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Introduction

The class of polynomials is an extremely important class of functions, both in theoretical and in applied
mathematics. The definition of a polynomial is so simple that one may believe that everything is trivial
for polynomials. Of course, this is far from the truth. For instance, how can one numerically find the
solution of the equation

(1) 325 -2 +1=0

within a given (small) error €? An application of Rouché’s theorem (cf. Section 3.5) shows that all 87
roots lie in the narrow annulus 0.96 < |z| < 1, so it will be very crowded in this annulus concerning
the roots. In principle we set up some guidelines in this book so the roots can be found. The task,
however, is far beyond the scope of the present volume, so it is left to the few interested readers to use
the methods given in the following and a computer in order to find the 86 complex roots remaining
after we have found the only real root in Section 4.1.

In the first chapter we describe some results on polynomials in general, before we in the next three
chapters proceed with the main subject of this book, namely to find the zeros of a polynomial. The
topics are (mainly following the contents of the chapters, but not strictly)

1) Explicit solution formulae

e The fundamental theorem of algebra

The binomial equation

The equation of second degree

Rational roots

Multiple roots

The Euclidean algorithm, i.e. common roots of two polynomials
2) Position of roots of polynomials in a complex plane (classical results)

Descartes’s theorem

e Fourier-Budan’s theorem
e Sturm’s theorem
e Rouché’s theorem

e Hurwitz polynomials
3) Approximation methods

e Newton’s iteration method

o Graeffe’s root-squaring method.
We shall occasionally in a few topics assume some knowledge of Complexr Functions Theory.

All topics of this book have been known in the literature for more than a century. Nevertheless, it is
the impression of the author that they are no longer common knowledge. One example is Graeffe’s
root-squaring method to find numerically roots why lie very close to each other in absolute size. It can
in principle be used to find the 86 complex roots of (1), but the work will be so large that it cannot
be included here.
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Rouché’s theorem and Hurwitz’s criterion of stability and their applications are well-known in Stability
Theory and among mathematicians, but in general, engineers do not know them. This is a pity, because
the can often be used to limit the domain, in which the roots of a polynomial are situation. It is, e.g.,
by two very simple applications of Rouché’s theorem that we can conclude that all the roots of (1) lie
in the open annulus 0.96 < |z| < 1.

Another extremely important theorem, which to the author’s experience is not commonly known
by engineers, is Weierstrafl’s approzimation theorem. It states that every continuous function f(t)
defined in a closed bounded interval I can be uniformly approzimated by a sequence of polynomials.

More explicitly, for every given ¢ > 0 and every given continuous function f(t) on I one can explicitly
find a polynomial P(t), such that

(2) |[f(t)—Pt)|<e  foreverytel.
This means in practice that if the tolerated uncertainty is a given € > 0, then we are allowed to

replace the continuous function f(t) by the polynomial P(t), given by WeierstrafS’s approzimation
theorem. This is very fortunate for the use of computers, which strictly speaking are limited to only
work with polynomials, because only a finite number of constants can be stored in a computer. As
indicated above there even exists an explicit construction (Bernstein polynomials) of such polynomials
P(t), when f(t) and € > 0 are given, such that (2) in fulfilled. One can prove that these Bernstein
polynomials are not the optimum choice, but in general they are “very close” to be it.

Since we want to emphasize this very important theorem of Weierstra$}, although it is not needed in
the text itself, it has been described in a section of the Appendix.

Errors are unavoidable, so the author just hopes that there will not be too many of them.
October 5, 2011

Leif Mejlbro
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1 Complex polynomials in general

1.1 Polynomials in one variable.

A complex function of the form

(3) P(2) =apz" +a12" ' 4 Fan_12 + an, ag, .. .,a, € C, ag # 0, constants,
in the complex variable z € C is called a polynomial of degree n.

When the polynomial is restricted to the real axis, we shall often write P(z), € R, instead of P(z),
though we may in the later chapters also from time to time use the notation P(x) for € C complex.
Sometimes we shall allow ourselves to omit “x € R” or “x € C”, etc., where it is obvious, whether x
is real or complex.

The following two results are well-known.
Proposition 1.1.1 A polynomial P(z) is continuous everywhere in C.

PRrROOF. It suffices to prove that every monomial 2™ is continuous at every fixed zy € C. It follows
from the binomial formula, cf. Appendix 5.1, that

360°
thinking
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n n—1
n n n n—j j n n—1—j j
(4) (20 +Az) —zozg <j>20 jAz]:AzE (j+1>z0 AL

J=1 Jj=0

so (20 + Az)" — 28 — 0 for Az — 0, i.e. (20 + Az)" — 28 for Az — 0, and the proposition follows. [J

Proposition 1.1.2 A polynomial P(z) of degree n is continuously differentiable everywhere in C, and
its derivative P'(z) is a polynomial of degree n — 1.

PRroOF. It suffices again just to consider a monomial 2. Then by (4),

A n_ n n—1 L . n—2 L )
(ZOJFA'Z)ZO:Z(],ZI)ZQ 1 aAza:nzglJrAzZ(jZZ)Zg NS
z

j=0 Jj=0
hence,
n
. (zo+AZ)" =2 ne1
lim ~——FF—— =nz;
Az—0 Az

Using this result and the linearity it follows that the derivative of P(z) given by (3) is
P(z)=naz" '+ (n—1a 2" 2+ +an_1,
which is a polynomial of degree n — 1, and the proposition is proved. O
It is very important that the description (3) of a polynomial P(z) is unique. This follows from
Theorem 1.1.1 The identity theorem. Two complex polynomials P(z) and Q(z) which are equal to
each other for every z € C, have the same degree n and the same coefficients ag, a1, ..., a, € C as
given in (3).
PROOF. Assume that
P(2) = apz" +a1z" ' 4+ +a, and Q(2) = boz" + 012"+ - 4 by,

If necessary, we have here supplied with zero terms, so that the n 4+ 1 coefficients become ay, ..., a,
and by, ..., by, even if e.g. by = 0, etc.. We shall prove that if P(z) = Q(z) for all z € C, then a; = b;
for every j =0,1, ..., n.

If we choose z = 0, then we get a,, = P(0) = Q(0) = b,,, thus a,, = b,, and it follows by a reduction
that

apz™ F a1z Vb a1z =bp2" 12" by 2 for all z € C.
When z # 0, this equation is equivalent to
(5) a2 Va2t 4 a1 =bp b2V 4 by, for z € C\ {0}.
However, due to the continuity, (5) also holds for z = 0.

Repeating this process we get successively a,_1 = b,_1, ..., ag = by, and the theorem is proved. [
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Remark 1.1.1 A similar argument shows that if two convergent power series (same point of expan-
sion) are equal in their common domain of convergence, then they have the same coefficients. See also
Appendix 5.2. ¢

It is convenient to define the zero polynomial as the function Q(z) = 0 and use the polynomial
description

Q(z)=0-2"+0-2""1+---40-2+0,

whenever necessary, although this is not in agreement with the definition (3). We shall also say that
the zero polynomial has the degree —oo. We obtain by this convention that the degree of a product
of polynomials is equal to the sum of the degrees of the polynomials, i.e.

deg(P(z) - Q(2)) = deg P(2) + deg Q(2),

even if one of them is the zero polynomial. Here, deg P(z) denotes the degree of the polynomial P(z).

1.2 Transformations of real polynomials.
If all coefficients ag, . .., a, of (3) are real, we say that P(z) is a real polynomial
P(2) = apz" +a12" 4 - an_12 + ap, ao,...,a, € Rand z € C.
This is of course an abuse of the language, because only the coefficients are real, and P(z) is not a

real number for general z € C. However, if z = z € R, then P(z) is always real.

We shall in the following show some simple transformation rules of real polynomials in a real variable
x € R. These rules also hold for a complex variable z € C, but for clarity we shall only consider P(z),
x € R, in the discussions below.

1.2.1 Translations.

The chance of variable is here given by « = y + k, where k € R is some real constant. If P(x) has
degree n, then it follows by a Taylor expansion from k, cf. Appendix 5.4.1, that

POE) o, PO (E)

Quy) =Py +k)=—1 y”‘1+---+wy+P(k)-

(n—1)! 1!

The most commonly used translation is given by

a
k=———,
nap

by which the coefficient b; of y"~! of Q1(y) becomes 0.

There is a reason why one usually only uses the translation above. In principle, we can set up a set of

equations, such that any given b;, j = 2,...,n, in Q1(y) becomes zero. Unfortunately, the equations
in the unknown translation parameter k£ will in general be increasingly difficult to solve, i.e.
Pn=3)(k
bjzi_('):o forj=2,...,n.
(n—j)!

For j = n we see that we shall solve P(k) = 0, i.e. find a zero of the polynomial, and we know that
this is in general not possible to find in all cases by an exact solution formula.
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Example 1.2.1 A polynomial can always be normalized by dividing it by ag # 0. We may therefore
assume that ag = 1, so let us consider the polynomial of third degree,

P(z) = 2% + ay2? + asx + as, ai, as, az € R, z € R.
Let £ € R. Then by the translation x = y + k,
Pz) = 24+ a2’ +axtaz=y+k)>+a(y+k)?+a(y+k)+as

(6) v+ {3k 4+ a1}y + {3k:2 + 2kay + ag} Y+ {k3 + a1 k? + ask + ag}

=y’ + by’ +boy + bs.
The identity theorem gives

b1 = 3k + a1, by = 3k? 4 2kay + ao, by = k3 4+ a1k® + ask + as.

1) Choosing b; = 0 we get k = —%.

2) Choosing by = 0 we get 3k? + 2ka; + as = 0, hence

—2a1 + +/4a? — 12 1 /
k: %1 6a1 az = § {_al + a% _3a2}.

3) Choosing b3 = 0 it follows that this is the same as finding the zeros of the polynomial.
O

1.2.2 Similarities.

For given k € R\ {0}, the similarity of factor k is defined as the change of variable

Y
Y x, us x "

In this case the transformed polynomial becomes equivalent to
QZ y) = = g — aoyn +a1kyn—1 —|—a2k2 yn—2 4+ dan k7l—1y+ ankn,
k
where we for convenience have multiplied by k™.

Clearly, if x¢ is a root of P(z), i.e. P (xg) = 0, then yo = kxq is a root of @Q2(y), so similarities may
be used to scaling.

If all coefficients ag, .. ., a, € Q of P(x) are rational numbers, then we can choose k € N so large that
the equivalent polynomial

~ 1 ark ask? k"
Qa(y) = — Qa(y) = y" + —— " L4 2y 2 4
ao ag ag ag
is normalized, by = 1, and all other coefficients by, ...,b, € Z are integers.

A polynomial is called normalized, if its coefficient by = 1 of the term of highest degree. We see
that every polynomial of rational coefficients can be transformed into a normalized polynomial by a
similarity after a division by ag # 0.
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1.2.3 Reflection in 0.

The reflection is given by the change of variable y = —z, z = —y, so

Qs(y) == P(—y) = (=D)"aoy™ + (1) a1y ' + -+ an_2y® — an_1y + an.

This can of course also be considered as a similarity where k = —1. All coefficients of odd index
change sign, while all coefficients of even index are unchanged. If xq is a (real) root of P(z), then
Yo = —Tp is a (real) root of Q3(y), so all real roots change their sign by a reflection.

We shall later give some criteria concerning real positive roots. Reflection can be used to obtain
similar results for real negative roots.

1.2.4 Inversion.

1 1
The inversion is given by the change of variable z = —, y = —, where we must require that  # 0 and
x

Y
y # 0. When we multiply by 4™ # 0, we obtain the equivalent polynomial

QZ’JH o
It's only an

opportunity if
you act on it
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1 _
Q4(y) == y”P(y> =a,y" +an1y" -+ ary +ao,

so the coefficients are here given in the reversed order.

If 9 # 0 is a root of P(x), then yo = 1/x¢ is a root of Q4(y), and if yy # 0 is a root of Q4(y), then
xg = 1/yo is a root of P(x).

1.3 The fundamental theorem of algebra.

It is very difficult, if possible at all, to make a serious investigation of the polynomials without being
able to refer to the Fundamental theorem of Algebra. We shall therefore in this section prove this
important theorem, before we start on other deeper results.

We have already used the terminology that 2o € C is a root or a zero (both names are used in the

following) of a polynomial P(z), if P (z) = 0.

Theorem 1.3.1 The fundamental theorem of algebra. Every polynomial P(z) of degree > 1 has at
least one root zy € C.

The following proof is often called Cauchy’s proof in spite of the fact that it is actually due to Argand,
1815. The first attempt of a proof goes back to d’Alembert in 1746, and the theorem is therefore also
called d’Alembert’s theorem.

ProoF. Consider the polynomial
P(z) = apz" +a1z" '+ 4 ap_12 + an, n > 1 and ag # 0.

Clearly, P(0) = ag, so if a,, = 0, then z = 0 is a root. We may therefore in the following assume that
also a,, # 0.

Let |z| = r > 0. Then we have the estimate

[P()] = aol r™ = lax| 7" 71 = Jaz| 772 = o Jan—1| 7 — |an]

sl Joal  lancsl . Joul
) o {laol - (1 el ol D

When r — 400, the right hand side of (7) tends towards 4+oco. In particular, P(z) # 0, if |[z| =r > A
is sufficiently large. We choose A, such that |P(2)| > |a,], if |z] =r > A.

The real function |P(z)| is continuous on the closed bounded disc {z € C | |z| < A}, so by one of the
main theorems of continuous functions, |P(z)| must have a minimum in this disc, so there exists a
zo € C, where |zg| < A, such that

|P (20)] < |P(2)| for every z € C, for which |z| < A.
It follows in particular that

[P (20)] < [P(0)] = lan],
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and since |P(2)| > |ay| for z| = A, we conclude that |zp| < A, so zg lies in the interior of this disc.

We shall prove that P (z9) = 0. This is done contrariwise, i.e. we assume instead that P (z) # 0, and
then we derive a contradiction.

Figure 1: The discs in the proof of Theorem 1.3.1.

Choose gp, such that 0 < gg < A — |2g], cf. Figure 1. Then
B:={ze€C||z—20| <o} C{z€C||z] <A},

so B is an open subset of the closed disc defined by |z| < A. We put z = 2o+ h for z € B, so |h| < go.
Then

P (20 +h) =boh™ +b1h" ' 4+ -+ by_1h+ by, by, = P (z0) # 0 and by = ag # 0.

Choose j € {0,1,...,n — 1}, such that b; # 0 and by = 0 for Kk = j+1,...,n — 1. Then, since
P(ZQ)an,

P(z9+h) = P (20) + boh™ + -+ -+ b;h" ™7, where b; # 0.
We write h in polar coordinates,
h=p0e®, where 0 < ¢ < g0 < A — |20] ,
thus |zo + h| < A.
Also, write P (z) and b; in polar coordinates,
P (z) = |P (%) e and b; = |b;| €.
Then
P (20 +h) = |P (20)] € + |bj| 0" WFT(=0O) L p | I 4 by B
Choose 0, i.e. the angle of h, such that ) + (n — j)© = ¢ + 7. Then

P(z0+h) = {|P (20)] — |bj| "7} € +bj_1 A" T + . 4 by h".
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Then choose  so small that also |b;| "7 < |P (zp)|, so we get the estimates

[P(z0+h)] < [P (20)] = [bj] &" 77 +[bj-a] &" 77 4+ [bo] 0"

(8) [P (20)] — ¢" 7 {Ibj| = [bj—1] 0 — - = [bo| &’}
For some smaller o > 0 we can obtain that also
6] = lbj—1] @ =+ = Ibo| & >0,
hence, for such a ¢ we have
[P (20 + h)| <[P (20)],
which is contradicting the assumption that |P (zp)| was a minimum. Hence, the other assumption

that P (zo) # 0 must be wrong, and we finally conclude that P (z9) = 0. O

Corollary 1.3.1 The fundamental theorem of algebra. FEvery polynomial P(z) of degree n > 1 is,
apart from the order of the factors, uniquely factorized in the following way,

(9) P)=a(z—a1)(z—a2) (2 —an), a#0.

In particular, if P(z) has degree n, then P(z) has precisely n roots (counted by their multiplicities).
It is obvious that Corollary 1.3.1 implies Theorem 1.3.1. We shall prove that Theorem 1.3.1 also
implies Corollary 1.3.1, so the two results are indeed equivalent.

PROOF. 1) Existence. Assume that the polynomial P(z) has degree n > 1. Then it follows from
Theorem 1.3.1 that it has a root aq, thus P (a;) = 0.

By a Taylor expansion from «, cf. Appendix 5.3, we get

(o aen 9 (n) a "
P(Z):ipil )(2—041)4'132(! )(Z—Oq) +~-~+Pn7!()(z—0q) =(z—a1)- Pi(2),
where
/ ay 1" o (n) a; o
Pl(Z):P( )+P( )(Z*Oél)‘i"kpi()(Z*Ozl)

1! 2! n!
is a polynomial of degree n — 1.
When we apply the same method on P;(z) we get similarly
Pi(z) = (z — ag) - Py(2), ie. P(z)=(z— ) (z — a2) Py(2),
where P5(z) is a polynomial of degree n — 2.
We proceed in this way, and after n steps we have obtained (9).

2) Uniqueness. Assume that we have two representations of P(z),

P(z)=a(z—a)(z-ag) - (z—an) =b(z=01) (2= F2) -~ (2= Bm),,
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where a # 0 and b # 0.

The terms of highest order are az™ and bz™, respectively, so it follows from Theorem 1.1.1, The
identity theorem, than n = m and a = b.

If we choose z = a1, the left hand side becomes zero, P (1) = 0. Hence, o; must also be a root of
the right hand side, i.e. @1 must be one of the n numbers 31, ....5,. Changing indices, if necessary,
we may assume that aq = ;.

When z # a1, it follows from a division by a (z — a1) that

(z—ag) - (z—ap)=(2—02) (2 — Bn), z€C\{a}.

Due to the continuity this equation also holds for z = ;. Then proceed as above, i.e. the root ay on
the left hand side must be one of the remaining numbers s, ..., 3,, so as = (2 after another change
of index, etc.. Continue in this way n times, until we get the triviality 1 = 1, and the corollary is
proved. I
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The n numbers a;, o, ..., a, of Corollary 1.3.1 are all roots of P(z). They need not be mutually
different; some of them may be multiple roots. In some situations it is better to preserve (9), i.e.

Pz)=a(z—a1)(z—a2) (2 —ay),

even if there are repetitions among the factors, but in most cases we prefer to collect identical factors,
SO

(10) P(z)=a(z—a1)" - (z —a,)"", ny+---+n, =n,

where n; € N is called the multiplicity of the root a;, and where a1, ..., q, in (10) are the mutually
different roots of P(z).

If n; = 1, then the corresponding root «y; is called a simple root. If n; > 1, we say that a; is a multiple
root. In case of n; = 2 we also call o; a double root.

Finally, (9) is also true for constants # 0, i.e. for polynomials of degree 0, because there is no factor
of degree 1 in this case. This corresponds to the obvious fact that a constant polynomial # 0 does
not have any root.

1.4 Vieti’s formulae

Let ag,...,a, € C denote the n roots of the polynomial

(11) P(2) = apz™ +a12" 4+ an_12 + an, agy---,a, € C, ag #0.

Then also
P(z) = alz—a1)(z—ag) (2 —ay)
(12) = apz" —ap (a1 +as + --~+an)z"_1 +ag (g + aras+ -+ ap_1ay) "2

— e + (_l)na0a1a2 ce Ol

When we identify the coefficients of the two representations (11) and (12) of P(z), we get Vieti’s
formule in the n complex variables ag, as, ..., any,

ai

bh=—=—{a+ay+---+an},
agp
a2
by = P +{aias +oag+ -+ ap_1a,}
0
a
(13) by = a—g = —{masas + ajaay + - + ap_sap_1an},
0
b, = In = (—1)” Q109 - -+ Olp.
ao

The formulee of (13) are also called the elementary s ymmetric polynomials in the n complex variables
Apy...,0p.
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Using (13 we easily prove

Theorem 1.4.1 Assume that the polynomial

P(z) =apz" + a1z" V4 b an_1z + an, ag, a1, ..., an € R, ag #0,
has real coefficients. If
(14) a% — 2apas < 0,

then P(z) has complex, non-real Toots.

PrOOF. It follows from (13) and (14) that

a% — 2apas ai 2 as 9
0 > ——5—=9—¢ —2:-—=0b{—-2b
ao agp ao

= {~(a1+a+ 4o}’ —2{aiaz +ajaz + -+ ap_10,} = +af +---+ a2,

Since the sum of the squares of all roots is negative, they cannot all be real numbers. [

Remark 1.4.1 It follows actually from the proof that it suffices only to require that b; and by are
real, and then of course (14). The remaining coefficients may be complex. ¢

Example 1.4.1 Every polynomial of the special form
P(z)=agz" +0- 2" 4 ap2"2 + .- +ay, ag, as, ..., a, € R,

where a; = 0, and where ag and as have the same sign, i.e. agas > 0, must necessarily have complex
roots. This follows immediately from Theorem 1.4.1, because then

a% — 2apas = —2apag < 0.
If in particular we choose ag = a2 = 1 and a; = 0, then it follows that every polynomial of the form
V22 agzV 4t ap, as,...,a, € C,

must have complex roots. One simple example is the well-known 22 + 1. ¢

1.5 Rolle’s theorems.

In this section we show some variants of the well-known Rolle’s theorem, when it is restricted to
polynomials. We shall first prove the general r esult.

Theorem 1.5.1 Rolle’s theorem. Assume that f(t) is a real continuous function defined in a closed,
bounded interval [a,b]. Furthermore, assume that f is continuously differentiable in the interior in-
terval |a,b[. If f(a) = f(b) =0, then there exists at least one point £ € |a, b, such that f'(§) = 0.
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Figure 2: Rolle’s theorem.

ProoOF. We shall give a proof which is very similar to the proof of Taylor’s formula in Appendix 5.3.
It follows from f(a) = 0 that

f(:c>=f(a)+/mf’(t)dt=/xf’(t)dt for a < x <b.

We get in particular for z = b,

b
(15) f(b) =0 :/ F(t = dt.

If f/(t) =0 in [a,b], there is nothing to prove.

If f'(t) is not identically 0, then f’(¢) must have both positive and negative values in la,b[, since
otherwise (15) could not be satisfied. By assumption, f’(t) is continuous in ]a, b[, so there must exist
(at least) one £ €]a, b[, such that f/(§) =0. O

We shall in the following choose f = P as a real polynomial (i.e. of real coefficients) of degree n in
the real variable z € R,

(16) P(x) = apz™ + a1z" ' + -+ a,, agy---,a, ER, ag#0, xz€R.

Theorem 1.5.2 Let P(x) be gives as in (16), and let a < b be two succeeding real zeros of P(x).
If the roots are counted according to their multiplicity, then the derivative P'(x) has always an odd
number of zeros in the interval |a, b[.

ProoF. We first assume that all roots of P’(z) are simple. Since P(x) does not have zeros in a, b,
we may assume that P(z) > 0 in ]a, b[.

The zeros of P’'(x) divide ]a,b[ into open subintervals, in which P’(z) is alternatively positive and
negative. Since P(x) > 0, we must have P’(x) > 0 in the subinterval, which has z = a as its left
bound, and P’(z) < 0 for « in the subinterval, which has z = b as its right bound.
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Figure 3: The sign of P’(x) in [a, b].

It follows that we have the following variation of the sign of P’ (x),

+a07 _707+707_7"'7_707+707_
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We notice that between two successive plus signs there are always two zeros of P’(z). This implies
that the final zero to the right cannot be paired with another zero. The sequence ends with +, 0, —,
and the number of zeros of P’(x) must therefore be odd in this case.

Then allow that P’(x) has a higher order of zero in the case of either +, 0, —, or —, 0, +. This implies
that the order of the zero must necessarily be odd so in the count of the zeros we replace 1 by some
odd number. This does not change the conclusion of the theorem.

Finally, if the variation of sign of P’(x) is either 4, 0, 4+, or —, 0, —, then the zero must be of even
order. In this case we replace the variation +, 0, + by + alone, and the variation —, 0, — by — alone,
where we in both cases add an even number to the number of zeros. This process will not change the
conclusion either, and the theorem is proved. [

Theorem 1.5.3 Let P(z) be the polynomial (16), and let o < B be two successive real zeros of the
derivative P’ (x).

1) If P(a) - P(B) > 0, then P(x) has no zero in Jo, (3].
2) If P(a) - P(B) <0, then P(x) has precisely one zero in |, .

PROOF. 1) Assume that P(«), P(8) > 0, and that there is a £ €]a, 5], such that P(£) = 0, so we aim
at getting to a contradiction.

It follows from the assumption that there exists a v €]«, €[, such that P'(y) < 0, and a p €], 3],
such that P’(u) > 0. Since P’(zx) is continuous, there also exists a v € ]y, u[, such that P'(v) = 0.
Then we have also v € ]a, B[, which contradicts the assumption that « and 3 are successive zeros of
P’'(x). Hence, P(x) # 0 for every x € a, §].

2) Assume that P(«a) - P(8) < 0, so P(«) and P(() have different signs. The continuity of P(z)
implies that there exists a zero £ € |a, ] for P(x), thus P(§) = 0.

Assume that there exists another zero in the interval, e.g. p €]a,¢[, such that P(u) = P(§) = 0.
Then Theorem 1.5.2 implies that there exists another zero v €]u,&[ of P'(z). Since v €]a, B, this
contradicts the assumption that o and § are two successive zeros of P'(z). O

Corollary 1.5.1 Let P(z) be the polynomial (16). If the derivative P'(x) has p complex roots (i.e.
non-real roots), then the polynomial P(x) itself has at least p complex roots.

PROOF. The degree of P(x) is n, so P'(z) has degree n — 1, and P’(x) has by assumption n — 1 —p
real roots.

It follows from Theorem 1.5.2 and Theorem 1.5.3 that the polynomial P(z) has at most one extra
real root, thus at most n — p real roots of P(x), and hence at least n — (n — p) = p complex roots of
P(z). O

Corollary 1.5.2 Let P(x) be the polynomial (16). The number of complex roots of the derivatives
PUN(z), j=0,1,...,n, is a weakly decreasing function in j.
Here we have put PO (z) := P(x).
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ProOF. This follows immediately by successive applications of Corollary 1.5.1. [

Example 1.5.1 If we can find the roots of the derivative P’'(z) of a polynomial of real coefficients,
then Rolle’s theorems can be applied to find where the real roots of P(x) are situated on the real axis.
This is always possible, if P(x) has degree 3, or if P(z) has degree 4, where the term of degree 3 is
missing. The latter condition can always be obtained by using a translation, cf. Section 1.2.1.

We shall illustrate this in the following by some examples.

V6

1) Consider the polynomial P(x) = 23 — 2z — 5. Then P’(z) = 322 — 2, which has the roots i?.

We find by insertion the following variation of sign of P(x),

e VB VG

3 3
- - - + 00

— 400

V6

from which we conclude that there is only one real root and that it is > 5

2) The polynomial P(x) = 23 + 2% — 5z + 3 has the derivative P'(z) = 32% + 2z — 5, which has the
5
roots —3 and +1. We get by insertion the following variation of sign of P(z).

1 — 400

0 +

5
from which follows that x = 1 is a double root and that there also is a real root < ——. This is

easy to find by Vieti’s formulae, because the sum of the roots, 1+ 1+ «, must be —a; = —1, hence
a=—3.

3) Finally, let P(z) = 2* + 1222 4+ 96z — 12. Then
a% — 2agas = —24 < 0,

so it follows from Theorem 1.4.1 that we have at least two complex roots. Since P(0) = —12 <0
and P(z) — +oo for z — £o00, we must also have at least two real roots. Finally, the total number
of roots is 4 by the Fundamental theorem of algebra, so we conclude that we have two real and two
complex roots.
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2 Some solution formulz of roots of polynomials

There are very few exact solution formulae of a polynomial equation P(z) = 0. The reason is of course
Niels Henrik Abel’s result that P(z) = 0 in general cannot be solved by root signs, if deg P > 5. (It
may of course occasionally be solvable). We shall in this chapter give the exact solution formulee in
the cases of the binomial equation and the equation of second degree.

There exist exact solution formulee for equations of third and fourth degree, but these are absolutely
not of any reasonable computational value, so although they are classical, we shall not give them here.

Finally, we give some useful partial results, assuming either that we have a rational root or a multiple
root.

2.1 The binomial equation.
The simplest possible non-trivial polynomial equation is the binomial equation in polar coordinates,
2" =a=r-exp(i{O© + 2p7}), r>0andp € Z.

Its n roots are given by

(17) z = {’/;~exp<i@Jr2mr> = W~{COS<W> +i~sin<@+2p7r)}, p=0,1,...,n—1.
n n

n

That everyone of the n numbers of (17) are roots, follows by insertion. That they are mutually

2
different for r > 0 follows from the fact that they all lie on a circle of radius ¥/r with the angle il
n

between two adjacent roots, cf. Figure 4.

Figure 4: The six roots of 26 = —1.

Finally, it follows from the Fundamental theorem of algebra, cf. Corollary 1.3.1, that the equation has
precisely n roots.
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The geometry of (17), cf. Figure 4, can be exploited in the following way: Rewrite (17) as follows,
24 24
z= {’/F~exp<i9> ~exp< zpw) :zo~exp< zpw) ) p=0,1,...,n—1,
n n n

O
where zg = {/r-exp (z — | is anyone of the n possible solutions. Then the other roots are found, when
n

we successively multiply zg by

2w 2m .. (27
exp o = cos o +17-sn o

1,2,...,n—1 times.
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Example 2.1.1 We shall solve the binomial equation

2= —-2-2i.
-
*‘2 'l -l {
4
0
1-i
-2-2i -2
Figure 5: The three roots of 23 = —2 — 2i.
Since |a| = | — 2 — 2i| = 22 = {\/5}3, it follows that all three roots lie on a circle of centre 0 and
radius /2.

Then it follows from © = Arg a = Arg(—2 — 2i) = —?% that one of the solutions is given by

z1 = ﬂ-exp(—i Z) = \/i{cos(—g) +1 sin(—%)} =1—3q.

211

The remaining two roots are either found geometrically, cf. Figure 5, or by multiplication by exp (3)

A
and exp <;m)’ resp., thus

z2221exp<2§i> =(1—i){—1+i\/§}: \/3—1_'_2.\/3—%17

2 2 2 2
and
4 _ 1 V3 V3+1l  V/3-1
23 zlexp<3> ( z){ 2—!—1 5 } 5 i 5 O

2 2
It is customary in the solutions to give the exact values of cos ( and sin ) forn=2,3,4,6, 8, 12,
n n

cf. Table 1, where we have also added n = 5 and n = 10 for completeness. It should be mentioned
that such exact expressions using square roots do not exist for n = 7, 9, 11, 13, 14, but again for
n = 15, 16, 17, where, however, they are too complicated to have any practical use.
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5 4 5 1
6 cos(%) = %/5 sin(%) :\/2\/5
m . (T
8 | cos (Z) =5 SIH(Z> =5
2@ -0 an(p)-

2 2
Table 1: Table of some exact values of cos (;) and sin (Z) .

If in particular the exponent is n = 2 in the binomial equation, then it is possible to give exact solution
formulee in the rectangular coordinates without using polar coordinates.

Theorem 2.1.1 Given the equation
2 _ Y R .
22 =(z+iy) =a=a+ib.

1) If 8 > 0, then the solutions are

I \/ a2+2ﬁ2+a+i\/\/a2+2ﬁ2—a

2) If B < 0, then the solutions are

—_— \/ a2+ 2+« i\/\/oﬁ—i—ﬁQ—a
- 2 B 2

3) If B =0, then the solutions are

In all three cases we define the square root of a positive number as a positive number.
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Proor. It suffices to prove 1), because 2) and 3) are proved similarly. We shall clearly only check
the candidates of the solutions. The plus/minus sign gives us two possible solutions, and a squaring
finally gives

N \/ a2+52+a+i\/\/m—a
2 2

2 2 2 2 _ 2 2 _ 2
_ Vo +2ﬂ ta Vo +2ﬂ a+2i /W:a—kiﬂ:a,

and 1) is proved. O

2

Example 2.1.2 In practice, Theorem 2.1.1 rarely gives “nice” solutions, though it occurs in special
cases. Clearly, the equation

22 =344 has the solutions + (2 + ),
and the equation
22 =5+12i has the solutions =+ (3 + 2).

In general, the formulse of Theorem 2.1.1 become messy. ¢

2.2 The equation of second degree.

The usual solution formula of the polynomial equation of second degree with real coefficients is still
valid, when the coefficients are complex. The only modification is that we shall choose one of the
two possibilities of the square root /b2 — 4ac, which is one of the solutions of the binomial equation
22 = b? — 4ac of degree 2.

Theorem 2.2.1 The solutions of the polynomial equation of second degree
azr+bz+c=0,

where a € C\ {0}, and b, c € C are constants, are given by

(18) z = % {—b:l: vV b? —4ac}.

PRrROOF. Let Vb2 — 4ac denote one of the two solutions of the binomial equation w? = b> — 4ac. The
number of candidates of the solutions is two, so it suffices to check the candidates in the original
equation. A rearrangement of (18) gives

b Vb2 —4dac
24+ —=x—
2a 2a

hence, by a squaring,

b? b? — dac _ b2 c

b
2,0 b _v—4ac 07
“ +az+4a2 4q? 40?2 o’

Download free ebooks at bookboon.com


http://bookboon.com/

Please click the advert

Methods for finding (Real or Complex) Zeros in Polynomials Some solution formulee of roots of polynomials

which is reduced to
b
24 -2+ Soo.
a a

Finally, we multiply by a to get the original equation. [

Example 2.2.1 The equation 22 — 2z — 2 — 4i = 0 has the solutions

1

2:5{21 4—4(—2—41‘)}:11 1+(2+4z’):li\/3+4z’:11(2+i):{ 3+1,

14,
where we have used that ++/3 + 4i = +(2 + i), cf. Example 2.1.2. A check shows that

a1 +ag=2=—a and arag = =3+ 1—4i=—-2—4i = qs. O
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2.3 Rational roots.

If all coefficients ag, ..., a, € Q of the polynomial P(z) are rational numbers, then there is a limited
set, which is easy to find, of possible rational roots, where we just have to check each one to see, if it
indeed is a root of P(z). first notice that we showed in Section 1.2.2 that if P(z) has only rational
coeflicients, then we could find an equivalent polynomial with only integer coefficients, and even obtain
that by = 1. We shall not need this stronger result here, so in the following it is sufficient to assume
that all coeflicients are integers.

We introduce the following notation. Assume that p and ¢ € Z, where q¢ # 0. We say that ¢ is a
divisor of p and write g|p, if there is an r € Z, such that

p=q-r.

Theorem 2.3.1 Assume that the polynomial
P(z) =apz" + a1z" V4 an_1z + an, ag, a1, - ., an € Z,

has integer coefficients, where ag # 0.
Assume that z == € Q is a rational root of P(z), where p € Z and g € N do not have other common

q
divisors from Z than £1. Then

plan and qlao.

PrOOF. We assume that P (p) = 0, where p € Z and ¢ € N do not have other common divisors than

q
+1. Then

0=4¢" P(Z) = app" + a1p" g+ -+ an1pg" T + ang”,
hence by some rearrangements,

plaop" "+ ap" g+ + an—1¢" "} = —ang”,
and

q {alpn—l < azpn—Qq Lt anqn—l} _ _aopn.

Since ag, ..., an, P, ¢ € Z, and p and g have only the trivial common divisors, it follows from the first
equation that pla,, and from the second one that g|ag. O

In practice Theorem 2.3.1 is applied in the following way. Assume that the polynomial equation
P(z) = 0 has only integer coefficients. Let {q1,...,q¢} be all mutually different (positive) divisors in
ag, and let {p1,...,pr} be all mutually different (positive) divisors in a,. Then the possible rational
roots (if any) must belong to the set

{j:pi ’ il,...,kandjl,...,é}.
i
Finally, we check all these at most 2k¢ possibilities.
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Example 2.3.1 We shall solve the equation
P(z2)=2>4+32-4=0

of integer coefficients. First notice that since a; = 0 and ag - as > 0, it follows from Example 1.4.1
that we must have two complex conjugated roots, and there is precisely one real root. If this root is
rational, it must be one of the elements of the set

{£1, £2, +4},

because ag = 1 and a,, = —4. It follows by inspection that z = 1 is a root. Then we get by a division,
Pz)=2*+32—4=(2—-1) (® +2+4).

Solving 22 + z 4+ 4 = 0 we get the remaining two roots. Summing up, the three roots are

1 Vi 1 V15

21:1, 22:754’7,7 and 2'3:7577,7.

The equation is of third degree, so it could in principle be solved by Cardano’s formula, which has
been omitted here. We shall here without details show why this is not done. In fact, if we instead of
the above apply Cardano’s formula, then we get after some very long and tedious computations that
the three roots are given by

f= {21 VE+ if2- VB,
522{—;+i\g§}\3/2+\/5+{—;—i\§} V2 — V5,
23={—;—i?}\3/2+¢5+{—;+i?}\3/2—\/5.

It is far from obvious that {z1, 22, 23} and {21, Z5, 23} describe the same set of points.

Since solutions by Cardano’s formula usually have the complicated structure of 2z, Zo, Z3 above, we
have decided here not to bring Cardano’s formula to avoid that the reader would be tempted to use

it. ¢

Remark 2.3.1 Theorem 2.3.1 does not assure that a polynomial of integer coefficients has rational
roots. In case of P(z) = 22+ 1 we have ag = 1, a; = 0 and ay = 1, so the candidates of rational roots
are +1. However, none of these is a root, the roots being the complex numbers +i. ¢

Remark 2.3.2 Assume that
P(z)=agz" +a12" ' 4 Fan_12 + ay, ag, a1, --., anp € C, ag #0.
Assume furthermore that every coefficient a; € C has rational real and imaginary parts,

aj:oszriﬁj, Otj,/BjGQ, 7=0,1,...,n.
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Then the method above of finding rational roots z, € Q still applies. In fact, if

P(]é):o, pe€Zand qg€eN,

where p and ¢ only have the common factors +1, then we get by splitting ¢"™ P <2) = 0 into the real
and imaginary parts that !

agp” + a1p" g+ apapg" T+ ang” =0,
and

Bop"™ + 610" g+ -+ BT+ Bug” = 0.

Multiplying by some constant from N we may assume that ag, ..., a, and Sy,..., 3, are all integers,
so it follows from Theorem 2.3.1 that

play, and p|B, as well as qlao and q|SBo.

Then it is easy to find all candidates of a rational root and then check it in the original equation. ¢
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Remark 2.3.3 Whenever the task is to find the roots of a polynomial it will always be a good strategy
first to check if the methods of this section apply. ¢

Example 2.3.2 We shall find all roots — if possible — of the polynomial
P(z) = 2% — 102° + 402" — 822° + 9122 — 52z 4 12

of integer coefficients.

0.84
0.6
0.4+

0.2

-0.2

-0.44

-0.64

Figure 6: The graph of P(z), which suggests that 1, 2, 3 are roots, though this is not a proof in itself.

Here, ag =1 and ag =12 =1-2-2-3, so by Theorem 2.3.1 the candidates of possible rational roots
are

+1, £2, £3,£4, £6, £12.
Then notice that P(z) > 0 for < 0, so every real root must be positive. This leaves us the possibilities
1,2,3,4,6, 12.
We get by insertion,
P(1)=0, P(2)=0, P(3)=0, P(4) =108, P(6)=6,000, P(12)=1,197,900,
so z =1, 2, 3 are roots, and
(x—1)(z—2)(z—3) =2 - 62> + 112 — 6
is a divisor in P(z), and we get by a division,
P(z) = (z —1)(z — 2)(z — 3) (z* — 42® + 52 — 2)..

The candidates of rational roots of the latter factor are x = 1, 2. Notice that they necessarily must
be included in the previous set. We get by insertion,

1¥-4.1245-1-2=0 and 2°-4-2245.2-2=8-16+10—-2=0,
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so both # = 1 and = 2 are roots in the latter factor. A division by (z —1)(z —2) = 2% — 32 + 2 gives

P(z) = (z—1)(z—2)(z—3)(2* — 42® + 5z — 2)
= (@-D-2)(z-3){z-1(@-2) (-1}
= (z-1)°@ -2 -3),
and the six roots are
1, 1, 1, 2, 2, 3.

) ) )

This example has been chosen as simple as possible. In general the computations are not that easy.

At the same time it is illustrated that we get more information of P(z) in the factorized form
P(z) = (z = 1)°(z = 2)*(z - 3),

than in the original form
P(x) = 2% — 102° + 402* — 8223 + 912% — 52z + 12,

so a rule of thumb is to keep a factorization of a polynomial as long as possible. ¢
Example 2.3.3 We shall find all roots of the polynomial

P(x) = 2° 4 22 — 22 4 222 — 32

of integer coefficients.

204

-304

Figure 7: The graph of P(z), which suggests that 0, 1, —3 are roots.

Obviously, z = 0 is a root, and we have P(x) = x - F(x), where

F(x) =2* 4+ 223 —22° + 20 -3
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is a polynomial of integer coefficients.

Here, ap = 1 and a4 = 3, so it follows from Theorem 2.3.1 that the candidates of possible rational
roots are £1, +3. We get by insertion,

F1)=1+2-2+2-3=0, F(-1)=1-2-2-2-3=-8#0,
F(3) =81054.18 46 — 3 # 0, F(-3)=81-54—-18—6—-3=0,
and we have proved, what was indicated on Figure 7 that x = 0, z = 1 and = = —3 are roots of P(z).

A division by (z — 1)(z + 3) = 2% + 2z — 3 gives the following factorization of P(z),
Px)=z-F(z) =z (2> +22-3) (2 + 1) = z(z — 1)(z + 3)(z — i) (z + 1),

and the five complex roots are

2.4 The Euclidean algorithm.
We shall here shortly describe how we divide a polynomial

P(2) = apz" + 12"t + - 4 ap, ao,...,a, € C, ag # 0,
by another one,

Q(2) = boz™ +b12™ 4 4 by, bo,...,bm €C, by # 0,

with remainder term, where we assume that m < n. Usually even m < n in this division algorithm,
and the remainder term is a polynomial R(z) of degree < deg @ = m.

If one does not use a computer, the best way is to use a so-called “gallows construction”,

Q) P()| -

For the given polynomials above the construction starts in the following way,

boz™ 4+ b1 2" b lagz™ + a1z - ag| (a0/bo) 2™

b
(Cl()/bo) zn—nl . Q(Z) — a()Zn + ag - bi Zn—l 4.
0
. . b1\ -1
Subtraction gives: a1 —ag - W z 4+
0

and then proceed similarly, until the bottom polynomial (the remainder term) has lower degree than
Q(2). Since the degree is lowered by at least 1 at each step, this construction contains at most n—m-+1
steps.
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Example 2.4.1 We shall find a and b such that z2 + z + 1 is a divisor of 2* 4+ 32 + 522 + az + b.
It follows by the division algorithm that
22 + x4+ 1z* + 323 + 52 4 ax + b2 + 2z + 2
z? + z° + :U2+
2202 + 42 +ax+ b
22 + 222 + 2z
22° 4+ (a — 2)x + b
22% + 20 +2
(a—4dz+b—2

If 2 + x + 1 is a divisor, then the remainder term must be 0, thus a = 4 and b = 2, and we get
et 4+ 323 + 522 + A +2 = (m2+m+l) (x2+2m+2).

The roots are

=

1
x:_ﬁiiT and x=-1=+1. O

o
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It is easy to understand the principle of the division algorithm above. However, if the coefficients
are not integers, the computations become usually very hard and tedious. In some cases one is only
interested in a constant times the remainder and not in the quotient itself. If the coefficients are
integers, then the third line in the gallows will usually have rational coefficients and not integers.
Multiply this third line by a constant, such that this new fourth line has integers as coefficients and
proceed in this way. Of course, in this case it does not make sense to indicate the quotient. Only the
remainder term times a convenient constant is here of interest.

In theoretical considerations one argues on the pure division algorithm as in the Fuclidean algorithm
described in the following.

Let Pi(z) and Py(z) be two polynomials, where deg P» < deg P;. Then by the division algorithm we
get a unique quotient Q1(z) and a unique remainder term P;(z), such that

Pi(z) = Pa(2) - Qi(2) + P3(2), deg P3 < deg Ps.
Then repeat this process with P»(z) and Ps(z), thus
Py(2) = P5(2) - Q2(2) + Py(2), deg P, < deg Ps,
where Q2(z) and Py(z) again are uniquely determined polynomials.

Proceed in this way, until we obtain an equation, in which the remainder is the zero polynomial. Thus,

Py = PQ1 + Ps, deg P53 < deg P,

Py :P3Q2+P4, degP4 <degP3,
(19)

Pm—2 :Pm—lQm—2+Pm.7 degpm <degpm—17

mel = PQOfb

It follows from the first line of (19) that a common divisor of P; and P, must also be a divisor of Ps.
Then the second line of (19) implies that this common divisor is also a divisor of Py, etc., so it must
be a divisor of P,,.

Conversely, it follows immediately from (19) that P,,|P,—1, hence also P,|Pp,—2, etc. so P, must be
a divisor in both P; and Ps.

Hence we have proved
Theorem 2.4.1 Given two polynomials Pi(z) and Ps(2). There exists precisely one normalized poly-
nomial D(2), i.e. the coefficient of the term of highest degree in D(z) is 1, such that all common

divisors of Py(z) and Py(z) are precisely all divisors of D(z).
We call D(z) the greatest common divisor of Py(z) and Pa(z), and we denote it by

D=(P,P,).

One usually finds D(z) = Pp(z) by means of the Euclidean algorithm (19) above.

Remark 2.4.1 If we are only interested in the remainder polynomials Py of (19) and all coefficients
are rational, it may be convenient to apply the modified division algorithm described after Exam-
ple 2.4.1. §
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Corollary 2.4.1 Let (P, P;) = D. If Q is a normalized polynomial, then

(PL-Q,P-Q)=D-Q.

PRrROOF. This follows from the fact that the Euclidean algorithm for P;@Q and P»>(Q is obtained from
the Euclidean algorithm for P, and P, by multiplying every division equation by Q. O

Example 2.4.2 We shall find the greatest common divisor of the two polynomials
zt =323 + 522+ —4 and 2 + 7ot — 823 + 52 —dx — 1.

This example will demonstrate that without a computer the Euclidean algorithm gives some very
tough and tedious computation to carry out by hand. We shall therefore not follow (19) strictly, but
use some shortcuts, whenever possible.

The problem can in fact be reduced, if we start by checking the possible rational roots +1. Of these
only x = 1 is a root of the latter polynomial, and x = 1 is also a root of the former polynomial, we
may reduce the problem considerably by a division by z — 1.

We shall in the following assume that we have not noticed that £ = 1 is a common root of the two
polynomials. Then by the division algorithm,

ot — 323 + 527 + o — 42’ + 7ot — 823 + 527 — 4o — 1|z + 10
2’ =32 + 523+ 2? — 4z
10z* — 1323 + 422 -1
10z* — 302 + 5022 + 10z — 40
1723 — 4622 — 10z + 39

Then multiply the first divisor * — 323 + 522 + 2 — 4 by 17 and divide the result by the remainder
term 1723 — 4622 — 10z + 39,

172% — 462> — 102 4 39|17z* — 512° + 852> + 172 — 68|z
172" — 462° — 102* + 39
—52% + 952 — 222 — 68

The next division is not nice, so we use the modified algorithm, multiplying the remainder by —17,
before we proceed,

172° — 462° — 10z 4 39[852° — 16152 + 374z + 1156|5

8522 — 23022 — 50z + 195
—13852% + 4242 + 961

We change the sign of the remainder term, and the theory then tells us that we shall divide 138522 —
4242 — 961 into some multiple of 1723 — 4622 — 102 + 39, so the factor should be chosen as 1385. This
does not look too nice, so instead we notice that 1385x2 — 424x — 961 is a polynomial of second degree
with a known solution formula. The roots are

961

1 and - —,
1385
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SO
138522 — 4242 — 961 = (x — 1)(1385z + 961).

It follows by insertion that x = 1 is also a root of 1722 — 4622 — 10z + 39, and it follows by the division
algorithm that

r — 1]172% — 4627 — 102 + 39|172% — 292 — 39

1723 — 172>
—29z2% — 10z + 39
—2922 + 29z
—39z + 39
—39z + 39
0

where the remainder is 0, so
172° — 462* — 10z + 39 = (z — 1) (172% — 292 — 39) .
The possible rational roots of 1722 — 29z — 39 are

1 3 13 39
£, 3, 13, £39, o £o. Eo. E

Clearly, none of these is equal to — so the only common root is x = 1, and the largest common

61
o ] 1385’
divisor is

D(x)=z-1. O

2.5 Roots of multiplicity > 1.
It is sometimes possible by applying the Euclidean algorithm to find the roots of multiple multiplicity.

Theorem 2.5.1 Given a polynomial P(z). The roots of multiple degree of P(z) are the roots of the
greatest common divisor Dy = (P, P') of the polynomial P(z) and its derivative P'(z). Each of the
roots of Do has a multiplicity which is 1 smaller than its multiplicity in the original polynomial P(z).

PrROOF. Write

(20) P(z):a(zfal)pl'”(zfar)pra pla"'apr>17

where aq,...,a, denote the r mutually different roots. Then

P'(z) = a-pl(z—al)pl_l(z—ag)pz-~-(z—ar)pr

ta-py(z—a) (z— )t (2 — )T

4.
+a Dy (Z _ Oé]_)pl . (Z _ aril)p7~,1 . (Z _ ar)pm—l
21) = a(z—a)" " —a) iz —a) - (z—an)+ 4 (z—ar) (2 — 1)}
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. . . ¢
If we put z = «; into the latter factor of (21), all terms disappear with the exception o
we =qj

(22) pj(aj —a1)--(aj —a;j-1)-

(o —

Tt follows from (20) and (22) that

ajH)...(ajfar);éO.

- pr—1
Dy=(PP)=(:—a)" " (z =),

isp;, =1. O
where we of course remove all factors where the exponent is p;

i ntl g pntl has roots of
E le 2.5.1 We shall find all n € N, for which the polynomial (z + 1) + 2" 4+ 1 has
xample 2.5.
multiplicity > 1, i.e. we shall find n € N, such that

n n+1
P(z) = (z 4+ 1)" " 42" 1

and  P'(z2)=Mm+1){(z+1)"+2"}

ave ot .€. Ie reate - / [) S/ 10fd I > 1
h o1minon ro S’ 1 g St C d S (Z) ( 5 ) S g
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Methods for finding (Real or Complex) Zeros in Polynomials Some solution formulee of roots of polynomials

Using the Euclidean algorithm we get

z+1D)"+2"(z+1)-(z+1)" + z-2"+1z+1
+D)-+D)"+(z+1) 2"
—2"+1

so the task is reduced to find common roots of the polynomials (z + 1)™ + 2™ and z™ — 1. This is of
course equivalent to find the common roots of

{z+D)" 42"} —{z"-1}=E=+1)"+1 and 2" —1.

The roots of (z + 1)™ + 1 lie on a circle of centre —1 and radius 1.
The roots of 2z — 1 lie on a circle of centre 0 and radius 1.

Figure 8: The roots lie on both circles.

The only possibilities are, cf. Figure 8,

1 2
”iiﬁzexp +27)
27" 3

It only remains to find n € N, such that these two numbers are roots in both (z 4 1)" and 2™ — 1.

Notice that if

1 3 21
zoz—iz’f:exp(i?)» then z20+1=

3 .
5 5 ii\f:exp(im>

2

N | =

with corresponding signs. Hence,

9
2y = exp(:t z;wr) =1 forn=3p, peN,

and
(20 +1)" = exp(ﬂ:zgﬂ) =-1 forn=32p+1),peN,
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and we conclude that the possible exponents must have the structure
(23) n=3(2p+1), p € Np.
Then by insertion,
P(z)=(20+ )"+ 20 1=~ (204+1) +20+1=0,
and
P'(zg)=(n+1){(z0+1)"+ 20} = (n+1){-1+1} =0,

thus it follows for the given exponents (23) that
1 3 2i
,z():ffj:i£ = exp L2
2 2 3
are indeed roots of multiplicity > 1, and there is no other possibility.

Finally, it follows from

P’ (%) = (n+1)n {(zo +1)" 7+ zS‘l} = (n+1n { exp (4[2;) +exp <¢2§T> }

(n—i—l)n{— <;$Z\é§> + <—;$i\g§>}:—(n+l)n7§0

that the multiplicity is 2 in both cases.

Returning to Theorem 2.5.1 it follows that we can repeat the process on Ds. This means that the
roots of D3 := (Daq, D}) are the roots of P(z) of at least multiplicity 3, and their multiplicities in D3
are their multiplicities in P(z) minus 2. If D3 is not a constant, then proceed with Dy := (D3, D}),
ete.

Summing up, we get a sequence of polynomials of decreasing degrees,

D =P all roots of P,
Dy = (P, P') all multiple roots of P,

(24) D5 = (D4, D}) all roots of P of at least multiplicity 3,
D; = (Dj,l,D;_l) all roots of P of at least multiplicity j.

Obviously, this process stops after a finite number of steps.

We immediately get from the above

Theorem 2.5.2 Let the D; be defined by (24). If Djy1(z) # 0, then the roots of the quotient
D;(z)/Djt1(z) are all simple. They are the roots of P(z) of precisely multiplicity j.

Theorem 2.5.2 is convenient in the sense that the multiple roots of P(z) of multiplicity j are the simple
roots of the simple polynomial D;/D;, where one could hope for more efficient solution methods,
because the degree of D;/D,; is smaller. The disadvantage is of course that it cannot be used, when
P(2) has only simple roots, because then Dy = (P, P’) = 1.
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Example 2.5.2 Given the polynomial
P(z) = 2% =325 + 72* —102% + 822 — 52 + 2.
We shall factorize P(z) in the following way,
P(z) = Gi(2) - G3(2) -+ G (),

where G4(z) is the product of all factors z —a;, corresponding to the roots of multiplicity ¢, and where
m is the highest multiplicity of roots in P(z).

We first check for possible rational roots, cf. Section 2.3. These can only be one of the numbers +1
and £2. Since the terms of P(z) have alternating signs, —1 and —2 are not possible roots. Then we
get by insertion,

P1)=1-3+7-10+8—-5+1=0,
and
P(2)=64—-3-324+7-16—-10-8+8-4—5-2+2=8+36— 10+ 2 = 36.
We conclude that z =1 is a root.
Since
P'(z) = 62° — 152* +282% — 302 + 162 — 5, and  P'(1) =0,
and
P"(2) = 302" — 6023 + 842% — 60z + 16, and  P’(1) =10 #0,

we conclude that z = 1 is a root of multiplicity 2, and (2 — 1)? = 22 — 2z + 1 must be a divisor in
P(z). We get by division,

22— 224+ 1|2% =325 + 72 — 1023 + 822 — 52+ 22 — 2P + 427 — 2+ 2

20 — 225 4+ 24
—2° 4+ 62* —102% + 822 — 52+ 2
25424 23
4zt — 923 4822 — 5242
420 — 823 4 422
—22 4422 —52+2
—22 4222

222 — 4242
222 — 4242
0

We conclude that

(25)  P(2) =20 =325+ 72" — 1022 + 822 — b2+ 2 = (¢ — 1)? {2* — 2% + 42" — 2 + 2},

Download free ebooks at bookboon.com


http://bookboon.com/

Please click the advert

so the investigation is then reduced to the polynomial
Pi(z2) =223 +422 — 2+ 2, where  P{(z) =42° — 32 + 82— 1.
We divide Pj(z) into 16P;(z),
423 — 32 + 82 — 1]162* — 162° + 642% — 162 + 32/4z — 1
1621 — 122° + 3227 — 42
—42° +322% — 122 + 32

423+ 322— 8z+4 1
2922 — 4z 431

The remainder 2022 — 4z + 31 has the roots

2 £1v895
29 ’
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which by insertion are seen not to be roots of 423 — 322 + 82 — 1. We therefore conclude that (25) is
the factorization with

Gi(z) =2t — 23 4422 — 2 42 and Go(z) =2—1.

The simple roots (two pairs of pairwise complex conjugated roots) of G1(z) cannot be found with the
methods known so far in this investigation. ¢

Example 2.5.3 Let P(z) be a polynomial of rational coefficients. Assume that « is the only root of
multiplicity v. We shall prove that « is rational.

From Theorem 2.5.2 follows that we can write
P(2) = G1(2)G3(2) -~ G (2),

where by assumption,
Go(z) = (z - )",

and where in general, G;(z) has the simple roots which are precisely the roots of P(z) of multiplicity
j. We get by the Euclidean algorithm,

Dl = (P, P/) — G2G§-~-GZ*1..,GZ*1
Dy = (D1, D7) = G3G3---Gv2...Gn 2,
D,y = (D,_o, D;/—Q) = G,---GrviL

D, = (Dv-1,D,_1) = Gugr--Gr7Y,

Dpy = G,.

Since rational coefficients are preserved by the Euclidean algorithm, G,,, must have rational coefficients.
Then also

Pi(2) = P(2)/G}(2) = G1(2)G3(2) -+ G 1 (2)

must have rational coefficients, and we can repeat the procedure from the very beginning of this
example on P;(z). The conclusion is, that G,,—1(z) must have rational coefficients, etc., so every
G (z) must have rational coefficients. For j = v we get G,(z) = z — a, because no other root has
multiplicity v. We therefore conclude that o € Q is rational. ¢

Example 2.5.4 We shall reconsider the polynomial

P(z) = 2% — 1025 + 402* — 8223 + 9122 — 522 + 12
of Example 2.3.2. This time we shall find its roots by using Theorem 2.5.2 instead.
We get

P'(z) = 62°—50z* + 1602 — 24622 + 1822 — 52
2 {325 — 252" + 802% — 1232° + 91z — 26} .
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If we divide P(z) by P’(z) we get a quotient of the form Qg(z) = az+ (3 and a remainder term. This
shows that it would be better to divide

32P(2) = 92° — 9025 + 36027 — 73823 + 81922 — 4682 + 108

by

1
3 P'(z) = 32" — 252% +802° — 12322 + 912 — 26.

At this step we can leave the division to the reader for exercise. The result becomes

32P(z)=(32-5)- % P'(z) — {52* — 312% + 692 — 65z + 22} .
Then we divide

52. % P'(2) = 752° — 6252 — 20002% — 30752% + 22752 — 650
by
Ro(z) = 52* — 3123 + 6922 — 652 + 22.
The result is

% P'(z) = (152 —32)Ro(z) — 272° + 10822 — 1352 + 54

= (152 —32)Ro(z) — 27 {2* — 42% + 52 — 2} .

Then divide Ry(z) above by the modified remainder

Ri(z) =2% —422 +52—2
to get

Ro(2) = (52 — 11) Ry (2),

so we conclude that the greatest common divisor is

Di(2) = (P(2), P'(2)) = Ri(2) = 2° — 422 + 52 — 2.

We check if D;(z) has multiple roots. First,
D(z) = 32% — 82 +5,
so we get by a polynomial division,
32D1(2) = (32 —4)D)(2) — 2(z — 1),
where the remainder is Ry(z) = z — 1. Then finally,

Di(2) = (32 = 5)Ra(2),
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and we conclude that
Ds(z) = (D1(2), Di(2)) = 2 — L.

Summing up, we have proved that

P(z) = 2°5-1025+402% — 8223 + 9122 — 522 + 12
(26) { Di(z) = 25—422+52-2
Dy(z) = z-1
It follows from Dy(z) = z — 1 that z =1 is a root of multiplicity 3. By a division,
P(z) 3 2
Go1)p =2 =72 +162+ 12
and
7D1(2> =2z—-2,
(z=1)°
so z = 2 must be a root of multiplicity 2 of P(z).
Finally
P(z)

Go1pe_22 ~ ”

and we conclude that

P(z) = (= 1)*(z — 2)%(z — 3).

An alternative method is to use (26) to get

P(z) 3 2
=2 —6z"+ 11z — 6,
Dl (Z)
where the simple roots of this quotient are all mutually different roots of P(z). Furthermore,
Dy (2) 2
=2"=-3z+2=(2—1)(2—2),
b (== 1)(z-2)

so z =1 and z = 2 are the roots of multiplicity > 2. Finally,

P(z) Di(z) _ P(z) - Dy(2) — 5 _3

where we have removed all factors of higher multiplicity. Hence, z = 3 is the only simple root, and
(z — 1)%(z — 2)%(z — 3) must be a factor of P(z). It follows again from the division

P(z)
(z=1)%(z=2)*( - 3)
that
P(2) = (2 —1)3(z — 2)*(z — 3). O

=z-1
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Methods for finding (Real or Complex) Zeros in Polynomialfosition of roots of polynomials in the complex plane

3 Position of roots of polynomials in the complex plane

3.1 Complex roots of a real polynomial.

Recall that a polynomial is called real if all its coefficients are real. The following well-known theorem
is here included for completeness.

Theorem 3.1.1 Let P(z) be a real polynomial. If a4 i3, 8 # 0, is a complex root, then the complex
conjugated o — i3 is also a complex root. In particular,

(z— (a+if)(z — (@ —iB)) = (z — @)® + % = 2% — 2az + o* + 32,
is a divisor of P(z) of real coefficients, so
P(z) = (2 — 20z + & + 3%) Q(z),

where Q(z) is also a real polynomial.
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Methods for finding (Real or Complex) Zeros in Polynomial®osition of roots of polynomials in the complex plane

PROOF. Assume that
P(z) = apz" + ar 2" Y an_1z + an, ag, a1, ..., ap € R,
has the complex root a 4¢3, where a, 8 € R and 8 # 0. Then
Pla+iB) = ag(a+if)" +ar(a+iB) " + -+ an_1(a+iB) +a, = 0.
Since the a; are all real, it follows by complex conjugation that also
Pla—iB) = ag(a —if)" +ai(a —iB)" ' + - +an_1(a —iB) +a, =0=0,
hence o — if is also a root of P(z), and since 8 # 0, we have o — i3 # « + i3, so
(z—(a+1iB))(z — (a —iB)) = 2% — 20z + &* + *

is a divisor of P(z) of real coefficients, so the quotient Q(z) is also a real polynomial, and
degQ = deg P — 2.

If we argue similarly on Q(z), it follows immediately that if o+ i is a root of order j, then oo —if is
a root of the same order j. [J

We mention in this connection a similar theorem with square roots instead of the imaginary “i”’, so
such a conclusion of a “twin solution” is not restricted to the complex case alone.

Theorem 3.1.2 Assume that all coefficients of P(z) are rational numbers, ag, ai, ..., an, € Q. If
P(z) has the root o + /3, where o, 3 € Q and /B ¢ Q, then o — /B is also a root of P(z).

PROOF. Assume that o + +/f is a root, where a, 3 € Q and /3 ¢ Q. Then

Pla+ /) ao(a—i—\/,g)n—i—al(a+\/ﬁ)n_l+...+an71<a+\/ﬁ>+an

n n—1
) n—igil2 n—=11\ i 1gi2
GOZ<]~>O‘ p +G1Z< j )04 Fe+ +an—1<a+\/ﬁ)+an
j=0 7=0
ao{a"+n~a"_1\/5+(g)a”—2ﬁ+...}+...+an

= Qi(a.B)+ /B Qz(a,B) = 0.
Since both Q1 (v, 8), Q2(c, ) € Q and /B ¢ Q, we must have Q1(a, 3) = 0 and Q2(a, 3) = 0.

Similarly,

Pla—+/pB) = a0<a—\/ﬁ)n+a1 (a—\/ﬁ)

n—1

+-Fan— (a—\/B)—&—an

n

n—1
- aoZ < ? > a" I (=1) 312 4+ ay Z < " ]_ 1 > "IN (—1)I I 4
=0

Jj=0

+an,_1 (a — \/B) + an,.
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The terms in which /3 does not occur must correspond to even j, in which case (—1)7 = 1. Summing
up, we get the same Q1 (a, 3) as above.

The terms in which /3 does occur as an extra factor must correspond to odd j, in which case
(—=1)? = —1. Summing up, these terms add up to —v/ - Q2(c, 8), where Q2(a, 3) is given as above.
Since Q1(a, B) and Q2(a, B) are the same in the two cases, we get

P (a=/B) = Qia,8) — /B Qala. ) = 0.
It follows that

(= (e +vB)) (- (e = VB)) = (=)= B =22~ 20z +a* - 3
of rational coefficients is a divisor in P(2),

P(z) = {2* =20z + o® — 8} Q(2),

where Q(z) has rational coefficients. O

3.2 Descartes’s theorem.
We have previously from time to time used that if a polynomial
P(z) = apx™ + a12™ ' 4+ -+ a,_17 + ao, z €R,

has only positive coefficients, a; > 0 for all j, then P(x) cannot have positive roots, and if the
coefficients are alternating, a; = (—1)? |a;| (or a; = (=1)?*1|a,|) for all j, then P(x) cannot have
negative roots.

We shall in this section derive some improved results concerning where the real roots are lying on the

real axis. We assume that the real polynomial is normalized, i.e. that ap = 1.

Theorem 3.2.1 If P(x) is of even degree, then P(x) has an even number of real roots (including the
possibility of no root at all).

If P(x) is of odd degree, then P(x) has an odd number of real roots. All roots are here counted
according to their multiplicities.

PRrROOF. The theorem follows from Theorem 3.1.1, which states that for real polynomials, non-real
roots are always given in complex conjugated pairs, so the number of non-real roots is an even number.
The fundamental theorem of algebra states that the degree of a polynomial is equal to its number of
roots, counted by their multiplicity, so the theorem follows by parity. [
Theorem 3.2.2 Given the real normalized polynomial

P(:z:):x"+a1x"71—|—~~-+an_1x—|—an, ai,...,a, € R,
Define constants H and L by

—H :=min{0,a4,...,a,} and — L =min{0,—ay,+az,...,(=1)"a,}.

If P(x) has a real root, then it must lie in the interval [-1 — L,1+ H].
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PROOF. If z > 1+ H > 1, then we get the estimates

" —1

P > n_H n—1 n—2 N=z"—H.
(z) > =z {z" 2"+ 1) =2 e

(x—l)m”—H-:r”+H>H-x”—H'x”+H_ H
r—1 z—1 -1

>0,
from which follows that P(x) has no real root > 1+ H.
A similar estimate shows that the polynomial

(—=1)"P(—2) = 2" —a12" ' 4 agz™ 2 — - 4 (=1)"a,

does not have any root —x > 14 L. Thus we conclude that P(z) does not have any root z < —1— L,
and the theorem is proved. [

If a,, # 0, then 0 is not a root, and there is a neighbourhood of 0 which does not contain any root
from P(x).
Corollary 3.2.1 Given the real normalized polynomial

P(z)=2" +a12" '+ +an_ 17+ ap, ai,...,a, € R and a, # 0.

Define N and M by

. ay Qn . 101 _9 Q2 an—1 0n
—N =min< 0, —,..., — and —M =min{0, (=)= (=) 2=, — ,— -
Qp [£2% QA (€29 Gp  An

If P(x) has a real root, then it must lie in one of the two intervals

}—007— 1 ] and

1T M +oo[.

L + N’
1

PRrROOF. Put z = —. Then
Y

1 Ay _ a
y”P<y> =any"+an1y”_1+---+a1y+1=an{y"+ly" 1+-~-+1y+1}.

n 2%
It follows from Theorem 3.2.2 that any real root y, if it exists, must lie in [-1 — M,0[U]0,1 4+ N].

1
Since y = —, we conclude that any real root must lie in the union
x

1 1
oo, — . O
} 0 1+M]U[1+N’+OO[
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Example 3.2.1 Let
P(z) = 2 — 42" + 620 + 202° — 22° — 227 — 4.
Then

—H = min{0, —4, 6,20, —2, —2, —4} = —4, hence H = 4,

and

~L = min{0,~4,-6,20,-2,2,~4} = —6,  hence L = 6,
because a19_13 = ag = —4, a19-10 = a9 = 6, a19_5 = a14 = 20, a19_3 = a1 = —2, A19_2 = A17 = —2
and a;9 = —4. If « is a real root, then o € [-1 — L, 1+ H| = [-7,5].
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Methods for finding (Real or Complex) Zeros in Polynomial®osition of roots of polynomials in the complex plane

Figure 9: The graph of P(z) = 2! — 4213 + 6210 + 202° — 223 — 222 — 4.

Furthermore,
Lo (1 19 L a7 4 3 9, 6 |
_—0p(=) = - _5yt4_ 2 _
1Y (y) y o+ 5 Y Y 5 Y +y 1
SO

1 3 1
mln{O, ' 9, 50 b 4} 9, thus 9,

and

1 _3 1

~M =min{0,-,5 2, —1,~
mln{727 ’2’ 74

}z—l, thus M =1,
: .. 1 1
so possible real roots must also lie in | —oco,—=| U |=,4+00].

2 6

Combining these results we see that possible real roots are limited to

] o [o]

It follows from Figure 9 that there is only one real root and it lies in the interval [0.7,0.8] C {

Lo

Theorem 3.2.3 Descartes’s theorem (1637). Let
P(a:):;v"—i—alx"_l—i-n-an,lx—i—an, ai,...,a, € R,

be a real normalized polynomial.

e The number of positive roots of P(x), counted by multiplicity, is at most equal to the number of
changes in sign in the sequence 1, ay, ..., ap.

e The difference between the two numbers is an even number.

In the count of changes of sign we only consider coefficients a; # 0 which are not zero.
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Proor. If P(0) = 0, then the root = 0 has some multiplicity k& € N. Since 0 is not positive, we can
divide by z* to get P;(z) = P(x)-2~* for z > 0. Then by continuity, P;(0) # 0, and Py (z) and P(z)
must have the same positive roots, all of the same multiplicity.

We may therefore in the following assume that a,, = P(0) # 0.

Theorem 3.2.3 clearly follows, if we can prove

Lemma 3.2.1 Let P(x) be a normalized polynomial of real coefficients, where P(0) # 0. If P(x) has
r positive Toots, then there are v + 2p changes of sign in the sequence 1, ay, ..., a,, where p is some
nonnegative integer, p € Ny.

PRroo¥F. Induction after r.

1) Ifr = 0, then P(z) has no positive roots. Then P(x) has constant sign for z > 0. Since P(z) — +00
for x — 400, this sign must be +, and we conclude that a,, = P(0) > 0.
The sequence 1, ay, ..., a, then starts and ends with positive terms. If aj is the first negative
term, then we search for the first following positive term ay, £ > k. It follows that we have two
changes in the subsequence 1, ..., ay.
Proceed in the same way with the subsequence ay, ..., a,, where both a, and a,, are positive, etc..
After a finite number of steps, each adding 2 to the count of changes of sign, we finally reach a.,,
and the claim follows for r = 0.

2) Assume that the lemma holds for some ry € Ny. We shall prove that it also holds for its successor
r=r9+1.

We assume that the polynomial P(x) has ro + 1 positive roots, and we choose one of them, « > 0.
Then

(27) P(z) = 2™ +a12" ' 4+ -+ a, = (x — a)Py(z),
where
Po(z) =2 '+ bz 4 by
must have 7 positive roots, because we by division have removed one positive root a from P(x).

Using the assumption of induction above, Py(x) has rg + 2pg for some py € Ny changes of sign in
its sequence of coefficients.

Then consider more closely the sequence of coefficients 1, by, ..., b,—1 of Py(x). Let by, be the
first negative of these, then by, the first positive of them after by,, etc., up to by, ,,, , which
represents the last change of sign.

We have schematically,

L T 3V R W

+ >0 - <0 + > (=1)r
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Then notice that the coefficients ag = 1, ay, ..., a, of P(x) are found from the coefficients by =
1, b1, ..., by—1 of Py(x) from (27) by the equations
ap=1, a1 =0b—aby, ay=by—aby, -+, an1=by_1—aby,_2, a,=-—ab, 1.

In particular,

ag =1, positive,
ax, = by, —aby,—1, negative,
ax, = by, —aby,_1, positive,
— _ —1)7o0
AXrr2py — b)\r0+2p0 ab)\r0+2p0—17 ( 1) )
an, = —ab,_1, (=1)"o.
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In the last equation we use that b, 1 # 0 must have the same sign as bxrg+2pp -
Then consider the sequence 1, aq, ..., a, of coefficients. According to the analysis above there
must be an odd number of changes of sign between 1 and ay,, an odd number of changes of sign
between ay, and ay,, etc., until we obtain an odd number of changes of sign between a Arg+2po and
an. In the total count we therefore get that the number of changes of sign is rg + 2pg + 1 plus an
even number > 0. This is precisely rg + 1 + 2p for some p € Np.

Lemma 3.2.1 now follows by induction, and then Theorem 3.2.3 is trivial. [J

Example 3.2.2 1) We have trivially one change of sign in P(z) = « — 1, so we must have a positive
root. It is of course z = 1.

2) The polynomial P(z) = 22 — 2 + 1 has two changes of sign, so we either have none or two positive

roots. Since the discriminant is negative, we must have none real root.

3) The polynomial P(x) = x* — 722 4+ 62 — 1 has no rational root. Its sequence of coefficients has
three changes of sign, so the polynomial has either one or three positive roots.
The polynomial P(—z) = 2* — 722 — 62 — 1 has one change of sign, so P(z) has one negative root,
cf. also Figure 10.

Figure 10: The graph of P(z) = x* — 722 + 62 — 1.

4) The polynomial
P(z) = 2 — 42" 4 620 + 202° — 22° — 227 — 4,

also considered in Example 3.2.1, cf. Figure 9, page 49, has three changes of sign in its sequence
of coefficients, so we have either one or three positive roots.
The polynomial

P(—xz) — ' + 42" 4 621 — 2025 + 223 — 222 — 4

has four changes of sign in its sequence of coeflicients, so P(x) has either none, two or four negative
roots. ¢

Download free ebooks at bookboon.com


http://bookboon.com/

Example 3.2.3 Consider the polynomial
P(x) =" +a1z" Vo Fan 1T+ an, ai, ..., ap €ER, a, #0,

of degree > 3. Assume that two successive coefficients are 0, thus a; = a;4+1 = 0 for some
i €{1,...,n —2}. The sequence of coefficients for P(z) is then

1, a1, ag, - .., Q;—1, 0, 0, Ai42y -y Qp,
(at most n — 1 numbers # 0), and the sequence of coefficients for (—1)"P(—x) is
1, —ay, az, ..., (=1)771 0,0, (=1 a0, ..., (=1)"a,.

We get an estimate of the number of positive roots of P(z) from the former sequence, and an estimate
of the number of negative roots of P(x) from the latter sequence. Since a,, # 0, it follows that 0 is
not a root.

Choose j, such that a; and aj+1 # 0, and then combine the two sequences above,
aj, Aj+1,
(=1)ay, (=1 a1
It follows that we have just one (horizontal) change of sign in this group of coeflicients.

If one of a; or aj41 is zero, we of course have no such change. Thus, combining the two sequences,
where we in each horizontal sequence have at most n — 1 coefficients # 0, we conclude that we can at
most have (n — 1) — 1 = n — 2 changes of signs in total in the two sequences. Hence, the polynomial
P(z) has at most n — 2 real roots, and thus at least one pair of complex conjugated roots.

For n = 3 we have only the possibility of 22 4+ a3, where the roots are found by solving a binomial
equation, cf. Section 2.1, hence the only real root is /—as.

For n = 4 we have the two possibilities

2t + a2’ + ay and xt + asx + ag.

Notice that e.g. * — 222 + 1 can be considered as a polynomial of degree 2 in the new variable z = 22,

and that we have two changes of sign. However, it has the four real roots 1, 1, —1, —1, so both 1 and
—1 are double roots. It is therefore in the result above essential that we assume that two successive
coefficients are 0. Otherwise the conclusion may be wrong. ¢

3.3 Fourier-Budan’s theorem.
Given a real normalized polynomial

Px)=a2"+az" ' 4+ +ap_12 + an, ai, ..., ap €R,
and put x = xg + t for any real 3. Then by a Taylor expansion,

P’ pn)
(wo) , .. (o) i

1! n!

P(Jfo—Ft):P(l‘o)—F
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where always P (zo) = n!. It follows from Theorem 3.2.3, Descartes’s theorem, that the number of
roots of P(z) in the interval ]zg, +00[ (counted by multiplicity) at most is equal to the number V (z¢)
of changes of sign in the sequence

P(xo), P’ (xo), ey p™ (mo) =nl,
and that the difference between the two numbers is even.

Given any half open interval |, §], closed to the right, the number of roots of P(x) in Jo, 8] (counted
by their multiplicities) must for some nonnegative integers A and B be

{V(e) =24} —{V(B) = 2B} = V(a) = V(B) — 2(A - B),
so this number is V(«) — V(8), modulo some even number. We shall prove that we always have
A> B.
Theorem 3.3.1 Fourier-Budan’s theorem. (Mentioned at lectures in 1797; published in 1820.) Let
P(z) be a real normalized polynomial of degree n.
1) The number V(x) of changes of sign in the sequence

P(z), P'(x), ..., P™(2)
is a monotone decreasing function, which is half continuous from the right.

2) For every interval |a, 8] the number of roots in this interval is at most V(a) — V(fB), and the
difference between the two numbers is even.

3) If x is negative and numerically large, then V(x) = n, and if x is positive and large, then V(x) = 0.

PROOF. Let z1, ..., zxy be all real numbers, which are roots in at least one of the polynomials
P(x), P'(z), ..., P™(x), and let 1, ..., 2 be increasingly ordered. Then each of the polynomials
P(x), P'(z), ..., P Y (z) must have constant sign in each of the intervals

]—00,1‘1[7 ]x17$2[7 ceey ]foluxN[a ]mN7+OO[7

which is supplemented with the trivial P(")(z) = n! > 0 for every x € R. Thus, V (z) must be constant
in each of these intervals.

Since clearly,
P(z) — 400, P'(z) — +o0, ..., P" Y(z)— +4oo  forz — +oo,

we conclude that P(z), P'(z), ..., P (z) must all be positive in |z, +00[, so V(z) = 0 in |z, +-00].

Then notice that
(=1)"P(z) — +o0, (=1)"'P'(z) = 400, ..., —P"V(z) =400 1z — —00,

which implies that P(x), P'(z), ..., P (z) are successively positive and negative in |—oo, z1[, so we
conclude that V(z) =n in |—oo, z1][.

Theorem 3.3.1 follows, if we can prove
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Lemma 3.3.1 Givenanyi=1,..., N. ThenV (z;) = V(z) for allz € Jx;, i1, and V (x;) < V(x)
for all x € lx;—1,z;[. In the latter case the difference is an even number, provided that x; is not a
root of P(x). If on the other hand x; is a root of P(x), then this difference is instead equal to the
multiplicity of the root x; in P(x) plus some even nonnegative number.

PrROOF. Consider the sequence P(x), P'(x), ..., P (x) at the point z; and in the two adjacent
intervals.
If 2; is a root of multiplicity m in P(x), then the first m numbers of P (x;), P’ (z;), ..., P™ (z;)

must all be zero, and then P(") (x;) # 0. Its value can be positive as indicated in Table 2, or negative
as indicated in the alternative (Alt.) of Table 2.

His @b0ook 1s Propucep with 1Text®
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LS T Alt. | Al | Al

(altern. | z; | (const.

. . r < x; Z; xT; >

signs) sign)
P(x) + 0 ¥ + 0 -
Pm=1(z) - 0 + + 0 -
P () + + + - - -

Alternatives

P () + + + - - - + |+ |+ -l - -
P+ (1) + 0 + +0 |- +| 0] - +] 0|+
PUE=1 (z) - 0 + +10]- +10] - -0 |+
PO (z) + + + - - - - - - + |+ |+
P™(z) + + +

Table 2: Possible variations of signs in the neighbourhood of z; in the proof of Fourier-Budan’s
theorem.

We shall take into account the possibility that there later on may be zeros in the sequence

P (xz;), P' (xi), ..., P™ (z;). One such example is given in Table 2 for the sequence
P (2;), ..., P (2;), where P®) (z;) and P®) (x;) are chosen positive in the main case, while
the possible alternatives are -, -, or +, -, or -, +.

Whenever PU) (z;) # 0, the function PU) must necessarily have the same sign in the two adjacent
intervals.

Thus, if both PY) (z;) and PUTD (z;) are # 0, then the pair (PY)(z), PU*+Y(2)), will contribute with
the same number (either 0, or 1) in the two adjacent intervals as at the point x; itself.

Assume that z; is a root of P(z). Then by Taylor’s formula,

P (1) m P(x) P (,)
P(z) = T(x—xz) +- thusm -

PO (2, plm=2) PO (2,
Pm=2(z) = P (2i) (z—2)+ -, thus (? o, PM(m)

2! T — ;) 2!

P () Pm=1)(z) P ()

(m—1) = (e ... - I el
P (z) = T (x—x)+ -+, thus s — T

for # — x;. It follows in this case that P(zx), ..., P(™=D(z) in the interval to the right of z; must

have the same sign as P(") (z;), while P~V (z) in the interval to the left of z; has the opposite sign
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x —oo | =2 | -1|0|1] 2] 400
P(x) =2 —a® 7356 +2r+5 | - S [ [ NE T
P'(x) = bzt — 922 +2 + + |+ |+ -]+
P"(z) = 2023 — 12z — 18z - - -0 -+ +
PO (z) = 6022 — 24z — 18 i e S B A B
P®W(z) = 1202 — 24 - - -l -+ ]+
PO)(z) =120 + |+ |+ |+ ||+ +
V() 5 514220 0

Table 3: Table of P(x), ..., P®)(z) and V(z) for x = —o0, —2, —1, 0, 1, 2, +00 in Example 3.3.1

of P™) (z;), and P2 (z;) has the same sign as P("™) (x;), etc.. Hence, there is no change of sign
in the subsequence P(z), ..., P")(z) at x; as well as in the interval to the right of z;, and there are
m changes of sign in the interval to the left of x;.

Concerning the possible subsequence P*)(z), ..., P®¥)(z) as in Table 2, a similar argument shows
that P+ (z), ..., P~ (z) have the same sign of P® () in the interval to the right of z;, while
in the interval to the left of x; the signs are alternating. Hence, there are just as many changes of
sign in the interval to the right of 2; of the subsequence P*)(z), ..., PY)(x) as at z; itself, namely
none, if the combination of signs of P*®) (z;) and P®) (x;) is either 4+, 4, or -, -, and it is 1, if this
combination of signs is either +, -, or -, +.

In the interval to the left of z; the number of changes of sign is even, if the combination of signs is
either +, +, or -, -, in fact = the largest even number < ¢ — k, and odd if the combination of signs is
either +, -, or -, +, in fact = the largest odd number < ¢ — k.

It follows from the discussion above that we have the same number of changes of sign in the interval
to the right of x;, and when we look at the interval immediately to the left of x; we have found a loss
of m changes of sign, when z; is a root of P(z) of multiplicity m, and an even number of changes
of sign of each subsequence of the form P®*)(z), ..., P)(z), and Lemma 3.3.1 is proved, hence as a
consequence also Theorem 3.3.1. [J

Example 3.3.1 Given the polynomial P(z) = 2° —4* — 322 4 22 4 5, we obtain Table 3 of the signs
of P(z), P'(x), ..., P®)(z), so we can compute the value of V(z) for various values of x.

The columns of —oo and 400 correspond to large negative and large positive x. It follows that all
real roots of P(z) must lie in the interval | — 2, 2], and that we have one root in ] — 2, —1[, none or two
roots in | — 1, 0], no root in |0, 1], and none or two roots in |1, 2].

It follows from Figure 11 that we have one real root in | — 2, —1], no root in | — 1, 1] and two real roots
in ]1,2]. The remaining two roots must be complex conjugated.(

Example 3.3.2 Consider the polynomial P(z) = % — 722 + 62 — 1 of Example 3.2.2. We choose
= —4, -3, ..., 2, 3, and then set up Table 4.

We conclude from this table that we have one root in the interval | — 4, —3], another one in the interval
]2, 3], and none or two real roots in the interval ]0,1], and none in | — 3,0]. ¢
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Figure 11: The graph of P(z) = 2% — 2* — 323 4+ 22 + 5 of Example 3.3.1.

x -0 | —4|-3|-2|-1]01]1]2]3]|+oc0
Plx)=at =722 +6xr -1 + + | - - e B e R I A
P'(z) =42® — 142+ 6 - S S T S e R B o B o
P'(x) = 1222 — 14 T e e e e B O I I o
PG (z) = 24z - - - - -0+ |+ ]+ +
PW(z) =24 + |+ |+ [ FH [+ ]+
V(z) 4 41333 [3[1]1]0] 0

Table 4: Table illustrating Fourier’s theorem in the case of Example 3.3.2.

3.4 Sturm’s theorem.

The problem of determining the number of real roots in a given interval was solved in 1829 by the
French mathematician Sturm. We shall apply the Euclidean algorithm on P(z) and P’(z). We write
in the present case the equations of division in the following way,

P(x) = P'(2)Q1(z) — Py(x),
P(z) = Py(z)Qax)— Pi(z),
Pyz) = Py(2)Qs(x)— Pila),
Prs(t) = Prs(1)Quos(x) — Pla),
Poa(2) Qo ()

This is also written in a more traditional way as
= Pl(2)Qi(x) + {P(2)},

(z)

() = {-P(a)} {-Qa(2)} + {-Ps(2)},
(z) = {-P3(2)}Qs(z) + Pu(z),
()
(z)

£
=
|

= P4(17) {*Q4(I)}+P5(I)a
= Ps(2)Qs(z) + {—Ps(2)},

etc.. Here we note that the first and the fifth equation have the same combination of signs, so these
will be repeated cyclically of period 4.

Thus, the changed form means that the quotients of the equations of division have been denoted
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Q1(x), —Q2(z), Qs3(x), —Q4(x), ..., and the remainders are —Pa(x), —P3(x), Py(z), Ps(x), .... This
means that (P, P’) is the normalized polynomial which is associated with Py, (x).

The polynomial P,,(x) is a divisor in all of the polynomials P(z), P'(z), Pa(x), ..., Pn(x).

We define the so-called Sturm chain as the sequence of polynomials,

Hle) = 3 G @)= g 5 B = 2 0o Hoa(e) = T o) = 22 =1
When the equations of (28) are divided by P,,(z), we clearly get
H(z) = Hi(z)Q:(x) — Ha(z),
Hy(z) = Hy(x)Qa(x) — Ha(x)
HQ(LE) = H3(CE)Q3($) - H4($)
(29) : :
Hm—l(x) = Hm—1<33)Qm—1(37) - Hm($>
Hm—l(x) = H, .T)Qm(l'),
H,,(x = 1,

where all polynomials have real coefficients.
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Assuming that P(z) is normalized, we get from the Fundamental theorem of algebra that
Pla)=(z—a)” (v —a)™,

where 1, ..., ay are the mutually different (real or complex) roots of P(x), and vy, ..., v, are their
multiplicities, so

V4t =,
and the largest common divisor, cf. Theorem 2.4.1, page 33, is
(PP)=(z—a))" ' (w =),
where we conventionally put (z — aj)o =1
Since P, (z) and (P, P’) have the same roots of the same multiplicities, we conclude that
Hx)=a(r—ai) - (x —as), a #0,

thus the polynomials H(x) and P(z) have the same (different) roots. Only in the case of H(z) they
are all simple.

After these preparations we formulate

Theorem 3.4.1 Sturm’s theorem. Let W (x) denote the number of changes of sign in the sequence
H($)7 Hl(x)v SR Hm(x)

Then W (x) is a monotonically decreasing function in x. It is half continuous from the right.
For every half open interval |a, 8], the number of mutually different roots of P(x) in |a, (] is equal to
W(a) = W(B).

PROOF. Let x1, ..., xny denote all real numbers, which are roots in at least one of the polynomials
H(x), Hy(x), ..., Hyn—1(x), where we assume that they form an increasing sequence.

In each of the open intervals |—oo, 1|, |z1,22], ..., |Jxn—1,2N][, N, +00[, each of the polynomials
H(x), Hi(x), ..., Hy—1(x) must have constant sign. Furthermore, H,,(z) =1 > 0 for all z. Hence,

W (x) is constant in each of the intervals mentioned above.

The theorem follows, if we can prove the following

Lemma 3.4.1 Let x1, ..., xn be given as above. Fore every i = 1, ..., N, the value of W (z;) is
equal to the value of W (x) in the adjacent interval to the right of x;.
In the adjacent interval to the left of x; the value of W (x) is given by

W (x;), if x; is not a root of P(x),

W(z) =
W (z;) + 1, if z; s a root of P(x).
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Main case Alternative case

r<x; | Ty | x> r<x; | Ty | T >
H(x) - 0 + + 0 -
Hy(x) + + + - - -
Main case Alternative case

Hypq(z) |+ + + - - -
Hk(l‘) 0 0
Hi11(2) - - - + + +

Table 5: Table of variations of sign at a zero x; and in the two adjacent intervals.

PrROOF. Consider the sequence H(z), Hy(z), ...
of ZTi.

, Hp(2) at x;, as well as in the two adjacent intervals

Since H,, (z;) =1 # 0, it follows from the equations (29) that two successive numbers of the sequence
H (z;), Hy (z;), ..., Hy (z;) cannot be 0 simultaneously.

Assume that x; is a root of P(z), thus also a root of H(x). Then the sequence must start with
H (z;) = 0, hence Hy (z;) # 0, and H; (x;) is either positive as indicated in the main case of Table 5,
or it is negative as indicated in the alternative case of Table 5.

If 2; is not a root of P(x), then it is not a root of H(x) either. Hence, the sequence starts with
H (xz;) #0.

It is possible that we later get Hy (x;) = 0 in the sequence. Since we never can have two successive
zeros in the sequence, both Hy_1 (z;) and Hyy1 (z;) are # 0. Using the formula from (29),

Hy—1(z;) = Hi (2:) Qg (73) — H41 (74), and  Hj (z;) =0,

we conclude that Hy_1 (x;) and Hyyq (z;) must have different signs. The main case in Table 5 has
+, -, and the alternative case has -, +.

For every given j, for which H; (z;) # 0, it follows that H;(z) has the same sign in the two adja-
cent intervals as at ;. Hence, for every j, for which both H; (x;) and Hj41 (x;) are # 0, the pair
(Hj(x), Hj41(x)) will give the same contribution (either 0 or 1) to W(z) in the two adjacent intervals
as at x;.

Assume then that x; is a root of P(z) of multiplicity m. Then, by Taylor’s formula,

P00 gyms and Play= 2@ g,

ml (m—1) "

P(z) = 4

so the two polynomials P(z) and P’(x) must in some interval |x;,z; + [ have the same sign (=
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T —o0 | =2 | -110 2 | 400
Px)=a®—a®=3+20+5 | - [ - [+ [+[+][+] +
P'(z) = 52* — 423 — 922 + 2 + ER T S N R
Py(7) ~ 3423 + 922 — 402 — 127 | - R R S
P3(w) ~ 7922 — 574x + 827 + + |+ |+ |+ - +
Py(z) ~ —3953x + 7578 + 4+ |+ |+ +] -] -
Ps(x) = some negative const. - - N -
W(z) 4 [ 4333 1

Table 6: Table of W(x) for z = -2, —1, 0, 1, 2.

same sign as P(™) (z;)). Hence, H(z) and Hi(z) must also have the same sign in ]z;, 2; + ¢, and
consequently in the whole adjacent interval to the right of x;.

Since x; is a simple zero of H(z), the sign of H(z) in the adjacent interval to the left of x; must be
the opposite one of the sign in the interval to the right of ;. Hence, the pair (H(x), H1(z)) produces
no change of sign at x; and in the adjacent interval to the right of z;, while we get one chance of sign
in the adjacent interval to the left of x;.

If Hy (x;) = 0, then there is precisely one change of sign in the subsequence Hy_1(x), Hy(x), Hgy1(x)
at z; and in the the two adjacent intervals, no matter the sign of Hy(x).

Summing up, we have in the adjacent interval to the right of x; the same number of changes of sign
as at x;. When we consider the adjacent interval to the left of z;, we have found a loss of one change
of sign, when we pass through x;, if x; is a root of P(z), and no chance in the number of changes of
sign, when z; is not a root of P(x), and Lemma 3.4.1, hence also Theorem 3.4.1, are proved. O

Notice that if x is not a multiple root of P(x), i.e. not a root in P, (x), then W(x) is equal to
the number of changes of sign in the sequence P(x), P'(z), Py(z), ..., Ppn(z), and we can avoid the
division by P, (z), if we are content with finding the number of roots in intervals of endpoints which
are not multiple roots.

Remark 3.4.1 It is usually very difficult and tedious to find the polynomials Py(z), ..., Pp(z) by
the Euclidean algorithm, which is caused by the denominators of the coefficients. However, in the
computation of W(z) we only count the changes of sign, so we may, if convenient, multiply every
polynomial by a positive constant. We use the symbol ~ to indicate that some polynomial P,(x) has
been multiplied by some positive constant. ¢

Example 3.4.1 Consider the polynomial P(r) = 2° — 2% — 32® 4+ 22 + 5 of Example 3.3.1, where we
illustrated Fourier-Budan’s theorem.

Leaving out the tedious computations we end up with Table 6.
Since Ps(z) is a negative constant, we conclude that all roots of P(x) are simple.

The columns corresponding to —oco and 400 correspond to large positive and negative x, so the signs
are determined by the terms of highest degree.
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There are W(—o00) — W(+00) = 4 — 1 = 3 real roots. One of these lies in the interval | — 2, —1[, and
two of them in the interval |1,2[, cf. Figure 11. ¢

3.5 Rouché’s theorem

We shall prove some general theorems from Complexr Functions Theory and then apply them to
polynomials in order to get the information of how many roots (counted by their multiplicity) a
polynomial has in a domain bounded by a simple closed curve. By varying this curve we may obtain
information of where the roots are more precisely lying in the complex plane.

We first prove the following general result.
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Theorem 3.5.1 Let f : [a,b] — C\ {0} be a continuous function on a closed, bounded interval [a,b],
where f(t) # 0 for every t € [a,b]. Then f has a continuous argument function arg f(t).

PRrROOF. a) First assume that there is an a € R, such that
ft) eC\{z=re|r>0} for every t € [a, b],

i.e. the image of [a,b] by f does not cross the half line {z = €™ | r > 0}.

fb)

Figure 12: The image f([a,b]) does not cross the half line {z =re®|r> 0}.

Choose the argument function of f(t), such that
a < arg f(t) < a+ 2m.

Define the logarithmic function Log, : C\ {z =re [r >0} — C by
Log, z =In |z| + i Arg, z, where Arg, z €la, o + 27].

Then Log,, is continuous, so the composed map Log,, o f is again continuous, hence also the imaginary
part

arg f(t) := Arg, f(1).

b) Then assume that no such o exists. We put
m = inf{[f(t)| | ¢ € [a,0]}.

Since f is continuous on the bounded, closed interval [a, ], and f : [a,b] — C\ {0}, we conclude from
one of the main theorems for continuous functions that m > 0. It also follows from another one of
the main theorems that f is uniformly continuous on [a,b]. Hence, corresponding to m > 0 there is a
¢ > 0, such that

[f(s) = ft)] <m for all s, t € [a,b] for which |s — t| < 4.

Choose division points a = tg < t1 < --- < t,, = b, such that |t; —t;_1| < d for j =1,...,n. Then to
each of the intervals [t;_1,¢;] there is an a; € R, such that

f)eC\{z=re* |r >0} for every ¢ € [tj_1,1;].
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B

Figure 13: The image f([a,b]) crosses every half line {z = re | r > 0}.

we may e.g. choose a; = arg f (t;) + 7.
It follows from a) above that there exists a continuous argument function arg; f(t) on [t;_1,1;].
Furthermore, these argument functions can be chosen such that
arg; f(t;) = arg; .y f(t;)  abit; €[t t;] 0 [t t0] = {t;}
Then the argument function arg f(t), defined by
arg f(t) := arg; f(t) for t € [t;—1,t5], 7=1,...,n,
is uniquely determined and continuous. [

Given one continuous argument function O(t) = arg f(¢), any other continuous argument function is
given by ©(t) 4+ 2pn for some p € Z. In fact, it is obvious that O(t) + 2pm is a continuous argument
function, and if ©(t) and ©4(¢) both are continuous argument functions for f(t), then ©1(t) — ©(t) is
continuous on [a, b]. Since arguments differ by 2pm for some p € Z, it follows from the continuity that
p must be constant in [a, b], and the claim is proved.

It follows in particular from the above that the difference

(30) arg f(b) — arg f(a)

has the same value for every continuous argument function arg f(t).
We call this difference (30) the argument variation of f along [a,b].

If in particular f(a) = f(b), i.e. the continuous curve z = f(t), t € [a,b], is a closed curve which does
not pass through 0, then the argument variation is an integer times 2,

(31) arg f(b) — arg f(a) = 2n7 for some n € Z.

The number n € Z of (31) is called the winding number around 0 of the function f : [a,b] — C\ {0},
or the closed curve f([a,b]) not passing through 0.

The winding number is interpreted as the number of times the curve winds around 0, counted positive
in the positive sense of the plane, and negative otherwise. We notice that counting negative loops
may cancel some of the counting of positive loops.
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(a) = f(b)

Figure 14: The winding number of a closed curve not passing through 0. In the present example the
winding number is 2.

The geometrical interpretation above of the winding number is often very easy in practice. We shall
later prove that the winding number is equal to the difference of the number of zeros and the number
is equal to the difference of the number of zeros and the number of poles in a domain of an analytic
function. For polynomials the number of poles is 0, so we get the number of roots, counted by their
multiplicity.

Before we can make the statement more precise we need another theorem.

Theorem 3.5.2 Given two continuous and complex functions f : [a,b] — C\ {0} and g : [a,b] — C,
for which

If
(32) 9@ < [f®)]  for everyt € [a, ],

then the two functions f and f + g have the same winding number around 0.

PROOF. From the estimate

@) + 9B = [f(®)] = lg(®)] >0 for every ¢ € [a, ],

follows that both f and f 4 g : [a,b] — C\ {0} are continuous and that neither of then is 0 in the
interval [a, b]. Furthermore,

fla)=f®) and  (f+g)(a) = (f +9)(0),
so the images f([a,b]) and (f + g)([a,b]) are both closed curves, not passing through 0. We write

f(t)+g(t):f(t)~{1+fc((g}, t € fab)].
Tt follows from ’ f(?)' <1 that
{1+i} ‘ H>o,
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t
hence 1 + % lies in the right half plane for every ¢ € [a,b]. In particular, the principal argument
g(t) ] . .
Arg< 1+ m is continuous for ¢ € [a, b].

g(t)

Choose any continuous argument function arg* f of f. Then arg* f(¢) + Arg {1 + —} must be a

continuous argument function arg(f + g) for f + g. Finally, since

e {199 g1 90,

we conclude that

arg(f +g)(b) — arg(f + g)(a) = arg” f(b) — arg” f(a) = 2n,

and the theorem is proved. [J

f(t)
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The importance of Theorem 3.5.2 lies in the fact that it allows us slightly to perturb closed curves
without changing their winding numbers.

An obvious extension of the definition of the winding number is the following: Let Q C C be an open
domain, and C' a simple closed curve in Q. Let f: Q — C\ {0} be a continuous map. Then the image
f(C) must be a closed curve in C\ {0}, and as such it has a winding number around 0.

We shall now restrict ourselves to complex functions f(z) which are either polynomials, or fractions
of polynomials. Then we introduce

Definition 3.5.1 Let f : Q@ — C be a fraction of two polynomials, f(z) = SEZ;, Q(z) # 0 for all
z

z € Q. We define the logarithmic derivative of f(z) by

f'(2)
, forze{ze Q| f(z 0}.
o {z€Q|f(z) #0)
o o P(z) . .
Hence, the logarithmic derivative of f(z) = o) is defined in the set

O :={z€C| P(z) #0and Q(z) # 0}.

If in particular, f : Q@ — C(R_ U {0}) does not have real values < 0 for any z € 2, then the principal
logarithm Log f(z) of f(z) is analytic in 2, and its derivative is

f'(z)
fz)°

This is the reason why we in general call the right hand side of (33) the logarithmic derivative of f(z),
even when Log f(z) is not defined.

(33)  Log () =

Theorem 3.5.3 The argument principle. Let f(z) = gz; be a quotient of two polynomials P(2)
and Q(z). Let C be a simple closed curve in Q@ = {z € C| P(z) # 0 and Q(z) # 0}, and let w be the
bounded domain of boundary f(C).

Let N = N(w) denote the number of zeros of the numerator P(z) in w, and R = R(w) the number of
zeros of the denominator Q(z) in w, all counted according to their multiplicities.

Then the difference N — R is equal to the winding number of the closed curve f(C) around 0 in the
w-plane.

We have more precisely,

(34) % fg J;((j)) dz = N(w) — R(w) = winding number of f(C) around wy = 0.

f'(2)

(2)
in the w-plane. Assume that C is given by the parametric description z(t), ¢ € [a,b]. Then we define
by g(t) = f(2(t)) a continuous complex function ¢ : [a,b] — C\ {0} with a continuous argument
function argg.

1
Proor. We first prove that 97 $o dz is the winding number of f(C) around the point wy = 0
iy
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Use the same construction as in b) in the proof of Theorem 3.5.1 to conclude that to every subinterval
[tj,t;j41] there corresponds a curve C;, which is a subset of C'. Then we get the computations,

1 f/(Z) _n—l 1 f,( n—1 1 tir1 ,(t) _n—l 1 ban
b 70 i T T N ), g0 O L a0+ - asel0)
= oS g ()~ g ()] + o S farsg (1) — arsa (1))
=0 =0

= o g ()] ~ g (t0)[} + 5 forg g () — axg g (t0)}

5= (nlg(8)] ~ lg(a)l} + 5 {argg(b) — argg(a)}

= 0 + winding number of g([a,b]) = f(C) around wy = 0.

Finally,
(35) f'(z) _QR) P(2)-QR)-Q'((z) Pk)  Plz) Q)
f(z)  P(z2) Q(2)? P(z)  Qz)’

so the claim follows, if only we can prove it for f(z) = P(z), a polynomial.

ni

Given a polynomial, P(z) =a-(z —21)"" -+ (2 — 2,)"”. Then

PE_ m
Pz) z—2z z—2zp

o
1 P’z b n;
— dz.
2mi (2) 2_:27rz%z—zj ‘

We shall without proof use the well-known fact that

1 dz 1 if 2z lies inside C,
i Joz—z 0 if 2z lies outside C.
This gives
% ; 1;/((;) dz = number of zeros of P(z) inside C.
Similarly,
Q'(2)

dz = number of zeros of Q(z) inside C,

2mi o Qz)
so when we integrate (35) the claim follows by insertion. [

Combining Theorem 3.5.2 and Theorem 3.5.3, the argument principle, we easily get
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Theorem 3.5.4 Rouché’s theorem for polynomials. Let P(z) and Q(z) be polynomials, and let C be
a simple closed curve in C. If

|P(2)] > |Q(2)] for every z € C,
then P(z) and P(z) + Q(z) have the same number of zeros inside C.
PrOOF. Theorem 3.5.2 tells us that P(z) and P(z)+Q(#) have the same winding number with respect

to wy = 0 in the w-plane. Theorem 3.5.3 tells us for polynomials that the winding number is equal to
the number of zeros. [J

A simple consequence of Theorem 3.5.4 is another proof of

Corollary 3.5.1 The fundamental theorem of algebra. Given a polynomial of degree n € N,
P(z) = apz" + a12" '+ + an_12 + an, where ay # 0.

Then P(z) has precisely n roots, counted by multiplicity.

PrOOF. It follows from
P(z)zz"{ao—kafl%----—&-afz}, z#0,
2 z
that there is an R, such that
lag| 7™ > |an| + |an_1| v+ +|ag]| P! for r > R.
Putting P;(z) = apz™ and Py(2) = ay + ap_12 + -+ a12" "1 we see that
|P1(2)| > |Pa(2)] for every z € C, for which |z| > R.

It follows from Theorem 3.5.4 that Pz) = apz" and Py(z) + P2(z) = P(z) have the same number of
zeros inside every circle C,. of radius r > R and the common centre 0. Then the claim follows, because
Py (z) = apz™ trivially has an n-tuple zero at z = 0 and no other zero. O

Example 3.5.1 Rouché’s theorem does not preserve the multiplicity of a given zero. Given a complex
constant a € C, where 0 < |a| < 1. Choose P(z) = z" and Q(z) = —a. If C is the unit circle |z| = 1,
then

[P(2)] = [z"] =1>la| = |Q(2)]  for |2] =1,

so it follows from Rouché’s theorem that P(z) = z™ and P(z) + Q(z) = 2™ — a have the same number
(= n) of zeros in the open unit disc {z € C | |z|] < 1}. However, P(z) has the zero zy = 0 of multiplicity
n, while P(z) + Q(z) has n simple roots, all lying on the circle of radius {/|a| # 0. O
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Example 3.5.2 A typical application of Rouché’s theorem is the following. Given the polynomial
23 4 22% — 502 + 100.
It has three zeros by the fundamental theorem of algebra.

These three roots all lie inside the circle of equation |z| = 9. In fact, choose P;(z) = 23 and Q1(z) =
222 — 50z + 100. Then we have the following estimate for |z| = 9,

|Pi(2)| =9° =729 and  |Qi(2)] <2-9%+50-94 100 = 712,
50 |Q1(2)| < |P1(z)] for |z] =9, and the claim follows from an application of Rouché’s theorem.

There is only one root inside the circle |z| = 4. We again apply Rouché’s theorem. However, this
time we choose Py(z) = —50z and Q2(2) = 2% + 222 + 100 and get the following estimates for
2] = 4,

|Py(2)] =] —502] =200  and  |Q2(z)] = |2 + 227 + 100| < 64 + 32+ 100 = 196,

so |Pa(2)| > |Q2(2)| for |z| = 4, and the claim follows, because the only root of Pa(z) = —50z inside
|zl =4is z=0.
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7
Finally, there is no root lying inside |z| = 1 In this case we choose
P3(z) =100  and  Qs(z) = z° + 22" — 50z,
. . . . 7
in which case we get the following estimate for |z| = T

7 15 49

2
|Q3(2)] = }23+22250z|§<2+7) {7} +50- - = 2.2 4

4) 4 4 4 19

17
< {4+4}.50_100— |Ps(2)],

and the claim follows, because the constant Ps(z) = 100 # 0.

The roots are numerically computed to be approximately

—8.889794 306, 2.658473477, 4.231 320 828.

7
1-50

Figure 15: The roots of 2% + 222 — 50z + 100 and Rouché’s theorem.

It should be noted that if we change the sign of the term —50z, so we instead consider the polynomial
23 4+ 222 + 502z + 100, then we can without any changes repeat all the arguments above, so we have

e three roots inside |z| =9,

e one root inside |z| = 4,

7
e 1o root inside |z| = —.

4

It is, however, in this case possible to find the roots directly, since we have

2%+ 22 4502 + 100 = (z + 2) (2* + 50),

so the roots are —2, 5v/24 and —5v/2i. O
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Example 3.5.3 Consider the polynomial 3287 — 23 + 1. The degree is 87, so by the fundamental
theorem of algebra it has 87 roots. They all lie in the open unit disc. In fact, choosing

Py(z) = 3% and Qi(z) = —2° +1,
we get the following estimate for |z| = 1,
Q1(2)] = |-2° + 1| €2 <3 =[3"| = |P1(2)].

Since the dominating term Pj(z) only has the 87-tuple root of zy = 0 lying inside |z| = 1, the claim
follows.

Choosing P»(z) = 1 and Qz(z) = 3257 — 23, we get the estimate, using e.g. a pocket calculator,
Qa2(2)] = [32%7 — 2% <0.98 < 1 = |Py(2)] for |z| = 0.96,

so there lies no zero in the slightly smaller disc |z| < 0.96. Hence, all 87 roots z; must lie in the narrow
annulus given by 0.96 < |z;| < 1, so it is from a numerical point of view fairly crowded concerning the
roots in this narrow annulus. For the time being it does not look too promising to find (numerically)
these roots with any prescribed tolerated uncertainty. That it is possible (though we shall not later
in this book do it for the given example), follows from an application of Graeffe’s squaring method,
which will be described in Chapter 4. ¢

3.6 Hurwitz polynomials

In connection with the question of stability of mechanical or electrical systems concerning oscillations,
it is of great importance to be able to decide whether a polynomial has all its roots lying an the open
left hand side of the plane. Polynomials of this property of only having roots in the open left hand
side of the plane are called Hurwitz polynomials. In this connection and aiming at proving stability
it is, however, of less importance also to find approximate values of these roots. It suffices in most
applications that they all have a negative real part.

In order to be more precise concerning what is meant by a Hurwitz polynomial we shall start with the
following considerations. Given the polynomial

P(z) =apz" +a12" ' 4 Fan_1z+a,

of complex coeflicients. Then clearly the polynomial

_ o I - — m— —
Pz)=apz" +ar 2" '+ A @izt a, =aoZt F a2V 4 a2+ ap,

where we have taken the complex conjugated coefficients, must have the complex conjugated roots of

those of P(z). Hence, the roots of the product P(z)P(z) are either real, or complex conjugated of the
same multiplicity, and P(z)P(z) must have real coefficients. Now, complex conjugation maps the left
(or right) half plane into itself, so without loss of generality we may in the remainder of this section

restrict ourselves to only consider polynomials of real coefficients, ag, ..., a, € R.

Then we introduce the following more precise definition.

Definition 3.6.1 We say that a polynomial P(z) of real coefficients is a Hurwitz polynomial, if all
its zeros lie in the open left half plane Rz < 0.
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It follows by the fundamental theorem of algebra that
(36) P(z) =apz"+ - 4+an=a9(z—A1) (2= ), z € C,

where some of the \; may be identical. If P(z) is a Hurwitz polynomial, and o+ i3, « < 0, 8 # 0, is
a root, then o — i is also a root. Thus,

(z—a—iB)(z—a+if) = (z—a)* + % =22 — 20z + (a2+62)
must be a divisor of P(z). By assumption « < 0, so this divisor has only positive coefficients.

If P(2) is a Hurwitz polynomial, and X is a real root, then A < 0, so the divisor z — X has trivially
positive coefficients.

Hence, if P(z) is a Hurwitz polynomial, then it can be factorized into factors of first or second degree,
all of positive coefficients. Then it follows after a multiplication that P(z) itself must have positive
coefficients, and we have proved

Theorem 3.6.1 A necessary condition that a polynomial
P(2) = apz" +a1z" ' 4+ +a,

of real coefficients is a Hurwitz polynomial, is that all its coefficients have the same sign, either all
positive or all negative.

For n =1 and n = 2 the condition of Theorem 3.6.1 is also sufficient. This is no longer the case when
n > 3.

Example 3.6.1 The polynomial

1622 + 822 + 92 + 17

1 1
satisfies the necessary condition of Theorem 3.6.1. Its roots are —1, = + i and = — 4, so two of them

have positive real part, and the polynomial is not a Hurwitz polynomial, showing that the condition
of Theorem 3.6.1 is not sufficient for polynomials of degree > 3. ¢

Theorem 3.6.2 A polynomial P(z) of real coefficients is a Hurwitz polynomial, if and only if
|P(2)| > |P(—2)| for Rz >0,
P(iy) #0 fory e R.
PROOF. Factorize P(z),
P(z)=apz"+ - 4a,=ag(z—A1) - (2 — ), zeC.
Assume that \; = a + i3, where R \; = a < 0. If we write 2z = z + 7y, then

2= N7 = (@ =)’ + (y - B)*.

Download free ebooks at bookboon.com


http://bookboon.com/

Please click the advert

Methods for finding (Real or Complex) Zeros in Polynomial®osition of roots of polynomials in the complex plane

If Rz =2z > 0, then it follows from « < 0 that

=N = (=)’ + =8> (—r—a)+ (—y+ 8> = |-z - N

If \; = avis real, i.e. 3 =0, then it follows straightaway that
z—al>|—z—q for Rz > 0.
If instead A; is not real, i.e. 8 # 0, then
[(z=X) (2= X)) > [(=2 = X)) (=2 = X)) for Rz > 0.
If therefore P(z) is a Hurwitz polynomial, then
|P(2)| > |P(—2)| for £z > 0.

If x = 0, then |P(z)| = |P(—=2)| = |P(iy)| = |P(—iy)| # 0, because P(z) is a Hurwitz polynomial, so
it has no zero on the imaginary axis.

Conversely, if P(z) is a polynomial of real coefficients satisfying |P(z)| > |P(—z)| for ®z > 0, then in
particular P(z) # 0 for Rz > 0. Adding the condition that also P(iy) # 0 for y € R proves that P(z)
is a Hurwitz polynomial, and the theorem is proved. [

ericsson.
com

YOUR CHANCE
O CHANGE
T'He WORLD

Here at Ericsson we have a deep rooted belief that
the innovations we make on a daily basis can have a
profound effect on making the world a better place
for people, business and society. Join us.

In Germany we are especially looking for graduates
as Integration Engineers for

¢ Radio Access and IP Networks

e |IMS and IPTV

We are looking forward to getting your application!
To apply and for all current job openings please visit
our web page: www.ericsson.com/careers

ERICSSON

Download free ebooks at bookboon.com

78


http://bookboon.com/
http://bookboon.com/count/advert/11a3fd82-96d7-e011-adca-22a08ed629e5

Theorem 3.6.3 Schur’s criterion. The polynomial P(z) of real coefficients is a Hurwitz polynomial,
if and only if all its coefficients are of the same sign, and the polynomial

P(1)P(z) — P(-1)P(—2)
z+1

of lower degree is a Hurwitz polynomial.

Q(z) =

PrRoOOF. When P(z) is a Hurwitz polynomial we put

Applying Theorem 3.6.2 on P(z) we get |P(z)| > |P(—z)| for Rz > 0, and |P(1)| > |P(-1)|, so
|P(1)P(z)| > |P(—1)P(—=)| for Rz > 0,

and also for Rz = 0, because then |P(z)| = |P(—z)| > 0 and P(1)| > |P(—1)|. Hence, R(z) is also a
Hurwitz polynomial, because R(z) # 0 for &tz > 0.

Trivially,

R(z) . . .
so —1 is a root, and z + 1 is a divisor, i.e. 1 is a polynomial of lower degree, i.e.
z

R(z) _ P()P(z) - P(-1)P(=2)

(37) Q) = -4 = —

is a Hurwitz polynomial.

We shall then prove that if P(z) is not a Hurwitz polynomial, then Q(z) given by (37) is not a Hurwitz
polynomial, which will conclude the proof.

Assume that P(z) has a root iyp on the imaginary axis. Then —iyy is also a root of P(z), so

P1)P (iyo) — P(=1) P (—iy0)

Q (iyo) = o+ 1

:0)

and iy is a root of @ (iyg). This shows that @Q(z) is not a Hurwitz polynomial in this case.
Assume that P (z9) = 0, where Rzp > 0. Then
(20 +1) @ (20) = =P(=1)P (—20), (=20 +1)Q (—20) = P(1)P (—20) -

If also P (—zp) = 0, then it immediately follows that @ (z9) = 0, and Q(z) is not a Hurwitz polynomial
in this case.

Therefore, the remaining possibility is that P (z9) = 0, while P (—zg) # 0. Then apply that ag, ..., a,
all have the same sign, so

P(=1)| =|(-1)"ag + (=1)"tar + -+ + an| < |ag + a1 + -+ + an| = P(1)].
It follows that

(20 + 1) Q (20)| = [P(=1)| - P (=20)| < [P(D)] - |P (=20)] = |(~20 + 1) Q (~20)].
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Now, Rzy > 0, so it follows immediately from Theorem 3.6.2 that (z + 1)Q(2) is not a Hurwitz
polynomial, thus Q(z) is not a Hurwitz polynomial, and Schur’s criterion is proved. O

Since deg @ < deg P, Schur’s criterion may be applied at most n — 2 times before we can conclude
whether P(z) is a Hurwitz polynomial or not.

Example 3.6.2 Given the polynomial P(z) = 23 + 222 + 3z + 1 we compute by Schur’s criterion,

Q@)zZil{7@?+%2+&+4)—@4ﬂ—£+2£—3x+n}:&P+mz+&

It follows that Q(z) is a polynomial of second degree of positive coefficients, so by the remark following
Theorem 3.6.1, the polynomial Q(z), hence also P(z), is a Hurwitz polynomial. ¢

Example 3.6.3 Given the polynomial P(z) = 23 + 222 + 2z + 3 we compute by Schur’s criterion,

Q@)=Zil{7@3+%2+z+$—3Qﬂ3+%2—z+$}:1m2—%+¢2

Clearly, Q(z) is not a Hurwitz polynomial, so P(z) is not a Hurwitz polynomial either. ¢

We mention without proof the following most commonly used criterion of Hurwitz polynomial. The
proof is very long and tedious.
Theorem 3.6.4 Hurwitz’s criterion (1895). Given a polynomial

P(2) =apz" +a12" ' 4 Fan_1z+a,

of positive coefficients. Then P(z) is a Hurwitz polynomial, if and only if the following system of
inequalities is fulfilled,

a; Qo 0
air ao
D1:a1>0, Dy = a a > 0, D3=|as3 ay a > 0, ceey
3 2 as a4 Qs
al agp 0 s 0
as as ay s 0
Dn = . . . . > 0;
a2n—1 G2n—2 QA2p-3 " dn

where we have put a, =0 for k > n.

Example 3.6.4 (Cf. also Ezample 3.6.2). We get for the polynomial P(z) = 23 + 222 + 32 + 1,

=5>0,

S =N

1
3
0

—= N O

Dy =2>0, D2:’? ;":5>0, D3 =

so P(z) is a Hurwitz polynomial, and all three roots lie in the left half plane. ¢
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Example 3.6.5 (Cf. also Ezample 3.6.3). We get for the polynomial P(z) = 23 + 222 + 2 + 3,
2 1
Dz—‘ 3 1 ‘——1<0.
Hence, there is at least one root satisfying 2z > 0. Assuming that z = iy is purely imaginary we get

Pliy) = (3-2y%) +iy (1 —4?) #0  forally € R,

so there is at least one root of positive real part. It cannot be real, so we have two complex conjugated
roots of positive real part. The approximate values of the roots are

—2.17455941 and 0.0872797+1.17131214. O

SIMPLY CLEVER SKODA

We will turn your CV into
an opportunity of a lifetime

Do you like cars? Would you like to be a part of a successful brand?
We will appreciate and reward both your enthusiasm and talent.
Send us your CV. You will be surprised where it can take you.

Download free ebooks at bookboon.com

81


http://bookboon.com/
http://bookboon.com/count/advert/b6907fa5-6d27-49ae-a477-a01a01116857

4 Approximation methods

4.1 Newton’s approximation formula

This is usually derived from Banach’s fiz point theorem.. We shall not formulate and prove the latter
theorem in its full generality in a complete metric space, but only consider the space of real numbers
R, or the space of complex numbers C.

Definition 4.1.1 We say that a map f : R - R, or f : C — C, is a contraction, if there exists a
A € [0,1], the contraction factor, such that
f(y) = f(@)| < Aly—a|  forallz, y €R (or € C).

A contraction is clearly continuous, and if we put f°” = fo---o f, i.e. a composition n times, then
f°™ is a contraction of contraction factor A™. In fact,

o) - @l = | (P00 w) - £ (0 @)| A 00 ) - 0D @)

< <Ay —al,

and the claim is proved.

Definition 4.1.2 Let f : R — R, or f : C — C, be given. We say that o € R (C) is a fix point of f,
if f(z0) = o.

We can now prove Banach’s fix point theorem for R and C, and we notice that if we follow the same
proof with obvious modifications, the theorem is proved in general for complete metric spaces.

Theorem 4.1.1 Banach’s fix point theorem in R, or C. FEwvery contraction on R or C has precisely
one fix point xg. If x € R(or C) is any given point, then f°"(x) — xo for n — +oo.

PrROOF. Assume that f: R — R (of f: C — C) is a contraction of contraction factor A € [0, 1].

Uniqueness. Assume that xy and x5 are two fix points of f. Then
0< [zy — a2 = [f (21) — [ (22)] < A2y — 2],

because f is a contraction. Since 0 < A < 1, this is only possible, if 1 = x2, so the contraction has
at most one fix point.

Ezistence. Choose any fixed x € R (or C), and consider the sequence (f°"(z)). Then for every n € N,

For(@) = £ (@) = £ (@) — £ (f ()] < AMa — f(x)],

because f°" is a contraction of contraction factor \".
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Then for any given n, k € N, it follows from the above that

o @) = FH @) <

fo(n—i-k—l) (ZL') o fO(n—Hc) (:L')

£ (@) = £ @) 4+

1— Ak
< AN AR g f()] = A T |z — f(2)]
A’I’L
< Dl @l
From A € [0, 1] follows that
)\n
17)\|$—f($6)|—>0 for n — 400,

hence (f°"(x)) is a Cauchy sequence in R (or C). Since R and C are complete, the Cauchy sequence
(f°™(z)) is convergent with the limit zq, say, thus

o (x) — xo for n — +oo.
Furthermore, since f is continuous,
FU () = 04D (@) = fw)  forn— too.

The limit of a convergent sequence in R (or C) is unique, so we conclude that z¢, constructed in this
way as the limit of the sequence (f°"(z)), is indeed a fix point. O

We are only considering polynomials, so there is no need to formulate Newton’s iteration method for
real C? functions. If a polynomial Q(x) has multiple roots, then we know from Chapter 2 how we can
find another polynomial P(x) of precisely the same roots, all of them, however, only of multiplicity
1. Therefore, we can without loss of generality in the following assume that the polynomial P(x) has
only simple roots, i.e. if P (zg) = 0, then P’ (zq) # 0.

Theorem 4.1.2 Newton’s iteration method for polynomials of only simple roots. Let P(x) be a
polynomial of only simple roots, and assume that xg is a (real or complex) zero of P(x). If we choose
x1 sufficiently close to xo and define

3 P (z,)
P’ (z,)

Tna1 = [ (xn) =, forn e N,

then x,, — xqo for n — +oo.

PROOF. Since xg is a simple zero, we must have P’(x) # 0 in an open neighbourhood 2 of zy. Hence
the map

flx) ==z

— f Q
P’(:c)’ or xr € i/,

is of class C*°(U), and even an analytic function in U, because P(z) is a polynomial. It follows that
Pl(x)  P(@)P"(z) _ P(x)P"(x)

") =1- = in U.
f( ) 1 P’(:E) + {P’(l‘)}2 {P’(x)}2
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In particular, f’ (x¢) = 0, because P (x¢) = 0. Since

for x and y in a small neighbourhood of g, there exists to every A €]0, 1] an r\ > 0, such that

@)= fl <Az —y[ for & —wol, [y —wo| <7,

and f is a local contraction on B (zg, 7). The theorem then follows from Banach’s fix point theorem.
O

Although Newton’s iteration method usually is very efficient, there is, however, a drawback, because
the contraction in the proof is local. If one of the elements x,, of the iterative sequence does not lie
in B (xg,7y), then we cannot conclude anything about its successor. This could easily happen with a
bad choice of x1, because we neither know xy (we are going to find xy by this method) nor the radius
7). It is therefore in general a matter of a lucky choice of the starting point x1, if this method is going
to be successful.

Usually one only applies Newton’s iteration method in the case of a real polynomial, i.e. of real
coeflicients.
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Theorem 4.1.3 Let P(x) be a polynomial of real coefficients of degree > 3, and assume that it has a
simple real root xq lying in some interval |a, .

1) If P'(x)- P"(x) > 0 in]a, b[, then the Newton iteration method converges towards xq, if we choose
the right end point x1 = b as our starting point.

2) If P'(z)- P"(x) <0 in]a,b|, then the Newton iteration method converges towards xg, if we choose

the left end point x1 = a as our starting point.

ProOF. We shall prove Theorem 4.1.3 by some simple graphical considerations, cf. Figures 16-19.

1) Assume that P(x) is convex and increasing in a neighbourhood of zg, i.e.
P'(z) > 0 and P"(x) > 0 in a neighbourhood of .
If we choose the starting point 1 to the right of the root z, it follows readily from Figure 16 that
Ty > Xo > X3 >0 > T, Ty \| To,
because a bounded decreasing sequence is convergent, and x( is the only possible limit point.

24

Figure 16: If P(z) is convex and increasing in a neighbourhood of xg, choose the starting point to the
right of zg and obtain a decreasing sequence converging towards xg.

2) Assume that P(z) is convex and increasing in a neighbourhood of the root zg, i.e.
P'(z) <0 and P"(x) > 0 in a neighbourhood of .
If we choose the starting point z; to the left of the root xg, it follows readily from Figure 17 that
T < xo < a3 < -+ < To, T, /" T,
because a bounded increasing sequence is convergent, and zq is the only possible limit point.
3) Assume that P(z) is concave and increasing in a neighbourhood of g, i.e.
P'(z) > 0 and P"(z) < 0 in a neighbourhood of z.
If we choose the starting point z; to the left of the root xg, it follows readily from Figure 18 that
T < a9 < w3 < - < X, T, /" xo,

because a bounded increasing sequence is convergent, and zq is the only possible limit point.
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Figure 17: If P(z) is convex and decreasing in a neighbourhood of z(, choose the starting point to
the left of zy and obtain an increasing sequence converging towards z.

Figure 18: If P(x) is concave and increasing in a neighbourhood of zy, choose the starting point to
the left of zy and obtain an increasing sequence converging towards z.

4) Assume that P(zx) is concave and decreasing in a neighbourhood of z, i.e.
P'(z) < 0 and P"(z) < 0 in a neighbourhood of z.
If we choose the starting point 7 to the right of the root zq, it follows readily from Figure 19 that
Ty > Xo > X3 >0 > T, Tn "\ To,
because a bounded decreasing sequence is convergent, and zq is the only possible limit point. [
Example 4.1.1 We consider the polynomial P(x) = 2% — 2z — 5 from Example 1.5.1 (1). Then we
know already that there is a real root > ?6 By insertion,
Pl)=1-2-5=-6, P2 =8-4-5=-1, P(3)=27—-6-5= 16,

so the real root lies in the interval [2, 3], which can also be seen from the graph.
It follows from

P(z)=32"-2 and  P’(z) =62

that P'(z) > 3-22 —2 = 10 and P”(z) > 6 -2 = 12, hence P'(x) - P”(z) > 0 in this interval, so
we choose the right end point z; = 3 of the interval as our starting point. Notice that even if xg
apparently lies very close to x = 2, the best strategy is to choose z; = 3.
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Figure 19: If P(x) is concave and decreasing in a neighbourhood of g, choose the starting point to
the right of zy and obtain a decreasing sequence converging towards .

\/% b "
54

Figure 20: The graph of P(z) = 2% — 2z — 5.

The iteration map is

Px) 1 32°—6z—15 2 1 4x+15

f@ == pa =773 322 37 3 32

so the iteration formula becomes

2 1 4z, +15
Tn4+1 = 3

Tp+ = e
37" 4 322 -2
Using just a simple pocket calculator we get with 1 = 3 > xo,

Tr1 = 3, Ty = 2.36, I3 = 2.12720,

24 = 2.09514, x5 = 2.09455, 26 = 2.09455,

so an approximate value of the real root is oy ~ 2.09455.

Then using Vieti’s formulee we see that the two complex conjugated roots «s, a3 must have the
structure 1.047274 + iy, because a1 + as + a3 = 0, and R as = R agz. Furthermore,

o1 g ag = (—1)% (=5) = 5 = 2.09455 {1.047275% + y° } ,
from which

2 5

= —1.047275%> = 1.2
5 0015 047275 9036,

Y
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so y = 1.13594. The three roots are therefore approximately

oy = 2.09455, g = 1.047275 4 - 1.13594, a3 = 1.047275 — 4 - 1.13594. O

Example 4.1.2 In Example 1.5.1 (3) we considered the polynomial P(z) = x* + 1222 + 962 — 12 and
showed that it had two real and two complex conjugated roots. From

P(0) =—12 and P(1)=97
follows that we have one real root in the interval |0, 1[.
From

P(=3)=—111 and  P(—4) =52

follows that we have another real root in | — 4, —3[.
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These rough results can also be obtained by considering the graph of Figure 21.

Figure 21: The graph of P(z) = x* + 1222 + 962 — 12.

Then we compute
P'(z) = 42® + 242 4+ 96 = 4 {2® 4 62 + 24},

P"(z) = 122" + 24 =12 {2® + 2} .

Clearly, P”(z) > 0 for all z € R, and P’(z) > 0 for = €]0,1[. Hence, P'(z) - P"(x) > 0 for z €]0, 1],
so we choose 1 = 1 as our starting point in this interval.

Then, since P”(z) > 0 everywhere, P’(z) is increasing. It follows from
P(—3)=4{-27—-18+24} = -84 <0

that P’(x) - P"(x) < 0 for « €] — 4, —3|. Therefore, the starting point of the iteration in this interval
is chosen as 1 = —4.

The iteration map is given by

fayma PO w112 se 3 att12-2

so the iteration formula is given by

3 3z + 12z, —2
Tn = =Ty — =" -
Ty 2 a3 46, + 24

Choosing x1 = 1 we get successively,

3”2*2*;%:2*;%:0.21774,

= D pirny B ORI 0T Y
24 = % L0.12418 — g . gzgﬁzz I é2 ;).01;2:115158;23 o310,
o= gz B DI 0B
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so an approximate value of this real root is a; = 0.12310.

Then we turn to the root in the interval [—4, —3], where we should choose z; = —4 as our starting
point. However, in order not to make errors in the computations, due to the minus signs, we instead
introduce z,, = —y,. Then the iteration formula becomes

3 3 y:-12y,—2 3 3 12y, +2—y2

e LU N7 P R LU R e vy

Choosing y; = 4 we get

s :3+;% :3+2711 — 3.79688,
e s 3 ST A
e a3 BT LS
e s AT 2SI
and we conclude that an approximate value of this real root is ag = —y5; = —3.77649.

To find the complex roots we apply Vieti’s formulee. The sum of the roots is a3 + as + az + a4 =0,
S0

a3 + ayq = 3.77649 — 0.012310 = 3.65339.

Since these two roots are complex conjugated,
1
Ras=Ray = 3 3.65339 = 1.826695,

and
a3 = 1.826695 + 1y, oy = 1.826695 — 1y.

The product of the roots is a; - ag - ag - g = (—1)* - (—12), thus
—12 =0.12310 - {-3.77649} - {1.826695% + y°},

and

12
2 2
1.82 = = 25.812
y” + 1.826695 0.12310 - 3.77649 581278,

from which
y® = 25.81278 — 1.826695% = 22.47597,
so y = 4.74088.
Summing up, the four roots are approximately given by

as

al = 0.12418, ag = —3.77649,
Qy

} = 1.826695 + ¢ - 4.74088. O

Download free ebooks at bookboon.com


http://bookboon.com/

Example 4.1.3 Cf. also Example 2.4.2. The polynomial P(x) = 2* — 32® + 522 + 2 — 4 has the real
root = 1, and we get by a division that

P(x) = (zr — 1)Q(x), where Q(z) = 2 — 20* + 3z + 4.

The possible rational roots of Q(x) are =1, +2, +4, and it is easily seen that this set of possible roots
can be reduced to —1, —2, —4. We finally get by insertion,

Q(-1)=-2,  Q(=2)=-18  Q(-4) <0,

s0 Q(z) does not have rational roots.

L

A '{;5 0] ‘.'

Figure 22: The graph of P(z) = 23 — 222 + 3z + 4.

Since a? — 2apag = (=2)2 —=2-1-3=4—6 = —2 < 0, it follows from Theorem 1.4.1 that Q(z) must
have non-real roots. These are complex conjugated in pairs, because the coeflicients of the polynomial
are real. Now, n = 3, so we can only have one such pair, and we have precisely one real root. It follows
from the continuity and Q(—1) = —2 and Q(0) = 4 that this real root lies in the interval ] — 1, 0],
which can also be seen from Figure 22.

By differentiation,

Q' (z) =322 —4x+3 and Q'(z) >0 for z <0,
Q"(x) =6z —4 and Q" (z) <0 for x < 0.
Since Q'(z) - Q" (xz) < 0, we choose the left end point 1 = —1 < xg = ay as our starting point of the

iteration below.

The iteration map is

Q(x) _x_x3—2x2—|—3m+4
Q'(r) 322 —4x+3

where it is no help to further reduce the fraction, so the iteration formula becomes

fa) =z~

z3 — 222 + 32, +4 . (=2)% +2(—2,)° + 3 (—zn) — 4
322 — 4z, + 3 " 3(—zn) +4(—2n)+3

Tptl = T —

We get using z; = —1,

(1) —2-3+4 2
—_1- - 14+2 =08
2 31443 10 ’
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083+2-0.82+3-08—-4
r—3=-08+ T 024 0813 = —0.77635,

0.77635% + 2 - 0.77635% + 3 - 0.77635 — 4
4= 077635 + 3-0.776352 + 4 - 0.77635 + 3 = —0.77605,

0.77605% + 2 - 0.77605% + 3 - 0.77605 — 4
= —0.77605 = —0.77605.
i * 3-0.776052 4+ 4 - 0.77605 + 3

The real root is approximately given by a; = —0.77605.

Then use Vieti’s formule and that R as = R ag to get
a1+ as+ag=—(-2) =2, thus as + ag = 2.77605,
and therefore g, az = 1.388025 + ¢y. Finally,

oaasag = (—1)%4 = —4 = —0.77605 - {1.388025” + y*},
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from which

4
2 2
= 1. 25 = 3.22 =1.

Y 077605 388025 3.22769, or Y 79658,

and the three roots are approximately

o = —0.77605, g = 1.388025 + % - 1.79658, oz = 1.388025 — 7 - 1.79658. O

Example 4.1.4 Finally, we shall consider the polynomial P(z) = 3287 — 2% + 1 of Example 3.5.3.
We know already that it has precisely one real root, and that Rouché’s theorem implied that all roots

lie in the annulus o < |a| < 1. Clearly,

P(x) =32%" —2® +1>0 for 0 <z <1,

so the real root must lie in the interval | — 1, —0.96], cf. also Figure 23.

F-05

Lo

Figure 23: The graph of P(z) = 3287 — 23 + 1.

In order to avoid mistakes concerning the minus signs in the iteration process we put y = —z, x = —vy,
so we shall instead find y €]0.96, 1], such that

Qy) =3y —y* —1=0, y€l0.96,1[
By differentiation,
Q'(y) =4 {87y86 - y2} >0 for y €10.96, 1],

Q"(y) =6{3741¢y* —y} >0 for y €]0.96, 1[.

Since Q' (y)Q" (y) > 0, Theorem 4.1.3 tells us to choose the right end point y; = 1 of the interval as
our starting point for the iteration process.

The iteration map is

Y Qy) - 3y -y -1
Q'(y) 3{87y86 —y2}’

hence the iteration formula becomes

fly) =

3y —ys —1

Yn+1 = Yn — S 7om =7 o7
3{87Tys0 —y2}
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Choosing y; = 1, cf. the above, we get
3—1-1 1

—1 - T T —0.99612
b2 3(87 1} 3.86 ’
3-0.9961287 —0.996123 — 1

— 0.99612 — = 0.99530

ys 3 {87 - 0.9961256 — 0.996122} ’
3-0.99530%7 — 0.99530° — 1

= 0.99530 — = 0.99527

v 5 {87 - 0.9953056 — 0.995302} ’
-0.99527%7 — 0.99527% — 1

ys = 0.99527 — - 0-999277 — 0.99527 = 0.99527,

3{87-0.9952786 — 0.995272}

so using this particular pocket calculator we conclude that the real root is approximately

a1 = —0.99527. Since the exponent, 87, is very large, one should double check this result, because we
do not know the programs used in the pocket calculator. Figure 23 was created in MAPLE, so quite
another program. Looking at Figure 23 the found approximate value above looks very plausible.

4.2 Graeffe’s root-squaring process

The most well-known approximation method, when we shall find the roots of a polynomial, is of
course Newton’s approzimation theorem, which was treated in Section 4.1. There exists, however,
another method, which is less known, and yet it is in some cases superior to Newton’s approximation,
in particular when the derivative P’(z) is very small in a neighbourhood of a zero. This method is
called Graeffe’s root-squaring process after the Swiss mathematician C. H. Graeffe (1799-1873), who
published this method as early as in 1837. Although the method may seem troublesome at the first
glance, it may still have some advantages, in particular when one has a computer - or just a pocket
calculator - at hand.

4.2.1 Analysis

1) Description of the squaring process. Assume first that all the roots of the normalized real polyno-
mial equation

(38) P(z) =z"+ az" Va2 4+ -+ an_1x+a, =0

are all real and mutually distinct in absolute value, thus in particular all simple. We shall for
convenience, which will become clear later, write them in the form

—Tr1, =T, —T3, ..., —Tn, where |—r1| > |=re| > > |—rnl,
arranged in decreasing order of the modules from —r; to —r,.

We rearrange (38) in such a way that all even powers are on one side of the equality sign, and all
the odd powers on the other side of the equality sign,

2" agr" T = — {alx"_l + azx" 3 4},
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and then square both sides,

220 +a%x2n74 +a§x2n76 +... a2q?n=2 _|_a§x2n76 +a§x2”*10 4.
+2a9227 2 4 a2t 4 ... _ +2a1a32%" 4 + 2a1a52%" 0 4 - -
+2a0a42?" 6 4 - B +2asa5z2" 8 + ...

Collecting all terms on the left we get after a reduction,

2 — {a% — 2(12} 2 4 {a% — 2a1a3 + 2(14} x4

(39) — {ag — 2a9a4 + 2a1a5 — 2a6} b4 =0.

The idea is that every root —r; of (38) is also a root of (39), because if
P (_Tj) = Peven (*Tj) + Poaa (*Tj) =0,

then the process above is described by
Prven (=15) = =Pusa (=r5)  and  Poey (=15)* = Pusa (=),

so (39) is written

2 2
Peven (_rj) - Podd (_T]) - {Peven (_r]) + Podd (_rj)} {Peven (_rj) - Podd (_r])}
= P (=7) {Peven (=75) = Peven (=15)} = 0.
In the next step we let y := —22 in (39. Then notice that

2 = (1) Iy = (1) (1)
so by this substitution (39) becomes

y?" = {a? = 202}y + {0} — 20105 + 204}y 2
(40)  —{a3 — 2a2a4 + 20105 — 206} y" " + - = 0.

From y = —z? follows that the roots of (40) are

2 .
yi=—{-r} =—r5,  J=1...n

so (40) has the same degree as (38), and its roots are obtained from the roots of (38) by a squaring,
followed by putting a minus sign in front of them.

Repeating this process we find at step number k some polynomial equation
(41) o} + a1 px} "+ aopa} P+ + ano1 8Tk + Gpp =0

of the n real roots

(42) —r%k, —r%k, e —Tik

The process above is the same also when some of the roots have the same modulus, including the
case when we have pairs of conjugated complex roots. It is, however, easiest to describe under the
assumption that all roots are real and of mutually different modules. We shall first analyze this
simple case.
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2) The case of only simple real roots of mutually different modules. Since |ri| > |ro| > -+ > |ry| by
assumption, we obtain for “large” k that

2k ok ok
(43) [r1]” > ro|” > o> ral”

so the roots fr?k are very different in absolute value. This can be used to find approximate values

of each root —rjzk. To see this we apply Vieti’s formulee on the equation (41) of the n separated

(simple) roots (42). We write for short m = 2*. Due to the minus signs in (42) we get

ayp =1 g b
g =P 4 Y P T
(44) 0:3,k:TT{T?T?L+-~-}+r§n{rglr£n+...}+...7

m

— MM
an,k—rl 7'2 "'Tn

o
B By 2020, wind could provide one-tenth of our planet's
ra I n p O W e r electricity needs. Already today, SKF's innovative know-
how is crucial to running a large proportion of the
world's wind turbines.
Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
ication. We help make it more economical to create
eaper energy out of thin air.
our experience, expertise, and creativity,
industries ca st performance beyond expectations.
Therefore we'need the best employees who can
eet this challenge!

T@f Power of Knowledge Engineering

Plug into The Power of Knowlé ngineering.
Visit us at www.skf.com/knowlet_lgg '

1\ Vig

Download free ebooks at bookboon.com

926


http://bookboon.com/
http://bookboon.com/count/advert/0d9efd82-96d7-e011-adca-22a08ed629e5

Applying (43) on (44) we see that we have approximately

ark =r1",
ag = ri'ry,
— M, TN
(45) a37k. =TTy 7’3 s

— MM m
an7k—r1 7“2 Ts .'.T’I’L7

because all of the other finitely many terms of (44) are much smaller than the leading term in (45).
It then is very easy to find r; from (45), because

= a g, Iral = w/aw,

az. k
g = 22k Iral = /=2,
a1,k a1,k
: : . : : ok
(46) L ap ie. B s where m = 2%,
L rjl =

K
aj—1,k j—1,k

rm o= M7 |’I‘ | _ Qp ke
Ay — n| — )
n—Lk Un—1,k

Clearly, we cannot determine the sign of the roots by this method, but these can easily be found,
either by a graphical consideration, or by the theory of the previous chapters, or by simply inserting
+71 into the original polynomial equation (38)

The analysis above was based on the assumption that |r1| > |ra| > -+ > |r,|, and that the roots
-ry, —T9, ..., —ry, are all real.

The case of precisely two roots of equal modulus. We shall now assume that all roots are real and

that just two of them are equal in absolute value, say |r3| = |r4, so r4 = £r3. We apply the same
method as described above and finally arrive again at (41) and (42), where of course frgk = frzk

for k € N, because then all the exponents are even. Recalling that 2¥ = m, formulae (44) are then
written

)
a1 =71,

— Mmm
g =171 Ty,

sk = PPTE P = 2
Qg = TP = P

— pmyamp2mm m
an_17k_7"17‘2r3 r5...7" 1_1’_...,

On | = r{"r’zﬂr%mrg” RN i
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where the dots indicate numerically smaller terms. Hence, (45) is here replaced by

ai k= T71na
ar g = 1Y,
age = 2r{'r3'rs’,
(47) )
_ m,m..2m
A4 =T1T9 T3,
_ 2
an—1k = 17Ty T3S TR,
— emyamy2mm m
an’k =Ty Tror3 Ty Ty
€ on ifference between an when (rg| = T4 is al C3 = 211 Ty T whnere we get an
The only diff bet 45) and (47), wh that c3 = 2r7rr, wh t

extra factor 2, because in the following the product 73™ = r7*r* is unchanged from the previous.

Therefore, (46) is replaced by

r| = w/a
i’ = ay, Iral = %/
a2k
p = 2k ral = /2L,
a1,k ’
Qs a3 k
'f'gn = TZln = 3,k |’f’3| — |7~4| = m 72 , i
(48) 202 3 thus V 402,k where m = 2",
m _ a5k as i
Ty = a/47k’ "r5| = m a4k’
’I“Zl = 7an,k R Qn k
Un—1k Irn| = n/——,
’ An—1.k

a
so the difference is that |rs| = |ry| = =» 23—k We can for large m estimate the number of equal
\/ 2a

modulus, because

1
a3 k41 = 2 {T?"T%m?ﬁm} =3 {a3,k}27

so we just compare two successive coefficients (with respect to k), if the lower number is squared
or not, when we pass from k to k + 1 for large k. We notice that since ¥/2 — 1 for m — 400, we
may above instead use the simpler estimate

a
Ira| = |ra| & ¢/ =Eaz,
)

because in the limit, k& — 400, or m — +o00, we shall get the right values of |rs| = |r4].

The case of precisely p roots of equal modulus. Similarly, if e.g. |rsg| = |r4] = |rs| (three roots of
equal modulus), then we get for large m = 2,

ral = Iral = Irs| = /oo~ /22K,
3az,k as
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and generally, if |r;| > |rji1| = [rjp2| = - = |rj4p| > |7j4p+1], then

(49) Iyl =Irypl = = Il = /7700~ (/58 for large m = 21,
D-ajk Qaj k

because x/p — 1 for m — +o0.

We can for large m estimate the number p of roots of equal modulus, because for large k,

1

~ 2 ~ a?-&-l,k
Aj+1,k+1 = ]; “Aj41,k or b~ ——

Aj41,k+1 .
The case of precisely one pair of complex conjugated roots with different modules from all the other
roots. We shall now consider the case where the given equation (38) contains one pair of simple

complex conjugated roots. It suffices in the analysis only to consider a polynomial equation of
fourth degree of the roots

i© —i®
-, —re -, —re ’ -3,
where we assume that |r1| > |rz| > |r3|. Then the polynomial can also be written

(x+7r1) (30 + 12 eie) (x + 1y e‘ie) (x+13) =0.

When we perform k root-squaring operations and put m = 2¥, then the resultant equation has the
roots

-, —ry ™o, —ryt eimO, —ry,
so the corresponding polynomial can be written
(z+7r7") (z +ry eim@) (z + ry eiim@) (z+7ri") =0,

which we rearrange as

2+ {r{” + 7y e'me 4 Ty e”ime 4 rg”} 23
(50) + {7{"7"72” eme 4 riry e”me 4 riryt + r%m +ry'ry’ e'me 4 ryryt e*”"@} 22

2 im® —im® 2 2
+ {rlrzm +ritrytry e’ +ritrytryt e MY 4 r2mr§"} z+ri'rs"ryt = 0.

We notice that the first terms in (50) are dominating in the coefficients of z2 and z. Then we turn
to the coefficient of 22, which is also written

2r i cosmO + ey 4 r2™ 4+ 28T el cos mO.

If cosmO is approximately +1 or —1, then 2r{*r3* cos m©O is numerically dominant. If instead
cosm® is approximately 0, either 7'r3 or r3™ become dominant. Therefore, if m increases,
then the coefficient of 22 continuously fluctuates in sign, which is very unlike the coefficients
corresponding to real roots, which remain positive. Hence, we can identify complex conjugated
roots by this fluctuations of the corresponding coefficient. Clearly, the restriction to a polynomial
of fourth degree is of no importance. The observation above holds for general real polynomials.
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The general method is to neglect the fluctuating coefficient a;x (r1,...,7,©) corresponding to a
pair of simple complex conjugated roots, and then the modulus |r;| of the two complex roots is
given by

| = am | ZIHLE
ajk

Then recall that we have assumed that there is only one pair of complex conjugated roots u =+ iv.
In order to find v and v we notice that it follows from Vieti’s formule after a rearrangement that

1
u=-3 {a; + sum of all real roots in the polynomial},

so the real part is easy to find. Then

aj+1,k . .
u2+v2:r?: m/ =R implies that v = /72 —u2,
ik !

so we have also found the imaginary part. Thus for a single pair of complex conjugated roots u=+iv
the method above should be straightforward.

6) Several pairs of complex roots. If there is at least two pairs of complex conjugated roots, the
description of the method becomes more complicated. First of all one identifies all modules |r;|
and find all the real roots by the previous described method.

The complex roots are then written in the form

; 2, ,2_ .2
u; £ 1v;, where uj +v; =r7.

Then we apply some of Vieti’s formulee, starting with a; = a; o, and then a,,—; = a,,—1,0 in case of
two pairs, etc., and then find some equations of the unknown real parts u;. One should of course
choose the least complicated of Vieti’s formulae in this process, but it must be admitted that if
there are many pairs of complex roots, then we are forced to solve a very complicated system of
non-linear equations in the u;. We shall later illustrate this by an example with two pairs.

4.2.2 Template for Graeffe’s root-squaring process.

Let
Py(z)=2a" + a2Vt a2+ a1z + ap
be a given normalized polynomial of real coefficients.

1) We shall define the coefficients of the polynomial
Pi(y) =y" +aiy" " +apy" P 4 tan_yy +a,

in the next step of the root-squaring process. This is described in (52), where we get the a; by
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summing the j-th column.

1 a1 ag as Qy as
2 2 2 2 2 2
1 af as a3z aj a:

—2as —2a1a3 —2asa4 —2a3a; —2a40a¢
2&4 2(11&5 2a2a6 2&3&7

(52) —2&6 —2&1&7 —2a2a8
2(18 2&1(19
—2a19
1 al al, al al af
Then repeat (52) on the new coefficients (1, a}, a5, ..., al,), etc.. It cannot be told in advance how

many times this should be done. A rule of thumb is that one should stop when each computed
coefficient a; k41 (with the exceptions of the cases of multiple roots, or complex roots) is roughly
the square of the preceding one a; ., i.e. a; k1 = {aj,k}2 for all coefficients which are not connected
with multiple roots or complex conjugated roots. This happens when the corresponding double
products are negligible compared with the square, so in practice it is easy to see when one should
stop. This will be evident from the examples in Section 4.2.3.

2) If all coefficients are positive, so all roots are real, and if furthermore they have mutually different
modules, then find |ry|, ..., |r,| by (46). Check the sign of the roots, i.e. check the possible
solutions +rq, ..., 7, in the original polynomial Py(z).

3) If all coefficients are positive, but some of the coefficients are not eventually roughly squared, this
is an indication of that we have roots of equal modulus. In this case, apply (48), or (49), whenever
needed to find |rq|, ..., |r,| and then check +rq, ..., £r, in the original polynomial Py(x).

4) TIf some of the coefficients fluctuate, this is an indication of a pair of complex conjugated roots. In
this case, apply (51), or modifications of (51), to find |r{|, ..., |r,|. For these pairs of complex
conjugated roots, apply Vieti’s formulee to find them explicitely.

4.2.3 Examples.

We shall give three examples, one with only real roots of mutually different modules, one with only
real roots, but where some of the roots have a common modulus, and finally an example, where we
have two pairs of complex conjugated roots. In two of the examples it is possible to find the roots
directly, so we can compare the results.

Example 4.2.1 We shall find all roots of the polynomial equation
Plx)=z2* -2 -1022 —24+1=0.
We first notice that it is possible to solve this equation directly, because if zq is a root, then zg # 0,

1
and — is also a root. In fact,
Zo

1 1 1
P(mo> :x—é{lfxofIOx%—ngrxé}:x—%P(xo):O.
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Since

1 1
(x — o) (x—) :xg—{xo—&—}x—l—l,
o ZTo

the polynomial must necessarily have the structure

Pz) = a'—23-100° —z+1= (2> —az+1) (2® —bx +1)
- x4—(a+b)x3+(2+ab)m2—(a+b)aﬁ+1.

When we identify the coefficients we get
a+b=1, and 2+ab=-10, ie. ab=-12,
and a and b are the roots of the equation 22 — (a + b)z + ab = 2% — 2 — 12 = 0, thus

Z}:é@iv%+u:;uiﬂ:{_§,
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and we have proved that P(z) can be factorized in the following way,
P(z) =2 —2°-102 — 2+ 1= (2 — 4z + 1) (2* + 3z + 1),

from which we immediately get the roots

r=24y2_-1=24v3  and az:%{—3:&:\/32—4}:%{—3i\/5}.

Since we shall estimate the efficiency of Graeffe’s root-squaring method we notice for later use that
the roots are approximately

3.7321, 0.2679, —0.3820, —2.6180.
It will be convenient also to give the modules of the roots, ordered according to their size,
(53) |r1] = 3.7321, |re| = 2.6180, |rs] = 0.3820, |rq] = 0.2679,
because this is the order they should occur, when we apply the root-squaring method.

We notice that the four modules are mutually distinct and that all four roots are real, so this should
be the easiest case to handle.

It follows from Table 7 that all coefficients are approximately squared, when we pass form one step to
the next. We therefore conclude that all four roots are real, and that they are of mutually different
modules, in particular they are all simple.

Using k = 6 we get m = 2 = 64, and it follows from (46) that
ré =4.0239 - 1036, thus |r| = 3.7321,

64 2.2650-105°

To" = W’ thus ‘7‘2‘ = 26180,

o1 4.0239-10%

"3 = 55650 1068 thus |rs| = 0.3820,

1
64 _ . _
rit = 10239 105" thus |r4] = 0.2680,

in agreement with (53).

Since r1 + 19 + 13+ 714 = 1, we must have r; > 0 and 7o < 0, and r; + 79 = 1.1141 =1 — r3g — ry, or
rg + 14 = —0.1141. This implies that r3 < 0 and r4 > 0, so we conclude that the roots are

ri=3.7321, 1o =—2.6180, r3=-0.3820, rq=02680. O

Example 4.2.2 Let us consider the normalized polynomial
P(z) = 2° 4+ 2z* — 5% — 102% + 42 + 8

of integer coefficients. Its possible rational roots are £1, £2, £4, +8. A simple check shows that the
roots are

I :2, I2:$3:72, 1'4:1 and I5:71,
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k| ag ay as as | a4
1 a? a3 az | a3
—2@2 —2(11@3 —2(12@4
2@4
0] 1 -1 —10 —1 1
1 1 100 1 1
20 -2 20
2
1] 1 21 100 21 1
1 441 10000 441 1
—200 —882 —200
2
211 241 9120 241 1
1 5.8081 E4 8.3174E7 5.8081 E4 1
—1.8240E4 1.1616 E5 —1.8240 E4
*
311 3.9841 E4 8.3058 E7 3.9841 E4 1
1 1.5873E9 | 6.8987 E15 1.5873 E9 1
—1.6612E8 | —3.1746 E9 —1.6612E8
411 1.4212E9 | 6.8987E15 1.4212E9 1
1 2.0198E18 | 4.7592E31 2.0198E18 1
—1.3797E16 * —1.3797E16
5 2.0060 E18 | 4.7592 E31 2.0060 E18 1
4.0240E36 | 2.2650 E63 4.0240 E36 1
—9.5184 E31 —9.5184 E31
6| 1 4.0239E36 | 2.2650 E63 4.0239 E36 1

Table 7: The coefficients of the root-squaring method of Example 4.2.1.
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m = 2F

ap aq as as aq as
1 a? a? a3 a3 az
72(12 72(11&3 72&2@4 72(13(15
2a4 2a1a5
1 1 2 -5 —10 4 8
1 4 25 100 16 64
10 40 40 160
8 32
2 1 14 73 172 176 64
1 196 5.329 E3 2.9584 E4 3.0976 E4 4.096 E3
—146 —4.816 E3 —2.5696 E4 —2.2016 E4
0.358 E3 0.1792 E4
4 1 50 865 5680 8960 4096
1 2500 7.4823 Eb 3.2262 E7 8.0282 E7 1.677TET
—1730 —5.6800 E5 —1.5501 E7 —4.6531E7
0.1792E5 0.0410 E7
8 1 770 1.9815 Eb5 1.7171 E7 3.3751 E7 1.6777ET
1 5.9290 E5 3.9261 E10 2.9485E14 1.1391 E14 2.8148 E14
—3.9629 E5 —2.6444E10 | —0.1338E14 —5.7617E14
0.0067 E10 0.0003 E14
16 1 1.9661 E5 1.2885 E10 2.8150E14 5.6296 E14 2.8148 E14
1 3.8655 E10 1.6603 E20 7.9243 E28 3.1693E29 | 7.9228 E28
—2.5771E10 —1.1069 E20 | —0.0015 E28 —1.5847 E29
* *
32 1 1.2885 E10 5.5340E19 7.9228 E28 1.5846 E29 7.9228 E28
1 1.6602 E20 3.0625 E39 6.2771 E5T 2.5108 E58 6.2771 EbT
—1.1068 E20 —2.0417E39 * —1.2554 E58
64 1 5.5341 E19 1.0208 E39 6.2771 E57 1.2554 E58 6.277157
1 3.0628 E39 1.0420E78 | 3.9402E115 1.5760 E116 | 3.9402E115
—2.0416 E39 0.6948E78 * 0.7880E116
128 1 1.0212 E39 3.4720E77 | 3.9402E115 7.8800E115 | 3.9402E115
1 1.0428 E78 1.2055 E155 | 1.5525E231 6.2094 E231 | 1.5525 E231
—0.6944E78 | —0.80475E155 * —3.1050 E231
256 1 3.4840E77 4.0075E154 | 1.5525E231 3.1044E231 | 1.5525 E231

Table 8: The coefficients of the root-squaring method of Example 4.2.2.
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so xo = x3 is a double root, x1, xs, 3 have the same modulus 2, and the two simple roots x4 and x5
have the same modulus 1. All five roots are real. We shall see how Graeffe’s root-squaring method
can show that three of the roots have modulus 2, and the remaining two roots have the modulus 1.
All derived coefficients in Table 8 are positive, so we conclude that all five roots are real. When we
compare the two lines corresponding to k = 7 and k = 8 we see that

1 2 1 2 1 2
a8 ~ 3 ai 7, azg ~ 3 as 7, Q4,8 ~ B} Qy.7,

so three of the roots have the same modulus, and the remaining two have the same modulus, i.e.

|z1] = |z2| = |23] and |za] = |25] .
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k| m=2F o 82k | 83 e | 255K

aik a2,k as,k as,k
1 2 2.2835 1.5350 1.0116 | 0.6030
2 4 2.0394 1.6008 1.1207 | 0.8223
3 8 2.0013 1.7467 1.0881 0.8397
4 16 2.0000 1.8673 1.0443 | 0.9576
5 32 2.0000 1.9325 1.0219 | 0.9786
6 64 2.0000 1.9660 1.0109 | 0.9892
7 128 2.0000 1.9829 1.0054 | 0.9946
8 256 2.0000 1.9915 1.0027 | 0.9973

Table 9: Estimates of the modules of the roots in Example 4.2.2.

From Table 9 we derive that |z1| = |z2] = |z3] = 2 and |z4| = |z5] &~ 1. In order to get 1 in the
latter case we should proceed with the computations another one or two steps, but most people would
already at this stage judge that the modulus is indeed 1. Finally, by inserting +1, +2 in the original
equation we get as before

T, = 2, To = T3 = —2, Ty = 1, Ty = —1. <>

Example 4.2.3 Finally, we shall find the roots of the polynomial equation
(54) o7 4+ 2% —42° —da* — 2% — 522 — 2 —1=0,
by using Graeffe’s squaring method.

We first check for possible rational roots. These can only be £1, and neither of them are roots for
obvious reasons, because the sum of the coefficients is an odd number.

One may also investigate if there are multiple roots. We shall not write down the tedious details, only
mention that there are no multiple root in this case.

Then we use the Graeffe’s root-squaring method to set up Table 10.

It follows from Table 10 that from row k = 7, i.e. m = 27 = 128, all coefficients are uninfluenced
by the product terms with the exception of the fifth and the seventh coefficients, which continually
fluctuate in sign. We can therefore terminate the root-squaring process at this stage, concluding that
there must be two pairs of complex roots and three real roots. Furthermore, the real roots must be
of mutually different modules, because the transition from one step to the next one is approximately
a squaring.

It follows from 72°¢ ~ 5.6033 - 20%5 that

1
356 0 (5.6033-10%°) = 0.7713,  hence |ri| = 2.1625.

It follows from 7256 . 1256 ~ 1.6806 - 20159 that

In |’I“1| =

In |re| = % {In (1.6806 - 10"°%) — In (5.6033 - 10*°) } = 0.6609,  hence |ry| = 1.9365.
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ao ai az as a4 as ae ar
1 a? a3 a2 a3 a2 a2 a?
—2a2 —2a1a3 —2a2a4 —2a3a5 —20,4@6 —2a5a7
2a4 2a1as 2asa6 2asza7
—20,6 —2(11(17
1 1 —4 —4 -2 -5 -1 | -1
1 16 16 4 25 1 1
+8 +8 —16 —40 —4 —10
—4 —10 +8 8
+2 +2
1 9 20 -8 —26 29 -9 1
81 400 64 676 841 81 1
—40 144 1040 464 —468 —58
—52 522 —360 —16
18 —18
1 41 492 1644 762 357 23 1
1681 2.4206 E5 2.7027 E6 5.8064 E5 1.2745 E5 529 1
—984 —1.3481 E5 —0.7498 E6 —1.1738 E6 —0.3505 E5 —714
0.0152 E5 0.0293 E6 0.0226 E6 0.0329 E5
* *
1 697 1.0877 E5 1.9822 E6 —5.7062 E5 9.5685 E4 —185 1
4.8581 E5 11.8309 E9 3.9261 E12 32.5607 E10 9.1556 E9 0.3423 E5 1
—2.1754 E5 —2.7632 E9 0.1241 E12 | —37.9334E10 —0.2111 E9 —1.9137E5
—1.1412 E6 0.1334 E12 —0.0040 E10 0.0040 E9
1 2.6827 Eb5 9.0666 E9 4.0534 E12 —5.3767 E10 8.9485 E9 —1.5715E5 1
7.1969 E10 8.2203 E19 1.6430 E25 0.2891 E21 8.0076 E19 24.6961 E9
—1.8133E10 | —0.2175E19 9.7497 E20 —7.2544E22 | —1.6899E16 | —17.8970E9
* * * *
1 5.3836 E10 8.0028 E19 1.6431 E25 —6.9653 E22 8.0059 E19 6.7991 E9 1
2.8983 E21 6.4045 E39 2.6998 E50 4.8515 E45 6.4094 E39 4.6228 E19
—0.1601 E21 | —1.7692 E36 * —2.6309 E45 * —16.012 E19
1 2.7383 E21 6.4027 E39 2.6998 E50 2.2206 E45 6.409439 | —1.1389 E20 1
1 7.4983 E42 4.0995 E79 | 7.2889 E100 4.9311 E90 4.1080 E79 1.2971 E40 1
—0.0128 E42 * * —3.4608 E90 * —1.2819 E38
1 7.4855 E42 4.0995 E79 | 7.2889 E100 1.4702 E90 4.1080 E79 1-5213 E38 1
5.6033 E85 1.6806 E159 | 5.3128 E201 2.1615 E180 1.6876 E159 2.3144 E76 1
* * * —5.9886 E180 * —8.2160 E79
1 5.6033 E85 1.6806 E159 | 5.3128 E201 | —3.8271 E180 1.6876 E159 | —8.2137E79 1
Table 10: The coefficients of the root-squaring method of Example 4.2.3.
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a
It follows from r3°% = =2 that
az.8

In |r3| = %6 {In (5.3128 - 10°”") — In (1.6806 - 10') } = 0.3823,  hence |rs| = 1.4625.

Since there is only one change of sign in (54) between successive coefficients, only one of the three
roots is positive. It follows from P(2) = —39 and P(3) = 1517 that the positive root must lie between
2 and 3. Thus we conclude that the three real roots are approximately

r1 = 2.1625, ro = —1.9365, r3 = —1.4656.

Then we compute the modules of the complex roots. In the first case,

ass 512/ 1.6876- 109
~ 512 -~ — —_—m 08260
" \/; 5.3128 - 10201 ’

and in the second case,

ar.8 512 1
~ 512/ 02 — — —(.488"7.
& \/: 1.6876 - 10159

Using Vieta’s equations we see that the real parts, uy and us, satisfy
(55) wa+ us = % {—1— (2.1625 — 19365 — 1.4656)} — 0.1150,
and
an_1 = (—=1)""'{sum of the products of the roots taken n — 1 at a time}.

In the given case, n = 7 and ag = —1, thus

=1 = rorg(usg +ivg) (ug — ivg) (us + ivs) (us — ivs)
+r173 (ug + tvg) (ug — ivg) (us + tvs) (us — ivs)
+r179 (ug + tv4) (ug — ivg) (us + tvs) (us — tvs)
+rirers {(ug — ivg) (us + ivs) (us — ivs) + (ug + ivg) (us + ivs) (us — tvs)}
+ryrars {(ug + tvg) (g — ivg) (us — tv5) + (ug + fvg) (ug — ivg) (us + ivs)}
= (rirg +rors 4+ rar) (ui + vi) (u§ + 1)52,)
+rirors {Quu (ug + vg) + 2us (ui + vi)}

2 2 2 2
= (ryro+rors+r3ry)ry-rs +2 (u4r5 + U57“4) riTaT3.

It follows by a rearrangement that

1 1 1 1
(56) 2% ug+ 2% us = — —rzrg{++}.
71 79 rs

We insert r; = 2.1625, ro = —1.9365, r3 = —1.4656, r4 = 0.8260 and r5 = 0.4887 into (56) to get

0.4777 - ug + 1.3646 - us = —0.1629 + 0.1200 = —0.0429,
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so together with (55) we get the system

uy  + us = 0.1150,
04774 -uy + 1.3646-us = —0.0429,
so using Cramer’s solution formula,
‘ 0.1150 1 ’
—0.0429 1.3646 0.1998
= = =0.2252
“4 1 1 08872 2%
0.4774 1.3646
and
1 0.1150
0.4774 —0.0429 —0.0978

g = = = —0.1102.
‘ 0.4774 1.3646

1 1 ' 0.8872
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Then finally,

vy = \/r2 —u3 = 1/0.8260% — 0.22522 = 0.7947,

and

vs = /12 — u2 = 1/0.48872 — 0.11022 = 0.4761,

and the complex roots are

0.2252 £4-0.7947 and —0.1102 £ 7 - 0.4761. O

The examples above show that the real roots are fairly easy to compute. In case of pairs of complex
roots we first find the modulus 7., and then write u,, 4-iv,,, where r2, = u2, +v2,. Use always Vieti’s
formula

—ay = sum of all roots,

when we have at least one pair of complex roots. If we have two pairs of complex roots, then we
should also include

(—=1)""'a,,_; = sum of all products of the roots taken n — 1 at a time.

If there are three pairs of complex roots, we include another one of Vieti’s formule, in which case the
new system becomes more difficult to solve, due to the non-linearity, etc..

The worst case is of course when all roots of the real polynomial of degree 2n are complex, in which case
we shall include n of Vieti’s 2n equations, of which only two are linear in the real parts u, ..., Uy.
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5 Appendix

5.1 The binomial formula
We shall for completeness prove the binomial formula
(57) (a—l—b)”:Z(ﬁ)a”‘jbj for a, b € C, n € Np.

=0 7

We use here the well-known notations ¢ := 1, and

n o\ _ n! B 1.9...m . N
<j>]'(n—])'(12j)(12(n_3))7 do!:=1.

PROOF. If a = 0, we get by the conventions above b™ on both sides of the equality (57).

If a # 0, it follows by dividing by a™ that it suffices to prove (57) for a = 1, i.e. we divide by a™ and

replace — by b to reduce the claim to
a

n

(58)(1+b)"—2(?>bj, beC and neN.

§=0
We shall prove (58) by induction.
When n = 0, we just get 1 = 1 by the conventions above.
When n =1, we get
~ (1 1 1
(1+b)r=1+b and z(:)(j )bj:(o )b°+< 1 >b1=1+b.
j=

Therefore, (58) holds for at least n =0 and n = 1.
Assume that (58) holds for some n € N. Then, using this assumption,

(1+b)"t = (1+b).(1+b)"=(1+b)znj( ’; )bj

=0

S (s (s 8 ()

n
Jj=0 J=0

- () C)r{ (D)0 )

We notice that

(5)--(31) w0 ()= (21)
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and

n n B n! n! B n! 1 . .
<J’)+(J’—1> IR T V[T W Tl Ty s TRAL S A

nln+1)  (n41) _(n+1>
jn4+1—5) jln+1-75)" J '

Hence, finally

(14"t = <g>b0+jz:{(?)+<jﬁl >}bj+(z>b"+1

n+1 - n+1 n+1 fasy n+1
0 § Vi n+1 § l'i
j= =

and (58 follows by induction. O

Remark 5.1.1 It is not hard, using a similar proof, to prove Fuler’s rule of differentiation of a
product of two C"-functions f and g,

69) 4 o =3 (1) Tt

§ ) dzn=i dzi’

Jj=0

d°h,
where we have put @(z) = h(2). O

5.2 The identity theorem for convergent power series

Theorem 5.2.1 Two complex power series
—+oo +oo

FE = a2 and  g(z) = bn2",
n=0 n=0

which are both convergent in the same nonempty disc |z| < r, and here are equal to each other, have
the same coefficients, i.e.

a, = by, for all n € Ny.

PROOF. The proof follows the same patterns as the proof of Theorem 1.1.1. Let f(z) = g(z) for all
|z| < r. Putting z = 0 we get

ap = f(0) = g(0) = bo,

SO

+oo +oo “+o0o
f(z)—ao = Zanz” = zZanHz” =g(z)—by = szn+1z"
n=1 n=0 n=0
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for all |z| < r. Hence, for 0 < |z| <7,

+oo +oo +oo
E Apt1 2" = a1+ 2 E Gpyo2" =by + 2 E brto 2™,
n=0 n=0 n=0

SO

+oo +oo
(60) al—blzz{an+2z"—Zan+2z"} for 0 < |z <.
n=0 n=0

The left hand side of (60) is a constant, while the right hand side tends towards 0 for z — 0. Hence
a; = by, and it follows from (60) that

+oo +oo
E bpio 2" = E Gpao 2" for 0 < |z] < 7.
n=0 n=0

Repeating this argument we get successively,
a2:b2, a3:b3, ey an:bn, ey

and the theorem follows. [J
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Example 5.2.1 The power series method. Using the identity theorem we can describe the power
series solution method of differential equations of polynomial coefficients. We shall illustrate this
important method by the very simple example

(61) f'(x) =22 f(z)=0, xeR, [f(0)=1,
the solution of which is of course f(z) = exp (z?).

When we insert into (61) the formal power series

+o0 “+o00
flx) = Zan z" and f(x) = Zna" 2"t
n=0 n=1

where the latter is obtained by termwise differentiation of the former, we get formally

400 +o0 400 400
0 = fl(z)—2xf(x)= Z nap, "t —2 Z an " = Z (n+2)an 02"t — Z 2a, "1
n=1 n=0 n=0

n=-—1

+oo
= aj+ Z {(n+2)ani2 — 2a,}yz™ 1,

n=0

Since this is the zero polynomial, it follows from Theorem 5.2.1, The identity theorem, that all coeffi-
cients are zero, thus a; = 0 and

2
an
n+2

(62) (n+ 2)apt2 —2a, =0, n € Ny, thus Gpyo = , n € Ng.

From a; = 0 and (62) follow by induction that as,+1 = 0 for every n € Nyg. When the index is even,
n = 2m, then we get from (62) that

(2m + 2)agmio — 2a0;, = 0, thus (m+ 1)ag(mi1) = G2.m, meN.
We multiply the latter formula by m! = 0, and then we get by recursion,
(m+ ' aspnyry = mlag.y, = -+ = 1las = 0lag = ap = f(0) = 1.

Solving with respect to asz,, we get

1 1
Aom = e hence Qon = ] and ag,+1 =0 for n € Ny.

Therefore, the formal power series solution becomes

+oo +oo 1
fl@)=> ag 2™ =) — (m2)2 = exp (2°),
n=0 n=0 "

where we at last recognize the power series expansion of the exponential, so the formal solution is also
the correct solution. ¢
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5.3 Taylor’s formula

We shall here prove Taylor’s formula, first in general, and then restrict ourselves to polynomials.

Theorem 5.3.1 Taylor’s formula. Let f € C"TY(I) be an n + 1 times continuously differentiable
function on an open real interval, and let a € I be a given point. Then, for x € I,

2! n!

"(a "(a (n)a T £(n+1)
f@ = 1@+ T e+ B ey DO oy [T

PRrROOF. We shall here give a direct proof. If x is considered as a constant, then ¢ — a is an integral
of 1, and it follows by a series of successive partial integrations that

f@ = @+ [1roa= s |50 r0] - [ e
"(a — )2 v T (t—1)2
= fla)+ fl(' ) (x —a) — {(t = ) ~f//(t)] +/ %f(?’)(t)dt

"(a "(a — )3 . x T (¢ )3

"(a e (n)a LN
f( )(33—0,)+f ( )(x—a)2+--~+f ()(x_a)n+/ %f(n—i_l)(t)dt,

and the theorem is proved. [

Theorem 5.3.1 holds in particular for polynomials P(x) in the real variable z € R. We get an even
better result, because if P(x) has degree n, then clearly P("+1)(t) = 0, so the error term (the final
integral) disappears, and we have

(63) P(z)P(a) +

(x —a)”, for all z € R,

without the error term.

By the identity theorem, Theorem 1.1.1, the coefficients of a polynomial are unique, so (63) also holds,
when z € R is replaced by z € C.

Finally, we leave as an exercise to the reader to prove (63), when a € C is a complex constant.

5.4 Weierstral}’s approximation theorem

It is the author’s experience that this very important theorem is not too well-known in general. It
is, however, due to this theorem in many cases possible to work only with approximating polyno-
mials instead of with more general continuous functions, so it plays indeed a very important role in
Mathematics.
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Theorem 5.4.1 Weierstraf3’s approximation theorem. Let f be a continuous function on the bounded
closed real interval [a,b]. Then there exists a sequence of polynomials { P}, which converges uniformly
on la,b] towards f.

That P, — f uniformly on [a, b] for n — +00 means that to every € > 0 there exists an ng € N, such
that

|f(x) — Pu(x)| <e for all n > ng and all z € [a, ],
i.e. the graphs of P, lie eventually in an e-tube around the graph of the continuous function.
Remark 5.4.1 We shall here give the customary proof, which for given ¢ > 0 and corresponding

ng € N explicitly defines the approximating Bernstein polynomials, so the proof of Theorem 5.4.1 is
actually constructive. ¢

PROOF. Clearly, we can approximate the real and the imaginary parts of f separately, so without
loss of generality we may assume that f is a real function.
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Then notice that the linear transformation g : [0,1] — [a, b], given by
g(t):a+(b70’)t7 tE[Oal}a
makes f o g a continuous function of [0, 1], so we may assume from the beginning that [a,b] = [0, 1].

Since f is continuous on the bounded closed interval [0,1], it follows from one of the main theorems
of continuous functions that f is uniformly continuous on [0,1]. This means that given € > 0 there
exists a 6 > 0, such that

(64) |f(z)— f(y)] < %, whenever z, y € [0,1] and |z — y| < J.

Let in the following € and ¢ be given, such that (64) is fulfilled, and define the Bernstein polynomials
B, #(t) corresponding to the function f, in the following way,

B s(t) = if(ﬁ) ( Z )tm —t)"kF  npeN.

k=0

We shall prove that
(65) |f(t) — Bns(t)| <e for all ¢ € [0,1] and all n > ny,
where
(66) no = =3 max [7(0)
= X .
0 252 te[0,1]

We shall need the following

Lemma 5.4.1
n 2
Z{t—:} ( Z )tk(l—t)"_k: t(ln_t) fort €0,1].
k=0
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PROOF OF LEMMA 5.4.1. If one is familiar with the variance of the binomial distribution from
Probability Theory, this is trivial. If not, one proceeds in the following way:

3 N e w L

k=0
=2y ( Z > th(1— )k — 2th:1 CECE _(Tll)!(:b)i ] th(1— )nk

“k—-1+1 n—1)! o
Pl e e L

n—1 n—1
2 qn oy n—=1\ k. m-1-k, L n—=1\ %/,  n-1-k
=2 1" -2t tkz;)< f >t(1 t) +”t;;>< ) )t(l t)

n

n—1 (n—2)! & &
t* (1 —¢t)"
R kzzz(k:—Z)!(n—k)! (1-1%)
1 1 2n—2 n—29
_ 42 _ 942 qn-—1 - .4.qn—1 = k _ \n—2—k
= -2 1 g ] +{1 n} 1?—0( - )t(l t)

1 1 1
:t2—2t2+t+{1—}t2-1"_2:t(l—t),
n n n

SO

i K2 n\ s t(1—1) 1
< —_ — — n—k — < — .
O_k_o{t } <k>t (1-1t) <o fortel1 O

Returning to the proof of Weierstrafl’s approximation theorem, we choose

max £l

2 -
€02 tefo,1
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and then we get by (64) and Lemma 5.4.1 the following computation,

() = Bu ()] = |f(t) (1) z_;f(z) ( " )tk 1 gt

IN
N
_|_
=[]
=
N
L
=
N

3
< —
-2 tc[0,1]
k k
t——|<s t——|>6
n n
£ — n 2 - £ n
<7 k 1_ n—k - _ k 1_ n—k
<5 (h)ramore 2 me ol {e- 20 (7 )tay
k=0 k=0
€ 2 1
= -+ = t)-—t(1—t
5 T 52 tren[gﬁ]\f()l —t(l—1)
<§+gmax\f(t)| e 1_e,&8_,
=2 62 o) maxeq) |f(t) 4 2 2 7

assuming that f is not identical 0. It is of course trivial, when f =0. O
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Bernstein polynomials, 83
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Cardano’s formula, 24

contraction, 68

contraction factor, 68

d’Alembert’s theorem, 10

degree of polynomial, 6

Descartes’s theorem, 40, 43, 47
division algorithm, 28

divisor, 23

double root, 13

elementary symmetric polynomials, 14
Euclidean algorithm, 28, 29, 32, 36, 50
Euler’s rule of differentiation, 80

fix point, 68

Fourier-Budan’s theorem, 46, 47, 54
fundamental theorem of algebra, 10, 12, 18, 19, 51, 60-63
Graeffe’s squaring method, 62

greatest common divisor, 29

Hurwitz polynomial, 63, 65

Hurwitz’s criterion, 66

identity theorem, 7, 81, 83

identity theorem for convergent power series, 80

inversion, 9
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logarithm, 55

logarithmic derivative, 58

multiple root, 13

multiplicity of root, 13

Newton’s approximation formula, 68
Newton’s iteration method, 69, 70
normalized polynomial, 8, 9, 41
power series method, 81

real polynomial, 7, 39

reflection in a point, 9

Rolle’s theorem, 15, 17

root, 10

Rouché’s theorem, 54, 61

Rouché’s theorem for polynomials, 60
Schur’s criterion, 65

similarity, 9

simple root, 13

Sturm chain, 51

Sturm’s theorem, 50, 52

Taylor expansion, 8

Taylor’s formula, 82

translation, 8

uniform continuity, 83

Vieti’s formule, 13

Weierstral’s approximation theorem, 83
winding number, 56-58

zero, 10

zero polynomial, 7





