil pairing is a pairing

[ 1 Elm] x E[m] — pm(K)

satisfying the following properties:

(i) Bilinearity: [P+ P, Qlp = [P1,Qlp X [P2,QlE,
[P, Q1+ Q2lr = [P,Qi1]r x [P,Q2]E;

(ii) Alternation: [P,Plg =1;
(iii) Non-degeneracy: [P,Qlg =1for all @ € E[m] if and only if P = Og;
(iv) Equivariance: [P?,Q% g = [P,Q]% forall o € Gk.

N.B. Here p, (?) denotes the group of m'™-roots of unity inside the multiplicative

group G,,. For a more explicit description of this pairing, choose some element g
in the function field K (F) whose divisor satisfies

divig) = > (P+P) — (P).

P’€E[m]

Then
g(R+Q)
9(R)

at any point R € E such that g does not vanish at R nor R + Q.

[PaQ]E =

If m = p" clearly the Weil pairing identifies the second exterior power of E[p"]
with the group p,» for all integers n > 1. Further, the determinant of pg ), must
equal the p*"-cyclotomic character

Xey : Gx — Z, where o((pm) = C;f;,”(a) for all 0 € Gk and (pn € pipn.
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In terms of the Tate module of E, we obtain a bilinear, alternating pairing
[, ] Tay(E) x Tap(E) — Zp(1)

which is both perfect and Galois equivariant. The notation Z,(1) denotes the
projective limit lim_ p,», viewed as the Tate module of the multiplicative group.
In fact the module Ta,(E) is dual to the étale cohomology group Hj, (E ox K, Zp)7
which is sometimes a good way to think of it.

Finally, it would be inappropriate not to mention the following deep result, which
was first conjectured by Tate in the 1960’s.

Theorem 1.3. (Faltings) Assume that K is any number field, and p is a prime.
If E and E' are two elliptic curves defined over K, then the natural map
Hom (E,E') ©Z, — Homy, (Ta,(E), Ta,(E'))“"

is an isomorphism.

Reducing elliptic curves over finite fields.
Consider now a field F' containing the field of definition K of our elliptic curve E.
We write

E(F) = {P:(a?,y)eE such that z,yGF} U {0z}

for the group of F-rational points on E. In this section we will discuss the structure
of E(F) when F is a local field. However before we do this, we say a word or two
about the behaviour of elliptic curves over finite fields.

Assume that K = I, is a finite field consisting of ¢ = p¢ elements. The ¢*"-power
Frobenius map f: E — E is given on Weierstrass coordinates by f(z,y) = (29, y?).
Clearly E(F,) = Ker(1 — f), thus

#E(F,) = #Ker(1—f) = deg(l—f)

as the morphism 1 — f is separable.
Furthermore, if we put @ = f 4+ f € Z C End(E), and in addition observe that
fof=deg(f) = ¢ €Z C End(E), then

m? 4+ amn 4+ qn® = (m—Q—nf)o(m—i—n/f\) >0
for any (m,n) € Z x Z.

As a quadratic form it is positive semi-definite, so its discriminant must satisfy
a? — 4q < 0. For the particular value (m,n) = (1, —1) one finds that

#E[F,) = deg(l—f) = l-a+gq

and since }a| < 2,/q, we have shown the following estimate.
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Theorem 1.4. (Hasse) There is an upper bound |q +1- #E(Fq)| <2./4.

Even more is true. Weil proved that the zeta-function

2(E/F, T) = exp(Z#E(IFqn)]:>

n=1

is none other than the rational function (1 — a7 + ¢T) (1 — T)71 (1- qT)71 of T.

Moreover, the numerator has roots of weight 1

5, lLe

1—al +¢I? = (1-aT)(1-8T) with }0‘}:’5’:\/@

See Silverman’s book [Sil] for a proof of this statement.

Suppose that K is a finite algebraic extension of Q, with ring of integers Ok,
maximal ideal p and residue field F, = Ok / p. Let F be an elliptic curve over K.
By making a suitable change of coordinates, one may assume that our elliptic curve
is given by a Weierstrass equation

E y2+a1xy+a3y = 23+ asx® + ayx + ag

for which ay, as, a3, as,a6 € Og and ord, (A(E)) is minimal.

Definition 1.5. The reduction of E modulo p is the equation
E : y®+aiay+azy = 2° + dza® + auw + dg
where the superscript ~ denotes the image inside the residue field Fy.

Warning: Be careful, the curve E might very well be singular! If E is itself an
elliptic curve, we say that E has good reduction over K. Otherwise if F has a
singularity, then E has bad reduction over K.

Let us write E™ for the group of non-singular points on the reduction of F
modulo p. The following three possibilities can occur:

(i) E = E™ is an elliptic curve;

ii) E is a nodal cubic and E" = Guuls, the multiplicative group over F;
g q

(iii) Eisa cuspidal cubic and Evs o Gadd, the additive group over Fy.

In case (iii) we say that E has additive reduction at p — it turns out that one can
replace K by a finite algebraic field extension, so that the reduction type becomes
either (i) or (ii).

In case (ii) there are yet two further possibilities. If the tangent directions at the
node of E are defined over F, we say that E has split multiplicative reduction at p,
otherwise it has non-split multiplicative reduction. The reduction type can always
be made split by passing to an appropriate unramified quadratic extension of K.
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Remark: Tate [Tal] proved that every elliptic curve E which is split multiplicative
over the local field K, has a p-adic uniformization

E(K) 5 K*/df.
The Tate period qr € p itself is related to the j-invariant via the transcendental
equation j(E) = J(qg), where J(q) = ¢! + 744 + 196884q + 21493760¢> +- -

denotes the modular J-function.

We now define subgroups F; C Ey by
Ey(K) = {P € E(K) such that P e E“S(IFQ)}

and likewise o
Ei(K) = {P € B(K) such that P = OE}.

For example, if F has good reduction over K then E = E™ is an elliptic curve,

hence Ey(K) coincides with F(K).
In general, the two groups are connected by the short exact sequence

0 — E(K) — Ey(K) — E™F,) — 0.
In other words, the quotient group FEy(K) / E,(K) is the group of non-singular
points on the reduced curve. It remains to discuss the structure of Fp(K) and

E(K)/EO(K)7 in order to completely describe the group of local points on E.

Proposition 1.6. (a) The group E(K)/Ey(K) is cyclic, and the index

1 if E has good reduction over K
2,3 or4d if E has additive reduction over K
[E(K) : Eo(K)] = A . o .
2 if E has non-split multiplicative reduction over K

ordy (qE) if E has split multiplicative reduction over K

is called the Tamagawa factor of E over K.
(b) There is an isomorphism Ey(K) & E(p) where E is the formal group associated

to E over Og. If the reduction E at p is a supersingular elliptic curve, then the
height of E is 2. If E is an ordinary elliptic curve or E has bad multiplicative

reduction at p, then the height of E equals 1.

(¢) The group E1(K) has no m-torsion if m ¢ p. Furthermore, if K/Q, is an
unramified extension then Ey(K) is torsion-free, unless p = 2 in which case it may
possess elements of order 2.
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The proof of statement 1.6(a) exploits the fact that the group E(K)/Ey(K) is
isomorphic to the group of connected components of the Néron model of the curve,
whose structure was found by Kodaira and Néron. In characteristic 2 or 3 there is
a lengthy algorithm of Tate’s which can compute the special fiber.

The proof of statement 1.6(c) is based on the following formula:

ord, (p)

ordy () o T

giving an upper bound on the valuation of an element = € E (p) of exact order p™.
If K/Q, is unramified then ord,(p) = 1, so & must be zero unless p = 2.

It is wise to avoid the prime 2 at all costs.

1.2 Hasse-Weil L-functions

We now introduce an analytic invariant of an elliptic curve called its L-function,
whose mysterious properties motivate much current research into number theory.
Let F be a number field, and write Op for its ring of integers. For a prime p of F
we shall write F, for its completion at p. If p is archimedean then F, = R or C,
otherwise it will be a finite extension of Q, where p > 0 is the characteristic of the
residue field at p.

Assume that E is an elliptic curve defined over F. If F has class number one,
then it is possible to find a Weierstrass equation

E :y’+awy+azy = 2° + a® + asx + ag

which is simultaneously minimal at all non-archimedean primes p of F. However
if the class number is strictly greater than one, we need to work with p-minimal
Weierstrass equations separately at each prime p.

In any case, if E has good reduction over F, then we assign an integer

ap(E) = ¢ + 1 — #E(qu)
where the finite residue field qu = OFf / p contains g, elements.
Definition 1.7. (a) The local L-factor of E at p is the polynomial

1—ap(E)T + q,T? if E has good reduction at p

Ly(E.T) = 1-T if E is split multiplicative at p
PR N 1+T if £ is non-split multiplicative at p
1 if B has additive reduction at p.

(b) The Hasse-Weil L-function of E over F has the Euler product expansion

LE/F,s) = [ Le(E ¢°)""  for Re(s) >0

primes P

where the product ranges over all non-archimedean primes of F.
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Hasse’s Theorem 1.4 tells us that the modulus of a,,(E) is bounded above by 2, /gy,

hence the Euler product will certainly converge in the right half-plane Re(s) > 3.
It is fairly straightforward to prove that if £ and E’ are two F-isogenous elliptic
curves then their two L-series coincide, in other words L(E/F,s) = L(E'/F,s).
The converse statement is harder to deduce, relying heavily on Theorem 1.3.

Conjecture 1.8. The L-function L(E/F,s) has an analytic continuation to the
whole complex plane, and the completed L-function

Awo(B/F,s) = Np/g(2m)7* I(s) L(E/F,s)

satisfies the functional equation
Ao (E/F,s) = woo Ao(E/F,2—5s) with the root number wy = +1 or —1.

The conductor Ng,r above is a positive integer of the form

primes P
where the exponents

0 if F has good reduction at p
fo(E/F) = 1 if E is bad multiplicative at p
2 if E has additive reduction at p 1 6.

If the place p lies above 2 or 3, then the exponent can be readily computed using
a formula of Ogg and Saito.

Remark: Observe that the conjectured functional equation for Ao, (E/F, s) relates
the value at s with the value at 2 — s. This indicates that s = 1 is a central point
of symmetry for the L-function. For example, if the root number wy, = —1 then

Ao (E/F,1) = — A(E/F,2-1)
so L(E/F,s) is forced to vanish at s = 1.

It is worthwhile to mention some known cases of Conjecture 1.8. If E is modular,
i.e. its L-function is the Mellin transform of a newform of weight two, both the
analytic continuation and functional equation are known. Wiles et al [Wil,BCDT]
proved that every elliptic curve over Q is modular, so this already yields a large
class of curves to work with.

On the other hand, the theory of complex multiplication supplies us with yet
more examples where the analytic properties are known. For the remainder of this
section, assume that our curve F has CM by an order in an imaginary quadratic field
K = Q(v/—D). As the L-function is isogeny-invariant, without loss of generality
we can replace E by an isogenous elliptic curve to ensure that End(E) = Ok.
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For a fixed choice of Weierstrass equation
E :y? = 28+ Az + B of discriminant A(E) = —16(443 4 27B?) # 0,
define the Weber function at points P of E by
BB x x(P) if j(E) #0, 1728

®)
0p(P) = { Rz xa(P)? if j(B) = 1728
xgy X @(P)® if j(E) = 0.

Theorem 1.9. (Kronecker, Weber)
(a) The Hilbert class field H of K is obtained by adjoining the j-invariant of E;
(b) The mazimal abelian extension of K = Q(v/—D) is precisely the field

K — H(@E(P), Pe Et)
This justifies an earlier statement asserting the image of the Galois representation
pEp @ Gr — Aut(Tay(E)) was “almost abelian”,

since adjoining v/—D to the field of definition for our elliptic curve E forces the
representation to factor through the infinite abelian group Gal (Kab/F(\/ —D)>‘

Let us return to the question of analycity for the Hasse-Weil L-function. Recall
that we are permitted to assume that E has CM by the full ring of integers Ok.
We shall write Ag for the topological ring of adeles over F. To each elliptic curve
FE as above, there is an associated Grossencharacter

wE/F : A; — I{><

such that at all primes p of good reduction, the element ¥ g/r(p) € Ox = End(E)

reduces modulo p to the Frobenius endomorphism on E (N.B. this is not quite
enough to determine 95/ uniquely, but we shall skip over this point).
Attached to any Grossencharacter ¢ : A — K* is a Hecke L-series

—8 - 1
Lsv) =TI (1) (Normeg p) ™)
primes P
and these are well-known to be analytic over C, possessing nice functional equations.

Theorem 1.10. (Deuring) (a) If K is contained in F, then
L(E/F,s) = L(s,¢gmw) X L(s,%);
(b) If K is not contained in ¥, then
L(E/F,s) = L(s,%g/m) where F = F.K.

As a corollary, the analycity and functional equation for L(E/F,s) then follow
immediately from this description in terms of Hecke L-series.
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1.3 Structure of the Mordell-Weil group

For the rest of this book, we concern ourselves exclusively with elliptic curves
over number fields, although there are analogous statements over function fields.
Assume that E is an elliptic curve defined over a number field F. Its subgroup of
F-rational points, E(F), is named in honour of the two mathematicians who proved
the following fundamental result.

Theorem 1.11. (Mordell, Weil) The abelian group E(F) is finitely-generated.

Thus to find every F-rational point on E, all we require is a finite generating set of
points in E(F), together with an explicit description of the group law on E.

It was Mordell who originally proved the result over Q, and Weil who extended
the argument to number fields. We spend the remainder of this section outlining
their proof, primarily because it introduces the notion of a height function which
we will need later on. Full details of the proof itself can be found in [Sil,§10].

Remark: For a field K and a discrete G-module M, we write H {(K, M) for the
i*M-cohomology group H'(Gal(K/K),M). For example, if i = 0 then

HY(K, M) = M%< = {m € M such that m? —m =0 for all o € GK}.
Similarly, if i = 1 then H'(K, M) equals the quotient

{{ € Cont(Gg, M) such that {(oT) = (o)™ +&(7) for all o, 7 € GK}

{f € Cont(G g, M) such that (o) = mg — mg for some m¢ € M}

The numerator is called the group of 1-cocycles, and the denominator is the group
of 1-coboundaries.

In particular, were G to act trivially on M it would follow that m? —m = 0 for
all o € G and m € M, whence

HY(K,M) = M  and  HY(K,M) = Homeon(Gx, M).
Fix an integer m > 2. Taking G g-invariants of the tautological exact sequence
0 — Em — EX% FE —0
one obtains the long exact sequence in G g-cohomology

xm
—

. — B(K) X% B(K) % H'(K,E[m)) — HYK,E) HY(K,E).

Truncating both the left and the right-hand sides, gives rise to the well-known
Kummer sequence

0 — E(K)/mE(K) % H'(K,E[m]) — H'(K,E)[m] — 0.

Note that the group H?! (K ,E [m]) is not necessarily finite even though E[m] is.
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Viewing this sequence firstly over the number field F, and secondly over all its
completions Fy, yields a commutative diagram

H'(F,Em]) — H'(F, E(F))im] — 0

E(F,) =
0 — I;IW];,J — ng(Fp,E[m]) — HHI(Fp,E(FP))[WL] — 0
with exact rows, and whose columns are composed of restriction maps.
Definition 1.12. (a) The Selmer group of E over F is given by
L 1 Hrcsp 1 J—
Selp(E) = Ker [ H'(F, Bios) ~—— | H'(Fp, E(Fy))
all p

(b) The Tate-Shafarevich group of E over F is the group

Uie(E) = Ker|m(F.5) I ] ' (p, B(F,)
all p

It is an easy exercise to show that the sequence
0 — E(F)/mE(F) — Selp(E)m] — Ig(E)[m] — 0

is exact, just apply the Snake lemma to our commutative diagram above. We can
then pass to the direct limit over m to obtain the isomorphism

Sel(E/F)

The Selmer group is frequently infinite, e.g. whenever E(F) contains a point of
infinite order.
We now give a proof of a weak version of the Mordell-Weil Theorem.

Theorem 1.11°. For any integer m > 2 the m-Selmer group Selg(E)[m] is finite,
hence both E(F)/mE(F) and Ig(E)[m] are finite too.

Proof: Let S be a finite set of places of F containing primes lying above m, and
also the primes where E has bad reduction. Write Fg for the maximal algebraic
extension of F unramified outside S and the infinite places.

If p ¢ S then E has good reduction over Fy,, the sequence

0 — El(Fp) — E(Fp) — E(qu) — 0

is exact, and the group F; (Fp) [m] is trivial by Proposition 1.6(c). As a consequence
the finite group E[m] injects into E(qu) under the reduction map; in particular,
the Gg-module E[m] is unramified at p.
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It follows that the m-Selmer group consists of 1-cocycles that can ramify only at S
and infinity, hence we have an inclusion

Selp(E)[m] Hl(Gal(Fs/F), E[m]).

We claim that the latter group is finite.
Choose an open normal subgroup H of Gal(FS/F) such that H acts trivially on
Em]. Let ¥’ be the fixed field of H. By inflation-restriction one knows that

0 — H'(Gal(F'/F), E[m]) ™% H'(Gal(Fs/F), Em]) " H'(H, Efm])

is exact, and the left-most group is clearly finite because #Gal(F'/F) < occ.

On the other hand, the right-most group H'(H,E[m]) = Homeon (H, E[m])
classifies Galois extensions of F/ unramified outside S and infinity, whose Galois
group is isomorphic to a subgroup of E[m]. However, a theorem of Hermite and
Minkowski tells us that there are only finitely many of these extensions.

|

To complete the proof of the Mordell-Weil Theorem, we need to discuss the existence
of height functions on elliptic curves, whose p-adic avatars crop up in later chapters.
For projective n-space P", the absolute logarithmic height H : ]P’"(F) — [0,00) is

the function
H({:}:o,...,xn}) = Z log <0rga<xn‘xi|p)

all places P

where the absolute values ‘ ’p are normalized so that they are compatible with the
product formula.

If our elliptic curve E is given by a Weierstrass equation in coordinates (z,y),
the naive height is the function

h:E(F) — [0,00), h(P) = H({z(P),1}).
For instance, one useful property of the naive height is that the set
{P € E(F) such that h(P) < B}
is finite for any positive bound B € R.
Remark: The absolute logarithmic height is almost qua@ratic. To cook up a
function that is truly quadratic, define the canonical height h : E(F) — [0, 00) to

be the limit A
h(P) = lim 4*nh([x2}np)

n—oo

which fortunately exists and is well-defined.
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Proposition 1.13. (Néron, Tate) The canonical height is a positive semi-definite
quadratic form on E(F) satisfying:

(a) h(P) = h(P)+O(1) for all P € E(F);

(b) h(P) =0 if and only if P is a torsion point;

(c) h extends R-linearly to give a positive definite quadratic form on EF)®R.
We have skipped quite a bit here, proving this proposition is by no means trivial.
Nevertheless, taking these properties of the canonical height for granted, one can
polish off the demonstration of the Mordell-Weil Theorem.

Proof of 1.11: Courtesy of the weak version Theorem 1.11°, we know that the
group E(F)/mE(F) is finite. Let Py, ..., P, € E(F) be a set of coset representatives,
and put B = max h(P;). The set

S(B) = {P € E(F) such that h(P) < B}

is certainly finite, since A = h+O(1) and we know the statement to be true for the
absolute logarithmic height h.

We claim that the points in S(B) generate the group E(F). Suppose instead
that they do not generate it. Then we could find a point @ € E(F) of minimal
canonical height which does not lie in the span of S(B). It would have to be of the
form Q = P; + mR for some i € {1,...,n} and some R € E(F) not lying in the
span of S(B). As a consequence

MQ) < WR) = i L 2

h(mR) = —h(Q - P) <

1
m?2 m2 - m?2

since h(Q — P)) + h(Q + P,) = 2h(Q) + 2h(P;).
It would then follow that

hQ) < %(E(Q)JFB), thatis A(Q) < ﬁB <B

implying that @ € S(B), which supplies the contradiction.
Corollary 1.14. The Mordell-Weil group of E over F has the form
E(F) = 7' D E(F)tors

where E(F)iors 18 a finite group, and the integer rg > 0.

Quite a lot is known about the structure of the torsion subgroup.
If F = Q then Mazur proved that E(Q)sos is one of the 15 groups

Z/nZ with 1 <n <12, n# 11 or
7)2Z x Z)2nZ  with 1 < n < 4

and all these possibilities occur in nature.
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For a general number field, Kamienny and Merel showed there exists a constant
C = C(d) depending only on the degree d = [F : Q], such that

#E(F)iors < C for any elliptic curve E defined over F.

Thus to understand completely the structure of the Mordell-Weil group, one is
left with the seemingly innocuous task of determining the rank rg of its free part.
Before discussing this problem in the next section, let’s introduce a further invariant
arising from the theory of heights.

Definition 1.15. (a) The Néron-Tate height pairing is the bilinear form

(P.Q)ps. = %(E(P+Q) ~ WP - E(Q)) for all P,Q € E(F).

(b) The elliptic regulator of E over F is the positive real number defined by

NT
Regoo p(E) = det(<Pi7Pj>F’oo)1<i7<TF

where Py, ..., P is any basis for E(F)/E(F)mrs .

1.4 The conjectures of Birch and Swinnerton-Dyer

In the early 1960’s, two Cambridge number theorists Birch and Swinnerton-Dyer
conducted numerical experiments on the CM elliptic curves

y? = 2% — Dz and y? = 2%+ 4Dz
for D a rational integer. Based on their extensive computational evidence, they

predicted a startling link between the rank of the Mordell-Weil group, and the
behaviour of the Hasse-Weil L-function at its central point.

Again we suppose that F is an elliptic curve that is defined over a number field F.
Let 01, ...,05 : F — R be the real embeddings of F, and 74, ..., 74,71, ...,7¢ : F — C
its complex embeddings; in particular s + 2t = [F : Q).

Remark: If our elliptic curve is given in Weierstrass form by the affine equation

E:y? + aizy + asy = 2 + asx® + aux + ag,

then the archimedean period of E over F is the non-zero complex number

s t
Q = / 7 x 2/ AW
E/F E . |w 71:[1 e, w

where wg = m € Hlz (E/F) indicates a Néron differential on E.
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Conjecture 1.16. (Birch, Swinnerton-Dyer)

(a) orders_1 L(E/F,s) Z rF;

(b) lim LE/E,5) 2 Qp/r X Regoow(E) X

#Ig (B) [T,< . [E(Fp) : Eo(Fy)]
S s =1 '

Vdiscr x #E(F)2

Some explanations are in order.

Firstly, we should bear in mind that the analycity of the L-function at the point
s = 1 has yet to be established in general, so the left-hand sides of 1.16(a) and
1.16(b) might not have any meaning. This conjecture relates arithmetic invariants
of E with an analytic invariant, i.e. the leading term of its Hasse-Weil L-function.
The formulae are thus reminiscent of the analytic class number formula for the
zeta-function of a number field.

Remarks: (i) The archimedean period 2z /g a priori lies in C*, but if our number
field F is assumed to be totally real, the period itself will be a positive real number.
The elliptic regulator Rego, r(E) is always positive, no matter what the number
field of definition. In particular, Conjecture 1.16(b) predicts that the quantity

L(E/F -t
tim ZEED) S faiser x (9w x Regoor (B))

s—1 (8 — 1)TF

is a non-zero rational number. In the special case where F = Q, it is a worthwhile
exercise in homology to show that L(E/Q, 1) x (QE/@)71 € Q.

(ii) At non-archimedean primes p, all possible Tamagawa numbers [E(F,) : Ey(F))]
are listed in Proposition 1.6(a). Whenever E has good reduction at p, the index
[E(Fy) : Eo(Fy)] is equal to one. Since this is the true for all but finitely many
primes, it follows that the infinite product

H [E(Fy) : Eo(Fy)]

p<oo

occurring in the Birch and Swinnerton-Dyer formula, is really a finite product.

(iii) At archimedean primes p, there are essentially three cases to consider when
computing the size of the group of connected components. If the completion F, = C
then [E(C) : Ey(C)] = 1 as E is geometrically connected. If F,, = R and our elliptic
curve F is connected over the real numbers, then again we must have [E(R) : Eo(R)]
equal to one. Conversely, if E is not connected over R then it has precisely two
connected components, corresponding to the intersection of the torus with a plane;
in this case [E(R) : Ey(R)] = 2.

Finally, what is this mysterious number #I1Ig(E)? Recall that Theorem 1.11’
stated that for any integer m > 2, the group Il (E)[m] is finite. Regrettably this
does not imply that III(E/F) itself is a finite group. Indeed there is no known
proof of the finiteness of the Tate-Shafarevich group, except in certain specialized
situations where the analytic rank is miniscule.
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Conjecture 1.17. IIg(E) is always a finite group.

It was Tate who in the early 1970’s commented on Birch and Swinnerton-Dyer’s
prediction that “this remarkable conjecture relates the behaviour of a function L
at a point where it is not at present known to be defined, to the order of a group
IIT which is not known to be finite!”

Browsing through the first few elliptic curves occurring in Cremona’s tables
[Cr], one might be led naively to believe that the size of ITIg(E) is bounded above.
However, there are results which show that the order of the Tate-Shafarevich group
can become arbitrarily large in general.

Theorem 1.18. (Cassels) There is an alternating, bilinear pairing
Ip(F) x Hp(E) — Q/Z
whose left and right-kernels consist of the divisible elements in g (E).

As a corollary, let us remark that if the Tate-Shafarevich group is finite then the
above pairing is perfect, therefore the quantity #I1Ig(F) must be a perfect square.
On the other hand, from the short exact sequence

0 — EF)®Q/Z — Selp(F) — Hg(E) — 0

we see the finiteness of IIlg(F) is equivalent to the assertion that the maximal
divisible subgroup of the Selmer group is precisely E(F) ® Q/Z.
Assuming the finiteness of the Tate-Shafarevich group, one can legally define

The following result is often referred to as the Isogeny Theorem.

Theorem 1.19. (Cassels) Assume that E and E’ are F-isogenous elliptic curves.
If I (F) is finite then so is g (E'), and moreover

QE/F X BSDOO’F(E) = QE’/F X BSDOQF(EI)

The L-function L(E/F,s) does not change if we swap F with E’, and neither does
the left-hand side of the formula in 1.16(b). Thus Cassels’ result provides (weak)
support for Conjecture 1.16, since the right-hand side of the formula is now seen to
be an invariant of the F-isogeny class too.

We shall conclude by describing situations where the Birch and Swinnerton-Dyer
Conjecture has been partially proven. From now on let us put F = Q, so our elliptic
curve F is defined over the rationals. By the work of Wiles and others, at least it
makes good sense to speak of the behaviour of the Hasse-Weil L-function at the
critical point s = 1.
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Theorem 1.20. (Coates, Wiles) Assume the curve E has complex multiplication.
If L(E/Q,1) # 0 then E(Q) is finite.

The demonstration of this result involves the theory of elliptic units. These special
units satisfy various norm-compatibility relations, and form examples of what is
now commonly referred to as an ‘Euler system’.

Euler systems crop up all the time in a subject called Iwasawa theory, and their
cohomological properties are of great help in bounding the orders of Selmer groups.
It is widely conjectured that any sensible arithmetic object, which possesses an
associated L-function, should also have an Euler system attached to it.

Theorem 1.21. (Kolyvagin, Rubin, Gross-Zagier)
(a) If L(E/Q,1) # 0, then both E(Q) and Ilg(E) are finite.
(b) If orders—1L(E/Q,s) =1, then IlIg(E) is finite and E(Q) has rank one.

In fact quite a bit more is true. If E has complex multiplication, Rubin has shown
that under these conditions Conjecture 1.16(b) is true (up to powers of 2 and 3).
In the non-CM case, Kolyvagin has proven a similar type of result.

The basis of their arguments is the following very beautiful analytic formula.
For an appropriate ‘good choice’ of imaginary quadratic field K, Gross and Zagier
showed that the derivative of the L-function over K satisfies

NT
<PK’ PK>F<>0
c? u¥ /—disck

where uk is the number of roots of unity inside K, and ¢ € Z is Manin’s constant.

L/(E/K, 1) = QE/K X

The Heegner point Pk arises naturally in the theory of modular curves, and
under the right circumstances it has infinite order inside E(K). Kolyvagin exploited
the fact that Heegner points themselves form an Euler system, in order to drive his
descent machinery.

Theorem 1.22. (Greenberg, Nekovdr) At infinitely many primes p > 3 for which
the elliptic curve E has ordinary reduction,

orders—1 L(E/Q,s) = rg + corankz, (I_HQ(E) [poo]> (mod 2)
subject to Greenberg’s conjecture holding (for the two-variable p-adic L-function).
This result is of a rather different nature to the preceding two theorems, since there
is no requirement for the order of vanishing of the L-function at s = 1 to be small.
The Zy,-corank of ITIg(E)[p™] counts the number of copies of Q,/Z, contained
inside the Tate-Shafarevich group. If Conjecture 1.17 holds there will be no copies
of Qp/Z, occurring at all; we would then obtain the congruence

orders—1 L(E/Q,s) = rg (mod 2)

i.e. that the Birch and Swinnerton-Dyer Conjecture is true modulo 2.
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1.5 Modular forms and Hecke algebras

In this last section, we introduce the notion of a modular form and its associated
Hecke operators. The constructions that occur later on in the book require us to
work over schemes rather than fields, hence we adopt a more algebraic viewpoint
than some of the standard texts [Ko,My,Sh]. Let S = Spec(R) be an affine scheme.
An elliptic curve E/S is an abelian scheme over S of dimension one.

Fix an integer N > 5, and assume that R has the structure of a Z[1/N]-algebra.
The modular curve Y;(N) is the open modular curve, parametrising elliptic curves
E together with a point of exact order N on them. Its compactification X (V)

then classifies pairs (E, a:uy — E[N ]) where F is a (generalised) elliptic curve,

and Im(a) meets every irreducible component in each geometric fiber of E.

Remark: Because N > 5, there exists a universal elliptic curve Ey,iyy g which is
the final object in the category of generalised elliptic curves E/X;(N), defined over
Spec(R) and with group scheme embeddings «. For instance, if R = C then the
complex points of E,;, are described by

(B )© = T\ | U c/zozr
reH

where § := {z € C such that Im(z) > 0} denotes the upper half-plane.

Definition 1.23. If§: E — S is a smooth morphism, set wg := 6*QlE/S.
(a) The R-module of modular forms of weight k > 1 on T'1(N) over R, is defined

to be the set of global sections

Mi(X1(N)),, = HO(Xl(N)/R, f’“).

/R
In other words, a modular form f € H°(X; (N)/Rs w®) is a rule assigning an
element f(E,«a) € g%k to each R-point (E, o : iy < E[N]) on the modular curve.
This definition is compatible with base-change.

The Tate curve ET = Gyy4/¢” is an elliptic curve over the ring Z[q][1/q],
which extends to a generalised elliptic curve over Z[g¢]. The natural inclusion map
in : py — ET arising from the containment py C Gy, allows us to evaluate

modular forms on the Tate curve. If f € H?(X1(N),z, w®*) then its g-expansion
is the power series F(f)(q) € R[q] given by

7 (Gmae/a%in) = F(H@) <dt)®k

t

where ¢ is the coordinate on the multiplicative group Guut- In particular, the
g-development map F : H*(X1(N), g, w®*) — R[q] is injective.
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Definition 1.23. (b) The cusp forms S (X1(N))/R of weight k > 1 on I'y(N) is
the R-submodule of H° (XI(N)/R, g‘g’k) consisting of those modular forms whose

q-expansions have zero as their constant coefficient.

Equivalently, one can view the submodule of cusp forms as being modular forms
which vanish on degenerate elliptic curves, i.e. at precisely the set of cusps of the
modular curve X;(N)/g.

Hecke operators, involutions and degeneration maps.
There are two possible ways one can introduce these operators. The first way
is geometric, and involves defining Hecke correspondences on the modular curves
X1(N) and X1 (N;1), then pulling them back via the Kodaira-Spencer isomorphism.
Instead we’ll adopt the second approach, which is just to write them down!

For a congruence class a € (Z/NZ)* the diamond operator < a > acts on X;(N)
by < a > (E,«) = (E,a.a), thence also on modular forms f € My (X1(N)) via

(<a>f)(E,a) = f(E,a.a).

Definition 1.24. Let n > 1 be an integer. The covariant (or Albanese) operator
T, has an action on f, given by the formula

@) (Ea) = — X X(f(Eea).

NE—E’, deg(A)=n

Alternatively, the contravariant (or Picard) operator T acts on f through

(T,?f)(E,a) = % Z ,u*<f(E/,/floa)).

wE'—E, deg(p)=n

By expanding both modular forms T;f and T}P f over the Tate curve, one easily
checks that T} = < 1> TP for all primes [ { N. We should point out if there exists
a Dirichlet character e modulo N such that < a > f =€(a)f for all a € (Z/NZ)*,
the modular form f is said to have type (N, k, €).

The Fricke involution wy : X1(N) — X;(N) defined over Spec(Z[l/N7 pN])

is explicitly described on the points of Y7 (N) by
wx (Byasun < EN)) = (E',8);
N.B. here E' = E/Im(«) as elliptic curves over R, and (3 : uy — E’[N] satisfies

[a((), lift of ﬁ({)} = ¢ under the Weil pairing on FE.

On the space of modular forms H° (X 1(N)/r ,w®Fk ) itself, this involution transforms
0 -1

N 0 ) for the standard action of GLy,g.

into the matrix operator Wy = (
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Remark: It can be shown that TZD = Wy oT; o Wy for all prime numbers [ { N.
Therefore on that portion of My, (X 1(NV )) which is fixed under the action of Wy, the
Albanese and Picard actions are self-adjoint (with respect to the inner product).
However on the remainder of My, (X 1(N )), this is definitely not the case.

Finally let us explain how to change levels. Pick divisors d, M > 1 such that dM |N .
The finite degeneration map my : X7(N) — X3 (M) is given on affine points by

Trd(E, QN — E[N]) = (E’ =E/a(pa),  : par — E’[]\/[])

d
where the above composition o : ppr — BN/ = UN/ 1 @ mos Hd E/a(pg) = E'.

These level-changing maps exhibit an induced action on cohomology “mg .” say, and
in particular on the R-module H° (Xl (N)/Rs g®k) and submodule Sy, (X, (N))

For example, given any prime [|M we have relations

/R

7['1*0'1_'[ = EOWI* and 71'1*01_'[1) = 'TlDOﬂ'l*.

In fact, the trace map 71 , commutes with both the diamond and Hecke operators
at all integers coprime to N.

The Galois representations attached to cusp forms.

For simplicity we now assume that & > 2, and work over either R = Z or R = C.
Let us denote by hy(N; R) the R-subalgebra of Endg (Sk(X1(N))) generated by
all the T3,’s with n > 1, and the diamond operators < a > with a € (Z/NZ)*.

Notation: By common convention, for any cusp form f € Sy (Xl(N )) we write

F(f)@) = 3 an()a"
n=1
as its g-coordinate expansion on the curve ET8¢ = Gy / 4.

The Hecke algebra hy(N; R) is commutative, and is also free of finite rank over R.
Moreover for R = Z or C, there exists a perfect duality

Se(X1(N)),, x h(N;R) — R, (f.T) — a1(f|T).

/R

The space of oldforms is defined to be the subspace of S, (X 1(N )) spanned by the
images of the maps f — 7(f), namely

SPM(X1(N)) = the span of U U {ﬁg(f) where f € Sk(Xl(M))}.
M|N, M#N d|N/M

Analogously, the space of newforms Sp% (X 1(N )) e is the orthogonal complement
of S,‘gld (X 1(N )) c under the Petersson inner product, and must necessarily comprise
cusp forms of exact level NV but no smaller.
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Proposition 1.25. The space of newforms has a normalised basis, consisting of
stmultaneous eigenforms under the action of the whole Hecke algebra hy(N,C).

It follows that to study cusp forms, first isolate the newforms at a certain level N,
then diagonalise under hy (N, C) so as to consider each Hecke eigenform individually.
The eigenvectors f € Sp in Proposition 1.25 are normalised so that a1 (f) = 1;
such vectors are called primitive forms.

The following result was first proved by Eichler-Shimura at weight £ = 2, then
generalised by Deligne to weight k > 2 as part of his proof of the Weil conjectures.

Theorem 1.26. [De,ES| Let f be a normalised cuspidal eigenform of type (N, k,¢€).
Then for every prime number p, there exists an irreducible Galois representation

prp: Gal(@/Q) — GLa(Ky) with Ky = Qp(an(f) [neN),

unramified outside the support of Np and {oo}, which is uniquely determined by
the identities at every prime | { Np:

Tr(pfﬁp(Frobfl)) = a(f) and dct(pf@(Frobfl)) = e()IF L.

L-functions and modularity.

In the same way every elliptic curve F has a complex L-function attached to it,
a similar association works with modular forms (in fact, it works even better).
Assume f is a cusp form of level N and weight & > 2, possessing the g-expansion
f(2) =021 an(f)g™ with g = exp(2miz).

Definition 1.27. The L-function of f over Q is the Dirichlet series

kE+2

L(f,s) = Zan(f)lnfs which converges for Re(s) > 3
n=1

Provided f is a simultaneous eigenform for the whole Hecke algebra, its L-function
further admits an Euler product expansion in the same right half-plane.

Theorem 1.28. (Hecke) If f is a primitive form of level N and weight k > 2,
then the completed L-function

A(f,s) = N*/2(2m)~°T(s) L(f,)
has an analytic continuation to all of C, and satisfies the functional equation
A(fs) = i A(f|WN, kf.s‘).

Note that f ’WN = i Fwy f* where the dual cusp form f* has the g-expansion
1*(z) = Y02, an(f)g™, and the complex sign wo, € {£1}.
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Remark: In order to describe the link between modular forms and elliptic curves,
it is first necessary to introduce the modular curves Xo(N) for an integer N > 1.
The R-points of X((N) are pairs (E,C) where E is a (generalised) elliptic curve
defined over Spec(R), and C' C E[N] is a cyclic subgroup scheme of exact order N.
More specifically, if R = C then the complex points of Xy(N) have the structure of
a Riemann surface, isomorphic to the extended upper half-plane $* = § U P}(Q)
quotiented by the Mobius action of I'g (V).

One says that an elliptic curve E defined over Q having conductor Ng is modular,
if one of the following equivalent conditions hold:

(a) There exists a newform fg of type (Ng,2,1) such that L(E, s) = L(fg, s);
(b) There exists a non-constant Q-rational morphism Xo(Ng) — E;

(c) For every prime p, the Galois representation pg.p : Gg — Auty, (Ta,(E))
is equivalent to the contragredient pyﬁp for some newform f of type (Ng,2,1).

The next result is arguably the most celebrated from last century in number theory.
Before the theorem’s final proof it was known as the Shimura- Taniyama conjecture,
and was subsequently also attributed to Weil who was a great believer in it.

Theorem 1.29. [Wil,TW,BCDT] Fuvery elliptic curve E over Q is modular.

One cannot emphasize enough the beauty and complexity encapsulated in this single
statement. For an account of the principal ingredients in its proof — together with
the famous connection with ‘Fermat’s Last Theorem’ — the conference proceedings
[CSS] are extremely readable.

That’s more or less all the background we should require for the rest of the book.
As was discussed at the end of §1.2, the theory of complex multiplication provides
us with a whole bestiary of elliptic curves whose L-values one can study in detail.
However, we shall instead work in the context of elliptic curves E over QQ, which
by Theorem 1.29 are necessarily modular. The main reason is that their universal
deformation rings at p have an extra structure as Hecke algebras; our ultimate goal
is to understand the arithmetic of E over its p-ordinary deformations ...



CHAPTER II

p-Adic L-functions and Zeta Elements

One of the most fruitful developments in the last couple of decades, has been the
use of K-theory in the study of special values of L-functions of modular forms.
This link is manifested in several ways. The first is through the work of Beilinson,
who constructed zeta-elements living in K5 of a modular curve. He managed to
prove that their image under the regulator map yielded the residue of the L-series
at s = 0. In an orthogonal direction, Coates and Wiles found a non-archimedean
approach to relating the L-function of a CM elliptic curve at s = 1, with a certain
Euler system of elliptic units. They were then able to prove the first concrete
theorems in the direction of the Birch and Swinnerton-Dyer conjecture.

It was Kato who realised the approach of Beilinson and that of Coates-Wiles
could be combined, with spectacular results. He noticed that the zeta-elements
considered by Beilinson satisfied norm-compatibility relations, reminiscent of those
satisfied by elliptic units. Moreover, he devised a purely p-adic method whereby
these elements could be used to study L-values. Underlying his discoveries was the
ground-breaking work of Perrin-Riou in the early nineties, which extended the local
Iwasawa theory used by Coates and Wiles to a very general framework (required for
modular forms and non-CM elliptic curves). We shall review some of the highlights
of their work, and in Chapters III, V and VI we will generalise it to modular symbols
and A-adic families of modular forms.

It is natural to ask whether BSD conjectures have non-archimedean counterparts.
In order to phrase such questions, we need to replace the complex L-function with
a p-adic avatar. For newforms of weight k > 2, there are analytic constructions
due to various authors [MSD,Mn,MTT]. Perhaps the most elegant way to introduce
these p-adic L-functions is through the language of measure theory, and it is the
viewpoint we adopt at the start of this chapter.

2.1 The p-adic Birch and Swinnerton-Dyer conjecture

Let R be a commutative ring with identity, and X some compact topological space.
An R-valued distribution p € Dist(X, R) is a finitely additive function on the
compact open subsets of X, taking values in R. Most commonly, we will consider
spaces X which are p-adic Lie groups of dimension < 2, and rings R which are
complete, Noetherian and local (CNL’s for short).

For simplicity, assume that X = Z, and R is the integer ring of the Tate field,
although later on we shall consider measures in more general situations than this.
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If g € Step(X, R) is a locally constant function and providing the sums converge,
we employ the integral notation

/ L odue) = G| ST gl (x)

P _| 149 (3)
x={J2, x|

i=1

where the above limit ranges through ever finer disjoint covers {X i(j )} of X.
1<i<d;
We say that p is supported on Z), if u(U) = 0 for every compact open set U C pZ,.
Let r be a positive number.

Definition 2.1. (a) One calls p an ‘r-admissible distribution’ on Z; if for all
integers j € [0, — 1], the moments

[ @-ardut
zE€a+p"Zy

(b) Furthermore, u is a ‘bounded measure’ if the values

/ dp(x)
r€a+p"Zy »

When p is supported on Z,;, there are two sorts of function which we will integrate.
The first of these arises by considering a Dirichlet character i of conductor p".
Under our embedding ¢, : Q — C,, we obtain a homomorphism

are of type o(p”(”j)) where (n,a) € N x Z,.

p

are bounded above, for every pair (n,a) € N x Z).

mod p™ lp  —X

zx "5 (@) = 2zt S T ST,

which is locally constant, denoted once more by 1 (x). The second type of function
is defined by a power series expansion

<z > = exp, (s logp(x)) which converges provided ‘s}p < pP=2/(p=1),

Bearing in mind these notions, we can now describe the method of Mazur, Tate and
Teitelbaum, which associates a p-adic measure to a cusp form f of weight k£ > 2.
The initial step is to set

h, = ord,(a,) where a, is a root of X? — a,(f)X + e(p)p*~*

satisfying ord,(ap) < k — 1. In particular, if a,(f) is a p-adic unit then so is .
Furthermore, we must fix a choice of periods QF € C* so that the special values

L{f. i +1)
(27”-)]‘ Qsign(w,b(fl)(fl)j)

with j € {0,... .k — 2}

are algebraic numbers, at all twists by Dirichlet characters 1.
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Theorem 2.2. ([MTT, Sect.1]) There exists a unique hy,-admissible distribution

I f,o, Supported on 7y, such that

/zezg O (@)a dpg o, () = i (1 - w’l(p)%) (1 - ¢(p)6(p)p:i_j>

ap
- — Tim/p" L(f71/]7.]+1)
X (Tnz_l w ! (m)e2 /p > X W

for all j € {0,...,k—2} and characters v of conductor p", with + = (—1)(—=1)7.
Furthermore, if a,(f) is a p-adic unit then iy, is a bounded measure.

To manufacture a p-adic L-function from an admissible distribution, we make a
choice of root ap. If ap(f) is a p-adic unit, this choice is forced upon us anyway.
By integration, one can then define

Ly(08) = Lpayas(fotns) = [ 07@) <o > g, (@)
TELy

which is a p-adic analytic function of s € Z,,. If ord, () = 0 i.e. the ordinary case,
then in fact Ly(f,1,s) is an Iwasawa function (a continuous function on the unit
disk with bounded sup-norm).

A special case

For the time being, we concern ourselves exclusively with modular elliptic curves.
Let E be an elliptic curve over Q, and fg its associated newform of weight two. In
this situation there is only one critical point. Consequently, the p-adic L-function
should interpolate Dirichlet twists of the algebraic part of the L-value at s = 1.
Put L,(E,¢,s) = prap,Qi(fE,’L/),SL S0

1 L - L(E, ¢, +1
Ly(E¢,1) = — X (Zw H(m)e “’) x %
P m=1 E

whilst at trivial ¥ =1,

2
(1 — ai) X L(S;i’l) if p does not divide Ng
P E

L,(E,1) =

(1 — - (1E>) X L(QE;D if p exactly divides Ng.
» E

Remark: The reader will notice that when E,q, has split multiplicative reduction
the coefficient a,(F) = +1, hence (1 - ﬁ) = 0. Thus L,(E,1) = 0 regardless

of whether the complex L-function vanishes at s = 1. This is commonly called the
exceptional zero phenomenon, and can sometimes occur at weight k > 2 as well.

The following are p-adic analogues of Conjecture 1.16(a),(b) over the field F = Q.
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Conjecture 2.3. (i) In the non-exceptional zero situation,
orders—1L,(E, s) = ranky E(Q);

(it) In the exceptional zero situation i.e. p|Ng and ap(E) = +1,

order,—1L,(E, s) o1+ rankz E(Q).
Kato and Rubin [Kal,Rul] have proven that Conjecture 2.3 is true when the ‘=’
is replaced with a ‘>’ sign. In other words, the order of L,(E,s) at s = 1 gives
an upper bound on the Mordell-Weil rank of E. The demonstration requires the
theory of Euler systems, which we shall rely on heavily in due course.
Conjecture 2.4. (i) The leading term of L,(E, s) at s = 1, should equal

det (= =)2,) % Moo [B(Q) : Bol@1)] x #TMTg(E)[p*]
FEQ T

modulo Z,; ,

where det<<‘ .- >nyp> denotes the p-adic regulator of Schneider et al. [Snl,Sn2|;

(i) In the exceptional zero situation, the above formula holds with the additional
log, (ar)
ord,(ap)’

factor where qg denotes the Tate period of the elliptic curve.
In contrast to its archimedean cousin, the non-degeneracy or otherwise of the p-adic
height pairing

(= —)n,  B(K) x BE(K) — Q,

is still an open question. We will return to this pairing in the final two chapters,
where we examine its behaviour within an analytically varying family.

‘We should point out that both conjectures rely on the finiteness of the p-primary
part of the Tate-Shafarevich group. For the heretics who disbelieve this, one should
then replace the Mordell-Weil rank by the Z,-corank of the p>°-Selmer group of E.

The adjustments required in 2.3(ii) and 2.4(ii) are caused by the trivial zero in the
log,, (ar)
ord, (az)
it has a purely local description in this instance.

p-adic multiplier term. The quantity is usually called an L-invariant, and

2.2 Perrin-Riou’s local Iwasawa theory

In order to study these conjectures, the first step is to replace the analytic p-adic
L-function with a more algebraic object. In the early part of the 90’s, Perrin-Riou
[PR1,PR2,PR3| developed a general machine for precisely this purpose, building
on some earlier works of Coates, Wiles and Coleman. Her theory is phrased in the
language of p-adic representations, and we will introduce it gradually. We start
with some preliminaries on Fontaine’s mysterious rings Bqr and Beis.
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Rings of p-adic periods

Let E denote the set of sequences of the form z = (2,2, ...) where each
(") e C, satisfies ($(”+1>)p =2 Ifz,ye E, one defines z + y := (5(0)7 s, )
where

<™ — lim (m(n+m) + y(n+m)>pm
m—00
the multiplication in E being defined componentwise. This endows E with the
structure of a field of characteristic p, complete with respect to the valuation
valz(z) = valc, (z). For example, if & = (1,(p, (2, ...) then valz(e —1) = S5 in
~+

particular, € — 1 lies in the maximal ideal of the ring of integers E  so ]Fp((a —1)
is a subfield of E.

~+ =t ~+ ~+
Remark: Let Aj,¢ denote the Witt ring W(E )of E ,and [ |: E — W(E ) the
Teichmiiller lift to characteristic zero. The homomorphism 6 : Aj,r — Oc, sending
a Witt expansion Y .o p"[zn] to Y oo o p" 2l s surjective; moreover 6 linearly
extends to a map from Bi'flf = Ainf[p] onto C,.

One defines the topological ring BGTR to be the adic completion lim,, B; ; / Kex(9)".
The Gal (@p / Qp)—action on Bi-;f extends continuously to B;'R. Also, the power series

o n 1 _
log|e] Z ¢ converges in BCTR

to an element ¢ which generates Ker(#). It is a straightforward exercise to check
that the action of every o € Gg, on t, is described by the formula t7 = .y (0)t.

The filtration on the topological field Bar = By [t '] is then taken to be t™ By,
which is clearly Galois stable (many people regard ¢ as the p-adic analogue of 277).

Lastly, we write A for the collection of elements = € B;R for which there exist
sequences {ay, }n>0 inside A,s tending to 0, with the property that z = Yo7, an ﬁ;

In fact BT, = Ams[%] is a Gg,-stable subring of BJR containing the element .

cris

Further, raising to p'"-powers in E+ will induce a Frobenius operator ¢ on each
of A, Bmf, Agis and BCrls (however the Frobenius ¢ does not extend to B;R).
It follows immediately from the definition of ¢ that ¢(t) = p t, and henceforth we
denote by Be,s the subring Bms[t 1 of Byr.
The exponential map and its dual

Armed with these slightly bizarre topological constructions, one can study the
local representation theory of modular forms. In particular, it is possible to define
quite general analogues of the classical Lie group exponentials occurring in nature.
Let K be a finite algebraic extension of Q, and write H'(K, — ) for the continuous

Galois cohomology group H(,(Gal(K/K), — ).
Suppose that V' is a finite dimensional p-adic representation of Gal(F/K).
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Fontaine and Messing [FM] devised a fundamental exact sequence

0 — Q, — BY.' — Bar/Biz — 0,

cris
the right-hand map being reduction modulo B(TR. Tensoring this over Q, by V
yields a long exact sequence in Galois cohomology

— .\ Gal(K/K) Gal(K/K)
0 — VOIEIE) . (Vag, BEL) — (V @q, Ban/Blx)

cris

cris

2 H\(KV) — (K, Ve, BE) — -

The boundary map 0 is more commonly referred to as the ‘exponential’.

Let us denote by Dqgr(V) the K-vector space H(K,V ®gq, Bar), and write
Fil’Dgg (V) for the submodule H(K,V ®q, Bjg). If V is a de Rham representation
so that dimgDggr (V) = dimg, V', then

)Gal(?/K)

eXPgv ¢ tang(V/K) = (V ®q, BdR/BcTR = H (K7 V)

N.B. the tangent space is the quotient of Dqr(V) by the subspace Fil®Dggr (V).
The image of expy y is usually abbreviated as H (K, V).

Example 2.5 Consider the special case when A is an abelian variety over K, and
V = Tay(A) ® Q is the p-adic representation associated to the Tate module of A.
Bloch and Kato [BK, Sect.3] proved the commutativity of the square

tangK(A) Lie groupﬁ)poncntial A(K) ®@p
%J, Hodge theory gl Kummer map
Dyr(V)/Fil° “Ery HY(K,V).

Here the Kummer map on A(K)/p™ sends a point P (mod p™) to the class of the
one-cochain o — Q7 — @, where @ € A(?) is any local point satisfying p"@Q = P.
On an integral level, this identifies the image of the completed points A(K)@Z,J
with the exact kernel of H'(K,Ta,(A)) — H* (K, Ta,(A) ®z, B‘pzl).

cris

Since the target of the exponentials is Galois cohomology, if we want to measure
cohomology we should examine their duals instead. The invariant map of local class
field theory relates the p"-torsion in the Brauer group H%(K, p,n) with p~"Z, /Z,.
Upon passage to the limit, one obtains an isomorphism invy : H? (K, Zp(l)) 5 L.
The dual exponential map expy , is defined by the commutativity of the diagram

cotang(V/K) x tang(V*(1)/K) % Dan(@y(1) 2 K 4 Q,

CxP;cv T J{ SXPx,v*(1) ’ ‘

@]

H(K, V) x H(K V(1) -5 HAKQ(1) =5 Q,

where cotang(V) is identified with Fil’Dggr (V).



Perrin-Riou’s local Twasawa theory 37

Equivalently,

Tri,q, (exp*K.’V(x) Ugr v mod Filo) = invg (m U expr,v+(1) (v))
which is a formula we shall make good use of in later chapters.

Behaviour of exp* in cyclotomic towers

Essentially deforming the dual exponential maps in the cyclotomic direction
yields the first of the two variables in our p-adic interpolation. Let pp denote the
group of p-power roots of unity inside K. We set Goo i equal to Gal(K (pp=)/K);
in particular, the p*-cyclotomic character Xcy exhibits an isomorphism between
G oo, x and an open subgroup of Z. As the prime p > 2, we have the decomposition
Goo,k = T'g X Ak, where 'k is the Galois group of the cyclotomic Z,-extension
of K, and Ak is a finite cyclic group of order dividing p — 1.

To study the dual maps eXp*K(#pn)’v as n € N varies, we begin with a short
discussion of Iwasawa modules. Here the cyclotomic Iwasawa algebra is taken to
be the completed group algebra

A = ZP[[GOO’QPH = liLHZp[Gal(Qp(ﬂp”)/Qp)]

n

We say that a A-module has rank r if each eigenspace under the action of A has
rank r over Z,[I']. Note that Z,[I'] can be identified with the power series ring
Z,[X] by sending a topological generator o of I to 1 + X.

Definition 2.6. (a) We define H{, (K,V) := H} .(K,V ®z, A), in fact for any
Galois-stable lattice T in V

Hi (K, V) = lim H' (K (), T) @z, Qp

the isomorphism arising by application of Shapiro’s lemma.

(b) We shall write H (K (uym), T) for the projection to the m™_layer of the limit
lim H'(K (ppm), T); analogously H;#(K(,upm), V) is the projection of H{, (K, V).

Assume now that K is unramified over Q,. Consequently H} (K, V) becomes a
A-module, as the action of Gu g, = lim, Gal(K (upn)/K) on lim,, H (K (p,n), T)
extends linearly and continuously to the whole Iwasawa algebra.

For all j € Z, there is a natural A-isomorphism

Hi (K, V) 5 H (K, V(j))
(@pn), = (pn), @

which depends upon fixing some generator € = ({pn), of the Tate module Z,(1).
To be totally consistent, we assume the exact same (,n’s are chosen which define
the uniformiser ¢ = log[e] of Byg.
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Warning: Throughout the remainder of this book, we adopt the non-standard
convention that

¢ Ipm ® ¢S7 7 refers to the m™-layer term ( (Tpn), ® 8®j)

m

whenever the elements x,» live in a norm-compatible family. The justification for
this change is pretty shallow — by abbreviating the projection in this manner, our
formulae shorten dramatically.

Perrin-Riou [PR1] showed that the A-rank of lim H*(K(pyn), T) is equal to the
quantity [K : Qp]dimg, V. For example, when V' =V} is the (dual of the) Deligne
representation attached to any p-stabilised eigenform f € Si(T'o(Np"),€), we have

rankQ®Af(H11W(K, Vf*)) = 2[K:Qp] where Ay =A®z, Of.

In general, one requires a larger ring than A to capture all the p-adic L-functions
arising from Perrin-Riou’s theory. Let K be a local field of residue characteristic p.
The ring of tempered K-valued functions on I, is defined to be

hn, .
H(T) = Z hn(y0 — 1)" with h,, € K, nan;o ‘n—,‘p =0 for some r >0
n>0

and we also set H(Goo) = H(T) ®z,[r) A- The p-adic L-functions mentioned in
§2.1 lie inside H(Gs) but not Ox[Gw], when the cusp form is non-ordinary at p.
For any local Galois character ¢ modulo p”, let us define its Gauss sum by

G, Gn) = Z P(0) X Con-

JGGal(K(,upn)/K>

Assume V is a de Rham Gal(K /K)-representation with underlying field K. The
following deep result was first proved by Perrin-Riou for crystalline representations,
and extended by Kato et al [KKT,Cz] in the non-crystalline case. As before, K is
assumed to be absolutely unramified.

Theorem 2.7. (Perrin-Riou [PR2]) There is a unique Ok [G oo,k |-homomorphism
PR : Hllw(Kv V*) Rk Dcris(V) — H(GOO,K) XK DdR(’C)

such that for all primitive characters w:Gal(K(upn)/K) — @px and j > 0, we have

ondy (PR@ev)) = 119G Gn) D @) (expi () (0 @ G7) L)

oeCal(K (uymn)/K)

whilst at trivial ¥

xiy (PR(@@ V)) = jlexpy._j (z1) U (1 —plo (1 —pilp) v,
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2.3 Integrality and (¢,I')-modules

Whilst the preceding result works well with any pseudo-geometric representation,
for our purposes it is just a starting point. Let’s focus first on what this local theory
means for modular forms on GLjy. As will shortly become evident, in the ordinary
case one can refine Theorem 2.7 somewhat, so that the image of the interpolation
lies in an Iwasawa algebra.

Fix a prime p # 2 and a positive integer N coprime to p. Let f € Sk (To(Np"),€)
be a p-ordinary normalised eigenform (for the Hecke algebra) of positive weight k,
nebentypus € and level Np”; in particular if f(2) = 3, o, an(f)g" with ¢ = €27
then ap(f) is a p-adic unit. B

Notation: We say that f is a p-stabilised ordinary newform if either
(i) f is a newform of conductor Np"; or

(ii) f(2) = g(2) — Bpg(pz) where g is a newform of conductor N
and 3, is the non-unit root of Frobenius for g.

As always, Ky is the finite extension of Q,, obtained by adjoining all the a,(f)’s.
Recall also from Chapter I that for weight &£ > 2, Deligne [De] attached a continuous
representation

ps: Gg — Aut(Vy) with dimg,Vy =2

of the absolute Galois group Gg := Gal(Q/Q). This p-adic representation was
unramified outside of Np, and characterised by the identity

det (1 - pf|G@l (Frobl_l)X) = 1—a(f)X +e)I*'X? for all primes [ { Np.

Now as Galois representations we have V;' := Hom(Vy, Ky) = Vi« @z, Zy(k — 1)
where f*(z) = > ,~1 an(f)g™ denotes the dual cusp form to f. For reasons of
normalisation, it will be more convenient to work with Vf* rather than V.

Let M be a positive integer coprime to p. The tensor product Q(uar) ®q Q, of
fields decomposes into a direct product Hp Q(uar)p over the completions at primes
p € Spec Z[up] lying over p. Each completion is isomorphic to the extension
obtained by adjoining /1 to the p-adics.

Hypothesis. Assume that our field K is one of these component Q(unr)y ’s.

We can then view the cup product
.\ O
eXp;((upn),Vf*(fj) (fl'pn ® Cgfj) U ¢ ™  (cf. Theorem 2.7)
as lying in a copy of the field K¢ (upnar), via the sequence

. % . Yar . ~
Fil'Darn (Vi (=7)) X Deris(Vi) = Darn(Kf(=5)) = Darn(Ks) = Ky (ppnar)

where the isomorphism shifts the filtration j places.
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Remark: If0 < j < k-2 thenFilODdR’"(Vf*(—j)) = Filk_l_deRn(Vf*) is known
to be one-dimensional over K¢ (gpnar), generated by the dual cusp form f*.

Let vy, be the element of Deyisg, (Vy)?=% ) satisfying f*Uvi. = 1in Darg, (Ky).
Note that the p-eigenspace of Derisq, (Vy) with eigenvalue a,(f) is non-empty, by
monodromy theorems of Saito [Sa]. The operator (1 — p~7~1p) acting on vy is
always invertible, whilst (1—p/¢ ') fails to be invertible when j = 0 and a,(f) = 1,
i.e. the exceptional zero condition mentioned in §2.1.

Definition 2.8. To simplify notation, for any x € H' (K (ppn), Vf*(—j)) we shall

write ‘exp;(x)’ for the unique scalar satisfying

7j71(10)71 Vi,e

expj(z) = exp}(upny)’v;(fj)(x) U (1= 6p=op
where §,—o equals one if n =0, and d,—¢ equals zero if n > 0.
The proof of the following result will be given at the end of this section.

Lemma 2.9. There exists a constant O € Z depending on a choice of lattice
TCVy and on the integer M, such that for 0 < j <k —2

exp; (H;# (K(ppn),T(fj))> is contained in  p’* UV Ok [uprpn].

Corollary 2.10. Defining PRy . r(z) == PR(z ® Vi) at all z € H}, (K, Vi),
then
PRy : Hiy (K, V) — Q& Of[Goo,x][11as]

is a homomorphism of finitely generated Q ® A s-modules.

Proof: It suffices to show that PRy . x (@n H! (K(ppn), T)) is contained in the
module p* =AY [piar]. Let us abbreviate Gal(K (p,n)/K) with the shorter Gyn .
Writing out the special value formulae in full, then for all primitive ¢ : Gpn x — @;
and 0 < j < k — 2, we find that wxgy (PRk@K(g)) equals
G (1= dy=1p’ /ap(f) X —i\°
( O P ) 7Cp" Z (o expj (xpn ®CZ§L ])
P

aegpn K

where dy—1 equals 1 if ¢ is trivial, and 0 if ¢ is non-trivial. Here we used the fact
that ¢vy = ap(f)Vk,e in tandem with the interpolation Theorem 2.7.
Now a,(f) is a p-adic unit since f is a p-ordinary eigenform, and it follows that

31" (1=64—1p7 Jap(f))

()" is bounded above by p~™/. On the other hand,

p

LGn) Dl wexpi()T = v | Y0 TG Y ooexpj(.

o€Gpn K TEGyn K o€Gyn K

Y| Trg . | Gn Z o.expj(...)7

0€Gpn K
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7 is a p-integral element.

and we know from Lemma 2.9 that pn(+1)—fr expi(...)
However Trg . . (O, [tarpn]) is contained in #Gyn k.Ok, (] = p" Ok, (1),

from which we may deduce

) Z Y(o) expj(...)7 lies in pgT*n(jHH(”*l)O,cf[,uMpn].

o€Gpn K

Since p~™ x ’peT_"(j'*'l)'*'("_l)‘ = p'=%7 the n*h-level of p! "*TPRy . () in the

P
group ring must be p-integral for every m. The coefficients in the power series
expansion of PRy, ¢ x (z) must therefore be p-bounded, and the result follows.

O

In the non-ordinary case the corollary is false, scuppered by the fact that the
eigenvalue a,(f) is no longer a p-adic unit. Nevertheless, there is a nice trick of
Kobayashi and Pollack [Ky,Po] which allows one to split PRy 1 g, into a +-part.
This produces two p-adic L-functions living in the Iwasawa algebra, for modular
elliptic curves with good supersingular reduction at p > 5.

The following argument is rather unenlightening, and could easily be skipped on
a first reading.

The Proof of Lemma 2.9
Recall that we are searching for a constant O € Z dependent on the Galois
stable lattice T C V" and on the integer M, such that

expy- ) (L (K (), T(=1)) ) U (1= 80mop™ ") v

is contained within p?T="UFTD O [parpn] for all integers n > 0 and 0 < j < k — 2.
The notation H# denoted the group of universal traces

() coresquym/auym H' (K (), =)

m>n

for the cyclotomic p-extension of K (j,»). If n > 1, this is equivalent to showing
expie () (Hy (K (upn), T(=5)))  © p" "0k [juagyn ] 40 f*

as t/ f*Uvy, = 1 viewed inside Dy ,, (ICf( )) To prove our lemma, we exploit the
fact that H, can be computed in terms of (,')-modules introduced by Fontaine.

If 7 = [¢] — 1 we write Ag, for the topological closure of Zy[r, ] in the ring
~ ~+ ~
W (E), whose topology is then given by neighborhoods 7*W (E ") +p**'W (E) of 0.
Note that Ag, is a complete discrete valuation ring with residue field (e — 1)).
The Frobenius ¢ : 7+ (1+7)? — 1 on Ag, extends uniquely to B, the completion
of the maximal unramified extension of Ag, [ )]
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Definition 2.11. Let V' be any de Rham representation, and for simplicity set
Lp, = K(ppn) with Log = U,;59 Ln- The (p,T')-module associated to V'’ is given
by the invariant vectors -

DV) = (Vag, B)S (/1)

and upon which the operator ¢ commutes with the diagonal action of Gal(Ls/Lg).
The advantage of studying D(V) in the context of Iwasawa theory, is justified by
the existence of an isomorphism

Logj. (1) : D(V)#= T2/ = H} (Lo, V)

which was constructed by Fontaine in never published work — an explicit description
for Log}”/*(l) will not be needed in the proof.

If 2 = (xpn), € H}, (Lo, V) we may define
Expy, (z) = Zexp*LmV(_j) (xpn ® Cgfj),
JEL
which converges to an element of Ly, (t)) @, Dar (V) since expj, _;) = 0 for j < 0.

Remark: By [CC, Théoreme IV.2.1(iii)] there exists a positive integer m (V') such
that for all integers n > m(V),

Exp; () = p"p™" (Log;*(})(g))

The proof of Cherbonnier and Colmez’ result is heavily based on overconvergent
representation theory, together with an explicit formula of Kato’s calculating exp*.

In our situation V' = V', we can even say that Exp; (z) € Ly[t] ®1, Dar(V)
because Fil° <tdeRn(V;)) =0 for j < 0. Restricting Exp},  yields a factorisation

N i 1 Projn 1 ZJZOeXp){/;<7.7> .
Expr, :lim H (L, T) —* Hy(L,,T) — Lu[t] ®r, Dar(VY)
m

and as H #(Ln, T) is a compact, finitely-generated Z,-module, so is its image under
the homomorphism Expy . It follows that there exist constants 6,, € Z depending
on n, T and Ly, such that

k—2

Expy,, (lmlHl(Lm,T)) C "> POk, [papn] £+ F T Ln[t] @1, Dar (V7).
m =0
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To ease congestion we write my in place of m(V}). By the above remark, for all
integers n > my one deduces that

B0, (I (L)) = (o) (Lo, if (1w (20 D)) )
= o0 (B, (1 2 ) )

k—2
C (po) ) [ pim > Ok, [parp<]-f* + 17 Loo[t] ® 1, Dar(Vy)
=0
k—2 ) . .
_ pmf+9mf Zp—n(]+1)+1mf tJO)Cf [,u/]\/[poo}-f* + tk_lL:,C [[t]] ®L, DdR(V;)
j=0

Focussing only on the powers ¢/ for j € {0,...,k — 2},
eXPye () (H;L (anT(_j))) c  pUtImatlny =GO [y 49 £

at every integer n > my.
Conversely, there are only finitely many (n, j) with0 < j < k—2and 0 < n < my.
At these values there must exist a 6 € Z for which

expt/;(fj) (H;é (L'IL7 T(_j)>> U (1 - 6n:0p7j71‘10)7lvk,e

is properly contained within pg Ok [parpn]. Picking the constant fr = min{6,,, 5}
ensures that each of the images p"Ut1)—0r exp; (H;# (Ln, T(fj))) will be p-integral
for all integer pairs n > 0 and 0 < j < k — 2, as desired.

2.4 Norm relations in K-theory

In the first section we defined the p-adic L-function, and recalled some well-known
conjectures about its behaviour at critical points. The explicit local machinery of
Perrin-Riou then allowed the conversion of norm-compatible cocycles into power
series, convergent on the open unit disk.

Question. What is the correct input into this machine, such that the output is the
p-adic L-function attached to a Hecke eigenform?

The answer was provided by Kato [Kal], who proved the norm-compatibility of
zeta-elements lying in Ks of modular curves. Roughly speaking, we're heading for
the following scenario:

Perrin-Riou’s theory
—

{ Galois cohomology} { Iwasawa algebras }

Kato’s zeta-elements — the p-adic L-function.
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We start by outlining how Beilinson [Be] originally constructed these elements out
of Siegel units, although we will be more concerned with their p-adic properties
rather than their archimedean ones.

Let Eypiv denote the universal elliptic curve with I'(L)-structure, at level L > 3.
The modular curve Y (L),q without cusps, represents the functor S +— (E, ey, e3)
classifying isomorphism classes of triples where E is an elliptic curve over S, and
(e1,e2) is a pair of sections for E over the scheme S generating the torsion E[L].

2
For each (o, 8) = (%, 2) # (0,0) lying in (%Z/Z) , there is a torsion section

la,g =a€1 +bey: Y (L) — Euniv\Ker[X q]
where ¢ is a prescribed integer prime to 6 and the orders of «, 3, and (e, e2) forms
a Z-basis of Ker (XL : Eyniv — Eyniv). Henceforth assume that ged(c,6L) = 1.
If we choose (%, 2) € (%Z/Z)2 \{(0,0)}, then there exists a unique Siegel unit
cJa b € O(Y (L)) " which is the pullback along Lo b of the complex function

2 2
o) = gt Mot = a"0" 1L (1=
o 1 [Ts0(X —q"t) [T, (1 = ¢"t7)

on Eyniv — here ¢ = exp(2mit), 7 € § and t = exp(2miz) with 2 € C\c™}(7Z + Z).

Remark: Alternatively, one can define . more algebraically as being the unique
function on Eyniy with divisor ¢2.0g — Ker(xc¢), invariant under all norm maps

N, : O(Ker(xc)) g O(Ker(xac)) . However, we prefer to write down a good
old-fashioned g-expansion.

Now fix integers A, B such that A+ B > 5 and A|L, B|L. The affine modular
curve Y (A, B) can be defined as the quotient of Y (L) by the matrix group

{ (‘; ?) € GL,(Z/LZ)

The above description induces a canonical morphism of curves Y (L) — Y (A4, B), so
we may regard cg1 o €0O(Y (A1) “and 90,4 € O(Y(1,B)) “for ged(cd, 6AB) = 1.
Definition 2.12. Taking the symbol of these two functions yields the Ko-element

cdZAB = { c91/40> a9o1/B} € Ko (Y(A,B))

x=1, y=0(mod A) and z =0, t = 1(mod B)}

whose properties are described at great length in [Be| and [Kal, §2].
If ¢,d # £1 then we also have the (possibly) non-integral elements

d2_1} € K:(Y(4,B)) 2 Q

1
ZAB = { c§1/40 © Z 7+ d9o.1/B ®

which may at least be shown to be independent of the initial choice of ¢, d € Z.
They are related to the integral ones via the formula

0\" 1 0\
o = (2= (5 ) (o= (3 2) Yo
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Proposition 2.13. [Kal, Sect.2.4] The norm homomorphism
K, (Y(AZB')) — Ky (Y(/L B)) sends  c.dZa’, B — c¢,d?AB;

provided that both supp(A’) = supp(A) and supp(B’) = supp(B).

Similarly, the element z4: p/ is sent to z4 p under the Q-linear extension of this
mapping. It follows from the above result, that we obtain a compatible family

(c,dZApn,Bpn) o€ 1%1 K> (Y(AP"7 BP”))

where the projective limit of K-groups is again taken with respect to these norms.
In order to utilise Kato’s zeta-elements in arithmetic applications, they first need
to be converted into one-cocycles. The major reason for this conversion is that the
various Selmer groups, Tate-Shafarevich groups, etc... are best described in terms
of the Galois cohomology of the underlying p-adic representations. In view of this
we now describe the two-step construction of the realisation map.

Consider the smooth Z,-sheaf Ezl, on Y (Ap™, Bp™)s defined to be R15(™) (Zp),
where the morphism 6 : En;, — Y (Ap™, Bp"™). Regarding the Tate module of
the universal elliptic curve E, ;v as a smooth sheaf on the étale site of Y (Ap™, Bp™),
Poincaré duality then yields a canonical isomorphism Ta, (Euniv) = H 11) Rz, Zp(1)
whence

Symi~2(HL) = Syml? (Tap (Euniv) ) (2-k)  forall k> 2.
Remark: For a scheme & on which p is invertible and for functions F,G € O(X)*,
the second Chern class

Chgyg : K2 (X) — H2 (Xy (Zp/p")(2)>

sends the symbol {F,G} to the cup-product 9(F) U 9(G), where 9 denotes the
boundary map in the 1-cohomology of 0 — (Z,/p")(1) — O% ., 03 — 0.
We now fix integers j,j’ € Z lying between 1 and k — 1. For each such choice,
one can write down a long sequence of compositions
chs >

lim K (Y (4p", By")) 22 li%nHQ(Y(Ap”,Bp")v(Zp/p")(2))

Ue@'i:ﬂ@e@i*j/*l@Cij ) B ‘
N e, lim H? (Y(Ap”, Bp"), Sym%p 2 (Tap (Euniv) /p") (2- _7))
= lmH? (Y(Ap”, Bp™), Symy (Tap (E,l,)/p”) (k- J'))
R i (Y(AB), (Symb (1) /p") (k- )
Hochschild-Serre

S i g (@ #'(Y(4,B) 2T, symk2(H}) /") (k - j))

which essentially maps K-theory to the étale cohomology of the modular forms.
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The penultimate map is induced by natural projection Y (Ap™, Bp™) — Y (A, B).
The final arrow arises from the edge homomorphism in the spectral sequence

Bs* = H(QH'(Y(A,B)9Q, -)) — HZ'(Y(A,B), )

together with the general fact that HY (Y(A,B)® Q, — ) =0 for all b > 2.

2.5 Kato’s p-adic zeta-elements

To complete the story, it remains to cut out the Galois representations attached
to our modular forms. Let fr be a p-ordinary eigenform of weight k& > 2, level N
and nebentypus e. In particular, its dual f; corresponds to a maximal ideal m fr of
the Hecke algebra hi (I1(N); Oy, ). We also write Agx : by (T1(N)) — Oy, for the
homomorphism that mg» induces.

Let m,a,a > 1 be chosen so that ma|A. Assume further that the conditions
N|B, A|B, supp(A) = supp(ma) and supp(B) = supp(ma) U supp(V) all hold.

The mapping 7 — T:“ on $ induces a unique finite, flat morphism of schemes

Voo : Y(A,B) — Yi(N)® Qlutm)-

For example, it is shown in [Kal, §5.1] that (Vaq), ( ¢,aza,8) € Ko (K(N)@Q(um))
depends only on the class of ¢ mod a. In Chapter VI we shall lift these constructions
to a two-variable setting, and there we choose (a,a) = (1,0) throughout. However
this choice sometimes causes problems, e.g. at weight two in the p-adic setting.
Note that we can pass to twists of the Galois representation attached to fi, via

H'(Q H'(Y(A, B) 2 Q, Sym 2 (H,) ) (k — )
H1<Q, ' (Yl(N) ® Q(1m)®Q, Symgf(ﬂ;))(k - j))
| =
1 (Qpn), H' (Vi(N) 0T, Symb2(H}) ) (k- 7))

l ®*fg O,

H' (QUum), H' (Yi(N) ©Q, Symk2(H}) ) (k — j)) mod my;

The maximal ideal my+ is generated by primitive tensors 7, ®1 — 1®an(f), h € N.
It follows the final cohomology group is none other than H! (Q(um),T’(k — j)),

where T’ is a lattice in the p-adic Galois representation ps- : Gg — Aut (ka)
associated to the dual cusp form f; € S (Io(N), e ).
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Remark: It is worthwhile to take stock, and to summarise where this has reached.
Previously, the composition (H—S) 0 proj. o (— U e?’]n ) e?i,]f;] g Cgfj> ochy o
yielded a map

lim £ (Y (Ap", Bp") ) — lim 1(Q, H'(Y (4, B) 2 @ Sym 2 (H,) /p" ) (k - j)

(*)
depending on an original choice of integers (4, j') € Zx Z, lying between 1 and k—1.
Furthermore, we have just seen how applying (¥, ,), then quotienting modulo m o

allows us to pass from the latter group to the target H?! (Q(,um)7 T (k — ]))

Definition 2.14. For all j,j' € {1,...,k — 1}, the realisation map
bt i Ko (Y (Ap" Bp™)) — ' (Qpn), T/~ )

is defined as the composition of (Va,,), mod ms. with the homomorphism (*).

To make life simpler, we write z,(nN) for the image of (zapn,Bpn )n under ¢ 1 ;s a(a),p-

(N)

In particular, each zeta-element z;, ’ lives in the cohomology group

Qo H(QUun), T-1) = H'(Qun). V7, )-

Let §® denote the (k — 2)™d symmetric power of the pullback of a local system
H' on Eypiv — Y1(N). For each pair a,a > 1 as above, Kato [Kal, §5.5] considered

certain distinguished elements &1,y (k,j’,a(a)) lying inside H' (Yl(N)(C), S(k)).
To define these elements, let 31, 32 be global sections of ¢}, Symg_g(ﬁ ') where
Ga(a) : (0,00) — Y1(N) by sending y — pr((yi + a)/a) — the stalk of 3y at y is
yi, and the stalk of 8, at y is 1. Then 61 y(k,j’,a(a)) is the image of the class of

(%(a), ﬁ{/_l » _j/_l) under the homomorphisms

H, (Xl(N)((CL {cusps}, symg?(gl)) ~ g (Yl(N)((C), Sym? 2 (E))
jtme
H' (Yl(N)((C), 5““)).

To state the main result over QQ, we now assume:

Hypothesis. The congruence class a(mod a) is chosen so 61 n(k,j', a(a))i #0.

Let Qai(a) denote the real and imaginary periods associated to 5171\/(16,]"7(1(21))i
Equivalently, the period map sends the dual form f;; to the path vector

@ri) 2 Qf < oin (ki a(@) "+ (2r) 2 x o (kg a(a))”

the equality taking place inside the f;-isotypic part of H' (Yl(N)((C)7 8(’“)).
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Theorem 2.15. (Kato [Kal, §12])
(i) The elements (zﬁ)) live inside the limit Q ® lim_ H' (Q(upm), T (k — 1)) ;

(ii) At non-trivial characters ¥ : Gpn g, — @; and integers j € {0,...,k — 2},

' L i+ 1
1/)ng OPRk‘E’QP (IOCP(ZZ(){X))WL) - 0[” (Z w > %7

m=1 a(a)

(111) At trivial ¢ and for each j € {0,...,k — 2},

. I k=2=3N\ Liny(fe.j +1)
J R (N) _ P . P (N} k> J
XCy oP ke,Qp (locp (me )m) <1 CMp) (1 e(p) ap > (271'@)'7@2,:(3) .

(N)

p™

As a consequence, the norm-compatible zeta-elements (z
m
into the p-adic L-function Lp @y Qi ( f&, s) albeit without its Euler factors at primes

) are transformed

dividing N. Of course, the ch01cc of periods Qa(a), Q;(a) was intrinsic to the
definition of the zeta-elements, and therefore the p-adic L-function they interpolate.
One of the aims of Chapter VI is to show how in the two-variable setting, there is a

unique choice compatible with the analytic theory of Greenberg and Stevens [GS].

Proof: The papers [Kal,Ka2] are of about 300 pages in length, so at best we will
only sketch the argument here. In fact, provided one is perfectly willing to believe
that ‘the zeta-element encodes the L-value’, all the other work has already been
mentioned in this chapter. However, the most difficult and beautiful parts of the
proof are encapsulated in this one statement. Let’s start by explaining 2.15(3).

Firstly, it follows from the norm-compatibility of the .gq2z4 p’s originating in
K> (Y(A, B)) and the functoriality of the realisation map, that at least the integral

elements C,dzz(ﬁ) = ck71,j/$a(a),p< (;7dZApn’Bpn> must be vertically compatible.
n
They are related to the non-integral ones, via the formula

() = (F— ) (- 1) () |

This means (Z(N)) is an element of Q ® lim  H' (Q(,upm),T’(k — 1)) up to

pm
possible simple poles, where the factors (62 —ck“*j’ac) and (d2 —dlerlad) vanish.

That these poles are purely hypothetical is justified in Appendix A, using technical
arguments from Iwasawa theory.

We now shift our attention to the special value formulae predicted in 2.15(ii), (iii).
We write f]go) for the p-stabilisation of the form fj, in particular f,go) |Up = oy ,EO).

Similarly, the ¢-operator has eigenvalue o, = a, ( ,EO)) acting on the vector vy .
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Applying Corollary 2.10, the image PRy, @, <10cp (zz(ﬁf)) ) lies in Q® 0Oy, [Goo 0, ]-
In fact Theorem 2.7 implies that 1/’ng o PRy, (locp (zf,ﬁ,”) ) takes the value

™ v
o 51/;:107 L Gm) Z ¥(o) exp; ( ® (o )
P P o€Gpn 0p
where exp’(—) denoted the cup-product cxpi‘,; (=) U (1- 6n:0p’j*1g0)71 A
k
If n =0 then (1 - 5n=0p*j*1<p)_l Vi, is equal to (1 - ]fj*lap)_1 Ve, otherwise

it is just the vector vi . when n > 0.

L{Np}(fkaz/}aj + 1)

N L
(27d)7 Q)

Key Fact: Z Y(o) exp?‘/f*k(fj) (zﬁ]) ® g‘;@jLﬂ') UVi,e =

o€Gpn q,

We cannot emphasise enough just how difficult this single statement is to prove.
At its heart lies an explicit reciprocity law which is itself a vast generalisation of
the reciprocity laws of Artin, Iwasawa and many others. The details of Kato’s
argument are well beyond the scope of this book!

However, incorporating this Key Fact into the above equation for the special
value at the character 1x/, , we arrive at the same formulae described in 2.15(ii), (iii).
This completes the proof.

O

The missing Euler factors at the primes dividing N can be restored, however the
Euler factor at p is unrecoverable. We should also point out that there are extra
sideways compatibility relations, in addition to the vertical ones already mentioned.
For those who are familiar with the proof of the classical Iwasawa Main Conjecture,
zeta-elements play an analogous role in bounding Selmer groups, that the Euler
system of cyclotomic units plays in bounding the class group of Q(fpn).

The main work of Kato is contained in the articles [Kal,Ka2,KKT], although
these might be too hard to follow for someone completely new to number theory.
For a far more down-to-earth account there is the excellent survey of Scholl [Sch]
which treats the case of primitive cusp forms of weight two and trivial character.
The exceptional zero conjecture was first stated by Mazur, Tate and Teitelbaum
in [MTT], and two markedly different proofs of it can be found inside [GS,KKT].
Finally, for a thorough introduction to the theory of Euler systems there is Rubin’s
book on the subject [Ru2], and also the papers of Kato and Perrin-Riou [Ka3,PR4].



CHAPTER III

Cyclotomic Deformations of Modular Symbols

The algebraic methods converting norm-compatible families into p-adic L-functions,
have profound consequences in arithmetic. However, they also contain a number
of unfortunate drawbacks. First of all, the cohomological zeta-elements satisfy
some beautiful Euler system relations, yet these relations are lost once the zeta-
elements have been converted into Iwasawa functions. Another disadvantage is the
choice of periods occurring in the denominator of the interpolation is somewhat
arbitrary. Whilst this isn’t too much of a problem p-adically, in a two-variable
setting it is potentially disastrous. The control theorems of Hida et al are phrased
in terms of the parabolic cohomology, and ideally we would like to work with
these objects, instead of cruder power series rings. These power series rings don’t
see the action of the Hecke algebra, and thus cannot satisfy multiplicity one-type
results.

The first half of this book proposes a workable solution to each of these prob-
lems. Our approach is motivated by the simple observation that the Kato-Beilinson
Euler system encodes L-values of a primitive eigenform, over all abelian exten-
sions of the rationals. With a bit of care, one can utilise this huge amount of
data to write down explicit symbols, which will then end up as elements inside
Betti cohomology. All these notions generalise seamlessly to the setting of two-
variable deformation theory. Furthermore, they permit the formulation of a Tam-
agawa Number Conjecture for the universal nearly-ordinary Galois representation
(the second half of this book). For instance at weight two and trivial character,
this conjecture is more or less equivalent to the p-adic BSD conjecture mentioned
in §2.1.

As a warm-up to the two-variable case, we interpret the machinery of the previous
chapter in terms of cyclotomic deformations of modular symbols. One by-product
of this point of view, is that we can think of certain Hecke eigenspaces as being
generated by the module of zeta-elements. We begin by recalling some standard
facts from Shimura’s book [Sh].

3.1 Q-continuity

Let divP'(Q) denote the free abelian group generated on the set Q U {oo}, and we
also write div’P!(Q) for the subgroup consisting of those divisors of degree zero. It
is easy to check the Mobius action of GL2(Q) on divP!(Q) leaves divP!(Q) stable.
Functions on divP! (Q) with values in some GL2(Q)-module will be called symbols,
and if they are invariant under a congruence modular subgroup of SLy(Z) they will
be termed modular symbols.

50
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Fix an integer k > 2. Let us write Sym*~2(A) for the space of homogeneous
polynomials in two variables X, Y of degree k — 2, with coefficients in some ring A.

b) € GL3(A) operates on the

We shall adopt the convention that a matrix (Z d

polynomial P € Sym*~2(A) via the right action
a b
73) <C d) (X,Y) = P(dX —cY,aY — bX).

In particular, we have carefully normalised so that it’s the contravariant action
corresponding to the anti-involution y — det(y)y~!.

The main interest in studying symbols with values in Sym*~2 is given by the
following example of Eichler and Shimura. Let f be a cusp form in Sy (F 1(N pr)).

Definition 3.1. We define £; € Homy, (divOIP’l(Q)7 Symk*Q((C)) by its values

€)@y = 2mi I F(2)(=X +Y)F2dz

at all a,b € PY(Q), integrating along a geodesic joining b to a.

A straightforward calculation shows that ff"y =y, forall vy € GL3 (Q), hence &r
must be I'y (Np")-invariant. If f has Fourier coefficients lying in a number field F,
by duality there corresponds a homomorphism

Ar thy(Np™F) — F, AT, = an(f)

of the Hecke algebra hy(Np"; F) acting on weight k > 2 cuspidal forms for I’y (Np").
It follows that the action of hy(Np"; F) on {; must factor through Ay, whence

& € Hompl(Npr)<div0]P’1(Q), Symk_Q((C))[)\f].

We shall use the notation MS(Np"; Sym*~2(A)) as a shorthand for the A-module
Homrl(Npr)(divOPl(Q),Symk*Q(AD of modular symbols of weight k, level Np".
In fact the f-isotypic part of these modular symbols satisfies multiplicity one.

Proposition 3.2. (Shimura [Sh]) For f and Ay as above,

+
dimFMS(NpT;Symk_2(F)> ] =1
. . ) ) . 1 0
where the +-eigenspace is taken with respect to the matriz action of T = 0 -1

+
Furthermore MS (NpT; Symk_Q(OF)) [Af] are both free of rank one, over the ring
of integers Op.
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One can now fix generators nf of these +-eigenspaces. Since
: k—2 * k—2 +
MS(Np'38ym*2(€)) ] = MS(Np'iSym*2(0r)) [\] @0, C

there must exist complex periods Q]jf € C* such that ffi = Q]jfn}i. It is customary
to call the modular symbol 7y = 77;{ +ny the algebraic part of &;.

Remark: Our task then is to see how the maps PRy,  behave as f € Sy, (Fg(Np7'), e)
varies in an analytic family. There are two naive approaches. The first is to work
in the power series rings Q ® Ay but these have no action of the Hecke operator Up.
Alternatively we could work instead with algebraic modular symbols, but these
have no A-action. The compromise is to introduce a cyclotomic deformation of
the classical modular symbols, where Hida’s control theory can be considered as
coexisting side-by-side with Iwasawa theory.

Let B be any p-adic Banach module, and assume it comes with a right GLo-action.
Ideally we would like to give Homyz (div?P(Q), B) the structure of a A-module, but
in reality the only such action that exists is the trivial one. In the context of this
book, it makes far more sense to introduce the notion of Q-continuous symbols
(defined directly below) and then write down an explicit A-action on these.

First we partition the rationals. Let p be any prime number (even p = 2 works).
For integers M and c satisfying M € N, pt M, 0 < ¢ < M and ged(e, M) =1, set

Sare = {LM € Q such that n > 0, ged(p"M,a) =1 and a = ¢ mod ]VI}U{O}.
p’ﬂ

Lemma 3.3. (i) The rational numbers may be written as the disjoint union

Q = {opulJ U ZwmMok

ptM 0<c<M

(i) Each set L. is dense inside Q under the p-adic topology.

Proof: Part (i) is totally obvious.

To show part (ii) is true, let € Q, x # 0 and write x = p°*¥»%y where u € /i

ordp®e, mod p™.

m—ord,x .

If x € Zy, we need an integer a,, satisfying a,, = c mod M, 5% =p
If x ¢ Zp, we need an integer a,, satisfying a,, = ¢ mod M, 92 = u mod p
By the Chinese remainder theorem, such approximations exist. It follows that

S
pmax{O,fordpz}M

aTVL

pmax{O, —ordpz} \f
P

< p—m,

)

€ XM and T —

letting m — oo, the p-adic density of ¥, within the rationals is clear.
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Definition 3.4. A symbol £ € Homg (div’P*(Q), B) is said to be Q-continuous if
for each M, c € N as above, the function Qs s : Xnr,e — B defined by

— 1
Q= Mc(r) = :‘(T)—(oo)’ <0 :) for allr € Xy

extends to a continuous function on Q.

Each function Oz js . should be thought of as encoding the special values of =
corresponding to the tame denominator M and the congruence class ¢ mod M.
For example, if M = 1 then ¢ = 1 and ¥, 1 = Z[1/p]. However, for an arbitrary
Q-continuous symbol = the continuous functions extending Oz rs. and Qs pyv
should disagree in general whenever (M, c) # (M’,c').

Notation: The subspace of Q-continuous symbols with values in B will be denoted
by Homgcts (divO]P’1 ((@)73)7 and we shall frequently refer to this as the Q-part of
the B-valued symbols.

Of course, we may replace div’P!(Q) in the above definitions with div® (S U {co})
for any set S C Q, with appropriate modifications. In a similar vein, we also write
Hom%'adlc (div°P!(Q,), B) for the subspace of symbols &' € Homy (div'P'(Q,), B)

!

with the property that E(r)_(oo) is continuous in r € Q,,.

’ 1 r
0 1
The next result follows immediately from the p-adic density of S = X/ in Q,.

Corollary 3.5. The inclusion By : Xar,e — Qp induces an isomorphism
(Bum,e) - Hom%adic (divo]P’l(Qp), B) — Homgcts (divO (EnmecU {oo}),B)

One major advantage of this isomorphism is that Hom?** (div°P'(Qy), B) comes
with a natural action of the completed group ring A% = Z,[[Gal(Q(up~)/Q)]].
This can be pushed forward via (8p1,)* to act on Homgeys (div0 (EMC U {oo}),B),
and then taking the union over (M, c) endows the Q-part of Homg (divP'(Q), B)
with the same Iwasawa action.

To see how this works in detail, first abbreviate Gal(Q(pp=)/Q) simply by Goo.
If = is a Q-continuous B-valued symbol, then

€ Homgets (divO (EM,C U {oo}) , B) ;

—M,c = div0 (Zthu{oo})
let’s write =/ = ((51\4,@)*)_1 (EM,c> for it pre-image in Homf ™™ (div"P' (Qy), B).

For any element g € Go, the map (Z')9 : div'P!(Q,) — B, which is the linear
extension to divPP!(Q,) of

—Ng — 1 cy -1_1
EN o) = (:)(Txcy(g)ﬂ)i(m)’ <O r(x (gi )) for every 1 € Q,
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also belongs to Hom% *(div’P'(Q,), B). In fact, we have the equality

(5')%)_(00)‘((1) 71”) - (E/)(mym)*l)*(m)‘((l) rxcyig)”)

therefore the p-adic behaviour of (£')9 is governed entirely by the continuity of Z'.
Pulling things back to divPP!(Q), we then write (g o Z) € Homgets (divOIP’1 (Q), B)
for the unique symbol satisfying

(go= ): (Bate)* (((BMW)”‘)_1 <EM’C)Q) at all (M, c) as before.

div® (Sar,cUfoo}

Remark The unipotent action Z +— (g o Z) of g € G extends by linearity and
continuity to an action of the whole of A®. Note that it makes good sense to speak

of Hom gt (divO (ZMC U {oo})7 B) as a A®-module. At the end of the chapter we

will exploit this extra structure, in order to calculate the A®Y-ranks of the cyclotomic
deformation of the space of modular symbols.

Recall that the contravariant action of a matrix v € GL2(Q) on a symbol =
produces a symbol yoZE, taking values (’yoE)D = (E.YD) }7 at every D € divPP(Q).
Exploiting the fact that the Hecke operator at p extends in a Q-continuous direction,
we now explain how to attach distributions to the Q-part of a symbol.

Proposition 3.6. Define U, € End(HomZ (divOP! (Q),B)) by

p—1
= . Lo = =
UpoZ := lgo (0 p) oE for all B-valued symbols =.

(i) If the diagonal part of GLa acts continuously on B, then the operator U, leaves
the subspace Homgets (diVOIP’1 (QLB) stable.
(ii) Let 2 € Homges (divPPY(Q), B) be any symbol fized by (1) i , and assume

that Uy, acts invertibly on =. Then there is a B-valued distribution u= on the
Lie group Z; s = (lim, Z/p"MZ) * satisfying

p=(a+ (p"M)) = Qurmoz,M.c <];M>'((l) 2)"

foralln >0, a € ZNZ, 5 with0<c< M, c=a mod M.

Proof: We start by showing that if = is Q-continuous, then so is the symbol U, 0 =.
By the definition of U,

1 b

0 p)°

-1

p—1 1 b p
Up©Z)r)—(0) = Z(<0 p)0:>m—(oo> - e

b=0 b=0
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Ifr = 547 . then Tbe will lie in the set Y., , where
Crpy = Wi’ﬂm mod M ifn=0,and ¢, = a+bp"M = c mod M if n > 0.
It follows that

Qu, oz, M,(T)

Il
7N
=
L
u
s
T
8

I
i~
|
1o
i
=
o
7 N\
=
Jr
[=al
N———

GoENE NG

which equals Zﬁ;; O M, (%‘*"’) ’ (0 p). The functions Q= s, (7';b) vary

. . . 1 .
continuously in 7, and by assumption ( 0 2) acts continuously on the space B.

Thus Qu,o=,m,c extends to a continuous function on Q,, which proves (i).

Remark: In particular, observe that Qu oz, ar,c(r) = >} Q_,M ¢ (Hb) ‘ ((1) 2)

whenever r = W € X, with n > 0.

To see why part (ii) is true, we must show that uz satisfies distribution relations.
We begin by evaluating

(3 )ewon) - z(g NIIE ( DIGHEE

which equals U, o E because (1) }) oE = E. Consequently U o E is also

translation invariant, for all m € Z. It follows directly from Definition 3.4 that
QU{”05,AI,C(T) = QUg"oE,M,c(T +1) at every r € Xy ..

Choosing a’ € Z such that a’ = a mod p"M, we have

a 1 0\" a—a
= " M = - —_— h, = Z
pz(a+ (p"M)) Qurmoz,M.c (p”M +d> ‘ (0 p) where d P, €

' 1 o\" .
= Qurroz M (pnaM)’(O p) = pz(d + (p"M))

so at least puz is well-defined. Furthermore

p—1

. . a+bp" M 0)"*"
S (o man +6000) = 50 o () | (3 0)

b=0
—pig SO\ /1 0\ /1 0\"
- . U, 'o(U, ™oZ),M,c » 0 p 0 p
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and by our remark, we know that Zf;é Qo.M (r;b) ) ((1) 2) = Q.. me(r)

at any r € X7, with ord,(r) < 0. Therefore, the above equation becomes

p—1 n
E n n a 1 0 . n
b:oug(a"'bp M+(p"+'M)) = QuymozM.c (FM) ‘ (0 p> = pz(a+(p"M))

which means that uz is finitely additive on the compact open subsets of Z; M
The proof of the proposition is complete.

3.2 Cohomological subspaces of Euler systems

We have two main examples in mind. The first is when our Banach space B is taken
to be the homogenous polynomial ring Sym*~2(Ks), for some p-stabilised ordinary
newform f € Sy,(To(Np"),€). The second is when B is the rigid analytic image of
a modular deformation ring. The latter situation is considered in Chapters V-VI,
whilst the former occupies the remainder of this chapter.

Before subjecting the reader to the vagaries of the full N-primitive zeta-element
Euler system, it makes good sense to review the classical cyclotomic situation first.
Throughout we fix primitive mt™-roots of unity ¢, satsifying the compatibilities
(Cm/)m’/ ™ = (. For example, ¢, = exp(2mim) would be an acceptable choice.

The Euler system of cyclotomic units

Let m # 2 mod 4 be a positive integer, and E,, the group of units of Z[u,,]. The
subgroup of cyclotomic units is defined to be the intersection C,,, = V,,, N E,,,, where
Vi is generated by the set of numbers { £(m, 1—-¢3% suchthatl <a<m-— 1}.
It was Euler in the mid-eighteenth century, who found the remarkable connection
between cyclotomic units, and special values of the classical Riemann zeta-function.
For even Dirichlet characters 1) # 1, he proved the formula

s

fo
D) = o | Lwee | < (X aeeei- ).
a=1 b=1

At twists by odd characters, L(1,%) is related to the 1)-twisted Bernoulli numbers.

Let [ be a prime number not dividing m, and write o; € Gal(@(um) / Q) for the
Frobenius element sending ¢, — ¢.,. From Euclid’s algorithm there exist integers
u,v satisfying 1 = ul + vm, and a basic calculation reveals

-1
NOI 1) /1) (1= Gont) - = Norm, /a0 (1= Gi) = [T (1= ¢add)
j=1
Moo (L-cad) 1o
1—Cy Co1-Gy
- e o) (1=,
1—Gm
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Conversely, if the prime [ does divide m, then

-1

Norm(umz)/(um) (1 - le) = H (1 - leC[j) = 1- 'fnl = 1- C’mn
j=0

The formula obtained when we remove a prime from the level ml is commonly
called a sideways relation, and the formula obtained when the support of ml doesn’t
change is called a vertical relation. The total collection of elements Umz2( mod 4) Om
is known as the Euler system of cyclotomic units.

Coleman proved that for every u = (upn)n>1 € lim,, Zy[pp»]*, there is a unique
power series Col,(X) € Zy[X]* such that Col,({y» — 1) = upn for all n € N.
1—Cpn
T—Con

Moreover, if one makes a choice of u = ) N with p t ¢, then at every
n>1

non-positive critical point
Uologo Coly (1+p) = 1) = (¢ = 1)(1=p)¢(1-j)

where U € End(Z,[X]) is the idempotent Ug(X) = g(X) — Zf;& g(G+X)—-1).
In other words, the image of a norm-compatible system of cyclotomic units under
Coleman’s homomorphism, yields the special values of the Riemann zeta-function.

Theorem 3.7. [Co] Defining the mapping ]jgé as the composition U o log oCol,
then there is a 4-term exact sequence of Gal(Qp(/Lpoo)/Qp)—modules

0 — pp1 x limppn — lim U, 2% Z,[X[*" — Z,(1) — 0

where U,, is the unit group Zy, [,upn] X, and the right-hand map is g — <§fnlogg(0>) .
n

This long exact sequence gives a highly satisfactory description of the Iwasawa
structure of the local units. In Chapter VI we give a two-variable generalisation
of this theorem, to encompass the universal nearly-ordinary Galois representation
(c.f. Theorem 6.11). For the present time, we return to our original discussion of
p-stabilised Hecke eigenforms, in order to write down a natural analogue Hllaul of
the collection of cyclotomic Euler systems Umﬂ(mod 1 C', mentioned above.

The Euler system of N -primitive zeta-elements

Let us start by mentioning some extra properties satisfied by the zeta-elements
constructed by Kato in [Kal]. As in the previous chapter, the sheaf § (k) denotes the
(k — 2)™4 symmetric power of the pullback of a local system H ! on the universal
elliptic curve Eypiy over Y1 (Np”). Similarly, the p-adic sheaf gék) was the pullback
of Sym%z(ﬂ1 ® Zyp) to Yi(Np"). Several results in p-adic Hodge theory due to
Faltings, Kato and Hyodo [Fa,Ka4,Hy], allow the identification

Fil* " 'Dyr (Hl(yl(NpT) ® Q. gék))) = Mi(X1(Np") @ Q,

where M, (X1(Np")) is the space of modular forms H° (Xl (Np"), coLie(Eumv)@k) .
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This is how we considered Fil"Dgg (V}) 2 Fil* ' Hg (X1(Np")/Q,, 35 @ Ky
previously as being generated by the dual cusp form f*. The period mapping sends

pers : My (X1 (Np)) ©@Q — Hl(yl(Npr)(c% g(k>)®c

and the image of the subspace of cusp forms will be the compactly supported
cohomology. Since the Betti realisation has an additional action of the complex

+
conjugation 7, we can fix generators v+ of H' (Yl(NpT)(C), S(k)> [Ap+] satisfying
(2mi)? Fperoo (f*) = Q]f’y'*' + Q.

Remark: In order to evaluate the dual exponential of Kato’s zeta-elements, we
pass from global to semi-local cohomology via

locy,

HY(Qpm), =) —2 HY Q) ©Zp, —) = ] H'(Dgp,. —)
B,.lp

with each Dz~ — the absolute Galois group of Q(i,)gs, — clearly dependent upon
the choice of prime ideal B, € Spec Z[uy,] lying over p. In this manner

exp® : H' (QUitm) © 2y Vi) — Mic(Xi(Np)) Ag+] © Qo) © 2y

and we shall frequently abuse notation by writing ‘exp* > without first mentioning
the semi-localisation map at p.

Let T be the Gg-stable lattice generated by the image of H* (Yl(NpT)((C), Sz(,k))

inside the vector space V. The following zeta-elements are slight modifications of
those described in [Kal, Thm 6.6 and Prop 8.12].

Theorem 3.8. For all integers n > 0 and every integer M > 1 coprime to p, there
exist modified zeta-elements zypn € H}, (Z [CMpn, 1/p]7 Vf*> satisfying:

(i) If m = Mp"™ and l is any prime number, then

(1 —a(f)lo) "t + e(z)zkfl(zal)f‘z). Zm  ifltpm
COTES (41,,1) /() Bml. = ,
Z, if llpm;
(i) For each index m = Mp", there exists a constant vy > 0 depending on the
support of M, such that zppn € Hélt (Z [gMpn, l/p}7 pfumT) :

(iii) For any primitive character v modulo Mp™ and integer j € {0,...,k — 2},
choosing & to be the sign of ¥(—1)(=1) we have

+

= @ri)F 2L (F0, 1+ 5)7E

Perso Z (b) exp* (Z]Mp" ® C?fj) "

be(Z/MprZ)*
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The principal difference between the zyspn’s and the elements constructed in [Kal]
is that the Euler factors at primes dividing N are present in the above L-values.
In this sense, our zeta-elements could be viewed as N-primitive versions of Kato’s.
Unfortunately, what we gain in primitivity we lose in integrality, because the lattices
p~VMT enlarge with the support of M. Thus the N-primitive zeta-elements won’t
give finer bounds in the direction of the p-adic Birch, Swinnerton-Dyer Conjecture.
The technical details of this modification are written up in Appendix A.

The one-cocycles z,,, themselves should be thought of as the incarnation of the
L-function within Galois cohomology. In this chapter, we exploit Theorem 3.8(iii)
to reconstruct the algebraic modular symbol 7, associated to each cusp form f.
Clearly it is worthwhile to first describe the subspace of étale cohomology where
Euler systems naturally reside. Picking primes Ppn s € Spec Z[ppn ps] which form
a compatible sequence of ideals lying over p, we obtain restriction maps

. v loc,, «
lim 74 (Z[Carpes /0], 07 T) 2% [T HA(Dss,, V)
" Bulp
N.B. the PBs’s never split in the totally ramified extension Q(parpe)/Q(piar)-

Definition 3.9. We write H]{:ul(vf*) for the submodule of elements

8

= (, (:EMpn)n,.,.) € H Qp @z, <1i7_131Hé1t(Z|:<Mpﬂ,1/p:|7 T))

MeN—pN

satisfying for alln >0, pt M and primes 1

COTES (jpr )/ (aryr ) (21771
B { (1 — (o))t + e(z)zk—l(zal)—Z). oape ifLEpM

Stmilarly, we write HEHLP(V]Z‘) for the subspace of HMeN—pN HIIW(Q(/JM) ® Zp, Vf*)
which is the exact image of Hy,,(V}) under loc,.
Thus candidate Euler systems correspond to infinite products of global cocycles,

satisfying stringent corestriction conditions. It follows directly from Theorem 3.8(i),
we can consider

Z =12y = (..., (Zupr)n,--.) as an element of ngl(vf*)

and then applying restriction at the primes over p, means it also lies in Hy,, , (VJZ‘).
The cohomology classes in the vector Z simultaneously encode the special val-

ues {L{p} (f/Q(pm): 1), -, Lipy (f/ Q) k — 1)} at all cyclotomic fields Q(pm).

Therefore it is not unreasonable to expect that most of the symbol 7y can be
recovered, just by computing the image of Z under dual exponential maps.
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3.3 The one-variable interpolation

The strategy we adopt is as follows. We define a map & . converting cohomol-
ogy classes into Q-continuous symbols. In particular, the N-primitive zeta-element
Euler system is converted into the algebraic modular symbol 7, discussed in §3.1.
It turns out that the distributions associated to these symbols in Proposition 3.6(ii)
are p-bounded measures, and thus correspond to elements of the Iwasawa algebra.
We subsequently show in §3.4 that the Euler system dominates the image of & .
as a A;iy—module. This means the behaviour of the interpolating maps as we vary

f in an analytic family of eigenforms, should be determined by the variation in 7;.
Previously we fixed primitive m‘-roots of unity ¢, such that (g“m/)m’/ ™ = (.
Theorem 3.10. We write & : HlEulvp (VJZ") — Homy (diVO]P’l(Q),Symk*2 (ICf))

to denote the map with special values

) T(k—1) i a N7
gk*s(m)(pv{lM)*(OO) = : m(fX) <Y + pnMX>

L\ Ob
<) (%M oxp; (Zarpn ® (o ’))
be(Z/p™» MZ)*

forall = (..., (Trpo)ns -..) € H]E:ulp(vf*) and 7y € Q with ged(a, M) = 1.
Then

(i) The image of & . is Q-continuous, fized by (é i) and free of A;y—torsz‘on;
(i1) Ex,c is a A;y—homomorphism sending Z = Zy . to the modular symbol n¢;

(ii1) The symbol ns is dense in the image, that is

Frac(A;y). ns = Frac(A‘}y) ®p Im (Ex.e)
div0 (ENIYCU{OO}>

divo (EA{YCU{OC})
for every pair (M, ¢) such that M is coprime to p and ged(c, M) = 1.

An immediate corollary of 3.10(ii) is that the £-part of the image of & . contains
MS(Np"; SymF=2(Ky))[Af]%, as the M-symbol 77;E generates these eigenspaces.
In fact Im(&,c) should be viewed as the A-deformation of MS(Np"; Sym*~2).
We shall use an identical approach in Chapter VI, in order to deform the I-adic
analogue of the modular symbol 1, along the cyclotomic direction.

It should also be pointed out that in 3.10(iii), it is necessary to restrict to each
of the cuspidal partitions ¥ . to make a meaningful statement about the density.
The reason why we cannot consider the whole of divPP!(Q) is that both A;y.nf
and Im(& ) have infinite rank over A;y. Fortunately, we know from §3.1 that

Homgets (divO (EM,C U {oo}), — ) is naturally an Iwasawa module, which allows us

to make a precise statement about the rank locally.
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Proof of 3.10(i),(ii): Let = = & (Z) for some product of cohomology classes
= (..., @mpr)n, --.) € H,,(Vf), and without loss of generality assume
that (zarpn)n € lim,, H'(Q ( (fppn) @ Zy, T) is p-integral, in terms of the lattice T.
From the Definition 3.4, if 747 € Ypy,c then

—X)iYk—2-J _ .\ b
Q= M.c ( ”M) Z — 1)—j) Z (anM exp’ (Tarpn ® (o J))

be(Z/p MZ)*

and the second summation ¢ 7,017y« (+--)7 only depends on the congruence

class of @ mod p™M. In particular, Qs a ¢ (ﬁ + 1) = Q= m.c <ﬁ> which is

. . . - 1 1 -
precisely equivalent to the assertion that (1)~ (00) (0 1) = E (ot )~ (00"
Because the divisors (ﬁ) — (oo) generate div’P'(Q) over Z, this is strong enough
. . 1 1Y. .
to imply that our symbol is ( )—mvarlant.

0 1

Furthermore, if we choose any —%— € X, p-adically close to 7 —y7 then Clearly

p’ A
n’ =n and a = o’ mod p® for some C > 0. If C > n then Cpnpr €quals C gy S

a=da" =c mod M, and it follows we must have Q= ar,c (ﬁ) Q= are <pn ,M>

In this way O= . extends to a continuous function on @Q,, which implies the
Q-continuity of = = & (7).

Remark: We can now invoke Proposition 3.6(i), to verify that the operator U,
exists on the image of &, .. By definition its action coincides with that of the usual
Hecke operator U, on IHIlEuLp(Vf*)7 i.e. via the scalar element A\¢(Up,) = a,(f) € O,éf.
Therefore, we deduce that U, is actually invertible on Im(&y ).

This is actually the crux of the argument. Applying 3.6(ii), for each M € N, pt M
there is a map

m(&,) — Dist (Z;M, Symk_Q(ICf)>, E=Ee(T) — =

satisfying for all n > 0 and a € (Z/p"MZ)”™

P a 1 0\"
oo 0700) = Qe (557) (4 0)

k—2
F nX)]Yk 2-J Z ( b
Z Cpn 1 €XD; (pr" ® Qp ))
j= Tk = 1 —J) ap(f)" be(Z/pm MZ)*
. _ - 10
whilst  u= ( o, M) = E@)-(e0) ~ U, o :(0)7(00)‘ (0 p)
k-2

k= 1)(=X)/yk—2-d , .
- . 2 Ft?c(, 1),]) (1 pr/ap(f)) Z exp; (iﬁM) .

Jj=0 be(Z/M7)*
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For stupid reasons of normalisation, we are forced to consider the contragredient
distribution pg defined by ug (2) := us (zil) for every group element z € Z; M-
In terms of multiplicative characters ¢ mod p™M,

//zx Ydps = Y ¢(a)u'5(a+(p"M)) = > Wl(a)uz(avh(p”M))

a mod p* M a mod pm M

then plugging in the definition of p=, we obtain the special values

du - k—2 ijk—Q—j(_l)j.j!pnj 1-6 j
/Z:_Mw oz = ;( i ) W( — by=1’ [ap(f))
x G Grar) Y, w(b)exp] (wape ® G 1)
be(Z/p™ MZ)%

Significantly, this is none other than the p-adic interpolation formula encountered
in the proof of Corollary 2.10, albeit without the restriction that ¥ had p-power
conductor. By an identical argument to the demonstration of 2.10, the right-hand
side lies in p?T 1Ok, [uarp][X, Y] and so must be p-bounded.

To summarise so far, the association & — & (Z) — p2 defined a sequence of
homomorphisms

Ek.e . _
H]{:ul,p (V;) b Homocts <dlv0]P’1 (Q), Sym” 2 (le))

L

Dist (Z;,M, Symk_Q(ICf)>

at every integer M coprime to p. Perrin-Riou’s Theorem 2.7 then tells us that the
composition u® o & is a Acfy—homomorphism. It is an easy exercise to verify that

the A;‘y-action on Homgets (div0 (ZM,C U {oo}), Sym’“_Q(le)> is compatible with
the maps & and p® (note that g € G sends a bounded measure v(z) to its

translate v (xcy(9)2) ).
Taking the direct sum of the u®’s at each M, we obtain a A;y—homomorphism

mE) 25 @ Meas(ZpX’M, SymH(/cf)).
MEN—pN

The right-hand side is A“Y-free, because each space Meas <Z; A SymF (K f)) is
isomorphic to ¢(pM) copies of the power series ring Sym*=2(Ox,)[[T]][p~"]. Also
@u® is injective, as any symbol which maps to zero in Meas| Z;7M7Symk*2(le)

simultaneously vanishes at all divisors (VLM) — (00), hence must itself be zero.

Consequently & . is a A(}y—homomorphism, and its image is torsion-free.
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Remark: To complete the proof of 3.10(i),(ii) it remains to check that & . (Z) = ;.
Greenberg and Stevens [GS, §4.10] introduced the twist operator on symbols

Cy—

TwyoZ = Zzﬁ (0 gw)o

for multiplicative characters ¥ of conductor Cy. For example, the special values of
the algebraic modular symbol twisted by v, are given by

[1

IS(kaZ)ijkafj( )j 'C] (d’ CC.p) L(f7d)_l7]+l)
0

(T o) (2miy OF

(0)—(c0)
according to [GS, 4.12 and Thm 4.14].

To demonstrate why the symbols Skﬂs(zﬂ) and 7y are the same, we simply show
that they possess identical special values under all Dirichlet twists by characters ).
Writing Cyy = p" M where the integer n = ord,Cy, one discovers that

1 a
0 p"M

k-2
= S () vl S la)ta exp] (zpear @ GE)
=0

a,be(Z/pm MZ)*

p"M—1

(Tw¢ogk,e(z))(0) Z (a) Exe(@)_y

)—(o0)

The inner summation term »_, , above equals
G(¥.¢c,) Z ¢(b) eXpiﬂ/f*(fj) (2ot @G 7)™ U (1 6n:0p7j71§0>7lvk,e
b
G, ¢e,) Lipy (frvh 5 +1)
(2mi)J Q]:ﬁ: (1= 6p=op~7tay(f))

(recall that the sign + was chosen so that ¥)(—1)(—1)? = 41). Moreover, the Euler
factor (1—d,—op ™7 'a,(f)) is precisely the missing L-factor in Ly (f, ", j+1).
It follows directly from these computations, that

upon applying Theorem 3.8(iii)

k—2 1
j G(Q/%CC )L(f71/} 1a]+1)
(de, ogk,E(Z)) (" 2)XJY" 2=3(—1)i4109 v, 2
() = ¥ (2mi) QF
which coincides with (Tww ) 77f>( - (o0) by its very definition. In other words
0)—(o0

p’y;kztlw(“)g’“(z)(m,)<<>o>(o p"M) Pi1¢ ( )( o) - (@(B pr)’

Lastly, applying the Fourier inversion formula for the characters ¢ of the finite group

(Z/p"MZ)*, we deduce that & (Z) coincides with 7y at all divisors (pLM) —(00).

Fortunately this is enough to show the general equality Sk,e( ) = 1y, and we are
done.

O
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3.4 Local freeness of the image

In order to complete the proof of Theorem 3.10, we had better study the image of
Ek,c as a module over the Iwasawa algebra. The basic idea is to obtain upper bounds
on its A%-ranks by applying ideas from [PR1, §2.3]. We then get lower bounds by
using the fact that the Euler system is not torsion, which can be readily deduced
from non-vanishing results of Jacquet-Shalika and Rohrlich [JS,Ro]. Luckily the
upper and lower bounds coincide, which interestingly enough does not occur when
considering non-ordinary cusp forms.

Before embarking on the demonstration, we need to recall some notations from
[BK] which have since become standard fare in the literature. If V' is an arbitrary
p-adic representation of G, the group H'(K, V) classifies isomorphism classes of
extensions of @, by V. The cohomological subspace which classifies the de Rham
(resp. crystalline) extension classes will be written as H, (K, V) (resp. H}(K, V).
Under the local duality

U

HY(K,V) x HY(K,V*(1)) — H*(K,Q,(1)) = Q,

the orthogonal complement of H) (K, V) is H} (K,V*(1)), where H!(K, V) denotes
the image of the exponential map expy,. Similarly, the orthogonal complement of
H}(K7 V) is the subgroup H} (K,V*(1)), so in this sense the H}’s are self-dual.
For a lattice T C V, we shall write H (K, T) for the inverse image of H}(K,V)
under the natural map H'(K,T) — H'(K,V), with an analogous definition for
H}(K,T) and H:(K,T).

Proof of 3.10(iii): We begin with some very general comments about A-modules.
Let 9 denote a finitely-generated, compact module over the algebra A = Z,[X].
One way to determine its rank is to estimate the growth in

rankz,, (in ®A Apm> where ‘ r, 7 indicates the ((1 + X)P" — 1)—coinvariants.

If rankz, Yr,, = Ao x p™ + O(1) for m > 0, the A-rank of Q) is bounded by Ao.
Several times during the course of the proof, we’ll need to calculate ranks of various
inverse systems of cohomology groups, and this will prove a handy method.

Let Apyr = (Z/pMZ)*, and assume 9 : Appr — @X is a multiplicative character.
We write O, for the extension obtained by adjoining the values of ¥ to Ok, .
One also employs notation lim , H /19 to denote the quotient of lim H' by lim  H),

which is not necessarily the same thing as lim , Hl/Hg1 !

Key Claim: rank@,cfvw[[p]] (1&1 H/lg (Quatpr) ® Zp,T)W)) = 1.

The demonstration of this assertion will occupy the rest of this section, but we first
explain how Theorem 3.10(iii) follows from it.
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Restricting the homomorphism &  to the component lim  H 1 (Q(;L Mpn) Q@ Ly, T),
there is a factorisation

lim /' (Q(/“Wp”) ® Zp, T) - liLnH/lg (Q(“Mp”) ® Zp, T)
i Hom gets (D?M, Symki2 (le))

because each H; C Ker(exp*), and the map &y is built out of dual exponentials;
here DY, denotes the divisors of degree zero on the set Ugcd(e,an =1 Znr,c U {oo}

Taking 1-eigenspaces of the above sequence induces

Eke

)
lim H/lg (Q(,LLMpn) ® ZLp, T) the 1-part of Homocts (Dgh Sym* 2 (le))

where the right-hand term consists of symbols taking values inside Sym*=2(Ky ).
It follows immediately from our Key Claim, that

rank@,cf’w[[p]]@Q (the p-eigenspace of Im (& ) o ) < 1.
M

On the other hand, 7y is in the image of & and the values of the i-twist of the

- Q, wil

n—1

measure py € Meas (Z;’M, Symk_2(ICf)> at characters ® : I'/T?
be given by the integral [, ¢®duy ;-
p, M

In the proof of 3.10(i),(ii) we saw that when ¢)® = 1, this integral equals

k-2 . - )
k=2\ yiyh—2—j (=171 p™ . L(f @4, ®,j+1)
S (F77) XY LT G (@) ) T
% () wry O] T e
Are these values non-zero?

Theorem 3.11. [JS] If the weight k is odd or if j + 1 # %, then the ®-twisted
L-values L(f ®P, P, 5+ 1) are all non-zero.

Theorem 3.12. [Ro] If the weight k is even and j +1 = %, then all bar finitely
many of the ®-twisted L-values L(f R, P, k/2) are non-zero at the central point.

It follows directly that the t-part of n is not O, 4[[I']] ® Q-torsion, so the

o
D}W

must be (free) of rank one over this Iwasawa algebra.

)-
DY

1p-eigenspace of Im (E ¢) .
D]W
In summary, we have shown that

rankoy (ir])(A,a]6Q (hn (Er.e)

from which part 3.10(iii) follows readily.
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Justifying the Key Claim

All that remains is to prove our assertion. Courtesy of the A%-isomorphism
lim, B (Quarpe) ©2,,T) = Tl lim, H' (Quarye)ss,, T), it would be
enough to prove that

@)
rankOK [T <1—H/g( (uMP")‘«BANT) ) =1

at each prime By, lying above p, where ¥ now ranges over multiplicative characters
of the subgroup Gal (Q(NMPW,)SBM /Qp) ~ Gal (Qp (/,L]\4pn)/Qp).

Let Lo be the cyclotomic Z,-extension of Q,, and write L, for the n'"-layer
subfield of degree [L,, : Q,] = p™. We abbreviate the O, y-lattice T@v ™" by Ty.
Writing out the inflation-restriction sequence for the field extension L., (upar)/Ln,
we obtain the long exact sequence

i

Infl (Ln, Tw)

rest
—

G Ly
0 — H' (Lu(ppar)/La, T, )

>Gal Ly (ppr)/Ln)

G L (1
H* (La(ipar), Ty s 2 (L) L Ty )

Moreover, passing to the projective limit over n,

G
0 — H (LOO(HPM)/LOC,T¢L”(”F”I)) — imHl(Ln,Tw) .

n

. (%) GLoo(rpar)
l%lHl(Q(mpn)mM,T) — B (Loclptpar) [ Lo, T, 0.

The left-hand and right-hand groups are Ok, 4 [[T']]-torsion since they are killed by
the number #A,5r, hence

rank(g,C M) <1_H (Ln,Tw))

dimg,,, (Vi @u7!) = 2

()
ranko,cf »([T1] <1— H ( (“Mp">‘BM ’ T) )

Remark: It suffices to show that lim,  H} (L, Ty) has rank one over Ox, ,[[I']].
In [PR1, Prop 2.3.5] Perrin-Riou computed the Iwasawa rank of the crystalline
extensions. Because they occur in the kernel of the dual exponential, we will work
with de Rham extensions instead, though the method is identical.

Putting I',,, = Gal (Loo/Ly,), we have the invariants/coinvariants sequence
0 — UmHj (Ly, Ty)' " — UmH" (L, Ty)"" — lim H) (L, Ty)" "

()

Tm Tm

- (1%1 H' (L,, Tw)>

T

— (1%1 H, (L,L,Tw)>
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and as the I';,-coinvariants of lim  H' (L, Ty) are contained within H* (L, Ty),
we obtain a short exact sequence

lim H), (L, T, " — (@Hgl (L, Tw)) — H, (L, Ty).
n n '
The left-most group has bounded Oy sp-rank pp say, as m varies, so
ranko, <@H; (L,,,,TT/,)) < ranko, (Hy (L, Ty)) + p1.
n F,m

On the other hand, if V, = Vi ® ¢~" then

1

dimy, , H, (Lm,Vy) = dim tang(Vy/Ln,) + dimeGLnL + dim Deig 1, (Vi (1))

< Ly, : Qp).dim tang(Vy,/Q,) + p2  say.

Thus we may deduce that the Ok,  -rank of (@n H, (anTw))F is bounded

above by p™. dimg, , tang(Vy/Qp) +p1+p2 (recall Dy was Fontaine’s crystalline
functor, equipped with Frobenius endomorphism ¢).
By the compact version of Nakayama’s lemma,

rank@Kf)w[[F” (@Hé (Ln,T¢)) < dimg, ,tang(Vy/Qp) = 1.

To obtain an equality, we shall exploit the fact that Vi is a nearly-ordinary Galois
representation. There is a one-dimensional Gg,-stable subspace F*Vf* such that
the quotient Vf*/F"'Vf* is unramified, and inertia acts on F'*Vf* through X]C"y_le.

Remark: Since any ordinary representation is automatically semistable [Bu, §IV],

V{ will certainly become semistable over the fields Q(parpn) P for n > ord, (C.).
M

Work of Nekovér in [Nel, Sect.6] implies the exactness of

0 — TGQ(HM””)QSM — (T/F—FT)GQ(MMPH)(BM — flg1 (Q(/“wpn> R F+T) —
M

B
Hgl (Q(NMP")mMa T) - Hgl (Q(MMP")‘I*M’ T/F+T> — (a finite group)

where F*T :=F*V; N T.

Taking t-eigenspaces and passing to the inverse limit over n, yields (yet another)

long exact sequence

Goturrm )
0 = Lim (T/FHT) " W0 — fim 1] (Qyuarpe) g FFT)
n * M

n

) )
— lim H! (Q(an)%, T) — lim ! (@(prn)%, T/F+T) .
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. (%) . .
In fact both lim,, H; (Q ('uMp")‘BM , T> and lim H(} (Ln, Tw> differ by a group
of order dividing #A, s, and the same is true replacing T with F™T or T/F*T.
We may therefore rewrite the above (up to finite groups) as

0 — lim Hy (Ln,F™Ty) — lim Hy (Ly, Ty) — lim Hy (Ly, Ty/FY).

The right-hand group is Ok, [[T']]-torsion, because its rank is bounded above by
dimy, , tang(Vy,/FT) which is zero. Thus our problem of verifying whether

22 .
mnko)C ] l_H (Ln,Ty) ) = dlm;gfywtang(vw/(@p) =1

reduces to showing that lim, H; (L, FTTy) has rank one.
The natural dualities H'(L,,FtTy) x H* (Ln,F+T2‘D(1)) — Ok, p induced
by the cup-product, give rise to

0 — Jim H} (Lo, F*Ty) — lim H' (Lo, F*Ty)
— Homg, (H! (Lo, F*T}(1)), Ok,)
because H, (Ln,F+T¢)L coincides with H} (L7L,F+T:‘p(1)) up to Ok, y-torsion.
However, the right-hand term in this sequence must be torsion over the Iwasawa

algebra O, 4 [[I']], since H} (LOO,F+T:L(1)) ®z, Qp is a finite-dimensional vector

space. Finally, we have shown that

rank@K [ (l_H (L,L,T¢)> = I‘E]‘Ilko)C s (l_H (L.,L,F+T¢)>
= dim,, (FfVyeu!) = 1

and the proof of Theorem 3.10 is thankfully over.

Lemma 3.13. If we write Vi_o for the forgetful map
Homy, (divO]P’1 (Q), Sym* 2 (ICf)) — Homyg, (divO]P’1 (Q), ICf)
sending a symbol to its evaluation at (X,Y) = (0,1), then the restriction of Vi_2
to the image of & ¢ is a Ky-linear isomorphism.
Proof: Clearly this restriction

Vi _-
(the image of Sk,e) iy (the image of Skye)
X=0,y=1
is surjective, the question we must now address is whether it is invertible or not.
Equivalently, can one reconstruct a symbol Z = & (&) simply by knowing the
values Zp at divisors D € div'P!(Q), exclusively at the monomial term Y*=2?
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Recall that for each M > 1 coprime to p, we associated a bounded measure
pz(z) € Meas (Z;’M, Symk_Q(ICf)) satisfying
I 4 10 .
0o 1 0 p
Writing this equation backwards means that
5, = 4" / dpi=(2) (1 —*pr>
(W)i(oo) P a+(p" M) - 0 p—n

and it is an elementary fact that du=(z) = (Y — M*Isz)kfz. dpz(2)x=0y=1
where z, : Zp —» Z, is the canonical projection. Applying the binomial theorem,

7

(1

(a+(p"]V[)) = ap(f)in E(ﬁ)i(oc)

k—2

I'(k —1MJ X)) yk—2-J .
(-X) o 4

Y - Mz, x) 0
( %) (—1-rG+n

“M

whence at the divisor D = (ﬁ) — (00), the symbol E must equal

k—2 . .
T'(k —1 M=I(— X)JYk—Q—J/ ;
)" . 2 dp=(2)x=0,y=
( —1-H)rG+1) at(pr ) ()x-0v=

“M

1—anM
0o p ™ )

The above is an expression involving only zg; dpz(z) x=0,y=1 € Meas (Z; Mo ICf)
within the range 0 < j <k — 2.

The terms zg dp=(2) x=0,v=1 are bounded measures, and themselves are uniquely
determined by values of all integrals

/ dpz(2) x=0,y =1 with ged(a’,pM) =1 and n’ > 0.
a’+(p™" M)

’

These latter integrals equal a,(f)~"™ (2 ( ) ) from the definition of du=.
" X=0,y=1
Consequently, the value of our symbol E = & (Z) at every D = ( . M) (oo) can

be expressed entirely in terms of the special values of V;_2(Z) on div’P'(Q).

Remark: This lemma turns out to be a valuable control theorem in disguise, for
the cyclotomic deformation of 7;. Be careful, it is not true that the restriction

Homgts (divOIF’1 (Q), Sym"~2 (ICf)) Yz Homges (divO]ID1 (Q), /Cf)

is an isomorphism; whilst it is surjective, its kernel is absolutely massive.



CHAPTER 1V

A User’s Guide to Hida Theory

The philosophy behind deformation theory is straightforward. One starts off with
a mathematical problem about an object fy, say, which may be too hard to solve.
The idea is to view this object fi, as a single member of a family of objects {fk}
parametrised by the variable k. With a bit of luck, the variation in k should be
analytic (in a suitable sense). One then translates the original problem regarding
fr, into an even bigger question concerning the whole family { fk}

At this point the reader might well protest, surely this has made life harder? The
surprising answer — and the real magic of deformation theory — is that by deforming
the problem, we have actually made life easier. The underlying reason is that for
the analytic family {fz} we have tools and techniques at our disposal, which are
unavailable for each individual family member. If one can then solve the bigger
problem, the delicate part is to translate back in terms of the original element fy,.
This last step requires what is known as a Control Theory.

The previous chapter saw us develop a cyclotomic control theory for M-symbols.
Over the next fifteen pages or so, we give a short (and by no means complete)
background on the control theory in the weight direction. In the ordinary case, this
theory was primarily developed by Hida in a long series of articles [Hil,Hi2 Hi3].
The non-ordinary case has subsequently been considered by Coleman and others.
Whilst some of our theorems here will work in this more general context, the book
itself deals exclusively with p-ordinary families.

Our intention is simple — we want to lift the whole of Chapter III to a sit-
uation where the principal objects vary in a bounded analytic family. Under
this approach classical modular forms will be replaced by A-adic modular forms,
modular symbols by I-adic modular symbols, and Deligne’s representations will
be interpolated by the universal Galois representation whose properties we now
describe.

4.1 The universal ordinary Galois representation

Fix a positive integer N such that p ¥ N. For each r € N, let X;(Np") be the
compactified modular curve associated to the congruence modular group I';(Np”);
then X7 (Np") has a canonical Q-structure in which the cusp oo is rational [Sh].
We set

Jr = Jac X1(Np") and Tay(Joo) = lim J,[p™]
where the inverse limit is induced by the projection maps X1 (Np™t1) — X;(Np"),
and [p™] denotes the kernel of multiplication by p™.

70
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Since each individual J, is defined over Q, the Tate module Ta,(J) has a
natural action of the absolute Galois group Gg. Also, the Hecke operators

T, = {Fl(Npr) ((1) (l)) Fl(NpT)} at each prime number [

operate on the completed curves X;(Np") covariantly, and this is compatible with
the projection maps. It follows 7), is an endomorphism of Ta,(J) for all n € N.
We shall allow (Z/Np"Z)* to act on the Tate module Ta,(J,) through the scaled
diamond operators

<l> = l2{F1(NpT) Iy Fl(NpT)} With’}/lE(; ?) mod Np", 11 Np.

By linearity and continuity, this extends to an action of the completed group algebra
Zy|Z, N] = lim, Z, [(Z/NprZ)*] on the whole of Ta,(Ju).

Definition 4.1. The abstract Hecke ring Hypeo is given by
Hype = Zp[[Z 5] [Tn; n € N]

hence Hypeo will be generated over the weight algebra AV := Z, [[1 —+ prﬂ by
(Z/NpZ)X and the T,’s.

The Galois action and Hecke correspondences commute with each other on the
modular curves X;(Np") for all r € N, consequently one can consider Ta,(J) as
an Hype [Ggl-module.

Unfortunately Ta,(J5 ) is way too big for practical purposes, as it simultaneously
encodes information about all cusp forms of non-negative slope at p. Hida [Hil] first
described the piece corresponding to slope zero modular forms, using the ordinary
idempotent e := lim,, .o U;‘! living in the abstract ring Hype (by convention, we
shall write U, for the Hecke operator at primes [|[Np, and 7} for primes { { Np).
If the superscript °™d denotes the component cut out by e, then there is a natural
decomposition

Tay(Joo) = Tay(Joo)”™ @ (1 —e).Ta,(Jw)

where U, acts on the complement (1 — e).Ta,(J) topologically nilpotently.

ord ig still a little too large, so one considers instead

The representation Tay(Js)
Teo = Ta,(Joo)™ N €prim- (Ta,,(Joo) R pw Frac(AWt))

with eprim denoting the idempotent in Hype ®pwt Frac (A"”) corresponding to the
N-primitive part.
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Definition 4.2. The pro-artinian algebra Hypo decomposes into a direct sum of
local rings, and we denote by R the local factor through which H‘J’\Egoo = e.Hpp-

acts on T .

The deformation ring R is a complete local noetherian ring, finite and flat over AW?
with finite residue field. One can associate a universal character ¥ : Gg, — R*
via the sequence of compositions

Ur : Go, G&z 5T Z;,N — Ly [[Z;N]]

proj
X
— HNp°° —» RX

X
where the arrow ‘C.F.T.” arises from the reciprocity map of local class field theory.
The following important result describing the structure of T, might be thought
of as a deformation theory analogue of the statement that the Tate module of an
abelian variety has Z,-rank equal to twice its dimension.

Theorem 4.3. [Hil Hi2, MW]| Assume that p{6N. Then

(i) Too has rank 2 over R, i.e. dimg (Too ®r F) = 2 where F = Frac(R);

(i) As a Gg-representation T is unramified outside of Np, and for 1t Np the
characteristic polynomial of Frob, in R[X] is given by 1 — T; X + l_1<l>X2;

(11t) If poo : Gg — Autr(Ts) gives the Galois action on T, then

-1
'OOO‘G ~ (XCY\PRd}R * > where W is the universal character,
Qp

0 Or

and ¢r : Gg, - Gq, /I, = R* is the unramified character which sends Frob,
to the image of U, in R.

In particular, To, contains a one-dimensional Gg,-submodule F™T. such that
Teo/FT Ty is unramified. Whilst FT T, is clearly free of R-torsion, whether or not
the quotient To, /FT T, is also R-free is a very delicate question [Hil, MW, Ti,TW].
In the next section, we indicate how T., can be specialised at certain height one
prime ideals, to recover the representations associated to classical eigenforms.

4.2 A-adic modular forms

The natural dualities between modular forms and Hecke algebras work best in the
A-adic setting, when we pass to a suitable finite extension of the weight algebra.
Let K denote a finite extension of Q,. The Banach space of p-adic cusp forms with
coefficients in the ring of integers Oy, is the p-adic completion S(Np>=; Ox) of

S(Np>;Ox) = lig (@&(n(%ﬂ@@)
T Nk=2

viewed inside the g-expansions Ok [[qﬂ . The norm that is used here is the sup-norm
171 = supnen |an(£)], where f =377, an(f)g™
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By continuity, the p-adic Hecke algebra h(Np*>; Ok) := lim;

faithfully on S(Np™;Ox), and the association (f, T) — a1 (f|IT
pairing

T

hi(Np"™; Ok) acts
) yields a perfect

E(Npoo;(');c) X h(NpOC;OK) — 0]@.

Cutting out using the ordinary idempotent e means we can identify gord(N p>; Ok)
with the Ox-dual of h°™(Np>; Ok), which is known to be free of finite rank over
Okl + pZ,] by [Hi2,Wi2]. To avoid ambiguity we write A}* = Ok[1 + pZ,] for
the weight algebra, not to be confused with the cyclotomic Iwasawa algebra A°Y!

Let £’ be some finite algebraic extension of Lx = Frac(AR'), and write I for
the normal closure of A¥* in £'. By enlarging K if necessary, we may assume that
In @p = Ok. We further suppose that I satisfies:

Hypothesis(Diag). The space of ordinary I-adic cusp forms

ord

sgd = & (Np™; Ok) @ppe I

has a normalised basis consisting of common eigenforms for all Hecke operators.

As the components of ho™d(Np>: Ox) O pye Ly are finite algebraic extensions of Lx
we can always achieve this condition, by ensuring £’ contains the union of all the
isomorphic images of these components.

Question. How does one pass from I-adic to classical modular forms?

Let € : 1 + pZy, — @: be a character of finite order, so it yields a corresponding
homomorphism A} 5 @p of algebras. Pick an integer £ > 2 which is the weight.
We call an element P = Py . of Spec I(Q,) an algebraic point of type (k,¢), if the
restriction of Py to A¥' is induced by the map

uog — ube(ug) where v generates 1 + pZ, topologically.

Henceforth we shall write Spec I(@p)alg for the set of all algebraic specialisations.
Alternatively, we can identify these specialisations with height one prime ideals of
the integral domain I, and frequently interchange these two viewpoints without
further comment.

Once more enlarging K (if necessary), we make:

Hypothesis(Arith). Spec I(Ox)™¢ is Zariski dense in Spec I(Q,,).

Theorem 4.4. [Hi2] For any point P € Spec I(Ox)® algebraic of type (k,¢),
there is a canonical isomorphism

ho 4 (Np™; Ok) Opp I/P = ey (P, 6 Ox)

where ®, = To(Np") NT'1(Np), with r > 1 chosen so that Ker(e) = (1 —l—pr)pT?1
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Results of this sort are called ‘control theorems’ as they relate specialisations of
objects over deformation rings, with the objects these deformations interpolate.
Throughout the remainder of this book we will encounter numerous theorems of
this type, be they for eigenforms, modular symbols, Euler systems or Selmer groups.
We begin by restating the above result in terms of cusp forms.

Suppose we are given an I-adic cusp form f € S‘frd, and assume that (Diag) holds.
In particular, its g-expansion 3_, -, a,(f)¢" can be viewed as lying inside of I[[qﬂ
Let P € Spec I(Ox )28 be algebraic of type (k,¢). If we denote by

A b (NP> Ox) @pp T — T

the corresponding I-algebra homomorphism satisfying A\(T},) = a,,(f) for all n € N,
then the composition

Ap = PoX:h”(Np™;Ox) @pm I — Ok

factors through hy, (q)r, €; O;C) by Hida’s control theorem.

Remark: The dual hy ((I)T,G; O;C)* is identified with Sj (<I>T, €; O;c)7 and it follows
that there must exist a cusp form fp € Sy (®,, € Ox) whose g-coefficients satisfy
an(fp) = Ap(T,) at every positive integer n. The a,(fp)’s are themselves algebraic
numbers, which implies fp is indeed a classical modular form.

Recalling that h*™d(Np>; Ok) is an Ox [[Z;N]]—algebra, we have a sequence

(Z/N]?Z)X SN Z;,N PN O}C [[Z;Nﬂx . hord(Npoc;O;C)X P_o); O;é

and € : (Z/N pZ) * Og will denote the multiplicative character obtained by
taking the composition of all these maps.

Definition 4.5. The homomorphism A : h°"(Np>; Ox) @ppe I — T s called
primitive, if either of the following two equivalent conditions are met:
(i) There is a point P € Spec I(Ox )8 of type (k,¢€) such that fp is a primitive
form of conductor Np™ with Ker(e) = (1 + pZP)pr_l;
(ii) At every point P € Spec I(Ox)# of type (k,€) such that ord, (Oﬁgw—k‘> #0,
we have that fp is a primitive form of conductor Np".
What implications does this algebraic control theory have for T.,, the universal

ordinary Galois representation? To find a suitable answer, we are naturally led to
consider correspondences:

specialising
—

Big Galois representations Deligne’s Galois representations

poo t Gg — Aut(Too) pys : Gg — Aut(Vy)

where the cuspidal eigenforms f are varying analytically in the ordinary family f.
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Let’s fix an algebraic point P = Py, . € Spec I(Ox )™ of type (ko,€) with ko > 2.
For any t € Z), the power series representing the map s +— e(t)who (1)t° is clearly
convergent on the unit disk. Its associated Mellin transform

Mell, c : Ol +pZy] — Okl[s — ko]

is an analytic homomorphism, between A} and the affinoid K-algebra of the disk.
Since the localisation Ip, . is a discrete valuation ring which is unramified over
the weight algebra [Hil, Corr 1.4], Hensel’s lemma implies the transform extends

uniquely to Melly, . : Ip,  — K[s — ko]. This gives rise to a A¥t-homomorphism

Mellpy e : £/ — K((s — ko))

upon passing to the field of fractions. Let Uy, be the intersection of the domains
of convergence of Melly, ((x) as  ranges over all elements of I.

Remark: Because I is of finite type over the weight algebra AY®, it follows that Uy,
must be an open p-adic disk centred on kg. We conclude that the Mellin transform

maps the ring I to the space of rigid analytic functions, convergent on the disk Uy, .
Somewhat abusively, the notation Ky, ((s)) will denote the latter rigid space.

For a primitive X : hod (Np°°; (’);C) Opye I — I corresponding to the family f € Sfrd,
let us define the rank two I-module

T[N = {M € Too @pwe I such that ThDg = MTp)w for all h > 1}.

Here ThD denotes the dual Hecke operator to Ty, e.g. on Tap(Jr) we have

TP = To ((l) lE)l) for all primes [ { Np".
Clearly T [)] is Galois stable, as both the Hecke algebra and Gg-actions commute.

Furthermore, evaluating the transform Melly, . at an integral weight k£ > 2 in Uy,
induces homomorphisms from I to I, whence

Go =B Auty(TL[N) = GLQ(I)( o). GLy(K).

In this Gg-representation, each Frobenius element at [ { Np has trace a;(fp, ) and
determinant e€w® ~*(1)1*~! by Theorem 4.3(ii). It follows that Frob; has the same
characteristic polynomial as given by its action on (the contragredient of) Deligne’s

representation, associated to the eigenform fp, . € S (FO (Np"), efw’““‘k).
By the Chebotarev density theorem these two Galois representations must be
equivalent, so in the notation of §2.3

(Nellig. ) 0 puld] ~ (pfpm)v for all k € Uy,

In other words, we may consider each specialisation ‘Too[A] mod Py " as a Galois
stable lattice in the dual space Vfi’k .
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Remark: The action of T;LD on Vf’;k is through the scalar ay(fp, ) = Pr,c o AM(Th).

It follows that the Hecke action on T..[)\] is compatible with specialisation at Py ,
which explains our slightly counter-intuitive definition of To,[\] above.

This is just what was needed — we now have at our disposal, a universal object
which the Euler systems should lift to, namely the first Galois cohomology of Tx..
Moreover, for triples (), ko,€) and positive integers k € Uy,, there is a plentiful
supply of specialisation maps to the cohomology of Deligne’s p-adic representations,
where zeta-elements habitually reside.

4.3 Multiplicity one for I-adic modular symbols

We have already seen in Theorem 3.10, that Kato’s Euler systems can be mapped
to the algebraic modular symbol associated to a cusp form. It is natural to ask if a
A-adic Euler system (whatever that is) can be converted into something analogous.
Basically at all arithmetic points Py ., we are aiming to complete the diagram

A-adic zeta-elements --» 777
J mod Py . l mod Py .

Ek,e .
p-adic zeta-clements — —5 algebraic modular symbol.

In unpublished work, Mazur showed (under suitable hypotheses) that there is a
universal I-adic modular symbol, governing the behaviour of the L-values

L(fpk,E7 S)

petiod for every (s,k) € Z X Z with k € Uy,, 1 < s < k—1.

Such an object would seem to be a good candidate for the role of the 7?7 above.
Moreover, these L-values are themselves interpolated by the two-variable functions
of Kitagawa and Greenberg-Stevens, which will be introduced in the next section.
Most of the proofs may be found in Kitagawa’s PhD thesis, and we won’t bother
reproducing them here.
We begin by mimicking the constructions of S(Np™; Ox) and S(Np>; Ox).

Definition 4.6. For any integer k > 2, the space MS (Np>;Sym*~2(Ox)) of
p-adic modular symbols denotes the completion of

MS (Npoc;Symkfz(O;g)) = lim MS (NpT';Symk72((’)K))

with respect to the p-adic metric.

The abstract Hecke algebra Hyp~ acts on both these spaces, and one may cut out
their ordinary parts via the idempotent e. After doing this the dependence on the
weight k& becomes superfluous, because from [Ki, Thm 5.3] there is an isomorphism

Vioo: ME™ (Np; SymF2(0x)) <= MS™ (Np™; Ox) @ Xy s
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where the right-hand space has had its matrix action twisted by the character

[ a b k—2
KXo : (C d) — d" 2.
Definition 4.7.

(i) The module UM(Ox) is defined to be the Ox-Banach dual of MS (Np>;Ok)

viewed with the dual Hecke action to the latter space.

(i3) If we let UM (Ox) = eUM(Ox), then

MSord(I) = HomAv}ét(L{Mord(OK), I)

denotes the space of I-adic modular symbols.

It is perhaps more common to introduce the universal p-adic modular symbols
UM(Ox) as an inverse limit of relative homology groups

liTmHl <X1(NpT), {cusps}, (’);C>.

Our definition is equivalent, however we should really use the superscript P to
indicate that the Hecke action on UM (Ox) has been inverted.

Remark: The natural pairing

(o Ny MS™H(I) x UM(Ok) @ppe T — T

is perfect, because the ordinary part UM 4(Ox) is free of finite rank over A}
[Ki, Prop 5.7]. We should also bear in mind Proposition 3.2, which stated that the
f-isotypic part of MS(NpT; Symk_2(le)) is always two-dimensional over K.

It is then pertinent to ask:

Question. What rank has the f-isotypic part of MS*Y(I) as a module over 17

Recall that A : h°™d(Np™; Ok) @ I — I was the I-algebra homomorphism

corresponding to f € S‘I’rd. Let’s make more precise the word isotypic in this context.
One defines UM (O )*[)\] as the projection of UM (Ox)* @pye I to the first
factor in the decomposition

Z/{Mord((r)’c)i ®A%‘ L
= UM (Ox)* @pp LN & Ker(\p )UM(O)* @ppe £

where X\, : H™(Np>®; Ox) ® A L' — L’ is the homomorphism induced by .
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Hypothesis(Rk1). UM (Ox)F [N are free of rank one over 1.
Hypothesis(UF). The domain I has unique factorisation.

The advantage of assuming either one of (Rkl) or (UF) holds is that

MS™IIEW = {2 € MSTID*  such that Z|T = Ny, (T)=

for every T € Ho4(Np>; O) @y I}

has no option but to be free of rank one over I. In other words, there is a generating
I-adic modular symbol in each £-eigenspace of the f-isotypic component.

The proof of this fact in [Ki, Lemma 5.11] uses Hida’s control theory to establish
that MS°™(L")*[)] is one-dimensional. Thus we may regard MS°HT)*[A] as
a lattice in an £'-line. Since it is the dual of a finitely-generated I-module it is
reflexive, and either hypothesis will then imply it is free of the desired rank.

Corollary 4.8. Under cither (Rk1) or (UF), MS(1)%[)\] is free of rank one.

Are these reasonable hypotheses to make, i.e. do they occur frequently in nature?

If there is a unique p-stabilised ordinary newform of tame conductor N then
I = A" and condition (UF) will certainly be satisfied as A" is a factorial ring.
Alternatively, if A is primitive and there exists no congruence between f and the
space of Eisenstein series, then condition (Rk1) has been verified in numerous cases.
Recall that & : (Z/NpZ) * — O denoted the character of the homomorphism A.
Then condition (Rk1) is known to be true when:

(i) & = w" provided n # 1,2 [MW,Ti];

‘ (Z/pZ)*

(ii) g)(z/pz)x = w [Hil];
(iii) g((Z/pZ)X = w? and N =1 [Mzl].

N.B. All three results above require that the local component through which A
factorises is Gorenstein.

Henceforth we shall assume that at least one of (Rk1) or (UF) is true.

Notation: Let =) = = + = where = generate the +-eigenspace MS°(I)F[\];

in particular, both Ej\' and E) are well-defined up to units in I*.

The element =) is usually termed the universal I-adic modular symbol, yet this
is a slight misnomer since it clearly depends on the initial choice of primitive A.
Nevertheless, it is the elusive object 777 alluded to at the very start of this section.
In what way do these universal elements influence the arithmetic of each f € Sgrd?
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Definition 4.9. For any algebraic point P = P, . € Spec I(Ox)™2 of type (k,€),
the periods Perljj\P € Ok are the p-adic numbers satisfying the equation

V,;EQ( (P o Ef) ® Xk_g) = Perlﬁp X ni.
The equality itself is viewed inside MS(Np"; Sym*=2)* [\, ], with ne, being the

algebraic modular symbol associated to the eigenform fp back in §3.1.

We shall shortly see how these I-adic periods turn up in both the L-functions of
Kitagawa and Greenberg-Stevens, measuring the failure of =y to specialise exactly
to a generator of the eigenspace MS(Np"; Sym*~2)[A¢,]. The following result from
[Ki, 5.12] confirms that under either hypothesis, these error terms are well behaved.

Proposition 4.10. (i) Under condition (Rk1), the PerIiAP ’s are p-adic units;

(i) If (UF) holds, the function P }Perlﬁp |p is locally constant of finite range.

Proof: For a fixed choice of sign + , let EAi denote the ideals of I defined by
Ey = (MSTUDF], UM (Ok) @pp: I));

If P € Spec I(Ox)*8 is algebraic of type (k, €), it follows that

PoEf = <P o =%, Ll./\/lord((’);g)i> are non-zero ideals of Ok

where PoEf lie in MS v (Np™; OK)i [Ap], and <, > is the pairing between ./\/lSOrd
and its Ox-dual.
We now observe that the £-part of ng, is an Ox-base for

———sord

MS(NpT;Symk_2(O;<))i[/\fP] = MS (Np“;symk*Q(OK))i[Ap]

whence the modular symbol vk_2(77fp):t must generate MS (Np™=; 0x)* [Ap].
As a direct consequence,

<m‘”d (Np™®: Ox)* [Ap], UMord(O;c)i> — Ok

It follows that in our equality Po Ei: = PerLi)\P X Vi—2 (Ufp)i above, the numbers
Perlﬁp are principal generators of the ideal P o Ef

If condition (Rk1) is true then Eit =1, and therefore the periods Perl,i/\P € Of.
If condition (UF) holds, then I/ E‘ic is a pseudo-null I-module and hence is finite;

the order of the map P +— # (OK/PerI:’t/\PO;C) must be bounded by #(I/E/\i)
O
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4.4 Two-variable p-adic L-functions

The plan of this section is as follows. We begin by introducing the two-variable
L-function in terms of p-adic measures. We next explain its relationship with an
‘improved p-adic L-function’ constructed by Stevens. This connection lies at the
heart of the proof of the trivial zero formula, and we briefly sketch the argument.
Finally, we reinterpret these concepts in terms of the arithmetic of an abelian field
and then make some conjectures in the non-abelian case.

Note the hypotheses and notations are kept the same as the previous section.

Theorem 4.11. [GSKi] For all primitive triples (X, ko, €), there exists a unique
measure g on the two-dimensional Lie group Z;’M X Zy, satisfying

1 . y 71 k—ko _ j!Mjpnj (1 — wil(p)pj/ap (kaF>)
[ )0 M < B
BN G, )L (Fp, . h, 5 + 1)
LAp, (27.”')]' Q;‘/)(—l)(—l)]

P

X X
oot XLp

x Per

N3

at arithmetic points Py . € Spec I(Ox)™8, where the positive integers k lie in Uy, .
Here j € {0, v k— 2}, and v denotes a character modulo p™ M with n = ord,Cly.

Switching between measures and power series is permissible, so the distribution pg
transforms naturally into an element of the two-variable algebra Ky, {(w)) [[Z; mll-
Note that the affinoid KC-algebra over the closed disk Uy,, was defined as

Ky, (w) = {h(w) € K[[w]] such that h converges on the whole of U, }

In fact quite a lot more is true about these analytic distributions.

In Chapter VI we shall outline a purely algebraic construction of these elements.
Under various hypotheses, we’ll show how there exist power series inside I[[Z; Mﬂ

whose images under the transforms Melly, . yield the above measures. One should
also point out that they are uniquely determined by these special value formulae.

The reason is that characters of the form 12’ are dense in Hom (Z;M, (C;), and

under assumption (Arith) the algebraic points Py . densely populate Spec I(Q,).
Definition 4.12. [GS,Ki] For primitive triples (A, ko, €), the integral

<y >wko

wsum Wlny)

LSS@(MM) (f’ 1/)7 w, 5) = /

Z

) <z >"le (E)
:,J\/IXZ; x

defines a two-variable p-adic L-function attached to the p-ordinary family.

Clearly this two-variable object also depends on the choice of character €, as well
as the choice of base weight kg > 2. We nevertheless omit them from the notation.
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The power series LSSQ(MM) (f, U, w, 5) encodes quite a large amount of arithmetic.

Its first nice property is that it interpolates the p-adic L-functions attached to each
specialisation of the family f € S¢*. More precisely,

GS + .
L:D, @(“M)(f,i/),k,s) = PerI,APk,f x LP’%sinpk (fpkve’d)“s)

at all integer weights k& € Uy, k > 2 where + denotes the sign of the character .
This formula follows immediately from the behaviour of ug in Theorem 4.11.

Secondly, LSSQ( jat) satisfies a functional equation linking values at s with w — s.
To make life easier, one now assumes that the tame level N divides the integer M.
If k € Uy, is a positive integral weight, then by [GS, Corr 5.17]

LS:SQ(/LM) <f7 1/}7 k:7 S) = - 6wk0_2(_N) wil(_N) < =N >k/2is

GS ko—2,/,—1
X Lp,@(,,,M)(ﬂGw“ P ,k,k—s)

where the square root is chosen so that \/ew*0—2(—N) < —N >*/2=1 represents
the action of the Wi-operator locally about k.

Weight k'

(=}

' L

0 5 10 15 20

Cyclotomic 's'

Figure 4.1 The critical triangle interpolating the L-values of f.

There are three critical lines in the (s, k)-plane of principal arithmetic importance:
the vertical line s = 1, the central line s = k/2 and the boundary line s = k — 1.
Actually that is a slight exaggeration — there are really only two, since the boundary
line can always be reflected (via the functional equation) into the vertical line s = 1.
In the arithmetic applications that are considered later on in Chapters VII, VIII,
IX, X, our main objectives are to study behaviour of Selmer groups along the line
s =1, and of course, along the line of symmetry in the functional equation.
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Sketch of the exceptional zero formula.

In §2.1 we introduced the p-adic L-function attached to a modular elliptic curve E.
When the curve had split multiplicative reduction over Q,, then Ly, (E, s) possessed
a trivial zero at s = 1, irrespective of whether the complex L-series vanished too.
Magzur, Tate and Teitelbaum [MTT] discovered a formula for L, (E, 1) numerically,
but did not manage to prove it back in 1986.

The eventual proof came six years later, and was due to Greenberg and Stevens.
Since their work was published there have been two other independent proofs, each
utilising markedly different techniques. However we give an outline of the original,
as it introduces the following fundamental object into the mix.

Definition 4.13. [GS] For a fized integer sg < kg, the improved p-adic L-series is

. 71 —_ y
Lo W Epw) = / LT < e B (%) duste,)
.M X Ep
€(z) <z>who ifzeZf
where the function By k.c(2) = {§ < z >Wko if € is trivial and z ¢ L
0 otherwise.

It can be shown that the two-variable L-function admits a factorisation, into the
product of rigid analytic functions

1

LESQ(HM) (f7 U, k, SQ) = (1 —ayp (ka,e)7 wflwlfsu (p)pS()fl) % L;?a(#]\4)750 (f, b, k)

at all integral weights k € Uy, with k > 2.

Remark: Let’s now focus exclusively on the exceptional zero situation. This means
we are considering an elliptic curve E with split multiplicative reduction at p > 5.
In particular, the trace of Frobenius a,(E) = +1. Because this is a p-adic unit, the
associated newform fr must then be a member of a Hida family f at weight ko = 2.

It follows that both v and e correspond to the trivial character. Without loss of
generality, assume also that the Hasse-Weil L-series of E does not vanish at s = 1.
The two-variable functional equation then reduces to

LGS (ﬂk,s) — < NSRS (ﬁ Kk — 5)

as the sign in the complex functional equation equals one whenever L(E,1) # 0.
As an immediate corollary, the function LGS vanishes identically along the line of
symmetry s = k/2 in the functional equation.

Therefore, its Taylor series expansion about (s, k) = (1,2) looks like

LSS(f,k,s) ~ cx((571)7¥> + ... (*)

where the error terms ... are of quadratic or higher order, and ¢ is some constant.
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Conversely LI(,}S splits into an Euler factor and improved L-function, namely

LS (eh1) = (1-ap(fr) ") x LY (ER). (*%)

Differentiating (*) with respect to s along the line & = 2, one readily deduces
that L) (E,1) = %LES f,27s> is equal to the constant ¢. On the other hand,
differentiating (**) with respect to k

1 . day(fp,) "

L(E,1)
2 dk '

L) = () x A
E

k=2

Finally, the derivative of the Hecke eigenvalue a,(fp,) at k = 2 is well known to

coincide with —% x the value of the local L-invariant of the elliptic curve at p.

Greenberg-Stevens Formula. If E has split multiplicative reduction at p > 5,

log,(ar) . L&)
ord,(qp) Qf

L’p(E, 1) = where qp denotes the Tate period of E/q, .

This result is really quite astounding — the derivative (in a purely p-adic sense) of
a rigid analytic function, turns into the ratio of two transcendental numbers in C.
It is germane to mention the above equation does not represent 0 = 0 in disguise!
In fact using delicate bounds from analytic number theory, it was shown by various
people in [StE] that the quantity log,(qg) is always non-trivial, thus verifying an

old conjecture of Manin.

Example 4.14 Consider the elliptic curve whose Weierstrass equation is
E:y? +y = 2 — 2% — 10z — 20

which is more commonly known as the modular curve X((11) in the standard texts.
At p = 11 it has split multiplicative reduction, so the g-coefficient aq;(F) = +1.
The space So (Fo(ll)) is one-dimensional over C, generated by a single newform

2
Ixoany = ¢ H ((1 —¢")(1- qu")> with rational coefficients.
n>1

Setting the tame level N = 1, it follows that To, must be rank two over Z,[1+pZ,].
Here fx,(11) lifts to a family f € A"t[q] — each specialisation is the 11-stabilisation
of a newform fj, at weight £ = 2 mod 10, unless k = 2 in which case fs = fx,(11)-
Finally, the Greenberg-Stevens formula confirms that

log;; (Ax,(11)) L LXo(11), 1)
Ordll(qu(ll)) Q;{U(u)
10x 11 + 9x 112 + 5x 11% + 11* + 8 x 11° + 3 x 115 + ...

Llll(E7 1) =

and consequently L;;(E, s) has a simple zero at s = 1.
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Speculations over number fields.

Let F be a number field so [F : Q] < 0o, and assume p > 5 does not ramify in Op.
The discriminant of F is written as 0, and will thus be an integer coprime to p.
For an elliptic modular form f, its archimedean period over F is taken to be

QHF) = (Qj&)”x (2F Q;)”

where r1 is the number of real embeddings F — R, and 7o denotes the number of
conjugate pairs of complex embeddings.

We are interested in extending these notions inside a p-ordinary deformation.
Let A : ho"d(Np>®: Ox) ® A I — I be the I-algebra homomorphism corresponding

to a family f € S§™d. Assume as well that Py is an algebraic point of type (k, ).
It seems logical and natural to define

+ + " + - "
PerI,APk’(F) = (PerLAPk’e) X (PerI,APWPerLAPm)

€

bearing in mind the definition of the archimedean version above.

Remark: For simplicity, we further suppose that F is an abelian extension of Q
i.e. that the Galois group Gal(F/ Q) is commutative. Its characters

Xr = Hom (Gal(F/Q), Gmult)
are non-canonically isomorphic to the original group, and there are [F : Q] of them.

Definition 4.15. We define the improved p-adic L-function of f over F

Ly (£/F,w,s0) = H L;I?(E(Mcw)“sg(f,dgw)
YeXE

at the integer point so < ko — 1, which is an analytic function of w € Uy, .

What arithmetical data is this improved L-function interpolating?

Lemma 4.16. Pick any integral weight k € Uy, greater than 1. Then

o ng < DOy Ui )
P » 15 50 jr2(1=2s0) D%—:SD LAr,e (274 [F:Ql(s0—1) Qik (F)

where the sign &+ has the parity of (—1)%0~1.
In the abelian case we are considering, this lemma does no more than encode the

. 1mp . . . . _
properties of each L) Q(H%)ﬁso(fﬂ/},w) at an arithmetic integral weight w = k.

However it is worthwhile to pursue this point of view, because it generalises well to
non-abelian extensions of Q.
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Proof: Each conductor Cy is prime to p. Taking the product of the y-twisted

functions Lg?a(ucw)m (f,4,w)’s over X, the left-hand side becomes equal to

(-1 GypTh L (fp, .1,
H (so — 1)! Ci,‘j_l X Perfgpl)( DA X (1/1. CC'p)w((if)k(’:S/:Df?)
VEXE o (Zmi)mo=t g,

at an arithmetic weight w = k.
By the conductor-discriminant formula, one knows that [[,c x, Cy = (—1)"0p.
Moreover, it is a standard fact from algebraic number theory

{ v/ [oF| if F is totally real,

iF:Q/2, /op|  otherwise.

IT ¢wite,) =

YeEXF

Lastly, if F is totally real then ro = 0, and the period with parity (—1)%~! turns
up all the time in the product. Conversely, if F' is complex then r; = 0, and both
the 4+ and — periods will occur with equal multiplicity in the product over .

The lemma follows easily.
O

Proceeding to the harder case, we now assume the extension F/Q is non-abelian.
In particular, the group Gal(F / Q) is no longer commutative. Whilst the right-hand
side of the formula in Definition 4.15 is certainly valid, it no longer gives the p-adic
L-function over F; rather it is the corresponding L-function over F N Q?P.

This leaves us in something of a quandary.
Conjecture 4.17. Let F denote a non-abelian extension with finite degree over Q.
There should exist an improved p-adic L-function L;mp (f/F7 w, so) analytic in w,

which interpolates the critical values

oo™ Vel pos gy L(tr.../F. =)
ira(1=2s0) glL—0 L, . (2ri)FAto-D OF ~(F)

k,e

at every positive integral weight k € Uy, .

There is a liberal dose of optimism underlying this prediction.

Our main piece of evidence is that the conjecture is true in the abelian case.
However, there are a couple of situations where one can say something interesting.
If the field F is totally real, the existence should follow from properties of p-adic
families of Hilbert modular forms. Likewise if F is an imaginary quadratic extension
of a totally real field, we have the CM-theory to fall back on.

Finally, we mention that the conjecture has been proven by the author for field

extensions of the form F,, = Q(uln, ln\/Z), where [ # 2 is a prime number and

A is an [-power free integer coprime to Np. The method combines the fact that
these L-values are obtained via twisting by two-dimensional Artin representations
over Q, together with analyticity results from the automorphic theory.



CHAPTER V

Crystalline Weight Deformations

Our ultimate aim is to develop a two-variable interpolation theory for M-symbols.
Because this is a rather demanding objective, it turns out that we need to subdivide
the task into two distinct components. As is commonly the case in number theory
the first of these is a purely local problem, whilst the second is
essentially global (all arguments which are global in nature have been confined
to the next chapter). Here we work exclusively over finite extensions of the p-adic
numbers.

Let us begin by outlining in more detail, the local issues that need to be resolved.
If one reviews the constructions in Chapter III carefully, we discover the cornerstone
of our one-variable interpolation map & . to be the dual Bloch-Kato exponential.
Roughly speaking, the dual exponentials send

, . exp™
étale cohomologies ——  cotangent spaces

p-adic zeta-elements —  L-values of modular forms,

without being overly pedantic about the objects appearing in the above picture.
When transferring to the two-variable setting, there are three notions to deform:
étale cohomology, cotangent modules, and lastly the dual exponential map.

The layout of the fifth chapter is as follows. We commence by discussing how to
make proper sense of Galois cohomology, admitting coefficients inside a complete
Noetherian local ring. The obvious example is the universal deformation ring R.
For discrete modules there is no problem, however if the modules are compact then
we need to use continuous étale cohomology in the sense described by Jannsen.
Indeed the exposition closely mirrors the article [Ja].

Once the reader is happy with continuous cochains, we spend a couple of sections
deforming the above diagram along the weight-axis. This is not as easy as it sounds.
Unfortunately, the cotangent spaces behave particularly badly as vector bundles
over the weight space. This in turn causes significant problems when evaluating
the deformed exponential at arithmetic primes in R. The final solution is based
heavily upon Iovita and Stevens’ definition of an affinoid analogue of the functor
Dgr(—). We also exploit some extra facts that hold for nearly-ordinary repre-
sentations.

Finally, we shall conclude by explaining how the kernel of each deformed dual
exponential, can be identified with a family of local points on a pro-jacobian var-
iety. This generalises certain duality theorems of Bloch and Kato [BK, Sect 3]
to the setting of an ordinary deformation — the proofs themselves may be found
in [DS].

86
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5.1 Cohomologies over deformation rings

Let R denote the image of the Hecke algebra inside the endomorphisms of T.
The only property of the deformation ring that we actually exploit, is that R is a
complete local Noetherian ring, with finite residue field F, and maximal ideal mp.
We are interested in studying the cohomologies of modules of finite-type over R.

Suppose that G is a profinite group. If M is a free R-module of rank n with a
continuous G-action, then there is a homomorphism

oy i G — GL,(R) depending upon fixing an R-basis for M.

By convention, one usually writes @R(G) for the category of continuous R-adic
representations of the group G.

In particular if both modules M, N belong to Rep (&), so does Homg (M, N).
The G-action on Homg (M, N) is prescribed by the formula

¥ (m) = g(d(g 'm)) where ¢ € Homg (M, N) and m € M.

One writes HY (G, M) = H¢ ., (G7 M ) for the cohomology groups defined using
continuous cochains in [Ja].

Remark: Given a short exact sequence 0 — A — B — C — 0 of R[G]-modules,
we obtain a long exact sequence in G-cohomology

. — HYG,A) — H'(G,B) — H(G,C) % HTHG,A) — .

It is therefore important to establish sufficient conditions under which the above
groups are finitely-generated over the ring R.

There are two examples we have in mind. The first occurs if G = Gal(Fg /F)
where F is a number field, X is a finite set of places, and Fy denotes the maximal
algebraic extension of F unramified outside ¥. The second example is when the
group G = Gal (F,, / Fl,), where F, is the completion of F at some place v € X.

Both of these possibilities satisfy the following criterion.

)

Definition 5.1. The profinite group G is said to obey the ‘p-finiteness condition
if for every open subgroup H inside G, there are only finitely many continuous
homomorphisms from H to F,,.

In fact this finiteness condition can be stated in a number of equivalent ways, but
the above is perhaps the most convenient. Assume from now on that G satisfies
the p-finiteness assumption.

Lemma 5.2. (Tate) IfY is a finitely-generated R-submodule of HY G, M), then
the quotient H'(G, M)/Y contains no non-trivial mg -divisible submodules.
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Proposition 5.3. Each of the H (G, M)’s is a finitely-generated R-module.

Proof: The argument reduces easily to the p-adic case, but we include it anyway.
Assume that myp is generated over R by the minimal set of elements {ey,...,e;}.
The maximal ideal of R/(e;) is clearly equal to (eq,...,e;—1), and by induction we
can assume the result holds for G-cohomology over the quotient R/(e).

As M has finite rank over R, there is a tautological exact sequence
0 — Mle)] — M — M/Mle)] — 0

where M{e;] is the kernel of multiplication by e;. Taking G-cohomology yields the
long exact sequence

H' (G, Mle,]) — H(G,M) — H'(G,M/M[e,)) - H*Y (G, M[es)).

Clearly M|e,] is a finitely-generated R/(e;)-module. It follows from our inductive
assumption, both H*(G, M[e;]) and H'*' (G, M[e,]) are of finite-type over R/(e;).
Thus it is enough to prove that H'(G, M/M|e;]) is finitely-generated.

Put M;, = ]VI/M[ef] so there is an direct system M; — My — Mz — My —» - - -
To show H'(G,M;) is finitely-generated over the quotient ring R/(e;), by the
above argument we must show H'(G,Ms) is finitely-generated over R/(e7), etc.
Because M is a Noetherian R-module, the chain M [e;], M[e?], M[€?], ... eventually
stabilises, whence My = My41 = Myio = --- for a large enough index k£ > 0.
Replacing M by My, we may assume that M[e;] is trivial.

X et

It follows from the G-cohomology of 0 — M — M — M/e;.M — 0 that
there are injections

H'(G,M) ; . .
— — H (G, M/et.M) for all integers i > 0.
et.HZ (G, M)
However H* (G, M/et.]V[) is of finite-type over R/(e;) by our inductive assumption,
whence the quotient module H' (G, M) /e;.H' (G, M) is too.

If the set {o1,..., 0, } generates this quotient of the i*'-cohomology over R/(e;),
then we can lift to a set of representatives {v1,...,v,} for which v; = v; mod e;.
Let Y be the R-submodule generated by {v1,...,v.}. Then

H'(G,M) =Y + e. H(G,M)

and consequently H*(G, M) /Y must be mg-divisible.

Finally applying Lemma 5.2, we deduce that there is an equality H® (G, ]V[) =Y.
The latter object is generated over R by {vy,...,v,} which is a finite set, and the

result follows immediately.
O
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It is sometimes convenient to describe big cohomology groups, as projective limits
of standard cohomology. If the module M € Rep_ (G), let us write M,, = M/my M.
By [Ja, 2.1] there is an exact sequence

0 — lm' H'(G,M,) — H'(G,M) — limH'(G,M,) — 0.

Because G satisfies the p-finiteness assumption, the H i_l(G , Mn) ’s are finite groups.
Consequently the projective system {H i(G7 Mn)} will fulfill the Mittag-Leffler

n
condition, where of course M, is viewed with the discrete topology.

Corollary 5.4. There are isomorphisms Hi(G7 M) = lim,, Hi(G7 Mn) foralli > 0.

It is worthwhile mentioning a useful tool from commutative algebra, that we shall
continually employ throughout the text.

Let P be a non-zero prime ideal in Spec(R). The quotient ring R/P will also
be a complete Noetherian local ring (CNL for short), with residue characteristic p.
It M e @R(G) is an R-module of finite rank, then taking the specialisation at P
supplies us with a functor

@R(G) — @R/P(G), M — M/PM.

Moreover, it induces homomorphisms from H* (G, M) to the group H* (G, M/PM)

In this way, we are able to compare the behaviour of objects defined over the
deformation ring R, with their p-adic specialisations over discrete valuation rings.
At arithmetic points P € Spec(R) the latter cohomologies should be related to
familiar household objects, such as the Selmer groups and Tate-Shafarevich groups
attached to abelian varieties, modular forms, etc ...

Dualities: compact and discrete.
In the sequel, there are basically three sorts of dual that we shall need to consider.
The first of these is the standard dual. Let M be an R-module of finite rank d.
Then we define

M* = HomR(]M, R)

which is also an R-module of rank d. If M is compact, then so too is M*.
The Pontrjagin dual of M is the group of continuous homomorphisms

MV = Homcont (M7 QP/ZP)

where Q,/Z, is endowed with the discrete topology. In particular, the module MY
is discrete rather than compact. Furthermore, there is a canonical isomorphism
between M and its double dual MVV.
Finally, the Kummer dual of M is taken to be x.,-twisted group of continuous
homomorphisms
Ay = Homeont (M, ,upoo)

where the roots of unity pp~ are viewed as a G-module with the discrete topology.
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Question. How are these three notions of duality related, and what pairings do

they induce on the G-cohomology of the module M ¢

Let us first recall that R is Gorenstein if it is a CNL with finite injective dimension,
or equivalently its Ext-groups trivialise via

Excti (IF 'R) - 0 ifi < inj.dim(R)
X =
R F, ifi = inj.dim(R).

Lemma 5.5. If R is a Gorenstein ring, then Ay = M*(1) ®z, Qp/Zy.
Proof: By its very definition,
Ay = Homeons (M, pp) = Homg, (M, Zy(1)) @z, Qp/Zy.
However, there is an isomorphism
Homp (M7 R) ®r Homg, (’R, Zp) = Homg, (M7 Zp), TRY+— your.

Therefore the result is true provided the dual Homyg, (R, Zp) is free of rank one.
This is certainly the case whenever R is Gorenstein.
d

As we have already discussed in Chapter IV, the deformation rings that arise from
the local components of p-adic Hecke algebras tend to be complete intersections,
and the utility of the above result becomes obvious. Nevertheless, it’s not always
necessary to automatically assume R possesses the Gorenstein property.

Suppose now that N € Rep, (G), whence the product N ®z, R € RepR(G).
There is a natural map

H(G,N)eR -2 H(G,NoR)

which is an isomorphism when R is flat over Z,, and the group G satisfies the
p-finiteness hypothesis.

If N =Z,(1) and G = G denotes the Galois group of a local field K, then
class field theory produces a canonical isomorphism invg : H?(Gg, R(1)) — R.
For any M € Rep,,(G), the duality M x M~*(1) — R(1) induces a cup-product
pairing on local cohomology

HY(Gk,M) x H'(Gx,M*(1)) — R

which in general, is not perfect (the left-hand and right-hand kernels comprise the
R-torsion submodules).

Unfortunately, there is no satisfactory analogue of this pairing when G is the
absolute Galois group of a global field. The best available substitute is due to
Poitou and Tate, which is something we shall touch on in forthcoming chapters.
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Proposition 5.6. The groups H (G, Ayr) are cofinitely generated over the ring R
if either G = Gal(Fx/F), or alternatively G = Gal(F,/F,) for some place v € X.

Proof: If G = Gal (Fl, / F,,), the result follows immediately from the perfect pairing
HY(G,M) x H* (G, An) — Q,/Z, withi=0,1,2

in tandem with Proposition 5.3.
On the other hand, if G = Gal(Fx/F) then define

Ho(X) = Ker(Hi(FE/F,X) resy @Hi(F,,/FV,X)>

veD

where the coefficients X = M or Ap;. When ¢ > 3 these objects are all zero anyway.
However if i = 1 or 2, there is a perfect pairing of R-modules

H%_i(M) x HiZ(AM) — Qy/Z,

between the compact and discrete versions.

By definition H® (FE/F, AM) fits into an exact sequence, sandwiched between the
groups Hiz (AM) and @, 5, H? (FV/FI,7 AM). The former is cofinitely generated by
the above pairing, and the latter is cofinitely generated via our previous argument.

O

Remarks: (a) Let A : ho"d(Np>; Ox) @pwe I — I be a primitive homomorphism
and consider the eigenspace Too[A], which is a rank two Gg-representation over I.
One can ask identical questions about the finite generation of its G-cohomology.
Fortunately all the results we have stated over the deformation ring R work equally
well over the algebra I, with minimal adjustments.

Hint: Exploit the fact both R and I are of finite-type over the weight algebra.

(b) There is no reason to restrict solely to considering CNL’s such as those above.
For example, the one-variable Tate algebra KC((s)) whilst not actually a local ring,
is a Banach algebra complete with respect to the sup-norm. Analogous results
affirming that the G-cohomology of objects in @K«S» (G) are finitely-generated,

can then be found in the PhD thesis [Sm, Sect 2.3] of P. Smith.

(c) More generally, recall that the analytic transform M/cl\lk/w 1T — Ky, () takes

values in the affinoid K-algebra of power series convergent on the disk Ug,. To

deduce similar sorts of finite generation results for objects inside Rep)CU <<S»(G),
Prey,

it is simply a matter of reducing to part (b). This is achieved by performing a
transformation of affine space which sends kg to 0, and scales the radii suitably.
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5.2 p-Ordinary deformations of B and D

After this exposition on coefficient rings, let’s focus instead on crystalline matters.
Most of Chapter III was devoted to a parametrisation of cohomology via symbols.
For a p-stabilised ordinary newform f € Sy, (I'o(Np"),€), we defined interpolations

Ere 1 Hipy (V7)) — Homoes (diVO]P’1 (Q), Symk_2(le)>

which depended fundamentally on a choice of base vector v ¢ € Derigq, (Vy)e=arlf),
For example, changing vj . by an element of Ky scales & . by the same factor.

We now further assume that our eigenforms lie in a Hida family f € S¢*¢, which
must correspond to some primitive homomorphism X : h®*d(Np>=: Ox) ® A I—-1
In this section, we will address the following problem.

Question. Is there a universal element vy’ which specialises at algebraic points
Py of type (k,€), to the element v, . associated to each form fp, ¢

To find such an element, we are led to consider the family of Frac (I/P)-vector
spaces Dcris@p(V}P)“’:“Pm, and to study how these vary with P € Spec I.

Remember the weight algebra is homomorphic to the affinoid algebra of the disk,
via the transform AY* = Z,[1+pZ,] — Z,{(s)) associating to any u € 1+ pZ, the
power series representing s — u®.

Definition 5.7.
(i) We define ATt by the completed tensor product

cris

A‘c"iftis = m<AcriS/pmAcriS Qz/pm7 Z/me[S})
analogously BLi" = ALL[1/p] and By = BL[]

(i) If Q is a finite étale extension of A, then set

ARy = AN ®g [z, @ BLY = ALL[1/p] and B =Bl

cris cris cris cris
which all have the structure of topological (ga, Go,, Acis, Q) -modules.

In fact, we may interpret B™_ as the space of power series of the form ZZO:O ans"™

cris
with a, € Beis tending to 0 as n — oo. The Frobenius action is then described by

o0 o0 oo
¥ <Z a"s"> = Z o(an)s™ for all Z an,s™ € BYE.
n=0 n=0 n=0
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Proposition 5.8. Under Hypothesis(Diag) of §4.2, if we define

»=Up
DAu(Ts) i= Hou(Ga, Th @av Bh,)  with Ti = Homp (Too, R)

cris

then DL

cris

(T%)[A] is a rank one I[1/p]-module, on which ¢ acts through A(U,) € I*.

Purthermore, if R is Gorenstein then DX, (T )[\] will be free of I[1/p]-torsion.

The answer to the question posed before, must therefore be in the affirmative.
Given a fixed base weight kg > 2 and character €, evaluating the Mellin transform
at an integer k € Uy, yields a specialisation

(M/eﬁ_;;€>5:k : Dclris (T?;o)[/\] — Duaisq, (pr,c,F)W:Up-

Because vy, generates an I[1/p]-line inside the eigenspace DI, (T )[)], it follows

directly that vy x mod P must be equal to vi ., up to a scalar.

Notice that the dimension of De.isq, (V,) is either 2 or 1 depending on whether
Vi, is crystalline or not, whilst the rank of D L, (T%,)[)\] is always 1 no matter what.
Equivalently, the crystalline part of the representation associated to the A¥t-adic
family is generically one-dimensional. This appears to be a common phenomenon
i.e. the rank of a family of objects on the whole tends to be smaller than the
dimensions of the individual objects themselves.

Proof: Fix a primitive triple (), ko, €). We shall commence by treating the case
where the local component through which H?\}gm operates on Too[A] is Gorenstein.

In §4.2 we saw that as a Gg,-representation, (M/e_lT;;e) . 0 poo|A] has the form

<X <ch0> Ox (; ) at every integer k € Uy, k > 2
k

where Y = xc_yl&, and ¢y, is the unramified character sending Frob,, to a, (fpk )
Tensoring the contragredient representation pY [A] by the topological ring BYt
and taking its Gg,-invariants, we obtain the exact sequence

Gop g_ « t Gq,
0 = (Broad@) "5 (B Ts [)\}) B @an 1(©0))

Qp J+ (
Here ® : Gg, /I, — I* denotes the unramified character sending Frob, ! to A(U,).
Also © := ¥ 1U~! where the universal cyclotomic character ¥ has the expansion

oo 1 n .
¥ = exp(slog(< xey >)) = Z % s atall s € Z,,.
n=0

Lastly we have written J_ above to denote the dual of quotienting modulo F¥T,
and similarly J, for the dual map to the natural inclusion F*T,, — Ty
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Remark: We once more observe how the Mellin transform maps the ring I to
the space of power series with coefficients in K, convergent on the closed disk Uy, .
Performing the affine transformation s — ko + s x radius(Ug,), without loss of

generality we’ll assume that M@E;E takes values inside the affinoid algebra K((s))
of the unit disk over the valuation field K.

We make the following three assertions:

Go, . | . ~ Frob,=1
(a) (IB%‘C”rtis @ pwt I(@)) is isomorphic to (QEY (8N @z, sy I(<I>)) ;

Frob,=1
) is a free I[1/p]-module of rank one;

() (Qr(ish @z, ) @)

cris

G
(c) (IB%Wt @ Awe I(@CI)*I)) * is zero.

Taking (a),(b),(c) on trust for the moment, it follows from our exact sequence
GQ, p=Up

above that DL (T%)[A\] = ((Bf}is ®pwe T [/\]) P) must be free of rank one

in the Gorenstein situation. In the case where the local component through which

H‘]’\}'gx acts on To[A] is not Gorenstein, the whole argument works fine except

(TOO/F+TDO) [A] will no longer be I-free, which means that D X._(T% )[A\] may inherit

cris
some non-trivial I[1/p]-torsion.
The filtration on B¥:  is a little unforgiving, instead we prefer to use the A"*-adic

period rings introduced by Iovita and Stevens [IS].

Definition 5.9. If®,, is the integral structure W(E+)/Ker(9)” on Bin /t"Biz,

lim (C‘Dn/pmi)n ®z/pmz Z/me[SD 1z, Qp)

m

BiR" = @(

n

and similarly BY, = BV [t71] is the affinoid analogue of Bar.

Let us start by establishing the truth of assertion (a). Since the character ® is
unramified, (IB%‘C”rtis @ pwt I(<I>)) o is exactly the same thing as (B:r’i‘s"’t @ pwt I((ID)) cor .
When viewed as homomorphisms at the level of power series coefficients, the natural

injections Q" — B*

+ . .
ris < Bgg induce containments

(@) e 1) 77 o (B 0 1@)) 7 0 (B op 1)

Tensoring the sequence 0 — Fil'B"* — B — C,((s) — 0 by I(®) and taking
G, -invariants, we have an inclusion

Ga, Ga, /1p

(B onmd(@®) 7 (Cyllsh 02,0 1®) " = () ez, 1(@))

Go el
because (Filllﬂégf’{wt @ pwt I(<I>)) " is zero. Thus the module (IB%;‘:t R pws I(@)) o
) Gop/1p

coincides with (@;r () ®z, sy WD) , which in turn proves (a).
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Statement (b) is shown in far greater generality in the preprint [IS]. For the sake
of completeness we include a short proof, which was pointed out to us by lovita.
Assume that ®(Frob,) € Ox((s)* has the power series expansion Y o, ans™.
We need to find a series G € @gr«s)) with Taylor expansion Go = Y .0, cns"
satisfying Y o ¢,s" = ®(Frob,) >, chroPr g,

This amounts to solving the system of equations

— Frob, mnr : —
Cm = E c; aj forallm >0 where ¢,, € Qp and W}E}I(lﬁ cm = 0.
i+j=m

~ X
We can use induction. If m = 0 then we need to find a ¢y € ( ;}1> such that

co = cgr Ob"ao, and its existence follows immediately from the surjectivity of the
~ X ~ X
map (@) - (@), o o
Let’s now hypothesise we have determined scalars cg, c1, ..., ¢ € @Zr satisfying

the first m equations above, and in addition val(c;) > mingtq=; a>o0 {Val(cbad)}.
We must search for a ¢;,+1 which solves the (m + 1)%* equation

Frob Frob
Cmtl = Cpif G0 + E c, "' aj.
i+j=m+1,i#Fm+1

P

. Frob . .
Since ag = co/co one can rewrite this as

Frob,
Cm+1 Cm+1 1 Frob,,
— — = — E Ci CL]‘.

c ¢ ¢

0 0 0 i+j=m+1,i#m+1
Because the homomorphism Q)" — QpF, z — z — zFrobr i surjective, we can
certainly find such a solution ¢;,+1. Moreover, adjusting ¢,,+1/co by an element
of Qp if necessary, one may then assume that val(c¢m+1) = val(cm+1/co) equals

c c Frob, . .
val [ “=tt — (—“) . As an immediate corollary,

co co

val(cp41) = val E C?Obpaj > min {val(cia;)}.
L , i+j=m+1,5>0
i+j=m+1,>0

The fact that val(a,) > 0 for all n > 1 and lim,,_. a, = 0, together with our
inductive hypothesis, implies that lim,, .., ¢, = 0 too.
This procedure supplies us a unit G = Y"1 cns™ € Qp((s))* living inside of

o~ Frob,= Frob,=1
(QE’ () @z, ¢sy I(‘I’))

=1 ~
. For an arbitrary He € (Q;r (s) ®z, «S>>I(<I>))
~ Frob,=1
the quotient series Ho /Go belongs to (Qgr () ®z, sy I) = Q) ®z, sy,
—~ Frob,=1
which is of rank one over I[1/p]. The rank of ( DEES) @z, sy I(<I>)> must

therefore also be one, and the proof of (b) is complete.
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It remains to justify claim (c). We remark that multiplication by the element
t.Gp € B yields an isomorphism

cris

GQP

(B?r'is @pwt I(@qfl)) = (JB%ZV,.ES @pwt I((ge)*lqu))

G'Qp

IfL = @pKer(&) is the field cut out by the finite character e, clearly the right-hand

space lies inside of HQ, (G, BYi (V1)) ®aw I We claim that the larger space
HY . (Gr,BYL(¥7)) @pvwe Lis trivial.

Assume « is an element of HY, (G, BY: (¥ 1)) whence o € (FiVBYS: (¥71))
for some sufficiently small j € Z. As Fil/BYt /FiVFIBYE = C,{(s))(4), the sequence

Grr

Gp Gp

0 — (P )~ (FrEgRe)) "~ (Sl @ ()

is exact. The right-hand space is zero by a calculation of P. Smith [Sm, Prop 2.22].
Consequently a actually lay inside of (Filj“B‘gf{(\Il*l))GL'. Repeating the process
ad infinitum and shrewdly observing that ;- ; Fil'Bit = {0}, we conclude that
our original element o was 0. It follows HY, (G, BY: (¥ ~1)) must itself be trivial,
and we are done.

d

5.3 Constructing big dual exponentials

The algebraic interpolations & . were built out of Bloch-Kato exponentials maps,
or more precisely their dual versions. To attempt the same approach within an
analytically varying family, it is therefore natural to seek out an I-adic analogue of
these homomorphisms. We are very grateful to Iovita and Stevens for revealing the
following result to us, which is the key to defining the big dual exponential.

Proposition 5.10. [IS, §3.1] There exists a fundamental exzact sequence

W =1 W ,W
0 — Qs) — (BY)” — Big/BR™ — 0

cris
generalising the usual p-adic sequence of Fontaine-Messing [FM].

Actually their sequence involves the rigid deformation of the period ring Bpax
instead of Beyis, but the two proofs are absolutely identical because B#Z! = BTL

max cris
Unfortunately we cannot apply their algebraic Fourier transforms directly to
T[], because the Galois representations they consider are the contragredients of
those occuring in this book. For technical reasons, the resulting dual exponential

G
BXP* s H' (G, TN) — (TN @ B)

might very well fail to specialise to its p-adic counterparts exp*{/f; at a dense set of

algebraic points P € Spec I(Ox ).
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Remark: By a stroke of good fortune, the dual representation T% [A] is endowed
with an unramified submodule of rank one over I. As we shall shortly discover,
cup-products of EXP* with vectors in the crystalline deformation space DX, (T%.)
behave well at their arithmetic specialisations.

cris (

Let L be any finite extension of @), and for the present moment choose ¢ € Z.
Tensoring the fundamental sequence above by I(®x’, ) then taking G'z-cohomology,
we obtain an I-adic exponential (boundary) map

Gr
EXP(I)XZ’;), : (I(q)xcy) R Awt BdR/B+ Wt) N Hl (L, I(q)) ®Zp Qp(l)) .
This homomorphism is characterised by the commutativity of the diagram

EXP

i
q’ch

(1) @ave B /BL) (L, (@) @, Q1))
®1 I/Pl l ®1I/P
H' (L, Keo (67,
(o moa ) | L o moar),
(Voo e, Ban/Bi) s (L Ve, )
at algebraic points P € Spec I of type (k, ).

Here we have identified K, (¢;, ') with the unramified subspace of Vf,, via the
short exact sequence of Gg,-modules

*Pre, (o)
—

—1.i +\Cr ¢
(ICfP (¢k ch) ®1Cfp BdR/BdR>

_1\ J- mod P J4 mod P
0 — ICfP (¢k1) E) pr + i ’Cfp ((66) IX:‘:V kwk¢k> — 0
which are also finite-dimensional QQ,-vector spaces.

Convention: For each primitive homomorphism X : ho"d(Np>; Ox) @ Ap I -1,
we now make a choice of generator vy ) of the Hecke eigenspace

D& (T2 )N = ((TZO [A] @awe Bgﬁs)GQp)v_Up over I[1/p].

. G
An elementary calculation shows (I(éxéy) R pwt IB%dR/BJr wt) is zero when i < 0,
so it makes good sense to take the integer « > 1. In particular (t~*v ) mod IB%L’{M

) Gr
will generate a one-dimensional I-submodule in (I(éxéy) Awe BYE / B+ Wt) .

Once the vector vy is picked, the rest of the constructions are fairly canonical.
We denote by ‘EXPy, ;’ the compositions

G i L mod BH™Y

i . G . G
(1(@) @rm BEL) " (@) @av BYE) T (@) @ave BIR/BI)

EXP

e g (L, I(®) ®z, Qp(i))

Tk E (L T 2, @00 ).
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It follows that EXP;(I.vy,) will be an L-line inside HI(L,T;;O[A] ®z, Qp(i))
which is of finite type over I[1/p]. Consequently, there exist constants Or_ »; € Z
depending only on T, A and ¢ > 1, such that

EXPy,;(Lviy) C p"Twm(image ole(L,T;(i)[,\})).

The reason why 6r__ »; is independent of the ground field L is because the square

EXPg,, ; 1 . .
Lvia =" HY(Qp Tl 82, Qul0))
.t—% mod ]B:ﬁwc J, lresL/QP
i t +,wt GL (j7>*OEXPq’Xéy 1 * .
(1@xiy) @ave BYR/BE") — " (L, TN e, Q)

commutes, which means EXPy, ;(Lvy,») lies in the restriction of H'(Qy, T%, (i)[A])
up to a power of p.

From now on we’ll just stick ¢ = 1, and sometimes drop it from the notation.

Remark: Consider the following set-up. Suppose we are given an I-module D
which is of finite type, and a free I-module M with a continuous Gal (f/ L)—action.
We shall also assume the existence of a homomorphism 7 : D — H! (L,M*(l)).
Upon fixing an element v € D, then diagrammatically

H'(L,M*(1)) <~ D
X

*

HY(L,M) =5  Hom(D,I)

l invy oUg

I

evaluation at v
—

I

and we obtain a map 7} : H' (L,M) — I defined by () = (7 () (v).

G
For example, if we put I = (I(<I>) D pwt ngs) " M = Te [\ and 7 = EXPy
then 7@(20) =invy (x Ur EXPLJ(Q)). Moreover at each point P € Spec I(Ox )8,

m(z) mod P = invL(x Ur EXPyp ;4 (y)) mod P

/N

= invy(x mod P U EXPLyl(y) mod P)
= invp (Jc mod P U expy; (1) (t‘ly mod P))

= TrL/Qp<exp€,f; (z mod P) Uqr ¢t v mod P).

This formula hopefully provides ample motivation for the following.
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Definition 5.11. (i) Let us fiz a base weight kg, and a character € of finite order.
For all algebraic points P € Spec I(Ox )28 of type (k,€) with k € Uy,, one defines

EXP%_; mod P: H' (L, Too[A ®1 I/P) — L.Frac(I/P)
by forming the cup-product
(EXP;__ ; mod P) (z) := eXp}}f; (z) Uy (1— 5nrtp)_1~(t_1-vl,>\ mod P)

with 8ny equal to one if L/Q, is unramified, and equal to zero otherwise.

Rather than dualise our I-adic exponential directly, it is more agreeable to glue
along prime ideals P € Spec I. We are then free to modify the definition by the
Euler factor (1—¢)~" for unramified extensions L/Q,. In this way EXP; ; mod P
ends up lying inside Dgg 1,(K¢,) rather than cotang(Vf*; /L), which has extremely
unpleasant behaviour as a line bundle over the weight-space Uy, .

Lemma 5.12. Assume Op, has a power integral Zy,-basis {l7 8,32, ... ,B[L:@P]_l}.
Then at arithmetic points P above, EXP;  ; mod P sends H' (L, Too[A] ®1 I/P)
to the Zy-lattice p%me =ordrllQl Ok [3].

Proof: Extending EXP7_ ; mod P by scalars, we find its image is contained in

#LG,B Z (expi‘/f; (Hl (L, Too [N @1 I/P) [ﬁ]) Up (1— 511r(p)_1.(t_1.V17A mod P))
O‘EG;}

where Gg = Gal (K¢, (8)/K¢, ). This expression further simplifies to become

(1= Saep™A(U))
#Gp

inVL(H1 (L, T[N @1 I/P) [ U expy, (1) (t"'viy mod P))

However, we know eXPy; (1) (til.vm\ mod P) is equal to EXPz 1 (vi,x) mod P,
and the latter quantity lies in pQToc~*.(the image of H'(L, T";o(l)[)\})) modulo P.
We deduce that (EXP; ; mod P) (H1 (L, Too [N ®1 I/P)) is a subset of

Onr
#Gs
= pdortbra x=ordy (#G) iy <H1 (L, T [A)[8] Ur H' (L,T;(l)[A])) ®11/P

invy, (Hl(L,TOO N @ I/P)[8] U plre HY (L, T (1)[A @1 I/P))

which is none other than pert01sc.x—0rde(#Gs)1/ P(4].
Since #Gpg divides [L : Qp], it follows that (EXP{‘TOO,L mod P)(...) belongs to
peTooJ_ordP[L:@P]O;CfP [8]. Consequently our map modulo P is ‘almost p-integral’,

the value Or_ »— ord,[L : Qp] being independent of P.
g



100 Crystalline Weight Deformations

Under Hypothesis(Arith) of §4.2, the points P € Spec I(Ox)*# above of type (k, ¢)
densely populate Spec I(Q,), thus there is a diagonal embedding I — @, I/P.
Suppose that M is an I-module of finite type. Clearly the I-torsion submodule of
M — M[P®°], modulo P injects into the p®-torsion of the specialisation M ®11/P.

In particular, there is a natural map (M — M[POOD/I rors (M ®1 I/P) /2
-tors p-tors

induced on the quotients.

The relevant situation here is when M is taken to be the I-module H* (L, Too[A]).
By the previous discussion, one obtains a diagram

HY(L, Too [\]) i @ H' (L, Too[N @1 1/P) J2ymtors
l & EXP%_ ;mod P

pPreo xords (LG 4] . @ plreen—ord (Ll p (3]
P

Definition 5.11. (%) For a normal field extension L = Q,(8), we define
EXP; _ : H' (L, Too[N) — plren—ordlB@lLg) o LI[1/p]

by restricting @EXPy_ ; mod P in the above diagram, to the left-sided column.

Alternatively, EXPr_ 1, is the unique I-homomorphism making

EXP;
H' (L, Too[A]) ot LI[1/p)]
mod Pl J ®11/P
1 « exp}}f; « U(1—5m~<p)71.(t714v1,x mod P)
H' (L, V§) — cotang(Vg, /L) — Dar,z(K¢y)
commute, for each P € Spec I(Ox)™# as before.
(#i) Similarly, for all integers m > 1 we write
EXP} ¢
EXP;_: H' (Qum) © Zp TN ) = [ H' (D, TolN) =" 10 Q1)

B lp

for the induced maps on the semi-local cohomology.

In the p-adic context, the dual exponential map played the role of courier for the
special value of the L-function of the modular form. Morally, one might then expect
the big dual exponential map to transport arithmetic for the whole Hida family.
Indeed this turns out to be what happens, and it is worthwhile to analyse the local
properties of EXP]_ in some detail.
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5.4 Local dualities

In order to properly calculate the kernel of EXPT._, we shall take some inspiration
and guidance from what happens in the classmal case. Let p be a prime number.
Throughout this section, K will denote a finite extension of the p-adic numbers Q,,.
For an abelian variety Ak, the classical Kummer map

m m

Ouam 1 A /5" A(K) 17" (Gl (/) i 41"

explicitly sends a point P (mod p™) to the class of the one-cochain o — Q7 — Q
where Q € A(K) is any point satisfying p™@Q = P.

As we already discussed in Example 2.5, the image of this map Ogum is the
geometric part H, gl <Ga1 (K/K), Tap(A)) consisting of those cocycles which vanish

after tensoring by the ring of p-adic periods Bgr. Furthermore, the kernel of the
dual Lie group exponential

exp* : H* (Gal (K/K), Tap(A)) — cotangg (A)

is precisely the subgroup H} <Gal (K/K), Tap(A)). As Bloch and Kato showed,

these notions generalise seamlessly to de Rham representations.

Remark: Hopefully this digression gives us some idea what we should be aiming
for in a A% adic context. Presumably the kernel of EXPr_ must be related to a
group of local points, but it is not really clear where one might find such points.
We first try to find solutions to the following local problems:

Question 1. How do we associate K -rational points to big Galois representations?
Question 2. Can we describe the image of these points inside étale cohomology?
Question 3. Is the kernel of EXPy_ the image of these points under Kummer?
Question 4. What is the rank of this image over the deformation ring R?

In the case of ordinary families of modular forms, we are in a good position to resolve
all four issues positively. Intriguingly, the answers themselves strongly suggest
similar theorems hold for arrays of points on admissible subspaces.

Our strategy is to consider compatible sequences of K-rational points lying on
JacX1(Np"),>1, and then cut out their ordinary parts utilising the same Hecke
idempotents that define To,. This produces a family of points with AVt-action,
(Gal(K/K) Oc).
This subgroup constitutes the image of the Kummer map mentioned above.

which can then be mapped into the cohomology group H,

cont
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The technical tool underpinning our arguments, is a version of Tate local duality
for cohomologies taking affinoid coefficients. We shall work with representations
over power series rings, possessing numerous specialisations coming from geometry.
For example, the duality works equally well for non-ordinary families of cusp forms.
This puts us in the strange position of being able to answer the third and fourth
questions, even when we do not have an obvious set of K-rational points at hand.
In the nearly-ordinary case, we compute that the rank of the image of the Kummer
map is always half the rank of the cohomology H'(K, Ts.).

Let’s begin by working rigidly. For a closed disk Uy, C Z,, centred on an integral
weight ko, we previously wrote Ky, ((s)) for the K-points of the affinoid over Uy, .
Throughout this section, we shall routinely drop the subscript y, from the notation.
We are interested in studying a certain category of local Galois representation,
which will be explained directly below.

Recall first that the universal cyclotomic character ¥ : Gx — Z,({(s))* has the
Taylor series expansion

= log" (< Xey >
U = exp (slog(< xey >)) = Z %s” at all s € Z,,
n=0

where < > was the projection to the principal units. Let Ko = J,;»o Kn denote

n

the cyclotomic Z,-extension of K where the n'P-layer has degree [K,, : K] =
Definition 5.13. Assume W is a free Qu((s))-module equipped with a Gk -action.

Then W is said to be pseudo-geometric if it satisfies the conditions:
(i) there exists n(W) > 0 and a decomposition of Gal (K /K, w))-modules

W g, CollsDs™'] = €D T J(Wird, )@

1,JEL

with all but finitely many of the non-negative integers e; ; equal to zero;

(1) Wy, = W /(s—(k—ko))W is a de Rham representation at infinitely many distinct
weights k € Uko NN.

N.B. If the representation was global rather than local, in addition we would demand
that it be unramified outside a finite set of places, and that the characteristic
polynomials of the Frob;’s were suitably compatible.

The examples we have in mind are the two-dimensional Galois representations
arising from p-ordinary families of cusp forms. Let A : h™d(Np™>; Ox) ® A I—1
be the primitive I-algebra homomorphism corresponding to a Hida family f € S¢™.
By the structure Theorem 4.3(iii),

ko—ke k-1 ,—1
has the form <w ’ &gcy Pr * )

(Mm€>s:k ° ool Pk

GQP

at every integer k € Uy, with k > 2.
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If we write V for the Mellin transform of the Gg,-representation Too[A], there is a
decomposition of Gal (?/ KR(V))-modules

Vo) Cllshls ] = Cllshls™] @ Cyshls ™) (Bxka )

—Ker

here the integer n(V) is chosen so that K,y contains the field K., NQ, eried,
Remark: Iovita and Stevens have shown that the local Galois representations
arising from Coleman families of p-adic modular forms of positive slope < kg — 1,
are also pseudo-geometric in the above sense. Their proof is in turn based on Sen’s
ramification theory, together with some clever localisation arguments [IS, Thm 2.3].

Returning once more to the general situation, assume W is any big local Galois
representation of the form occurring in Definition 5.13. Our strategy is to mimic
the definition of the cohomology groups H} and H, which was given in [BK, §3.1].
Let us begin by associating a candidate set of K-rational points to W, and to its

Kummer dual W*(1) = Hom (W, Qp«s))(l))7 as follows.

Definition 5.14. (a) We define H;(K, W) to be the Qy(s))-saturation of the group
—®1 w
H (K, W), = Ker(H'(K,W) =% H'(K,W 8g,() BiR) )-
(b) We also define HL(K,W*(1)) to be the Q,(s))-saturation of the group

HY(K, W (1)), = Ker(H'(K,W*(1)) =2 H (K, W (1)@, () (B 7))
As we'll shortly see, when W is the nearly ordinary representation associated to f
the group Hé (K, W) above may be identified with a coherent family of K-rational
points, living on the pro-jacobian variety lim_Jac (Xl(Np’")).

Conversely, the group H} (K, W*(1)) is closely connected to the big exponential.
Our starting point is the Fundamental Exact Sequence

+,wt
mod B

0 — Qys) — (Bm )50:1 — BiE Bjﬁ“ — 0 (c.f. Proposition 5.10).

cris

Tensoring this by W*(1) and taking G k-invariants, one obtains the long exact
sequence in cohomology

_ NG G
0— W*(I)GK —_— <W* ®q,((s) (Br;tis)gpip) “ — (W* QQpi(s) Bgf{/FﬂlBgﬁ) *
o BNE W) T2 H (K W(1) @g,00) (B
In this manner H} (K, W*(1)) ends up being identified with the Qy((s))-saturation
of the image of the boundary exponential 0.



104 Crystalline Weight Deformations

It is often useful to know the ranks of H} (K, W*(1)) and H;(K, W) over Q(s)),
for various pseudo-geometric representations W. This task is readily accomplished
provided we know the Q,-ranks of enough p-adic specialisations of these objects.
Firstly, we employ the invariant map invyg : H? (K , Zp(ch)) — Zy of local class
field theory to furnish us with a pairing

HY(K.W) x B (KW (1) 5 (K, Qullshxe)) =5 Qfs).

The following affinoid analogue of the statement that H, gl is perpendicular to H},
was proved by the author and P. Smith.

Proposition 5.15. [DS, Prop 1] Under the local pairing above, the cohomology
subgroups HS (K, W) and H} (K, W*(1)) are the exact annihilators of each other.

The proof is rather lengthy, and is written up elsewhere. We shall now explain how
to apply this result in order to compute the rank of both H} and H}.

Let us start by making the observation that H? (K, W) S:k_ko’% H! (K, Wk) and

HY (K, W*(1)),_,_, = H'(K, Wi (1)) at all but finitely many bad weights k € Uy, .
Restricting only to those good weights k& € Uy, N N>y for which Wy, is de Rham,
one easily checks the injectivity of HS (K, W) __, W H, +(K,Wy). Consequently,

dimg, Hy (K, W) > rankg,s) Hg (K, W)
= rank@p«S»Hl (K, W) - ranka«s» Hé (K, w* (1))

upon exploiting the fact that H and H} are mutual annihilators.

The induced map Hg (K, W*(1)) _, , — H (K, Wj(1)) is also injective, hence
rankg, sy Hg (K, W) = dimg, H' (K, Wy) — rankg, () Hg (K, W*(1))
> dimg, H' (K, W) — dimg, H. (K, W;(1))
= dimg, H, (K, W) by [BK, Prop 3.8].

Thus every inequality sign above is really an equality, and we have shown

Corollary 5.16. At almost all weights k € Uy, N N>o for which Wy, is de Rham,

(i) rankg sy HG (K, W) = dimg, H) (K, W)  and
(i) rankg ey Hp (K, W*(1)) = dimg, H} (K, W;(1)).

This dimension result enables us to link Hé to the ordinary part of JacX;(Np"),>1.
We should point out even though we have consistently assumed the prime p > 5
the calculations in this section are equally valid at p = 3, with the proviso that the
reader still believes Theorem 4.3 holds true. We must confess that we are slightly
unsure as to the status of this result at the prime 3, but suspect it has been proved
when the tame level N = 1.
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Associating points to big Galois representations.

Let us review some classical Kummer theory on abelian varieties. For pairs of
integers m,r € N, the multiplication by p™ endomorphism on the p-divisible group
Jac X1(Np") induces a tautological exact sequence 0 — J,.[p™] — J, 2 J. — 0.
Upon taking its Galois invariants, we obtain the long exact sequence

" Or,m

0 — J(K)[p™] — J(5) "% 1, (K) 8 BN (K, 1) — H (K, J,) [p"] = 0

in cohomology, the boundary map 0, ,, injecting JT(K)/pm into H! (K, J, [pm]).
Applying the functors lim, and lim, yields a level-compatible Kummer map

1M O m * Joo @ — s lay(Jeo as a map o Npee-mmodules.
im Oy ¢ Joo(K) ® Zy H'(K, Tay,(J f Hy,, dul

5

Definition 5.17. We define Xp__ (K) to be the pre-image of the local points

r,m

€prim- <<eord~m0r,m<=]oo(K) (§) Zp>> R Awt Frac(AWt)> c H! (K, Too) or F

under the canonical homomorphism H' (K, Too) ol gt (K,T) @R F.
In particular, the condition Xp_ (K) is clearly R-saturated inside of H' (K, Too).

Bearing in mind Bloch-Kato’s result for abelian varieties in the p-adic situation,
it makes good sense to speculate how the image of the level-compatible Kummer
map is related to

HY (K, Toe) = Ker(H'(K,Toc) "2 HY (K, Toe g BYY) @ F).
The following revelation should come as no surprise.
Theorem 5.18. [DS, Thm 3] We have the exact equality Xy _ (K) = H} (K,Tw),
and the rank of this R-module equals the degree [K : Q,)].
Proof: Fix a topological generator uy of I' = 1 4 pZ,, and recall again the weight
algebra A™* = Z,[I']. For all integers r > 1, we shall use the notation A" for the
module of coinvariants Z,[I'] / (u{)’ri1 —1). In particular Too @awe AF* lies inside

Tay(J-), and corresponds to the Tate module of an ordinary p-divisible subgroup
of Jac X1 (Np") as outlined in [Hil, §9].
It is immediate from the commutative diagram

0 — HYETs), — HY(KTs) —2  H'Y(K To®rw BYE)

®Ath¥: l ®pwt Af«vf l @ pwt AI“-’; l

0 — H(K, Tay(J,)) — HY(K, Ta,(J,)) ~2 H'(K,Ta,(J,) @z, Bar)

with exact rows, that Hé (K, TOO)O @ pAwt A‘l’l’f is contained inside of Hg1 (K, Tap(JT)).



106 Crystalline Weight Deformations

Passing to the limit over r, there is an injection
HG(K,Ts), — H'(K,Ts) N (mH;(K, Tap(JT))) .

On the other hand, for our jacobian varieties we may identify the local points
lim, . Oy g (Jr(K)®Z,) with the cohomology group H} (K, Ta,(.J,)) via [BK, §3.11].
It then follows from the basic definition of Xt _ that

€prim- ((emd.liLnH;(K,Tap(Jr)O Rpwt Frac(AWt)> = X (K)®pw Frac(A™).

Since both Hé and Xy are A%'-saturated, by the previous two statements we
must have the containment

Hé (K, To) — Xrp_(K) asan embedding of R-modules.

We proceed by showing that these two modules have the same rank.

Remark: Let’s now pick a primitive triple (), ko, €). As we have already discussed,
itvV= I\rl\c/llkmE (’JI‘OO [/\]) then V is two-dimensional over the affinoid algebra K{(s)).
As alocal Gg,-module it is pseudo-geometric. Indeed for all k € Uy, we have that

Vi = (V/(s — (k- ko))V) is a de Rham K[G]-module,
and V, ®x C, = C,® C,(k—1) will be its associated Hodge-Tate decomposition.

The module V over the disk Uy, C Z, interpolates the Galois representations of the
Hida family {fp,  }, cu,. - More precisely, Vj is equivalent to the (contragredient)
: o

representation V¢ associated to each eigenform fp, , € Sk (N P, {ewk[’*k’).
k,e B
By Corollary 5.16 we know that for all positive integers k € Uy, as above,
rank HY (K, V) = dime HY (K, Vg, ).
To compute the right-hand side, observe that the dual exponential map induces an
isomorphism
* 1 * ~ 10 *
exp” s H}, (K,Vg,, ) = Fil'Dan (Vg ).

The cotangent space is generated by the dual form fz € S (Np’", (§6)flwk’*k°).
In particular, the dimension of Hg1 (K, Vf’;k ) equals [K : Q] since

(3, ) = e (35, ) a1, )
2[K:Qp] — [K:Qy) = [K:Qp).
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The I-module T[] is completely covered by these V’s, for varying base weights kg
and characters e. We therefore deduce the rank of Hé (K, 'II‘OO) is exactly [K : Qp)].

On the other hand, the R-rank of Xp_ (K) equals
dim s (epﬂm. ((eord. lim H, (K, Tap(JT))) ®r f)) with F = Frac(R).

The latter is bounded above by the K-dimension of its specialisations H; (K, Vf*;k )

at arithmetic points Py . € Spec I(Ox)™® of type (k,¢). However, we now know
these latter quantities to be none other than [K : Q,]. We have proven that

[K:Q,] = rankg HG(K,Ts) < rankg Xr_(K) < [K:Q))

which implies the statement of the theorem.
O

Remarks: (i) In later chapters, we will use these families of p-adic points Xr_ (—)
as a handy method of defining Selmer groups, within a big Galois representation.
In general, these objects tend to be ever so slightly smaller than their counterparts
constructed (by Greenberg) using the filtration F*T,, and quotient Ty, / F'T.

(ii) Given that HE (K, Ts) is identified with the local points Xt (K) under 5.18,
it is sensible to inquire whether there exists a similar result for H} (K, T5 (1)).
Unfortunately, we are at a loss where to look for an analogue “ X« (1)(K) 7 (?)
because T7% (1) is not the projective limit of Tate modules of abelian varieties.

(iii) Unsurprisingly, there are semi-local versions of all these concepts/definitions.
For example, if F is a number field then we define

X1, (F ® Zp) C Hclont (F ® Ly, TOO)

to be the largest R-submodule, which restricts inside the local condition Xr_ (ng)
at every prime P € Spec O lying above p.



CHAPTER VI

Super Zeta-Elements

The groundwork has been laid with the local theory, and it is time to think
global. At the core of the argument is a desire to make maximum use of the
arithmetic encoded in the full zeta-element Euler system. In the existing theories,
one starts off with a norm-compatible family, then churns out a p-adic L-function
as output. However this means we are actually throwing away a large amount of
information, completely ignoring the sideways relations, not to mention the level-
compatibility.

We are aiming for an existence and uniqueness result relating zeta-elements with
modular symbols. Surprisingly the existence is quite easy to establish, and does not
require any of the notions of Q-continuity, nor the control theory of Chapter IV.
Perversely, establishing uniqueness is a major headache! In this respect we need to
make precise exactly what is meant by ‘uniqueness’. For example, the two-variable
p-adic L-function was itself only well-defined up to an I-adic unit (because Ef
was). It is therefore unreasonable to expect any better for our algebraic interpola-
tions. Nevertheless, the periods present in our work are unique, up to this initial
choice.

The plan of this chapter is as follows. We begin by lifting the zeta-element
construction to the universal weight-deformed representation To,. This is a fairly
natural thing to do, but strangely the details have never been written up anywhere.
Section 6.2 contains one of the major theorems in this book, and establishes a
two-variable interpolation from étale cohomology, into the space of I-adic symbols.
Under this identification, the weight-deformed zeta-elements are essentially mapped
to the universal I-adic modular symbol of §4.3.

As a nice consequence, these results help develop a two-variable Iwasawa theory
of modular forms (we shall also mention some related work of Ochiai and Fukaya).
A key corollary is the existence of a A-adic analogue of Coleman’s exact sequence
in the cyclotomic theory, this time over deformation rings of Krull dimension three.
The specialisation of this four-term exact sequence at weight one, is conjecturally
connected with the existence of certain Stark S-units in abelian number fields.
Using Pontrjagin duality and the complete intersection properties of Hecke alge-
bras, we compute the torsion submodule contained within the kernel of these
maps.

Our recommendation to the reader brought up on a diet of MTV, is to read
only the statements of Theorems 6.2 and 6.4, and then skip straight to the start
of §6.3. The proofs of these two results are rather unenlightening and techni-
cal, they can be omitted without compromising any of the arithmetic appli-
cations.

108
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6.1 The R-adic version of Kato’s theorem

Central to our cyclotomic deformation of the space MS(Np"; Symk_Q(ICf)) was
the transformation of the Euler systems Z into the algebraic modular symbol 7y.
The method itself relied on the A®-homomorphism

gk’,e : Hllaul,p (Vf*) — Hochts (divo]P)l (Q)7 Symk_2 (K:f)) of §33

To play the same game within a p-ordinary family, we should first try to deform
Z over weight-space. Assuming that this plan all works out fine, where should one
expect such ‘super Euler systems’ to live?

Definition 6.1. (i) We write HY, (To) for the R-submodule of elements

E=(o Gapdn) € ] liLnHélt(Z[prn,l/p],Too)

MeN—pN ™

satisfying for alln >0, p{t M and primes 1

COTES (1 pm1) / (inryn) (X bprt)
I 0\
(l_TkD (101)714»[(0 Z_l) (101)72) -%Mp" ’Lfl'prN
(1= TP (lo)1) . Xpspn if Lt pM but I|N
Xrpn if 1 |pM

where (é 191> denotes the action of the matriz (é 191 ) €GLo(Zp,N) on Te.

(i1) Similarly, one denotes by

Hbap(To) € [ imH (Quaryr) © 2, T )
MeN—pN T

the image of Hy | (Too) under the semi-localisation map loc,,.

As we shall shortly discover, for every primitive A : h®*(Np™=; Ox) O pye I—-1,
fixed base weight ky > 2 and character e, there is an abundance of specialisations

mod P % mod P %
Hll*:ul (TOO [AD O—> Hll*lul (‘/fp) and H]%EuLp (TOO [AD O—> Hlliul,p (‘/fp)
at almost all arithmetic points P € Spec I(Ox )™ of type (k,¢), k € Ug,.

Let R = R @pw Frac(A™"), where R was the image of the Hecke algebra inside
of the endomorphisms Endpw: (Two).
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Theorem 6.2. There exist canonical products of global cohomology classes

— ~

3= (o, Brtp)ny---) € ME™ (ND™) @pora (wpe) Hbu (Too) @1 R

with each f-isotypic component §m ofg satisfying:
(a) EW mod Py . belongs to MSerd (Np"; Ok) @0, Hllgul (Vfik ): and

(b) E[A] mod Pye = Vie2(7") @ Zk,e
at all algebraic points Py . € Spec I(Ox )™ of type (k,€).

N.B. here Zj, . € Héul (ij;k ) denoted the N-primitive Euler systems associated to

the p-stabilised newform flﬂpkve € Sk (FO(NpT), e{w‘k), introduced in Theorem 3.8.
Moreover v = ¢ was the path for which
ke

N\2—k * — -
(2m1)“ " "pereo (fpkﬂs) = Qz;mfr + prmv ;
its dual vector v* fulfills the condition <’y,’y*> =1, under the Poincaré pairing
. 1 r k 1 r k
() (M)(©), §5) < H(i(Np)(©), 5) A, | = O

In order to obtain uniqueness for the super zeta-elements 5, it is necessary to first

——ord
tensor Hj,; by the space MS™. Otherwise one obtains a A"-adic Euler system
with ill-defined periods.

Proof: In contrast to Kato’s original ideas which lie very deep indeed, the A¥*-adic
construction is relatively easy, being a formal consequence of the p-adic situation.
Recall from Chapter III that we first considered Beilinson’s elements in the K-
theory of modular curves, and then showed how they satisfy various compatibility
relations under the norm. Using dirty tricks these elements can be mapped into
Galois cohomology, whereupon the norm relations translate into the Euler system
relations. Finally, using hard techniques from p-adic Hodge theory (explicit reci-
procity laws) these elements were shown by Kato [Ka2] to be related to values of
the L-function on the critical strip.

Our task is to show that there is a A%'-adic route whereby these cohomology
classes may be obtained. For the reader’s benefit, recall that we chose integers
¢,d, A, B € Z with ged(cd,6AB) = 1, and zeta-elements satisfying

cd?AB = { c91/40, a90.1/8} € K2(Y (A, B))

— here the Siegel units .g_ o and ggo,— were pullbacks of ¥-functions on Eypuiy.
Moreover, if ¢,d # %1 then we also have non-integral elements z4 g, related via

0\ 1 0Y
o = (o5 ) (2 ) )
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Question. How can these elements be turned into 1-cocycles whose coefficients
take values in the big Galois representation Too @R R?

The argument has four steps in total. We commence by defining a map c“n“’

o Ko (Y (Mpm+™, MNp"t™+™)), targeting the

Galois cohomology group H' (Gal(Q/Q(uarpn)), Teo) ®r R. In the second step, we
normalise our constructions via a canonically defined path vector inside UM,
Next we show that modulo height one primes, the images of the elements .gz_ _
under c““‘v are very close to being the p-adic Euler systems attached to eigenforms.
Finally, we remove the dependence on the integers ¢, d to obtain what we surmise
to be the true super zeta-elements.

from the double projective limit lim

Remark: T. Fukaya [Fu] only requires a single projective limit in her theory, but
we will need the double limit here as we are cutting out a big Galois representation.
In her situation she avoids using Galois cohomology completely, when constructing
a universal zeta-modular form.

Step 1: Passing from Ko to étale cohomology.

We begin by outlining how to construct a zeta-element in the cohomology group
HY(Q(prrpn ), Too) @r R where as usual M is coprime to p, and the integer n > 0.
Using first Proposition 2.13, if ged(ed, 6M Np) = 1 we can consider the elements

e,dZMpntm MNpntr+m  as belonging to  lim lim K (Y (Mp”er7 J\/INp”+T+”L))
T m

where both limits are taken with respect to the norm homomorphism in K-theory.
The second Chern class induces

@KQ(Y(MP7L+7'L7 Man+7-+m)) C}l_z? liLant(Y(Mpn+m, Man+T‘+m), Z/me(Q))

r,m

and then twisting via ®C§’Jl means we actually end up lying inside of the limit
lim, ., HE (Y (Mp"*™, MNp™m), Z/p™ Z(1)).

The natural projection lim Y (Mp"t™ MNp"trtm) prof Y (Mp", MNp"+T)
gives rise to an application

lim HZ, (Y (Mp™™™, MNp™™ ™), 2,/p"Z(1)) =%
UmHZ (Y (Mp", MNp"*"), Z/p"Z(1))

r,m

with the right-hand group clearly equalling lim,. HZ (Y(]\/[p"7 MNp™tT), Zp(l)).
Under this barrage of arrows, the reader should bear in mind that all the maps
being applied are, in fact, functorial and canonical (except the twist which depends
upon the choice of compatible system ((pm )m ).
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In order to enter Galois cohomology, as in §2.5 we appeal to the Hochschild-Serre
spectral sequence

By = H (Q H, (Y(— ) 0Q ..)) = HI (V=) ).
Because HJ, (Y(—,—-)®Q,...) =0 for all j > 2, the edge homomorphism yields
HZ (Y (Mp®, MNp™7), Z,(1)) 2 HY(Q, H} (Y(Mp", MNp™") @ Q, Z,(1)))
which is identified with Hl((@( pintpn ) HY (Y (Mp™, MNP™) @gpn,. ) Qs Z,,(1))) .
Remark: To paraphrase so far, the composition 9 o proj, o (®C§,’,Tl) o chy o sent

liLIl I(2 (Y(]V[p7b+7n, Man+T-+m)) N

r,m

HY(QUuagye). Y HE, (¥ (M5 MND™) G 0(11m) Qo Z(D))
as a homomorphism of abstract Hecke modules.

Let us now see how to change the space that our coefficients lie in, from the inverse
system lim H}, (Y (Mp™, MNp"") @q(up,n) Q@ Zp(1)) into the universal Galois
representation Ty, @ R.

For each a,a > 1 such that Mp™a > 2, the mapping 7 — T:“ on § induced a
unique finite, flat morphism

Vao:Y(Mp'a,N') — Yi(Np") @ Q(uarpn)

with N’ > 1 any integer such that Np"|N'; Mp"|N’ and supp(N') = supp(M Npa).
As we previously mentioned,

(Waa). (cazrpan) € K2(Yi(Np") @ Quaryn))

depends only on the class of @ mod a. To simplify the exposition enormously we
take (a,a) = (1,0) throughout, although the reader can make the general case work
by replacing M by Ma if they so wish. In terms of étale realisations,

H(Q(puatyr), im (Y (Mp", MNP™) €003y, T Zy(1))

(W1,0),
—

HY(Quasye), lim HY (i (Np') 9T, Z,(1)))

as W,  is compatible with varying r > 1.
We will now switch lattices. The Manin-Drinfeld principle gives us a unique
splitting of the inclusion

Q® HY, (X1(Np") ®Q, Zy(1)) — Q@ Hy, (Vi(Np") ® Q, Zy(1)),

the constant of integrality depending crucially on the Hecke algebra at level Np".
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However the number of cusps of X;(Np") equals 3 > o0<dnp Y(d)@(Np"/d), which
behaves like O(p”) as we increase r. Therefore upon passage to the limit over r > 1,
we can only construct a section after first tensoring over A"* by its field of fractions
(c.f. the construction of epym in [Hil,Hi2]).

Since H, (X1 (Np") ® Q, Zp(l)) is none other than Ta,, (Jac Xl(NpT)), this is
equivalent to splitting the injection

Frac(A™") @pwe lim Ta,(J,.) < Frac(A™") @pwe @Hgt (Yl(Np’“) ®Q, Zp(1)>.
Writing ey.p for the corresponding projector, we get an induced map
(@), tam B, (1 (V) 9T, 2,(1))) 22
Hl(@(uMpn), Tay(Joo) @pwt Frac(Awt)).

Lastly, using the idempotent epyim.€ € Hypoo ®@pwe Frac(A™Y) allows us to cut out
the direct summand HI(Q(;LMpn), Too @pwt Frac(AWt)) from the above.

Definition 6.3.
(i) We construct the homomorphism

eyl Ko (Y My MNp™ 7)) — 1(Qpagye), Tow 5 R)

univ

by setting ¢iY := (€prim- €. en.D)x © (P1,0), 09 0 (Tm=0)« © (®C§m_l) ochgs.

(ii) One defines the R-adic one-cocycle c,d3j\/1pn to be the image of the elements
(CﬁdZMpn#»m,yMan‘F"“‘Fm)rm under c%‘f},’, with ¢,d # 1, ged(ed,6M Np) = 1.

Step 2: The universal path vector.

The good news is that we now possess a A"t-adic zeta-element at our disposal.
The bad news is that it’s not the correct element for the statement of Theorem 6.2.
Specialisations of the cocycle 67d3J]f\4pn modulo height one primes differ from the
N-primitive elements in two distinct ways. The first is that they have this annoying
dependence on the integers ¢, d (see Step 4). The second is that their values under

the dual exponential give the wrong periods, namely Q(il) rather than ijf

Let’s address the latter problem. Our remedy is to find an object which measures
the difference between these two periods, and the natural place to look should be
the space of universal p-adic modular symbols.

. . . — ord
Lemma B.1. There exists a vector 81 npee 0 the space MS”(Np™), such that

(7‘111]]{;;)0: & (;,dSJ]rMpn) [)\] mod Pk,e = V}c,Q (’}/;;k ) ® c,dZMpm

for all primitive X : h°"4(Np>; Ox) @y I — 1, and points Py € Spec I(Ox)2e.
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Note that qzppn € H! (Q(/L]V[pn), ‘/f:;k; > are the p-integral but (¢, d)-dependent
zeta-elements, associated to the eigenform fp, .. We defer the proof of this lemma
to Appendix B as it is rather tedious.

univ

Notation: Let’s write . q3ap» for the path-normalised element él, Npo & c,d3}f\/[pn
belonging to MS°rd pora(Npoe) H* ((@(uMpn)7 ’]1‘00) ®r R.

The behaviour of ¢ g3apn,[x) modulo height one prime ideals, implies these I-adic
elements satisfy the properties required in Theorem 6.2(b).

Step 3: Establishing the vertical and sideways relations.

There remain two tasks to complete. The first is to show that the sequence

(. . (c,dsMp”)nv . ) belongs to the space of R-adic Euler systems (c.f. 6.2(a)).

The second and final task, is to remove this silly dependence on the integers ¢, d.
We assume A and P are chosen so that fp € Sy (T'o(Np" ), e€w™*) for some r’ € N.

Returning once more to Definition 2.14, for each pair of integers j, 7’ € {1,...,k—1}

there exists a p-adic realisation map

kg o)+l Ko (Y (Mp™ ™ Mp Ny} ) — H (Quary), T'(k — )

where the lattice T’ was generated by the image of H}, <Y1 (Nprl) ® Q, %,(,k)) inside
the contragredient realisation. In particular, if the couple (4,5') = (1,k — 1) then
the target of ¢ 1 x—1,0(1),p ends up inside W‘;’(k -1) = V.

Remark: The following diagram commutes

cuniv

lim lim 6 (V (Mp™ ", MNp™+m)) =8 B (Quagpe), Tow @3 R)

l projection to r’-th level l ®pord y1/P

thKZ (Y<Mpn+m’ Mp"ijNpT/)) ck')lyk—_h)ﬂ(l)m

m

H' (Quarye), V5, )
where the right-most arrow is induced by the composition P o .

The commutativity of the above square is clear from the following reasoning.
Firstly, there is a natural correspondence between f}, and the maximal ideal Mgy,
of the Hecke algebra, generated by the primitive tensors

{T}? R1—-1® ah(fp) € hg (<I>,./, €; O;C) for every h € N}.

However, the above set constitutes the image under P € Spec I(Ox)# of the
precise relations cutting out the f-isotypic component of T, namely

{QETOO ®@awt I such that (T,?@l—l@ah(f)).w = 0 for everyheN}.

univ
00,p

The functoriality of ¢ and ¢, 1 x—1,0(1),p implies the diagram is commutative.
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The vertical Euler system relations are trivial to check. Proposition 2.13 already
yielded the norm-compatibility of (C . z_,_) then taking the limit

d m,r’

ng’i;((c,dZMp"+m,MNp”+T+m)mm) belongs to  lim H* (Q(MMPN)’TOO) er R
) n n

The sideways relations are themselves proved in [Kal, Prop 8.10], and we refer the
reader to this article for further details.

To complete Step 3, it remains to show the Euler factors involved when removing
primes in the R-adic situation, coincide modulo P with their p-adic counterparts.
Recall that the sideways relations were

I 0\
(17TlD (lal)*l-l-l(o l_l) (lal)*Q) if ltpMN

(1-TP (io)™?) if 14 pM but I|N.

From the discussion in Chapter IV, at each prime [ the dual Hecke operator TlD acts
on T[] via the scalar A(7}), which is equal modulo P to the eigenvalue a;(fp).
Similarly, if the prime number [ { Np then

T ¢ 40 L
0o [t - l

operates on T [A] through the unscaled diamond action, which coincides mod P

with the p-unit ew=*(1)1*=2.
It follows that under each P = P, . € Spec I((’);g)alg , these relations become

(1 — a(fp) (o)t + eéw’k(l)lk’l(lol)’2) if 1} pMN
(1 - al(fp)(zal)*) if 1+ pM but I|N.

As a corollary, Hy,, (Too[A]) mod P injects into HE, (V¢ ) at arithmetic points P.
Therefore at all primes [, the sideways relations are compatible with specialisation.

Step 4: Jettisoning the integers c,d.

To obtain canonical elements, removing the (¢, d)-dependence may potentially cause
unwanted singularities — our task is to show these poles are purely hypothetical.
We observe from [Kal, 13.11(1)] that the . qznpn’s are related to the N-primitive
zeta-elements, via the formula

(C’dZMpn)n = (02 - 02.ac> (d2 - dkg(d).ad) H (1 — al(fpkve).(l(n)_1> . (szn)

IIN

n

where the finite character € = e€w™*. As usual o.. (resp. o4, 0;) denotes the element
of Gal(@(upoc)/(@) that maps to c (resp. d,!) under the p"-cyclotomic character.
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Therefore to obtain true R-adic Euler systems, we need to establish that
-1 -1 1\ L
(3;"M) = (02 _ c2.Uc> (d2 _ <d>.0d) H (1 — TlD-(lUl) ) . (c,d3;n1\/1)

exists as a bona fide member of the projective limit liLnnHl(Q(,uMpn), 'H'OC) RR R.

In other words (3;" M) should have no poles in the cyclotomic variable.
n

Question. Along which contours in the (s, k)-plane, could these poles possibly lie?

There are essentially three cases we’ll examine, corresponding to the factor at c,
the factor at d, and factors at the various primes [ dividing N. To visualise their
zeros in the plane, one considers general characters of the form g, = Wl < — >3
where the class g € Z / —1)Z, and the continuous variable s € Z,,.

Let A : ho'd(Np>; Ok) Oy I — I be primitive corresponding to some f € S‘I“d7
with associated character ¢ : (Z/NpZ)™ — OF. Assume that k € Z, and the
specialisation Py . : I — Ok sends ug — uée(u(]), which need not be algebraic.

Case I — The factor at c:
Pg,s X Ppc (02 — cz.ac> = (02 — cg.wﬂ(c) <c>? )

which vanishes when 3 = 0 mod p — 1, along the line s =0, k € Zp;
Case II — The factor at d:

Voo % Poc(d® = (d).oa) = (d2 - d"e(a)w’(d) <d >*)
= 2 (1 — etwP2(d) < d >3Hh2 )

which vanishes when & = w?~? and € is trivial, along the line s = 2 — k;

Case I — The factors at primes [|N:

Pick a base weight kg, and consider the transform Melly, . mapping the ring I
to the rigid analytic functions in the variable k, convergent on the closed disk Uy, .
Then

Vs X Meuko,s(l - TZD.(lol)’l) - (1 — Melly, (Ao U)w 1 2(1) < 1 >~ )

If ¥ € Uy, is a positive integer, Mellg,, 6(/\ o Ul)‘ ; is the I*P-eigenvalue of a

classical cusp form of weight k', and moreover it is new at [. The only possible
slopes at [ are therefore k&’ — 2, (k’ —1)/2 or else the coefficient is zero.

Thus Melly, (Ao U;) must equal ¢; <1 >F72 ¢y <1 >*7" or is identically zero.
It follows that the above Euler factor vanishes either along the line s = k — 3, or
along the line 2s = k — 3, or not at all.
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Remark: By Hypothesis(Diag), we have an inclusion
lim B (Quaip), T ) @r R = €D lim HY(Quary), Tocl N ) @1 £,
n prim’ve A n
and the right-hand side injects into
P P @H1<Q(MM;)”)7 TooW) ®11/Pye @z, Qp
prim’ve A alg’c Py . n

under our (Arith) condition.

The poles in (3;n M| )\]) will trace out a rigid analytic variety in the (s, k)-plane.
? n

Let V be an irreducible component. From our analysis in cases (I), (IT) and (III),
we see that V must either be

(a) one of the rational lines s =0, s =2—k, s=k —3 or 2s = k — 3; or
(b) a single point V = (s1, k1).
If (a) occurs then at integral weights k > 2, we would expect each family (z Mpn)
attached to fp, , to have poles at s = 0, s =2 -k, s = k-3 or 2s = k 77?1
respectively. However this is impossible, because by Theorem 3.8(ii)

(Z]Wp”)n c p—VM.mHélt (Z[(Mpn,l/p], T[N ®1 I/Pk,e) has no poles.

If (b) occurs, the pole V = (s1, k1) must then lie on one of the rational lines above.
If k1 were a positive integer then s; would belong to Z[1/2], and we would have

already detected the pole in the corresponding (zprpn | . Thus £y is not arithmetic.
n

Instead choose any sequence (sgl), kgl)) (s?), l{:f))7 (Sgs)’ k@), ... satisfying
(b1) k™ ez, k™ >2and ™ € Uy,
(b2) s €Z and 1< s{™ < k™ —1;
(b3) limy,— 00 (sﬁ’"), k%m)) = (s1,k1) in the p-adic topology.

_ (m)
Write (z Mpr (f P (m) ) ® CS} 51 ) for the Tate twist of the zeta-family cut out
1 € n

by the specialisation Melly, . o )\‘k - Again by Theorem 3.8(ii), we know that

=k

p¥M x (this zeta-family) is p-integral, where the error term vy = vpy <fp () ,T)
k(™ e

is defined in Appendix A.

Lemma B.2. The vy (fp,m,T) ’s are locally constant over weight-space.

Therefore there exists a neighborhood Dy, and an upper bound vy k, %, , sSuch that
UM (fp o ,T) < UM ko, k, for all k%m) € Di, NZ>2. As a consequence, all the
k™ e =

_(m)
families p¥M-ko-k1 (Z]\/Ipn (fp () ) ® C@i 1 ) are p-integral for every m > 0.
kyotee n
But these families should also explode as (sgm) , kim) ) approaches the hypothetical

pole at V = (s1, k1), which supplies our contradiction!
O
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6.2 A two-variable interpolation

In Chapter III we established a fundamental link between the space of p-adic Euler
systems, and the space of Q-continuous symbols taking coefficients in Sym*~2.
Under this identification, the Kato-Beilinson Euler system transformed into the
algebraic modular associated to an eigenform. This is a one-variable phenomenon.

Our aim now is to extend these ideas to a two-variable setting, the first variable
being cyclotomic, and the second corresponding to a p-ordinary weight-deformation.
Before immersing ourselves in the gory details, let us list all conditions/assumptions
we have made so far:

e Recall first that we fixed a rational prime p t 6N, and also a system of primitive
mM-roots of unity ¢, satisfying (Cp/)™ /™ = (,, for all m|m/.

e We then chose the field K and the integral domain I large enough so that both
Hypotheses(Diag) and (Arith) were true, which meant we could decompose T
into classical Hecke eigenspaces.

o Further, for a primitive I-algebra homomorphism X : h°™(Np™>; Ox) ® Ap I-1
corresponding to f € S, we saw that either the conditions (Rk1) or (UF)
ensured that MS°™(T)*[)\] were free of rank one.

e Finally, the construction of EXPy_ required us to pick generators vy for an
I-line in the rank one I[1/p]-module DX, (T%,)[A] - there did not seem to be a

cris

canonical choice for these, unless the homomorphism A is of CM-type.
The main technical result of this book is the following.
Theorem 6.4. There ezists a unique AV*[G o ]-homomorphism

Ene : MSE™ @pyora Hlyy (Too) @ R — Homgers (divolP’l(Q)7 E’)

such that for triples (\ ko, €), the following diagram

— or +
MSE™ @pora Hh p(To) N 2= Hom s (div'P! (@), £')

mod PJ Jvk]2(®II/P®Xk-—2)

+ +
Per; Ap ngue,"{

W‘”d ®Pox H]{;ul,p (Vf*;) N Homgcys (diVOIF’1 (Q), Sym* 2 (ICfP ))

commutes at almost all algebraic points P € Spec I(Ox )8 of type (k,¢), k € Uy,.

Furthermore, the map Eso sends the super Euler system 3 to the space MSerd( L),
and in particular

3 * =+ NN ord 0
Ex (3[>\]) = EY  for each primitive A : h®*“(Np>; Ok) @ppe I = L
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Remark: We point out in the statement of the theorem above, the compositions

M Sord (

NpOO) ®PO>\ Hll":ul,p (‘/f;)
id®Ek, e

MS (N O )[P 0 @ o, Homoes (divOIP’l (Q), Sym*—2 (/cfP))

(vez, Vil (9))eid
Homoers (div"Pl (Q), Sym*~2(Ks, ))

have been abbreviated by the much shorter version ‘&  ,’. Hopefully the meaning
is self-evident, and won’t cause subsequent confusion.

The homomorphism €, must be uniquely determined under our (Arith) criterion.
The image of £, should be considered as the cyclotomic deformation of MS°4(T),
since each of the symbols Ef generate the +-part of its f-isotypic component.
Identifying the cohomology classes Em with the I-adic modular symbol Zy, plays
exactly the same role as the identification of Z with 1y in Theorem 3.10.

In general, there appears to be no way of defining the elements 3,n s without
first tensoring by R. Unfortunately the idempotent enip.€prim only exists inside
H ypoo @pwe Frac(A™), corresponding to removal of a finite number of bad weights.
Nevertheless, if we assume that the residual representation poy = poo mod mp
is absolutely irreducible, one can bypass the fraction field of A™® altogether and
manufacture R-integral zeta-elements.

Proof: The argument consists of five separate stages. We begin by writing down a
map which is ‘very nearly £’ using our deformed dual exponential EXPr_, then
show it is a AV'[G]-homomorphism. Next we examine how this map behaves
modulo height one prime ideals of I.

In the third step, close attention is payed to specialisations of the R-adic Euler
system 5 , and we establish that its images always yield classical modular symbols.
To lift information modulo primes back up to MS°, we require an integrality
statement which is proven in the fourth stage. Finally, as EXP7_ depended on a
choice of crystalline generators vy ), we remove these dependencies to obtain £.

Step 1: The prototype link.
Our initial attempt at an interpolation closely follows the constructions in §3.3.

Let £ : Hiy,

values are given by

(Tso) — Homyg (divOIP’1 (Q),1 [%]) denote the map, whose special

. o
£L(%) (i) —(00) T > (CS"MEXP%OO (Xpnnr) )
be(Z/pn MZ)*

for sequences ¥ = (.o (Xprai)ns---) € H]{:ul’p(']l‘oo) with %7 € Q, ged(a, M) = 1.
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Since GLg acts trivially on B = I[1/p], we deduce that for all ﬁ € X

a -
¥ — = T
QS;(./{),M,C <pnM) - Soo(:{)(ﬁ)_(oc)

The Q-continuity and ((1] i)—invariance of E1 (%) can then be easily checked

from the defining formula for 1 (%)( o

Fiiar ) —(00)"

Remark: By Proposition 3.6(i), we know that the operator U, must exist on
Im(EL), and its action coincides with that of the usual Hecke operator on Te.
Moreover To, is properly contained in the ordinary locus Ta,(Jo ) = e.Ta,(Js0),
thus U, will be invertible on the image.

For all positive integers M coprime to p, it follows from 3.6(ii) there is a map
tm(el) — Dist (2, W/p)) . EL(X) = nyy g

where for each n > 0 and a € (Z/p"MZ)™,

0 B a 1 0\"
Uy "ol (X),Ma \ pn M 0 p

=U" Z (C;nMEXPfE‘OQ («%pn M)>Jb
be(Z/pn MZ)*

Pei (%) (a+ (pnM))

Let’s now restrict to an eigenspace for a primitive A : ho"4(Np>; Ox) Opge I-1
One calculates that at non-trivial characters ¢ modulo p" M, the contragredient
distribution takes the special values

/ v s = AU)TGW T Grar) Y w(0) EXPE_ (Xpyma) ™
Zy oA be(Z/pm MZ)*

The natural question to consider is whether these particular values are p-bounded,

ie. is pu®, -  a bounded measure?
ANE V)

From Definition 5.11(ii), (ifi) we know that EXPj_ (Hl((@(p wip) ® Zpy Too [,\]))

lives inside p?7ee.3~0rdp[Quarym) QY g Z[ppn ), and the constant Op__ » is dependent

only on the primitive homorphism A. Observe too that fo wdu; L&) equals
pM oo (A [x)

AUp) ™™ | Trggupymy/o | Grr Y o5 EXPE_ (X o)™
be(Z/pm MT) %

The latter term must then be contained inside of the module A(U,) "p%r=1,
since the trace map satisfies Tr@(MMpn)/@ IQ Zlppna] — pOrdp[Q(uMp")fQ] I.
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However the scalar A(U,) ™" is a unit of I, implying that p~%rec A S 1/Jdu“€f o

pM oo (A (A

is p-integral for all characters 1, i.e. that ,u;T Fo is indeed a bounded measure.
oo (KA

Consequently, the associations EEn &t (%) — /L; nes define maps

T
Hhu,(Tow) == Homoes (div'P!(Q),1(1/p])

P
Dist (Z;M, I[l/p])

and these are A®Y-homomorphisms, because the G -actions on the three spaces
are all compatible (which is why we chose the contragredient distribution instead
of the standard one).

Taking the sum over those M coprime to p, we obtain an injection

Im(EL) E @ Meas (Z;,M, I[l/p]).
MeN—pN

The right-hand side is free because each space Meas (Z;y we 11/ p]) is isomorphic

to ¢(pM) copies of the ring I[[T]][%} Therefore £ is a A¥*[Goo]-homomorphism
and its image is torsion-free.

Step 2: Specialisations at arithmetic points.
In order to reconcile our prototype interpolation with its p-adic cousins, we examine
the behaviour of £, modulo a prime ideal of I, corresponding to an integral weight.
Let P denote an algebraic point of type (k,€), and suppose the cusp p,f‘M € Xnme
One computes using Definition 5.11(i) that

iR
800(%[)\])( a )7(00) mod P

P M

Ob
= > (G EXPE_(Xpy pear) mod P)
be(Z/pn MZ)*

= Z (anM exp}}f* (%[)\],pnﬂl mod P)U (1—(5,,1»@)_1‘ (t_l.vI,A mod P)) b,
be(Z/pm MZ)* F

Recall from the previous chapter, that vy mod P lies in DcriSQp(V}P)“’:“P(fP).
The latter space was generated by the element vj . where f*Uvy = 1.

Notation: Let’s write ‘Ce,’ for the scalars satisfying vix mod P = Cg, X Ve .

Bearing in mind 2.8, we then have equalities

Cep Z (anM exp*‘}f;(f{[)\]’pnM mod P)
be(Z/pn MTZ) X

5;0(.'%[>\])( o )_(Oo)modP

M

ut (1 - <5n:op‘1<p)_1.v;c,e)gb

= Csp Z (g‘;nM expp (X[, pn . mod P)) !
be(Z/pm MTZ)
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The right-hand side is precisely
Cep X (our formula for & . (iP\] mod P) >
(557 )= (00)

evaluated at (X,Y) = (0,1) — see Theorem 3.10 for the formula defining & .

However degree zero divisors of the form (pnaM> — (00) generate div'P!(Q) over Z;

we deduce that

S;O (ip}) mod P = C¢p X Epe ( [»] mod P) Neoyt

as an equality of symbols.
After twisting the matrix action by Xj_s, we can use the inverse isomorphism
to Lemma 3.13 to recover a Sym*~2-valued symbol. In other words

V;:_lg ((8;0 (i[)\]) mod P) & Xk72> = Crp X Eppe (i[)\] mod P) . ()

Question. How can we relate these scalars Ce, to the structure of the universal
I-adic modular symbol =) at a prime ideal P?

To find the answer, we’ll look for a more geometric interpretation of our map &1 .
Fortunately, most of the calculation can be undertaken at weight two.

Step 3: The Buler system under EX.
For every integer r > 1, we will set I', = (1 + pZ,)? "' and also w, = uOT?l -1
The T',-coinvariants (Too)p = TOC/UJTT may be considered as lying in Ta,(J,)
where J,. = Jac X;(Np"). The jacobian variety Jac X;(Np") can be decomposed
into quotient abelian varieties Ay, corresponding to normalised cuspidal eigenforms
f of weight 2 and level dividing Np".

If f is not p-ordinary then the image of (Too)p under the quotient map to
Vf* = Ta,(Ar) ® Q must be zero, because the Hecke eigenvalue at p is not a unit.
If f is not N-primitive, again the image of (T ) in V; must be zero as Te is cut
out using the idempotent eprim.

That leaves only eigenforms f which are both p-ordinary and N-primitive, in
particular f € Sg*d (I’l(Np’"l)) for some r’ < r. Such an eigenform is automatically
p-stabilised, so must lie in a Hida family f € Sfrd corresponding to a primitive
homomorphism X : h®4(Np>=; Ox) ® apr I — I'by duality. If € is the character of f
restricted to the group 14pZ,, there exists an algebraic point P, . € Spec I((’);cf)alg
of type (2,€) such that fp, = f.

Tts specialisation to the f-isotypic component of T, factorises through

Tl "5 (Told]) | = Tap(Jp)A mod w,] — Tay(4y) = Vg, .

-
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Let O, denote the finite integral extension of Z,, containing Oy, for the p- ordmary
eigenform f above, and also the values of the finite order character ¢ modulo T',
Taking T',-coinvariants of our map £J gives rise to the commutative diagram

et

H (o) [ —  Hom (‘“VO’I BD

mod w, l J ®Awt AR

(e)
mod Wy 1 ].
Hip(Too)r, [A mod wr]g = 200 Hom (dlv Ir, { D — @ Hom (diVO,IFT {ED
’ p

e:Fl/F,‘ﬁ@:

J l@zp (G ) © PTOj(4

w2
Cfpz XSQ €

Hisulp (Tap(AfP2,€)®Q> —— Hom <d1v Ky, ) < Hom(divo,o,,6 [1/p])

the transition from top to bottom row being induced by the prime ideal P, .

Remark: Let us not forget that the R-adic Euler system only becomes canonically
defined when viewed as an element of MS™ (Np) Opord(Np) Hy (Tos) Or R
In the obvious way, our map Ego induces

id@El
—

M @pora Hiy (Too) [ MS™ @pora , Homgers (divO]P’l(Q), c’)

and we shall henceforth write £l for the above I[G ]-homomorphism.
Even though 5 may not be R-integral, at least for some non-zero element p € AW

. . g ———sord
satisfying p.em.p.€prim € Hpypeo, we can say that p3 € MS® ®pord HIEHLP(TOO).
After a brisk chase around our diagram, one determines that

projjq (5&(@5[)\]) mod wr)s CfPQ’F xid® & (pgm mod PQ’E)

—2
CfP2.e X (p mod nge) x id ® 8276 (’}/* ® ig,e)
the last equality following from 6.2(b). Furthermore, our one-variable interpolation
in Theorem 3.10(ii) tells us that & . 5 (’y* RZac) = Nep, -
It follows that <’y, Projjq ()> above must be contained inside the fp, -isotype
e.Homr, (npr (divO]P’1 (Q), Ksy, ) [Afp, ] because nfipz generates its -eigenspaces.
Hida’s control theory allows the identification ’

e.Homp, (npr (divOIF’l(Q),O;C) =~ MsS™ (pr;OK)FT

As a corollary, projig (5011 (pg[,\]) mod wr) , lies in MS™ (Np>=;0,..) " @ Q,
after pairing it first with ~. ’
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Step 4: Duality and Integrality.

Let us do better and make a precise statement about the integrality of Tm(&fl).
For any non-torsion elements §* of the Ojc-module UM (O ) [N], we shall write
51175 for the composition

o g0, £
MS™ @pora Hhy, (Too) [ (gr447;21) Homgcts(diVOPI(Q),1[1/p]).

By Definition 5.11(ii), the big dual exponential EXP: 1 becomes p-integral after
multiplication by the number pordr[L:Qpl=010c.x Tt follows directly from the various
formulae defining &1, €1 | and 5;17 s that the image of Ei, 5 (for the A-eigenspace)

is contained inside p?7o-* Homg.s (div'P!(Q), I).
Taking the sum over characters € mod I',., we deduce

>4 ——&or L
5011@ (p?)m) mod w, liesin pfree, @ MS d(Np‘X’;OM) [Pa,c 0 A].
e:Fl/FTﬁ@;
**)
Key Claim: The I-valued symbol p~07e 2 1 (pgm) belongs to the A-eigenspace
of the module MS°™4(T).

To justify this assertion, we need to piece information mod w, together as r varies.
We will then show that 5&(@3[,\])i lie along the £’-line spanned by the universal
I-adic modular symbol, which was introduced in §4.3.
——oord . . . . .
The O, ~module MS”* (Np>; OTYE)FT is reflexive (in fact it’s free of finite rank),
so dualising twice

T,

W‘“d (Np"o;Om) - Homp, . <H0m@m (m‘”d(

Np¥;010),00c) O>

"

Homo,, (UM™(0,.17), .0,.)

N.B. the Banach space UM(O,. ) is always viewed with the dual Hecke action.
Let us now observe the inclusion Ox C O, . gives rise to a natural restriction

Ore
Res,

Homo, (UM (0,)P); ,Orc) % Homo, (UM (OK)P),, ,0r.).
Exploiting the fact that UM (O) is of finite type over AF' = Ox[[T4]],
Homo, (UM (O)P), , O..)
= Homoyr, /r,] ((Z/IMord(OK)D)rT’ OT’E[Fl/FTDD

O
Homwe (UMord(O}c)D, Or,e[rl/rr})

where the superscript 5 indicates the I';-action has been inverted.
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Via (**) one views each e-component of Si 5 (pg[,\]> mod w,, as an element of

]
pQTDC~*.HOmA%t(UMord(OK)D, OTAFI/FT]) [A mod w,]

whose integrality is bounded independent of r.
By its very definition, we know Sfo 5 (pg[,\]> mod w, is a Ir, [%] -valued symbol,
from which we conclude

= [m]
SZL@ (KJBP\]) mod w, € pg’“x’v*.HomA¥¢<Z/lM°rd((9;g)D,In,) [A mod w,].

Finally, UM°"4(Ox)? must clearly coincide with UM (Ox )" as a AFt-module.
Passing to the projective limit over r > 1, we have verified that El s sends the

scalar multiple pgm to the rank two I-module

|
PP Hompp (UM(0)T, T) ] = pPe . MSTD)]
as our Key Claim asserted.

Step 5: Renormalisation.

Let us review what we have just learnt, to calculate the C¢,’s at algebraic points.
In contrast to the previous step, we now insist that 7, §~ are ‘chosen maximally’
in the following sense. Under Hypothesis (Rk1) the components UM (O )F[A]
are free of rank one over the ring I, and we simply choose % to generate them.
However if (UF) holds there might be some torsion, in which case we pick §* so the
I-torsion modules UM (Ox)F[A] / L.6* are as small as possible (which amounts

to discarding yet more bad weights in the final theorem).
We observe under our (Rkl) condition, at all P € Spec I(Ox)# of type (k, )
we have equalities

(M5 (Np=;0x) Ap], 0% mod P)

———=ord

= O = (ME(Npisym T (00) " ) g ).

If (UF) holds true instead, then we replace all with the words all but finitely many.

. . .. ——=ord .
In any case, there exist units u% € O such that pairing an element of MS™ with
~# differs (in ratio) from pairing it with §* mod P, by the fixed p-adic number uIiD.
This follows because both paths generate the same principal Ox-ideal.

Remark: We have some freedom in choosing 6%, and may adjust them by an
I-unit. Without loss of generality, assume these elements are picked so the equality

<’Vi? v;iz (X)> = <§i mod P, X> for every x € mord (Npoo; O;C)i Ap]

holds at all (resp. all but finitely many) arithmetic points P.
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We now piece these disparate strands together, to deduce the interpolation theorem.
Firstly, the above remark is equivalent to the commutativity of the square

(s%.-)

MS™ @pora Homgcts<div0P1(Q),£’) AN Homgcts(divoﬂj’l(@),ﬁ’)

Ldeavklz(@u/}?@xk_z) Jvk12(®II/P®Xk_2)

£ _
MS rd[)\p] ®o, Homgets (divo7 Symk_2> <L>> Homgets (divo, symk—Q)

at all (resp. all but finitely many) arithmetic points P = P; . € Spec I(Ox)%e.

Secondly, our period relation (*) may be reinterpreted as saying the diagram

it ——=0r
Bpora Bl (To)A] = ™ @pora Homgcts(divOPl(Q),£'>

ord

MS

mod PJ li(i@Vk12(®II/P®Xk2>

Cep X (1d®Ey, )
—_—

mord ®@pPox Hﬁul,p (‘4;) ord(

MS™ (Np™; Ok) [Ap]
®o, Homgets (diVO]P>1 (Q), Symk_z)
always commutes. Splicing these two commutative squares together, we conclude
1 # N + N +
Vil ((50075 (¥n) mod P) e XH) = Cty X Enery (¥pyy mod P)
()
for all components f;im living in the f-isotypic part H]{:uhp (Too) [A]-
Remark: In Steps 3 and 4, for any p € A¥" satisfying pg € HllEul,p(TOO) we have
just shown Slé (pgm> belongs to the module MS™(I)[A], up to a power of p.

Thus tensoring over the fraction field of the weight algebra, induces an injection
Elst £'3m = MS™UL).
Under either of (Rk1) or (UF), there must then exist non-zero elements £{, ¢, € £’
N
such that 511,5 (3[,\]) = Ef X Ef

NS
Courtesy of Equation(***), we know that V;EQ (((‘,‘ro’é (3[)\]) mod P) ® Xk,g)

. +
equals the symbol Ce, X Ec v (3[” mod P) , so provided we can compute both

quantities we will be done.
Focussing on the former term,

Vil ((EIL,Q <§[>\])i mod P) @ Xk—2)

v,;lz((ef x Zf mod P) @ Xk_2>

(Potg) xPerfs, x nf,

by the properties of the universal I-adic modular symbol at P.
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For the latter term, in tandem Theorems 6.2(b) and 3.10(ii) imply

Cep X Ehyey (Em mod P)jE Cep % <’yi, Vil ®Eke (Em mod P) >

Cfp X <7i7 7* ®gk,s(zk,e)> = CfP X nfz‘i

Combining these two equations together, and observing that the modular symbols
17;'; are both non-zero, we have an equality between I-adic periods

_ +
Cep = (Po(f) X Perlip where Ej,f; satisfied Efo_é (3[A]) — gf % Ef\t

Fundamentally, we view this calculation as stating that the ambiguity inherent in
the de Rham periods Cg, is exactly counterbalanced by the ambiguities present in
the Ef’s modulo P. These ambiguities are then related via €I, to the structure of
the Betti cohomologies

+
Homw (e.@Hl (Xl(NpT)yFl(Npr)\]Pl; OK), I) [)\]

This is the crux of the preceding 60 pages’ or so work: the arithmetic specialisations
of DY, (T%,)[\ are described — using our two-variable symbol interpolations — in

terms of the behaviour of M&°™(I)[A].

Definition 6.5. We now renormalise our prototype symbol maps Elo, 5;1, g(fro s

defining Exo : Hpyy (Too)[A] — Homges (divOIP’l(Q),L’) via the formula

f (i) = () e (8

This modified map has the beautiful property, that

V,;lz ((EDO (?:C[,\])i mod P) ® Xk,z) = (P oﬁf)_i Cep X Ekyey (fﬁp\] mod P)i
= Perlﬂi\P X Ekyery (.’;E'[A] mod P)i as required.

It is also independent of the initial choice of crystalline period vi y.

The proof of our main result is finished.

O

Remark: It is interesting to ask how much of this theorem works if neither of the
hypotheses (Rk1) or (UF) actually hold. In this unhappy situation, the torsion
submodule of the space of I-adic modular symbols might well be non-trivial, thus
there are no longer distinguished generators Ef

Nevertheless, the prototype homomorphism Elc clearly exists unconditionally.

When evaluated at 3_)‘[,\], what two-variable p-adic L-function does &, interpolate?
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6.3 Applications to Iwasawa theory

The most technical and difficult parts of the construction have been accomplished
in the previous two sections. We are almost ready to apply them in the real world.
What is essentially a statement about the deformation theory of modular symbols,
has striking consequences in the Iwasawa theory of these big Galois representations.
However we cannot quite use the result in its present form, as it is written in a
language alien to Selmer groups, Tate-Shafarevich groups, and so on.

Let us start by reinterpreting the preceding section in the more familiar context
of power series rings. Fix an integer M coprime to p > 5, and define F = Q(pupy).
We write Goo,r for the topological group Gal(F(up~)/Q), which is isomorphic to
Z;’ a Via the cyclotomic character.

Corollary 6.6. There erists a unique A" [[GWFH -homomorphism
PRoop : MS™ @ppora lim H* (F(W) ® Zp, Too [)\]) — I[[Goorp]] @1 L

for each triple (A, ko, €), satisfying the interpolation rule

JIMIp™ (1=~ (p)p? /AP (T,))
)\P(Up)n

X Perff)\P Z Y(o) <’yé, exp; (:{[)\]an ® Cf’,fj mod P) >
UGGal(F(uPn)/Q)

Uxly o P(PRocr (Xpypn),,) = G~ Grar)

at almost all points (P, szgy) € Spec I(Ox )& x G} w, with sign £ = P(=1)(=1)7.

Here P is algebraic of type (k,€) and k € Uy,, the character i is viewed mod p™M ,
and the integer j € {0,..., k —2}.

Proof: This follows almost immediately from previous arguments, so we sketch it.

First lift (%[5, ), to an element 3;:’[)\] e M3 @pora Hiyy (’]I‘Oc [/\]), then map it

via the interpolation £, to the space Homgets (divPPH(Q), £').

Applying Proposition 3.6(ii), we form the measure u;m( :%m)e Meas (Z; o L )
which corresponds to a two-variable power series in the algebra I[[Z;_’ M]] ®1 L.
Then Theorem 6.4 tells us how £ (%[)\]) and thus ,u;w( :%m) behave modulo P,
which explains the reappearance of those ubiquitous I-adic periods.

Finally, the special value formulae are easily checked from Theorem 3.10.

O

Remark: It is fairly cumbersome to keep writing ‘W“d ®pora — behind every
single cohomology group, and we shall sometimes neglect to mention it hereon in.
However the reader should be aware that the R-adic Euler system is not canonically
defined, unless one first tensors Hﬁul by this universal space.
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Question. What does the super Euler system 5 e MS v Qpora Hi ('JI‘OO) AR R

transform into under each homomorphism PRoo v ?

Let (B[A],pn)n denote the piece of 3 lying in lim H* (F(/,Lpn) ® Zp, Too [A]) ®1 L.
One calculates that 1,/1ng o P(PROO,F (3[/\]71,")”) equals

JIMIp™ (1 =4~ (p)p’ [ap(tp))
Gp fP)n

0(1/717 Cp"’J\I)L(fP7 ¢'7 j+1)
(2mi)s QDY

X Perf&;l)(fnj X

at critical points (P,4x%,) € Spec I(Ox)™& x G g as above.
The knowledgeable reader will recognise these L-values as precisely those of
the two-variable analytic p-adic L-function LS%(f) € I[[Go r|| introduced in §4.4.

Because the special characters zﬁxgy are dense in GJ g, and under (Arith) the

algebraic points P densely populate Spec I(Q,), we have shown the following:
Corollary 6.7. PRacr(3p,0) = LS3(0).

At this point it is appropriate to mention two closely related works, that have
been formulated in the case of a p-ordinary deformation. The second, in particular,
suggests the existence of a A-adic version of classical Eichler-Shimura theory.

The algebraic p-adic L-function of T. Ochiai.
The above corollary identifies the deformed Euler system with the p-adic L-function.
A similar type of result was obtained in the case F = Q in [Ocl, Thms 3.13, 3.17].

Ochiai has a two-variable parametrisation of lim  H* (Qp(,upn), Too) which sends

Kato’s zeta-elements, to an algebraic p-adic L-function Lg_fféic living in R[Gwo,0]-

It is stated in Remark 3.18 of his paper, that it’s unknown at present how to relate
the A-part of Lg;‘ghc with the analytic function of Greenberg-Stevens and Kitagawa.
Perhaps the reason is that the periods occurring in his algebraic constructions are
all error terms on the de Rham side, whilst the periods of LS% (f) are error terms on
the Betti side. By contrast, our theory actually links the structure of MS°(I)*
with the structure of DX, (TZ ). In fact one may define canonical elements in the

crystalline deformation space, as follows.

Let’s recall for each primitive homomorphism A : h°"(Np>; Ox) Opye I—1,
1

cris

we made a choice of generator v € Dy (Th )[A]. This choice in turn normalised

the dual exponentials EXP_ in Definition 5.11, and thence the prototype SIL 5
Furthermore, Ej\', 0, € L’ denoted precisely those elements satisfying the identity

. +
801175 (3[)\]) = Zf X Ef of I-adic modular symbols.
Changing vi,» by a scalar in £/, has the effect of multiplying EXPr_, 5127 s and

thus Zf by the same scalar amount. However, it changes the quantities (ff)71 by
the reciprocal amount.
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Definition 6.8. We define ‘universal crystalline zeta-periods’, lying inside of the
one-dimensional space DX._(T* )[\] ®1 L', by setting

cris

1
ta . st
vief = —— X Vi) and vi“’_d

X VI -
T ;
I

EA
zeta,

In particular, the vi°}* are canonical elements which depend only on the original
choice of universal modular symbol E5 = = + Z in MS4(I)[\], nothing else.

Of course the space DX (T%)[A] ®1 £ itself cannot be decomposed into £-parts,
this is simply a notational device.
One might envisage these periods vietia as playing the same role in a Hida family,

that the Néron differential
wg € Fil’HiR(E)®0Q, = Fil’Dgr(h'(E))

associated to a modular elliptic curve E over Q, plays within p-adic Hodge theory.
It is exactly the selection of these universal zeta-periods, which yielded the correct
symbol maps

+

———sord

£ ME™ @pora Hby, (Too) [N @ R — Homgcts<div0]P’1(Q),£’)

and consequently, the correct interpolation PR ¥ : (S[A]ypn)n — Lﬁ%(f).

Remark: There is yet another interesting arithmetic application of these elements.

For abelian extensions F/Q, both ¢~1.v4** and t~'.v4®** generate lattices inside

HO(F @2, T3 (1) @xv BYR/BER™).

These I-adic lattices induce Tamagawa measures, on the geometric part Hé of
the semi-local cohomology. Such measures occur in nature when calculating FEuler
characteristics of Tate-Shafarevich groups (as is explained in upcoming chapters).

The universal zeta-modular form of T. Fukaya.
Fukaya [Fu] has a beautiful theory, converting Beilinson elements into two-variable

p-adic L-functions. In her work she considers the K-groups K> (Y(N pm,pm))
and converts the corresponding zeta-elements directly, into something called the

‘universal zeta-modular form’. Calculating the special values of this object z}{,’}j‘o’c,

she obtains what is essentially Lg%(f) up to some stray Euler factors.

More precisely, her Coleman map is a homomorphism

Cn : %11(2 (Y(Npm,pm)> — Frac(OH [[1 +pZ,,,Gooﬂ>

where H = (@m Z/p™Z]q] [q*1]> [p~1] is a discrete valuation field of g-expansions.

The image of the . 4znpm pm’s is a convolution of two A%*-adic Eisenstein series.
Again the dependence on the integers c, d is purely an artefact of K-theory, it can
be removed once inside the space Og[1 + pZ,, Goo].
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Remark: When dealing with arithmetic objects such as Tate-Shafarevich groups,
it is nice to have an interpolation factoring through étale cohomology (as £, does).
Probably the map Cy itself possesses a full description in terms of Bloch-Kato
exponentials, though the building blocks of her Ks-homomorphism are themselves
logarithmic differentials. How then can we compare these two maps £, and Cy7

We first observe that the zeta-elements constructed in §6.1 started life inside
of the double projective limit lim lim = K> (Y (Mprtm, MNp"+T+m)) , and clearly

encode identical arithmetic to Fukaya’s zeta-elements in lim Ko (Y (N ", pm)).
One strongly suspects that the diagram

€

Galois cohomology of T, e O-continuous I-adic symbols
= [ e
Ks-theory of Y (—, —) two-variable power series rings

Cn J( T special values

Frac ((’)H[[l + pZy, Goo”)

idempotents (ordinary q—expansions) [[Gool]

commutes, in a suitable sense. Certainly it is true there are equalities
1o Es (c“njv(z,,,)[A]) = Lg%(f) = the A-part of Cn(z_ )

so why not for non zeta-elements as well?
Let us speculate a little further. For any weight k > 2, Eichler-Shimura theory
provides isomorphisms

(sk @ S g Eisk) (Iy(Np")) = H (Y1 (Np), sym’c*Q(C))

of finite-dimensional C-vector spaces, with action of the Hecke algebra at level Np".
Poincaré duality identifies the right-hand side with H} (Y1 (Np"), Sym*—2 ((C)) and
at weight two, one knows that H!(Y;(Np"),C)" = Homr, y, (div’P'(Q),C)".
Therefore classical g-expansions of tame level N, are eventually included in

(82 @ 83" @ Eis, ) (N (Np)) > Home (Homr, (v (div’P'(Q), C), €)

if we allow r to increase through the positive integers.

Question. Is there a deformation-theoretic version of these isomorphisms, which
identifies the q-expansions Ol + pZ,, Goo] with the A™ [[GOC]] -dual

of Homgeys (divOIP’1 (Q), I), at least on their ordinary components?

If the answer is affirmative, under this identification we would expect to be able to
relate the universal zeta-modular form with the universal I-adic modular symbol.
Without such a map, we are at a loss how to link Fukaya’s work with Theorem 6.4.
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6.4 The Coleman exact sequence

In his famous paper [Co] on division values of Lubin-Tate groups, Coleman showed
there was an exact sequence of A°-modules, operating as a machine for converting

the input ( g :) of cyclotomic units into the p-adic Riemann zeta-function.
m>1

Casting our mind back to §3.2, we should also mention Coates and Wiles [CW]
used this same sequence to relate elliptic units with the p-adic Hecke L-function,
associated to an elliptic curve with complex multiplication [Kz,Ya].

This machine was then generalised extensively by Perrin-Riou [PR2] and others
to convert any (hypothetical) Euler system attached to a pure motive over Q into
a p-adic L-function — see Chapter II for more details, particularly Theorem 2.7.
In order to construct two-variable versions of these exact sequences within the
cohomology of T, we simply have to answer the following:

Question. What is the kernel and image of PR v for each A-eigenspace?

As before, we have written F for the cyclotomic field Q(ups) with M coprime to p.
Let Sg denote the set of finite primes in Spec Z[uy], and Sg,, denotes the subset
consisting of those primes lying over p.

From Definition 5.11(iii), the big dual exponential map factorises through local
Galois cohomology groups. It follows that PR ¢ also factorises via

LmHl (F(Nm) & vaToop‘D — H Hllw (F’ﬁ7TOC[>‘]>HPE;FmIHGoo,FH X1 L
" PESFp

and we may then compute its kernel semi-locally, at each point of Spec Z[uas].

Notice we have neglected to write W‘”d ® — above, and will continue in this vein.

Pick a prime P € Sg,, and let us denote by L the completed local field Fyz.
By Corollary 6.6, we know that the A-part of PR ; modulo Py . coincides with
PRy (up to a scalar). Furthermore, since Ker(PRy,,1) contains

Q @z, lim Hj (L), TocA €11/ Py

it follows that the mapping PR, must kill off the p-ordinary, N-primitive part

of lim, . Hg:;l (L(ppn), Tap(Jr)).

Remark: Thanks to the cohomological description of the Kummer map in [BK, §3
one may then identify H} (L(upn ), Tap(Jr)) with the p-adic points .J,. (L ([,Lpn))® Zy.

Whenever the exponent m > ord, (#JT (L(ppn)) tors), the natural map

B

To(L(pp ) 0™ — Je(L(ppr)) /2™

becomes injective. As an immediate consequence, L (L(Mpn))(gg Z,, properly

contains lim, . J, (L(ppn))[p™] = Tap(Joo)GL<“p><> as a sub-Iwasawa module.
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Definition 6.9. (i) For each L = Fy, we define the R[[Gal(L(pp~)/Qp)]] -module
Hium,L(TOO) by saturating

ord
€prim (m J; (prn))@AwrFrac(AW“)) n (m JT<L</~LP”>)®ZP)

s

inside of lim,, H' (L(pupn ), Too); in particular, Hi,,  (Teo) must contain TS )
by the above discussion.

(i) Similarly, we define Hy,, g (Too) to be the mazimal R[Gw w]-submodule of
lim H* (F(,upn) ® Zp,'ﬂ‘oo> with the property that at each finite prime P € Sy p,
its restriction to HL, (Fq;;, Too) lies in Hll(um’Fm (Teo)-

Let’s try and understand what is happening in this definition, at each finite layer.
As already mentioned in §5.4, the author and P. Smith studied Xr_, (F(upn) ® Zp)

which was defined as the R-saturation of the semi-local points

ord
€prim (m Ty (F(pipn) ® L) @ pwe Frac(AWt)) N <11Ln I (F(ppn) ® Z,)® Zp) .
Under the Kummer map to cohomology, Xt__(—) coincided exactly with
Ker (Hl (F(upn) ® Zp,qroo) <l (F(upn) ® Zp, Too @pu ng) ®r J—').

Thus passing to the limit over the whole cyclotomic tower, there is an isomorphism

between Hllmm’F ('H‘oo) and the R[G r]-saturation of lim XTOO(F(ppn) ® Z,,).
Let us again remind the reader that 'Y was the Galois group of the cyclotomic

Zy-extension of Q, and is isomorphic to Gal(F(up~)/F (1)) topologically.

Lemma 6.10. Provided that R is a Gorenstein ring, then
Torsg res] (1@ H' (F(ppm) ® ZP,TOO)> =~ HO(F(upe) ® Zp, Too)

which is also the R[TY]-torsion submodule of Hy,, p(Teo).

In order not to interrupt our calculation of the kernel/cokernel of the map PR r,
we postpone the proof of this result to the final section.

From now on we shall assume that the ring R is Gorenstein; we claim that the
induced homorphism

lim, H' (F(ppn) ® Zp, Tos[A]) PR

Hllﬂun,F (Too)p\] - IHGOO,FH &1 L

is an inclusion. By our lemma lim, H' (F(ppn) © Zp, Too[A]) and Hy,,, g (Too)[A]
share the same torsion submodule and, as the latter is saturated in the former,
their quotient must be I[G o r]-free.
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Remark: To establish injectivity, we simply need to calculate
(a) rankagres (im0 (F i) © 2, TooN))
(b) rankygpes] (Hkum F (Too) (A )

(c) rankyfrey] (Im (PRec,F )

then hope and pray that (a) = (b)+(c).

To compute the ranks predicted in (a) and (b), it’s sensible to work semi-locally.
We write L = Fq as the prime 98 ranges over points of Spec Z[up] above p.
Assuming for simplicity that I is regular (so its height one primes are all principal)
at any point P € Spec I, the sequence

liLnnHl(L(ILLP")vTOO[)‘D . mHl(L(Np")»Toop\] ®II/P)

P.lim, H' (L(ptpn ), Too[N) n
— mH2 (L(Mp")y Toop‘]) [P]

will certainly be exact.

Our strategy is to relate the I[I'Y]-rank with the generic rank after specialisation.
However, we must be careful to ditch primes that cause the rank to jump around.
We define Ypaqx C Spec I[IY] to be the set of associated primes ideals of the

Iwasawa modules Torsgjpey (mn HI(L(ppn ), Too [)\])) for j =0,1,2.
Let Joy denote the augmentation ideal of I[T'*Y].

Warning: For each P € ¥y,,4,), its reduction P modulo Jey has divisor

divi (I/P) = ordp(P).(P inside the free group on Spec I\{ 7.y }.
y
PeSpecl

In our rank calculations, we must avoid at all costs height one primes P occurring
in the above divisors, i.e. one should never stray outside the set

Yeood,x = Spec I((’);C)alg\ U {P € SpecI such that ordp(f’) > 0} .
PEXpaa,a

Because #Xpad,» is clearly finite, there exist infinitely many primes P € Spec 1318
for which we can estimate I[I'*¥]-ranks, just by specialising modulo P.

Making a judicious choice of arithmetic prime P € igood’ A, We calculate

vankyry (lim H (L (i), Too X)) ) = rankspyey (lim B (L(pe), T[N €1 1/P))

= [L(np) : Q] x ranky p (Teo[A] @11/ P)
2 [L(pp) = Qpl-
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Furthermore, taking the sum over Sy, yields the equality

ranky[py (@1 H! (F(upn) ® Zp,’]I‘OO[)\]D = Z 2[F g (pp) : Qp) = 2(p—1[F:QJ.
" PBESF,p
(a)

Similarly for each L = Fg, the rank of the saturated image of the Kummer map is

rankygpy (Hll(um’L (Too) [/\]) ranky, pyry ( lim H (L(ptpn ), Too[A] @1 I/P))

[L(pp) : Qp] x ranky/p (F+']I‘OO[)\] ®1 I/P)

= [L(;U'p) : Qp]
as the rank of lim  H gl is the dimension of the tangent space. Summing as before,
rankepr) (M p (To) M) = > Fapl): Q] = (-1 [F:Q. (b)
PESF,p

This leaves us with the task of working out (c).

Remark: By construction PRy ¢ (% [\],p" )" is the Mellin transform of the bounded

measure p°* o) € Meas (Z; M E/>7 whose special values on compact opens are
Eoo (X[ ’

evaluations of £ (i[)\o at divisors of the form D = (ﬁ) —(00), ged(a, M) =1.

Hence to compute the quantity in (c¢), it is sufficient to calculate the rank of
m (Hib, (Too) Al 5= Homoers (div'P!(Q), £'))

restricted to DY, the set of degree zero divisors on Ugcd(e,m)=1 Zm,e U {00}

The rank can thus be broken up over (Z/MZ) " into

rankyr (Im(é’m) )
gcd(gl\:/f)Zl " div® (Sar.cU{oc})

(p—1) x rankI[Gmﬂ<Im(5m) ' )
gcd(cz,]\;f):l div® (ZM,CU{OO})

ranky(ry (Im (PROO’F))

We already know the image of £ is dominated by the I-adic modular symbol, i.e.

Frac(I[Gu]). Ea = Frac(I[Gx]) ®1p6..] Im(Ex)

divo (ZA[YCU{OO})

divO (EALCU{OO})

because the corresponding statements modulo Py, . were proved in Theorem 3.10(iii)
at every algebraic point of type (k,€).
It follows from the one-dimensionality of these Frac(I[Gs])-vector spaces, that

(p—1) x Y 1
ged(e,M)=1

(p=1)x#(z/MZ)" = (-1)[F:Q. (c)

ranky(ry (Im (PROO,F) )
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As a consequence of (a), (b) and (c), we conclude that the I[I'[-rank of both Hy,, &
and Im(PROO,F)7 is exactly half that of the projective limit of the semi-local H'’s.
This finally establishes the injectivity of PR g modulo the image of Kummer.

In conclusion, we have shown the following:

Theorem 6.11. Assume R is a Gorenstein ring, and the hypotheses of §4.3 hold.
Then for each primitive I-algebra homomorphism X : ho™d(Np>; Ox) Oppe I-1
the corresponding 4-term sequence

0 — HO (F(lu‘Poo) ® ZP’ TOO) [/\] I H11<um,F (TOO) [/\] I
PR F

mﬂl(p(upn)egzp,ﬂrwu])/lﬂc ” 1 [Goor] @1 L
n o ,F|-tors

is exact, and the image of PRoo F is free of rank one over I[Goo r].

It is interesting to ask whether the image of PR, y has any poles in the weight
variable (in Hida’s terminology if it is genuine).

Certainly, we know the image of the zeta-elements yields an analytic L-function.
If there are any poles, they must therefore occur in the divisor of a P; mod Jey,
where the P;’s are associated primes of the characteristic ideal

lim,, H' (F(ppn) ® Zp, Toc [N])
lim H(...) N I[[GOO_,F]].(E‘)[AM”)”

Charo)c [X,Y]

This quotient module measures the failure of the super Euler system to generate
the full semi-local cohomology. In this situation, the best inference we can make is
that there are probably no poles, provided the indices of the p-adic zeta-elements
inside étale cohomology are controlled by a fixed absolute bound.

If R is not Gorenstein, then our sequence almost certainly requires modification.
Indeed To /F+To will no longer be R-free, meaning the I[T'Y]-torsion submodules
of Hfmm’F and lim | H' must differ.

Example 6.12 Assume the ground field F = Q, and that € is the trivial character.
It follows that the g-coefficient a, (fk) # 1 at some weight k& > 2, in which case

H° (Q(Mpw) ® Zp, ']I‘OO) A = Tao[N%%@r=) s the zero subspace.

As a corollary Hy,,, o(Too)[A] and lim, H' (Qp (s ), Too[A]) will be I[G o g]-free,
with PReo @ mapping their quotient injectively into I[Goo o] ®1 L'

In a forthcoming paper [Db2] we study in some detail the specialisation of this
4-term exact sequence to weight one. Although considerable degeneration occurs
(e.g. T at weight one isn’t even Hodge-Tate), enough of the sequence remains
intact to obtain results highly reminiscent of the p-adic analogue of Stark’s formula.
The Euler systems manifest themselves as S-units, the I-adic L-function becomes
an Artin L-function and, assuming the non-vanishing of certain L-invariants, the
big dual exponential map degenerates into a standard p-adic logarithm.
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6.5 Computing the R[I[']-torsion

Before supplying the missing proof of Lemma 6.10, it is necessary to review some
notation from Chapter V. If M is a finitely-generated R-module, we defined

Ay = Homcom(M,upoc), and wrote MY := Homcont(]W,Qp/Zp)

for the Pontrjagin dual of M. Moreover, if M possesses a continuous R-linear
Gr-action for some finite algebraic extension L/Q,, there are perfect dualities

HY(L,M) x H* "(L,Ay) — Q,/Z, fori=0,1o0r2

induced by the invariant map of local class field theory.
The semi-local result 6.10 follows easily from the following local version.

Lemma 6.10°. For every prime P of Spec Z[ua] lying over p,

G oo
Torsg[rey] <lm1Hl(Fq3(/l,pn),Toc)) ~ H(Fgp(pp=) Te) = % o)

assuming that the ring R is Gorenstein.

Deferring its demonstration for the moment, let’s see how to deduce 6.10 from 6.10’.
To simplify matters somewhat, we replace I'Y = Gal(F(yp~)/F (1)) just with I.
We need to show that the R[I']-torsion submodule of lim,, H*(F(pyn) ® Zp, Too)
coincides with the image of HO(F(up~) ® Zp, Tos) under the Kummer map.

If (X,n),, € Torsgry (liﬂln HY(F(ppn) @ Zy, ’]I‘OC)), then (X,»), restricts at each
prime ideal P € S, to the R[I']-torsion submodule of lim, H* (Fey (tpn), Too)-
The latter object equals H?(Fsgp(pp=), Too) by Lemma 6.10°, thus (X,-) must
have originated in the image of the H°.

Conversely, the group H°(F(pp~) ® Zp, Too) = lim, H*(F(ppr) @ Zp, Too) is
clearly torsion over R[I'] = lim R[I'/ I'?" '], which means the first statement of
Lemma 6.10 is true. To deduce the second, by 6.9(i) we know that H}mm’Fm (To)
contains H®(Fg (p1p=), Too) for all P € Spp. In particular Hll(um’F(’]I‘oo) contains
the entire R[I']-torsion module H®(F(py~) ® Z;, T ), and we are done.

Proof of Lemma 6.10: Let us denote by L the completion Fz at € Sg ).
We shall also write Lo, for the field union of the L(j,»)’s, which is an infinite Lie
extension of dimension one.

The argument has a couple of steps in total. We initially use a standard trick of
Iwasawa’s, to construct a map from the inverse limit lim  H'(L(ppn), Too) to an
R[I]-free module. The second step is to show the kernel of this map is precisely
the 0*"-cohomology group H° (LOO, ']I‘OC).
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Step 1: Constructing the map oz o g 0 .
The perfect duality between H'(L(ppn), Too) and H'(L(ppn), Ar..) furnishes us
(upon passage to the limit) with an isomorphism

ap : im H (L(ppn ), Too) == H'(Loo, A7..)" = H'(Loo, To(1) @ RY)".

The right-hand equality follows because Ay = M*(1)®@zr R whenever M is R-free.
Now for any R[G]-module M, there is a canonical homomorphism

Homgne (Hl(G,M®R RY), Qp/zp) — Hompg (H1 (G, M), RW)
b e (B lomdBe o)),

In our situation G = Gal (L/Ls) and M = T (1), so the above map becomes
as : Homeont (HI(LOO,T;(l) ®r RY), Qp/zp> — Homg (H1 (LOO,T;O(U),R)

as RYY = R by Pontrjagin duality. The composition as o a7 just fails to be an
isomorphism, because g has a non-trivial kernel. In fact, there is a factorisation

lml(Hl(L(upn),Too) /R_mrs> 223 Homp (H' (Loo, T (1)), R)

since Homzg (Hl (Loo, T2 (1)), R) =~ lim Homp <H1 (L(pr), T2 (1)), 72) and the
functor HomR( -, ’R) kills off all R-torsion.
Remark: Let us now write A?ffn as a shorthand for the group H° (Loo, AT&(U)'

If I, = Gal(Loo/L(ppn)), the inflation-restriction sequence

G infl,, rest,, I,
0= H' (Tu, A5 ) ™% HY (L), Are 1)) " HY (Loos Are 1) = 0

)
is right-exact provided n > 1, as I';, has cohomological dimension one.

Taking Pontrjagin duals of the latter, yields another exact sequence

. * T st: ¥ inﬂx Gr., \%
0— <1LHH1 (L(MP’”)vToo(l))> e_) HI(L(//‘p”)vToo(l)) —" H' (FnaAT:Lo(l)) —0
m T

\%
due to the isomorphism (H1 (Lo, AT;Q(1))F") o (llnm H! (L(,upm),T’go(l)))F
Applying the functor Homg ( —, R) once more, then passing to the limit over n, we
obtain a third map

angomR(Hl(Loo,’]I‘;(l)),R> =~ l%nHomR(Hl(L(upn),T;o(l)),R)

(resﬁ)n m Homp <(1LHH1(L(MPW)7TZO(1))) ’R)
n m Fn
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Vi *
whose kernel is precisely (h_rr;n H? (Fn, Aﬂqf?"l)) ) . Finally, the right-most space

can be identified with lim , Hompr/r, (( lim,, H'(L(ppm), Tho (1)) ) o R [F/Fn}) ,

i.e. the compact module Hompgry (@ H' (L(pym ), TE (1)), R[[F]])

where as usual the superscript ® indicates that the I'-action has been inverted.

Remark: We now have our desired map
lim H' (L(upn),ﬂroo) R N <1i_mH1 (L(ppn), T (1)), R[[Fﬂ)

and it remains to compute its kernel. In particular lim  H* (L(upn)7']1';o(1)) is of
finite type over R[I'] by [Grl]. Its dual Homgpry( - .- ). must then be free, thus
Ker(a 0 ap 0 1) identifies naturally with the R[I']-torsion submodule.

Step 2: Calculation of the kernel of az o g 0 avy.

Let us now exploit the condition that the ring R is Gorenstein; in particular, the
dual module Homgz, (R, Z,) will be free of rank one over R. Using Lemma 5.5 we
have the identification T ®z, Qp/Zy = AT;C(I) due to the fact that T, is R-free.
Examining the I',,-cohomology of its Gal (f/ Loo)-invariant subspace, there exists a
canonical homomorphism

B+ Qp/2y &z, H' (T, T ) — H'(Tn, ASEG))

whose kernel and cokernel are both R-cotorsion. Applying the Pontrjagin dual to
both sides, yields a dual map

\4 v

H! (F,L,Afji?ol)) 2, Homg, (H1 (Fn,TgL“) ,Zp)
—  Homg (Hl (rn,TfoLoo) R)

The right-hand equality follows from the general fact that for Gorenstein rings

R, both the functors Homg, ( —,Z,) and Homz( —,R) agree on the category of
finitely-generated projective R-modules. This time taking the R-dual of both sides

Vi *
then the projective limit over n, we can switch between Qm)ln H? (I‘n, ATCT?TU) )

and lim <H1 (Fn, ']I‘OG;L“’)/?2 ) as we please.
-tors

Let us now return to our calculation of Ker(as o as o ap). From the discussion
about the kernels of as 0 @y and ag, there is an embedding

1 (Llpr). Tev) < Hom i (L (). T (1)), RITT)
n \R-tors + H! (Fn,TgoL*> RITT (17 (L(ppr ) T (1)), R ]D
(****)
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induced by the composition a3 o as o ;. On the other hand, the restriction map

clearly injects H'! (L(Mp”)»Too>R + H! (FMTOGOL‘”C) /H1 (Fn, Tﬁ'}w) into the
-tors

I',,-invariants of Torsz <H1 (LOO7 Too)) .
.
Claim: lim Torsg (Hl (Loo, ’]I‘OO)) = 0.

To see why this is so, we remark that one can replace Torsg( ... ) by Torspwe( ... )

because any element that is killed by r € R will also be killed by r7t...r% € A"

— here Gal(R'/A™*) = {01, ...,04} where R’ is the Galois closure of R over A™*.
Picking a suitable element ¢ € pZ, such that § = ug + o — 1 € A"" does not

divide the characteristic ideal of Torspws (H 1 (LOO, ']I‘OO)>, we have the equality

Ty
@TorsAwt(Hl(Loo,Tm))rn — lim Torsy, (lmlHl(Lm,Tm/OTTOO)> :

One can interchange the order of n and r in the projective limits, since the Galois
and diamond actions on T., commute with each other. For a fixed integer r > 1,
the Z,-torsion submodule of H 1 (LC>O7 T / 07T00) will be a finite group. It follows

Iy
that lim, Torsz, (Hl (LOO, ']I‘OO/HT'JTOO)) = 0, and our Claim is therefore true.
One useful consequence is that in passing to the projective limit over n, we
trivialise the quotient HY (L(upn),ﬂrm> + H (rn,ﬂrg’ofm) / H! (rn,ﬂr?o"x).

R-tors
In terms of Equation (***%*), this becomes an injection

o\ (1. 1%~ Homzry (l%nHl(L(upn)vT;(l)), R[[I‘ﬂ) .

Finally, the left-hand space is none other than lim A H 1 L(ppn), / To">, since
Ht (Fn, ']I'OGCL"C) =~ (TSOL”)F as the group I',, is pro-cyclic.

n

The proof is finished.

Remark: Whilst we do not need it here, one can even prove the exactness of
0 — H(Loo, Too) — lim H' (L(ppn), To) 557
HomRﬂF]] (m Hl (L(:UP")7 T;c(l))7 RHF]]> - EXtR (Hl (LOO’ T )R tors’ R) '

At arithmetic points of Spec(R), this long exact sequence will specialise to the
p-adic versions constructed by Perrin-Riou in [PR1, Prop 2.1.6].



CHAPTER VII

Vertical and Half-Twisted Arithmetic

This connection we have just found, between the Greenberg-Stevens L-function and
the super zeta-elements, is very powerful indeed. However it is only half the story.
In order to fully appreciate the applications to number theory, we need to establish
a secondary link between these zeta-elements, and arithmetic objects such as ITI.
Inevitably we are led to consider Selmer groups over deformation rings.

Fortunately, we already encountered these ideas in the context of elliptic curves.
For an elliptic curve E defined over a number field F, its Selmer group was the
smallest cohomologically defined subgroup containing the Mordell-Weil group E(F).
More precisely, it is the set of one-cocycles in

H'(Gal(Fs/F), Eftors))

which restrict at all places v of F, to lie in the image of E(F,) ® Q/Z under the
Kummer map. Here the field Fy denotes the maximal algebraic extension of F,
unramified outside ¥ and the infinite places. As usual, the finite set ¥ is assumed
to contain all the primes where F has bad reduction.

To mimic these constructs in the situation of an ordinary deformation, we should
consider cocycles with coefficients inside To, (or better still, its Pontrjagin dual).
One then demands that they restrict everywhere locally, to produce families of
points living on pro-Jacobians such as J (see §5.4 for a short discussion).

Once we have defined these big Selmer groups, it is worth asking:

Question 1. Are they finitely-generated over the deformation ring?
Question 2. What are their ranks over the weight algebra?
Question 3. At weight two, how are their invariants related to abelian varieties?

The third question seems rather arbitrary, and has been deliberately badly worded.
Clearly there are infinitely many ways one may approach the point (s, k) = (1,2)
within the (s, k)-plane. For example, along the line k = 2 we are essentially studying
the Iwasawa theory of abelian varieties, and so never see the weight deformation.

Likewise, a priori we need not have made k = 2 our chosen weight and are free
to specialise at any other integral weights, as we please — it is only the author’s
unhealthy obsession with the elliptic curve theory that has motivated this choice.
One advantage of studying elliptic curves is that their Tamagawa numbers are
easily computed (thanks to Tate’s algorithm), whereas we know far less about the
Tamagawa factors of arbitrary modular forms.

141
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7.1 Big Selmer groups

Essentially there are three principal lines in the (s, k)-plane that we wish to examine:
the vertical line s = 1, the central line s = k/2, and the boundary line s = k — 1.
Luckily the boundary line is reflected into the vertical, courtesy of the two-variable
functional equation. Consequently, it is enough to consider only s = 1 and s = k/2.
Our first task is to write down the correct Galois representations corresponding to
each of these two lines.

We start with the vertical line s = 1. Let p # 2 be a prime number, and as usual
write N > 1 for the tame level. Recall from Chapter IV, we defined the universal
p-ordinary Galois representation

Poo : Gp — Autg (Too) = GL2(R)

which was cut out of the Tate module of J, = lim, JacX;(Np") using idempotents

in the abstract algebra Hpypeo ®pwe Frac(A™?).

Definition 7.1. For each primitive triple v = (X, ko, €), one defines To,, to be the

image of the Hecke eigenspace T[] under the analytic transform Mell, .

By its very construction the Gg-representation T, is free of rank two, over the

affinoid K-algebra of the closed disk Uy,. If £ > 2 is an integral weight lying in Uy,

then each specialisation To o will be equivalent to the Deligne representation
2] i

associated to the p-stabilisatiollﬂl fp, .

We shall now explain how to attach a Selmer group to big Galois representations
such as T . More generally, the techniques we describe here work equally well for
pseudo-geometric representations in the sense of §5.4. Let F be any number field.
As always we write Sg for the finite primes in Spec(Or), and also S, for those

places lying above the prime p. We ensure that ¥ C Sy is chosen to be a finite
subset which includes all primes dividing Np.

For a finite place v {p of F, let H} (Fl,, Too,y) denote the A¥‘-saturation of
H' (Frob,, Ty ) = Ker(H'(Fy, Tooy) — H' (Ir, T

inside the ambient cohomology group H'! (F,,7 ']l‘ooﬁy).

Definition 7.2. (i) The compact Selmer group Gg(Tw ) is defined to be the kernel
of the restriction maps

res Hl (FV TOO U) Hl (Fl/ Too 1))
1 @res, ) U ) U
H'(Fg/F,Tey) &% P 22 T s) o P X ()

vEX—Sp,, 0T VESE »

where Xr, ,(F,) denotes the image under ﬁeﬁm of the local points Xr_x(F.),
arising from the pro-Jacobian variety J, in Definition 5.17.
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The cohomology groups occurring above, together with the subgroup Xr_  (F.,),
naturally possess the structure of compact, finitely-generated O [I'™']-modules.
More precisely, an element of the weight algebra AF' acts on them through the
Mellin transform, centred on the base weight kg and finite order character e.

Remark: In fact, the local condition Xp_ ,(F,) is automatically AR'-saturated

inside H! (F,,7 Tm7£), because Xp__ (—) was R-saturated in its ambient cohomology.
This observation will become very important to us later on, when we attempt to
relate the Euler characteristic with the covolume of our big dual exponential maps.

When connecting arithmetic objects with analytic objects such as L-functions,
it turns out that the natural Selmer groups to examine are their discrete versions,
rather than the compact Gp(Tw ,)’s above. Recall first that the x.,-twisted dual
of T, is the group At , of continuous homomorphisms Homeons ('JI‘OC&7 /,Lpoo).

Under Pontrjagin duality, for a finite place v € Spec (OF) there is a perfect pairing

H'(F,,Toow) x H' (Fy, Ar_ ) — H*(Fo, pp~) = Qy/Zy,.

If v {p then H], (F,,, AToo,g) denotes the orthogonal complement H}, (Fl,, ’I[‘ooyy)l.
Alternatively if v|p, we define the dual group XT’Z’Q (F,) as the complement

{x e H! (Fl,7 ATOO,E) such that invg, (XTOOQ(F,,) U x) = O} .

It is hard to visualise XTZ , concretely, but it plays an analogous réle to the group
of p-primary torsion points on an abelian variety over a local field.

Definition 7.2. (i) The big Selmer group Selp (T ) is defined to be the kernel
of the restriction maps

res Hl FV7AToov
H'(Fo/FAr ) &% D (cFA))69 S

H
veEXL—Sp,, VESF,p

H'(F,, At ,)
X, ()

induced on the discrete cohomology.

In particular, this Selmer group has the structure of a discrete module over the
weight algebra. One of our initial chores will be to establish that Selp(Too,) is
indeed cofinitely generated over A¥’.
For each arithmetic weight k& € Uy, N N>3, the specialisation Selg(Too,v) . is
w=
interpolating the Bloch-Kato Selmer group which is attached to the p-adic Galois

representation Te o ‘ . Given that the latter object (conjecturally) encodes those

formulae related to tﬁjg critical L-values of the eigenform fp, _, the big Selmer group
should encapsulate the arithmetic of the whole Hida family f € Sgrd.
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The main example: modular elliptic curves.
Let E be an elliptic curve defined over the rationals. In particular, by the work of
Breuil, Conrad, Diamond and Taylor [BCDT], the curve E is necessarily modular.
Without loss of generality, we shall henceforth assume that F is a strong Weil
curve of conductor Ng, and denote by +¢ the non-constant morphism of curves
¢ : Xo(Ng) — E which is minimal amongst all X((Ng)-parametrisations.

In the following discussion, we shall assume that the prime number p > 3,
although p = 3 should work provided the analogue of Theorem 4.3 holds true.
Let’s write N = p~°"9»Ne N for the tame level again.

Hypothesis(p-Ord). E has good ordinary or bad multiplicative reduction at p.

If fg is the newform of weight two and level Ng associated to ¢ : Xo(Ng) - E,
then its p-stabilisation is

£, = { fe@) = Bpfe(?) ifptNg
. fe(q) if p|Ng

where 3, denotes the non-p-unit root of the Hecke polynomial X2 — a,(E)X + p.
As the notation itself suggests, the p-stabilisation of fg represents the weight two
term in an ordinary family f € Q, v, (w)[q] centred on ko = 2.

In this special situation we interchange T, , with the notation T z, and the
disk Uy, above with Ug. Finally, one writes Z,((w)) for the rigid analytic functions
convergent on Ug. The following result is simply a restatement of Theorem 4.3.

Corollary 7.3. If peo,r : Gg — GLg (Zp«w») is the Galois representation lifting
pEp : Go — Aut(Ta,(E)) to its modular deformation Too i, then

(i) The module T i is free of rank 2 over Zy{w));
(it) As a Go-representation Tos g is unramified outside of Np, and for 11 Np

det (1 — poo,5(Frob;).X) = 1—a(f)X +w)? F1x?

w=k
at any integral weight k € Ug with k > 2;

(iii) If oy is the unramified character sending Frob, to the image of U, in Z,{w))*,
then at a decomposition group above p

~ (ch Xey >UTP oyt x >
Qp 0 ¢w

poc,E

The behaviour of the big Selmer group Selp(Ts g) at weight k = 2, is intimately
connected with the p-primary portion of the classical Selmer group of F over F.
Instead one could consider the general situation of abelian varieties occurring as
subquotients of JacX;(Np), by allowing non-trivial characters of ZX . However
the case of elliptic curves is more than enough for this author to cope Wlth'
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The half-twisted Galois representation.

Having dealt with the vertical line s = 1, we now turn our attention to the line of

symmetry s = k/2 in the functional equation. Here we had better assume p > 5.

Let v = (A, ko, €) be a primitive triple, so To , is the image of To, [A] under Malko,e.
The representation T , is not self-dual. However, there exists a skew-symmetric

bilinear form on it -

Toow X Toow — Ox{w)(1) ® (xcy o Resgere)

induced from the Poincaré pairings on Tate modules of each of the Jac X (Np”)’s.
N.B. The action of an element g € Gal(Q(gzp~)/Q) on Te y is given by wk°_2(9)<§>,
where g denotes the projection of xcy(g) to the principal units 1 + pZ,,.

Remark: In order to make the Galois representation ‘nearly self-dual’, there is a
neat trick which was devised by Nekovar [NP, §3.2.3]. Firstly if kg = 2 mod p — 1,
we suppose that poo[A] : Gg — GLo(I) is a residually irreducible representation.
Then as a Hecke module

Toow ® U2 means exactly the same object as T o,
except that its Galois action is now twisted by w(—)~0/2 <X;y1/2 o Resgeve(—)).
One therefore obtains a nearly self-dual, skew-symmetric pairing

Toow @ U™Y2 x T, @ U7Y2 0 O ((w))(1);

the latter produces an isomorphism between Too , ® ¥~1/2 and its Kummer dual,
at those arithmetic weights & > 2 which are cong?uent to kg modulo 2(p — 1).

To write down the p-adic representations Tos p ® U—1/2 encodes, let us recall
that at an arithmetic prime Py, . € Spec I(Ox)*® of type (k,€), the specialisation
Too,w ®11/ Py is a Gg-lattice inside of the dual space Vf’;k . for each k € Uy, NN>o.
It follows in the case of trivial character €, that "

1

Q® (Too,y ® \11‘1/2)

A @ wl—ko/2 < Xey S1-k/2
w=k

(k—ko)/(p—1)
Moreover if k = kg mod 2(p—1) and k € Uy, is even, then at w = k the half-twisted
representation Teo , ® U™1/2 specialises to give a lattice in Vg, (k/2).
Unfortunately, we don’t have the local conditions Xt_ ,(—) any more, as the

half-twisted representation is certainly not pseudo-geometric in the sense of §5.4.
Nevertheless, we can still use the ordinary filtration at the primes above p.
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Definition 7.4. (i) The compact Selmer group Sp (To, ® W~1/2) consists of the

cocycles inside H* (Fs /F, Too, ® U1/2) whose restrictions are zero under
HY(F,, Too, ® U71/2) D HY(F,,Ts, ® ¥1/2)

== @ 1 12 I 12y’
VGE_SF)pHnr(FV,’JI}QE@\I/ ) H! (F,, T, ® ¥~1/2)

VESF,p

note that here Hi(Fu) refers to the A}t -saturation of the local condition
iy = T (Y (B, Fr Ty @ 071%) = H (R, Tagy @ 0 /2)).

(ii) The big Selmer group Selp (Too,, ® \11*1/2) is defined to be the kernel of

00, v 00, v

H'(F, A;”Q) Jig (FV,A;/?)
o —1/2\ T /o L
vEX—SF,p H&r <FV7AT>1<;{L2’> VeSF,p H‘l" (FV)

H (FE JF, A;jc/j) resy

where the notation Aq}:o/f indicates the discrete dual Homeont (Too,y @ p-1/2, fipe)-

The orthogonal complement H. i (FV)J' above is with respect to the perfect pairing
H (F Toow ® \1/—1/2) x H' (F,,, A;;/f) — Qp/Zy

induced by the cup-product, which is between compact and discrete cohomologies.
Needless to say, in the special situation where f is the p-stabilisation of the newform
associated to a strong Weil curve F satisfying the condition (p-Ord), we shall replace

Toop ® U—1/2 with Too,E ® \11_1/2, and likewise Aii/f with A%i/z.

The behaviour of the vertical Selmer groups Selg (TOO,E) and their half-twisted
versions Selp (Too, ® U™1/2) is strikingly different. As a useful illustration, the
specialisations of the former at arithmetic weights k& > 3 should be finite groups,
whilst specialisations of the latter can be infinite all of the time, conjecturally.
However there is the following prediction of Greenberg, which suggests that the
number of cogenerators of the divisible part is generically fixed:

Conjecture 7.5. (Greenberg) The order of vanishing of the two-variable p-adic
L-function LG% along the line s = k/2 should be either always zero or always one,
at all bar finitely many bad weights k € Uy, .

Translating back in terms of our half-twisted Selmer groups over Q, this indicates
their O-coranks at arithmetic primes should be either zero or one, up to finitely
many exceptional weights. One of the important achievements in Nekovar’s work
on Selmer complexes was to verify that this is very frequently the case ‘modulo 2,
i.e. the parity expected in these coranks is almost always either even or odd.
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7.2 The fundamental commutative diagrams

We begin our study of these Selmer groups with some fairly general comments.
For the purposes of discussion G will denote either the group Gal(Fyx/F), or one

of the decomposition groups Gal(F, /F,). In particular, both examples satisfy the
p-finiteness condition mentioned in Definition 5.1.

Let T denote a free Ok {w))-module of finite rank with a continuous G-action,
which is also a A¥*-module via the Mellin transform. Let P = (gp) € Spec(A™")
be a principal height one prime ideal. The tautological exact sequence

0= KQI"(X(QP)) — T X&) T — T Qpwt AWt/P — 0

induces long exact sequences: in continuous G-cohomology,

L — B(GT) U HIGT) — HI (G, T @y A™/P) — .
and in discrete G-cohomology,

. — H/ (G, Arp) — H’(G,Ar) — HI(G,At) — ...

Note we’ve written Ay p for the xqy-twisted dual Homegne (T Rpwt AVC/ P, ,upoo).

For example, if gp = ug — (1 + p)* 70 then clearly T ®pw A¥/P = T’ .
w=k—k
In this manner, we can relate G-cohomologies over deformations rings with thefir

standard p-adic counterparts.

Question. What do these long exact sequences reveal in the specific situation of
a modular elliptic curve E satisfying assumption (p-Ord)?

Lemma 7.6. If T equals either Too.p or Too,p ® \11_1/2, then putting k = kg = 2
we have equalities

T|,_, = T®xwZ, = Tap(C™) and  H° (DY, Ap) = C™"[p™]

where C™M denotes the Q-isogenous elliptic curve to E which occurs as a subvariety
inside the Jacobian of X1(Np).

As an application, suppose T is either the vertical or the half-twisted lifting of
pEp : Gg — Aut(Ta,(E)). The multiplication by (uo — (1 + p)~~*)-map is just
multiplication by ug — 1 for a topological generator ug of the diamond group I'™.
Thus the specialisation (—),—o must correspond to taking the I''-coinvariants.
Also, the kernel of multiplication by ug — (1 +p)*~%° is precisely the submodule of
't invariants.
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Truncating the continuous long exact sequence above, we obtain

0 — HI(G,T)@pm Z, — HI(G,Tay(C™") — HIT (G, T)I — 0.
Similarly, in terms of discrete cohomology

0 — HI (G, Ar) @pm Z,, — HITH(G,C™[p>)) — HITH(G, Ap)" — 0
is also exact.
Proof of Lemma 7.6: Consider the arithmetic pro-variety X = lim -, X1 (Np")

endowed with its canonical Q-structure. Let T be the vertical representation T £.
The specialisation map

Towr = To,rg Qawe Zp — Tap<JaCX1(Np)>

is clearly induced from the projection X prof X1(Np).

Now the Galois representation on T g ®wt Zj, is equivalent to pg ,, in fact the
former is a Gg-stable lattice in the vector space Ta,(E) ®z, Qp. By construction
it must be the p-adic Tate module of the elliptic curve C™", which is a subvariety
of Jac X;(Np); the identification Too g ®pwt Zp = Ta,(C™™) therefore occurs on a
p-integral level. Furthermore, there are naturally isomorphisms

HO (PWt, ATOO,E> = Homeont (Too,E QpAwt Z[n ,upoc>

= Homeons (Tap(Cmin),,upoc> >~ Cmin[p>™] by the Weil pairing.

Finally, the argument for T = To, p ® ¥~1/2 is identical because at weight k = 2

it looks like Too g as a Galois module (they differ only at weight &k > 2).
O

Remarks: (i) We should point out that if Ta,(E) % Ta,(C™®), there must exist
a Q-rational cyclic p-isogeny between these two elliptic curves. This situation can
only happen if our prime is very small, i.e. p < 163. Equivalently, when p > 163
we automatically have an isomorphism Tay,(F) 2 Ta,(C™") on an integral level.

(ii) The curve C™* is the optimal X;(Np)-curve lying in the Q-isogeny class for E.
In other words, it is the elliptic curve which admits the smallest degree modular
parametrisation by X;(Np). Conjecturally, the Manin constant associated to this
morphism X;(Np) — C™ should be +1, according to Stevens [St, Conj. I, II].

(iii) It is possible to adjust the universal representation T, by an element of GLa(R)
so that it specialises to give Ta,(E) p-integrally. However in so doing, we pick up
an extra term in our Tamagawa number calculations (via the archimedean periods)
hence there is no net gain in the long term.
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The vertical Selmer diagram.

The obvious strategy is to compare the vertical Selmer group with the p-primary
part of the classical Selmer group for E over F. However we cannot always achieve
this directly, rather the optimal curve C™ seems to be the natural integral object
to consider. Nevertheless, it is easy to switch between C™" and E courtesy of the
Isogeny Theorem 1.19.

Let’s begin by writing down maps between the various discrete cohomologies,
both local and global. Assume first that G is the global Galois group Gal(FE / F)
Putting 7 = 0 in our truncated exact sequence, we obtain

0 — HY (FE/F7 A’]I‘OO‘E) R Awt Zp — . H! (FZ/F7cmin[pooD
= (Fy/F A ,)T — 0.
In particular, observe that the right-hand homomorphism [ g is clearly surjective.

The coinvariants H° (Fx/F, ATOO,E) ®pwt Zp turn up in our Euler characteristic
computations — we abbreviate them with the notation At , (F)pw:.

Turning our attention locally, assume v € X is any place of F not lying above p
and set G = Gal(Fl,/Fl,). We claim there exists a map

6oo,E,u :

Hl (FV’Cmin[poo]) H1 (FwAToo,E) o
Hnlr(Fowin[poo]) HI}T(FV7AT00,E‘>

where H} (F,,,Cmin [p>°]) denotes the orthogonal complement, to the p-saturation
of the unramified cocycles H' (Frob,,, Ta,(C™")/F+) inside of H'(F,, Ta,(C™")).
Since H} (F,,7 'H‘OO‘E) is AVt-torsion, it follows easily that H} (F,,,']I‘OC,E) QAws Ly
is p>°-torsion, and must lie in any p-saturated subgroup of H 1(F,,,Tap((3mi“)).
Consequently, the I'*-coinvariants inject via

nr

! (F,,, ’]I‘OOA,E)Fwt < the p-saturation of H! (Frobl,, Tap(Cmi“)IFV)

and then dualising we obtain d. g .-

On the other hand, let p € Sgj, be a finite place of F lying above the prime p.
It is a direct corollary of Theorem 5.18, that the geometric part Hé (Fp,']I‘OO,E) is
identified with the family of local points Xr_ ,(F,). By exploiting the finiteness

. . e . .
of the invariants H' (Fp, 'JI‘OO’E) , it is a simple exercise to show

Xr o (Fp)rwe = HE(Fp,Too ) ®awt Zy
o H(ByTay(C™™) = CMN(E,)EZ,

the latter isomorphism arising from [BK, Section 3]. Dualising the above yields

o0, Bp -

H! (Fp , Cmin [pooD . H! (F'J7 ATDC.E) m
H(Fy,Cmin[pee]) XTL;,E(Fp)

because H (Fp,C™™ [p™]) = C™™(Fy) © Qp/Zy and Xr_ ,(Fp)*t = X2 (Fy).
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These facts are neatly summarised in the following commutative diagram:

0 0
Selp (€™") [p™] a2y Selp (To )"
H(Fy/F, cmnp]) =5 g(Fy/F, An_,)

l Aemin l Ao, B

. vt
@ H! (FV’Cmm[poo]) @62;,1/ @ < H! (FI/7A']I‘OQ,E) )
vES—SF., Hr11r<FVaCmin[poo]) Hrllr(Fl”AToc,E)

veX—SF,p
. vt
Hl 7Cmm[poo]) (Hl Fu, AT ) )
© + D —< 7 o
VS‘S?,, H( ’Cmm[pooD VSQ '[r (FV)
Figure 7.1

Remark: Both of the columns appearing in Figure 7.1 are left-exact sequences.
The diagram itself is strongly reminiscent of the fundamental diagram involved in
the cyclotomic Iwasawa theory of elliptic curves. However, in the latter theory
there are no extra complications concerning £ and the optimal curve C™", as the
underlying deformation space is canonically Ta,(E) ®z, Z,[[Gal(F(uy~)/F)]]-

Applying the Snake lemma to Figure 7.1, we obtain a long exact sequence

0 — Ker(aw,g) — Ker(fs,5) —
Im (Aemin) N ®Ker(doo,p,,) — Coker(aso,g) — 0

since the map [, g is surjective. Analysing the various terms above, will be our
principal objective during the next few pages.

Lemma 7.7. The kernel of Bso.r is a finite p-group of size #C™(F)[p>].
Proof: By definition, the kernel is the module of I'¥*-coinvariants

At (F)pw = Hl(rwt, HO(FZ/F,AME)).

As T is a pro-cyclic group and Ar is a discrete module, the size of the H' is

the same as that of the HY.

~,E
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It follows that
#H' (T, H'(Fs/F,Ar_,)) = #H°(I™, H'(Fs/F,Ar_,))
#H° (Fyg/F, H'(T™, Ar_ ,))
#HO (Fg JF, Homeont (Tso,2 @rwe Zop, upm))

4 HO (FZ /F, Homeon (Tap(C™"), ppoo)) 4

By the Weil pairing, the interior term is none other than the torsion part C™» [p™].
We conclude that the size of the I''-coinvariants equals #H°(Fg/F,C™"[p>])
which is well known to be finite.

O

Lemma 7.8. For each place v € £, the kernel of oo g1 s a finite p-group.

Proof: It makes good sense to subdivide the calculation into two separate parts.
To begin with, if v € ¥ does not lie over p then #Ker(d,r,,) equals the size of
the cokernel of

Soo,E,y : Hnr(FIJ7Toc E)l“wt — Hlllr(F Ta (Cmm))

where the right-hand side above denotes the p-saturation of the unramified cocycles.
However H}.(F,,Ta,(C™™)) is itself a finite p-group as v { p, whence the size of
the kernel of our map s, z,, is bounded by #H_L, (F,, Ta,(C™m)).

Alternatively, if p € ¥ does lie over p then #Ker(do,g,) coincides with the size
of the cokernel of

dorip : HE(Fp. Too ) @awt Z, > HE(F,, Ta, (™).

Clearly the Z-rank of H} (F,, 'JI‘OO,E) ®pwt Zy is bounded below by the Z, (w}))-rank
of H;(Fp, Too,g), which is [Fp : Qp] by Theorem 5.18. On the other hand,

ranks, H) (Fy, Ta,(C™™)) = rankZP(E(Fp)@A@Zp) = [F,: Q)

since the formal group of E over Or,, has height one whenever (p-Ord) holds true.
Consequently, both H (Fy, Too 5) ®@pwt Zy and H) (Fy, Ta, (C™™)) are Zy-modules
of finite type, sharing the same rank. Thus they are commensurate, and the kernel
of 0oo,k,p is therefore finite.

O

Even though the kernels of the maps ., g, are finite, to actually calculate their
exact sizes is a highly non-trivial problem. In fact, for the primes lying above p
one needs to use all of the Super Euler system machinery from Chapters V and VI.
However, the formulae we obtain for their orders are both surprising, and suggest
strong links to the improved p-adic L-function discussed in §4.4.
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Before discussing these notions, we had better check the discrete Selmer group is
well behaved as a bundle over weight-space.

Proposition 7.9. The Selmer group Selg (']I‘OO,E) is cofinitely generated over A™*,
i.e. its Pontrjagin dual

Selp (Too )" = Homcont(SelF(Tw,E), QP/ZP)

is a compact AV -module of finite type.

These types of finiteness statement have well known analogues in the cyclotomic
Iwasawa theory of elliptic curves. In the latter situation, the cofinite generation of
the Selmer group over the extension F () was first established by Mazur [Mz2],
and then generalised to GLq-extensions in the work of Harris [Ha].

Proof: Applying Lemmas 7.7 and 7.8 to the long exact sequence

0 — Ker(ac,g) — Ker(foo,g) —
Im (Acmin) N ®Ker(doo g,y) — Coker(aoo,g) — 0

we deduce that both the kernel and the cokernel of the map a. g are finite groups.
1 Do, wt . .. .
It follows that Selg (Cm‘n) [p™] paltg Selg ('JI‘OO’E)F is a quasi-isomorphism.
Because the p-primary part of the Selmer group of C™® over the field F is

cofinitely generated over the ring Z,, so are the I'™'-invariants of Selg (’I[‘OC’E)‘
Equivalently, the number of generators of the compact Z,-module of coinvariants

(SelF (TOO*E)V)FM must then be finite. By Nakayama’s lemma, the number of

generators of Selg (TOO,E)V over AVt is also finite and bounded.
a

The half-twisted Selmer diagram.

We once more focus our attention on the line of symmetry s = k/2 in the functional
equation, corresponding to the half-twisted big Gg-representation To, p @ ¥—1/2.
However it should be pointed out that a priori, the half-twisted Selmer group might
not specialise (at weight two) to produce the exact p-primary part of Selgp (Cmin).

Following [NP, §2.3.6] one defines Sel{, (C™in) as the kernel of

. ros Hl (F,/ Cmin LpooD Hl (Fu Crnin [poo])
H'(Fy/F, C™n[p>]) & Ruild 2wy B
( ; [ ]> VEQMC“““(FV) ©Q/Zy L Wemn 1 (F)"

where Wemin 4 (F,) denotes the p-saturation of the subgroup

Wemin g = Im(Hl(FV,Fil+Tap(CII‘i“))HHI(FV,Tap(C“‘i“)))
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To cut a long story short, we claim the commutativity of the following diagram

with exact columns:

0

l
Self, (C™)
H'(Fg/F, C™™[p™])

l AL/2
cmin

H! (Fu7 Cmin [pooD

D

vEX—SF,p H%f (FV7 Cmin [pooD
Hl (FV7 Cmin [poo])
Wemin 1 (F,)*

© D

VQSF,p

0
!
E ol (Toop @ w1/2)""
|
=5 (eer a2
JA;{/;
5.5, HI(F ”’Ai{z) a
B )
m (k477
"B\ T
vESF,p +\tv
Figure 7.2

Let’s explain both its existence and properties over the next couple of paragraphs.

Firstly, the global map ﬁ;olg arises from the specialisation sequence

0 — H°(Fs/F, A2) @aw 2, — H' (Fy/F,C0[p~))

If v € ¥ is a place not lying over p, then 6_ 5,

Hrlxr (Fm Toc.E & lP_l/z)
) Dwt

—1/2
Boo,m
—

H' (Fs/F, A;:Z)FM — 0.

72 s the dual of the injection

< the p-saturation of H' (FrObua T‘dp(cmin)IF”)

N.B. this method is identical to the construction of its vertical analogue 6o, E,u -

Remark: To deal with those primes of O which lie above p, observe that there
exists a filtered exact sequence of local Gg,-modules

0 — FilTTa,(C™") — Ta,(C™") — Ta,(C™™)/Filt — 0

where FilT is identified with the Tate module of the formal group of C™™ over Z,,.
In particular, we may consider the I'"'-coinvariants (F‘*"]I‘OO, pQU-Y/ 2) @pwt Zy as
a Gg,-stable Z,-submodule of the filtered term Fil™Ta,(C™™) above.
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Therefore, one naturally obtains a commutative descent diagram
HY (G F' T p @V 2) = HY (G, Too.p @ V%) = H (G, Teo, g /FT @ U~1/2)

J{@Awtzp J{@chzp l R awt Zyp
H'(G,Fil* Tay(C™)) — H'(G,Tay(C™") — H'(G,Ta,(C™")/Fil")

which works well for any open subgroup G of the decomposition group above p.

—1/2

Consequently, if p divides p then 6__ % »

is taken as the dual homomorphism to

H (FP,TOO_E ® xp—l/?) v Zy > Wemin g (Fy).

In this manner, the definition and also the commutativity of the bottom square
occurring in Figure 7.2, should now become evident.

Question. What is the precise difference between our filtration version SelL (Cmin),
and the classical p™-Selmer group of C™" over F?

Lemma 7.10. The p-group Sell, (Cmin) coincides with Selg (C™) [p>°].

Proof: The only conceivable places where the local conditions for SelTF (Cmi“) and
Selg (Cmi“) [p>°] might differ, are at the subset of primes Sg, which lie above p.
Let us write V' to denote the p-adic representation Ta,(C™") @z, Q,.

If p divides p and C™™ does not possess split multiplicative reduction over F,,
then we have a strict equality

Hy(Fy,V) = Tm(H'(Fy, FiI*V) — H'(F,,V)).

On the other hand, if the curve C™™ admits split multiplicative reduction over F,,
then Tate’s rigid analytic parametrisation 0 — Q,(1) - V — Q, — 0 yields the
long exact sequence

0 — H(F},Q,) —Fi0Q, — H(F,,V)
— Hy(Fy.Q)) 5 Hj (Fy. Qy(1)) — H;(Fy.V)

where Hg (FP,W) is the linear dual of the Q,-vector space DarisF, (W*(l))‘pzl.
When W =V the H, 92 is zero, and 0 is an isomorphism; the above degenerates into

F;®Q,
I
0 — Q — H'(F,,Fil'V) — HJ(F,,V) — 0.

In the exceptional case, the corank of Hg1 is one less than that of the H'! (Fp, Fil*V).

However, we may still identify H; (F,EJ7 V) with the image of H! (Fp7 Fil+V).

The result follows because the local conditions are identical.
O
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What this result reveals is that one may replace Sell, (C™") with Selg (C™") [p*]
in Figure 7.2, without compromising either its commutativity nor its exactness.

Let us now turn our attention to the restriction maps. Recall that the abstract
Hecke algebra Hy,~ operates on both T g, and the half-twist Too £ ® v-1/2,
Henceforth, we shall write Rg for the local component through which it acts.
To make the most accurate statement, we are forced to work under the following
assumption (which is closely related to Greenberg’s Conjecture 7.5).

Conjecture 7.11. If at each place p € ¥ lying over p, we write

Z, = Im(H1 (Fp, T, ® \11—1/2) — H? (Fp,Tm,E/F+ ® \IJ_1/2)>

then the indices [Hl (Fp, Too,e/Ft ® \I/_l/Q)FW : ZpFWL} are always finite.

As we shall see in due course, this conjecture can be easily proven in the case where
the curve E does not have split multiplicative reduction at any prime above p.
However, we believe that it holds true in general.

Lemma 7.12. (a) The kernel of 6;122 is finite of size #C™(F)[p>];

-1/2
oo, E v

(b) For each place v € ¥ — Sy p, the kernel of ¢ is finite;

(c¢) If Rg is Gorenstein, then the kernel of (5;3%% is cofinitely-generated over Z,

at every place p € Sy p. Furthermore, under Conjecture 7.11

corankz, Ker ( o, B.p

512 ) _ { 1 if E is split multiplicative at p
0 otherwise.

Proof: The demonstration of (a) is almost identical to the proof of Lemma 7.7.
Likewise, the argument for part (b) is very similar to the first half of Lemma 7.8.
This leaves us with the task of proving (c).

Assume p € ¥ is a place over p, and let’s abbreviate Too g ® U-1/2 by T;olj/;.
Firstly, the invariants/coinvariants sequence for the filtration on Tos g yields

o (Too /B = (F T ) . — (Too ) pus — (Too,/FH) e — 0

and the left-hand term is zero, because Too g/F T is R g-free in the Gorenstein case.
It follows that one has an identification

0= (P18 = () = (T /F), =0

| = | = | =

0 — Fil™Ta,(C™") — Ta,(C™™) — Ta,(C™")/Filt — 0

since at weight two only, both Ty, g and To_ol/EQ look the same as Galois modules.
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Taking its Gal(F,/F})-cohomology, one deduces the exactness of
0= H°<Fp, 1”/F*) . H! (F FHT2 1/2) — " (FP,T 1/2)
_>H1(Fp, ‘1/2/F+)—>H2(FP,F+T;{§§)
which shortens to become
0 — H' (P, F'TR) — H'(F 1) — 2, — 0.
In particular, the quotient H'!(Fy, T 1/ 2 ' /FT)/Z, must be a A¥'-torsion module
because the H? (Fp, F"’Tool,g) clearly is.
This time forming the T'™*-cohomology, we obtain a long exact sequence
C— mO (B (R, TUR)) — HO (0, 2,) —

Hl(Fp,F+T_1/2> —>H1<Fp,T_1/2) —>(zp) — 0.
I_‘Wf, FW':

Twt

The left-hand term is isomorphic to H° (Fp7 Tap(C"‘in)), which is obviously finite.
We claim there exists a commutative diagram, with exact rows and columns:

finite finite
! |
HO(T™, 2,) HO (Fp, Ta, (C™™) /Fil*)

! !

OHHl(Fp,F*"]I‘ 1/2)F i Hl(Fp,Fﬂ Ta (cmm)) HH2<FP,F+’IF I/Q)F =0
Lo Lo !

0— Hl(Fpﬂr 1/2)m ELN Hl(Fp,Tap(Cmin)) —  finite group — 0
| !

H1<Fp, _1/2/F+> EHl(F,,,Tap(cmin)/Fiﬁ).

To see why the map f> has a finite cokernel, it is equivalent to demonstrate that
the T'Vt-invariants of H? (Fp,Toc,E ® \11*1/2) are always finite. By local duality,

they correspond to the I'Vt*-coinvariants of its dual H° (F,EJ7 A%:O/_ )25) However
w —-1/2 w —-1/2
#H (r ¢ HO (Fp, ATDQ{E)) — #H° (r ¢ O (Fp, ATDQ{ED
= #HO (FFH Homong (T 12 Qpwt va MPOC))

= #H(F,, C™[p<]) = #C(F)[p] < o



The fundamental commutative diagrams 157
As an immediate corollary,
4 H? (Fp, T2 1/2) v [Hl (Fp,Tap(cmi“)) H (Fp, T2 1/2)M] < oo
and our diagram must therefore be correct.
Remark: Returning to the proof of (c), we are required to establish that
Coker (3147, + 1} (Fy, T 2)Fwt — Wewn 4 (Fy))

is finitely-generated over Z,, with the rank required from the statement of 7.12(c).
It is enough to prove this for the quotient module

g2 (H1 (Fp, Fil+*Ta (Cmin)))
fooqr (Hl (Fqu'*"JI' 1/2)Fwt) .

We proceed by examining the Z,-ranks of go(...) and fa 0 gi(...), and then show
that they differ by at most one.

Chasing round our diagram and noting the injectivity of fs, yields the equality

vanks, Im(fy 0 g1) + vanky, HO(I™, Z,) = vanky, H' (Fy FT)

— we shall refer to this quantity as 7™ (F,), say. On the other hand,

ranky, Tm(gy) = ranks, H' (Fp,Fil"'Tap(Cmi“))frankZ HO (Fp,Tap(Cmi“)/Fil+>

rH(Fy) + rankg, H (FP,F+T_1/2> — dimg, (V/Filt)“*»
where V' = Ta,(C™") ®z, Q,. Furthermore, by local duality

FWC
vanks, H? (Fy, YT ) = coranks, HO(Fy, Appoiss)
3 Fwt

~ dimg, H°(F,,Q, @z, Fil Tap(cmin)*u)).

Remark: To simplify matters we now suppose Conjecture 7.11 holds, whence

vankz, HO(I™, 2,) = ranks, HO (T, 1 (Fy, T2 /FT) )
- rankZpHO(Fp,Tap(Cmi“)/Fil+) = dimg, (V/Fil") ™,

As an immediate consequence,

Fwt
rankz Im(g2) = 7+ (F,) — rankszo(FWt,Zp) + rankZpH2 (FP,FJFT;O{J/EZ)

A G
= rankz, Im(f2 0 g1) + dimg, (Qp ®z, Fil*Tap(cmm)*(lD p
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, G
In the non-exceptional case, the Q,-dimension of (Qp ®z, Fil*Tap(C"‘m)*(l)> P

is zero, which means that
rankz, Im(g2) = rankZpIm(fz o gl) = rt (Fy).

) G
In the exceptional case, the Q,-dimensions of (Qp ®z, Fil+Tap(Cm‘“)*(1)) r

also of HO(F,, V/Fil*) are both one, hence

and

rankz, Im(gs) = rankzplm(fzogl) +1 = r*(Fp).

Finally, if Conjecture 7.11 is false(!) then the whole argument works fine, except
we are unable to eliminate rankz, H 0 (FWt, Zp) from our formulae.
O

Arguing as we did in the vertical case, the Snake lemma applied to Figure 7.2
produces the long exact sequence

0 — Ker (04501;52) — Ker (ﬁ;%?) N

Im (A;i{f) N ®Ker (5;01)/32”) — Coker (a;}l’{;) — 0.
In the Gorenstein situation, by Lemma 7.12 each term is of cofinite-type over Z,,
and the first two terms are certainly finite p-groups. Consequently

—1/2
o~ Y

Selg (Cmin) [poo] il Sely (Too,E ® \1171/2)1""%

is a quasi-injective map, and its cokernel is cofinitely-generated. The module of
coinvariants (Selp (']I‘OO’ U 2)v) . must then be finitely-generated over Z,,
r‘w

in which case Nakayama’s lemma implies

Corollary 7.13. The half-twisted Selmer group Selg ('JI‘OO’E ® \11*1/2) is cofinitely

generated over the weight algebra A™®, provided the local factor Ry is Gorenstein.

If the local component is not Gorenstein, we still expect the half-twisted Selmer
group to be of cofinite-type over A"*. However, we are unable to prove that the
kernel of 6;17)/327‘3 is cofinitely-generated over Z,. This apparent anomaly should
not worry us too much, since these universal deformations tend to yield complete
intersection rings, anyway.

It should be pointed out that the proof of cofinite-generation for both the vertical
and the half-twisted Selmer groups, is very much inspired by analogous techniques
in the cyclotomic Iwasawa theory of elliptic curves. The reader who is familiar with
the latter theory will probably spot many connections between the two approaches.
Indeed many of the theorems in the next section rely heavily on finiteness results,
which so far have only been proved using p-adic Euler systems.
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7.3 Control theory for Selmer coranks

Let us begin with some general comments on the structure theory of A-modules.
Assume that M is some finitely-generated, compact A-module where A = Z,[X],
e.g. A might denote the weight algebra A™®, or the cyclotomic Iwasawa algebra.
The first invariant is its A-rank, i.e. the number of copies of A contained inside M.
For instance if ranky (M) = 0, we say that M is A-torsion.

Remark: Given M = Homeont (S, Qp/Z,) with S of cofinite-type over A, then
Torsy (M) = Homeont (S)a-divs Qp/Zy)

will automatically be A-torsion (here S/a_qiv means we have quotiented S by its
maximal (p, X)-divisible submodule). In particular, this construction is a neat way
of extracting a A-torsion component from a non-A-torsion module.

We shall now assume that M is A-torsion. By the structure theory, it sits inside

T
A
0 — finite group — M — @ e — finite group — 0

=1 g

which is an exact sequence of A-modules. The P;’s are those height one prime ideals
in Spec(A), occurring in the support of M. Moreover, the product

chary(M) = [P
i=1

constitutes the characteristic ideal of M.

Since A is a principal ideal domain, chara (M) has a single generator called the
characteristic power series (which is well-defined modulo A*). Rather confusingly,
we sometimes refer to this generator of the characteristic ideal, also as chary (M).
Lastly, under the isomorphism A = Z,[X] there is a factorisation

chary(M) = p*™) x F(X) x U(X)

where F(X) is a distinguished polynomial, and U(X) is an invertible polynomial.
The quantity u(M) > 0 is commonly known as the p-invariant of M.

Definition 7.14. Suppose T denotes either Too g or its half-twist Too g ® p-1/2,
We define the Tate-Shafarevich series

OIp(T) := charpw (Homcont (Selp (T)/AW"—div’ QP/ZZ,))

or equivalently, it’s the characteristic power series of Torspwt (SelF (T)v).



160 Vertical and Half-Twisted Arithmetic

As the notation suggests, the power series IIIg(T) should interpolate the individual
Tate-Shafarevich groups attached to the eigenforms in the Hida family {fy}, Us*
More precisely, for appropriate values of n > 0 we expect connections between

d"IIg(T) oo
d){in and #IHF (T|X:(l+p)k’271) [p }
X=(14p)k—2-1

At weight k = 2, we may therefore ask the following:

Question. What is the precise relationship between the leading term of Iy (T)
and the p-primary part of the Tate-Shafarevich group of E over F?

The actual answer is quite involved, and will occupy the next couple of chapters.
For the moment, let us focus exclusively on the vertical representation T = T £.
We want to prove the A"'-cotorsion of the vertical Selmer group under various
hypotheses, so the first result we will need is a Control Theorem.

Let V be a p-adic representation equipped with a continuous Gal(Fg / F)—action.
Following [BK, §5.1], one defines H} g ..o, (Fs/F, V) as the kernel of

H'(F,,V) HY(F,,V)

H'(Fs/F, V) =¥ — @ L
&, men © 8 ww)

Moreover, if T' C V is a Galois-stable Z,-lattice and A = V/T, we define its discrete

version H},SpecOF (Fg/F, A) to be the kernel of

H(F,, A) H(F,, A)
H'(Fy/F, A) & g —cnd)
( ) ueEG—BSF,p HL (F,, A) US‘S?VP pr*H} (F,,V)

One may then replace H}(F,, —) with the possibly larger local condition Hy (F,, —),
and obtain analogous objects H} . ..op (Fs/F,—).

Theorem 7.15. (Smith) Assume that the prime p does not ramify in the field F.
Then for all bar finitely many arithmetic weights k € Ug, the natural map

H.(},Spec(’)p (FE/F7 ATOO,E [ X gk]) — SelF (Too,E) [ X gk]

has finite kernel and cokernel, bounded independently of g, = ug — (1 + p)*=2.

Note that we have written [xg] above, for the kernel of multiplication by g € A™®.
The control theorem itself allows us to relate the specialisation of Selg (Tooﬁ E) at
weight k£ € Ug, with the Bloch-Kato Selmer group attached to each eigenform fi.
Provided the latter are generically small, then so is the A"t-corank of Selg (']I'OO, E).

A proof of Theorem 7.15 is supplied in Appendix C by P. Smith.
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Theorem 7.16. (Kato) Assume that F is an abelian number field, and that f = f,
denotes an eigenform whose p-adic Galois representation is residually irreducible.
Then the vector space Selmer group

1 *
Hf,Spec(’)F (FE/Fv ka) =0

whenever the weight k of fi is at least 3.

In fact, if the weight & = 2 then H}jg ..o, (FZ/F, Vf*E> must contain E(F)® Q,.
It follows when the Mordell-Weil group has an F-rational point of infinite order,
the Selmer group H},SpecOF cannot be zero.

Splicing together Theorems 7.15 and 7.16, we can at last make an interesting
statement about the arithmetic of the vertical deformation.

Corollary 7.17. Assume (i) F is an abelian number field, (ii) the prime p does
not ramify in F, and (i) that peo g is residually irreducible. Then

rank pwe (SelF(TOO,E)V) =0

i.e. the discrete Selmer group Selg (TW7E) is AVt-cotorsion.

Proof: We first verify H},Specol.- (Fg/F,Vi) is equal to Hgl,SpCCOF (Fg/F,VﬁC)
This claim certainly follows, provided the local conditions at the primes p € Sg
are the same for each Selmer group. By [BK, Corr 3.8.4], we have an equality

dimg, (HY); (Fy, V7)) = dimg, (Deaiam, (Ve (1) /(o 1)).

However, the Frobenius cannot have eigenvalue one as the slopes would be wrong.
We conclude that H; /f is indeed zero, whence our claim.

By condition (iii), there exists an infinite subset 4’ C Ug NN of integral weights
such that if £ > 2 belongs to U’, then po, g mod g; = pgc is residually irreducible
as a Gg-representation. Specifically at weight £ > 3, by applying Theorem 7.16

one discovers that H! (FE /F, Vfi) = 0. Consequently, the discrete version

9,SpecOfr

Hgl,Spec(’)F (FE/F7 ATao,E [ X gk})

corresponding to the lattice Too, g ®@awe g, Zp C Vf, must then be a finite p-group.
The Control Theorem 7.15 implies that Selg (']TOO, E) [ X gk] is also a finite group,
after possibly jettisoning finitely many bad weights from U’.

To finish off the argument, we show Selg (’JI‘OO, E) contains no copies of (A“’t)
Courtesy of Proposition 7.9, we know Selg (']l‘oo, E) is cofinitely-generated over A™,
In particular, its (p, X)-divisible part must be trivial, because the specialisations
at infinitely many distinct weights k € U’ are finite.

Thus the Pontrjagin dual of Selg ('H‘OO’ E) is A"-torsion, as required.

\
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The connection with Greenberg’s conjecture.
We now shift discussion to the half-twisted Galois representation T = T, p@W™
which deforms pgp, : Gg — Autgz, (Ta,(E)) along the line of symmetry s = k/2.
To simplify matters, for the moment assume that F is an abelian extension of Q
such that the prime p does not ramify in Og.

For every eigenform fj in our Hida family, there is a product decomposition

1/2

L(fe/F.50) = ][] LE®¥,5%), s €C
YeXF

where Xp = Hom(Gal(F/Q),Gmult) is the character group associated to F/Q.
Because p is unramified, the conductor of each 1 is coprime to the level of fj.
Consequently these twists f;, ® v are all p-stabilised newforms.

Recall that Greenberg’s Conjecture 7.5 predicts for each given v, the order of
vanishing of the p-adic L-function L, (f;C R, s) at the point s = k/2 is either always
zero or always one (except at finitely many bad weights).

Remarks: Assume that Vg, is residually irreducible as a Gg-representation, and
the weight k € Ug is an even integer:

(a) If K > 3 and ordsik/ng(fk,w, s) =1, then

dimg, H} speez (@, Ve, @ 6x2) = 1 by [Ne2, Thms C, D]

cy

(b) If £ > 2 and ord,— 5Ly, (£, 9, 5) =0, then

H} Spec, (@,ka ®¢x’§§2) =0 by [Kal, Thm 14.2].

It clearly follows that the 1)~ !-component of H},SpeCOF (FE/E Vk, ®X§s{2) will have

dimension equal to ords— oL, (fk,w,s), again discarding finitely many weights.
However in the non-exceptional situation, it is also widely conjectured

Ords:k/2 Lp(fkﬂ/}vs) = Ordsoo:k/Q L(fk71/]7500)

because there is no trivial p-adic zero to contend with.
Therefore Greenberg’s conjecture implies the order of vanishing of L(fk /F, soo)
along the central line so, = k/2, should coincide generically with

corankz, H}goecon (FZ JF, T2 @pveg, Zp).

We can now relax our assumption that the number field F is abelian.

Conjecture 7.18. Providing the right-hand side ezists,
rank pwe (Selp (']I‘OO_,E ® \Ilfl/Q)V) = the generic order;_ _—yj/2 L(fk/F,soc).

This prediction is a direct translation of Conjecture 7.5, in terms of the behaviour

of the half-twisted Selmer group interpolating {fy}, U,
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Let’s try to understand what this statement means about the Selmer rank of FE.
However we might need to make a few assumptions, in order to obtain a formula
with some meat on it.

Throughout we suppose R is a Gorenstein ring, and that Conjecture 7.11 holds.
Let 7gen(F) denote the generic order of vanishing of L(fk/F, soc) along seo = k/2.
Writing 111 vz for the A%*-torsion submodule of Selg (TOO,E ® \11_1/2)\/7 and with
the proviso that Conjecture 7.18 is true:

—1/2

—~ l—\wt
rankz,, (H_I @ pAwt Zp> = corankZPSeIF('H‘oqE ® \p*1/2> — Tgen(F).

Furthermore, diagram chasing around Figure 7.2 then employing Lemma 7.12(c),
we quickly discover

Fwt
corankz, Selp (’JI‘:,O,E ® \11_1/2) = corankg, Selp (Cm"‘) [p>=] + #SSpht

where S;}?Et C SFp is the set of primes at which E has split multiplicative reduction.

Since £ and C™" are isogenous elliptic curves over F (in fact over the rationals),
it is acceptable to swap the coranks of their respective p®-Selmer groups over F.
One concludes that

—_1/2
rankz, (I]_I / ) = corankgz, Selg (E) [p™] + #SSPIlt — rgen(F).
Twt

— —1/2
Remark: To make further progress, we will assume ITT / exhibits a semi-simple

— _1/2
AV'-structure at the prime ideal (X). In other words ITI / should contain no
pseudo-summands of the form Z,[X]/X77Z,[X] with j > 1.

In this situation, both Z,-ranks of the I"™'-coinvariants and the I"™**-invariants of
— —1/2
are exactly the same. Moreover, this quantity will coincide with the order

of vanishing of the characteristic power series IIIF< 1/2 ) at the point X = 0.

As a corollary,
ordx—oIIg (’]I‘;olg) = rankzE(F) + corankz, g (E) [p™] + #S;Sgt — Tgen(F).

Last of all, we’ll now take the field F to be an abelian extension of the rationals.
The p-adic Birch and Swinnerton-Dyer Conjecture predicts the triple summation

rankz E(F) + corankz Ig (E) [p>] + #SSpht

is equal to the order of vanishing of the p-adic L-function L,(E/F,s) at s = 1.
However the latter function coincides with LES (f/ F. 2, s) up to an I-adic period,

i.e. up to a non-zero scalar.
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Conjecture 7.19. The order of vanishing of IIIg (T;lg) at X =0 equals

orderszlLES (f/F,2,s> — the generic orders:k/gLSS (f/F,k,s)

under the various hypotheses made above.

The Conjectures 7.18 and 7.19 appear very plausible when considered in tandem.
The former predicts that the number of copies of (A™")" = Homgons (A™,Q/7Z)
lying inside the half-twisted Selmer group, is governed by the generic behaviour of

LSS (f/F7 k, 5) The latter conjecture then corrects by the p-adic L-function of E

which plays the role of a ‘weight two error term’.

Example 7.20. Consider the modular elliptic curve E = X(11) and put F = Q.
As we already saw in 4.14, if p = 11 then Rg = Z11[X] which is clearly Gorenstein.
Writing f € AV*[q] for the Hida family lifting Xo(11) at p, then f5 = fx,(11) and
f12 is the 11-stabilisation of the Ramanujan A-function.

The generic rank may be computed via specialisation at weight 12:

Tgen(Q) = orders—g Lp(flg,s) = order,—g L(A,s) = 1.

The Greenberg-Stevens formula implies that Li; (fg, s) has a simple zero at s = 1
because L(Xo(11),1) # 0. Finally, we expect from Conjecture 7.19 that

ordx—g IIIF<']I‘(;11/E2) = orderg—; Lll(fz,s) — 1rgen(Q) = 0.

In other words, IIIF(’]I‘;lg) = a9 + ;X + asX? + --- where ag # 0.
Question. What is the 11-adic valuation of the constant term ag?

In the next two chapters, we will find complete solutions to questions of this type.
More generally, for any strong Weil curve E which is ordinary at a prime p > 3,
we prove formulae for the leading term of the characteristic power series I1lg (T)
where T denotes either Too g, or its half-twist Too g @ U—1/2.



CHAPTER VIII

Diamond-Euler Characteristics: the Local Case

We now have a pretty good idea of what A"*-coranks to expect for both the vertical
and the half-twisted Selmer groups, the latter subject to Greenberg’s conjecture.
However there are several other invariants attached to these objects, which have
deep arithmetic significance. Those occurring at weight two are connected to the
Birch and Swinnerton-Dyer formula, whilst at weight greater than two they relate
to the Bloch-Kato conjectures.

Pioneering the cyclotomic Iwasawa theory of elliptic curves, Mazur et al [Mz2]
analysed the structure of the Selmer group over the Zj,-extension, and essentially
recovered the BSD formulae. This corresponds to the line k = 2 in the (s, k)-
plane. One of our tasks will be to compute invariants along the vertical line
s = 1, and along the line of symmetry s = k/2. These quantities equate with
the power of p occurring in the leading term of Il (Te,g) and Il (’]I';Ol’g),
respectively.

One of the principal reasons why we wish to know the leading terms, relates to
the so-called two-variable ‘Main Conjecture of Iwasawa theory’ for the Hida family.
This statement predicts that the Greenberg-Stevens p-adic L-function generates
the characteristic ideal of the Selmer group, deformed as a sheaf over the (s, k)-
plane. To make the connection precise, it is necessary to match up the leading
terms of the analytic and algebraic L-functions. The former is estimated using p-
adic BSD, whilst the latter arises from determinants of certain Galois cohomology
sequences.

To work out these quantities, we need to study the I'*-Euler characteristic of
both vertical and half-twisted versions — the calculation breaks up into a local
problem and a global problem. The global issues are resolved in Chapters IX and
X, and involve introducing p-adic weight pairings, and likewise p-adic height pair-
ings. These in turn allow us to define regulators, which (conjecturally) should not
vanish.

The local side of the problem will be dealt with exclusively here in this chapter.
The main difficulty is to evaluate the size of the kernels of the local restriction maps
0c0,E,» and 5;121 at the finite primes v of F. In general, this is way too difficult!
To make the calculation tractable, there are two assumptions we are forced into.
The first hypothesis requires that the number field F be an abelian extension of Q
(this allows us to exploit properties of the super zeta-elements). The second one
assumes that the local component through which the Hecke algebra acts on To £
is a complete intersection ring.

As motivation for what is to come, let’s begin by explaining the simplest case.

165
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8.1 Analytic rank zero

Throughout this chapter, we suppose that E is a modular elliptic curve over QQ
satisfying the condition (p-Ord). In addition, we also assume

Hypothesis(F-ab). The number field F is an abelian extension of the rationals
such that the prime p does not ramify as an ideal of Op.

Rather than rush headlong into tackling the most general situation, in this section
we outline a very special case of our calculations. The reason for this simplification
is due to the following deep result [Kv,Kal].

Theorem 8.1. If L(E/F,1) is non-zero and pg,p : Gg — GLa(Zy) is a residually
irreducible Galois representation, then the Selmer group of E over F is finite.

In particular, whenever E has analytic rank zero over F then #Selg (E)[p™] < oo.
Because E and C™" are Q-isogenous, the p-primary part of Selg (Cmi“) is also finite.

In this section only, we will work under the assumption that L(E/F,1) # 0.
Let’s focus first on the vertical deformation of Ta,(E), i.e. the straight line s = 1.
Recalling the existence of the quasi-isomorphism

Selg (C™) [p*] “F Selp(Toop)

one easily deduces the finiteness of the T'"t-invariants of the vertical Selmer group.
Furthermore, the characteristic power series of Selg (']I‘OO, E) is non-zero at X = 0,
and has leading term

IHF(TOO,E)(X - X(rwt, selF(Too,E))

up to p-adic units, of course. Note that the I'*-Euler characteristic is defined by

x(1, Sele (T ) = ﬁ(#Hj(rwt, SelF(Too,E)))(il)j

3=0
#HO (rwh Selp (TOO,E))
HH! (rwt, Selp (Tm,E))

since I'"* = 7, has cohomological dimension one.

Question. How should we compute alternating products of this form?

The answer lies hidden in the fundamental commutative diagram in Figure 7.1.
Chasing around the kernel/cokernels of the three horizontal maps, we find

#8ele (C7) [p] x 4 (1m (Acwin) 1 €D, e #Ker (6,50

X(FWt’SelF(Tm,E)> = #Ker(foo ) x #H (Fwt’ SelF(Too,E))

In particular, by Lemmas 7.7 and 7.8 each of these terms above is a finite p-group.
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Corollary 8.2. If L(E/F,1) # 0 and pg,, is residually irreducible, then

_ #e(C™) [p>] 1wt -1
mF(TOO,E)‘XZO = Tammpe X M (1, Selp (T 1) )

HVEE #Ker<5oo'rE’V)

X
[Les [Ker(doo,Ey,,) : Im()\cmm) N Ker(éoo’E,l,)}

up to an element in Z,; .

Proof: Observe that C™*(F) is finite because the Selmer group containing it is,
whence Selg (C™™) is isomorphic to IITg (C™™). Moreover, the kernel of Su g has
size #C™" (F)[p>] by Lemma 7.7 again.

a

Remark: In the analytic rank zero situation, this corollary reduces the evaluation
of (T, r) at X = 0 into the computation of two separate quantities:

H #Ker(600,8,0); and
vey

) (7 5t )) > T o)) ]

veXD

The first calculation is basically local, and occupies the remainder of this chapter.
The second part (B) is global, and constitutes the majority of Chapter IX.

Eliminating Corollary 7.11.

Let us now shift our attention to the half-twisted representation T = Too p@W
i.e. to the central line s = k/2. What causes something of a nuisance is the failure
of the quasi-injective map

—1/2
b

—1/2 ad

Selp (C™") [p>] =% Selp (Toop @ w71/2)

to be quasi-surjective, if there are primes above p where E is split multiplicative.
More precisely, if Rg is Gorenstein and under Conjecture 7.11

FWL
corankyz, Selp ('JI'OC’E ® \11_1/2> = coranky, Selp (Cm““) [p™] + #Swht
0 + #SE

where the notation S”)Il;t denotes the split multiplicative primes for F lying over p.
The following result works whether or not L(E/F,s) vanishes at s = 1.

Lemma 8.3. If S;{’;t =0 and R is Gorenstein, then Conjecture 7.11 holds true.

For example, if E' admits complex multiplication then its j-invariant is p-integral,
in which case there are no primes of split multiplicative reduction, that is S;p;)lt = 0.
It follows that 7.11 is true for all CM elliptic curves over Q.
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Proof of 8.3: We need to establish for all p € Sg, that the index
|:H1 (FpaToo,E/F+ ® \ijl/2)l—‘w : ZPFWti|

is finite, where 2, = Im(Hl (Fp, Too.p ® U~1/2) — HY(F,, Ty p/F+ ® \1:—1/2)).

If we set T = Too g ® W1/2 then there is a short exact sequence

0 — H(Fy, T/F') @pm Z, — H°(F,, Ta,(C™")/Fil")
— H'(F,, T/FH) — 0.

The middle group is finite, because as a Gal(F,/F,)-module

Q, ®z, (Tap(cmin)/Fiﬁ) % Q,

when E is not split multiplicative at p. The finiteness of H* (Fp7 T/ F+)Fw follows.
0

We are understandably cautious in relying on too many hypotheses and conjectures.
Thus our calculation of the Euler characteristic for the half-twisted Selmer group
will only be in the situation where E does not have split multiplicative reduction

at any of the primes above p.
Corollary 8.4. Assume that R is Gorenstein, and the subset SSpht

If L(E/F,1) # 0 and pg, is residually irreducible,

C X is empty.

_ #IIp (C™in) | oo] 1/2y) 7t
111 1/2 _
F (TOO’E 2 v ) ’X:O a #Cmin( )[poo] ( SelF OOVE))
I/EE #Ker( oongV)

X
[ex [Ker(921,) - In(aal) NKer(6.072,)]

up to elements of Z, .

wt
Proof: To establish the finiteness of Selg (T;olg)r we just apply Lemma 7.12(c).
The argument reduces to a familiar diagram chase, this time around Figure 7.2
rather than Figure 7.1 (otherwise, the details are identical to the previous corollary).
O

Let us now return to the general case, and ask what happens if L(E/F, 1) is zero.
We can no longer say that the I'*-invariants of our big Selmer groups are finite,
and therefore expect the associated Tate-Shafarevich series to vanish at X = 0.

In Chapter IX, we obtain formulae for the leading term of these characteristic
power series ITTg(—), even when the analytic rank of E over F is strictly positive.
However, we need to work under a certain semi-simplicity criterion governing the
underlying Z,[X]-modules.

In the sequel, we drop all hypotheses concerning the order of L(E/F,s) at s = 1.
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8.2 The Tamagawa factors away from p

In order to work out the kernels of the restriction maps on local cohomology, it is
sensible to distinguish between primes that lie over p, and the primes that don’t.
In this section we complete the latter analysis, which is far easier than the former.
Let v € ¥ such that v { p; we want to calculate the size of

1 min[,,c0 1 vt
(e B (o))

H&r(FV7Cmin[px]) HI}T(FV’ATQQ,E)

and in the half-twisted scenario, the size of

. 1 —-1/2 e

Ker 6_1/2 . Hl(FV’Cmm[poo]) . H (FU7ATOC,E)
0o, B,v * Hlllr(FV’Cmin[poo]) H1 (F A'E1/2>

nr v o, E

This leads us nicely onto the concept of a Tamagawa factor for a p-adic deformation.
Definition 8.5. Let T denote either Tos g, or its half-twisted form Too g QWU1/2,
For a positive integral weight k € Ug, we define

Tam{) (T) = # (2, ©aveg, Torsw B (I, T) ")

which is an integral power of p, called the v**-Tamagawa number of T at k.
The following compiles a list of some basic properties for these numbers.
Lemma 8.6. (i) If the prime v Np, then Tamg? (T) =1 for all k as above;

(i) If the prime v|N, then Tamg? (T) divides the Tamagawa number associated
to the lattice T ®@pwi g, Zp by Fontaine and Perrin-Riou;

(111) At weight two, Tamgu) (T) divides the p-primary part of [C™™(F,) : C™(F,)].

Proof: To show (i), we simply remark that H* (IFV, T) = T(—1) since the lattice
T is unramified at the prime v. In particular, its A%*-torsion submodule is trivial.
To prove that part (ii) is true, one observes any cocycle x € H! (IF”, T) which

is gr-torsion, is also killed by the power p" with n = ord, (# T e 7
v @pwt,g, Zp

Clearly there is an injection

TOI‘SAwt Hl (IF,,7 T) ®Athgk Zp — TOI‘SZle (IF,,7 T ®AW°,9k Zp)

which respects taking the Frobenius invariants at v. It follows that Tam%kv) (T)
Frob,=1
divides into #Torsz, H L (IF,,, T ®pweg, Zp) . The latter is precisely the

definition of the p-adic Tamagawa factors given in [FPR].
Finally, part (iii) is just a special case of (ii) since T @pw g, Z;, = Ta,(C™").
g
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’ [Cmin(F )Cmin(FV)] }*1

Proposition 8.7. (i) #Ker(du,p,,) = Tom® (Tm.z) L~ for all v {p;
am ~,E

| [emmeecpnen)] |
Tam{? )( mj)E®q,71/2) fOT’ all v J[p

(ii) #Ker (6.11,) =
Proof: We start with the vertical case (i). By definition do g, is the dual of

6oo,E,u Hl

nr

(Fu, Too,p) ®pwt Zp —  HL(F,, Ta,(C™™))
where the right-hand term was the p-saturation of

Tap (cmin) Ir,

min\ TF, [a
1 (Frob,, Tay ()™ ) = S

In fact H} (F,,7 ’JI‘OO’E) is all of H! (F,,7 Too’E) when v { p, as the A%*-rank is zero.

nr

Remark: The key quantity we need to calculate is
#Ooker (Suop) = [Han(Fu Tap(C™)) s H' (), Too,) @ Z, .
To begin with, there is an exact sequence
0 — T./% @pw 2, — Tap(C™™% — H'(Ig,, Ta ) — 0.

Further, T _ ey % Qawt Zy coincides with (’]TOO,E R pwt ZP)IF” = Tap(Cmi“)IFv because
inertia must dCt trlvmlly on Z,, through the weight two specialisation go = ug — 1.

wt
As a corollary H* (IFV,'JI‘OQE)F must be zero.

The group Gaul(FE"r / F,,) is topologically generated by the Frobenius element, and
has cohomological dimension < 1. There is an identification

T %
H' (Frob,, T ) = # A
) s (Frob, — 1).T_

_ (TOOE QpAwt Zp)
(Frob, — 1).(Tuo i ®pwe Zp) ™

) = Hl(Froby, Tap(cmin)hu)'

Since the local cohomology H*! (F,,,']I‘oo_, E) is always A™'-torsion whenever v { p,
inflation-restriction provides us with a short exact sequence

0— Hl (FI‘ObV,TOOI’FE“) m_i)l H1 (FV7T007E) rgt TOI‘SAthl ([FwToo,E)FrObV _o0.

rv
The boundary map Torspwe (Hl (IFV , 'JI‘OOA,E) Fmb”) — H! (Froby7 T IFV)F . in

I'"*-cohomology trivialises because H*! (IFU T, E)FW = 0. It therefore follows that

the coinvariants H' (Frob,,7 'JI‘OiFE”) inject into H* (F,,, TOC,E)wa, under inflation.
’ Twt
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We deduce that there is a commutative diagram, with exact rows and columns:

0 0

l I

H! (Frobu, Toi,FE")Fm 2 H (Fy, Too ) pue — TorsAm<H1 (Ir,, Too’E)F“"’")

| ! a

H! (FI‘Obl,, Tap (Cmin)lpu) in_f}i Hr}r (FI/7 Tap(cmin)) Tiit Hl ([F,, , Tap(cmin))FrobV [poo]

! !

Twt

H2(F,,Tap) = Coker(6,,)
0 0

Exploiting the above to compute indices, general nonsense informs us that

#Coker (SOO,EW) - [Hér(F,,,Tap(Cmi“)):Hl(Fu,TOO,E)Fwt} —  #Coker(6,)

w11 (I, Ta,,(cmm))mb" [p™] |[emin(E,) s cpnE,)] ’:

#Tors pwe (Hl (Ir,. Toc,E)Fme ) - Tamgg (Too,)

However this is also the size of the kernel of 0, ., and part (i) follows.

Finally to prove (ii), one employs an absolutely identical argument to before
—1/2

except Too g is replaced with Too g ® ¥™1/2 and 0o g, is replaced with O

We now have a suitable working definition in place, for Tamagawa numbers inside
a p-adic deformation. It is natural to ask what relation (if any) they bear to the

standard Tamagawa numbers of the individual modular forms living in the family.
In particular, for our original elliptic curve E,g we may ask the following

Question. Can the Tamgj (T) ’s ever differ from the p-part of [E(F,) : Eo(F,)]?

Let’s look for an answer in the special situation where the ground field F = Q.

Certainly one way of spotting when there is a difference occurs if the p-primary

part of [C™*(Q) : Cg‘m((@l)] is strictly smaller than p-part of [E(Ql) : Eo(@l)],

for some rational prime number [ # p.

Clearly for this to happen, there must exist a rational cyclic p-isogeny between

the elliptic curves E and C™™", otherwise their two p-primary factors are the same.
-1

When E has split multiplicative reduction at [, then “E(Ql) : EO(QZ)H equals
P

the p-part of ord; (qE), which can be arbitrarily large. It follows that the likeliest

candidates to consider are the primes at which E and C™" become Tate curves.
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Table of differing Tamagawa factors up to conductor < 10,000

E la1,a2,a3, a4, as) P l c(E) TRg=A"?
11A1 [0,—1,1,—10,—20] 5 11 5 Yes
14A1 [1,0,1,4,—6] 3 7 3 Yes
19A1 [0,1,1,-9,~15] 3 19 3 Yes
26A1 [1,0,1,-5,-8] 3 13 3 Yes
35A1 [0,1,1,9,1] 3 7 3 Yes
37B1 [0,1,1,-23,-50] 3 37 3 Yes
38A1 [1,0,1,9,90] 3 19 3 Yes
77B1 [0,1,1,-49,600] 3 7 6 Yes
158D1 [1,0,1,-82,-92] 3 79 3 Yes
278B1 [1,0,1,-537,6908] 3 139 3 Yes
326C1 [1,0,1,-355,1182] 3 163 3 Yes
370C1 [1,0,1,-19,342] 3 37 3 No
485A1 [0,1,1,-121,-64] 3 97 3 Yes
2771A1 [0,1,1,-737,10177] 3 163 3 Yes
4385B1 [0,1,1,-12931,539706] 3 817 3 Yes
6070C1 [1,0,1,-5934,163232] 3 607 3 Yes
6886A1 [1,0,1,—2630,58512] 3 313 3 No
7094C1 [1,0,1,—-288181,59747904] 3 3547 3 No
8027A1 [0,1,1,-3243,77986] 3 349 3 No

Figure 8.1

Let us quickly explain how to read this table. The first column refers to Cremona’s
notation [Cr] for the strong Weil curve E (rather than the Antwerp nomenclature)
and the second column supplies its coefficients in Weierstrass form, i.e.

E:y + aizy + agzy = 23+ a2® + ayr + ae.

The third and fourth columns indicate the choice of p # [, whilst the fifth column
is the Tamagawa factor ¢;(E) = [E(Q;) : Eo(Q;)] at the prime [.

In all cases the Tamagawa factor Tamgl ) (T) of both deformations equals one,
because ¢;(C™") is coprime to p. Since we stopped searching at conductor 10,000
and found only 19 examples, it appears the A™*-adic Tamagawa number at [ differs
from its p-adic counterpart very infrequently (see [Sm, App. A] for the algorithm).
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8.3 The Tamagawa factors above p (the vertical case)
Having disposed of the primes away from p, we now deal with those above p.
Throughout we are forced to make:

Hypothesis(Gor). The deformation ring Rg is Gorenstein.

Let us recall that for all places p above p, we are hoping to calculate the size of

H? (Fp,Cmi“[poo]) . (Hl (Fp,/l'J1‘m,5)>lwt

Ker| doo,Ep : HI(F,,C7 [p)) ler)wa(Fp)

and for the half-twisted lifting, the size of

(B, v (R a7 2)\
. H (chmm[poo}) pr AT 5
€L

Ker | 671/ T
W+ (Fy) 1 (F,)

o0, Ep -

In order not to overload the reader with too much exposition, we defer the analysis
in the half-twisted case to the next section. From now on consider T = T g.

Definition 8.8. For a positive integral weight k € Ug, one defines
[H} (F,,, Too & ®pveg, Z,,)  HY (Fp, F+Too b @pwig, Zp)}

#HO (Fp7 AT()O,E) ®Athﬂk Zp

Tamifp) (Too,r) =

which is an integral power of p, called the p"-Tamagawa number of Too,r at k.

As we shall shortly see, at weight two these Tamagawa numbers are always one;
however this appears to be a fluke, in general we expect them to be non-trivial.
The rest of this section is devoted to the proof of the following

Proposition 8.9. (a) If E has good ordinary reduction over Qp, then
) ) -1
‘ [lexl(Fp) . Cémn(Fp)] ‘p

Ker( @pjp 0oo,Bp ) = E(fy)p™] * 7
# er( plp 7E»P) H# ()™ covolj(l.QDl_E(Fp) XTam;?;(Too,E)

(b) If E has bad multiplicative reduction over Q,, then

[emin(Ey) < cin(Ey)] |

I

#Ker(@ 0c0,E, )
Pl P p‘ covolgrm . (Fp) X Tamg; (']TOO,E)
P o i

(c) At weight k = 2, the factor Tamgg (Too,e) =1 for every place p|p.
N.B. At those primes p lying over p, we have defined covolq(il.E (Fp) to be the index

{exp: (H1 (Fy, Tap(cmi“))) exp?, (Hl (Fp, Too.22) @pwe Zp)] :

Note that exp}, is the homomorphism obtained by cupping the dual exponential
map with a Néron differential w € Hlg, living on the optimal elliptic curve C™.
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Remarks: (i) In the statement of the above proposition, we have grouped together
the kernels at all the primes above p simultaneously. The underlying reason is that
the calculation is best carried out semi-locally rather than locally, as the connection
with L-functions becomes more apparent.

(i) When E has good ordinary reduction over Q,, the extra terms #E‘( o) [p™]
enter into our formulae — by definition, they are the number of p-power torsion
points on the reduction of E over f,, the residue field of F at p.

There are two main technical tools we need: the super zeta-elements of §6.1,
and the big dual exponential map (constructed in §5.3 via Iovita-Stevens’ theory).
Employing Definition 5.11(ii), since F,, is a normal extension of the p-adic numbers
there exists a unique AVt-homomorphism EXP*, which makes

EXP;

H (va TOQE) B’VFP Fy ®z, Zyp {(w)
w—kJ J w=k
T
H! (Fp, V%) _ cotang (Vg /Fy) i) (t—> ”E)w:k Darry, (Kt )

commute at all arithmetic weights k € Ug NN>5. It is at this point we require Rg
to be Gorenstein, otherwise we might have to throw away a dense set of weights.

Warning: One must be very careful here precisely what is meant by uniqueness,
i.e. only after a generator vy, € D1 (’H”;OE) over the affinoid algebra Q,(w))

cris
has actually been chosen, can the homomorphism EXP* be considered unique.

Now we indicated in 5.11(iii) that these maps can be glued along primes p € Sg p;
together they yielded a homomorphism on semi-local cohomology

N EXP; g
EXP;_, i H' (F©Z)Top) — [[H(DpToor) — " FeZy(w).
plp
Let us begin the proof of Proposition 8.9 by checking how large the image is.

Lemma 8.10. rankyw (Im(EXP;_,)) = [F:Q].

Proof: Because F is an abelian extension of Q, we can split up the calculation over
the Xp-eigenspaces, i.e.

rankch<Im(EXPa}%E)> = Z rankA:Zc (EXP?*TOO,E <H1 (F ® L, ’]I‘OO’E)> W))
PEXF
()
= Z rankzmb (EXPTTOOE (Hl (F ® Zp, Too,E) ®Awtygk ZP) )
YeXF

at all bar finitely many weights k € Ug NN>o. In fact, the weights we must discard
correspond precisely to those primes occurring in the support of the semi-local H*.
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As a consequence of Theorem 6.2, there exist zeta-elements 3 = 3F belonging to
Mo ®hord(Npoo> H! (F7 Too,E) ROr 75,;

we don’t care about their exact normalisation, and just drop the MS°'d hereon in.
Exploiting the interpolation properties of EXP*  at each character ¢ € Xg

EXP’TTOC,E <locp (3F) (w))wzk = exp*{,f; (locp (3F)£U¢:)k> ul- @)_%(t_l.vI,AE)w:k

Lty @y=11)
Qe

i

= (a non-zero number) x

which does not vanish provided k > 3. It follows directly that the Z,, y-rank of the

i-part of EXP-’J‘T&’E( — )w:k is at least one, in which case

rankyee (M (EXPE_,)) = D1 = #Xe = [F:qQ].

YeEXF

Conversely, the image of EXP;_  is a compact subset of F ®Z,(w)), which means

its A¥t-rank is also bounded above by [F : Q]
O

Corollary 8.11. (i) There is a left-ezact sequence of AVt -modules

EXPr
0 — Xr,(F®Z,) — H' (F®Zp, Tx,E) 5 B @ 7, (w).

(i) At weight two, this specialises to a left-exact sequence of Z,-modules

exp),

0 — X, (FOZ) @2y, — H(FOZ, Tup)@rmZ, 5 FOI,
Proof: We start with part (i). If X € X1_ , (F ®Z,), then for all k € Ug N N>,

EXP_ (X),_, = exp;;fz(aewzk)u(1_(p)—l,(t—l.vmg)w:,c =0

as the specialisation X,,—j lies in Hg1 (F ® Zp, Too,g Qawg, Zp> C Ker (exp*{,; )
k

It follows that EXPy (%) vanishes at infinitely many distinct k, and so is zero.

However Xr__ , is A™'-saturated inside the semi-local H'; using Lemma 8.10

ranky B (F @2, Taos) = 2[F:Q] = [F:Q] + [F:Q]
= rankpwe Xp_ , (F ® Z,) + rankaw Im (EXP:_ ).

Therefore the first sequence above must be left-exact.
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To deduce part (i), we will examine the I'*-invariants and I™*-coinvariants of (i).
In particular, one obtains a long-exact sequence in cohomology

FWt

Hl(F®ZP,Tm,E) )
. X (F Z)
‘) XTO@,E(F(@Zp) — Too. © Ly wt

. (BxPi_ L),
— H (F®zp, TDO,E)FM = FoLy(w)| .

Key Claim: The image of the boundary homomorphism 0 is always zero.

To justify this assertion, observe the quotient of H' by Xr is A™t-torsion free,
H! (FQZLp,Too,1)

XToo,E (F®Zyp)
Thus it suffices to show the Z,-rank of H! (F ® L, 'JI‘OO_,E>F . is equal to

,E

in which case the I'*-invariants of have no option but to be Z,-free.

vanky, Xe_, (F®Z,)  + rankg,Im(EXP;_,),_,.

Firstly, the former rank is Q[F : Q]. The Z,-rank of Xr_ (- )Fwt is bounded
below by the A™*-rank of Xy _ ,( —) which is [F : Q] courtesy of Theorem 5.18;
however, it is also bounded above by the Z,-rank of the Hg1 (F ® Ly, Tap(Cmi“))

which again equals the degree [F : Q], Lastly, if p* = #H? (F ® Ly, ’]I‘OO’E)FW then
. (thc pullback of Im (oxp’{/f* >) has Z,-rank [F : Q] in H/lg (F @ Zy, Tay(C™m));
it also lies inside the pullback of Im(EXPs E)w

the same maximal Z,-rank.

_, modulo Xr_ (F@Zp)rm with

As a consequence of this Key Claim, we obtain the exactness of the sequence

EXPr
0 — Xr.p (F®Z,,)F . Hl(F®Zp, TOO,E) ( ﬁ)wﬂ F®Z,

Twt

It remains to replace (EXP%} E) on the right with exp},, then we are done.
oo w=2
Indeed, for any X € Xp_ , (F®Z,)

EXP?*TOCE (x)w:2 = CXp*{/fZ (xw=2) U (1 - 30)71' (til'vlv)‘E)U):?
_ sz * -1
= m X eXpr; (}:w:g) U (t .VE)
U,

P

satisfies fs Uvy = 1 and (VI,,\E)w:2 = CgVE.

N.B. here v € Daisq, (Ve,) ™
Lvg) coincides with exp}(—), up to a non-zero scalar.

However exp’{,f; ( - ) U (t_
H' (F&Zy, Too 1)
Xr 5 (FoZ,) .,

exp’ to H! <F ® L, 'JI‘OQJ;)FWt must share the same kernel as EXP%QC,E ( -

Since the quotient Lt

is free of any p°°-torsion, the restriction of
)w:2'
The proof of part (ii) is completed.

|
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We should bear in mind our original task was to compute the size of Ker(&oo’ E,p).
By local duality, this corresponds to the size of the cokernel of

~

Ooo.Bp t X1 (Fp)ree > Hy (Fy, Tay(C™)) = C™(Fy)BZ,

i.e. to the index of the T"'-coinvariants of Xt , inside the local H, for Cmin,
Applying the Snake lemma to the commutative diagram

expl,

0 — Xr, ;(FOZ,) @aw Zy — H'(F8Zp, Toop) @am Zy % FOL,
o Jom H
0 — H{(Foz, Toc™) — H(Foz, TaCc™) == Foz,
via the usual nonsense, one finds that
#Ker( Dplp 5007E,p) = [Hgl (F ® Ly, Tay (Cmin)) Xy, (F®Zy) @pve ZP}
[ (F 0 Z,, Tay(C™™)) : B (F @2y, Toi) @ 2]

[exp;; (HI(F ® Z,, Tap(cmin))) : expl, (Hl (F ® Z,, TOO,E) D pwe Zp)} '

Significantly the latter quotient no longer involves either H gl nor Xr__ .

Remark: The denominator above is equal to Hp‘p COVOlq(rii - (Fp) by definition.
On the other hand, using the short exact sequence

(HO(FP,ATOO,E)W)V

Ta

. s
0— H' (Fmﬂrm,E) @pwt Ly — H' (Fp, Tap(cmm)) —H? (F,,,TOO,E) )

we immediately deduce the numerator is the product lep #HO (Fp, At E)Fwt.

As a corollary, one obtains the closed formula

#H(Fy, Ar_ )
covolj(rg) (Fp)

B

Twt

#Ker(@mp 60@E,p) =
plp

If we elect to write out Definition 8.8 in full, then at weight two

[H} (Fp, T,z @pwt Zp>  H} (Fp, FToo £ ®pwt Zp)]

(2) _
Tame (Too,E) = 2 HO (F'37 ATOO,E)

*)

Clearly Proposition 8.9 will follow, and thence the triviality of these Tamgg(—)’s,
provided we can establish:
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Proposition 8.9°. (a) If E has good ordinary reduction over Q,, then

#HO (P dn_ ) = #EG] = [[C70 () s (Ey)]| T for all plo:

Twt -
(b) If E has bad multiplicative reduction over Q,, then

) -1
#HO(FWATDC,E) = “Cmm(Fp) crin(p )Hp Jor all p|p;

Twt
(c) In either case it equals [H} (F|07 Too, 2 @awt Zp> : Hj (F|D7 FtToo, g ®pwt Zp)].

Proof: We start by calculating these coinvariant terms:

Fwt
4 HO (Fp, ATw,E)M — 4H° (Fp, ATW,E) as T™ is pro-cyclic
GF .
= #Homcont (TOQ,E Q) Awt Zp» N’p"") ’ :#Cmm (Fp) [pm}

It makes sense to consider the good ordinary and bad multiplicative cases separately.

Recall that the index [H} (Fp,’]I‘OO_E @ pwt Z,,) : HY (Fp, FH oo g @pwe Zp)} is the

numerator of (*).

First case: E and C™" have good ordinary reduction at p.

Write Cmm for the height one formal group of C™ over the ring of integers of F,,.
Fp

As Gal(Fp/Fp) modules, F*To, g @pwt Z, = Ta, (Cm‘“ ) on a p-integral level.

Consequently the numerator in (*) transforms into
15 (B Tap(€) ) < (R Ty (€5 ) )|

which is precisely the index |C™in (Fp)®Z Cmm (p)@Zp]

Because p > 3 does not ramify in the field F, the formal group has no p-torsion.
™ (Fp )® Z, — ~ —
It follows that the quotient Z% &~ (Cmin (fp)® Z,, where C™in denotes
the reduction of the optimal elhptlc curve C™" over the residue field fr= OFp /p.
Moreover, there are equalities

#OUR()E 2y = HC ()] = #E(S) ]

due to the fact that Cmin and E are Fp-isogenous elliptic curves, hence they have
the same number of points over the residue field extension. As had been predicted

-1
the numerator of (*)

#E(f)<] x [[Cn(Fy) : (8, |

the denominator of (*)

p

since [C™"(Fy) : C3""(F,)] is trivial in the good ordinary case.
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Second case: E and C™™ have bad multiplicative reduction at p.
To make the calculation work, we’ll examine the connected piece of C™" over F,.
From Chapter I, there is the well-known short exact sequence

~

0 — Cjy, (1) — CE"(Fy) — Gmun(fy) — 0.

1

Now #Gmuit(fp) = #f, — 1 is coprime to p, hence Canin(Fp)/p"
and similarly C&n(F,)[p"] = CA/mg;p (0)[p"] = {Ocmn}.

Arguing in an identical fashion to the situation of good ordinary reduction at p,
again the numerator in (*) coincides with

@méip (»)/p"

e (80) 82, - T, ()3,

which is none other than the stable index {Cmi“(Fp)/p" : CA;%r;p (p)/p"} for n > 0.

But we already know 5}“6‘% (p)/p" = C(‘)ni“(Fp)/p”7 in which case

the numerator of (*) = ‘ [C™™(Fy) : C&™ (Fy)] ‘71
p

Let @gli“ denote the group of connected components of C™™ over the local field F,.
If we now consider the effect of multiplication by p™ on the tautological short exact
sequence 0 — Cg¥*(Fy) — C™H(Fy) — " — 0, we obtain a long exact sequence

0 — CEREp"] — CUR(E)pT] — B
_ C(x)nin(Fp)/pn _ Cmin(Fp)/pn . q);nin/pn — 0.
Because <I>‘;“i“ is known to be a finite abelian group, for all integers n > ord,, (#Cb‘;ﬂ“)
this becomes
0 = Cg™(Fp)[p™] — C™"(Fyp)[p™] — 25" [p™]
N C(I)mn(Fp)/pn N Cmin(Fp)/pn N (D;Jmn/A; -0
where A; denotes the non-p-primary subgroup of the components @;ﬂin.
Computing orders along this sequence, we may conclude that #C™"(F,)[p™]
. . . —1
coincides with #®min[p] = ’ [Cmin(F,) : Cin (Fy)] ‘ ie.
p

. . -1
the denominator of (*) = ‘ [C™™(Fy) : Co™ (Fy)]

p

This is strong enough to imply the triviality of Tamgp) (’]I‘oo, E) at primes above p.

The proof of Propositions 8.9” and 8.9 is finished.
O
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8.4 The Tamagawa factors above p (the half-twisted case)

Now that we have computed the local kernels above p in the vertical situation,
we switch to the line s = k/2 instead. Throughout this section we shall consider

T=TxrV¥" 1/2 wwhich was also abbreviated by T, / earlier on in the text.
The main objective is to calculate the size of

(5, cm i (B, 4:7)
g H (chrmn[poc]) . Py

Ker| d :
T Wi (Fy) i (F,) "

where as before A%:O/ )25 is the continuous x.y-twisted dual Homeont (Toolg s Hpoo

The local conditions Wemin 4 and Hi were themselves given in §7.1-§7.2.
Notation: For each prime p’p, let us employ the prefix
N H By, =) = () coresiy /B (Falian), = )
n>0
to indicate the group of universal norms over the cyclotomic Z-extension.

In the half-twisted scenario, the universal norms play a key roéle in the calculation
of the local kernels. First we must redefine the covolume terms mentioned in §8.3;

1()

precisely, the label covo 1-1/2 (Fp) denotes the regularised index

o, (N2 (B Ty ) s (N2 (8, 720,
[N 1 (B, Tay ) N (B, T

at all primes p lying above p. This formula is very ugly, but thankfully temporary!
Definition 8.12. For a positive weight k € Ug, one defines Tam(k> (']l‘;olg) as

|:H1 (FP7F+T 1/2) ®Awt Zp Numle (Fp,F+T 1/2) ®AWt Z }

1/2

which is called the ptP'-Tamagawa number of T 5 at k.

The following result is essentially the half-twisted analogue of 8.9(a) and 8.9(b).
Proposition 8.13. (a) If E has good ordinary reduction over Qp, then

[Cmn(Ry) - Cpn(Fy )]
| ,

2 2 12\
COVOlﬂ(T;i”EZ (Fp) X Tam%': (Tm’g)

-1

#Ker( Boplp 6001220 H (#E(fp)[poc})2 x

ol

(b) If E has non-split multiplicative reduction over Q,, then
|[emn(®,) : cyin(Ey) |

#Ker(@ 02 ) - 1 P .
PP oo B covol(Q,)l/2 (Fp) x Tam(2> (']I‘flg)
P|p T Fp \ "o

0, E
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Remarks: (i) When the elliptic curve E has non-split multiplicative reduction,

the Tamifg (—)’s are always trivial. However, if E has good ordinary reduction then

they divide into the square of #E (fo)[p°], and presumably can be non-trivial.

(ii) The reader will notice we have carefully avoided the case of split multiplicative

reduction in our proposition. If Conjecture 7.11 is to be believed, in this case the
s-1/2

0. Fop will be infinite, and the calculation stalls abruptly.

size of the kernel of each

(iii) It is somewhat annoying that covolj(?1 /2 (Fp) incorporates the universal norms,
oo, E

rather than the whole local cohomology. Unfortunately this is something we shall
just have to live with — there is no decent theory of the dual exponential map in
the half-twisted case, which doesn’t first rely on taking a cyclotomic deformation.

Sketch of the Proof of Proposition 8.13.

The argument is very similar to §8.3; we shall only briefly outline the main ideas.
The missing ingredient is that there is no analogue of the homomorphism EXP;
for the representation Too g ® U~1/2 which is a major obstruction to working out
the covolumes.

To rectify matters, we try and construct a large enough portion of EXP},U2 (7
00, E
using cyclotomic methods from §6.3, which will allow us to make the measurement.

Let’s first consider our interpolating homomorphism

Opers i H' (F(tn) © Zp, Toouir) — Lp((w))[Goor] @1 L'

ord

PRooy : MS

——ord
We drop the MS” Rpora — again as we don’t care about its precise normalisation.
Without loss of generality, we may also assume that there are no poles in the weight
variable by clearing denominators in £’.

The kernel will properly contain the submodule lim,, H? (F(,upn VRLy, F*'JI‘OO’E) ;
moreover, its AWt [[Goop]] -saturation gives the whole kernel because the image of
PR has A" [[GOC]] -rank exactly equal to [F : Q], courtesy of Theorem 6.11.
One can twist these objects by the half-integral character <X;y1/ 25 Rechyc(7)>;
over the cyclotomic tower, the twist absorbs into the coefficients Too g and F+Tos f.
We therefore obtain the left-exact sequence

0 — the saturation of lim H' (F(,upn) ® Ly, F+T;01’J/E2)

PR r®id
—

— A (Flup) © 2, L) Zy (W) [Goor]] @ U2,

Taking its G -coinvariants, the above degenerates into
0 — NuvHL(Fez, TF) — NuvH (Fez, T.F) (%)

PRI

= Z,((w)) [Gal(F/Q)] ® (\11-1/2

Gal(F/Q))

where PRlo,F denotes the map ‘PR r ®id’ modulo J¢__, the augmentation ideal
(in fact <x§y1/ o Resgeve (—)) restricted to Gal(F/Q) is just the trivial character).
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Remark: We consider the number field F as a finite-dimensional Q-vector space.

For each choice of basis e = {e¢}w€XF of the integers Op with o(ey) = ¥(0)ey,

one naturally obtains a map

Z,(w)[Gal(F/Q)] =3 FoZ(w), G = Twe(@) = > w(G)e

YeXF

The composition Twe o PRZQ : Nuniv (F ® Zyp, T, 1/2) — F® Z,((w)) will

now play an identical réle to that of EXP7._ in the previous section.

Making a suitable choice of {e¢} peXp? the interpolation formulae in Corollary 6.6
imply at the bottom layer

<ngo PRio,F) . :N’(;loniVHl (F ® L, T;Dl,l/i?2> Rpwe Ly — F R 7y

coincides with the dual exponential map exp(,, up to some non-zero scalar u € Q..
As a corollary, the sequence (**) at weight two specialises into

univ -1/2
N Hl(F®ZP,T /) )

NumvH+ <F Q7 , T—1/2)
Nunlle (F ® Zyp, T, 1/2) P rwt

Uxexp],
—

- Numle (F@Zm T 1/2>F . F@Zp.
The quotient group on the left is Z,-torsion free, and a simple calculation of ranks
shows that the image of 0 must be trivial.

On the other hand, the kernel of u x exp}, : H'(F ® Zj, Ta,(C™")) — F ® Z,
is the p-saturation of H* (F ® Ly, FilJrTa,[,(Cmi“))7 in which case

0 — Wewn ( (F@Z,) — H'(Fo2,Ta(C™")) " Foz,

is left-exact. Further, the sequence remains exact if one takes universal norms of
the first two groups on the left-hand side.

Remark: As a direct consequence, we obtain a commutative diagram

UXxexp],
—

Nunlle (F ® Zp7 T_1/2> PN NquVHl (F ® ZP7 T_1/2) F ® Zp
rwe rwt

lincl lincl ’ ‘

U Xexp

NS Wewso (F @ Z,) = NoVH(F @7, Ty (C7)) 2 Faz,

whose terms are (the duals of) the objects occurring in the kernel of @y, 6;015'37

albeit their universal norms appear rather than the full cohomology.
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Applying the Snake lemma to this diagram, one deduces that

[N Wenin o (F @ 2,) - N HE (F 0 2y, TUE) ] = covol?, , (FeZ,) ™

acE

Moreover the size of the kernel of @y, 5;011/;_'3 coincides with

#Coker (@p“, 5;1E2p) = [Wcmi“,-s- (F ® Zp) H (F ® Ly, T_I/Z)rwf}

L =T

1/2 niv —-1/2
(L (Foz, T2F) | NevHL(Fez, TOF) | ]
then plugging in the definition of Tamagawa numbers, the latter is none other than

[Wcmin,+ (F®Z) : N Wi, (F & Zp)]

covol?, . (F®Z,) x [] oo Tam{) (T;{{;)'
0, E

Mazur showed in [Mz2] that the numerator is trivial if £ has non-split multiplicative

__ 2
reduction, and equal to Hp|p (#Cmin(fp)[poo]) if E has good ordinary reduction.

Furthermore, in the good ordinary situation #C/r;‘ﬂl( fp) actually equals #E( 1o),
since the two reduced elliptic curves are IFp-isogenous.

This completes our rather tiresome computation of #Ker (@PIP 6;1/Ezp>

8.5 Evaluating the covolumes

(2) 1n terms

In this last section, we shall give an interpretation of the quantity covoly
of the I-adic periods which manifest themselves in the two-variable L function.
This viewpoint arises naturally when one considers these covolume terms as being
volumes on the dual space (the correction factors are then precisely the periods).
In order to introduce the notion of a A%*-adic volume, we shall first review the
non-archimedean Haar measures used by Bloch and Kato in [BK, Sect 5].

Let A be an elliptic curve defined over Q, and w4 € Fil°H, le a differential 1-form.
For a local field K of residue characteristic p > 0, the above fixes an isomorphism

wA - det(@p (DdR,K(V) /Fll()) — Qp
where V' = Ta,(A) ®z, Q, denotes the p-adic Gg-representation associated to A.

This trivialisation of the determinant defines a Haar measure on the tangent space.
On the other hand, the exponential map sends

expy : Dar (V) /Fil' — HY(K,V) = A(K)® Q,.

We write voly x for the Haar measure induced on H} (K , V) via the exponential.
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Remark: The product measure p = [], oo VOl A, (—) conjecturally converges,
and should then yield

0 TS
ol (AR)/A@) < | T] a@ja) | 2 HEE AL

pF#oo

provided that the Bloch-Kato conjecture over @Q holds for the elliptic curve A.
Assuming finiteness of the Tate-Shafarevich group and other standard suppositions,
this is equivalent to the formula predicted by Birch and Swinnerton-Dyer.

Question. Is there some A%'-adic analogue of the Haar measure?

The answer is very straightforward: ‘No’.

Whilst it is certainly possible to write down a weight deformation of the volume,
we lose the necessary property of additivity thus we do not get a Haar measure.
This will not be too serious a problem, provided one is ready and willing to sacrifice
additivity (our ‘measure’ will at least be multiplicative along exact sequences).

Step 1: Background on the exponential.

Let K denote any number field — it need not be an abelian extension of the rationals.
We now discuss how to measure volumes semi-locally over K ® Z, = Hp‘p K,.
The constructions work in a wider context than the p-ordinary deformation of pg .
In fact, the scenario considered here will be identical to Chapters V and VI.

First fix a primitive I-algebra homomorphism A : ho*d(Np>; Ox) ® Ap I1-1
corresponding to f € S¢*4. In particular, either of the conditions (Rk1) or (UF)
ensure that MS®(T)*[)\] is free of rank one, generated by the symbols Ef say.
Recall from §5.3 that there was a commutative square

EXPQp,i
—

H (Q, 5N @2, Qi)

I.VI")\

.= mod Ejﬁwtl ersxp/@p

, Gy (7-).0EXP
(@xty) oam BR/BI) T T — 7Y HY(K,, Ta N @2, Qu(0)

@Xéy

for all integers i > 1.

G
Ifi =1 then ((@xey) @ BYL/BIE") " is free of rank [K, : ] over I[1/p);
further, the element ¢t~1.vy \ generates an Ok, ®z, I-lattice denoted by Dk v -
We also abbreviate (J- )« c EXPg,,, by the shorter EXPy x, in other words

GKp

EXPocx (T (1) @av B /BI™) 7~ HE(Kp, TN 2, Qp ).

It follows that EXP » (DKp,VM) is an I-lattice of maximal rank inside of Hé.
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Remark: The precise connection between EXP » and our big dual exponential
homomorphism EXPy_ y : H Ky, Too[A]) — K, @z, Iis easy to describe.

Using Definition 5.11(ii),(iii) the two are related via the simple formula
* * -1 —
EXP:_ k,(—) = EXPL,(-) U (1-¢) . (t7"viy) (F*%*)
where EXP;O’ » denotes the I-linear dual homomorphism to EXP .

There is one last bit of theory we need to review before we can define our volumes.
For each Py . € Spec I(Ox)™® of type (k, €), there exist scalars Cep, . such that

via mod Py = Cpp X Vi with fp  Uvge = 1.
We computed these I-adic periods exactly in Theorem 6.4, and found that

Cfpk,E = (Pk,eoef) X PeI‘Li)\P (****)

RN =
where the elements £, ¢ € L' satisfy 5(1;15 (3[>\]) = F x 2F in MSI(L)E N
Under this identification, the crystalline zeta-periods given by

zeta . __ zeta ,__
Vit = — X VI and ViE = —— XV

o ’

behaved like global invariants (c.f. Definition 6.8), depending only on the original
choice of universal modular symbol =) = E; +Z,.
Step 2: I-adic Tamagawa measures of local points.
For an I[1/p]-module M of finite type, we use M/ to indicate the tensor product
M ®111/p) L’. Let us fix some generator vy y of the Hecke eigenspace D! ('IFOO) [A]

cris

Notation: One writes DKp,Vm for the OKp ®z,, I-lattice generated by the element
Gk
t=1.vy  inside the £'-vector space (']1';;0 [AJ(1) ®pwe Bgﬁ/BL’{Wt)D ?
By transport of structure EXPy » (DKp VI, A) will be an I-lattice in the vector space

H} (Kp, T3 A (1) ®z, QP)D’ which has dimension [K, : Q,] over the field £’.

Remark: Let L, be an auxiliary I-lattice inside of H} (Kp, T3 [M(1) ®z, Qp>£/.
Then for a suitable choice of scalar element g € I, the lattice g. EXP » (DKPVVL N
will be properly contained within L. The divisor of the fractional ideal

]LP
gEXPwA(DKmWA)

g_[KP:QP] X chary

will be called PKp,vi, (Lp), and is clearly independent of this initial choice of g.
Furthermore, if I is a regular local ring then we may view the divisor PRy v (Lp)
as being a well-defined element of £'* /T*.
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The reader should regard PRy v, 88 rudimentary prototypes of the volume forms
vola K, for the elliptic curve A, however they depend heavily on the choice of vy z!
Our next task, therefore, must be to remove this dependence.

Suppose that L is an I-submodule of H} (K ® Ly, T%, [A](l)) . of maximal rank.

Moreover to simplify the exposition, we shall now assume that the ring I is regular.

Definition 8.14. We define the I-adic Tamagawa measure of L. over K ® Z,, by

volr k(L) = (6) " x (656) " x [ 1y oven (L)
oo

where r1 is the number of real embeddings of K — R, and ry denotes the number
of pairs of conjugate embeddings.

Lemma 8.15. The I-adic volume form voly_ xk p(—) is canonically defined.

Proof: Let us first show the independence of volr_ [z k,, from the choice of v x.
We study the effect of replacing vy by the multiple u x vy with u € £, u # 0.
The product term in Definition 8.14 transforms into

Hurank(Lp) % HKp,vm(Lp) = uZmp[Kp:Qp] X H,U‘KP,VI,)\(]LP).

p|p p|p

On the other hand, sending vy, + u x v multiplies EXPL_ by u, which in turn

N
multiplies the interpolation Sl s by u again. However SIL s (3[,\]) = Ef X Ef\:,

which means both of the periods f;\*‘ and /5 will also be scaled by this factor u.
Hence the first chunk of Definition 8.14 becomes

W () ()

But the discrepancy —(ry + 2r2) + Zp‘p [Kp : Qp] equals zero, so the volume itself
is invariant under scaling.
Finally, the form voly_ [z k,, cannot depend on how we chose the symbols Ef,
because the volume only takes values modulo I*.
O
An important feature is that we can now specialise at arithmetic weights, in order to
obtain information about the standard Tamagawa measures in the analytic family.
More precisely at every point Py € Spec I(Ox )28 of type (k, €), the natural map

L' /1% Pes (K*/OZ) U{oo} produces an element

vol%,i;e[))\]ﬁKyp(L) = Pkﬁe(volqrm[,\]ﬁK,p(L))

Warning: The poles (if there are any) occur with negative multiplicity in

Z divy g;[Kp:Qp]CharI Ly — divy ((f;\*‘)rl (K';K;)Tz).

o g, EXPo (DKP,VM)
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Step 3: Relation between the volume and covolume at weight two.

Let us return to the original situation where E is a modular elliptic curve over Q,
and K = F is an abelian number field in which the prime p > 3 does not ramify.
The hypotheses (F-ab) and (p-Ord) are assumed to hold true, as ever

We shall henceforth write Volj(rlz)c. ( ) as shorthand in place of vol /\E] F (

In particular, one may interpret VOlﬂ(rol - ( —) as taking values inside Q) / Zy
at almost all positive integers k € Ug.

)
p*

@

Question. What is the connection between voly” 1(2)_ ?

and covoly
oo, E

More generally, one can ask a similar question at other arithmetic weights & > 2
but for the narrow purposes of this chapter, weight two will be more than sufficient.
For each positive k € Ug, denote by Perﬁk}\E (F) the I-adic periods

+ " + - "2
(IDelrL)\Ph1 ) X (PerI’/\PkI1 PerL)\Pky1 )

which occur naturally in the improved p-adic L-function Lg”p (f/ F. Kk, 1).
Proposition 8.16. At weight k = 2, there is an equality

vol? | (HH(F© 2, T3, 5(1))

lep VOlCn\in Fp (Hel (Fp, Tap(Cmin))>

PergE (F) x covolj(il L(Fez,) =

Proof: The idea behind the demonstration is to break up the calculation into its
constituent eigenspaces, under the action of the finite abelian group G = Gal(F/Q).
In fact one can subdivide it even further, by decomposing over the primes in S .

Firstly, recall that COVOIU(TQO)Q_E (F ® Zp) is by definition the index

[expfu (Hl (F ® ZmTap(Cmin))) : expy, (Hl (F ® Ly, TOO,E) QR pwt Zp)}

=TT IT [osw (@ Tap(m) s et (1 (o) 900 2,) |

P|p veXry

where X, denotes the character group associated to Gal(Fp/@p) at every p € Sgp.
Fortunately each i-eigenspace is one-dimensional, hence the problem reduces to
estimating the p-adic distance between the respective exp? (—)®)’s.

Remark: Fix a prime p and a character ¢ € Xg,. If V = Tay, (C™") ®z, Qp, then

. () . ()
expy, (H1 (Fp,Tap(Cmm))) = expy (Hl (Fp,Tap(Cmm))> Util.vzl

since vo 1 is invariant under the Gg,-action, and w U t7lvyr=1¢€ DdR(Qp(l))
by the properties of the elements vy, . given in §2.3.
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It follows directly that
. () ) ()
expy, (H1 (Fp,Tap(Cmm))) = expy <H1 (Fp,Tap(Cm'“))> U t71v2,1.(e;1e¢)

1 * min —1,—
= Fi Ter/Qp (expv (Hl (FmTap(C ))) U ZP,TP' ewlt lV271) .ew
[Fy : Q]
1 )
= = v, (Hl (Fp, Ta,(C™™)) U expy (Zp,w~ e;lflvz,l)) €y
[Fp : Q)

However, we can replace expy, (ij,.e;lt_lvll) by V). H! (Fy, Tap(Cmi“))(¢7 )
. -1
where V;w = VOlCmin’Fp (H(} (Fp, Tap(Cm‘n))(w )). The reason is that the lattice

expy, Zp.t—lvll) is assigned Haar measure 1 under the volume form VOlcmin’Fp (—)-

As a basic corollary,

* 1 min ®) Véw) : 1 1 (™1
exl (H! (B, Tap(C™))) " = gy vy (1 () UHEC)W70) ey
. -1
VO]C"‘i“,Fp (HGI (pr Tap (Crmn)) (v ))

— Do
[F,: Q) b

since H' (Fy, Ta, (C™")) U H} (Fy, Ta,(C™™)) projects onto Z, via the map inve,.

Remark: To play the same game with the term exp, (H1 (F®Zp, ']I‘oc’E) R pAwt Zp) ,
we should now apply the p-adic interpolation properties of our big exponentials.
The necessary background on these homomorphisms has been supplied in Step 1.

Once more we fix a prime p dividing p, and a character ¥ € X,; then

v ®) - @
expl, (H' (P, Too,i) @ave Zy) = expy (B! (Fy, Too,p) @avt Zy) Ut ovas

B . W
= Cfpi,l X expy (Hl (Fp7Toc,E) QAwt Zp) @] (t I.VI’)\E mod PQJ—)

where as before vy y mod P, = Cfpk X V. at an arithmetic point of type (k, €).
Applying Equation (¥**) one deduces that

@)
expz) (Hl (Fp7 Toc,E) R Awt Zp)

)

= ¢l (EXP;,\E (Hl (Fp,TOO,E)) ut—l.va) modulo Py 1.

Exploiting the same argument as in the previous case, this becomes

expl, (H' (Fy, Too,i) @ wfz)(w ! x 1w (o)
w ps Loo,E AWt Lip fPZl [Fp:(@p] Fp/Qp\ - --
—1
fP2,1

(™
= 7[]? 0 } iIIVFp (Hl (Fp7Too,E) UEXPs 2p (DFpaVI,AE)
p - p
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By our definition of the prototypes pp, v; ,, (=), the lattice Dy, was assigned

Viag

()
unit volume. Consequently, exp, (H 1 ( .. ) R pAwt Zp> coincides with

(¥) -1
s ey (Y (B o) U (R T () o Pi)
[Fp : Qp} 7

where we have defined )il(:’g) = UFpviag (Hé (Fp,Tj;O’E(l))(wi )> modulo Ps 1.

Fortunately H é was already R pg-saturated, which in turn implies

inve, (.. ) UHE(..)" T mod Poy) = inve, (H2(Fy, 1(1)) mod Pyy )

= inve, (H2(Fy, (1)) = 7.
One may therefore conclude

() -1

(W) A3 x Cg,,
HY(Fy, Too ) @awe Z = 2L 7. ey
exp ( ( p aE) A p) [Fp :Qp] P ed’

Remark: Evaluating the p-adic distance between these two Z,-lines, we discover
. () ()
that each index [cxpj} (H1 (F, Tap((,'m‘“))) : exp) <H1 (Fp, Too,p) @awt Zp) ]

must actually equal

- * (O —
WY x el iy vin g (HE(Fy T p(1) ) mod oy x €7}
) - ) (1
Vi volguin o, (HE(Fy, Tap(€m) )

Taking the product over all p € Sk, and ¢ € X, this becomes
(¥)
@) _ ~#Xr Vip
COVOIT&E (F ® Zp) = H CfPZ,l H N )

p‘p w€XFP p
_Fg HFp v, (Hg (FpaTZo,E(l))> mod Py 1
= CfPZ1 X

by v, (2 (By, Tay(Cmim)) )

()" (5565)" > volr v (T, H2(Fp. T2 (1)) mod Poy

I1, |, volew k, (H2(Fy, Tay (Cmin) )

C—[FiQ]

Py 1 X

Finally, the error term Cp [QFI:Q] X (Zj)” (63{6;)” mod P, ; will equal the quantity

—ry

—r
+ + - (2)
(Perl,/\pm) X (PerI,ApMPerI,/\pm) l/PerL)\E

as a consequence of Equation (¥***),

The proof of Proposition 8.16 is finished.
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This relationship between the covolume and volume is quite beautiful, and explains
why the I-adic periods of =), = EiE + E), enter the vertical arithmetic over F.
Moreover, it means that we can replace the covolume term in #Ker( Dp|p 0o, Ed,)
with the ratio of two volumes, one I-adic and the other p-adic in nature.

Question. Can one define an I-adic volume for the half-twisted lifting T 1/2

In particular, for any number field K we postulate the existence of a ‘measure’

Vol ,1/2 K,p< —) = (é"r) 1 €+€ X H /’LI_{t/\QzI NG

T 5>
ol

taking values in £’ /T*, which plays an analogous réle to that of volr__ , kp(—)-
One would then demand a formula connecting

vol?, . (Hi (K® 2, T2 )
B) @ 7 T
Per;, (K) x covol”, , (K ® Z,)
LAg _y P )
o [T, volemin x, (Hel (K, Tap(C“““))>

very much in the spirit of Proposition 8.16.

We must confess that we have utterly failed to write down a suitable definition.
Due to the lack of a good exponential map for these half-twisted cohomologies, one
would first have to deform along the cyclotomic direction, define the ‘measure’ over
the two-variable deformation ring, then specialise back down to the weight-axis.
With tongue embedded in cheek, the reader is left with an unenviable task:
Exercise. For a lattice . C (H1 (K®Z, T, 1/2) ) construct vol—1/2 . (IL)!

L P

ooE’

This concludes our discussion concerning Ker ( Dplp oo, E p) and Ker(@mp 1) Oclj/;p)

It is now time to utilise Propositions 8.9, 8.13 and 8.16 in the systematic calculation
of the global I'V*-Euler characteristic of E.



CHAPTER IX

Diamond-Euler Characteristics: the Global Case

To motivate the global calculations, we illustrate what happens in the situation of
cyclotomic Iwasawa theory. In two well-known papers [PR1,Sn2| on this subject,
Perrin-Riou and Schneider computed the leading term of an algebraic L-function
attached to E over the cyclotomic Z,-extension of F. In particular, they related
the leading L-value with the determinant of a certain height pairing
(- )2 LB(F) x B(F) — Q,

which is a symmetric, bilinear form on E(F) ® Q,. This pairing is known to be
degenerate if F has split multiplicative reduction at some prime of F lying above p.
In all cases, the discriminant of the p-adic height pairing should be closely related
to the dominant term in L, (E'/F7 s) at the central point s = 1.

Surely one might then expect similar types of formulae, for both the vertical and
the half-twisted deformation? Let us recall the main reason in evaluating

B #HO (FWt, S)

= HHI(T.9) with S = Selp (Too,z) or Selg(Too,z © ¥~1/2)

()

is that these invariants occur as leading terms, in the Taylor series expansions of
g ('H‘OO’E) and ITIg ('JTOOA,E ® \11*1/2) respectively. Buoyed by the appearance of
a p-adic regulator in the work of Perrin-Riou and Schneider, it is not unreasonable
to expect analogous height pairings

(— ) and (-, —)p? EF)®Q, x EF)©Q, — Q

to manifest themselves in the arithmetic of the two deformations we are studying.
This is indeed the case.

Due to reasons of presentation, the calculations in the half-twisted scenario are
postponed to Chapter X — here we deal exclusively with the vertical deformation.
The major challenge facing us is the construction of a ‘p-adic weight regulator’
intrinsic to the big Galois representation T, -

The approach which seems to yield the most explicit description for our pairings
involves using degeneration maps, connecting layers in the pro-variety J covering
the elliptic curve C™". Unfortunately, the weight pairing itself can only be written
down on a subset of the (compact) Selmer group attached to C™® over the field F.
Extending the pairing to the full Selmer group is only possible, provided that the
p-primary component of the Tate-Shafarevich group attached to E over F is finite.
Nobody has ever found an example where this condition doesn’t hold.

191
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9.1 The Poitou-Tate exact sequences

We now assume that K is a number field, not necessarily an abelian extension of Q.
Throughout R will be a complete local Noetherian ring, with finite residue field.
The two examples we have in mind are when R = Zj,, or R is a finite flat extension
of the weight algebra A™*. Recall for a compact R-module M of finite-type,

Ay = Homeon (M, Qy/2,(1))

denoted the y.y-twisted continuous dual of M.
For each place v € ¥ of K, fix local conditions X, which are finitely-generated
R-submodules of H* (K,,, M ) Let Y, = X;' be the orthogonal complement under

1anuou

H'(K,,Ay) x H'(K,, M) Qp/Zy.

We define Hy (Kx /K, M) as the kernel of H' (Kx/K, M) Gresy D, s w

v

which is finitely-generated over R. Similarly, write Hy{- (Kg/K, AM) for the kernel

of H! (KZ/K7 AM) Sresy ves Hl(Kyi”V’AM) which is cofinitely-generated over R.

Proposition 9.1. (Poitou-Tate) There exists a long exact sequence

H'(K,, Ay)

0 — H}(Ks/K Ay) — H'(Ks/K Ay) — P —

vey

— H}((Kz/K,M)V — H*(Kg/K,Ay) — @HQ(KV,AM)
veY

— H°(Ks/K,M)" — 0.

The connecting homomorphisms in this sequence may be found in [FPR, Sect 1.2].
One important advantage of this proposition is that it is really the closest thing
one has to a global duality theorem for Selmer groups. We shall apply it initially
to the p-adic situation, and then afterwards to the A"t-adic one.

Let A be an elliptic curve defined over the field K, and p will be an odd prime.
We choose M to be the p-adic Tate module of A, in which case Ay = A[p™] by
the Weil pairing. The local conditions imposed are that X, is the p-saturation
of the unramified cocycles if v 1 p, and otherwise equals H} (KWTap(.A)) if V}p.
Consequently, the Poitou-Tate sequence becomes

)

0 —  Selg(A)p>] — H1<K2/K,A[P°°]> - @A v) ®Qy/Z,

— Hj (KE/K,Tap(A))v — H? (KE/K7A[POO]) -

For instance, if the Selmer group of A over K is actually finite, it is a well-known
corollary that H? (KZ/K, A[poo]) must be zero.
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Remark: The elliptic curves we want to study are the strong Weil curve E and also
the optimal X; (Np)-curve C™" which are both modular and defined over Q C K.
Remember that the p*>-Selmer group of C™* coincides with the I'V*-invariant part
of Selk ('JI‘OOA,E), up to a finite kernel and cokernel. Thus it makes good sense to
write down the Poitou-Tate sequence for the deformed Selmer group.

We now set M equal to the vertical deformation To, g, s0 vacuously Ay = Ar__ .
Let us further recall from Chapter VII:

Definition 7.2. (i) The compact Selmer group Sk (TOO,E) is defined to be the
kernel of the restriction maps

' (K,, Teo 1) HY(K,,Tw,r)
) Gres, eli) —
- i -on s K i

veEX—Sk,, M vESK,p

This time the local conditions are that X, is the p-saturation of the unramified
cocycles if v { p, and is otherwise equal to Xr_ ,(K,) if v is a place of K above p.
Under local duality Y, = X, is the family of local points Xf_ (K,) at vp.
Therefore, upstairs the Poitou-Tate sequence reads as

0 — SelK(TOO,E) — Hl (KE/KaATQQE)

’XOQ,E @ Hl(KV>ATOQVE) ® @ HI(KLMA']TOOAE)

- HI]ir(KV7AT>o.E) XD (KV)

vEX—SK,p vESK p Too,

— 6K (Too,E>v — H2 (KE/K7ATDC,E> -

One is particularly interested in the surjectivity or otherwise, of this restriction
homomorphism A .

From now on we set K = F to be an abelian extension of Q satisfying (F-ab).
Theorem 9.2. If p g is residually irreducible, then Gg (Too,E) is zero.

The proof is deferred to the next section.
Assuming poo. g is residually absolutely irreducible, we deduce immediately that

the map Ao, is surjective. The I'*-cohomology induces a long exact sequence

rwt rwe
0 —  Selp(Too p) — Hl(FE/F,ATOO,E)

S (Hl(FV,ATDO’E)>FWt® & <H1(FV,AM,E>>F“
oo B2, A ) 2\ AT )
vEXL—SF,p H&r(FV’ATWvE) vESF,p X'HDWE(F”)

— SelF(Too,E)ch — H' (FE/F7AT(>C,E>

Twt

HY(F,, Ar_ ,)

A;c,E , Hl(FV’ATxE)
~ D (%(n%)rm@ D (X%;<F> .

vEX—Sk VESE p
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This notation is becoming rather cumbersome; to simplify things let’s define

HL (F,, Ar_, ifvip
H‘}(FI/7AT0<>,E) = D( E) .
Xr. 5 (Fy) if v ’p.

We claim that there is a commutative diagram naturally extending Figure 7.1:

0 0

. Qoo B Wt

SEIF (Cmm) [poo] — SelF (TM7E)
1 minJ, co Boo, B 1 e
HY(Fy/F, cmnp>]) =% HY(Fy/F, An_,)

l Agmin

l Ao, E

Fyycmm[ ]) o, E,v HI(F,,,A oo.E) "
Seuz @<H(FA>)
I |
. \
H} (F,Tay (c™7)) ‘et Selr (Too, ) o
| |
H2(Fy/F, cmnfp>]) T H

l l

@ Cmm

8Q>>
&

Figure 9.1

The columns are clearly exact from our discussion of both Poitou-Tate sequences.
Similarly, the commutativity of the top two squares has already been established.
The bottom horizontal map arises via the specialisation

0 — Hl (FE/F7 A’H‘x’E>F t TmE H2 <FE/F cmm[ })
Fwt
— H2(Fy/F, A ,) — 0.

Finally, the construction of the homomorphism

~ N

e+ Selp (T, ) @av Z, — H}(F,Ta, (C"““))
is highly non-trivial. It is intimately connected to the existence of a p-adic pairing

H}(F, Tay (C™")) x H}(F,Tay (C™")) — Q.

These matters are considered at great length in §9.4 — for now one must be patient.



The Poitou-Tate exact sequences 195

Analytic rank zero revisited.

As a useful illustration of the general approach, we return to the situation which
was considered at the very start of the last chapter. In particular, for the moment
we shall temporarily assume that the L-function of E/F does not vanish at s = 1.

Hp\p #E(fp)@w] if pt Ng
1 if p | Ne.

Theorem 9.3. Assume L(E/F,1) # 0, that pgp is residually irreducible, and
there are mo rational cyclic p-isogenies between E,q and any other elliptic curve.
Then g (TOQE) does not vanish at X =0, in fact

Let us first define the local invariant L}*(E) := {

g (Too ) < J] Tem{(Tep) x voli (H})
X=0 finite v '
= LYY(E) x Per{) (F) x ﬂ“? < ] [E®.): Eo(F,)] x volg(H])
' #E(F) finite v

up to an element of Z); .

A special case of this result was shown in [Db1l, Thm 1.4] under certain restrictions.
Before supplying the full demonstration, we should make a couple of observations.
The left-hand side comprises the specialisations of AVt-adic objects to weight two.
Conversely, the right-hand side consists of the corresponding p-adic objects, which
just so happen to be the terms occurring in the BSD conjecture.

Stretching the analogy a bit further, the right-hand side of this formula should
conjecturally coincide with the special value

L(E/F,1)

LYYE) x Perl® (F) x
b (E) (F) Qe

LAz x volg (H})

again up to a p-adic unit. However this is precisely the improved p-adic L-value

L;mp (f/F7 2,1), scaled by the non-archimedean volume of H}(F ® Z,, Ta,(E)).
More on this strange coincidence later on ...

Proof of 9.3: We begin by remarking that Ta,(E) = Ta,(C™") as a Gg-module,

otherwise there would have to exist a rational cyclic p-isogeny between E and C™in,

N.B. All of the equalities in this proof are assumed to hold true only modulo Z.
It follows from Corollary 8.2 that

IHF(TOO,E)] - B #H1<F"", SelF(TmE))A

X=0 #E(F)[p>]
" ILes #Ker(éOO’E,l,) .
I cs [Ker(éoo’E’l,) : Im()\E) n Ker(éoo’E’,,)}

Now applying Propositions 8.7(i) and 8.9(a),(b) we have an equality

LYY(E) 5 [E(FV) : EO(FV)}

HKer(6u.p,) = 2 ) 20wl
1/132 (%.5) covolﬁlvE(F@ZP) ver Tamgy)(’IFOO,E)
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However Proposition 8.16 then informs us

[L, ), voler, (He1 (Fy, Tap(E)))
VOlﬂ(ri)o,E (Hg (F®Z, T&E(l)))

1

@ = Per(2)
covolToo e (F ® Zp)

I,AE(F) X

which explains why the volume and I-adic period enter the formula.

Remark: The theorem will follow, provided one can establish that

4H! (l—wvt7 SelF(TOC,E)) X H [KCY((SOO,E,V) :Im()\E) ﬂKer((soo,E,y)}

veED
is equal to the size of the p>-Sylow subgroup of the Mordell-Weil group E(F).

Under the circumstances we are considering, the Selmer group of E over F is finite,
in which case both H?(Fy/F, E[p>]) and H'(Fs/F, Ar_ ) .. must be trivial.
Consequently the bottom half of Figure 9.1 looks like

Dwt

i J

H! (FE/F, E[pw}) gty H' (Fz/F, Anrm,E)

| -

Hl(Fqu[poo]) Bdoo, B, H1<FV7ATOQ,E) o
D swieam @<H1(FWATX,E)>

Fwt

| |

H} (F,Tap(E))v N H! (Fwﬂ SelF(Too_,E)>
| |
0 0

Via the standard nonsense, one readily deduces

[@VEZ il (Fw E) [p™] : Im()\E)}
[Im(@ do0, ) 69500,1;,”(1111()\52))} .

[Ker(@éoo,E’V) :Im(/\E)ﬁKer(@ciooyEﬁ,,)} =

The numerator equals #H} (F, TaLp(E'))v = #E(F)[p™] because IIg (E) is finite.
Exploiting the surjectivity of Soo g and 6o, 5., the denominator is #Coker(/\oo,E).

The demonstration is finished.
O
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9.2 Triviality of the compact Selmer group

Let us now supply the missing proof of Theorem 9.2.

Its statement asserted that the compact Selmer group Gg (TDQ E) was trivial,
subject to the hypothesis that peo,p : Gg — GL2(RE) is residually irreducible.
At this stage we should point out that the local conditions Hﬁr (F,,7 ’JI‘OO,E) defining
GF (']1‘00_, E) at the finite places v { p must be the whole of the local cohomology,
because the AWt-ranks of the ambient groups are identically zero.

As a corollary, the compact Selmer group coincides with

H! (FP,TOO,E)

EBrESp
Ker [ H' (Fg F, T., E) P
/E, Tee, D x..m

PESF p

There are three stages. We first show that the compact Selmer group is A%*-torsion.
Using a version of Nekovar’s control theory along the critical line (s, k) € {1} x Ug,
we next establish it has finite order. Lastly one embeds G inside a pro-tower of
F-rational points, whose narrow structure implies the Selmer group is zero.

Step 1: The AV'-rank is zero.
Examining the behaviour of our dual exponential EXP} 5 from Definition 5.11,
there is a tautological sequence of A"*-homomorphisms

locy(—) mod Xr ! (F®Z T E)
0 S (To Jae (F F, T.. ) P ~,E |l )
— B (Te,5) — =/ B — Xt ,(F®Zy,)

EXP: J
F ®z, Zp{(w)

which is exact along the row. By Lemma 8.10, the A%’-rank of the image of the
downwards arrow EXP} g is equal to [F : Q}.

Remark: A global Euler characteristic calculation reveals that
rankywe (H' (Fy/F, Too.5)) = rankpo (H2(Fs/F, Toop) ) + d* (poo,r)

where d* (poo’ E) denotes the rank for the eigenspace of the induced representation
Indg/q(Te,£) fixed by complex conjugation. In our situation, this will be precisely
half the total rank, i.e. [F : Q}.

For all bar finitely many bad weights k € Ug N Nsg, the rank of the H? coincides
with that of its specialisations, namely

raukyor (H2(Fy/F, T p) ) = dimg, (H2(Fs/F, V7).
Under our assumptions on poo g, at infinitely many such k the (contragredient)

p-adic Galois representation attached to the eigenform f}, is residually irreducible;
in this case, the Q,-dimension of H?(Fx/F, Vf’;) is zero due to [Kal, Thm 14.5(1)].
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On the other hand, the bottom layer of the super zeta-elements 3%0) with ¢ € Xy
generate a A%*-submodule Mgjon, of maximal rank inside H 1 (Fg /F, T, E)7 and

also a A¥*-submodule M, inside the quotient H' (F®Zp7 TOOYE)/XT%E (F ®Zp).

In fact, M, is injected into F ®z, Zy{(w)) under the big dual exponential map.
Moreover the former submodule Myio1, is mapped onto the latter one M, under the
homomorphism loc,(—) modulo X and the kernel must then be A%'-torsion

,E)
since none of the individual B%w)’s is killed by the composition EXP} 5 olocy(—).
Consequently

rank pwe (GF(TOC,ED = rankpwe (Hl(Fg/F,']I‘OO,ED — rankpwe (Mloc)

0+ d+(p(>0,E) — rankAthm<Exp?}mE) by 8.10 0.

by Kato
The global H' shares the same rank as the quotient of the local H' by Xr_ ,(—).
As a corollary, one may identify G (Too, E) with the A“'-torsion submodule of
H! (FE/F7 Too,E)y because the local condition Xr__ , (F ® Zp) is saturated.

Step 2: The compact Selmer group has finite order.
Given one now knows this Selmer group to be A"t-torsion, by the structure theory
it sits inside an exact sequence

T

Awt
P

j=1 "

0 — finite group — S (Too,5) — — finite group — 0.
This decomposition naturally suggests the following

Question. Does S (T ) contain pseudo-summands of the form AWt/Fjej AWt

for some irreducible distinguished polynomial F; and for e; € N?

To provide an answer, we will need to specialise at arithmetic weights inside Ug.
For any de Rham Gal(Fg/F)—lattice T, the Selmer group Hgl,SpCCOF (FZ/F, T) is
defined to be

H'(F,,T)

Ker | H'(Fg/F,T) 2% H'(Ig,, T) ®
( ) @ ( ) @ Hgl(Fl,,T)

veEX—SF,p VESF,p
The following result is proved in Appendix C, and is the compact analogue of an
earlier Theorem 7.15.

Theorem 9.4. (Smith) Assume that the prime p does not ramify in the field F.
Then for all bar finitely many integral weights k € Ug, the induced specialisation

GF (Too,E) ®AW°791¢ Zp — H;,SpCCOF (FZ/F7 Too,E ®Awt’gk Zp)

has finite kernel and cokernel, bounded independently of g = ug — (1 + p)*—2.

N.B. This result holds for pseudo-geometric families in the sense of Definition 5.13,
although it is only in the slope zero context that we need apply it here.
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Corollary 9.5. For almost all arithmetic weights k € Ug NN>q, the order of each
specialisation GF(']I‘OQE) ®pwe g, Ly 1s universally bounded.

Proof: Let us observe that Too, EQAwe g, Zy is a lattice inside Vf:, the contragredient
of Deligne’s Gig-representation attached to the eigenform fj, € S,‘C’rd (FU (Np"), w2*k).
Now the Selmer group H} ¢ ccop (FZ/F7 Vf:) coincides with H} g ..o (FE/F, Vf‘;)
as the local condition Hg1 (Fp, VfZ) is never strictly larger than H} (Fp, Vf’;) if p‘p.
We shall require the following deep result.

Theorem 7.16°. [Kal, Thm 14.2] For almost all integral weights k > 3 inside
Ug, the Bloch-Kato compact Selmer group H}”,SpecoF <F2/F, Too,E @awe g, Zp) 18
finite.

Actually this theorem was stated in terms of discrete Selmer groups instead, but
they are easily seen to be equivalent. The non-vanishing of the L-value L(fk /F, 1)
together with the residual irreducibility of poo g ®awe g, Z; at almost all k € Ug,
forces these specialisations to be finite p-groups.

By the above H},SpeCOF is finite, so it lies in H! (FE/F7 Too,E @awe g, Zp> [p>];
the latter torsion is identified with H° (FZ/F, ('II‘OO,E ®pAwt g, Zp) ® Q/Z) via a

standard technique in continuous cohomology. It follows from Theorem 9.4 that

nat 1 Gr
&5 (Too, ) D0, Zp % Hlspecop (F/F, =) = ((Too,p@av 0, 2,) ©0Q/2)

has its kernel killed by a universal power p** say, independent of the weight k.

Remark: This sequence respects the action of Gal(F / Q) and can be decomposed.
For each character ) € Xg, the above induces a mapping

xe !

b P _ Gqo
GF(TOO,E)W Opweg, Ly — (((w 1 ® Too,i0) @pvt g, ZP) ®Q/Z)
on the -components, whose kernel will again be annihilated by the integer p**.
Let us choose any prime number [ Np.

By definition 1 — a;(f;).Frob; + 1 < | >F=2 Frob? is zero on Vi, therefore

G
1 — p()ay(fx) + ¥(1)2 < I >F2 must kill off ((wfl ® Too.p Ong, Zp) @ @/Z)
because Frobenius acts trivially on the Gg-invariants. We claim that there are
infinitely many choices of I for which 1 — %(l)a;(fi) + ¥ (1)2 < 1 >*722£ 0. If not,

Q

1=y (Fe)l ()2 < 1 >F2 172 = (1-17%) (1—w? F()IF717%) foralllg S

where S is some finite set containing 3. Proceeding further down this cul-de-sac,
we would obtain an equality of incomplete L-functions

Ls(fr,1,5) = (s(s)Ls(w* ™™, s +1—k)

which is patently ridiculous as fi ® ¥ is a cusp form, not an Eisenstein series!
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Provided two weights k, k' € Ug satisfy k = k' mod (p — 1)pctordpradius(Ue) then
1—o(Day(f)+ ()2 <1 >F2 = 1—y(D)ar(fe)+0 (1) < 1 > 2 modulo pc*!.

For each character ¢y € Xy and congruence class 7 modulo p — 1, we can cover
weight-space by a finite collection of open disks D]"%,..., D™¥

n(r
ord, (1 — ¥(Day(fx) + ¥(1)% < 1 >F=2 ) is constant for every weight k € D]T.’w
with k =7 (mod p —1).

Setting v+ equal to the non-negative integer

) upon which

lgggm){ordpa — par(fy) + (1) <1>*) with k € DY, k = T},

G
clearly max; mod p—1 {p”z»*vw} will annihilate ((1/)_1 ®Teo, 5 @nawe g, Zp) ® Q/Z) @.
Furthermore if we put v, := max, { ug,mz,}, similarly p*2 annihilates

(T @10, Z0) 8Q/2) " € D) (67 © T Sney 2) 0 Y2) V.
YeEXF

Lastly, one deduces that p** 2 kills off GF(TOO,E) ®pwt g, Zp for almost all k > 3,

and the corollary is proved.
O

Remark: The answer to the question posed above is therefore negative, i.e. there
can exist no pseudo-summands of the shape A"/ F;j A™* lying inside of S5 (Too,£)
(otherwise the specialisations Gg (Too, E) ®A,g,, Zp would have unbounded order for
varying weights k, which violates Corollary 9.5). The compact Selmer group is of
finite-type over the local ring A, and it follows from the structure theory that
GF('H‘M’E) must be an abelian p-group, of order dividing p** V2.

Step 3: The compact Selmer group is very, very finite!

We recall the definition of the degeneration maps between modular curves in §1.5.
For integers d > 1 and m,n > 5 with dm|n, the finite map mq : X1(n) — X1(m)
operates on the affine curves Y;(—) by the rule

4 <A7 A A[n]) - (A', s A’[m])

d 6 mod

where A’ = A/0(pq), and the injection 0 : pm, — iy ja < pn/Hd 25 e AJ0(pa).

r—1
Let’s abbreviate (I'*)” by I',. Hida [Hil] identified the T',-coinvariants of
T with the Tate module of a p-divisible subgroup of Jac X;(n) at level n = Np".
The natural composition

H'(Fs/F, To) = lim B! (Fs/F, (Tw)p ) = lim H' (Fs/F, Ta,(J,))

r>1 Tp *
injects Gp (']I‘OO,E) into the projective limit mﬂp . (H1 (FE/F7 Tap(Jr)ord) [poo}).
Again it’s continuous cohomology, so the Z,-torsion in H* (Fg/F, Tap(JT)Ord) is

isomorphic to H° (Fg/F, Ta,(J,)"4 @ Q/Z) = J"(F)[p™] as finite groups.
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The following two results of Nekovar allow us to deduce the triviality of Gp (Too,5)-
Moreover, they are essential ingredients in our constructions (outlined in §9.3-§9.4)
for the p-adic weight pairing on the Selmer group of a modular elliptic curve.

Lemma 9.6. [NP, §1.6.6] (i) m; *(eord.Tap(JTH)) Ccp (eord.Tap(JT));
Let %m . Taup(JTJrl)"rd — Taul[,(J,o)Ord denote the map satisfying p (%71’1 *) = T «.

(i1) (%m *) onf = multiplication by p on egra.Tay,(J));

(i) 75 o <%7T1 *) = 2 er, ri, (V) on eoa.Tay(Jri1) where T = (FWt)p ;
(iv) mp« = Upo (%m *) on €ord.Tap (Jr41).
Corollary 9.7. [NP, §1.6.8] The map

lim egrq.Tap(Jr) — lm egra.Tay(Jr), (mT)r>l — (U“lx

Tp % 1.
P PR

is an isomorphism of HY [Gq] -modules.

We shall use these facts directly, to show the vanishing of the compact Selmer group.
Because G (’]I‘oo, E) has order dividing p**1*2, for large enough r > 1 we can realise
any finite subgroup S C G (TOO’E) as a subgroup S, of Jac X1 (Np" )4 (F) [p”r T+2].

The sequence of S,’s is compatible with respect to the degeneration maps m, .
and 7} : Jac X1(Np")(Q)[p>] — Jac X1(Np"™)(Q)[p>], so for any e > 0

e = (M) (Srwe) = (mp) 0 (a1 (S0):

By part (iv) of the lemma (7, *)6 coincides with (Upo <%71'1 *> ) , and the Albanese

action of the Up-operator is invertible on the ordinary locus. Consequently

R

S, = a,(f)° x <]%7r1 ) o (m)(sr) " EY ap® xpe ()

and picking e > v + v, we see that S = S, C J,.[p"*7"2] must therefore be zero.
But S was any finite subgroup of GF(TOO, E)7 thus the Selmer group was zero too.

The proof of Theorem 9.2 is thankfully over.

9.3 The p-adic weight pairings

One of the key terms entering the I't-Euler characteristic is the weight regulator.
This is the determinant of C™™(F) x C™"(F) under a certain bilinear pairing

(= =g H} <F2/F, Tap(Cmin)) x H} (FZ/R Tap(Cmi“)) — Q.

To construct splittings required to define our <7, 7>::tp,

we need to view cohomology classes in terms of bi-extensions.

as in the cyclotomic case
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Interpreting one-cocycles via extension classes.

For the moment G will be an open subgroup of either Gal(F/F), or of Gal(Fl,/Fl,)
at some place v € . Consider a continuous cocycle z,. lying in H?! (G, Tap(JT)Ord).
This element x, naturally corresponds to an extension class

0 — Ta,(J,)" — X, — Z, — 0

comprising G-modules of finite-type over Z,. The z,-twisted action of G' on the
Zp-module X, = Tay(J,)"! & Z, is given by g(t,2) = (g(t) + zar(g), 2).

Let us also recall from Lemma 9.6 the various transition maps %7?1 wr Tp sy T1-
Firstly the homomorphism %71’1 « + Tay(Jry1)°"d — Tay(J,)°' induces a transition
homomorphism H (G, Tay(Jr41)°"?) — H (G, Ta,(J;)°*?) on the G-cohomology.
Strictly speaking, one should denote the induced map by (%71'1 *) but it looks ugly;
instead we shall abuse notation, and inaccurately refer to it as %m + throughout.
If there is a family of cocycles (JUT)TZ1 c 1111%771 X H(G, Tap(J,)°™), then in terms

of extension classes we obtain

o 1

0 — TaP(JT-‘rl)Ord - me+l

b L]

0 — Ta,(J,)" — X, — Z, — 0

I

— Zp — 0

(5mi-),
where the downward arrows represent -+ 2,41  — " Tp— ...

Remark: If one considers the map 7 . : Ta,(Jp11)° — Ta,(J,)*¢ instead, then
for every (mr)r>1 € mwp X H! (G, Tap(JT)‘“d) we obtain an analogous diagram

0 — TaP(JT+1)Ord - '%17‘4—1

R

0 — Ta,(J)" — %X, — Z, — 0

— Zp — 0

on extension classes. It does not actually matter whether we choose %m % OF Tp s,
because one already knows

lim H' (G, Ta,(J,)9) = lim H*(G, Tay(J,)Y).

To be consistent we shall work with the former map %m .
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Let’s focus our attention on the homomorphism 7§ : Ta,(J,)*™® — Ta,(J,4 ).
Assume once more the cocycle z, € H' (G, Ta,(J;)°™®), which means in particular
(71)," xr € H (G, Tap(Jr4n)°"). On extension classes (m7)," induces

T (=1)" T

0 — Tap(Jpin)™ — X(pr) 7, —

[ ety T

0 — Ta,(J)" — X, —

r

I

EN—) N — ...
|
o

—
—
3
ok
=z
—_—

n
which is in the reverse direction to the transitions induced by the map (—m *) .

N.B. To shorten notation again, we shall often drop the subscript . from (77),.

Remark: These objects we have considered are all free Z,-modules of finite rank;
the functor Homg, (f, Zp(l)) is exact on them. Applying it to the above,

where the dual mapping %n gives rise to the downward arrows in the diagram.

Note %/, is the dual abelian variety to JacX;(Np"), in fact Ta,(%J,) = Ta, (JT)*(l)
by the Poincaré pairing on the Jacobians (the dual projector e} , is then defined
through the contravariant Picard action of U, rather than the covariant action).

Taking G-cohomology of this array, one obtains a commutative diagram

= (G, (1) — 1 (G X (e, (1) — B (Greba Tay (Vi) ) = ..

[ ! L,
...—>H-7(G7 Zp(l)) — Hf(G7 36;1(1)) — H (G’eord Tap(tJr)) =

which is exact along its rows.
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Suppose we are given a family of elements (x”‘)r21 € 1111%7” _H'(G, Tay(J,)"1).
The strategy now is to replace {%zr} with a more refined class of extensions,
thereby enabling us to write down the sz-ladic weight pairing explicitly.

Lemma 9.8. For each n > 0, there exists a cocycle ., € H' (G, Tay(Jrqy)9)

and a commutative diagram

(G 7)) — B (6% (1) — HY(C e Tag () —

x 7 or
T

[ | L,

,HH1(G7 Zp(l)) - HI(G, 36;;(1)) s Hl(G,e* .Tap(tJT)) o

ord
for which the image of 1), is contained in p".H" (G, Z,(1)).
Proof: By the compatibility of the x,’s,
(ﬁ)*n Tr = (ﬁ)*n (%771 *) ' Trin » 9'=6(m) (TFF,/FTM) Trin
. «

where the trace map is defined by Trp, /r, ., = > cp p,, {7) on Tay(Jrpn).

Since this trace has degree p”, so does the map (Trpr /T +n)* induced on cohomology.
It follows that there exists a cocycle x;.,, such that p"x,,, = (TrpT,/pMn)* Tyin-
We must verify that z;.,, has the required properties.

Remark: Assume M is a free Z,-module of finite rank, with a continuous G-action.
Let z € HY(G, M) be a one-cocycle. Then the commutative diagram

0 — M — Xpnyg — Zp, — 0
Lo L |»
0O — M — X, — Z, — 0
respects the Z,[G]-structure, and relates the extension class of p™z to that of .
Substituting M = Tay,(J,1,)°" and @ = 2., by definition p"a]_, = (7])7 z,.
Dualising the above diagram via Homy, ( —, Z,(1)), one obtains
0 — Z,(1) — X (1) — el Tap(rn) — 0

r4n
l pm l (p™ id) J id

0 — Z,(1) — X/ \n (1) — eq.Tay,(*Jryn) — 0
P (W)z ord P

l | L&

0 — le(l) - %z*r(l) - ezrd'Tap(tJ’") — 0.

The right-hand column is the map 71'/\{” The left-hand column is p™ X (a scalar), so
the homomorphism 7/, it induces on 1-cohomology ends up in p™.H?! (G, Zp(l)).
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The construction of canonical elements.

Before explaining how to associate canonical lifts, we first outline some local theory.
Let ¢ denote any non-trivial character of Gal(F(j,~)/F) taking values in Z, and
set £, := log,op. If ip : Ap — G&I(F(ﬂpoo)/F) is the reciprocity map, then

ENQ AR — Z, by composing 6:, = log, 000 ip.

One writes Z!:; for the composition of €~g with the inclusion F¥ < Aj at allv € X.
In particular, the kernel of £, ,, is the group of universal norms relative to F(ppe ) / F,

namely
Ker (5971,) = ﬂ NormF,,(/Lpn)/F,, (Fl,(,u/pn)x).
n>0

Moreover Z;, naturally extends to H'(F,,Z,(1)) 2 F} @ Z, by continuity, and
its kernel is the submodule N H(F,, Z,(1 ))

H&r(Gvf) lfl/fp
H}(G -) ifv|p.
Let us further assume our compatible family (:L‘ ) L€ l_ (Fl,7 Tay, (J» )Ord).

Notation: Putting G = Gal(F, /F, ), we write H} (G, —) = {

It is an easy exercise to check both (7). ([%m *) Tyin € H} and ., € H},
*

because the local condition is p-saturated.
Remark: One claims every element y € H} (Fl,, egrd.Tap(tJHn)) is really the

image of an element in H'! (Fl,7 X (1)), under the cohomology exact sequence
r4n

— H (Fy, Zp(1)) — " (F,,, X (1))
S (F,,, €. Tap ( JTM)) e (Fu, Zp(1)) — ..
The precise reason is that the value in the H? of d(y) is the cup-product z., Uy,

and this is zero because z._,, € H! is orthogonal to H} (Fl,, el q Tap( JH_n)

Consequently y came from the image of H?! (F,,7 X (1))
r+n

We shall now consider a secondary family (yr)ol € lim~ H! (F,,7 (SR Tap( JT)>.

By the above remark, each element y,,, possesses a lift 7,1, € H* (FV7 X} (1))
Toin

such that ¥4 — Yrin in our cohomology sequence.

Definition 9.9. For each integer r > 1, the canonical lifting

-\ N
SCR'I’FV(yT) = 'nllnc}o (TFT) (yr+n)

H'(F,, (1)

converges to a a well-defined element inside the quotient ————"—"- .
Neniv i (R, Z,(1))
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Of course, it must be checked that the above limit is truly convergent. To this end
we assume that the (z].,,)’s are chosen compatibly, and consider the difference

—~\ nt+m N\ _\n m -
(ﬂ-f>* (y7l+n+m> B (TI'I)* (y7'+”) = (ﬂ-r>* ((WT>* <y7'+n+m) - yr+n) .

_\m o
The interior term (ﬁi‘) (y,,.+,,,+m> — Urin clearly belongs to H? (FV7 X (1))

Toin

It follows from Lemma 9.8 that (7?{) (...) is well-defined modulo the image of 7,.

However for some constant ¢ > 0, one has containments

(' (FuZ,(1) ) © " x 1 (F,,Z,(1))
C COIESE, (1,n—c)/Fy (Hl (FV(NP"‘“)’ Zp(l)))'

Lastly as n — oo, the ambiguity lies in ()5 coresFu(,MDW,)/}:*VH1 (Fu(ppn), Zp(1))
i.e. inside the submodule of universal norms.

Level-compatible Selmer groups.

Unfortunately, it is not particularly apparent (to the author) how to write down
a decent weight-pairing on the compact Selmer group associated to JacX;(Np").
Out of necessity we are forced to introduce a small refinement of these objects, the
advantage being that the pairing is easy to describe on the modified components.

The refined Selmer group H } (F, Tap(JT)Ord) is taken to be the kernel of

Hl(Fz/F, Tap(J,,)Ord) ) H'(F,, Ta,(J,)°) |
vED ﬂn>0 (171'1 *> Hi (Fy,Tap(JT+n)ord)

Similarly, on the dual locus ﬁf (F e* Tap(tJr)> is defined as the kernel of

» ord*

1 e* t
' (Fu/F, ¢4 Tay(4)) 2% @ fi(Fv oxa- Top (7)) ‘
ves Muso (wl) HL(F,, e, Tay (%))

. . ~ —1 .
One immediately deduces that Hf C H}g ccop and Hy C Hig .o, since our
local conditions are stricter than those occurring in the Bloch-Kato versions.

Remark: The optimal elliptic curve C™® is a proper subvariety of JacX;(Np),
and also appears as a subvariety of its Picard dual %J;. The Tate module of C™®
must therefore occur as a direct summand in both Tay,(J1)°™! and e4.Ta, (%1).

Consequently, in order to define a bilinear pairing
(= =)y, H} (F, Tay(c™™)) x Hy(F, Ta(c™™)) — 2,
we can instead define more general pairings
<*7*>(T) Hf (Fv Tap(Jr)ord) x H} (F, e:rd-Tap(tJT'>> — Zyp

1

for all integers r > 1, then just restrict <—, —>F

to the fp-isotypic components.



The p-adic weight pairings 207

Definition 9.10. Suppose x € ﬁfl (F7 Tap(JT)Ord) andy F; (F o Tap(tJr)).

» Ford*

If 54101 (y) denotes any lift of y to HI(FE/F, X(1)), then define

<.%', y>§_:>p = Z Zg,vu (Sglob (?J)V — Scan,F, (yu)) .

vex

Does this pairing firstly make sense, and is it properly defined?
Well the difference sgjo1 (y)y — Scan,F, (y,,) e H! (FV, .’{;(1)) actually lies in the
image of H'(F,, Zy(1)) via

o (F,,, Zp(l)) o H1<Fu, %;‘(1)) — H' (Fw ec’irdTap(tJT)) e

because both sg1op (y)y and Scan F, (yl,) are local lifts of the same element res, (y).
Whilst the element scanr, (y,,) is only well-defined modulo N4V (FU,ZP(I)),

the universal norms comprise the kernel of ZQVV Finally, changing the global lift
Sglob (y) by an element z € H? (FZ/F, Zp(l)) does not affect the sum in any way,

since Y, o5, Lo (2) = 0 by class field theory.

Question. How do we extend the p-adic pairings on the refined Selmer groups,

to encompass the full compact Selmer groups for C™™ 2

This task will clearly be possible, if and only if the Z,-ranks of f[} (F, Ta, (Cmin)>
and likewise F} (F, Tay, (Cmi“)> are identical to that of H} g ..o (F, Ta, (Cmi“)>.

Assuming these three ranks coincide, one simply defines

<77 7>¥Tp : H},SPGCOF (F’Tap(cmin)) X H},SpecOF <F7Tap (Cmin)) — Q,

1)

Fop for integers ny,ns > 0.

wt —(n1+n n n:
by the rule <m,y>F_’p = p(mdn2) (p™a,p"2y)
Lemma 9.11. There exist integers cy1,co > 0 such that
(i) poCn(F) @2, ¢ HH(F Tay(C™"))  and
(i) peCmn(F)®2Z, C H; (F,Tap(cmin)).

Deferring the proof for a moment, the lemma implies that the ranks of f[} and F}
are bounded below by the Mordell-Weil rank of C™™ over F.

Corollary 9.12. If the p-primary part of g (Cmin) is finite, then

rankz,, ﬁ} (F, Ta, (Cmin)) = rankzpﬁjc (F, Ta, (Cmin)) = rankz, H} gpecop-
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Proof of 9.11: We dispose of part (i). Clearly for large enough ¢;:

(I) if v{p, then pc;.HI}I.(F,MTap(C"‘in)) c H,{r(FV,TOO,E)F t
(I) if v |p, then pcll.H}<F,,,Tap(Cmm)> C X ()

N.B. the second statement is a consequence of Corollary 5.16, the first is obvious.
The left-hand sides both contain the image of p1.C™"(F) & Zy, hence so does

@ H'(F,, Ta,(C™n))
veEX—SF,p Hnlr <F1/7 Too,E)

v = Kcr<Hl(Fz/F,Tap(Cm‘“)) ores,

Twt
:FV7 Tap(crnm))

@ L e (F) )

VESF,p

The latter object 20 has the Z,-rank of f[} (F, Ta, (C"‘in)), indeed the conditions
X (o) o and (5 (371 ) H}(F,, Tap(J140)°0) N H(F,, Tay(C™")) are

commensurable for all V’p Thus there exists ¢} > 0 satisfying pcl L C H f( )
Setting ¢; = ¢} + ¢/, the first bit of the lemma is proved.

To show why part (ii) is true, we just employ identical arguments to the above.
The only difference is that one instead uses the local condition HE(F,, Too, E)wa
at places V}p7 which is p-commensurable with the refined submodule

N (7)1 (For e Ty (410)) 0 (B, T (0757)).
n>0

The remaining details are the same as for 9.11(i).

9.4 Commutativity of the bottom squares

(r)

The last remaining hurdle is to relate the p-adic weight pairing <—, —>F »

to the existence of two specialisation maps

FWL
@ FU’len[ DO]) @(soc—,b;,u @ HI(FU7AT°OYE)
Cmin(F,) ® Qp/Z, H!(F,,Ar_ ,)

at r =1,

vey vED
| |
H; (F Ta, ((3‘““‘))v - Selr (Too, ) pu
| |
0 (FZ/F, cmin [pw]) & H (Fz/E Aqrxﬁ)m

completing the bottom half of Figure 9.1.
This approach is inspired by Perrin-Riou’s cyclotomic methods in [PR1, §4].
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We begin with some general comments. To explicitly write down the specialisation
? ) VY

Selg (Too,E)Fm - H} (F, Ta, (Cm‘n)) , it is first necessary to construct splittings

for the divisible versions of the corresponding compact modules appearing in §9.3.

Let us define F} (F, tjord [poo}) to be the kernel of

H'(Fy, efq- *T2[p>])
vex QP/ZP & ﬂnzo (WAT) H} (F’” ezrd'TaP(tJ7‘+"))

H1 (Fz/F, tjv?rd[poo}) @resy

at all integers r > 1.
Key Fact: For each n > 0, we claim there is a right-exact sequence
—1
H'(Fe/F, pp) — Vo, — Hp(F, 5 %]) — 0

where the notation 9),, ~ denotes the inverse image of ﬁ} (F, 7255, [p™]) inside

the lifted cohomology H'* (FZ/F, Qp/Zp ® XI*,TM(I)).

To justify this statement, it is enough to prove F} is contained in the image

of H! (FE JF, Qp/Zy ® X[ (1)). If y € Hy (F th;%L[pOO}) then its image in
r+n

H? (FE/R fipe<) is given by the cup-product ., Uy. However (z/,), Uy, =0

for each finite place v, and the global Brauer group injects into €, H? (F,,7 ,LLpoo).

It follows that x.,,, Uy is itself zero, and the original claim was true.

Assume now that y € ﬁ} (F, tyord [poo}), and that sgiop(y) is a lift of y to gy

n
—1 . . .
Because y € H ;, there exists an integer m > 0 such that res,(y) = p~™ ® 2, with

2 € Mo (E) H!(F,,e}q.Tap(Jrin)). We shall set 3, := p~™ ® ScanF, (20)

which is only properly defined modulo the group of universal norms.
Definition 9.13. Ifz, € f[} (F, Ta,, (Jr)ord) andy € F} (F7 tyord, OO}) for some
integer n > 0, then define
9;()7;%2 (I,) (y) = Z d® £y, (Sglob (y),, - ?71/) .
veED
The following are all quite straightforward.

Exercises. (a) 9/(:)2 (zr)(y) is well-defined and independent of sgion(y);

(b) The association x, — 9/(:)2 (zr)(—) gives rise to a homorphism

9{(},)2 : ﬁ} (F7Tap(JT)Ord) — Homeops (h_mﬁ} (F7 tJf_r‘_dn [pooD7 Qp/ZP> ;

(¢) The image of this homomorphism 0;(:)2 is T'y-invariant.
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Before stating the main result of this section, we first introduce some notation.
Assuming that 0 — A — B — C — 0 is a short exact sequence of AV*-modules,

then multiplication by ug“] — 1 and the Snake Lemma produce
0— A" — B — ™ %, Ap — Br, — Cr, — 0.

We write ‘SL(;,” for the boundary map 0 occurring in the I'.-cohomology.

Proposition 9.14. For all integers r > 1, the diagram

@ = <FV,Tap(JT)Ord) = P (FV,Tabp(Joo)"rd)F

vex vex

Tprl log,, (uo) X ®res, T%
~ ord 9<r)2 w7l d N
H}(F,Tay () ) =2 (m (P, s, [p“}))

is a commutative square.

Let’s translate this statement back in terms of the Selmer group associated to the
optimal elliptic curve. The injection To, g = lim, ('JI‘OO,E> — lim_Ta,(J;)
r,

ord
induces a projection map

~

lim 77 [p™] 2l Ay, (g g0a > Ar -
Therefore every element of H'! (G, Ar E) will be represented by a cocycle from
H' (G, tJgd, [p*]) for large enough n > 0.

Corollary 9.15. If 0. g is the Z,-linear extension of the map logp(uo)_l X 9,(:)2
to the whole of H} (F, f), then

. .
P (P Tap(cm™)) T P oHH (R Ten)

veD VEX

. 0 v l—\wt
1 (B, Tap (™)) =% (Sele (Toc.) ")
is a commutative square.

The Pontrjagin dual of this diagram constitutes the bottom portion of Figure 9.1.
Furthermore, if ¢ r denotes the composition

(SelF(Tm,E)V)FM "L (Selp (T ) )

= (seelc)p]) — Homs, (1} (1. Toy0). 2,)

Twt

then ¢oo, 50 0o,z () (y) = 10gp(u0)*1 X <x7 y>¥tp, In other words, the p-adic weight
pairing factorises through the fundamental commutative diagram.
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Proof of 9.14: When dealing with discrete cohomologies whose coefficients lie in
A, (7.)era, clearly any given cocycle may be considered as taking values inside
A, (7, nyora = tJ,?idn[ ] with n > 0. We’ll work with tJffrdn[p""]—coeﬂ?icients.
Our primary task is to find a decent description of the homomorphism

SLi : (ﬁ (F tJ;’fn[pOO])v)Fr—> B H' (Fo.Tap (Jrin)™)

.
vex "

Remember that its dual SL(,) appeared as the boundary map, in the I';-cohomology
]
of the Selmer sequence defining H ;.

Remark: Suppose that 0 — A — B — C' — 0 is a short exact sequence.
Consider the diagram

00— A — B —C —20

L L

0 — A — B — C — 0.

Then the boundary map Ker(hs) 2, Coker(h;) arising from the Snake lemma is
explicitly given by the formula 8(c) = hs (¢!) mod hi(A), where ¢! € B denotes
any lift of ¢ € Ker(hg) to B.

r—1
In our situation h; = hy = hy = multiplication by uf, ~— 1, moreover

H'(Ey, —)

A= ﬁf( tJ:'r*'d"[ })’ B=H! (FZ/F th'r"d" ) ¢= @ local cond s’
It follows directly from the above remark that

SLy(e) = (ugril - 1) .t mod <u€r71 - 1) x the image of Selmer
where ¢! is any lift of ¢ to H' (FE/F oK n[poo})

Question. What is the formula required to make the square in 9.14 commute?

Choose elements z, € f[} (F,Tap (J7.)ord) and (y,,) €@,y H (Fw tJSrd[poo])
For all integers n > 0, there exists y}, € H* (FE/F tjord, [p°°]> such that

T\ —~
(55") = res, (y}:) — (pm *> Y € Qp/Z,® ﬂ (W{) <Fy,eord Tap(tJr+n+m)).

m>0

Observe that 2 571« induces a homomorphism €. Tap( ) — el q-Tap( trt1).

Without loss of generality, one may assume the lifts y/ are chosen compatibly.
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Conclusion: By the preceding discussion, the formula one requires to make 9.14
commutative is precisely

0,(;:)2(%) ((ug —1).ylo) = p- llogp uo vaF (xT Uyl,) *)

vex
where yl = (yj»)nzo belongs to H* (FE/F, th(’;d[p”]) modulo F}

We start by computing the canonical lift at v € 3:

(" =2)ai () (47 1)

- (u{;H— 1) S 40

(ugril — 1). (y}:)y

r—1
since uf  — 1 is the zero endomorphism on Ta,(J,.)°™®. As a consequence

r—1

“1.wh),) = (1) € B (P @z 0% ().

ScanvF,, ((US

Let’s now try and calculate the global lift of ((ug B 1) ) instead.

n

Remark: For each place v € ¥, there is an array in cohomology
— H'(F,, Q/Z,© %5 (1) = H' (B, U5 p~]) = H*(Fo, iy ) —
[ =) [
= HY (R, Q2,0 X(1)) — H'(F,, U [poo*]) — H(Fy, i) —

— n
for which the dual homomorphism (%m *> induces the upward vertical arrows.

Crucially the right-hand map 7./ is of the form p™ x (a scalar), which can be shown
in a similar fashion to the proof of Lemma 9.8.

Consequently if p™ > order(y, ), the image of ( m *> y, in H? (F,,7 ‘Ll,poo) is trivial.

However, the restriction of y! at each v has the form
1/\ n
res, (y;[b) = 61(/n) + (pﬂ—l *) Yv

and we know from §9.3 how to lift the 60")’s. Tt follows for p” > max,cs, {order(y,)}
there must exist lifts of res, (y)) inside H* (F,,7 Qp/Z, ® X} (1)) at all v € X.
r+n
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Lastly, the injectivity of Br(Fg/F) — @D, cx H? (Fl,7 /,Lpoo) implies that there is a
global lift of y to H' (FZ /B, Qp/Z, © X} (1)), in fact

r—1

Sglob ((uﬁ — 1). y;fl) = (ugP1 — 1).sglob (y}:) .

Let’s establish formula (*) and we will be done. The left-hand side yields

o) (8 =0 wh) = 3 Lo (08 1) s (), — (18— 1).08)

vey
veED

But the element sgi01 (y}:)yf&(, represents a lift of ( m *) 1y, under the mapping

HY(F,, Qp/Z, 0 X, (1) — H(Fu, U238 ™).

Remark: Suppose that v is a topological generator of I', = Z,,. Then the 2-cocycle

ayUb, € H?(F,, jup= ) is the image of (y—1).a}, under the H' — H? boundary map,

where a, is any lift of a, € H*(F,, *J&1,[p>]) up to H* (F,,,QP/ZP ® X, (1))
rtn

This statement is proved in an identical way to [PR1, 4.5.3], albeit for the weight
deformation rather than the cyclotomic one.

—

r—1 n VRN
Substituting v = ug , Ay = ([17#1 *) Yy, and a;ﬂ = Sglob (y;fl)y — 51(/71)7 one deduces

HE)T)Z (xr) ((ugr_l — 1). y:g) = Z invg, <<}177T1 *> Yy, U (x;+n)u> X logp (u’oﬂ‘il)

veD
— n
_ r 1 logp u() Zp "R anF ((’/Tl *> Yy, U ((71-1‘)*”1'7«) )
vex v
since p"al. ., = (n7)," ,. Performing the adjoint operation:

— n
1 *
(pm *> Y, U ((Wl)*nxr)y
1 " £\ M by 9.6(ii) n
= ywU((zm«) o),z =y U@z,
p v
Therefore for all n > 0, we obtain

Qﬁ)%(zr) ((ugr* 71).y2) = p- 1]0gp UO ZanF (y,, T)V)'

vex

1

Equation (*) is established, and the result follows.
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Finally, one should not forget to mention the following result, although strictly
speaking it is not required in the Diamond-Euler characteristic computation.

Proposition 9.16. The bottom segment of Figure 9.1

~

1 min v . B
1 (F, Tay (™)) = Selr (Too, ) o

! !

1 (Fs /B, ¢ [p]) 1 (Fs/F, Ar....)

Twt
18 a commutative square.

N.B. The proof itself is a tedious but straightforward exercise in Galois cohomology;
the details are written up elsewhere in [Db3].

9.5 The leading term of IIlg (Tw7E)

This lengthy calculation of the vertical I'V*-Euler characteristic for Selg (']TOO’ E) is
almost completed. It remains for us to combine together various properties of the
local and global specialisation maps, described in Chapters VIII and IX respectively.
However, we first introduce a quantity which measures the (possible) discrepancy
between the Zp-lattices Ta,(E) and Too, g @pwt Zp.

The modular elliptic curves E and C™™ lie in the same Q-isogeny class, hence
there exists an isogeny ¥ : E — C™" defined over Q connecting the two objects.
Without loss of generality, we may assume that ¢ is chosen so the dual isogeny
gdual . cmin __, B satisfies

X1(Np) = Xo(Np) - Xo(Ng)

optimal par.l lstrong Weil par.

Cmin 796[:11 E
Because F is the strong Weil curve, fE(C)i wg = Q?E where wg denotes a Néron
differential on E. Moreover, if wemin is a corresponding Néron differential on C™™,
then ¥*wemin = ¢(¥)wg for some c(¥) € Q*.

Definition 9.17. The ‘defect of poo,r’ over F is the rational number

@ ( ) c(ﬁd“al) [F:Q] " HVIP #Coker(i?‘/ll‘é‘:l)
F.p\Poo,E 7c(19) ) Hy‘w#(Ker(ﬁ))Gal(C/Fu)‘

For example, if there are no rational cyclic p-isogenies between these two curves
then the defect Dg (poo, E) is a p-unit, and we can discard it from our formulae.
Under the assumption that F does not admit complex multiplication, when the
prime p > 37 such cyclic p-isogenies cannot exist, therefore Dg (poo’E) € Zy.
Alternatively, if £ has CM then beyond p > 163 such isogenies do not occur in
nature, and again D p(poo,z) € Z5.
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Let us remember that F was an abelian extension of Q in which p did not ramify.
If we fix an isomorphism o : TW* = 1 + pZy, sending ug +— 1+ p, then define

IIIx (']I'OO,E,w) = Mellyq 0 J(U.IF (Tm7E)> inside of QP’UE«U)».

Recall also from Theorem 9.2, if po g Was residually irreducible then the compact
Selmer group G (']l‘oo_, E) vanished. The following is the main result of this chapter.

Theorem 9.18. Assume that GF(']TOO’E) is zero, and the ring Rg is Gorenstein.

(i) If #100g (E)[p™] is infinite or (—, 7>§tp is degenerate on E(F) x E(F), then

ordery,—»IIp (Too p,w) > rankzE(F)+1;

(it) If #IUIg (E)[p>] is finite and (—, —>¥tp is non-degenerate on E(F) x E(F),
then orderwng_HF(']I‘OC’E,w) = rankzFE(F), in fact

(2) 1
Ip (Too, 5, w) ) voly| , (H)
W - X ﬁl‘];le:yTamF" (TOQ,E) X W X QF,p(poo,E)
—_ L;vt (E) XPCI’?}\E (F) #IHF (E) Hu [E(F;J) : EO(FV)] % det<—, _>vth
7 #E(F)tors ? E(F)XE(F)

up to an element of Z .

To be totally honest, we do not expect part (i) to ever occur in nature, however
protocol demands that it should at least be mentioned. For those weights k € Ug
which are greater than two, one predicts formulae of the type

d" g (Too, )

X = arithmetic data x a regulator term.

X=(1+p)k—2-1
The situation k£ > 2 is left to someone with a far steelier resolve than the author’s.

Question. How do we calculate the quantities appearing in Theorem 9.187

If F = Q then the terms rg, £)*(E), #111g (E), [BE(Q): EO(QI)] and #FE(Q)tors
have been compiled in Cremona’s tables, for elliptic curves of conductor < 10, 000.
More generally, the computer package MAGMA allows the user access to routines
which will compute these orders numerically, even when the number field F # Q.
This leaves us with the task of working out

(a) the value of the defect Dg (),

(b) the volume terms and Tamagawa factors, and

(c) the p-adic weight regulator.
Firstly, the defect is easy to compute: one simply determines the kernel/cokernel
of the isogeny ¥ : E — C™", and the constants c(19) and c(ﬂd“al) = d%f;’;) can
then be read off from the formal group of E over the p-adics.
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To calculate (b) is a bit trickier, but it is possible to obtain a decent upper bound
for these volumes and Tamagawa factors. By Propositions 8.9 and 8.16,

I [cmn(F,) - CF(Fy)]

veY Tamgp) (TOOaE)
[T, volomin (Hg (F,, Tap(cmin))>

VOlﬂ(rzo)o,E (Hé (F ® Ly, T;oE(l)))

#Rer( Dyipduomp) = LHE) x

X PerfiE (F) x

However, we also know that #Ker( Dplp Ooo, E,p) divides into
[ (F © 2, Tay(C™™) : H' (F & Zp, Too ) @pe Zp],

and the above index equals Hp‘p #C™in(F,) [p>°] which is certainly computable.
For instance, if the field F = Q and C™*(Q,) contains no point of exact order p,
then Ker ((500713,,,) is trivial.

we ‘ is
Frlpr) < BF)
the one quantity for which we lack a nice, general algorithm enabling its evaluation.
Assuming the Selmer group of E over F is finite, clearly RegXtF(E) is a p-adic unit
and we are done. Alternatively if the rank rg = 1, we are dealing with the formula

Finally, the mysterious regulator term Regz"ffF(E) = det(—, —)

d g (Too, 5, w) by 9.18(ii)

wt
a non-zero number x (P, P)g
dw P

w=2
where P is any point of infinite order in E(F) which generates the free part over Z.

Remark: In the special case where F = Q (\/Td) and the conductor of F splits
completely in Og, we have established a formula relating the derivative of the
improved p-adic L-series over the imaginary quadratic field, with the height of a
Heegner point on Pic® X;(Np). Note the proof given in [Db3] uses analytic methods
due to Gross-Zagier and B. Howard.

Example 9.19 Consider the strong Weil curve E = X(11) over the field F = Q.
The Tamagawa number of F at the bad prime 11 equals 5, elsewhere they're trivial.
Let p denote a prime where E has good ordinary or bad multiplicative reduction.
Then the optimal X;(Np)-curve of Stevens is the modular curve ™" = X;(11).

(i) If p = 11 then E has split multiplicative reduction at p, and by the theorem
g (TOO,E, 2) must be a p-adic unit;

(if) If 3 < p <97 and p # 11,19, 29 then E has good ordinary reduction at p,
and ITlg (TOO,E, 2) is again a p-adic unit provided p # 5.

Therefore for all ordinary primes p < 100 other than 5, the p-invariant over Q
associated to the vertical deformation of Ta, (Xo(ll)) is identically zero.
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Proof of Theorem 9.18: The Herbrand quotient of a homomorphism g : A — B
is the ratio of integers

#Coker(g)

"9 = el

whenever it is defined, of course.
Let us now take A = HO (FWt, Selg (']I‘OO,E)V) and B = H! (FWt, Selg (Too,E)v)

Assuming £ : A — B, a — a mod ug — 1 is a quasi-isomorphism, then

d"Tg (Too 5)

rwt —1
X = (&) = H(Selp(Toe.s)" — Selw(Toe.£)ro )

X=0

up to a p-adic unit, where the order of vanishing » = dim (Qp ® A) = dim(Qp ® B).
Note that the mapping ¢ has finite kernel and cokernel, if and only if Selg (To, E)v
possesses a semi-simple A%'-structure at the prime ideal (X).

Evaluating Herbrand quotients around the commutative diagram

0 0
Selg (C™") [p™] =y Selp (Too, i) o

! l

H(Bs/E, ) T N (Ba/F Aq )
| Aemin | A

@ L(FL,CM[p>]) @0 m D H(Fy, Ar. ) -
Cmm ®Qp/Z H}(FuvAToo,E)

veXD

! !

Fwt

S
8
o]

. v
H}(F,Tay (cmi)) - Sele (Too,2) s
| |
H? (FZ/F, cmi“[p“’]) — Hl(Fz/E ATW,E)FM

a straightforward arrow-chasing argument reveals

However H ((ZooE) H(é\m,E) = H((i)oo,E o 6007E) 71, and one already knows that

the composition ¢ g © GOOYE(IZ) (y) = logp(uo)*1 X <:U,y>;:tp. It therefore follows

H(qﬁoo,E 00m7E) equals log,,(uo)™" x the discriminant of the p-adic weight pairing.
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Remark: For simplicity we now suppose that the p-Sylow subgroup of I1Ig (C"‘i")
is finite, in which case by [BK, Prop 5.4]

C™"(F) ® Z, = Hj(F,Ta,(C™")).

Furthermore, the order of vanishing of ITIg (']I‘OO, E) at X = 0 will coincide exactly
with the Mordell-Weil rank rg of the elliptic curves E and C™™".

Applying Propositions 8.7(i), 8.9 and 8.16, one deduces that

1 [Cmin(Fu) . C(l)‘nin(FV):I
H @ 600 B = LY"E) x
( o ) r (®) H Tamgy) ('H‘OO’E)

[, ), volemin (Hel (Fp, Tap(cmm)))

VO]%IZ_E (Hé (F Q Ly, T;oE(l))>

veY

X Perf))\E(F) X

On the other hand,
7'5(»300,}5)71 = #cmin (F)[p™] by Lemma 7.7.

N.B. Throughout the remainder of this proof, the equalities which are mentioned
are only assumed to hold true modulo Z;.

Tying these loose ends together, we obtain

d"F g (Too,5)

e = LY(E) x PerfiE (F) x H Tamgu) (TOO,E)_l x log, (ug)~"®

X=0 vey
voleuse  (HE (F & Z,, Tay (C™")))

VO]%PQO)C_E (Hé (F ® Ly, TZOE(I)))
where the notation BSDXtF (C"‘i“) indicates the p-adic number

#IIE (C) [p>] x I], [C™™(Fy) : C§™" (F)]
#Cmin (F) [pooP

x BSD}&(C™")

X det<7,7>wt

F.,p

C‘“i"(F)xC"““(F).
Proposition 9.20. Under our hypothesis that Ig (Cmi“)[pw] is finite,

volgmin g (HY) x BSDY&(C™™) = Dp,(poop) % volpr(HL) x BSDYe (E).

This statement is basically Cassels’ isogeny theorem in disguise — the modified proof
is supplied in the next section.

The above proposition allows us to exchange the optimal X (Np)-curve C™® with
the strong Weil curve E, although this scales the formula by the defect Dg , (poo, E)
Finally,

g (gw*Q (IIIF (Toch)))

dw"™®

d"F Mg (Too, k)
dXrF

logp(uo)”‘ X

X=0 w=2

and the theorem is proved.
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9.6 Variation under the isogeny o : E — C™in

In this final section we shall supply the missing demonstration of Proposition 9.20.
Under the condition that ITTg (Cmm) is finite, we are required to show

volg ¥ (Hé (F®Z, Tap(E))) BSDV%(E) Oy (o)
W min = F, pOO’E '
VOlgmin g (Hg (F ®7,, Tap(crnin))) BSD; : (Cmin) ’

Note that all equalities here are assumed to be true only up to p-adic units.

Remark: The rational isogeny ¥ : E — C™™ admits a factorisation

9, E v, _E
Ker(0)[p><] Ker(6)

E o~ Cmin
where deg(vJ,) is a power of p, and the degree of the complement 19}, is coprime to p.
Changing both the volume term and BSD;’fF by the isogeny ¥, contributes factors

which are p-adic units; since we are only interested in the p-part of the formula,
without loss of generality we may assume that deg(¥) is a power of p.

For an elliptic curve A /g, we defined BSD F (.A) to be the complex number

#IHF( ) HV [‘A( ) : AO(FV)] % d€t<f 7>NT
Vdiscr x #A(F )tors L Ee] L Ry AR
Then up to p-adic units, there is an equality
BSD}L (E) _ _BSD.r(E) y Regoo,r (C™1) y Reg)' (E)
BSD); e (Cmim) BSD r(C™in) Regoo,r (E) Reg]jtl,(cmi“)

However the bracketted term { . } above lies inside Z;, which follows because the
Néron-Tate pairing and the p-adic weight pairing are non-degenerate bilinear forms
on E(F)® Q.

We next apply an old result of Cassels [Ca2, Thms 1.1-1.5].

Theorem 1.19. The quantity Q4 (F) x BSD F (A) is F-isogeny invariant.
As a corollary, one deduces that

% - L(F) x a p-adic unit (**)
BSDwt (Cmm) QE(F)

N.B. the ratio C';‘E‘Ig) ) is viewed as an F-rational number, not a complex number!

One should also recall from Definition 9.17, the defect is

c(ﬁdual)
¢()

(F-Q] y HV|P #Coker (19(/‘;%1)
. Hu\m#(KCf(ﬂ))Gdl(C/FV)

where ﬂd“al C®n(F,) — E(F,) is the homomorphism induced on local points.

©F¢p (pooA,E) =
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Lemma 9.21. With the same assumptions as before, up to p-adic units

(a) (Zif() H #(Ker 9) )>< H #(Ker 19) X H } ‘

v real v complex v|p

[F.:Qp]

VOIE,F <H51 (F ® Zp7 Tap(E )) H ‘ q9dudl

(b)
Volcmm’F< 1(F @ Z,, Ta,(C™in) ) oir

x #Coker (995).

In fact this lemma implies Proposition 9.20 — simply substitute 9.21(a) and 9.21(b)
into Equation (**), then directly apply the definition of the defect.

Proof of 9.21: We start with part (a). The isogeny ¢ induces a homomorphism
¥+ Hip(C™"/Q) — Hir(E/Q) of Q-vector spaces. This map respects the
Hodge filtration and as Fil° Hl is one-dimensional, there exists ¢(¢J) # 0 such that
V*wemin = ¢(9)wg. We may assume deg(¥d) is a power of p, in which case ¢(9) € p?.
For all places v of F, by [Ca2, 3.4]

fE(F,,) * (diff. form on Cmin) #Ker (E(F,,) BN Cmin(FV)>

meiu(F’I) diff. form on C™in #Coker (E(F,,) N Cmin(FU)) ’

If the place V}oo and F, = C, then

fE(C) P*wemin A T*Wemin #Ker (E(C) > Cmin((C)) #Ker()
S _ = er 5
Jemin(cy Wemin A Demin #Coker ( E(C) % Cmin((C))

as an immediate consequence

Je)ywe ANGE

c(9 - = #Ker(?).
‘ ( ) jC"""(C) Wemin /\ Wemin ( )
If the place V|OO and F, = R, then
9 min
Jinggy 9 wemin #Ker(E(R) -2 cmin(R)) #(Ker(v) N E(R))
Jemsn gy wemn - gCoker (E(R) - cmin(R) ) 1 ’

note the sequence 0 — Ker(9) N E(R) — E(R) % ¢min(R) — H? (C/R, Ker(¥)) is
exact, and the right-hand cohomology is trivial as #Gal(C/R) is prime to #Ker(9).
It follows that

fE(]R) wE

me‘“ (R) Wemin

@) —  #Ker(9)".
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The archimedean periods Q4 (F) decompose into a product over the infinite places.
To summarise we have just shown

QZE(I(?«‘) = ll_[ ’c(z)‘u < T #(Kee@) ") x T #(Ker()).

v real v complex

Finally, using the product formula over the number field F:
[FV:QP]
I1 = IT o], = I o]
v vlp

v|oo vlp
and part (a) follows easily.

b
c(9)

modulo Z;

Remark: To prove that (b) is true, for all V}p there is a commutative diagram

(emEen), . = (FE)82)

|- |-

dual

image of H} (F,, Ta,(C™")) ZZ¢ image of H} (Fy, Ta,(E))

/Zp —tors

where the image is taken inside of H' (F,, Vp(E)), and the downward arrows are
induced by the Kummer map.

. . - * - .
This time (99")" wg = ¢(94")wemn, so in terms of Haar measures

X VOlwcmin sFu( - )

VOl(ﬂdual)*wE’Fu ( — ) — ’c(ﬁdum) ,

In addition, we also know (up to elements of Z,) that

VOl(ﬂdual)*wE"FV (Hﬁl (F,,, Tap (Cmin))) - M
VO]‘”E:FV (Hc} (Fl/> Tap(E))) #Coker(ﬁc/ib‘iil) ’

But the mapping 197‘1?;1 is injective, si.nce Ker(ﬁdual) C C™Mn(Q)[p™] lies in the
Z-torsion subgroup of HZ(F,, Ta,(C™™)). Therefore one obtains

dimy (1) VOlugm, (HL(Fy, Tay(Cm)) ) !
X

P VOle,F,, (Hl (FuyTap(E))) o #Coker(ﬂ;li;il) .

e

‘c(ﬂdual)

Moreover dimg, (Hel (F., VP(E))> = [F, : @], whence

VLo, (HE (B, T (€70)) ) )

= +:Qp :
voluy,, (H2(Fy, Tay (E)) ) Jefwanet) | s ke (o)
p

Taking the product over all prime ideals v above p, the lemma is proved.



CHAPTER X

Two-Variable Iwasawa Theory of Elliptic Curves

Our study of the p-ordinary part of the Selmer group for E is almost at an end.
However there is one last twist in the tale. Up to this point, the ground field F we
have been working over has remained fixed, but this assumption can now be relaxed.
In particular, allowing the number field F,, to vary in a cyclotomic Z,-extension
adjoins an extra variable, Y say, to the ambient deformation ring.

Why is this cyclotomic variable Y important, and what net benefits are gained?
The principal motivation has its origins in the Iwasawa theory of elliptic curves adm-
itting complex multiplication. Specifically, if £ has CM by an order in OQ( V=D)

then GaI(Q(E[pOO])/Q(E[p])) >  Z, X Z,. In terms of completed group

algebras

LG = Zp[[I™ <] [A] = 662 Zy[[X.Y]].6

where G = Gal(Q(E[pOC])/Q(\/fD)), and A is finite with order coprime to p.
Therefore in the CM case, combining the cyclotomic deformation with the weight
deformation is equivalent to studying the arithmetic of E over the field of definition
of its p-power division points.

If E does not admit complex multiplication, then Gal(Q(E[p>])/Q) is an open
subgroup of GL2(Z,), and its underlying Iwasawa algebra is a non-commutative
power series ring in four variables. In this scenario Z, [[FWt X Fcyﬂ represents the
completed group ring of its maximal torus, i.e. the cyclotomic-weight deformation
encodes the abelianisation of GLy-Iwasawa theory.

A major goal of this chapter is to formulate three new Main Conjectures:
the first corresponding to the vertical line s = 1, another for the line of symmetry
s = k/2, and the last for the whole (s, k)-plane. These are fundamental statements
reconciling the ‘algebraic world” with the ‘analytic world’ (as a useful mnemonic).
More precisely, there should be a one-to-one correspondence

C Main Conj.
{characterlstlc ideals of Selmer} Pl {

p-adic L-functions}.

Warning: Before we forget it entirely, let’s first remember to compute the leading

term of the algebraic L-series IIIg (T;olg) Indeed this p-adic L-value is a vital

constituent of the Euler characteristic over the two-variable deformation of E[p*].
As many of the details are akin to the vertical calculation (in the previous chapter),
we shall attempt to keep the exposition relatively brief.

222
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10.1 The half-twisted Euler characteristic formula

Throughout one takes F to be an abelian number field, and the prime number p > 3.
For simplicity assume p., g is residually irreducible, and Ry is a Gorenstein ring.
The fundamental work of Flach and Nekovar [F1,Ne3] guarantees the existence of
a (nearly) self-dual, symplectic form

Nek —1/2 7 —-1/2
(= pgrrp + HY (Fo/P TLUE) < Hp (Fe/F, TUR) — R

its manifestation at weight two, yields a Z,-bilinear pairing

gen

<7,7>F,1/2 H}(Fs/F, V,E)*" x H}Fy/F, V,E)*" — Q,

on the ‘generic part’ of the vector-space H}.

Notation: Let us denote by X;}g the direct sum of the restriction maps

H (F,,,A_I/Z) H (F,,,A;W)

Teo,E o, E
(Fz/F 1/12:) — _

—1/2 1
vEX—SF,p Hr%r (FV7AT>C{E) VESF,p H}r (FV)
The next result is effectively the half-twisted analogue of Theorem 9.18.
Theorem 10.1. Suppose the following four conditions hold:

(i) #I1g (E)[p] is finite;
(i) (-, —>;;/2 is non-degenerate;
(i) the homomorphism X;}g is surjective;
() E does not attain split multiplicative reduction at any place above p.
Then order,,—;I11Ig (To_olg,w) = rankz F(F) — corankpwt SelF( 1%2) = TI;\ say,

and its leading term is given by

LIy (T w)

(w72)rl~ X HTam(2)< o;g) X covol(,)l/g(F®Zp) X DFp(poo,E)

n 2 #mF< )Hu [E(Fu) : EO(FII)] —1/2
#E (F x xdet{—, —
pelf“:g:[",?d ( f1p> #E(F)i)rs < P oy < (e

modulo 7., where S%?;d = Spp N {pJ(NE}.

~ 2
N.B. The quantity Hpesg(md (#E (qu )) is trivial when p‘NE as the set Sgozd =0.
F,p ,

Alternatively, if p f Ng then the subset S%‘?Zd is the whole of Sg ,, and the product
is therefore non-empty.
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Proof: The main ingredients are identical to the demonstration of Theorem 9.18.
Firstly condition (iv) implies the set of split multiplicative primes Sﬁ‘;}“ is void,

in which case Conjecture 7.11 holds. As a nice consequence, the natural mapping
—1/2 I

Selp (Cmin> ] =t oo SOIF( r ®\II*1/2)
cofinitely-generated groups over Z,.

will then be a quasi-isomorphism of

Fortunately, condition (iii) ensures we have the short exact sequence

0— Selp (T;o{g?)

. H (FE JF, A

H'(F,, A7"?)

~ 1
1/2)06—)5@ — 0.

vex H1+(FV7T 1/2)

Taking its I'"*-cohomology, produces a commutative diagram with exact columns:

0 0

! !

. a—l/z rwt
Selg (C™") [p™] =z Selg ( Oolg)

l !

1 ming, oo ﬁ;l’/; _1/2 m
H (FE/Fa C [p ]) - (FE/F E)
JA;(S JA;I,L?
. L “2
@ H1<Fujcm1n[poo]) @6;1221/ H (FV7A'JTQC,E)
VES—SF., &r(FV7Cmin[pOOD veX—SF,p H&r<Fl/7A’E°10/)25)
vt
1 —1/2
Cmm[poo]) H (FV’ATOO,E)
o @ LECD) gy (M)
Vahv%m+w> S, \HLE)
) v 2)\;1/2
(B Tap(C) " EE sele (TR
Figure 10.1

Under the conditions (i) and (ii), the order of vanishing of ITIg (’H‘;{g, w) atw = 2

v
is precisely equal to the dimension of Q, ® H° (F"”, (Selp ( 1/2>/Awt N ) )
In fact, the half-twisted pairing <— —> /2 factorises through the dual map 6__ 1/ 2
Its discriminant is therefore intertwined w1th that of

H° (F"Vt,TorSAwt (Selp ( 1/2) )) 2t gt (FWt,Torsch (Selp ( 1/2) ))

which can now be computed via Figure 10.1.
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Remarks: (a) Every horizontal arrow in the above diagram is a quasi-isomorphism.

(b) If the map &, /2 SM™ ., Spwi where S = Selp (’]I‘O_Olg2 then

) JAvt-div’

-1 _
log, (u) "+ x dise (=, ~)p/*) = H(ew?)  xm(0al,) < H(61F)
(c) The Herbrand quotient of 8_ 1/ ? was calculated in Lemma 7.12(a).

(d) The Herbrand quotient of §__ 2 was calculated in Proposition 8.7(ii) if v 1 p,

oo, E,v
and in Proposition 8.13 when u‘p

Combining (a)-(b)-(c)-(d) together, one obtains a formula relating the half-twisted
‘ -1
arithmetic invariants of C™" to the reciprocal Herbrand quotient H( ;“1]/ 2) .

However the latter quantity is the leading term of IIIg ( 1/2) at X =0.

Finally, one may exchange the optimal curve C™" with the strong Weil curve
E using Cassels’ Isogeny Theorem 1.19, which explains why the defect term D
rears its ugly head once more.

O

Example 10.2. Let’s consider the modular curve E = X((11) over the field F = Q.
Since the analytic rank is zero, the half-twisted regulators must therefore be trivial.

If7 <p <97 and p # 11,19,29 then the elliptic curve E has good ordinary
—-1/2
00,E

reduction at p, and our theorem implies that ITlg ('JI‘ 2) will be a p-adic unit.

It follows at all good ordinary primes p < 100 excluding 5, the p-invariant over Q
associated to the half-twisted deformation of Ta,(X(11)) vanishes (c.f. Ex. 9.19).

The reader will notice that we have studiously avoided the prime p = 11 in the
above example, because Theorem 10.1 does not cover split multiplicative reduction.
Nevertheless in the semistable case, one has a shrewd idea what to expect.

Conjecture 10.3. Assume that the prime number p divides Ng. Then

order,,—oIITg (T;Olg,w) = rankzE(F) + #S;‘fgt — corankywtSelg (’H‘;olg),

moreover, the leading term of IIIl:l/2 satisfies

I (T w)

[T X HTam(z) ( ool/EQ) X COVOI(—)l/Q (F®Z,) x Dp,
2)TF F.p ’ '

ooE

(w—
_ H 10gp (qE/F,,) % #mF( ) H,/ [E(F,,) : EO(FV)]
ordy (4, ) #E(F)

tors

—1/2
F.p

x det(—, —)

split
"ESRp

again up to p-adic units.

Off ((Zi)) # 0 courtesy of the result in [StE].

For a general number field K # Q the non- Vanlshing is still an open problem.

N.B. Over the rationals, the L-invariant
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Question. When is the global-to-local map X;}g surjective?

In general, the answer to this question lies fairly deep.

If the representation poo, p : Gg — GL2(Zp,u,, (w)) is of CM-type by Og(v=D)
this reduces to the existence or otherwise of non-trivial pseudo-null submodules in
the (Pontrjagin dual of) the two-variable Selmer group over F(\/j, E[p‘x’])

Alternatively, if we demand that the p-adic L-function is suitably well-behaved
along the line s = k/2, one can still make some progress:

Proposition 10.4. Assume Greenberg’s conjecture holds for the family {f;C }keUEmN
with its generic rank rgen(F) = 0, and in addition that R is a reqular local ring.

Then the homomorphism X;}g is always surjective.

Proof: Let G (’I[‘_lg2 ) denote the compact Selmer group associated to the half-

o0,

twisted deformation of pg ;. Its Pontrjagin dual sits inside the Poitou-Tate sequence

0 — selF(T;{{;) — Hl(Fg/R A’1/2)

T, B

Paas H'(F,, A2 v
oo (F, Ar...p) G (T;{g) —

VvEX Hi.,-{— (FV7 T(:ol,/Ez)L

To establish the surjectivity of X;jg , clearly it is enough to show Gy (T;lg ) =0.
There are two stages:

A) Prove that Gg T V2) is AW*-torsion, and has universally p-bounded order;
0o, E

(B) Prove that all proper subgroups of H' (FE /F, To_ol/EQ ) [p>°] are zero.

Since (A) implies the compact Selmer group lies in the Z,-torsion submodule of
H! (FE/F, 'H';OI’J/;), any finite subgroup of Gg (T;Olg) must then be zero by (B).
As a corollary, the whole Selmer group was trivial to begin with.

Remark: One can identify the p>-torsion submodule of H* (FE/F7 ']I'fl/z) with

oo, B

the 0*"-cohomology group
H(Fo/F, T.)F € Q,/Z,) © (w;” @ ex.lin 7 [p] " @, u) (F).
L

The right-hand side has no finite p-subgroups, which can be seen by using the same

argument to Step 3 of Theorem 9.2 (N.B. as an Rg-module er.lim . tJ;)rd [p“’]v
1

is identical to \117;1/2 Ker. h_IT)lw; tjord [p"o] v’ therefore the transition maps 7, mp «

must again act nilpotently on the p-torsion). It immediately follows (B) is true.

This leaves us with the task of establishing (A).
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Key Claim: For almost all arithmetic weights k € Ug N N>9, the natural map
6F< ‘1/2> Oavig, Ly % H}gpecon (FE/F T ®awig, Zp )

has finite kernel and cokernel, bounded independently of k.

When F = Q and Rg = A"' this statement is shown in the article [NP, Sect.4].
However the proof generalises seamlessly to Noetherian regular local rings, as all
their height one prime ideals are principal. Similarly, the argument for abelian
number fields F reduces to the analogous result over Q, since one may decompose
the Selmer group into its Xg-eigencomponents.

Remark: If £k =2 mod 2(p—1) then T_ 1{5 ®pwig, Lp is a lattice inside Vg, (k/2).

Provided that the L-value L(f;/F,k/2) is non-zero, Kato has shown [Kal, 14.2(2)]
the vector-space Selmer group

H}»SPGCOF (FE/Fv ‘/fk (k:/2)> = 0.

In particular, the above specialisation H?}  SpecOr (FZ JE, T 1/ 2 ®pwe g, Z ) must

therefore be a finite abelian p-group.

Because we assumed that the generic rank rgen(F) = 0, the L-value at s = k/2 is
non-zero at all bar finitely many exceptional weights k. Moreover the ‘Key Claim’
together with Kato’s result implies # <6F< 1/2) ®pawtg, Zp) < oo for such k,

in which case the compact Selmer group over F is A™*-torsion.
Lastly, an identical argument to Theorem 9.2 (Step 2) establishes that its order

is bounded above by p” I'“’;; here p"I is chosen large enough to kill off the kernel of

1/2 Gr

&1 (T2%) ®aveae Zp ™ Hlspecor = (T2 Oavig, 2,) ©Q/Z)

and likewise 1/; = max, y {V;T w}7 where each integer 1/;7 » 18 set equal to

. 1-k/2 272—k/2 k—2 I
max {ordp(l D(Day(£)H2 1 p()22F2 < | > ) ] keDMY k= T}

N.B. the above notation is the same as was employed in the proof of Theorem 9.2.

The surjectivity of the homomorphism X;jg follows immediately.
O

If rgen(F) > 0 then it is unclear whether or not the global-to-local map surjects.
One possibility is to mimic the approach of §6.5, and construct an embedding

6F(T;{§) <, Hompw (SelF( 1§§) : Zp<<w>>>m.

The right-hand side is a free Z,[T"*]-module of finite-type; one could then compute
A¥t-ranks along the Poitou-Tate sequence, to deduce triviality of Coker (X;}g)
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10.2 The p-adic height over a double deformation

It is fair to say we now possess a pretty good understanding of the arithmetic of
along the vertical line s = 1, and also along the line of symmetry s = k/2 (subject
to Greenberg’s Conjecture 7.5, of course). The very last piece of the jigsaw is to
allow the number field F to vary in a cyclotomic Z,-extension of the ground field.
The finite sub-layers in this Z,-extension ‘F<’ are still abelian extensions of Q,
however they are no longer unramified at the prime p.

We’ll begin by recalling the structure theory for modules over a two-variable
deformation ring. Let R be a normal integral domain, finite and flat over Z,[X].
An R[Y]-module is called pseudo-null if its localisations at all height one primes in
Spec R[Y] are trivial. Further, a homomorphism ¢ : M — N of R[Y]-modules is
said to be a pseudo-isomorphism if Ker¢ and Coker¢ are both pseudo-null.

Notation: M =5 N.

Assume that M denotes some compact, finitely-generated, torsion R[Y]-module.
The structure theory informs us there exists a pseudo-isomorphism

where the P;’s are height one prime ideals of R[Y], and the e;’s are positive integers.
The product szl P/ is the characteristic ideal of M (it need not be principal).

Hypothesis. The integral domain R is reqular.

As an immediate consequence, the two-variable ring R[Y] must also be regular.
This condition guarantees that the ideal charg[y) (M’ ) has a principal generator.
We also observe that all regular CNL rings are automatically Gorenstein.

Lemma 10.5. Let €y (Y) denote the characteristic power series of M. Then
r = ordery—_g (QZM(Y)) > rankp (M/Y.]W)

with equality iff o : M[XY] — M’/Y.JV[ has an R-torsion kernel and cokernel;
assuming this does occur, one has the leading-term formula

Cp(Y)
Yr

_ charg(Coker(a)) o R
char g (Ker(a)) |

Y=0
The proof is fairly standard, and can be found in any decent algebra textbook.

Remark: In the next section we shall take R = Rpg, the universal p-ordinary
deformation ring for pg, : Gg — GL2(Zp). The R[Y]-module M will then either

be the dual of Selpes (Toc i), o in the half-twisted case the dual of Selger (T2 ).
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A formal definition of the p-adic height pairing.

Let F¥ denote the cyclotomic Z,-extension of F, with sub-layers F,, of degree p".
Recall (from Chapter IX) at every non-trivial character ¢ : Gal(F% /F) — 1+pZ,
and for each place v € X, we defined

Loy Gr, — Zy by restricting log, opoip to the group Gr,.

In particular, the homomorphism ¢, ,, belongs to Homcont (GFV R Zp) =H! (Fl,7 Zp).
Extending scalars the element (g, = {,,®1 liesin H'(F,,Z,)®z, R~ H'(F,, R),
thence under the cup-product pairing

invg, oU
—

H'(F,, R(1)) x H'(F,, R) R

it gives rise to another homomorphism KRA; : H'(F,,R(1)) — R. The kernel of
(R, will be precisely the R-submodule N2V H!(F,, R(1)) of universal norms.
Let T be a free R-module of finite type, equipped with a continuous G'g-action.

Notation: For places v of F,, with n > 0, fix local conditions X, ,, C H? (Fl,,n, T)
which are compatible with respect to corestriction in F{Y. Then one defines

esl®1) — or (11 o) = @ U
veEX o

where NV(X,) = Nn>0 COTESE,, /F (Xu.n). The corresponding dual object is

res, F T*( ))
Hy o (F,T5(1)° = Ker( L(Fy/F, T*(1)) & )
X+.5 ,i.é] Nlll’llv XL)

N.B. here N (XF) =), coresp, /r(X;-,) under the cup-product pairing.

For example, if v { p then a natural choice of X, ,’s are the unramified cocycles.
The formal height pairing is a bilinear form on H 5, (F,T) x H;(L Z(F,T*(l))0
which will take values in the coefficient ring R.

Fix a local field K = F,, and let = be an element of the R-module NV (X,).
Since N2V(X, ) ¢ H'(K,T), it corresponds to an extension class

0 —T — X, — R — 0
of R[Gk]-modules. Applying Hompg( —, R(1)) and taking G g-invariants, then
L — T — H' (G, R(1)) — H'(Gr, x5(1)
— Hl(GK, T*(1)) — HQ(GK7 R(l)) .

arises as a long exact sequence in Galois cohomology.
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Assume further that y € AUMV (Xj‘) As the one-cocycle y is orthogonal to z,
clearly y — 0 inside H?(Gx, R(1)) and so must lie in the image of H' (G, X3(1)).
Therefore there exists some lift g of the original element y = yo.

Remark: We can apply the same argument to any norm compatible sequence
(yn)n € lim, Xl,l’n, to obtain classes 7, € H* (Kn, Z{;(l)) such that ¥, — y,.
For each n > 0, one sets J, = coresg, /x (Jn) € H* (K, X;(1)) which is a lift of y.
The sequence {37,1} converges to an element

Sean i (y) = lim (Gn) € Hl(K,x;(l))/N;‘O"iVHl(K,R(1))

n—oo

which is well-defined, and independent of all the choices made above.

To define the p-adic height pairing, choose a point P € H)lc,z (F, T)O corresponding
to an extension class 0 —» T — Xp — R — 0 of R[GFg]-modules, so that

H'(Fy/F,R(1)) — H' (Fy/F,X3(1)) — H' (Fy/F,T*(1)) — H*(Fy/F, R(1))

is the associated sequence in the Gal(Fz / F)—cohomology of the Kummer dual.

Now take Q € Hy. (F, T*(l))o, and let sg101(Q) be any lift to the cohomology
group H!(Fx/F,X3(1)). It follows that sglob(Q)y — Scan,F, (Qv) belongs to the
quotient H! (F,, R(l))//\/';‘c“i"H1 (F,,R(1)) at every place v € X.

Definition 10.6. One defines the formal p-adic height pairing

(==Y rix., HY(F.T)" x Hy. (F,T°(1)° — R

by the summation formula

<P7Q>R,T,{X,,},, = Z [R;,/I/(Sglob(Q)V — Scan,F, (QV))

vED

Crucially this pairing is independent of the global lift sy, (Q), via the product rule.
IfR=7Z,and X, = H}, one obtains the classical p-adic height pairing [Snl,PR1].

10.3 Behaviour of the characteristic ideals

The main objective of this chapter is to evaluate the leading term of the algebraic
p-adic L-function, associated to a 2-variable deformation (cyclotomic and weight).
An intrinsic component of the leading term is the p-adic regulator, which is built
out of the formal height pairing we have just introduced. Depending on whether
one is considering the vertical or the half-twisted deformation, the local conditions
{X,,}V cx, must be chosen carefully at each finite place.

It makes good sense to give a short review of our hypotheses to date.
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Assume that the Hypothesis (F-ab) holds, and the prime p > 3 is unramified in F.
Recall that E/q denoted a strong Weil curve of conductor Ng, possessing either
good ordinary or bad multiplicative reduction over the field of p-adic numbers Q,,.
To simplify the exposition considerably, we now further suppose that the universal
deformation ring R is regular.

Variation of the height pairing in a half-twisted lifting.
The primary object of study will be the two-variable Selmer group

Selpes (Toh) == lim Selp, (T.)57).

This is naturally a discrete module under the action of I'V = Gal(FC-V /F) = Zp
and the group of diamond operators T'"* & 1 + pZ,,.

Proposition 10.7. The Pontrjagin dual of Selgey (T;OIJ/EQ) is Zy [[F°y7 I’Wtﬂ -torsion.

In fact, this result is a surprisingly easy consequence of its difficult p-adic version.
One knows that the Z, [[FCYJ“’”H -corank of Selmer must be bounded above by
the Z, [[Fcyﬂ -corank of its specialisations over weight-space. At weight two for
example, we are led to consider the A%-corank of Selgey (C™)[p>°]. In the CM
case Rubin showed the specialised coranks are zero infinitely often, whilst in the
non-CM situation there is a similar result due to Kato [Rul,Kal].

(In the latter scenario, it may become necessary to demand residual irreducibility
of the big Galois representation ps : Gal(Q/Q) — GL3(Rg), since this ensures
the absolute irreducibility of the mod p Galois representation associated to the
eigenforms fj;, at infinitely many weights £ € Ug N N>4.)

For each place v € ¥, one employs the local conditions

r Ker (H'(F,, TZ) — H'(Ir,, 1)) it v fp
xp =

Ker (H'(F,, T[) — H'(Ie,, T/ /FY)) ifv|p.

Centering the formal height pairing < , > at the base weight ky = 2,

Re, T 7 AXI)
the pairing extends naturally to a A" bilinear form

(== 1 OR(TL) x Sr(TLE) — Frac(Zyu,(w)).

oo, E

Finally, following Plater [Pl, Sect.5] one defines the Tamagawa ideal at v € ¥ by

xt
£, (']I'C;l/z) ;= charpwt (”Sat)
B Nunlv( Vsat)

where X, . denotes the A™t-saturation of X! inside the group H*! (F,,, T L 2)

v,sat

The proof of the following result is postponed until the next section.
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Theorem 10.8. If we set @alg( ;olg,Y) := charpwipy] (SCchy ('H‘_l/z)\/), then

the characteristic power series has a zero of order v = rankAthF( _1/2) atY =0;
furthermore, there is an equality

R

Y = log, o( Hé 1/2 dlbc<_ _>T e IHF(T;’I/Ez)

Y=0 veX

which is taken modulo (A"Vt)X

Of course if Conjecture 7.18 is true, the order of vanishing should be t Z Tgen (F).
Let us now consider the two-variable algebraic p-adic L-function

L% (ToF s,w) = (07" x Mellz1 0.0) (charg, ros pey (Selees (TL) ) )

which is an analytic function of (s,w) € Z, x Ug, and is well-defined up to units.

Corollary 10.9. Under the same assumptions as Theorem 10.1,

al 1/2 —1/2) ‘ _
LP,% (Too /E’ ) S 7_U) &, (TOO’E w=2 (2) '
R = ﬂ covol o172 X Drp
(s—=1)(w—2)"r (s0)=(1.2) vp Tamg’ (TOC’E) T s
~ 2 #IIIF E HU E(F;/) : EO(FV)
X H #E <]qu) X ( ) [ 5 }
pesf.(?;d #E (F) tors
X diSC<*7 *>,JCI,}:1/2 X det<77 7>;1/2 .
0B | e P EE)xEF)

Again this formula is correct only up to p-adic units.

The first line consists of fudge factors arising from specialisation to weight two.
The second line is essentially the Birch and Swinnerton-Dyer formula for F over F.
Curiously, the last line is the value of a regulator map at the point (s, k) = (1,2)
and splits into two pieces: the value of the formal p-adic regulator at weight two,
multiplied by the half-twisted regulator arising from Nekovai’s theory.

N.B. We already have numerical algorithms to compute the first two lines, but
regrettably the last line is still a mystery (unless both ranks are zero).

Proof of 10.9: An elementary calculation reveals

eps (T8 Y)
Yt

—1/2 o
e (1%, oh0) ' 1)
(s—1r

log, 0(70)" x

Y=0 s=1

which means that the log, 0(70) " term drops out of the formulae completely.
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As a direct consequence of Theorem 10.8, one has the equality
al —1/2
L;,%' (Tcx:,/E ? 87 U))

(s = 1)f(w —2)"

= I Melaoo (6(T05))

(s,w)=(1,2) ven w=2
Mello, o o (I (T2
. cy ’ oo, B
x dise(—, —>T_1/2 X -
oo, E w=2 (w _ 2)7'1, w2

At those places v € ¥ which do not lie above p, it is an easy exercise to show
. ; 2 —1/2
that the TV*-Euler characteristic of Xlsat / Ngniv (X;f,sat) equals Tam%j (’JI‘OC,/E )

In other words

H 4, (T;olg) = H Tamgy) (']I‘;olg) up to a p-unit.
vES—SE,p w=2 VEX—SF p

Fortunately the leading term of IIIg (T;l/;) was computed by us in Theorem 10.1;

substituting in this value, the corollary is proved.
O

Variation of the height pairing in a vertical deformation.
Let’s now switch our attention to the vertical lifting To g, corresponding to s = 1.
The local conditions to pick at v € ¥ are

Ker(H'(Fy, Toe,5) — H' (It Toc.1) ) if v fp

wt

Ker(H'(Fy, Toe.5) — H(Fy, To, ©av BYL) ) if v | p.
To cut a long story short, here are the analogies with the half-twisted scenario:

Proposition 10.10. The dual of Selgey (TOO,E) = lim, Selp, ('JI'OO’E) has trivial

Ly [[FCY7FWt]] -rank, i.e. Selgey (TOC’E)V is torsion over the two-variable ring.

Theorem 10.11. The power series Q:%li (TOO’E7 Y) := charpwi[y] (Sechy (TOO,E)V>
does not vanish at the point Y = 0, and has constant term

5 (T, 0) = J] 6(Twp) x MIp(Tez)  mod (AY)"
veY

wt
v,sat

where £, ('I[‘oo,E) is the characteristic power series of o (th

=S v,sat

Corollary 10.12. Under identical conditions to Theorem 9.18(%i),

) at each v € X.

-1

(w - 2)”: (s,w)=(1,2) vlp Tamgu) (TOO’E) vole (Hg) |
E EF,): Ey(F, w
X E;Jt(E) Perf))\E (F) x #10e )HV[ ( 2 ) Bl )] x det<—, _>Ftp ’
#E(F)tors 7 )< B
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Remarks: (a) The proof of Proposition 10.10 uses exactly the same specialisation
argument to that of 10.7. However this time one exploits the A“Y-cotorsion of the

Selmer groups H},SpCCOF (FZ/FC«V, At 5 [ X gk}) at infinitely many k € Ug.

(b) The reader may well be wondering why there is no discriminant term in 10.11,
yet there is in Theorem 10.87 The reason is simple — it’s there but you can’t see it!
The formal height pairing is between

0 “ 0
(-, _>72,’J1‘00,{X1‘7t}1, { Hywis(F,To)” X Hiwo o (F,Ti (1)) — R.
If one specialises H)I(wt, = (F7 ’]I‘OO)O to the A\p-isotypic component, then its image is
contained inside the compact Selmer group GF('JI‘OO, E) The latter object vanishes
courtesy of Theorem 9.2, in which case disc{—, 7>1Cry _ must be a Zp((w))-unit.

(c) Corollary 10.12 follows directly from 10.11, and the formula given in 9.18(ii).
Once again the Tamifj (TOC,E)’S cancel with ¢, (TOO,E)

at those places v { p.
2

w=

10.4 The proof of Theorems 10.8 and 10.11

To avoid bamboozling the reader, we have elected to supply the proof only for the
half-twisted representation rather than the vertical one. The vertical situation is
actually a lot easier: there is no p-adic height pairing to contend with here, since
the Selmer group for Ar__ ,, over the ground field F contains no A¥*-divisible piece.
The arguments we will exploit are entirely adapted from A. Plater’s work in [P]],
i.e. this forces us to work over the universal deformation rings themselves.

For simplicity, assume that the local factor R through which H?\'}gm acts on Ty
is a regular local ring — at the end, we will explain how to remove this hypothesis.
To be consistent with Plater’s article [Pl], we shall employ his notation throughout;

for the lattice T := Ty ® \IJ;/ 2 one defines

Xoo (A7) = H},E(FCY,AT)V, xL 5 (Ar) Hl(Fg/Fcy,AT)v

Zoepr(T) = I H}(Fo, T), Zoon(T) = €D Zoep (T):
n veED

Strategy: Providing that the height pairing <—, —>R (X} is non-degenerate,

our aim is to establish the formula

charzy] (xoo,f (AT))
v

= log, o(70) " x [ chare (X a0 /NEX] ) ()
Y=0 vex

X disc<—, —>R,T7{X3}V x chargr (TOI‘SR (H},Z (F,AT)V)>

with r = rankRH}’Z (F,T). The statement of Theorem 10.8 will then follow by
restricting this formula to its Ag-isotype, and centering it at weight two.
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Equation (*) is an indirect consequence of the following three results.

\
Lemma 10.13. Both Torsp H' (FE/F, T*(l)) and H' (Fcy, At (Fcy)) share the
same characteristic ideal as R-modules.

Let ¢ denote the sequence of compositions

y

Xoop (Ar)" 2 X p(Ar) ey —
Homeont (ny2 (F, Ar)™,Q, /Z,,) . Homg (H}.’E (F,T*(1)), R)

N HY(F,, A
where H},E(F, Ar)” = Ker <H1 (Fg/F,Ar) — @, e, M)

Lemma 10.14. There exists a map 0, : H},Z (F,T)0 — %Ooyf(AT)Fcy through
which the formal height pairing factorises:

¢'R (970 ('1.)) (y) = Ing Q(’YO)_l X <JJ, y>R7T’{Xi}V
at all points x € H},E (F,T)0 andy € H}‘,E(F’ T*(l)).
Lemma 10.15. For the homomorphism 6., as above, the following diagram:

0 — xLs(An) — 2o (An)" —  Zesn(T)e.

TU(ZU‘KO T‘gvo J,ﬂ'

0 — HQ(FZ/F,AT) i Hfz F T @Numv< usat)
veY

is commutative with exact rows.

N.B. Here the dual homomorphism to ax ,, is given by the sequence
H'(Fs/F%, Ax) ., > H'(T,H'(Fs/F¥, Ar)) — H*(Fs/F, Ax)

and 7 denotes the natural projection.

We now explain how these three technical lemmas imply the desired formula.
The plan is to compare the Selmer group over F with that of its cousin over the
cyclotomic Zy-extension of F, but first we need to introduce some extra notation.
By Pontrjagin duality, the restriction map H' (Fg /F, Ar) — H*(Fg/F<, AT)F .
yields a dual homomorphism

VID> %;O’E(AT)FW = <h_1’r>lH1<F2/F",AT)V> — Hl(FZ/F,AT)v.

Tey

Similarly for the discrete Selmer groups themselves, the natural restriction map
~ cy
H}y(F, Ar)” — H} o (F¥, Ar)" dualises to give

A\ V
7ot Xoos (A7) — (H}x(F A7)Y) .
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Linking these various strands together, one obtains a large commutative diagram
with exact rows and columns:

0 0
0 — H? (FE/F»AT)\/ Ty %(lm,):(AT)FCy
iy (F,T) T

! I

0 — @Ng‘c“iv(Xi,sat) = Zao (T

l l

0 — H' (FCY,AT(FCY))v — H'(Fg/F, A1) &2 xL o (Ar).,

! I

~ 4 T
(His(F.Ar)7) 2 Xes(Ar)p,

| |

0 0

Figure 10.2

The left vertical arrows arise from the dual Poitou-Tate sequence for H },2 (F, AT)N7
whilst the right vertical arrows above come from taking the I'“Y-cohomology of the
two-variable Selmer group. Lastly the top two squares commute by Lemma 10.15,
and the bottom two commute because it’s true at each finite layer F,,.

Remark: Let &g denote the natural homomorphism between the I'-invariants
of Xoo,7(Ar) and its I'Y-coinvariants. Taking determinants of the various maps
occurring throughout Figure 10.2, then standard nonsense informs us

charg (Coker({n)) B i — .
ChaI‘R (Ker({R)) - Vel_[ECharR (Xu,sat/Noo Xu,sat) X dlSC <¢R (0"/0(7))(7))
1 v charg (My) %
X CharR (TOYSR (Hf,E (F, AT) )) X m mod R

where we have set M; := HI(FE/RAT)/R-di\V/ and My = Hl(FCY,AT(Fcy))v.
Since H'(Fy/F,T*(1)) ®& RY can be identified with the maximal R-divisible

submodule of H! (Fx/F, Ar), in fact My = Torsg H' (Fg/F, T*(l)).
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The left-hand side is the leading term of the algebraic L-function, that is

charg (Coker(ér)) B charg[y] (xooﬁf (AT))

dulo R*.
charg (Ker(¢r)) yr foduio

Y=0

Applying Lemma 10.13, the charg(M;)/charg (Mz)-term represents an R-unit.
Moreover, inside the group Frac(R)/R* there is an equality

disc(d)n (070(—))(—)) = log, o(y0) ™" x disc(—, _>R,T,{XI},, by Lemma 10.14.

Thankfully this is strong enough to establish Formula (*).

Remark: The same argument works fine for coefficient rings R that are Gorenstein
but not necessarily regular. However, one must rewrite the whole argument in terms
of R-divisors rather than in terms of characteristic power series (in all other ways,
the details are identical).

The demonstration of Lemma 10.13.
If X is an irreducible element of R, then write O, for the quotient ring R/(\).
Because R is Gorenstein so is Oy, in which case

T3 (1) = Homo, (T, OA(1) = 3l and dr, = ArxA] = T3(1) @ Qy /2,

For a fixed finite set B of height one primes and two sheaves of abelian groups

Y1,Y; over Spec(R), we'll write Y7 () 2 Y2(A) if the ratio #Y1(\)/#Y2()) is finite
and bounded independently of all height one primes (\) & 9B.

We claim that the statement of Lemma 10.13 follows from the following facts:
(A) #Torsy H' (FE/F,Ti(l)) = #Hl(l“chlTA (Fcy)) at almost all (\);

(B) M; ®r O, §1 TorsZle (FE/E T (1) ®r (9)\) for some finite set B;

(C) My®r O, B Ht (I‘Cy, Ar[x)] (Fcy)) for another finite set Bs.

Assuming that (A),(B),(C) hold true, one easily deduces M; @z Oy z My @ Oy
where 9B’ is the union of the sets B, By and the primes excluded from part (A).
However, it is well-known that if the orders of the specialisations of two R-modules
coincide (up to a bounded factor) outside a finite bad set of primes, then the two
R-modules share the same characteristic ideal. In our situation we conclude that
charg (M;) = charg (Ms), which proves Lemma 10.13.

It therefore remains to justify the three claims above. We start with part (A).
As a general comment, let us first observe that A (Fcy) is an R-cotorsion module
since at the weight two, its specialisation C™" (Fcy) [p™°] is a finite abelian p-group
thanks to a very useful result in [Im].
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Provided A is chosen outside the support of the R-modules M; and M,, then
#Torss, H' (Fs /B, T5(1)) = #H(Fs/F, Ti(1)©Q,/Z,) = #Ar,(F)
and as 'Y is pro-cyclic,
#H (DY, Ap, (F¥)) = #HO(DY, A, (FY)) = #Ar, (F).

Combining these two equalities together, part (A) follows at once.

To prove (B) one examines the short exact sequence

. H'(Fg/F,T*(1))
A\.H!(Fy/F,T*(1))

" (Fg/F,Tj‘\(l)) L H? (Fg/F,T*(l)) [xA] = 0.

Isolating the exceptional set B” = Assg <H2 (Fs/F, T*(l))), clearly

TOI‘SZp (Hl (FE/F, T*(l) ®R (9/\)) SB’\‘E’O) TOI"SZP <AI§;1(](;‘;2{7];‘T;£11))) ) '

On the other hand, if 5851) denotes the support of M; then

Torsg ' (Fy/F, T*(1) B H(Fg/F, T*(1))
~ ors .
X Torsg H (F5/F, T*(1)) “e \ \H(Fs/F, T*(1))
Setting B; = %go) u %51)7 statement (B) is now proved. This leaves us with (C).
Remarks: (i) Applying the Snake Lemma to the diagram

0 — H'(IY, Ap(F®¥)) — H'(Fy/F,Ar) — H'(Fg/FY, A7)

[ [ [

0 — H'(IY, Ap(F®)) — H'(Fy/F,Ar) — H'(Fg/FY, A7)’ — 0

— 0

and carefully avoiding %(20) = Assp (H Iy, Ap(FY )))7 one deduces that

HY (T, Ap(FY))[x A H (Fy/FY, Ag)" [x)] B H'(Fg/F, Ar)[x .

(ii) From 0 — H'(T'Y, Aq, (F%¥)) — H'(Fy/F, Ar,) — H' (F/F, Ap,)
we readily sce #H' (T, Ap, (F¥)).4#H! (Fy /FY, Ap,)" = #H'(Fy/F, Ax,).

— 0

SB(I)
(iii) Lastly H'(Fs/F, Ap)[x\] ~ H'(Fy/F,Ar,) with B = Assg Ap(F)Y
oy B2 oy
and H' (Fy/F, Ag)" [x\] = H'(Fg/FY, Ar,)" with B = Assg Ar(F)",

thence part (C) follows by choosing B = %go) U %S) U %§2) .
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The demonstration of Lemma 10.14.

Fix a global point = € H},Z(F,T)O, and let 0 - T — X, — R — 0 be the
corresponding extension class sequence of R[Gal(Fx/F)|-modules. Our aim is to
split terms in the 1-cohomology of its dual sequence 0 — Agx — Ax, — At — 0.
Firstly at each finite level F,,, there is a right-exact sequence

H'(Fy/Fp, Ar) — Do(Fn) — Hjy(Fn,Ar) — 0

where Q)I(Fn) denotes the pre-image of H},Z (Fn,AT) inside H! (FE/Fn,Axm)
N.B. the surjectivity on the right follows by the same reasoning as [PR1, §4.3.2].

Let y € H}’E (FCV,AT), so in particular y € H},z (Fm,AT) for some m > 0.
One now chooses a global lift sgi01(y) of y to the group Y. (Fm).

Question. Can we find canonical lifts of the point y over all completions F, ,, ?

For each place v € ¥, the natural map
Nouoniv (Xi,m,sat) QR RY — Xi.,m,sat R RY

is surjective as RY = Homeep (R, Qp/ Zp) is R-divisible. It follows that the element
Yo =108, (y) € H (Fym, A1) = X 1 sae ®= RY can be written in the form

Yy = 2,1, where z, € N4V (Xl,mysa» and 1, : R — Qu/Z,.

One may therefore define 3, € H'(Fy,m, Ax,) by the rule §, = scanF, . (2v) @ 10
In addition, we also know ¥, projects down to res,(y), and is well-defined modulo
NEVHY(F,, ., R(1) @r RY.

Definition 10.16. The map 6,,: H 3, (F, T)’ — Homeon (H;E (F, Ar),Q, /Z,,)
is given by the summation

0y (x)(y) = log,e(v0)™" x > e;/;@id(sglob(y)u_/y\u)
veY

—~—

where {g o : H' (FY, R(1)) — R through é;-;; = liMy oo P AR W, -

It is a fairly basic exercise to check the R-homomorphism 6., is I'“-equivariant.
As a corollary, we deduce that Im(6,,) is contained in H° (Fcy, Xoo,f (AT)>.

Finally, to show the height pairing admits a factorisation

<x,y>R$T‘{Xi}V = log, o(70) X R (0% (z)) (y) with (z,y) € H}_’E(—)O X H},E

one simply compares Definitions 10.6 and 10.16 (that they coincide is immediate).
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The demonstration of Lemma 10.15.

We begin by pointing out that under our hypothesis R is regular, all its height one
prime ideals will be principal. To prove the commutativity of the diagram in 10.15,
it is equivalent to establish that

re s

0 (11 (P Amy)*) (] (P ) ) ) (0 ()
ey

vex N 1
Tag,.m mod A Tﬁ.m mod A J/ﬂ' mod A

0— JLF(FE/F,ATA)v — Hj2(FT)" — @ (H)(F,.T)))
vex

is commutative with exact rows, at infinitely many height one primes (A) € Spec R.
For instance, let’s prove the same statement modulo P = () for all bar finitely
many bad arithmetic weights. The problem naturally subdivides into two parts:

(I) Prove the commutativity of the left-hand square modulo A;
(IT) Prove the commutativity of the right-hand square modulo A.

Its resolution boils down to a couple of rather delicate cohomological calculations,
which were undertaken by Perrin-Riou in [PR1, §4.4-§4.5]. Nonetheless we shall
include them here, to ensure the demonstration of Theorem 10.8 is self-contained.

Proof of (I): Given a profinite group G acting on some Galois representation M,
one writes C7(G, M) for the set of continuous j-cochains, and likewise Z7(G, M)
for the set of continuous j-cocycles.

We start with an explicit description of H? (FE/F,ATA)v — Hjy (F,T,\)O.
For each ¢ € H2(F2/F,ATX)v there exists a = a(yp) € H]{E(F,T)\)O such that
ay, € H'(F,, Ty) is zero at all v € 5; moreover, if b € H?(Fy/F, Ar, ) restricts to
zero at all v € ¥, then ¢(b) is given by the formula

p() = =) invp (s,—a,UB)  cf [PRI, §4.4.4].
veED

Note that 3 € Z?(Gal(Fx/F), Ar, ) represents b, and o € Z'(Gal(Fy /F), T,) is a
representative of a for which a,, = do/, with o, € C° (GFV7 T,\). Lastly, the cochain
e € C?(Gal(Fg /F), jup ) satisfies de = arU 3.

Let’s now describe explicitly the image of the element a € H},E(F, T,\)O above
under the homomorphism 6., mod A : H},E (F,T,\)O — (H}ﬁE(FCyjATX)FCy)V.
Because a trivialises at all v € 3, there exist splittings in cohomology

Hp(K.%;, (1) = Hi(KZ)(1) & Hp(K T3(1))
for every extension F,, C K C F(. It follows scan, i splits into a direct sum, whence

Scan, i (y) is the image of (0 ® ) — aj, U~, € Z'(Gpey, tp~) inside H (FY, Ax, )
N.B. here the continuous cocycle v € Z* (GFcy, At A) denotes a representative of y.
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One can choose for sgion(y) the class 0&y — &, provided § € C*(Gal(Fx/FY), iy~ )
satisfies dd = a Uy under the boundary map. As a corollary,

(65, mod X)(a)(y) = —log, o(vo Z ER,,OC mod A (5 —al, U'yl,)
veXL(Fw)

Remark: To visualise the map as ,, mod A, fix an element y € Hj 5, (F%, Ax, ).

For integers m > 0 we consider [,, € Hom (Gal(FC-‘//Fm),ZP) where [, : fygm — 1,

e.g. Iy =log, 0(70) ™' X p~", ¥, in our previous notation. If m > 0 then
(x4, mod X) (y) = coresy, /r(yUlm) by [PR1, §4.4.7],

since the cup-product y U [, belongs to H? (Fg/Fm, ATA) for suitably large m.

The commutativity of the left-hand square in Lemma 10.15 will follow, assuming
one can prove the formula

S lre mod A (6, b U)LY v, (e - ol UG)

VES(Fom) vey
with b = coresp,, /7 (y Up~ "l ¥, ). Well take e = coresp,, /5 (6 Up~ ™l p, ,.)-
Crucially the problem reduces to verifying for any & € H'(Fy m, i), that

K;:; mod A(x) L inve, (COT@SF,,,,,L/FV (zu p_még,p,,m)).

By construction £z, o mod /\(x) agrees with x Up™"{, g, . on H! (Fyym, (9)\(1));
further, it is a basic fact in Galois cohomology that invg, ocoresg, . /r, = inve
The proof of (I) then follows from the commutativity of

v,m"*

—U log,(0v,m)
—

Hl (Fu,vap,)\(l)) H2 (Fu,vap,)\(l))
llogp(gum)oArtFV’m li“VF;/.,YL
Qp,/\ = Qp,/\

which was shown by Serre in [Se; Chap XI, Prop. 2].
Proof of (II): Firstly, observe N;“iVH},E(F,TA) injects into P, 5, H' (F,,,T)\).
We'll abbreviate the homomorphism 6,, modulo A by the shorter version 0, x;
the crux of the argument is to show commutativity of the square

N (HE(F,, T )
= N(;Joniv <H},Z (F, T,\))

lgwo [A] Tproj
¢ 1&1 H uan)\
(H}”E(F v, Ax, m) - @ : i )
i, 1}, (P ) )

at infinitely many distinct points P = (\), which densely populate Spec(R).

H}g(F,T))" o
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This can certainly be achieved whenever T is a pseudo-geometric representation
i.e. for the subset of all arithmetic primes. The modulo P argument itself has been
cannibalised verbatim from [PR1, Prop. 4.5.2].

Let a, € H'(F,,T)) and b, € H*(F,, At,) — we need a description of a, Ub,
re g2 (]_:‘V7 ‘LLpoc).
Because H? (F,ﬁy, /Lpoo) is trivial, there exists b, € H! (Ff,y, Axay) whose image in
H'(FYY, Ar, ) is precisely resgey /p, (b,,), Clearly (y0—1).by is zero in H' (FY, A, ),
so it must have originated from H?! (Ff}’, ’U,poc). As a direct consequence

under the inverse map to the isomorphism g, : H' (Ff,y, ﬂpoo>

a, Ub, = u,,((’yo — 1).3,,), ie. (v — 1)3” = ,u,jl(au U b,,).

Remark: Fix an element a € H]1c72 (F, T,\)O. Consider any y € H! (FE/FEY7 AT%)
and b = {bu} €D, H' (FI,,ATA) satisfying

0w = Yo — IeSgy /F, ( /) € QP/Z Xz, Nunlv( (FIAT/\)>
at primes w lying over v. In particular, (yo — 1).y € H}A’E (Fcy, ATA).

For (a,y,b) as above, to establish the square commutes it is equivalent to prove
??

O (@) (o= Dw) 2 Y inve, (a, UB,).

veED

Well it is immediate that (yo — 1).y» = (70 — 1).0,; if (51, is a canonical lift of 4§,

then (yo — 1).3UJ must be a canonical lift of (yg — 1).y,,. Similarly, if ¥ denotes a
global lift of y to H! (FZ/FCY7 Axa), then (79 — 1).y is a global lift of (v — 1).y.

Thus picking m > 0, the quantity 6., (a) ((’yo - 1)y> coincides by 10.16 with

log,, o( Z ER v.oo Mod A ® ld((’YQ —1).(sglob (y) ﬂ,,))

veED

by (D logp 9(70)_12 Z inve, (coresFm_m/FV ((’Y() — 1).(@, — gu,) Up_m.gg,mew)>.

veY wlv

The projection of g, — 5 onto H! ( Maw> ATA) will be equal to (b, +0,) —dw = by,
In other words b,, = Yy — 6 is a canonical lift of b,, whence

(7071).<§w73w) = (7071).31, = ,u,;l(al,ubl,).

We are inexorably led to the conclusion

6,0 (a)(( o —1). ) SN vk, (/’Lu (a, UD,) U ﬂ)

veY wlv logp (70)

which is none other than Y, s invg, (a, Ub,). The statement (II) now follows.
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10.5 The main conjectures over weight-space

To complement our intended predictions, let us first review the classical Iwasawa
main conjecture for elliptic curves. Whilst one can formulate the statement purely
in terms of A% = Z,[I'*¥], we prefer to work over the affinoid algebra of the disk.
Recall that L,(E, s) € Q,((s)) denoted the Mazur-Tate-Teitelbaum p-adic L-series
interpolating Dirichlet twists of E/q by characters of p-power conductor.

Main Conjecture 10.17. (The Cyclotomic Version)
oo charg, [rev (Sechy (E)V> = Ly(E,s) mod Zy{(s) ™.

Due to fundamental work of Rubin, Kato, Greenberg-Vatsal and Skinner-Urban,
many instances of this conjecture have actually been proven [Rul,Kal,GV,SU].
Moreover one should notice that the left-hand side is p-integral, which would then
imply integrality for the right-hand side of the formula too (see [St, Thm 4.6]).

Let’s find the analogues of 10.17 over weight-space. Throughout, all conjectured
equalities will be stated only up to units in the underlying affinoid algebra.
It makes good sense to compile a list of hypotheses:

e The curve E has either good ordinary or bad multiplicative reduction at p > 5.
e The number field F is an abelian extension of QQ in which p is unramified.

e The modular deformation ring R lifting pg , : Gg — GL2(Z,) is Gorenstein.
e The two-variable Selmer group is Z, [TV x I'*]]-cotorsion.

For example, in the non-CM case this last condition certainly holds when the big

Galois representation p.. g is residually absolutely irreducible.

vol;zE (m})
volg (H})

(F) x Per{’} (F).

)

N.B. Let errg (TOO’E) denote the reciprocal of HueE Tamg (TOO,E) X

and errg (T;lg ) the inverse of ], Tamgj (’I[‘;lg ) X COVOIST%, 2

Main Conjecture 10.18. (The Vertical Deformation)

errg ('JI'QCE)

IHF(TOO?E’IU) - DFp(poo E)

x L™ (f/F, w,1).

Main Conjecture 10.19. (The Half-Twisted Deformation)

1 (Tfl/z w) errF(T;{g) , Lor(fws)
F o ) = T
B O p (poo, ) (s —w/2) en(F) s=w/2

One strongly suspects both errg (Too, E) and errg (T;}Q) are always p-adic units.
We have checked this extensively for elliptic curves of conductor < 10,000 and
ordinary primes in the range 5 < p < 97, and have yet to find a counterexample.
Of course, this does not mean that there isn’t one in general.
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Remarks: (a) With both these conjectures, the presence of the defect term D
(defined in 9.17) is essential. It can be non-trivial whenever Tay,(E) % Too, g @awt Z,
on an integral level, and reflects the fact that there is no intrinsic choice of lattice.
By stark contrast, there are no such complications for the cyclotomic deformation,
as the Gg-module Ta,(E)[I'Y] represents the only canonical lattice to pick.

(b) In the vertical main conjecture, the fudge-factor errg (Too, ) has been carefully

chosen so as to be compatible with the BSD formula. If the former is true, then

wt
F.p

Limp (f/F, w, 1)

w—2)~ = (multiplier in Li,mp) X (p—part of BSD) X det<7, 7>

y2
w=2

up to a p-adic unit. From an arithmetic standpoint, one could very well view the
above equation as a vertical BSD-conjecture along the line s = 1.

(c) Analogously, the half-twisted main conjecture implies (at weight two) that the
Lffﬁ, (f,w,s)

(s—w/2) Een (F) equals

s=w/2

dominant (w — 2)”’-term in the Taylor series for

—1/2

(the multiplier in Lg%) X (the p-primary part of BSD) X dct(—7 —>F’p .

Thus one may reinterpret this statement as a half-twisted BSD-conjecture,
along the central line s = w/2.

Warning: It is really commonsense to take these conjectures with a pinch of salt.
Our sole method of calculating the constant terms in 10.18 and 10.19 was through
the technique of I'V*-Euler characteristics. In particular, the special values of these
two L-functions were computed only at the base weight w = 2, not at higher weight.
One must therefore believe that at weight w = k > 2, the Bloch-Kato conjectures
continue to hold for all classical eigenforms f;, in the Hida family.

The main conjecture for the whole (s, k)-plane.

The next logical step is to formulate a ‘universal Main Conjecture’, which describes
the behaviour of the L-functions L(fy, s) over the critical region in the (s, k)-plane.
Recall in §10.3 we associated an algebraic p-adic L-function by

L% (T2 s w) = (0°7 x Mello, 0.0) (charg, frev,pony (Selrer (T5) )

which was analytic on the affinoid domain (s, w) € Z;, x Ug.
A priori, the two-variable main conjecture should be of the form

L5 (Tl s w) 2 ERRon(TF) x LGS (Buw,s + % 1)
where the error function ERR797 (T;}g) will be some element of Frac (ZP,U 5 <<w>>> .
The reason why the cyclotomic variable has been shifted via s — s+ w/2 — 1, is
because ']I‘(;DIJ/E2 carries a half-twist through the character <X;yl/ >0 Resgeve (—)).
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To get a clearer idea of the shape of the factor ERR7++, it is enough to understand
its behaviour at arithmetic weights. In order to achieve this, we first mention an
important result of Emerton, Pollack and Weston.

Theorem 10.20. [EPW] If the cyclotomic p-invariant vanishes for one modular
form £y, in the Hida family, then it vanishes for all classical forms {fk}keUEﬂ Nos
A conjecture of Greenberg predicts the triviality of the p-invariant for f5 if pg )
is a residually irreducible Galois representation. In general, one would expect the
difference of the algebraic and analytic p-invariants to be consistent, over those
branches of the Hida family H(ﬁoo) exhibiting common ramification behaviour.
Here the notation H(ﬁoc) indicates the set of all p-stabilised ordinary newforms
with prescribed mod p Galois representation isomorphic to p.,.

It follows that the valuation of ERRs77 should be constant over weight-space,
which means it lies inside p%. To determine it exactly, there are several approaches.
One could attempt to work out both the algebraic and the analytic p-invariants
for some eigenform fy,, in the family, but in complete generality this is too difficult.
It is far better to compare valuations of the leading terms of both analytic and
algebraic L-functions, i.e. the discrepancy should equal 8 (f},) — ¥ (f,) for
all forms fj, € H(ﬁoo) lying on branches sharing the same ramification type as fa.

Let’s define the constant term ERRpey ('H‘;Clg) to be the reciprocal of

Tamg) (Tilg)
covolq(l?,)l/2 (F®Z,) x Perf))\E(F) X D p(poc,E) X H _Tv\ )

—-1/2
oo, E V\p EV (TOO,E)

N.B. Assuming the various incarnations of the Birch and Swinnerton-Dyer formulae,
then the Corollary 10.9 suggests this must be the correct fudge-factor.

Main Conjecture 10.21. (The Two-Variable Version)

w=2

L% (105 s,w) = ERRee (TUF) x L (f,w7s+%—1).

In support of the two-variable conjecture, consider the algebraic and analytic orders
along the line of symmetry in the functional equation. Then

al, —1/2
Lp,%‘ (Too,/E )55 w)
order,,—o (s——l)“

) by 10.8 order,,—o ITlg (T;ol,ng)

Lg% (f, w, s)

by 10.19
(5 — w/z)Tgcn(F)

order,,—o

s=w/2
o Lg%(f,w,erw/Q*l)
= order,—9 (s — 1)rgen(F) .
s=1

However Conjecture 7.18 predicted that t = rgen(F), which ties up the orders of
vanishing for LZI% and Lg% quite nicely.
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Exercise. Let’s assume that the two-variable Main Conjecture 10.21 holds true.

i
By applying Corollary 10.9, show that the (s — %)Tge“a?) x (w —2)"F -coefficient in
the expansion of the Greenberg-Stevens L-function, equals

1/2
P

~ 2 _
Per (F) TT #E (Fy,) x (p-vart of BSD) xdise( — =)z det(= )

good
PESE,

in the case where E has good ordinary reduction at p.

10.6 Numerical examples, open problems

We now seek a deformation-theoretic explanation for the result of Emerton et al.
Recall that the p-invariant associated to an element G € Z,[Y7] is the exponent for
the power of p occurring in the decomposition

GY) = p'x (distinguished polynomial in Z, [Y]) X (element of Z,, [[Y]]X).

Equivalently, if G(Y) = Z;io g;Y7 then p = minj>o {ord,(g;) }-

Over a 2-variable deformation ring, this notion generalises in an obvious manner.
If F € Z,[X,Y] has the power series expansion FI(X,Y) = 377237 [ XY,
then one defines y = 1(F) to be the non-negative number min; ;o {ord,(fi;)}-
Under the double p-adic Mellin transform F(s, w) = F (aw_Q(uo) -1, 0* (y0)— 1) ,
it is straightforward to check

u(F) = min {ord, (i) ~log, o' (uo) ~log, /(o) } = min {ord, (Fi,)~(i+)}

where F; ; denotes the coefficient of (w—2)%(s—1)7 in the Taylor series for F(s,w).

Definition 10.22. The ‘generic p-invariant’ over the double deformation of pg p
is defined to be the non-negative integer

Hpr (Peo,p) = min {ordy(Liy) ~ (i+9)}

with the L; ;’s appearing as LZ{% (']I‘O_Ol/EQ, s, w) = 202 go0 Lij(w—2)" (s = 1)7.

What is the connection between this number, and the statement of Theorem 10.207
Morally the equality g (Poo,z) = 0 is determined by the simultaneous vanishing
of all algebraic invariants p<218 (fk) for the whole p-ordinary family {fk} kUg"
Therefore the immediate task facing us is to find some means of calculating this
generic p-invariant, via an explicit formula.

The following cheat works well over F = Q, for elliptic curves of small conductor.
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Proposition 10.23. If L(E,1) # 0 and E has good ordinary reduction at p > 5,
then the generic p-invariant is bounded above by

gen

S (o) < 0,(B) + ord, (#1TLg(E) x Tamg(E) ) — ordy (Dp(pe.r) )

0 ifap(E)#+1
where the first term 0,(E) = § 0 if ap(E) = +1 and E(Q)[p] # {Or}

2 otherwise.

Proof: Under the stated conditions, each of F(Q) and IIIg(E) are finite groups.
It follows directly that v = 0 and r(& = 0, in which case

—1/2
ép (TOO’/E) ‘w:2
= 2 —1/2
(s,0)=(1,2) Tamégp) (Too,/E)

#L0o (E) TT, [E(Qi) : Eo(Qu)]
#B(Q)°

oo, E 1

(s — 1)r(w —2)"

L8 (T2 6w -1
M X ((:0\/011(1‘221/2 X DQ_,,,)

<, E

x #B(F,)” x

;}g, 1, 2) has valuation

from Corollary 10.9. Thus the constant term L;{% (T
5p(E) + &(E) + ordy (#I1Lg(E) x Tamg(E)) — ordy(Dap(pe.s))

where §,(E) = 2 ord, (#E(Fp)) —2ord, (#E(Q)), and &,(E) is equal to the p-adic
2 -1 —1/2 2 172\ 7t
order of COVOIET;Z{Q? (Qp) x Ly (Too,/E> ‘w:2 X Tam[(@p) (ng) .

It is an easy exercise to verify this definition of d,(FE) coincides with that in the
statement of the proposition. On the other hand, by Proposition 8.13(a) we find

(#BE)) < |le™n@p): (@]

covolq(rzf)l/2 (Qp) x Tam!?) (T;lg)

o, E @

#Rer(0047,) = 0.

Further, the valuation of Tamg: (’H‘;}g) is bounded above by the valuation of

[C™in(Q,) : CF*(Qy)]; the latter quantity must be zero since E (and therefore C™")
has good reduction at p. As a direct consequence —2ord, (E(Iﬁ‘p)> < &(E) <0,

thus one may deduce ord,, (L;{% (T;olg , 1, 2)) at least satisfies the bound predicted
in 10.23.

By its very definition, the generic p-invariant is bounded by ord, (Ei’j —(i+yj ))

for any term £; ; in the Taylor series expansion of Lzl% (T;}g ,$,w); in particular

it is bounded above by the valuation of the constant term.
The result follows.
|
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If the p-part of IIT is large, then this upper bound on ¥ becomes very poor.
However for elliptic curves of conductor < 1000 the support of I1I is usually tiny,
in which case the proposition yields a majoration that can be used by a computer.
We now include a couple of worked examples, where one can show triviality of the
generic p-invariant over a double deformation (for the field F = Q).

Example 10.24 Let’s return to our favourite modular elliptic curve E = X(11).
As a consequence of 10.23, one discovers that

Mﬁi&(ﬁoc,E) =0 for all primes p in the range 3 < p <97, p # 5,11, 19,29.

Recall that 19 and 29 were two primes of good supersingular reduction for E.

If p =5 then E[5] & ps X Z/5Z as a Gg-module, the group Ilg(F)[5] is trivial
and [E(Qll) : EO(QH)] = 5. In this case Proposition 10.23 tells us

M?E (poo,E) < 05(E)+ ord5(1 X 5) — ords (@Q‘ﬁ) = 0+1-0

i.e. the generic p-invariant at p = 5 will be either zero or one. Were it to be zero(!)
it would then follow p&*'8 (f) = 0 for infinitely many weights k € Z, NN, in fact
for all such k courtesy of Theorem 10.20; however Greenberg [Gr2, p71] has shown
that ,ugy’alg(fxo(u)) =1 (N.B. for E = X(11) and p = 5, then 10.17 holds true).

One therefore concludes p5%) (poo,2) = 1.

Lastly, if p = 11 then the reduction type for E is split multiplicative, and 10.23
tells us nothing whatsoever. Fortunately, the situation is not totally irretrievable.
An explicit computation reveals Selgey (E)[11%°] = Q11/Z11 equipped with trivial
Galois action, in which case uil’alg (fxo(11)) must vanish. The earlier theorem of
Emerton-Pollack-Weston implies that u5y*% () = 0 for every k € Z, with k > 2.
Since these numbers together constitute an upper bound on the generic p-invariant,
clearly we must have 157" (poo,2) = 0.

Remarks: (a) The prime p = 5 is in some sense an exceptional one for Xo(11);
the curve possesses a rational 5-torsion point, whence pg 5 is residually reducible.

(b) For p = 11, the I'-invariants of Selgey (E)[11°°] have Zj;-corank equal to one.
Greenberg proved that the algebraic A*-invariant is one; this property is reflected
by a simple zero along the line s = k/2 in the two-variable p-adic L-function.

Example 10.25 Consider the strong Weil elliptic curve
B+ y? = 2 — 4122 + 3316

which has conductor 280. It is well known that its Mordell-Weil rank over Q is one,
e.g. (z,y) = (—18,70) is a point of infinite order. Unfortunately since L(E;,1) =0,
we cannot directly apply Proposition 10.23 in order to evaluate generic p-invariants
for those Hida families lifting fz, € S3*™(I'9(280)).
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However all is not lost ... Let us consider instead the non-isogenous elliptic curve

Ey 1y = 2% — 2% — 4
which is usually labelled 56 B(A) in the tables. This time the Mordell-Weil rank is
trivial, and by 10.23 we deduce ui?& (poo,EQ) = 0 at good ordinary primes p < 100.

In particular p = 5 is a good ordinary prime for Ey, hence ;£ (Poo,E,) vanishes
for the family {f§c2)}keUE deforming pp, 5 : Gg — Aut (Vf*E )
2o 2

By Ribet’s level-lowering results, there exists a congruence fr, = fg, mod 5
between the two newforms. In this situation, the rankz [x]RE, = 2 as there are

exactly two congruent 5-stabilised newforms of tame level 56, namely fg, and f{;).
The triviality of ,ugcé for poo,m, — in tandem with Theorem 10.20 — implies that

0 "ET pE (o) = mEUEET) TET g (e]))

because both the families {fgcl)}keUE and {le(cg)}keUE have the same modulo 5

Galois representation. Meanwhile the right-most numbers form an upper bound
on the generic p-invariant of po g,. Via the scenic route, one concludes that

150 (Poc,,) = 0, despite the complex L-series L(Ey, s) possessing a zero at s = 1.

Example 10.26 It is worthwhile speculating how often (on average) the generic
p-invariant vanishes at a given prime. To this end, John Cremona performed a
computer search in MAGMA over the first few strong Weil curves E of rank zero,
and good ordinary primes p for F in the range 3 < p < 100.

Up to conductor Ng < 500, there were exactly 11306 candidate pairs {E,p}.
Out of this ensemble, the upper bound in Proposition 10.23 automatically forced
the vanishing of the generic p-invariant for 11072 pairs, i.e. the silent majority.
Unsurprisingly for the remaining 234 exceptional pairs {F,p}, the upper bound
fip = 0p + ordy(#I x Tam) — ord,(Dg,) was too weak to imply usg = 0.
Tabulated below are the 21 specimens for which g, = 1:

{1141,5},{26B1,7}, {38B1,5}, {57C1,5}, {58B1,5}, {114C1, 5}, {118B1, 5},
{158C1,5}, {170C1,7}, {174A1,7}, {18241,5}, {203A1,5}, {264D1,7},
{330D1,7}, {354F1,11}, {366D1,7}, {378G1,5}, {406D1,5}, {426C1,5},
{442F1,11}, {483A1,5}.

The leftover pairs all shared the value ji, = 2, save for the isolated example 24681
which yielded a disappointing fi, = 3 at the prime p = 5.

Remark: For any pair { E, p} satisfying ji,, < 1, to deduce that uif@ (Poo,E) equals 1
it is enough to exhibit a single eigenform f;, whose cyclotomic p-invariant is positive
(this follows by exactly the same reasoning we deployed for {E,p} = {X(11),5}).
Unfortunately, if it is merely known that fi, < 2 then it is impossible to deduce

gen

1150 (poo,2) = 2 simply by determining that one of the ue¥'8(f)’s is 2.
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This book has really only scratched the surface of what is a fairly involved topic.
There is much current research into the behaviour of L-functions over weight-space,
and the author apologises profusely for rather neglecting the higher weights k& > 2.
By way of a conclusion, we shall now discuss five problems which are fundamentally
important to further progress in the subject.

To make the exposition shorter, let us restrict ourselves to the field F = Q.

Problem 10.1. Formulate a generic version of the A-invariant, and relate it to
each of the individual /\;y’alg(fk) ’s for all arithmetic weights k € Ug.

The zeros of L;{% (’I[‘_l/ 2 s, k) form a rigid subvariety, WE" say, of the (s, k)-plane.

oo, B

Presumably, the global invariant )\if& (poo, E) should be the number of irreducible

components constituting W§®. Emerton et al [EPW] proved that A!8(fy) is
constant along branches of H(p,,) (provided that the p®-*-invariant vanishes).
However, one cannot totally discount the possibility that certain of these zeros
arise as families of isolated points (s, k), where k > 2 ranges over the disk Ug.

T. Ochiai [Oc2] has recently shown that the characteristic ideal of Selmer divides
into an analytic p-adic L-function Lgfjiic(f, w, s), which is built out of non-primitive
Kato-Beilinson elements. Precisely how this function is related to LS%(f, w,s) is a

moot point, but it should produce inequalities
)\f,y’alg (fk) < )\;y"anal (fk) at almost all arithmetic weights k € Ug.

Another major stumbling block is that one does not know whether Greenberg’s
conjecture for Lg%(f,w, s) holds true in general, along the central line s = w/2.
If £ has complex multiplication and its analytic rank is zero, then the conjecture
is actually a theorem for the Katz-Yager p-adic L (N.B. in the non-CM case we
cannot even prove Conjecture 7.11, let alone 7.5).

LS (fw, s)
Problem 10.2. Prove that —2=—_—_" "
(s — w/2)"een(@

is mot identically zero.

Where exceptional zeros do occur, the natural approach to adopt when studying
arithmetic is through the application of what are now called ‘Selmer complexes’.
These complexes were introduced by Nekovar in [Ne3]. Amongst other things, they
reflect stability for the Z,-corank of Selmer at split multiplicative primes.

There is a very general notion of p-adic height pairing in this context, and both
<—7 —>gfp and <—, —>(;71p/ ? are just earthly manifestations of his formal dualities.
For example if R = A", the existence of a non-degenerate alternating pairing on
Selg (’]I‘;oléﬂ2 ) guarantees the algebraic L-function ITlg (T;}g ) is actually a square.
Moreover, to eventually prove Conjecture 10.3 it is probably necessary to dispense
with Selmer groups entirely, and work instead with complexes (to read about this
viewpoint further we recommend the monograph [MR]).
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Heuristically one expects the vast majority of elliptic curves over Q, to either have
rank zero or to have rank one (although ranks > 1 also exhibit positive density).
We already discussed in this section how to bound uie(a in the rank zero scenario.

Now let E be a rank one elliptic curve defined over the rationals.

gen

Problem 10.3. Find a formula (upper bound) relating iy 0 (pocE) to the vertical
height <P7 P>gtp, for some point P of infinite order in E(Q).

Over an imaginary quadratic extension Q(v/—D) in which the conductor Ng splits
completely, we have a Gross-Zagier formula relating the derivative of the improved
p-adic L-function at s = 1 with the vertical height of a Heegner point (see [Db3]).
The techniques underpinning the proof are based upon work of Bertolini-Darmon
and Howard [BD,Ho] in the anti-cyclotomic setting. Of course, developing such a
numerical algorithm to compute the vertical height is quite another matter.

The solution to the following is probably still some way off.
Problem 10.4. Prove the two-variable Main Conjecture in the non-CM case.

Perhaps more realistically, one could first attempt to show either the vertical or
half-twisted main conjectures. The latter are offspring of the two-variable version
and should be a lot more tractable. For the vertical main conjecture, we have
already established (in certain special cases) the divisibility of IIlg (T, ) into the
improved p-adic L-function.

Finally, what happens if p > 3 is a prime of good supersingular reduction for E?
Stevens (and also Panchiskin) has found analogues of the two-variable L-function.
Together with Iovita he has contructed integral lattices, which play an analogous
role to the Galois representations (T, ) . In addition, they have developed a
Coleman power series interpolation for their local cohomologies.

Problem 10.5. FExtend the various arithmetic results in this book, to encompass
overconvergent families of modular forms of slope < k — 1.

Included as Appendix C is a one-variable control theorem governing the p>°-Selmer
groups associated to these lattices. However, it no longer makes sense to work
over the local ring Z,[X], instead one works rigid analytically with Tate algebras.
By associating a p-adic height pairing, in some sense grafted onto branches of the
eigencurve, one would obtain regulator formulae in the spirit of 9.18, 10.1 and 10.9.
This would be a significant achievement in itself.



APPENDIX A

The Primitivity of Zeta Elements

Recall from Chapter III, we omitted the proof of Theorem 3.8. In this appendix
the missing argument is supplied. We assume that the reader is reasonably familiar
with Kato’s paper [Kal], and follow his notations wherever possible.

As in §3.2, f shall denote a Hecke eigenform of weight & > 2 and character e.
Throughout we write T for the Gg-stable Oy-submodule generated by the image of

H! (Yl (N)(©), é,k>> inside the p-adic realisation. If v € Vpetti (C), then v* denotes

the projection to the eigenspace on which complex conjugation acts through +1.
Let’s fix an element § = 67 + ¢~ inside T.

Theorem 3.8’. For all integers n > 0 and every integer M > 1 coprime to p,
there exist modified zeta-elements zf;l’%pn € H}, (Z [QMpn, 1/p], Vf) satisfying:

(i) If m = Mp™ and 1 is any prime number, then

(1 — al(f)l*kal_1 + E(l)l*k’*lalﬁ) z((gpzn if Lt pm

Z(;,)n if llpm;

. )
COTES (41, ) /() Bl =

(i) For each index m = Mp"™, there exists a constant vy; > 0 depending on the
support of M, such that z((;p])\/[pn € Hét (Z [C]\/[pn7 l/p]7 pvM T) ;

(#ii) For any primitive character v modulo Mp™ and integer r € {1, ...,k — 1},
choosing £ to be the sign of ¥(—1)(=1)*"""1 we have
+
Peroo Z 1/) eXp (25 Mpn ® C®k 7) = (27Ti)k77'71[4{p} (f*,¢7T)éi

o€Gal (Quripn)/Q)
Regrettably the normalisations in Theorems 3.8 and 3.8’ are somewhat different.
Firstly, we are considering special values of the dual cusp form f* rather than f.
Moreover, the elements zg J)Mp” above are related to zp,» € H, élt (Z [C Mpn, 1/ p] Vi )

v, Mp™
but tedious to check that the two definitions agree.
To simplify the exposition, we now assume the following two conditions hold:

in §3.2 via the Tate twist (szn) = ( ) ® §®k 1) . It is straightforward

(I) The cusp form f does not have complex multiplication, i.e. L(f,s) # L(6,s) for
any Hecke character 6 : Pic((’)Q(ﬁ)) — C* with d < 0;

(II) The residual representation py : Gg — Aut(T/mp,) is irreducible.

At the end, we explain how to remove these hypotheses.

252
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Fix matrices a1, as in SLy(Z) and also positive integers 1 < j1, jo < k—1 such that
8(f,71,1)T # 0 and 6(f, j2,a2)” # 0. Clearly, we may write § above in terms of

& = bid(f,51,01)" + bad(f,j2,a2)” for certain scalars by, by € Ky.

As before A;y is the Iwasawa algebra O¢[G], and Ay denotes the Galois group
of the extension Q(ups) over Q. Consider the non-zero divisor of A;y given by

vie,d,j) = (- 0,) x (d* = d.oq) x H (1- a(f)l " o).
N, lp

Let us choose ¢, d # £1 satisfying ged(ed,6pM) =1 and ¢ = d = 1(mod N).
Definition A.1. We define primitive zeta-elements (ngz)upn> lying inside the

projective limit Frac (A‘}y) ®A;y lim HE (Z [CMpn, l/p], T) via

(Z((Sp])wpn) = I/(C, d7j1)71b1 ® (c,dzg\l/;)pn(f7k7j17a1asupp(pNM)))

+
v(e,d, j2) b2 ® (cazly (/K jz 0z, 5upp(pN M) )

n

n

Crudely speaking, our aim is to replace the ‘Frac(A%) ®pe —’ with a ‘Q, ®z, —.
We must therefore ensure that the primitive zeta-elements have no poles in the
cyclotomic direction.

Theorem A.2. Under Hypotheses (I),(II) the compact finitely-generated module

lim  H ( [Caipr, 1/p), ) is free of rank one over Of[[Gal(Q(uarp=)/Q)]].
Proof: Let ¢ be any character of Aj;. Consider the y-eigenspace

i 1l (2 a1 /0], ) 2t (2 1/0), T w )

where the identification is as a pseudo-isomorphism, in the sense of Acy—modules
Now ps : Gg — Aut(T) is assumed to be residually irreducible, hence so are its
twists pr ® ! = prey. By [Kal, Thm 12.4(3)] applied to the cusp form f ® 9,
the right-hand side above is free of rank one over A;Tw.

O

Thus to determine (zgp J)\/Ip") uniquely, via Theorem A.2 it is enough to compute
3, n

special values at all finite characters ¢ of Gal(Q(parp=)/Q).
Let us suppose that the conditions

=) # 0, d®—dPd) £ 0 and 1 —a(f)I 1) £ 0 if N

are met for all j € {0, ...,k — 2}, which may exclude finitely many choices of .
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If ¥|¢.. has conductor p™, then we have a sequence of evaluation homomorphisms

1
°y o lim HY, (Z[Carpn, 1/p], T
A {V(Cvdvjl)l/(cvd7j2)}®AYhTI,n et( [CMP7 /p]7 )

J proju (~©CSF")
Ky ®Of ( KMp"Lvl/p] T(k _7")> {;}

Projm (v)

[ ZﬁeAMpm (o) exp* (=)

K; ®o, (Mk (X1(NV)) @, of)
whose composition with the period mapping pers will be abbreviated by Ly as,y.
Note the action of complex conjugation on lim, H} (Z [Carpr, 1/p], T) becomes

the action of —(—1) on the target eigenspace Ky ®0, (M;C (X1(V)) e Of).

:F
Remark: By [Kal,Thm 6.6] the image of each (c,dzgﬁ)pn(f, k,j,a, supp(pNM)))

n
under Ly s is precisely

(¢ = FTI9(e)) x (& = &R (d)) x (2mi) T Dy (54, 7)-0(f Gy @)
where + is the sign of 1(—1)(—1)*—""1.

If 19(—1)(—1)*="~! has even parity, it follows that Ly s, (z((s ])wp ) equals the
special value Yy " (v(e, d, 1) 7100 ) X Lot (cazip (F K. 1, a1, supp(pNA)) )
ie.

xly " (vle,doj)7t) x (2 = TI(E)) x (@2 - d ()
x (2mi)F 1 x H (1= ar(H)wDI") x Linpy (f*, 0, 7). b16(f, 1, )t

1IN, I£p

Cancelling out this collection of extraneous Euler factors, yields the simplification
Lot (#hun), = @R X Liaiyy (7007 87

The above coincides exactly with the formula given in 3.8’(iii), certainly when 1 is
a primitive character modulo Mp™, because (1) = 0 for all primes [ dividing M.
In similar fashion, when 1(—1)(—1)*=""! has odd parity the formulae also agree.
Thus the primitive zeta-elements are independent of the choice of (¢,d) € Z x Z,
and Theorem 3.8’(iii) is established.

Fortunately, there is nothing to prove for 3.8’(i) because from [Kal, Prop 8.12],

the elements ., dz ( 1k, i1, al, supp(pN ml)) satisfy identical vertical and sideways
Euler system relations. The z; (P) S are obtained from the imprimitive C,dzgl s via
scalars lying in Frac(A fy)7 and trivially the Iwasawa algebra A;y is commutative!

This leaves us with the remaining task of justifying Theorem 3.8’(ii).
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Let’s start with two technicalities, proved in the same way as [Kal, Lemma 13.10].
Fact #1. Assume a, A > 1 are integers, and ged(c, 6pA) = ged(d,6pN) = 1. Then

(Cdzg\]}pn(f,k: j,a (A),supp(pA]VI)))n = H (1—al(f)l7kg'l*1 +€(l)l—k—1gl—2>
lA, l#p

[ (), - e (), 0 (),
T () gy (ziﬂ{wfp,t) }

where the subscripts are y1 = 5(fa]7 a(A))7 V2 = 6(f>]7 aC(A)), V3= 6(f7]7 ad_l(A))
and lastly 4 = 3(f, §, acd=*(A)).

Fact #2. If a € SLy(Z), ged(ed,6pM) =1 and ¢ = d = 1(mod N), then
(c2 i (£ o supp(eNI) = e d ) % (20 5y i)

We write Z}7 for the A% -submodule of lim,, H} (Z [Cripr, 1/p), T) generated by:
(1) (c dzg\?p" (f,k,7,a(4), supp(pAM))) with a, A > 1 and ¢, d as in Fact #1;

(2) (( dsz (f,k,j,a supp(pNM)))n with a € SLy(Z) and ¢, d as in Fact #2.

Similarly, let us write Zﬁ’;im C Frac(AY) @pev lim, H} (Z [Carpns 1/p] T) for the
Acy_submodule generated by (zé ])V[p") for all § € T. We deduce immediately
from #1 and #2, that Zlmp is contained inside men.

Key Claim: The quotient ZPr™ / ZMP s a finite p-group.

pum

Assuming the truth of this assertion, we may set vas := ord, (# 2y ) Then

2
P Wl), € 2 ¢ k(2o )
n

and Theorem 3.8'(ii) is proved at all layers n, simultaneously.

In order to justify our Key Claim, we mimic Kato’s argument in the case M = 1.
By localisation considerations, it is enough to establish that Z;/*® A (A;y) . equals

Zbrim ®npcy (A‘}y)p for any height one prime ideal p € Spec(A}), p & p.

Suppose that we have made such a choice of p, so we obtain a homomorphism
hp + AF — A‘}y/p — Kjy. Pick a pair of integers (c,d) € Z x Z satisfying the
conditions ged(c, 6pM) = ged(d, 6pM N) = 1 and ¢ # 1 # d>.

Fact #3. For a sufficiently large power A of p, there exists a Dirichlet character
0 : (Z/AZ)X — Q" such that:

° L{Mp}(f*79_l,k — 1) 7'é 0;

o 2 — 207 (c)hy(o.) # 0 and d* — d*e(d)0(d)hy(0q) # 0.

In fact if £ > 3, any choice of character ensures the twisted L-value is non-zero.

Moreover, we can always choose 0 so that (—1) = £1, where F denotes the image
of complex conjugation inside A}’ /p.



256 Appendiz A: The Primitivity of Zeta Elements

Fix an Oy-integral § € Ve By [Kal, 13.11(2)] since L,y (f*,071 k — 1) is
non-zero, there exists b € Q such that 6% = bx Y (2/42)" 0(a)o(f, k—1,a(A)).

Let L indicate the field extension generated over Frac (A:}y / p) by the values of 6.
h
We shall define p’ := Ker (OL Gl = L) to be the thickening of the ideal p.

Working inside Frac((Aj,y)p> ®A;y lim Hgt (Z [QMpn, 1/p], T) ®o, L, one finds

(p) ) _ ((p) ) _ (p)
(ZQ,MP"’ n Zstapn), = 0 2 Xe(a) Zé(f,kfl,a(A)),MP" -

ae(z/Az)

On the other hand, a simple generalisation of [Kal, Lemma 13.11(1)] shows that

Z(p)

Zae (2/a2) 6(a) (7t al)) g ) coincides with the summation

hp@) % Y7 0(a) (caz i (kg alA), supp(pAM)))
ac(z/az)”

where the non-zero divisor

u = (=07 ()or) (P —~d"e(d)0(d)oa) [] (1fal(f)l’kal_l+€(l)l_’“_1af2).
LA, I#p

By Fact #3 above, our choice of 6 ensured that hy(u) is a unit of Op[Goo]p-
It follows that (zg7 I)WP,L) belongs to the localised module Z17P ® a2 Or[Gocly,

whence ) )
prim cy imp cy :
2y ®ny (AF )p C 2y ® (AF )p as required.

The proof of Theorem 3.8’(ii) is finished.

Remarks: (a) Hypothesis (I) requiring f to be without complex multiplication, is
not actually necessary. However in the proof of Theorem A.2, one needs to utilise
the results in [Kal, Section 15] instead.

(b) Likewise Hypothesis (II) may be removed, provided one replaces Theorem A.2
with the weaker statement that Q ® lim , Hgt (Z [gMpn, l/p]7 T) is free of rank one

over Q ® Of[[Gal(Q(uarp~)/Q)]]. This causes the constants of integrality p”> to
increase slightly, sufficient to kill off the excess p®-torsion in the projective limit.

(¢) Even though the special values of the zgp J)an ’s have the missing Euler factors

at I|N restored, they are totally useless for bounding the ranks of Selmer groups.
The reason is that the lattices p~“M T are not fixed as the support of M grows, so
one cannot construct global derivative classes in the sense of Kolyvagin [Kv].



APPENDIX B

Specialising the Universal Path Vector

In Chapter VI we had stated (without proof) two technical lemmas on zeta-clements.

The first of these was a renormalisation result, necessary to define a canonical

Kato-Beilinson element with R-adic coefficients. The second result was used when

showing that the whole R-adic Euler system, itself had no cyclotomic poles.
Without further ado, let us fill in the missing demonstrations.

. . . O d
Lemma B.1. There exists a vector 8}y in the space MS "(Np>), such that
(,??I%x* ® c,d:’)];\/[pn) [A] mod P, = V2 (7;* ) ® caZnpn

for all primitive A : h°"(Np>; Ox) @ pye I — 1, and points Py . € Spec I(Ox)?8.

Proof: Again we are forced to assume that the reader is familiar with the notations
and conventions of the mammoth article [Kal]. Recall in §2.5, we introduced certain

path elements 1 n, (k, j’, a(a)) lying inside of H! (Yl(Np’”)(C), 3(’“)) as follows.
Firstly, let 81, 82 be sections of Dra) Sym§_2(ﬂl) where ¢q(a) @ (0,00) — Y1(Np")
sent y — pr((yi + a)/a) — the stalk of 81 at y was yi, and the stalk of 35 was 1.
Then 61, np (k, j',a(a)) was the image of the class of (qﬁa(a), ﬁ{/_lﬁg_j/_l> under

H, (Xl(]V;z)r)((C)7 {cusps}, Sym%fz(ﬂln ~ fl (Yl(NpT)((C), Symgﬁ(ﬂlﬁ

J{ trace

H (Yl(Np7')((C), g<’€)).

In the situation of Chapter VI, we had subsequently taken (a,a) = (1,0).

An advantage of the p-ordinary control theory is that to obtain elements at
different weights k, it is enough to deform elements at weight £k = 2 and then
vary the levels Np" uniformly. We thus work at weight two throughout this proof.
Consider the compatible sequence

(%(a)» gl 5*7"*1)01 € li_mH1<X1(NPT)((C)7 {cusps}, SymZ’Q(ﬂl));

whenever (k,j') = (2,1) and (a,a) = (1,0), its image 0}"\~ lies inside UM (Zy).

o d . * .
Since MS™ is Z,-dual to UM, denote by 01"Npe the dual base to e. 87"\,
Fortunately after this type of normalisation, the periods behave well modulo P .

257
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Remark: We shall now try to show for primitive A : h°™(Np>; Ox) Opp I = 1L
( Tlmw* ® ¢ d3R1p") A mod Pre = Vi2(7) @ cazapn

where .. gz € H! (Q(/,L Mpn), pr ) represent the integral but (c, d)-dependent

p-adic zeta-elements. In fact, it is sufficient to verify

Vg, ® V;_12 < ( ?nﬁlpm* ® ¢ dBijn) [A] mod Pk7€>
shares the same special values as . 4zpp» under the dual exponential maps.
Examining its construction closely, the Tate twist C,dS}Lan ® Cfffj [A] mod Py .
must coincide with the image of the K>-system
(C,dZ]\/[pnﬁ»'m,]\,{an,+7‘+m)r ., under the map e @ c';’j;’[)\] mod Py,

i.e. under the realisation map ¢y, j x—1,0(1),, Which was described in Definition 2.14.
Furthermore, the norm-compatible elements (&,dz—y—)r,m are sent via ¢ j k—1,0(1),p
to their cohomological versions

a2\ ©C5TT € H' (Q(uMpn), T(—j)) with &= d1xpr (k= 1,0(1)).
Let % be a Dirichlet character modulo Mp", and choose a sign & = (—1)(—1)7.

Then
+

b
pore (T b0y (el 057

be(Z/MpniZ)*

takes the precise value
(02—021071 (C)) (dz_dkwil(d)) (27Ti)k727jL{Np}(ka-,( ’ wa 1+.7) ‘61,Np7'(k7 kl*l, 0(1))
inside the Betti realisation. We also know that
N\2—k * — —
(2mi)* Fperso(fp, ) = QT+ Q7

= Q01 npr (ko k= 1,0(1)" + Q) d1vpr (k= 1,0(1))

+

i
hence one may replace 1 npr (k, k—1, 0(1))jE above with QT x v%. Conversely,
0(1)
. Qg(l) 4 .
<vf§k  Viky (8) > B <vk_2 o (k= 1,00)F | ??J‘V“poo*>
o ka e
0 0
0(1 + univ = * 0(1)
= Qi( ) <(517Npr (2, 1,0(1)) , 01 Npes [A] mod Pk7€> = QjE(
fpk e Py,

These two period ratios cancel each other out, so we conclude that the special values

Of univ =k

01 Npee @ ¢ dSRIp") [A] mod Py and of Vk,g('y*) ® ¢,azmpr are identical.
O
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Lemma B.2. The vy (fp,w7 T) ’s are locally constant over weight-space.

Proof: Fix the prime number p > 5, the tame level N, and a positive integer M.
Let’s further assume the p-stabilised eigenform fp, , has level Np” for some r > 1.
By its very definition, the quantity vas (kaWNT) was the index

[z};}im (fp, ., T) : 200 (£p, T)] for each lattice T = Too[\] ®11/Pp.c.
Recall that Zﬁim denoted the A?y—submodule of Q ® lim H} (Z [Carpns 1/p},T)
generated by the (Z((SZ,)])\/[;D") 's with § € T. Likewise Zi7 was generated by both

(1) (e (. .G, a(4), supp(pAM)))

(2) (camfyn (£, k. 3, supp(pN M) with € SLa(2).

The precise background information on these is given in Appendix A.

with a, A > 1;
1

One now examines in detail, integrality properties of the étale realisation maps
ooy and €1 k—1,0(1),p (rather painstakingly defined in §6.1 and §2.5, respectively).

After analysis, the above indices vy;(...) depend on two fundamental variations:
o the relative index of Too [N ®11/ Py, in HS, (Yl (Npr)@, Sym%pdﬂ;) [)\p,w};

e the Manin-Drinfeld constant of integrality, required to split the inclusion
Q, ®z, He, (XI(NPT)@ SymZ;ZQ}J) = Qy®z, H (Yl (Np")g Sym§;2ﬁzl>>'

The latter constant is an invariant of the Hecke algebra at weight k& and level Np”
acting on the ordinary component. The former index depends on the structure of
the parabolic cohomology, with coefficients in the p-adic sheaf Sz(,k).

Therefore the result will follow, provided we can show both the Hecke algebra
hord (I’l(NpT), €; Ox) and the cohomologies e,Héar (T (Np"), Symg;g), are locally
controlled over the weight-space. We now quote two key control theorems.

e [Hil, Corr 4.5] — There are isomorphisms for each 7 > s > 0:

res: e H! (@i,Symk_Q(Z/pTZ)) = e.H! (I’l(Nps),Symk_Q(Z/pTZ))

par par
res : e H},. (®1,Sym*2(Z/p'2)) = e.H), (®,,Sym"*(Z/p"Z))

LroTes : e.HI;ar (@1, Symk_2(Z/pTZ)) = e.Hl})mr (@T, Z/p"7 ® Xk,g)A

e [Oh, Thm 3.1.3] — For some neighborhood D C Z,, of k, there are isomorphisms
e.h(Np, €; O;g) AN hzfd (Npoo7 ewkik/; O;C) for all k' € D with ¥’ > 2.

It follows there exists a sufficiently small neighborhood D' = D N Uy, containing
the weight k, so that both the parabolic cohomology and Hecke algebras are locally
isomorphic for all arithmetic weights k' € D', Since weight-space Uy, is completely
covered by such disks I/, the lemma is true.

|



APPENDIX C

The Weight-Variable Control Theorem

by Paul A. Smith

The purpose of this appendix is to prove control theorems for Selmer groups over
affinoid algebras. The obvious application is to representations arising from analytic
families of automorphic forms. There already exist numerous control theorems for
representations over standard deformation rings due to Mazur, Hida, and others.
Note that the switch to affinoids forces us to exploit the primary decomposition of
modules over a Tate algebra, rather than Iwasawa’s finer structure theory.

The payback is that one can now study overconvergent families of positive slope.
Suppose we are given a big Selmer group ‘Sels,’ associated to an analytic family.
One needs to confirm the specialisation of Sel,, at an arithmetic weight & > 2
coincides with the usual Selmer group ‘Sel’ associated to each p-stabilisation at k,
at least to within some finite bound.

Using the local conditions described in [DS], one may define both compact and
discrete Selmer groups quite generally for representations over affinoid algebras.
We then prove (Theorem C.15) that for all bar a finite set of bad weights X,
the specialisation of this big Selmer group at a de Rham weight k will equal the
Bloch-Kato Selmer group, up to a controlled factor of course.

We begin with some general comments regarding the terminology used here,
which differs somewhat from the main text.

C.1 Notation and assumptions

Let F be a finite extension of Q, p > 3 a prime, and K a finite extension of Q,.
We will write Ok to represent the ring of integers of K. For a fixed weight ko > 2,
let U, be a neighbourhood of kg in Z,.

Definition C.1. We define the affinoid algebra of power series defined over K and
converging on Uy, as

K{(s)u,, =  f(s)= Z ans”™ : an € K, f(s) converges for all s € Uy,
n>0

Via an affine linear transformation, one may identify this with the Tate algebra

K({s)) = Zans":anEK,Mn\pHOasnﬂoo
n>0

In an analogous fashion, for any order O = Z + p™ Ok then O((s)) denotes the
subring of K((s)) for which all coefficients a,, € O.

260
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The primary object of study will be a free Gp-representation W, unramified outside
a finite set of places, and of positive rank over K((s)). In particular, let’s take our
bad set of primes ¥ to include all primes of F' which are either divisible by p, are
archimedean, or at which W is ramified. We shall need to consider completions of
F at each v € %, and we denote these fields by F,.

Definition C.2. For any irreducible distinguished polynomial X € K((s)), define
the specialisation of W at \ to be

K((s)
W, = W® .
AK ((s))
In particular, we often take A = A\, :== s — (k — ko) for any k € Uy,.
We will assume that W satisfies the following additional properties:

(1) W is pseudo-geometric at every prime v|p, i.e.
(a) For each v|p, there exists a finite extension L of F, with L C F, o, such
that as a Gr-module W satisfies

( )

W@K«S» C < @ (C 71] l\IJj)
,JEL
Here e( € Zx for all pairs (4,7) € 72, with only finitely many non-zero.

(b) For every place v|p and all but finitely many k& € U, NN, the representation
Wy, is de Rham.

(2) There exists a lattice L of W defined over O((s)) for some O = Z + p™Ok;
in other words, L is a free O((s))-module with an action of G such that
as K{(s))|Gr]-modules,

L®ogsy K({s) = W.

(3) Finally, for primes v € 3 which do not lie over p, we assume that both
WY and W*(1)C#v are zero, where W* := Hom sy (W, K((s)))

Examples: (i) The Gg-representations Teo , over K ((s))u,, , which were the image

of the Hecke eigenspaces Too[A] under the analytic transform Melly, . for a primitive
triple v = (A, ko, €) (see Definition 7.1).

(i) The vertical representations Too g deforming pg ,, are just special cases of (i).

(iii) The overconvergent Galois representations attached to certain Coleman families
of modular forms of fixed positive slope; the integral lattices I themselves are
constructed by Iovita and Stevens in [IS].

(iv) Tensor products, direct sums/summands of representations satisfying (1)—(3).

N.B. The half-twisted families T, , @ ¥ ~1/2 are not covered by the above situation.
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We shall work mostly with the lattice IL, rather than W itself. Let A be an irreducible
distinguished polynomial whose coefficients lie in O. In particular, we will often
take A = A\, := (s — (k — ko)), for some integral weight k € Uy,. Let us consider
the effect of multiplication by A on various O{(s))-modules. For a given module M,
we define M) := M/AM which is a module over the ring O, := %«2})»

Our methods are closely related to those of Nekovar and Plater in their article
[NP, Sect.4], where they prove a similar result for the half-twisted form 'I[‘;Olg .
Moreover, our main theorem transplants the one-variable weight control theorems
due to Hida et al, to Galois representations defined over affinoid algebras.

C.2 Properties of affinoids

We start by reviewing some properties of affinoid algebras. Fully detailed proofs
of all results stated here can be found in [Sm]. The following lemma will play a
crucial role in our proof of the control theorem.

Lemma C.3. Let f,g € O(s)) be coprime elements. Then the ideal they generate
(f,g) is of finite index in Os)).

Proof: The argument relies on the fact that we have both a division theorem
and a Weierstrass preparation theorem for O((s))-modules. Using these, one may
assume without loss of generality that f and g are polynomials. We say that a
polynomial h = """ ja;s° € O[s] has Weierstass degree t if |a|, = max;>¢|as,
and |a¢|p, > max;s¢|a;|p. Let b € (f,g) be of minimal Weierstrass degree. Again
one may assume by the preparation theorem that h is of the form h = ¥ H, with
H =1 or H a monic polynomial.

Suppose that H # 1. Since f and g are relatively prime, we can surmise that
H does not divide f. Then by the division theorem there exist ¢, such that
f = Hq+ r, with deg(r) < deg(H). Multiplying by 7" and rearranging gives us
m’r = 7 f — hq, which implies that 7¥r € (f,g). However, deg(n”r) < deg(h)
which contradicts the choice of h. Therefore h = 7.

Since f and g are coprime, one may assume that f is a monic polynomial, and
we consider the subgroup (7%, f) C (f,g). Let a(s) € O{s)). Using the division
theorem again we have a = fq+r for some ¢, r with deg(r) < deg(f), sothat a =r
modulo f. Since O/7”O is finite, there are only finitely many possibilities for r
modulo 7”, thus we see that (7¥, f) — and also (f,g) — has finite index in O((s)).

O

Of course in the control theorem, we will need to consider cohomological properties
of these O((s))-modules. The first issue to address is to check for a finitely-generated
O((s))-module M, its interesting cohomologies are themselves finitely-generated.
This is relatively simple to verify by extending p-adic results of Tate [Ta2, 2.1].
The following is a basic, yet highly useful result.
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Proposition C.4. Let M be a finitely generated free A{(s))-module with a G-action.
Then there exists a finite set of A € X, such that for all X\ not in this set:

(1) if A=K, then H (G, My) = H'(G, M)y
(2) if A= O then H (G, M)y — HY(G, M,), and we have a finite index
[HY(G, M)) : H(G, M),] which is bounded independently of \.

Proof: Since M is free over A((s)), multiplication by X gives a short exact sequence
0— M %M — My —0.
Taking G-invariants and truncating, one cuts out short exact sequences
0 — HY(G, M)y — H'(G, My) > H"Y(G, M)[\] — 0.

Thus the index [H (G, M)) : HY(G,M),] is determined by the size of the group
H™1(G, M)[)]. The following lemma then completes the proof.

Lemma C.5. Let M be an A{(s))-module.
(1) If A = K, then for all but finitely many X\, we have M[\] = 0.

(2) If A= O, then for all but finitely many X, the groups M[)] are finite and
bounded independently of \.

Proof: If A is an order O, then let us write Mg := M ®¢sy K((s)) which is
a K((s)-module. If A = K we set Mg = M. We may view each irreducible
distinguished polynomial A\ as generating an ideal in K {(s)), where we have the
additional property that ()\) is a maximal ideal (see [BGR, 7.1.2]). We will first
show that Mg[\] = 0 for almost all A, thus proving the first part of the lemma.
The second part will follow readily from this.

Since Mk is a module of finite type over a noetherian ring, we have [Mt,Th.6.4]
an ascending chain

0=MyCc M, C...C M, =DMg

of K((s))-submodules, such that ML“ = KPS> for some prime ideal P; of K ((s).
Consequently, one obtains short exact sequences

0—>M,L~—>Mi+1—><%j»>—>o

for each i. Multiplying by A and applying the Snake lemma, yields exact sequences

0 — M;[A] — M\ — (%j») N —

Since the M,’s form a finite chain, we see that Mk[A] = 0 as long as each map
M;[\] — M;41[A] is an isomorphism. This inevitably leads us to consider the

(M\)-torsion quotients (K (s)) ) (A
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Suppose one has a power series f € K((s)) with f ¢ P;. Then \.f € P; if and only
if A € P; (since P; is prime), that is if and only if (A\) = P; (since () is maximal).
Hence for (A\) # P; we have (@) [\] = 0. We may apply this to each term in
our decreasing sequence, so that unless (A\) = P; for some 0 < ¢ < n — 1, we have
Mg[A] = 0 as required.

To finish the proof of the second part, we return to our original O{(s))-module
which was M. There is a commutative diagram

0= M)N — M > M-=0

RN

0 — Mg\ — Mg > Mg — 0

which induces a map 7 : M[\] — Mg[M], say. For every A # P; (i =0,...,n—1)
one knows that Mg[A] = 0, whence

]\/[[/\] — Ker (M — M Ros) K«S») = M[ﬂ'oc]

Here M[m®°] consists of the 7"-torsion elements of M for all n > 0. Thus any
element which is A-torsion is also 7"*-torsion for some m, and since M is finitely
generated, there must be a finite maximum N such that multiplication by 7 kills
all m°-torsion elements. By Lemma C.3 the ideal (A, 7V) has finite index in O((s)),
and this index is bounded by p” and the Weierstrass degree of \.
Since these are both independent of A, the result follows.
O

C.3 The cohomology of a lattice L

Suppose that W is a G p-representation of pseudo-geometric type, with lattice L.
Consider the short exact sequence

0-L3>L — Ly — 0. (1)

Taking Galois cohomology, we arrive at a second sequence

H™(G,L)

0= SE @)

— H"(G,Ly) — H""1(G,L)[A\] = 0. (2)
Here G denotes either G, := G(F,/F,) for some prime v, or the group G(Fs/F)
where Fy, is the maximal algebraic extension of F' unramified outside of 3.

Our aim is to use this sequence to compare the cohomology groups H"(G, L))
and H"(G,L), = %. In order to do this, we must first try to understand the
groups H"1(G,L)[A]. For this we use Lemma C.5 which tells us that for almost
all A, these groups are finite and bounded independently of A.

Let X be the set of all polynomials A\ = (9 — (k- ko)) for weights k € Uy, .
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Definition C.6. We define the subset X}, of X by the condition that A\, € X},
whenever there exists some v € X such that H™(F,,L)[\y] has positive O((s))-rank.
Further, let’s put Xpaq = U _g Xihy and likewise X gooq = X — Xpad.

By Lemma C.5 and the fact that ¥ is a finite set, clearly X}' , is also a finite set.
It then follows that X .04 consists of all but a finite number of A\; in X.
Upon applying Proposition C.4, one immediately deduces

Lemma C.7. For all A in X004, there is an injective homomorphism

H(F,,L)

— HY(F,,L
NHI(F,,L) (F, L)

which has finite cokernel, bounded independently of \.

C.4 Local conditions

To be able to define compact Selmer groups, one must write down local conditions
in the 1-cohomology of L. In accordance with the main text, we shall employ

Definition C.8. (i) Whenv | p, define HL(F,, L) to be the O{(s))-saturation inside
HY(F,,L) of

H§(F,,L)° = Ker (H'(F,,L) —» H'(F,,L ®osy Bar)) -
For the specialisations one has
H}(F,,L)° := Ker (H'(F,,L\) —» H'(F,,L) ®0, Bar))-

N.B. this group is automatically Ox-saturated since Byr is a field.

(ii) For v {p we define H}, (F,,L) (resp. H}.(F,,LLy)) to be the O{s)-saturation
(resp. Ox-saturation) of HL.(F,,1L)° (resp. H} (F,,Ly)°), where as usual for a
Gr,-module M

H) (Fy,M)° = Ker (H"(F,, M) — H"(I,, M)™°"").
Our next task is to show that there exist homomorphisms for these subgroups
H!(F,,L)x — Hy(F,,Ly)
that are injective, with finite cokernel bounded independently of the choice of A.

The notation H! (resp. H},) represents either Hf, (resp. Hy) or H}, (vesp. H,,).
We also require the same results for quotient groups, i.e. that the induced maps

are injective, with finite and bounded cokernels.
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Local conditions away from p.
First let us consider those v € ¥ which do not lie over p. Since p # 2, the local
conditions at the infinite primes are trivial, so we have our required homomorphisms
at these primes automatically.

By assumption (3) one knows that H°(F,, W) is zero, and it follows from this that
HO(F,,L) must be a torsion O{(s)-module. Furthermore, we may use assumption
(3) again, along with the pairing

HO(Fy, W (1)) x H?(Fy, W) 5 H2(F,, K () (1) ™5 K (s)

to deduce that H?(F,, W) has zero K ((s)-rank. Therefore each H?(F,,IL) must
have zero O{(s))-rank (since they are finitely-generated).

Now for each A in X404, there are local Euler characteristic formulae

2
Zranko«s» Fv,]L Zrankox FWIL)\)

(this follows directly from equation (2)). We also have the short exact sequence

0—>]L,\ﬁ>7]L,\*>]L,\/p]L,\*>O

induced by multiplication by p (the kernel of this map is trivial, since A and p are
coprime in O((s)) always). Combining these facts, one quickly discovers

2

ZrankoA “(Fy,Ly) = (rankz, O))" Zdlm]p‘ HY(F,,Ly/pLy). (3)
=0

The groups Ly /pLy are finite Gp,-modules, and it is a very well known result
(see for example [Mi, 1.2.9]) that the sum on the right-hand side is zero when
v { p. In particular, since H°(F,,LL) and H?(F,,LL) both have zero rank, it follows
immediately that ranke s H*(F,,L) = 0 too.

This means that our subgroup H} (F,,L) has the same rank as H*(F,,L), and
by definition it is O{(s))-saturated in H'(F,,L). We therefore have

H! (F,,L) = HY(F,,L).

In fact equation (2) tells us that for all A in X gp0q, the Ox-ranks of the specialised
cohomology groups H'(F,,Ly) (for i = 0,1,2) will be equal to the O{(s)-ranks
of the generic groups H*(F,,IL). Since we have just seen that these latter groups
all have rank zero, the same is true of the specialised groups, and in particular
rankp, H'(F,,Ly) = 0. It is then easy to see that F,,Ly) = H'(F,,Ly).

We have established the following result.

77,7‘(
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Lemma C.9. Letv € ¥ with v{p. Then for all A € Xyo04, the homomorphisms
H! (F,,L)

AH]} . (F,,L)
are injective with finite cokernel, bounded independently of .
On the quotient groups, we have H'(F,,L)/H} (F,,L) =0 and likewise for the
specialised quotients, H'(F,,1Ly)/H}, (F,,Ly) = 0 also.

— H,,(Fy, L)

Local conditions above p.
Let us now turn our attention to those v € ¥ which lie above p. We know from
[DS] that at all v | p and almost all A € Uy, NN,

ranko oy Hy (Fy, L) = ranko, Hy (F,, Ly).
For all A € X004, there exists a commutative diagram with left-exact rows

0 — Hé(Fv,L)O — HI(FU,L) — Hl(Fv,]L®O«S» BdR)

! ! !

0 — H,(F,,Lx) — H'(F,,Ly) — H'(F,,Lx ®0 Bar).

We see immediately that the image of H}(F,,L)? in H'(F,,L,) is contained in
Hgl(Fv,]LA). Since H;(E”]L,\) is O)-saturated, we may replace HA(F,,L)° by its
O{(s)-saturation H},(F,,L), and one obtains a map

a: H(F,, L) — H,(F,,Ly).

The kernel of & is contained within AH!(F,,L), because H'(F,,L), injects into
H(F,,L,). By definition this kernel is also contained within H}(F,,L), and since
HL(F,,L)NAHY(F,,L) = AH}(F,,L), we deduce that the homomorphism

o Hy(Fy, L)y — H(F,,Ly)

must be injective.

Now HL(F,,L) is O((s)-saturated, hence % must be O((s))-torsion free;
&P,

H'(F,,L)

m) [A] = 0. Applying the Snake lemma to the diagram

in particular (

HY(F,,L)

N N N

HY(F,,L)

we get an exact sequence

L 1 X HY(F,,L)
0= <m> [/\] — HG(F177L)>\ —H (FWL))\ - (m))\ -0

from which it may be deduced that (gll ((1;,]3))\ o gll ((?J%]:))i .
cWEw, o (Fu,

One can therefore use these two groups interchangeably hereafter.
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Lemma C.10. For all A € Xyo0q and all v | p, the homomorphism
a: Hy(Fy, L)y — Hj(F,,Ly)

18 injective, with cokernel that is finite and bounded independently of .
The induced map on the quotient groups

has finite kernel and cokernel, each bounded independently of \.

Proof: The following diagram nicely describes the link between the three maps of
interest to us:

HY(F,,L)
HL(F,,L HYF,,L B Sl Al
0 — G( , ))\ — ( , ))\ — (Hé(Fv,L) A — 0

al /Bl gl (4)

HY(F,,Ly)
HYF,,L HY(F,,L - v A )
0 — g( ) /\) - ( ) )\) - (Hgl(Fm]L)\)) — 0

We have already seen that (3 is injective with finite bounded cokernel, and that
« is injective. It remains to prove that 8 has finite kernel and cokernel, bounded
independently of A, and that « has finite and bounded cokernel. To prove this, we
define a subgroup Z of H'(F,,LL)y as the pre-image of Hgl(Fv,]LA) under 3.

The subgroup Hgl(Fv,ILA) is Ox-saturated, and since A € Xgo04, we know that
ranko sy Hg(Fy, L) = ranko, HJ (F,,Ly). As the diagram (4) is commutative, we
see that Z must equivalently be the O-saturation of HL (F,, L) inside H!(F,,L)y.
Let us consider the kernel of 3; then one has

{x € HY(F,,L) : B(z) € Hgl(Fm]LA)}
Hé(Fvv]L))\
BH(H(Fy,Ly))
Hé(Fva))\
Z
HEL(Fy, L)y

Ker(3) =

Thus to show that Ker(3) is finite and bounded independently of A, we must show
that the same is true of the index of H(F,, L), inside its saturation in H'(F,,L),.
The size of this index is bounded by the size of the maximal A-torsion subgroup
of H'(F,,L), because H}(F,,L) is O{s))-saturated. By Lemma C.5 we see that
H'(F,,L)[)\] is indeed finite and bounded independently of A, and the same is true
of the kernel of 3.

It only remains to consider the cokernels of o and of 8. The property that these
are finite and bounded independently of A, follows immediately upon applying the
Snake lemma to diagram (4) above.

O
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C.5 Dualities via the Ext-pairings

In this section we consider instead a discrete dual of the lattice L, namely
A = Homeont (]La MPO")

which is the Pontryagin dual of L with its Galois action twisted by the cyclotomic
character. Clearly A is a discrete O((s))-module. We define the specialisation of A
at A as the discrete dual of the specialisation of L at A, i.e. Ay := Homeont(ILx, fpoe ).
Note that this is not the same as A/AA, in fact we have Ay = A[\].

The first task is to establish homomorphisms H'(G, Ay) — H*(G,A)[)], and to
show that for almost all A in X004, these homomorphisms have finite kernel and
cokernel, bounded independently of A. Our starting point is the sequence (1), to
which we apply the left-exact functor Hom(—, pp). This gives us another exact
sequence

0— Ay > ADA S Ext'(Ly, prpee) — BExt'(L, ppee) — ... (5)

We also have an analogous sequence naturally extending G-invariants of A and A
(where G here is either Gg, or G(Fx/F)), defined as

0 — HYG,Ay) — HG,A) > H(G,A) —

A
Extg (L, prpe) — BxtG (L ppes) = ... (6)

There is a spectral sequence for Ext groups [Mi, I1.0] which for G-modules M, N is
given by
H"(G,Ext*(M,N)) = Ext"*(M,N).

This gives rise to (yet another) exact sequence
0 — H'(G,Hom(M, N)) — ExtL(M,N) — H°(G,Ext*(M,N)) — ... (7)

In particular, we note H'(G,A) injects into Exts (L, gy ), and H(G, A,) injects
into Extg (L, fp ). Furthermore, from (6) there are natural homomorphisms

Extg (L, frpe) — BExtg (L, ppe )[A] (8)

which are surjective.

Local duality.
In order to examine the kernel of these maps, we shall assume for the moment that
G = Gp, for some v € ¥.. We then have Yoneda (or Ext) perfect pairings

Extly, (L, pp) x HY(F,, L) = HA(Fy, ) " Qy/Zp,

and similarly
invg,oU

EthGF” (L, prpe=) x H'(F,,Ly) = Qp/Zyp

at all specialisations A € X.
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Combining these with the exact sequences (6) and (2), we arrive at the following
diagram with exact columns:

HO(F,,A) 0

2| |

HO(F,,A)  H?(F,, L)[N

o] I

Exté” (Lx, ppee) X HY(Fo, L) — Qp/Zp

l I

Extg,, (L, pp=) X H' (Fy, L) — Qp/Zy.

Let us consider the image of the map 6. As both pairings in the diagram are
perfect, this subgroup must have an orthogonal complement Y C H!(F,,L)),
and #H!(F,,L\)/Y = #Im(5). Since the columns are exact, it follows that
HY(F,,Ly)/Y maps bijectively onto H?(F,,LL)[)], and this group is finite and
bounded independently of A for all A € Xg50q. Thus the same is true of Im(9).
Because the kernel of our homomorphism (8) must be equal to Im(4), we have
proved the following:

Lemma C.11. For all A € Xyo0q4 the homomorphism
EthGFU (L)n ,upoo) - EthGFv (L’v ‘upec)[/\]

is surjective, with kernel that is finite and bounded independently of .

We now wish to study the restriction of this homomorphism, as a map from the
subgroup H'(F,,A,) to the subgroup H'(F,,A)[)\]. First we must check that the
image of the former group is contained in the latter. This follows from a result of
Milne [Mi, I1.0], which states that if M x N — P is a pairing of G-modules, then
the diagram

HY(G,M) x H'(G,N) — H*(G,P) (cup-product pairing)

! | !

Ext;(N,P) x H'(G,N) — H*(G,P) (Ext pairing)
commutes. Using this result alongside Lemma C.11, one obtains a homomorphism
H'(F,,Ay) — H'(F,,A)[N (9)

as was specified above.
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To calculate the kernel and cokernel of (9), one should apply the Snake lemma to
the diagram

0— HE (FmA)\) — EXtéFU (L)\7u,,m) — Extl(]L)\7 l’LjI)x)GFv

! | l

0 — H'(Fy, A)[A] = Extgy,, (I, ppee ) [A] — Ext" (I, prpoe ) [A] 97

where the rows are derived from the exact sequence (7). Thus the kernel of (9)
is contained in the kernel of (8), which we know by Lemma C.11 to be finite and
bounded independently of A. Its cokernel is then bounded by the cokernel of (8),
together with the kernel of

Ext!(LLy, ptpee )70 — Ext!(IL, papo ) [A] GFv. (10)

Moreover by Lemma C.11, the cokernel of (8) is finite and bounded independently
of A\. To determine the kernel of (10), truncate the exact sequence (5) to obtain

0 — A/AA — BExt'(Ly,pp=) — Ext'(L, pp=)[\] — 0.

Taking G, -invariants, we see that the kernel of (10) is equal to (A/AA)EFs.

To make any further progress, unfortunately we are forced to assume:

Finiteness Hypothesis. For cach v € X, the group (A/AA)S™ is finite and
bounded independently of A, at almost all A € X.

This condition should not be too restrictive. Note for example that if A is A-divisible
for all bar finitely many X, then the condition is satisfied with (A/AA)7 = 0.
In fact, in this situation we will have equality between the Ext groups and the
cohomology groups. This is certainly the case for Hida families, when the relevant
component of the Hecke algebra is Gorenstein and the number field F' is an abelian
extension of Q, in which the prime p does not ramify.

Let’s now define a subset X{ , of X by adjoining to Xp4q all those A for which
(A/XA)CFo s infinite, and set Xiood =X — Xpuq- We have therefore shown

Lemma C.12. For all A € X/, and v € ¥, the homomorphism

goo.
H'(F,,Ay) — H'(F,, A)[N]
has finite kernel and cokernel, bounded independently of A.

Global duality.

We now consider the global Galois group Gy, := G(Fx/F). For each place v € ¥ and
for each Gs-module M, there exist restriction maps H!(Gs, M) — H'(Gr,, M).
One defines IIIi(Gg, M) to be the kernel of the map

H'(Gs,M) — @H(Gr, M).
veEYD
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Choosing i = 2 and M = L, there is trivially a diagram
0 — I (Gy, L) — H*(Gy,L) “° P H*(Gr,. L)

vEX

X AJ, X Al X AJ,
0 — I (G, L) — H*(Gs,L) 5" @D H*(Gp, L),
vEX
from which one obtains (via the Snake lemma) the exact sequence

res, (H*(Gp,,L))
)\resv(H2(GF,, L))’

0—>Z—>III(GE, ))\—>H(G2, )\—>@

The module Z is a subquotient of @, . res, (H*(Gx, L)) [A], which must itself be
contained within @, .y, H*(Gp,,L)[A]. By Lemma C.5 this latter object is finite
and bounded independently of A, so the same is true of Z.

Now from the exact sequence (2), there exist injections

H*(G,L)\ — H?*(G,Ly)

with G either G, or Gx. The cokernels of these maps are contained in H?(G,L),
which is trivial as G has cohomological dimension 2. Thus H2(G, L)y = H?(G,Ly)
and one obtains a commutative diagram

0— Z — II*(Gx, L)y — H*(Gs,L)x — €D H*(Gr,, L),
vVEX

| H H

0 — II*(Gy,Ly) — H*(Gx, L)) — €D H*(Gr,,Ly).
veEXD

We can easily determine from this the kernel and cokernel of 7. Because both other
vertical maps in the diagram are equalities, the cokernel must therefore be trivial.
The kernel of 7 must be equal to Z, and we have already seen that this is finite
and bounded independently of A, for all A in X' good:

To translate these dualities in terms discrete cohomology, we use the fact that
for a Gy-module M there is a perfect pairing [Mi, 11.4.14]

II1*(Gs, M) x IIT" (G, Hom(M, jip=)) — Q,/Z,.
Examining the diagram

II1?(Gy,L) x II'(Gx,A) — Q,/Z,

N o]

II1*(Gy,L) x II'(Gy,A)  — Q,/Z,

l I

OI*(Gy, L)y x I (Gx, A)N — Q,/Z,
we deduce that the pairing IIT*(Gy, L)y x IIT* (G, A)[A] — Q,/Z, is also perfect.
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Taken in conjunction with the analogous pairings for all the A-specialised groups,
one easily obtains the commutativity of

HI2(GZ>]L)>\ X IHI(GEvA)W — Qp/Zy
III2(GE,}L>\) X IHl(GEaA/\) = Qp/Zyp.

Since 7 is surjective with finite and bounded kernel, the dual map 7% must be
injective with finite cokernel, bounded independently of A.

Lemma C.13. Forall A € X/ the homomorphism

good’
b: HY (Gs,Ay) — HY(Gs, AN
has finite kernel and cokernel, each bounded independently of \.

Proof: We can relate 7V to the map b via the diagram

0— OI'(Gx,A)) — H' (G, A\) — EPH (G, A))

vED
~| bl |
0 — I Gy, A)[A] = H' (G, A)N| — @ H'(Gr,, A) [N
veEYD
Now 7V is injective with a finite cokernel, and furthermore each of the local maps

HY(Gp,,Ay) — HY(GF,,A)[)\] has finite kernel and cokernel.
The result follows upon applying the Snake lemma.

C.6 Controlling the Selmer groups

To define discrete Selmer groups one needs to dualise these local conditions, which
can be accomplished courtesy of the cup-product pairing

HY(F,,A) x H'(F,,L) — Q,/Z,.

For v | p we define H}(F,,A) as the orthogonal complement of H} (F,,L) under
this pairing. For v { p we define H} (F,,A) to be the orthogonal complement of
H]} (F,,L), which means that these groups are actually triviall
Similarly, we define H}(F,,A,) and H}, (F,,A,) using the p-adic pairings
H'(Fy, A\) x H'(F,,Lx) — Qp/Zy,.
By dualising our previous results, it is immediate that the maps
HY(Fu AN) — Hp(Fy, A)[A]

and likewise
Hl(Fv,A,\) HI(FU7A)
—
Hl(F,,Ay) HE(FU,A)

have finite kernel and cokernel, bounded independently of .

(A



274 Appendiz C: The Weight-Variable Control Theorem

Definition C.14. For a general discrete module M, the Selmer group of M is
defined to be

Sel(Fx,/F, M) := Ker< (Gg, M @ 1 >
E *

where the H!(F,, M) denote the local conditions for M.

This means (in our case) we form Sel(Fx/F,A) by taking H}(F,,A) = H5(F,,A)
if v|p, and H} (F,,A) otherwise. For the specialisations, we define Sel(Fx/F,A))

nr

using H}(F,, A,) if v|p, and H} (F,,A,) for all other v € X.

The main result of this appendix is the following.

Theorem C.15. Under the finiteness hypothesis, for all A € X!’mad the maps
a:Sel(Fg/F,A)) — Sel(Fs/F,A)[)
have finite kernel and cokernel, each bounded independently of A.

Proof: At every specialisation A € X, consider the commutative diagram

0 — Sel(Fy/F,Ay) — HY(Gs, Ay) EB H1 o
vEYD

‘| ] cl

1
0 — Sel(Fy/F, A)\] — H'(Gs, A)\ — P (%) A
UEE * v

We have already established that each of the maps b and ¢, has finite and bounded

kernel/cokernel at every A € X/ ;.

The theorem immediately follows from an application of the Snake lemma.
O
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