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The Laplace Transformation I Introduction

Introduction

In this volume we give some examples of the elementary part of the theory of the Laplace transfor-
mation as described in Ventus, Complex Functions Theory a-4, The Laplace Transformation I. The
chapters and the sections will follow the same structure as in the above mentioned book on the theory.

Leif Mejlbro
February 18, 2011
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The Laplace Transformation I 1 The Laplace transformation

1 The Laplace transformation
1.1 Null sets and null functions; the Lebesgue integral

1 2
Example 1.1.1 Let Ag = [0, 1], and let Ay := [0, 5} U {g, 1} denote the closed set, which is obtained

by removing the open interval in “the middle”.
Then let

. 1 2 3 6 7 8 9
G e v el A Il o) I PR =
be the set, which is obtained by removing all the open intervals in “the middle” in each of the two

closed subintervals of Ay.

Sketch A1 and As.

Then define the sets A, by induction, following the same pattern as described above, always removing
the open interval in “the middle” of each subinterval. Let A = ﬂ:i%

1) Prove that A # ().
2) Prove that A is a null set.

3) Prove that A contains a non-countable number of points.

Al r——m———-— _
A2 — — — —
t t
0 173 2/3 1

Figure 1: The sets A; and As.

Each A,, consists of 2™ closed intervals, each of length 37™. In the transition to A, 1 we remove
an open interval of length 37 "~! from each interval, so if m denotes the measure, i.e. the sum of all
lengths of subintervals in each A,,, then

m(aps1) = %m (A) .
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The Laplace Transformation I 1 The Laplace transformation

1) Clearly, 0 € A,, for every n € N, hence also 0 € A = ﬂ:g A, 50 A#0.

2) It follows from

2 n
m(A) <m(4,) = (3) for every n € N,

by taking the limit n — 400 that m(A) =0, so A is a null set.
3) Every point = € A has a triadic expansion,
z = 03z12003 - - -,

1
where z,, € {0,2} for every n € N. Thus, y, = 3 %n € {0,1}, so we define an injective map
p: A —10,1] of all triadic numbers in A onto all dyadic numbers in [0, 1] by

© (03 z12203 -+ ) := 02 y1Y2y3 - - - .

Since every y € [0, 1] indeed has a dyadic description of some number in ¢(A), it is also bijective,
and the two sets A and [0, 1] have the same number of points. Since m([0,1]) =1 # 0, it is not a
null set, and in particular it contains non-countably many points. The same is true for A which
therefore is a null set with non-countable points. ¢
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The Laplace Transformation I 1 The Laplace transformation

Example 1.1.2 We consider the set R/Q, thus an element & € R/Q is a set
i:={zr+q|qeQ}

where x is any representative of the class &, lying in x € [0,1]. We let A(C [0,1]) denote the set of
all representatives, chosen in this way.

1) Prove that A is not a countable set.

2) Prove that the splitting

R=|J{z+qlzecA}=|JA+{d})

q€Q q€Q
of R is disjoint.
3) Prove that A cannot be a null set.
4) Prove that
U @+{ahcho
q€QN0,1]

and apply this inclusion to prove that A cannot have a (Lebesque) measure # 0, and conclude that
A is a nonmeasurable set.

1) Assume that R = A is countable. Then also

Utz+alec@=] Jlz+g

z€A €A qeQ

would be countable.

However, R is not a null set, thus in particular not countable, so our assumption is wrong, and A
is not countable either.

2) Assume that there are p, ¢ € Q, such that
(A+{p}) N (A+{q}) #0.
Then there are x, y € A, and 71, 12 € Q, such that
r+r+p=y+rz+1,
hence, by a rearrangement,
r=y+{rao+q—r—pt=y+s, where s =r9+q—11 —p € Q,

which proves that z ~ y, modulo Q. Since also z, y € A, this is only possible, if x = y, which
again implies that p = ¢q. Therefore, we conclude that the splitting

R={JA+{d})

q€Q

is disjoint.
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3) If A was a (non-countable) null set, then we have above written R as a countable union of null
sets. This would imply that R also should be a null set, which it is not! We therefore conclude by
contraposition that A is not a null set.

4) Tt is trivial by the geometry that

U (A+{ah)cho.2.

qeQN0,1]

Furthermore, the union on the left hand side is disjoint, so if A had a measure, then we proved
above that m(A) # 0, hence m(A) > 0. This implies that

m| | A+{) | =+x<2,
quﬂ[Oxl]

which is not possible.

Thus neither m(A) = 0 nor m(A) > 0, so A cannot be a Lebesgue measurable set. ¢

Example 1.1.3 Prove that the relation “equal almost everywhere” is an equivalence relation on the
class of functions.

We shall check the three conditions of an equivalence relation for the relation
f~ag, if and only if f(z) = g(x) for almost every = € R,
i.e. outside a null set.

1) It is obvious that f ~ f for every function.

2) If f ~ g, then f(x) = g(x), except on a null set N. Then of course also g(x) = f(x), except on N,
so g~ f.

3) Transitivity. Assume that f ~ g and g ~ h. Then
{reR|[f(z)#h(@)} C{reR| f(z) #g(z)} U{zeR|g(x) # h(x)},

so N:={z € R| f(x) # h(x)} is contained in a union of two null sets, thus N is also a null set,
and we have proved that f ~ h.

Summing up we have proved that “equality almost everywhere” =~ is an equivalence relation.
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1.2 The Laplace transformation

Example 1.2.1 Prove that if f(t) is a bounded function, then o(f) < 0.

We assume that |f(t)| < A for all t > 0. Choose any o > 0. Then we have the estimate

+oo +o0 A
/ If(t) e 7tdt < A / e 7t dt = = < +oo,
0 0 o

S0
+oo
a(f)—inf{aER ‘ / |f(t)|e”t<+oo} <inf{fc eR|o >0} =0,
0

and the claim is proved. ¢
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Example 1.2.2 Find a continuous function f € F\E.

We shall construct a continuous function f : [0,400] — R, such that for some o € R,

“+o0
(1) / 1F ()] e dt < 400,
0
i.e. f € F, and such that also
(2) VAER, VBRIt €[0,+oc[: |f()] > AP,

ie. f¢E.

We shall in the construction below explicitly choose o = 0, although it is obvious that it can be made
for any o € R. When o = 0, then (1) reduces to f € L' (R, ), thus

+oo
/ F()| dt < +oo.
0

We choose a continuous function g : [+, +oo[ — R, which fulfils (2), thus g ¢ €. In general, any such
function can be chosen, but here we limit ourselves to

g(t) :==exp ('), for ¢ € [0, +o00],
because g(t) then will dominate every exponential e, so it cannot belong to &, thus g ¢ &.
Obviously, also g ¢ F, so we shall amend ¢ slightly. First notice that
VAcR, VBcRInecN:|g(n)| =exp(e") > Ae"b.
This means that every function f which fulfils
(3) f(n) =g(n) =exp(e") for N,

while the values f(¢) can be anything for ¢t € Ry \ N, will satisfy (2) and therefore not belong to €.
The idea is then simple. Cut so much in the graph of g(¢), that f(n) = g(n) = exp (e™) for all n € N,
that f(¢) remains continuous, and such that f € L* (Ry).

Every point n € N on the x axis is surrounded by a symmetric interval

1
N oy OXP (—e"),n+ on &XP (—e")|

of length 2-27™ exp (—e™), and in this interval f is chosen as the piecewise linear function as indicated
on Figure 2, so the graph becomes in this interval a triangle of area
1 —n —n n —n
5-2-6 exp (") -exp (e") =277,

Outside these intervals we put f(¢) = 0, and it is obvious that f(¢) then is continuous and by (3)
above does not belong to £.
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exp(e”n)

n

n - 2 {-n}*\exp(-e”n)

Figure 2: Construction of a function f € F\ £. The axes have different scales.

It only remains to prove that f € F. This follows from

- —0tq - d v L 1
/0 1f(t)|e t_/o f(t)t_ZQ—nf < +o0.

n=1

Hence, f € F\ &, as requested. ¢

Example 1.2.3 Construct two functions f, g € F, such that f-g ¢ F.

We choose

for ¢ € R+,

0 for t = 0.

The functions f = g belong to F, because we for 0 = 1 get

/+Oo|f(t)| —otdt /+0o Lootar /l ! tdt—i—/m Lootar
e = —e = —e — e
0 0 \/E 0 \/E 1 \/E

lld “+oo td \[1 41+00 1
< —dt + e t:P t} + le” =2+ - < 4o0.
| e+ | e i

First notice that if o < 0, then

+oo “+o00 “+oo
/ () - g(t)] et dt > / PO = / Lat = oo,
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so it suffices only to consider o > 0. We get for every such o > 0 and every ¢ €0, 1] that

—+00 —+00 1 1 1 —+o00 1
/ |f(t)g(t)| e 7t dt = / “etdt = / e otdt + / —e ot dt
€ € 13 £ 13 1 t

1
1 1
/ R e 7tdt+0=e7[Int]l =77 In - — +oo, for e — 400,
€
€

proving that the improper integral

“+o00
/0 F(B)g(t)] e dt = +o0

for every o > R, hence also for every o € R, and we have proved that f-g = f2 ¢ F.

Remark 1.2.1 We chose the argument above to guide the reader through the main steps of the idea
of how to construct such an example, but it should also be mentioned that the continuous f € F \ &
constructed in Example 1.2.2 also satisfies that f? ¢ F. The simple proof is left to the reader. ¢

Example 1.2.4 Show that o(f) = —oo for the function f(t) =exp (') fort > 0. O

We get for every z € C,

—+o0 —+o0 +oo .
/ |f(t)] - e ®=tdt = / exp (—e') - e~ Rt = / e (e R=t) gy o +o0,
0 0 0
because e + Rz -t >t for t > T = T(z), where the constant 7'(z) depends on z. Hence,

400 T +o0
/ e—(et-i-%z»t) dt = / e—(et-l-%z-t) dt+/ e—(et-HRz-t) dt
0 0

T
T . +o0o
< / e (R =1) gy +/ et dt < +o0.
0 T
Since the improper integral is convergent for every z € C, we conclude that o(f) = —oc.

Example 1.2.5 Given a continuous function f(t) in a closed bounded interval [a,b] C [0, 4o0], and
f(t) = 0 outside this interval. Prove that o(f) = —oo0.

The function f(t) is assumed to be continuous in a closed bounded interval. It therefore follows from
a main theorem that f(¢) is bounded, i.e. |f(t)] < A for some constant A > 0 and all ¢ € R. Hence,
for every o € R,

+o0 b
/ e‘”lf(t)ldt:/ e f()]dt < (b—a) - A max {e", e~} < to0.
0 a

Then clearly o(f) = —o00. O
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Example 1.2.6 Find the Laplace transforms of
1) te™, where a € C,

2) t sinht,

3) t cosht,

4) tsint,

5) t cost.

1) Tt follows from

+oo +oo
/ te] et dt = / tetomRa) 4,
0 0

that the improper integral is convergent for Rz > R a. When this is the case, we get by partial
integration,

—+oo —+oo
L {t e“t} (z) = / tee *tdt = / tetl@=2) q¢
0 0

+oo +o00
|:t . L et(a—z):| _ 1 / et(a—z) dt
a—z 0 a—2zJ

_ L IS Ty R | _d
=0 a—z {a—ze ]0 -~ (a—2)? o dz’L{e }(Z)’

SO

L{te}(z) = ﬁ

The remaining problems are derived from this result by Euler’s formulee.

for Rz > Ra.

2) Using the definition of sinh¢ and 1) above we get

L{t-sinht}(z)

E{t- % (e’ —et)} () = %E{tet} (2) — %E{te*t} (2)

[\

1 1 1 1 1 1 1
T2 1-22 2 (-1-2)? _5{(z_1)2_(z+1)2}
(z+1)2-(z-1)2 22 [
(22—1)2 (22—1)2

[y

d :
=5 L{sinh t}(z)} )

[\

for Rz > max{R1,R(-1)} = 1.
3) Similarly,

L{t cosht}(z) %ﬁ{tet} (z) + %ﬁ{te—t} (2) = % (z+1)"+(z—-1)

(22— 1)°
2241

d
= W = L{cosht}(z) for Rz > 1.
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1 The Laplace transformation

4) In this case we use Euler’s formula,

L{tsint}(z) = 1

1 (mi—2)2—(i—2)?% 1 4iz

it 1 —it _ 1
Ziﬁ{te }(z)—2—i£{te }(2)_2_1{ -

2i (22 +1)°
for Rz > max{RNi, N(—i)} = 0.

5) Similarly,

2 (2417

1 1 1 1 (—i—2)?+(i—2)? P4 2P
L{t cost}(z) = 5 { e + iz } =5 R EEE:
22 -1 d
= iy [_ — L{cos t}(z)} forRz>0. O
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Example 1.2.7 For which of the functions below do the Laplace transforms exist?

1
1) 1+t
2) exp (12 — 1),

3) cos (t2).

—_

1) The function f(t) =

1
of f(t) exists and o(f)
theory.

7 is bounded and continuous in [0, 4+o0o[. Hence, the Laplace transform
= o(f) = 0. The explicit expression cannot be found at this stage of the

2) No matter how we choose any o € R, we get

+oo 2 +oo 2
/ et et’ 1 dt = exp (—1— U) / exp ((t— f) > dt = +o0,
0 4 0 2

SO exp (t2 — 1) does not have a Laplace transform.

3) The function cos (t2) is continuous and bounded, so its Laplace transform exists. However, it
cannot be found at this stage of the theory. ¢

Example 1.2.8 Find the Laplace transform and the abscissa of convergence for each of the following
Sfunctions,

1) 2 +2,
2) t+ et +sint,
3) (144", neN.

1) It follows by linearity and by using some of the commonly used tables that

ﬁ{t2+2}(z):L{tQ}(z)+£{2}(z):3—;+2é:2-22+1

for Rz > 0, and it is easily seen that o(f) = 0.
2) Similarly, by using linearity and some table,

L{t+e " +sint} () = L{t}(z) + L{e 7} (2) + L{sint}(z) = é + ﬁ + ﬁ’

for ® z > max{0,—1,0} = 0, thus o(f) = 0.
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3) Since f(t) is a polynomial, which is dominated by the exponential, we get that the improper
integral

“+o0
/ (1+t)" e 7" dt, n €N,
0

is convergent for every o € R, and divergent for o = 0. Hence,
o(fy=c((1+t)")=0.

Then we apply the binomial formula and the linearity and some table to get

ca+r@ = e ()@= (1) eine

Jj=0 J=0

~/n\ j! = 1
Z<j)zj+1_2(n_j)!'zj+1’

=0 Jj=0

<.

for Rz>0. ¢

Example 1.2.9 Find L {X]Lg[} (2) and o (X]Lg[).

It follows immediately from the definition

2
;C{X]Lg[} (2) :/ e *tdt
1

that the improper integral is convergent for every z € C, so we conclude that

 (xj1,21) = —00.

If z =0, then
L{(xp2)} (0) = 1.

If 2 # 0, then
2 2 —z —2z
. 1 e _e
TR T v P
1 z i P
Summing up, o(f) = —oc, and
1 _ —z
e ‘ for z # 0,
L{(x120} (2) = z
1 for z = 0. O
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Example 1.2.10 Given
f() = min{¢, 1} fort € [0, 4o0l.

Sketch the graph of f, and then find L{f}(z) and o(f).

12

0.8
y 0.6
0.4
0.2

Figure 3: The graph of the function of Example 1.2.10.

Clearly, o(f) = 0. Then for Rz > 0,

1 o) 1 1 1 1 1 +o00
L{f}(z) = / te #tdt + / e Ftdt = {— t e_Zt] + - / et dt + [— e_Zt]
0 1 z t=0 *Jo z t=1

1, 1 1 1—e
et e = 0
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Example 1.2.11 Compute L { (5e™2 — 3)2} (2).

We get immediately for Rz > 0= o(f),
25 30 9

-2t 9)\2 _ —4t —2t _ _ el

£{(5e7 =3)"} (2) = £{25¢7 — 307 19} (2) i Tt O

Example 1.2.12 Prove for f, .(t) = e *t", n € Ny and a € C, that
n!
L n,a = T Ao
(e} () = e
and find o(f).
It follows by a straightforward computation that
e t —zt e —(z+a)t n!
a{fw}(z)z/o et dt:/o e Q= L4} (2 +0) =

for Rz > —Ra=0(fna) O

8007 W'g swesls v a8l B
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Example 1.2.13 Compute the Laplace transforms of the functions below and find their abscissa of
convergence.

1) xg, (t—1) +3e”H0),

2) xr, (t—1)-sin(t —1).

1) It follows from the definition of the Laplace transform that

+oo +oo —z 1
L{f}(z)= / e *tdt+3e° / e~tetdt =& 5
1

0 z + 6 z41
for Rz > o(f) = max{0,—1} = 0.
2) Similarly,
+oo +oo e~ %
L{f}(z) = ! sin(t — 1) e * dt = e_z/o sint-e *'dt = e % L{sint}(z) =

2241
for Rz>0=0(f). ¢

Example 1.2.14 Compute the Laplace transform of (sint — cost)?.

First compute
(sint — cost)? = sin®t + cos®t — 2 sint - cost = 1 — sin 2¢.
Then we get for Rz > 0= o(f), that

L {(sint — cost)Q} (z) = L{1 —sin2t}(z) = 12

2244 0

Example 1.2.15 Compute the Laplace transform of cosh? 4t.
We get for Rz > 8 = o(f),

L {cosh?4t} () = L {14—(:20511&} (z) =

Example 1.2.16 Compute the Laplace transform of xo,x](t) - sint.

We write for short f(t) = x[o,x](f) - sint. Then for z € C,

oo L ,
LA = [ xom® sintee = [0 e e e
0 0
(4)
= l e(i_z)tdt—i./ e (i)t q¢,
2Z 2 0

0 (3
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The two integrals are convergent for every z € C, so o(f) = —o0.

If z € C\ {—i,i}, then
171 0] 1 I
L T (i—z)t s =)t
1) 2i [z‘—ze o 2| itzC -
11, 11 . 14+e™ [ 1 1
- . it—mz _ | . —im—mz 1\ — _
TR TR } 2i {i—z+i+z}

14e ™ i+z+4+i—2z e P 41 .
= T T a2 =+ 211 for z € C\ {—1i,i}.

If z = i, then it follows from (4) that

-_l "o _l T ot _ T
E{f}(z)—zz,/o e’ dt 22_/0 e dt—2,,

7

which can also by obtained by taking the limit

1
lim £{f}(z) = lim “5—— — lim =—00—=
z—1 z—1 Z
If z = —i, then it follows from (4) that

) 1 T 2t 1/7T o
L ) = — t— — - —
{fH(=0) 22./0 e”"d % e dt 57"

which can also by obtained by taking the limit

. .oeT™ 41 . —me ™ —x(—1) T

lim £ = lim ——— =1 = - __

i LA E) = Jim, e = i ST
and we see (which should not be a surprise) that z = ¢ and z = —i are removable singularities of the
analytic function

L) =5, seC 0

z) = z .
22417

Example 1.2.17 Prove that neither sinz nor cosz can be the Laplace transform of any function

feF.
If f € F, then
L{f}(z)—0 for Rz — +oo.

Therefore, the claim follows if we can prove that neither sin z nor cos z satisfy this condition. This is
obvious, because not even the restrictions sin z and cosz to the real axis have a limit value for x € R
and x — +oo. O
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Example 1.2.18 Compute the Laplace transform of t*et, either by the definition, or by the rule of
multiplication by t™, or by using the shifting property.

1)

Application of the definition. Due to the principle of different magnitudes there exists for every
e > 0 a constant A. > 0, such that

|t e'| < A e(+e)t, for all t € [0, 4+o00].

Furthermore, the improper integral

—+o0 —+o0
/ |t" e e*”dt:/ t"dt = +o00
0 0

is divergent. We therefore conclude that

o(f)y=eo(f)=1 and  feé&.

Then by the definition for Rz > 1,

—+o0 +oo
/ t"ete ?tdt = / A L
0 0

LA{t"e'} (2)

1 oo n oo
|: - m e(zl)t:| + - / =Lt o2t g
Z- t=0 *—+Jo

n
z—1

L{t" e} (2).

Finally, we get by recursion,

n t _ n n—1 _t _ . n'
Rule of multiplication by t"™. First we get
“+o0
E{et}(z):/ ele *dt = for Rz > 1.
0 z =

Then by the rule of multiplication by t",

L{t"e'} () = (-1)" d- {L} =" (=1"- nl!)n+1 = _nl!)n-i-l'

dzm | z—1 (z —

Shifting rule. First we get from a table that

|
LA{t"}(z) = % for Rz > 0.

Then an application of the shifting rule with f(t) =t" and a = 1 gives

E{tnet}(z)zﬁ{t”}(z—l):# for Rz>0+1=1. O
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Example 1.2.19 Given f(t) =t - cosat. Prove that

22—(12

m, and O'(f): |Sa|

L{f}(z)

Using various rules of computation we get

d d z
L{t-cosat}(z) = 7 L{cosat}(z) = "1 {z2+a2}
1. (22 2) _9,. 2 _ g2
o (z —|—a) 2z z: z a2 for%z>|%a|:0(f)’
(22 +a?) (22 +a?)

where o(f) = |Sa| follows from that the analytic function £{f}(z) has the poles z = +ia.

Alternatively it follows from

+oo
1 . )
L{t-cosat}(z) = / t- 5 {er e} e dt
0
1t , 1 [t :
_ _/ t- e—(z—za)t dt + _/ t- e—(z+za)t dt7
2 Jo 2 Jo

ericsson.
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The Laplace Transformation I 1 The Laplace transformation

that the conditions of convergence are

R(z —ia) >0 and R(z + ia) > 0,
hence

Rz+STa>0 and Rz—SFa>0,

from which Rz > |Sal, so o(f) = [Sal. O

Example 1.2.20 Given f(t) =t -sinat. Compute L{f}(z) and o(f).
This is similar to Example 1.2.19, so we get immediately
o(f) =o(sinat) = |Fal,

and then for Rz > [Sal,

L{t-sinat}(z) = d{ a }— 207 o

_E 22 1 g2 - (Z2+CL2)2'

Example 1.2.21 Given f(t) = 4t> — 3cos2t + 5e~t. Find Lf(z) and o(f).

It follows immediately that o(f) = max{0,0,—1} = 0. If ®z > 0, then by the linearity,
L{f}(z) = 4AL{t?}(z) —3L{cos2t}(z) +5L{e "} (2)

2! z 1 8 5 3z
— 4.7 _3. 5. = =4 — "
23 z2+4+ z+1 z3+z—|—1 22+4 0
Example 1.2.22 Compute the Laplace transforms of
1) t? cos?t,
2) (t* — 3t +2)sin3t.
1) By a simple computation,
1 1 d? z 1 2
2 2 _ 2 _
LA{t? cos’t} (z) = §£{t (cos2t+1)}(z)—§7{22+4} 5 3
_tdf@ea-e) 1 rdfa-2 ) 0
T 2dz (22 +4) 23 2dz | (22 4 4)° 23
1 —2z 1 (4—22)-2-22 1 z 22(4—22) 1
= 5 7t o 3 +t3=- 5 T 3 T3
2 (244 2 @’ P (@R (@24
1 z(4-32° 1
= %{—Z2—4+8—222}+?:(73)+*3-
(=2 +4) SN ERY I
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2) We get analogously,

LA{(t

d? 3 d 3 3
— 342} (2) M{M}”dz{m}“'zug

d —2z —2z 6
= 30—/ +9: 7+
dz | (22+9) (2249)°  2+9

6 2.2z 182 6
= 5 ozt 3 st 3
(22+49) (22+9) (224+9)°  2*+9
= (2%{—2«2—%422—3z3—27z+z4+18z2+81}
z°+
(z — 323 + 2122 —27z+72)

(22 +9)°

Example 1.2.23 Use the rule of periodicity to compute L{sint}(z) and L{cost}(z).

Both sint and cost have the period 27, hence by the rule of periodicity for £z > 0,

L{sint}(z)

1 /27T — 2t . tdt 1 1 /277 ( it —it) —zt dt
P ———— e Sin =" = e —e€ €
1—e 272 J, 1—e 272 27 J,

1 1 27 i
- (i—z)t _ z+z)t} dt
1—e2m 2 /0 {e

27
ot 1 G
1—e2m2 24 i +z =0
1 1 o 1,
- ™z _ 1 ™z _ 1
1 —e2mz Zi{z—z )+i—|—z(e )}

1 1 1 714+42z+1—2 1
T

20 li—2z i+=z 2i i2—22 2241
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and
L{cost}(z) = ¥/2ﬂ e " costdt = ¥-1/2ﬂ (e +e ) e tdt
1_6—27'rz 0 1_6—27rz 2 0
1 1 27
_ . (1 z)t z+z)t} dt
1_6727rz A te
21
_ L1 { L ;e(i+z)t:|
1—e2m= 2 1+ 2z +=0
1 1 1 o2 1 9
— R 71'2_1 _ 7TZ_1
1_6727rz 2{ ) i+2(€ )}
1 1 9 1 1
— — — 71'2_1 _
ez 3 ){i—z i—i—z}
- 1 itz—it+z 1 2z oz
2 i2—22 2 2241 2241

In both cases we get the well-known results. Notice that the denominator 1 —

O

Example 1.2.24 Given the function f(t) = (—

e 2™ £ 0 for Rz > 0.

D for t € [0, +oc[, where [t] denotes the entire part

of t € R, i.e. the largest number n € Ny, for which [t] =n < t.

Compute L{f}(z).

It follows immediately that

) = (-1

so f(t) is periodic of period 2.

fort € [n,n+ 1], n € Ny,

0.5

-0.54

Figure 4: The graph of the function f(t) =

(—1) of Example 1.2.24.

26
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We get by using the rule of periodicity,

1 2
L{f}(z) = 1_716_%{/0 e_tht—/l e_tht}
— 1 1 —zt ' 1 —zt :
Sl {—26 L—o_ [_Ze :|t—1

B 1 1 e~ e‘z+e_2z

T 1—e22 | 2 z z z
(1—e2)? 1 1—e>

(I—e#)(14e~ z)_z 14e?

SIMPLY CLEVER
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| lﬁ%w‘f

Do you like cars? Would you like to be a part of a successful brand?
We will appreciate and reward both your enthusiasm and talent.
Send us your CV. You will be surprised where it can take you.

Download free ebooks at bookboon.com

27


http://bookboon.com/
http://bookboon.com/count/advert/b6907fa5-6d27-49ae-a477-a01a01116857

The Laplace Transformation I 1 The Laplace transformation

Example 1.2.25 Given the function f(t) =t — [t] for t € [0,+00], where the entire part [t] of t € R
is defined in Example 1.2.2], i.e. [t] is the largest nNy, for which [t] = n < t. Compute its Laplace
transform L{f}(z).

0.6
0.2

Figure 5: The graph of the sawtooth function f(t) =t — [t] of Example 1.2.25.

The function is a sawtooth function, cf. Figure 5. It is periodic of period 1, hence by the rule of
periodicity,

1 ! —zt 1 1 —zt ' 1 ! —zt
i) = 1_e_z/0te dt—l_e_z{[—;te LJF;/O et dt

o1 o

22 1—e#

Example 1.2.26 Given f(t) = [t], where the entire part [t] is defined in Example 1.2.24 and Exam-
ple 1.2.25.

Clearly, f(t) =n for t € [n,n + 1[ and n € N. Hence, for Rz > 0,

+o0 400 nt1 +oo 1 n+1
ft)e *tdt = / ne *tdt = n {—— e‘”}
/ >/ >on |-

n=0 t=0

L{f}(z)

—z +©

1 = —nz —(n+1)z l—e —nz
; Zon {6 — € } = > Z ne

=1

—+oo

= 1 —Ze_z Zn (e_z)n.

n=1
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Figure 6: The graph of the entire part f(t) = [t] of Example 1.2.26.

When we differentiate
1 =
mzzwn fOI' |'LU|<17
n=0

and multiply the result by z we get

e an for |w| < 1.
—w)

Substituting w = e~* for |e™*| < 1, i.e. for Rz > 0, we finally get

176_Z e_z e—z 1
‘C{f}(z): 5 ’ (17672)2 = z(l—e_z) = Z(ez_l)' %

Example 1.2.27 Let [t] denote the entire part of t € R, defined in Example 1.2.24. Compute
L{[t]*} (=)

We first notice that
f(t) =[t]> =n? fort € [n,n+1[, n € Np.

Then it follows for R z > 0 from the definition

L{f}(z) = /O+Oof(t)e_2tdt:§Ln+ln2e_2tdt Zn [——e }
_s Foo

1—e
_ 72 7’L nz _ o7%¢ nzi E 7’L ,

which is convergent, because the assumption Rz > 0 implies that |e”*| < 1.

n+1

n
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Then we shall find the sum function of the series. If we put

1

+oo
p(w) = 1w ;w” for |w| < 1,

we get

+oo
w ' (w) = ﬁ = an”, for |w| <1,

n=0

hence

Then by choosing w =e™*, £z > 0,

1—e % X n 1l—e* e *(14+e7?)
L z) = n? (e ?)" = :
{1}) s L) P pp—r
—z 1 + —Zz z + 1
_et e _ e . o

z (1—e2)?  z(er—1)°

Example 1.2.28 Compute the Laplace transform of sin®t.

First by Euler’s formulee,

eit _ =it )3 1 ‘ . ‘ ‘
sin®t = {T} = {e¥ —3e™ +3e7 " — e}

... . 1 . 3 .
= —g{% sin3t — 6i sint} = ~2 sin 3t + 1 sint.

Using this result we get for Rz > 0,

SCTOUE PR S S O T . S
Lt} () =3 g3 w1 e ey - ErnEEsy O
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Example 1.2.29 Let f(t) be a periodic function of period 2 given by f(t+2) = f(t) fort > 0, where
t fort €[0,1],
2—t¢ fort e [1,2].

Sketch the graph of f(t) and then compute the Laplace transform L{f}(z).

Figure 7: The graph of the the function f(t) of Example 1.2.29.
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Using the rule of periodicity, period 2, we get for Rz > 0,

2 1 )
LRz = ﬁ/o S_th(t)dt=1_16_2z{/0 te_thH—/l (2—t)e—ztdt}

1

1 (1- e_z)2

1 1
1 t 1 2—t
1-e z y=0 % Jo -z
_ 1

2 2
1
——/ e Ftdt
t=1 ~J1

1—e"7

1=z 2 (1 — 277 + e_Qz) =

Example 1.2.30 Compute the Laplace transform of the function

cost, fort €0, 7],

ft) =

sint, fort € [m, 400l

= O

22(1—e ) (1+e %)  22(14+e7)

Figure 8: The graph of the the function f(¢) of Example 1.2.30.
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We get for £z > 0,

T —+o0
/ cost-e *tdt + / sint - e ?tdt
0 T

T ) —+o0
/ et q 4 = / e~ g 4 / sin(t 4 ) e *H™) qy
0 2 Jo 0

L{f}(z)

N =

1 za)t ™ 1 e—(z+i)t ™
= - — |- —e ™ L{sint
2[ 2_2}_4-2{ o L_O e {sint}(z)
2 z—1 z—z 2 24+1i 241 22+1
1 1 -\ — Tz S\ — Tz e "
= z2+1+2 ;{(z—kz)e +(z—1)e }—227_’_1
z s 21
2241 e 2241 0
Example 1.2.31 Prove for f(t) = e~ cosbt that
zZ+a
L =
{£1z) (z + a)? + b2
Then find o(f).
It follows from the rules of computation that
L{f}(z) = L{e"* cosbt} (z) = L{cosbt}(z + a) = ﬁ.
. . z+a .
The poles of the fractional function ————=—— are z = —a £ b, hence
(z +a)? + b2

o(f) = max{R(—a + ib), R(—a —ib)} = —Ra +[Ib. O

Example 1.2.32 Compute the Laplace transform of the function

cos 75—2—7T fort>2—7r
3 ) 37

2
0, fort < ?ﬂ

ft) =

It follows from the shifting rule that

L{F}(2) = exp (-%@) L{cost}(2) = exp <_2§z) G

22+1
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Example 1.2.33 Compute the Laplace transforms of
1) et sin’t,

2) (14+te ).

1) We get for £z > —1, by the rules of computation,

L{e " sin®t}(2) L{sin®t} (z+1)= %E{l —cos2t}(z+1)

11 1 z+1 1 (241244 (z2+1)?

2 241 2 (z+12+4 2 (z+1){(z+1)2+4}
2

(z+1){(z+1)2+4}

2) We first compute

(1 + te*t)B =1+4+3tet4+3t2e 2t + 373,

Hence, by the rules of computation,

—t 1 3 6 0
L{(1+te )3}(2)224'(z+1)2+(2+2)3+(2+3)4. 0

Example 1.2.34 Compute f0+oo te 3t sint dt.

First notice that

oo 1 2
/ te * sintdt:—iﬁ{sint}(z):—i = - 5
0 dz dz | z2+1 (224 1)

Then choose z = 3 in this formula to get

oo 6 3
te P sintdt = — = —.
/0 oo w0050

Example 1.2.35 Compute the improper integral f0+°° t3 et sint dt.

We get, using Fuler’s formulae,

+o00 1 +o0 ‘ 1 400 ‘
/ e tsintdt = — 3 e*(lﬂ)tdt__'/ 3 o= 1+t g4
0 2Z 0 21 0
1 1 1 3! 3!
= —£{Y Q- —=,{V(1+4) == -
3 PR =05 L0100 =5 { o

6 1 1
- 27-{_—4—_—4}—0-
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Alternatively, we get for Rz > 0,

o0 & d? 1 d? —22
3 _—=zt _: o : - _ J——
/O t7e "' sintdt a5 L{sint}(z) dz3 {22 1 } dz2 | (22 + 1)2

iQ 2z _d z _ 822
dz? | (22412 [ dz | (2241 (2241)°

8z 162 4823

Z+1° (211 (2t

Finally, we choose z = 1 to get

+oo
8 16 48
3 —t - _ _ _
/o t’e smtdt——23——23—|——24——3+3—0. O
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Example 1.2.36 Prove

The rule of integration. Given a function f € F, which is also piecewise continuous. Then

o(t) == / f(r)dr €,

and
c {/Ot £(7) dT} () = %L{f}(z) for Rz > max{0,o(f)}.

PrOOF. Choose a 0 > max{0,c(f)}, and then put

+oo
A:/O et £(£)] dt.

Then
/ f(r)dr
0

which shows that g(t) is exponentially bounded.

t —+o0
l9(t)] = < / e e |f(r)) dr| < et / et f(D)]dt = Ae”,
0 0

Since f is piecewise continuous, we conclude that g € £, and

o(g) < max{o(f),0}.

Furthermore, ¢’(t) = f(t) with the exception of the points of discontinuity of f(¢). Finally, ¢(0) = 0.

When we apply the rule of differentiation on g(t), we get for R z > max{0,0(f)},

L{f}(z) = L{g'} (2) = 2 L{g}(2) = 9(0) = 2 L {/O f(7) dT} (2),

and the rule of integration follows, when we divide this equation by z. [J

Example 1.2.37 Compute the improper integrals given below.

1) fOJrOO te=2 costdt. Hint: Consider L{t - cost}(z).

9 [ % {e=t — et} dt. Hint: Consider L£{e™t —e 3} (z).

1) Using the rule of multiplication by ¢ on the hint we get for # > 0 that
2241 —222 22 -1

L{t cost}(z) = _dilz L{cost}(z) = _% {sz_ 1} - (22 4+ 1) - (z2+ 1)

Hence, for z = 2,
22 -1 3

—+oo
te 2t costdt = L{t cost}(2) = —— = =,

Alternatively, one may of course compute the improper integral by elementary calculus. This is

left as an exercise for the reader.
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2) We shall again use the hint. Then we get for 2z > —1,

1 1
L -t _ =3t _ _ .
{e € } (2) z+1 z+43
Then by I’Hospital’s rule,
) e—t _ e—3t ) d —t o
g S = g ) =

We therefore get by the rule of division by ¢ for real z > —1,

et —e 3t e ¢ 3t ey 1
LS ——— Lie " —e” dr = — d
{ t }(m) ~/w {e ¢ }(T) 4 /w {T—I—l T+3} 4
w(7tL +°°__1n v41) _, (w43
T+3)|, z+3) T \a+1)’
We get in particular for z =0 > —1,

+oo —t _ -3t -t _ -3t 0 3
/ € =l T Lo = (22 — s,
0 t t 0+1

In this case it is not possible to compute the improper integral by only using elementary calculus.

¢

1 —cost

Example 1.2.38 Compute E{ "

of functions F ¢

x) for x € Ry. Does the function cost belong to the class
* t

We get by using the rule of division by ¢,

L‘{l_tCOSt}(z) /z+mc{1—cost}(u)du=/:oo{i—uzuﬂ}du

Il
—
]

IS
|
—~
S

[\v]
+
—
SN—
—_
Jr
3
Il
DN | =
—=
]
7N
QN
+| 5
—
N——
_
Jr
3

Il
DO |
—
7N

gl\’J

&M +

—

N~
Il

N =

7 N
—
+

&M‘,_.

~_

1 —cost . . . .
because — 0 for ¢ — 0, proving that the improper integral is convergent.

cost 1 1 —cost
If & was a function from F, then also n would be a function in F, because the difference ——

1 t
lies in F. However, it is well-known that n does not belong to F, so we conclude that % ¢ F. O
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Example 1.2.39 Prove that

cos at — cos bt 1 22 + b2
e e - -L 27
E{ t }(2) 2 Og<z2—|—a2>7

where Log denotes the principal logarithm.

It follows from e.g. a table that

z z
2'2+Cl2 22+b2

L{cosat — cosbt}(z) = for R z > max{|Sal, |Ib|}.

Then we note that

. cosat — cosbt
lim —— =
t—0+4 t

0.

If £ > max{|Sal,|3b|} is real, then it follows from the rule of division by ¢ that

cos at — cos bt Toe t t
C S = — dt
{ ¢ }(x) /w {t2+a2 t2+b2}
+oo

= B Log (t2+a2) — % Log (t2+b2)} = % {Log (t2+a2) — Log (t2—|—a2)}

x

1 2 40?
= 5Log (m) for x > max{|Sal, |3 0|}

Here we have used that
Jim {Log (t*+a*) — Log (t*+b%) } =0,

and that both x? + a? and 22 + b? lie in the right half plane, when x > max{|Sal,|Sb|}, so the

. . . T
principal arguments lie in the interval ] 35 [
The Laplace transform is an analytic function, so we get by an analytic extension that

cos at — cos bt 1 22 4+ b2
5) L —— =—-L ——
) £{ I ) = Jrog (5.
in the domain where the right hand side of (5) is defined, i.e. when
22 + b2
22 + a2

¢ R_ U {0}, and z # tia.

Now, if A > 0 is real and positive, then

2+ b = -\ if and only if (1+N)22 =\ (—CLQ) + (_bQ)
Z2+CL2 ’ 7
i.e. for
A 1
2 AN 9 T (p?
FEr GOy (), frAeRy
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The right hand side is the parametric description of the line segment between —a? and —b?, exclusive
—a?, which we however may add, because z = +ia are also exceptional points. We therefore conclude

that the formula above holds in the set

{zeC|2*¢[-a® -]},

where [—a?, —b?] is a short hand for the line segment in the complex plane given by

fw=pu(=a?) + (1 =) (-4) | w e 0.1]}.

o
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Example 1.2.40 Compute the improper integral

o0 cos 6t — cos 4t
—dt.
0

t

First we note that
cos 6t — cos4t 0

11m
t—0+ t

Then it follows from Ventus, Complex Functions Theory a-2 that the improper integral is convergent,
and that its value can be found by some convenient choice of the path of integration.

Then we apply the result of Exercise 1.2.39 with a = 6 and b = 4, followed by the limit z — 04, to
get

/+°° cosGt—cos4tdt —  m E{cosGt—cos4t}(x)
0 t z—0+ t
1 2?2 +42\ 1 42 4 2
= i glos (S ) g () smg =g 0

Example 1.2.41 Find

t_
E{etl}(x) for real x > 1.

t_

e
Since lim; g4 =1, we can apply the rule of division by ¢. We first notice that

1
r—1

1
— = for x > 1.
T

L{e' =1} (z) =

Hence,

L et —1 [t 1
[ = et e [ (e

E—1\1" z ) 1
()] G 0 h)

1
In general, = lies in the right half plane, when ( lies in the right half plane. Hence, by an analytic

extension of the result above,

t_
L‘{e 1}(z):Log <2i1) for Rz > 1. ¢

t
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Example 1.2.42 Prove that

e—at_e—bt Z+b
e =5 -1
L{ t }<z> og(z+a),

0o 1
and then find the value of f0+ . {e=3t — et} dt.

Clearly,
—at _ ,—bt 1 — ) = (1 —
hm Oy Umeth) b))
t—0+ t t—0+ t

exists, and since it follows from e.g. a table that

—at _ _—bt _ 1 o 1
E{e ¢ }(z)_z—i-a z+b’

we get from the rule of division by ¢ that if the real © > max{R(—a),®(-b)}, then

et —e~bt teo 1 oo T+b
AT b= [ o b= et o Loge 4 e = Lox (25

Hence, by an analytic extension,

et — bt z+b
E{t }(z)—L0g<Z+a>,
z+b

which is true if z # —a and z # —b and
zZ+a

segment in C between the points —a and —b.

¢ R_. This means that z must not lie on the line
When a = 3 and b = 6, then we get for z = 0 > max{—3, —6} = —3, that

o0 =3t _ -6t e~ 3t _ o—6t 0+6
/0 n E{ ‘ }(0) ° <0+3) o

Example 1.2.43 Compute

c { Sir;ht} @) and L {Lhtt —! } ()

for real x > 1.

We apply the rule of division by t to get

inh ¢ too T q L™ 1 1
E{SH; }(x) :/z E{smht}(g)dg:/z 52—51:5/1 {j—?}dg

“+o0
- s ()] (B,
2 E+1/], 2 \z-1
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and

E{cosht—l}(w) _

+ oo

+oo
E{cosht—l}({)d{z/ {525—1 —%} d¢

S~

[ln(§2—1)—21n§]:m:%1n< - ) 0

Example 1.2.44 Compute
+oo —t 3
t
/ e~ " sin dat.
0 t

We first list the well-known results

1 sin ¢
e and lim S 1.
2241 t—0+ t

L{sint}(z) =
Then we get by the rule of division by ¢ for real > 0 that

sin ¢ +oo i t +oo d
£ () = / ST —at qp — / T — Arccot .

Finally, we choose z =1 to get

oo —t
t
/ ﬂdt:Arccotlzz. O
o t 4

Example 1.2.45 Prove that

1 —cost T 2 22

Then explain why the improper integral

+oo
1-— t
/ cos a
t2
0

is convergent, and find its value.

From

L{1 — cost}(z) = = :

z_z2——|—1 fOI'%Z>O,

follows (also for R z > 0) by using the rule of division by ¢ applied twice that

1 — cost e 1
S A e LRI
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and
1 — cost
c {Tz

be

+ oo

BQLog(l—l—Cz)—CLog]

2
gLog (1_7_22) + g — Arctan z,
where we have applied that

1 —cost
t2

+oee for t — 0.

—

1
2

The result follows by combining these two equations.

It follows in particular that the improper integral f0+°° %
by
01 —cost 1 —cost T
/0 Tdt:zlir&ﬁ{ 2 }(x):§ O

+oo 1
- {54'
P 22 +oo
—5L0g(m>‘/z {‘m

+o0 1 )
/ {gL%ﬂ1+C)—ImgC}dC

2¢
14¢?

S
<}d4

}dé

dt is convergent, and its value is given
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Example 1.2.46 Compute the improper integral

dt.

/+°° e~V2t . ginht-sint
O t

1
Using the definition sinh¢ = 3 (et —e™t) we get

/+°° e*\/it~sinht-sintdt - 1/*"06_(ﬁ_1)t.smtdt_1/*006_(ﬁ_1)t.smtdt
0 t 2 Jo t 2 /o t

S ae{ e ) e ()

Then we apply the rule of division by ¢ for z > 0 to find

Since v/2 — 1 > 0 and v/2 + 1 > 0, these points lie in the given domain, so we get by insertion,

/+°° e~V2t .ginht-sint
0 t

dt = % {Arctan (\/5 + 1) — Arctan (\/5 - 1)}

% Arctan (tan (Arctan (\/5 + 1) — Arctan (\/5 — 1)))

1 2+1)—(v2—-1 1 1
= — Arctan (\/_—’— ) (\/— ) :fArctan1:7~z:f,
2 1+ (V2+1) (vV2-1) 2 2 4 8
and we have proved that
/+°° e‘ﬂt-sinht-sintdt:z. o
0 t 8
Example 1.2.47 Prove that
b1 e 1 1
C{/ c du}(z)zLog(l—i—).
0 u z z
L 1—e® . e 1—et
Since lim;_, g ——— =1 exists and is finite, we conclude that € &, so we get from the rule

u
of integration and the rule of divisions by ¢, that if 3 z > 0, then

C{/Otl_ue_udu}(z) %E{l_te_t}(z):%/rzﬁ{l—et}(z)dz
%Az{%—zil}dZZE {—Log<ﬁ>}=%Log<1+%). 0
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Example 1.2.48 Prove that

—+00 t .z
/ e_t{/ smudu}dt:ﬂ-.
0 0o U 4

This is an exercise in the definition of the Laplace transformation in the rule of integration, and in

the rule of division by ¢, and the shifting property:

g 1 (sint +oo

sinu du} =1c {m} (1) = / L{sint} (2) dz
1

+00 [ t
/ e_t{/ smudu}dtzﬁ{/
0 0o U 0o U t

o dg T T T
= [A +oo _
/; xz 1 —[ rctan 1:]1 —5—1—1

O

Example 1.2.49 Assume that g € £, and define
tg(t) fort € [1,+o0],

f(t) =
0 otherwise.

Prove that

LUONE) =~ {7 Lol + DHA)}

We get by combining the rule of differentiation and the rule of delay or shifting property, that

LUDYE) =~ o L)} (2)

e (D) (09} SR

Example 1.2.50 Given that

L{f"(t)} (z) = Arctan %, f(0)=2 and f(0)=-1.

Find the Laplace transform L{f}(z).

It follows from the rule of differentiation that

Axctan ~ = L{f"(0)} (2) = 22 LU} (2) — =+ f(0) = F'(0) = 2 £{f}(=) 2+ 1,

hence by a rearrangement,
1 1 2z2-1

L = — Arctan —
{f}(z) o Arctan — + 2
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Example 1.2.51 Prove that

sin?t 1 4
L{ ; }(z)—4Log<1+22).

Apply the result to find the value of the improper integral
Foo —t o142
sin“ ¢
/ elsmit g
0 t

We get by using the rules of computation,

E{Sirft}(z) _ ;E{l_?szt}(z):;/Fzﬁ{l—cos%}(g)dg

1 1 ¢ 11 SRR 2244
et peea) -ie(50)

z

1 4
—Log(l1+—= |, for Rz > 0.
4 22

If we in particular choose z = 1, then

oo o=t gin?¢ sin? ¢ 1 4 Inb
R P Dot (142) =22
[t o= gn (143) 0

Example 1.2.52 Given f(t) =t for t € [0,2], and then f(t +2) = f(t) for every t > 0. Compute
L{f}(z)-

4

3

2

1
T T T T T T T T T 1
0 1 2 3 4 5 6 7 8 9

Figure 9: The graph of the the function f(¢) of Example 1.2.52.
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It follows from the rule of periodicity that

2 2
! Qtzez’fdt:#d_z/ e dt
L{f}(z) = 1T_e2 1—e22 dz? J
e e e e
— - | — = —22 7,2 5
T 1—e22 (22 [ z :|t—0 1—e dz® {2 :

1
_ #i{——ﬁ-

1—e2% dz

e S
_ 1 {3_262—26 —25 42 }

1—e 22
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The Laplace Transformation I 1 The Laplace transformation

Example 1.2.53 Given f(t) = |sint|. Compute L{f}(z).

1
0.6
0.2

f
0

Figure 10: The graph of the the function f(t) of Example 1.2.53.

The function is periodic of period 7, so we shall use the rule of periodicity for Rz > 0. We first
compute

T s 1 . ) 1 ™ X .
/ e sint|dt = / e e —e " dt = f/ {e(l_z)t — e_(”z)t} dt
0 0 21 21 0

I B N LI (T
2 |1 —z i+ 2z +=0

1{ 1 1T — 2T 1 — T —2ZT 1 1 }
= X (& +-—c€ - - - =
2t (1— 2 i+ z t—z 1+ z

_ 1{ 1 |1 }(_e—w_l):_l‘.w.(lj%—w)

2 |i—2 i4+z 24 12 — 22

1_|_ e—zrr
2241
Then we get by the rule of periodicity,

1 g 1 1+e 77 1 T
L{|sint = | sint|dt = : = : th(-—).
{|sint|}(2) 1—6—”/0 e *" | sint| R p— . coth (2 5 O
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Example 1.2.54 Given the function f(t) = max{0,sint}. Compute its Laplace transform L{f}(z).

Figure 11: The graph of the the function f(t) of Example 1.2.54.

The function is periodic of period 27, and since f(t) =0 for ¢ € 7, 27|, we get

L{f}(z)

4 1 L[ ; o :
7/ e~ gintdt — — {/ 6—(z—z)t dt _/ e—(z-i-z)t dt}
0 1—e Tz 21 0 0
1 177 1 [ e +De]"
T w L

1 1 —2T _1 —2zT
TR )

—1

2¢

(I—e ™) (14+e ™) 2i

1 —z7m

1

241 1—e

¢
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Example 1.2.55 Given the Laplace transform

22— 2+1
L{f)}z) = 2212 =1)
Find L{f(2t)}(2).
We shall apply the rule of scaling with k = %, from which
1 (z) 1 (2)2_24'1 1 22— 2244
L{re} =) = LW 5)=5- 5 =3 T
2 2 2 z z 8 +1)2(z—2) -1
(2-3+1) (5-1) ° U
1 222244 o
T4 (24 1)2(2—-2)

Example 1.2.56 Given the Laplace transform

1
LAt f(t = —.
0N = oy
Find L {e™t f(2t)} (2).
We get by a straightforward computation, using various rules of computation,

Ll fen () = z{f(2t)}(z+1>=%E{f@}C;l)

.c{””t(”} (;1) - ;/ L{EFOHE) dC

1 “+o00 1 C 1 <2+1>:|(z+1)/2
= = . d¢ == |L
2/<z+1>/2{< <2+1} ¢ 2{%( ¢

+oo
1 (z+1)2+4 1 2242245
= —-L 2 ) =1L z 7"
2 Og( (z+1)2 ) 2 Og<22+2z+1

N =

1 4

Example 1.2.57 Let r > 0 be a constant and put r* := exp(t - Inr). Prove that
L {rt f(t)} (z) =Lf(z—1nr).

Let Rz > o(f) + Inr. Then by a straightforward computation

+0o0 +oo
Cirtf)(z) = /O e~ ot f(t)dt = /O e~ et nT (1) dt

= /m e~ Gt rydt = L{f}z—Inr). O
0
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1.3 The complex inversion formula I

Example 1.3.1 Find the inverse Laplace transforms of
1
1) ——,
(2% +1)
1
24 -1’

22

23 -1

2)

3)

1) Tt follows from the rule of convolution that

crd 1 by - L—l{ ! }*c—l{ ! }(t):(sin*sin)(t)

(22 4+ 1) 2241 2241

t 1t
= / sinw - sin(t — u) du = 3 / {cos(2u — t) — cost} du
0 0

1 in(2u — t) L) cost = & sint — ~ ¢ cost
— si — - = = — sint — = .
28 u B COS 2S B COS
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2) In this case we apply a decomposition,

1 1 1 1 1 1 1
-1 1 . .
L ty=L ———— — — - ——— 5 (t) = = sinht — — sint.
{z4—1}() {2 22—-1 2 z2—|—1}() 2S1 2S1

3) Here we use a partial decomposition to get

22 22 1 1 +1 322-22—2-1
3 (z—-1)(22+2z+1)

-1 (z—1)(22+z24+1) 3 z-1

oLt 12wl 112 z+3
e — e -
3 z—1 3 z#+24+1 3 z—-1 3 (z+%)2+(73>
from which
_ 22 1. 1 1. z+ 2
g he = et o b

Example 1.3.2 Compute the inverse Laplace transforms of

1
) =
/ z(z +3)%

o
(z4+1)(z —2)2’
(z+1)3(z—1)2"

2)
3)

1) Here we use the residuum formula,
1 ezt ezt
o — — 0 |
{z(z—|—3)2}() “’S<z(z+3)2 >+res<z(z+3)2 )

l—i—limi e—Zt —l—f—lim te_zt_e_zt
9 :5-3dz | 2z [ 9 5= z 22
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2) Again we apply the residuum formula,

ezt

et © = (e ) = (ere—?)
j

1 - N 1 ; ezt ezt
= —-€ 1m — — —
9 o2 z+1 (2t 1)2

e = é {e7" + (3t —1)e*}.

3) Finally,

z z et

e e © = (Frvemr ) = (eree)
s { e i { )

1 hm i ezt + . 2 ezt B 2 2 ezt + hm ezt(l + tZ) B 32 ezt
2z--1dz | (2 —1)2 (z—1)2 (z—1)3 =1 | (z41)3 (z+1)%

= ; zlin_l1 {— (jit)g +2t (Ze_zi)g + t* (ZZET)Q — 3t (szzlt)g - ez(;(il—;t) +6 (Zz_ezlt>4}

—|—éet(1+t)— %et
6t{—(_l—s)—F%—%tQ'i—t'%+%—%}+%{2t_l}
:%{21&—1}4-61—;{1—2162}. 0

Example 1.3.3 Compute the inverse Laplace transforms of
1
1 [
) ZS + 1;
1

2) —.
) A +4

1) Choose any z € {—1,%4—1’73,%—1'—3}, so z3 = —1. Then

ezt ezot 1 ot
res| —w— 20| = —= = —<Z %€
2 +1 323 3 ’
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and it then follows from the complex residuum inversion formula that

51{2311}@) = —%{—1-et+(%+i§>exp<{%+i§}t>
1 V3 1 V3
ol
tcos<?>+\g§eétsin<\é§t>.
2) Assume that z5 = —4, i.e. 29 € {1 £i}. Then

ezt %0 t 1 20 %0 t 1 ot
res{ ———— 20| = —= = — = ——=20€
A+ 4 423 4 z4 16 ’

1, 1
= e ' —-e
3 3

N

and it follows from the complex residuum inversion formula that

L1 { 1 }(t) = —i {(1+i)e(1+i)t + (1_i)e(1ﬂ')t o (1_’_7;)67(144')16 (-

2444 16

i)ef(]fi)t}

1
= 16 {et -2cost +iel - 2isint — e tcost —ie - 2 sint}

1
= {e' cost —e'sint — e "cost +e 'sint}

1 1
1 sinht-cost+ — sinht-sint

1
1 sinht - {sint — cost}. O

Example 1.3.4 Compute the inverse Laplace transform of the function

z
(z+1)2(22+32—10)’
and find o(f).
By a decomposition,
z B z
(z+1)2(22432-10)  (2+1)2(2+5)(z—2)
1 1 +i 122 — 22 —32+10
12 (24 1)2 12 (2 +1)2(2+5)(2 —2)
S N S | —2+10
12 (z4+1)2 12 2+ 1D)(2+5)(2—2)
1 1 1 1 2 1 ) 1

2412 144241 63:-2 112245
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from which follows that

P 1 11 2
-1 et It Z o2ty O -5t
2+ 1)2 (22 + 32— 10 2t T Te¢ Tt
(

z

(z+1)2(22+32—10)

Finally, has the poles —1, —5, so

o(f) = max{-1,-5,2} =2. O

Example 1.3.5 Compute the inverse Laplace transforms of

6z —4
7)) T
) 22 — 42420’

3z 47

?) 22—-22-3

4z 4+ 12

%) 22482+ 16"

1) By a small rearrangement,

6z —4 6(z—2)+38 z—2 49 4
(2 —2)2 442 (z —2)2 +4%

22— 42420 (z—2)2+42

from which follows that

6z —4
S 0 =0 st 2 s

Vouwo Tewcxs | Rewau Tovcks | Macs Tovcks | Vowo Buses | Vowro Consteucion Esusment | Vowo Pesm | Vowo Aemo | Vowra IT
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2) In this case we use a plain decomposition

3247 3247 16 1 4 1 4 1

z2—2z—3_(z—3)(z+1)_Zz—3+(—4)z+1_z—3_z+1’

from which

E_l {3'2_'—73} (t) = 463t — e_t.

22 — 2z —

3) Finally, again by a decomposition,

4z+12  42+16—-4 4 4
224+82+16  (2+4)2 z+4  (2+4)%
from which
4z + 12
—1 :4 —4t_4 —4t:4 1— —4t.
{z2+8z+16}(t) ‘ be (1=1te v

Example 1.3.6 Compute the inverse Laplace transform of ————.
23 (22 +1)

1
First method. First note that F'8z) = B2t D) is analytic in the set C\ {0,4, —i}, and that we
23 (z
have the estimate
C
|F(z)] < L for |z| > 2.

Hence by the residuum formula
ezt ezt ezt
10 = 1o (i) +ro (g ) + o ()

1 I d? et i et L et
= — 111 —— —_ 11m 1m
21 250 dz2 22 +1 2—i | 2322 z——i | 2322

d t,e* 2z et et e
lim . 4+ — +

1
2:=0dz | 22+1 (324 1) 2 2

1 i 2 e#t 4zt et 2%t N 822 ¢#t cost
— lim - - cos
220 22+1  (2241)° (22417 (:24+1)°

1 1
= §{t2—0—2+0}+cost:§t2—1+cost.
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1
Second method. We know already that o L{sint}(t), so it follows form the rule of integra-

tion applied successively three times that

%- ! zﬁ{/otsianT} (z) = L{[—cosT]}} (2) = L{1 — cost}(2),

22+1

1,1 _ c{/ot@ _CosﬂdT} (2) = £{[r — sinTlp} (2) = £{t — sint} (=),

22 2241

%%4—1 — {/Ot(T—SinT)dT} (z)zc{%tz—lﬂost}(z%

from which follows that

1
ft) = 5152 — 1+ cost.

Third method. We get by an incomplete decomposition,

1 L 1 1] 1 2Z2+1-1 1 1
23 (22 +1) 23 2(224+1) 23f 23 23(2241) 23 z(22+1)

[ N A SRS D NS O
23z z(241)  zf 28 2z 241

so it suffices to apply a table to get

f(t):%tQ—l—i-cost. O

Example 1.3.7 Compute the inverse Laplace transforms of

1) 222 4
(z—2)(z =3)(z+ 1)’
522 — 152 — 11

?) (z4+1)(z—2)3"

1) Tt follows from the residuum formula that

1 222 —4
£ {<z—2><z—3><z+1>}“’

=res (222 _ 4) <! ;—1 ] +res (222 _ 4) <! ;2
N (z—=2)(z =3)(z+ 1)’ (z—=2)(z=3)(z+ 1)’
- (222 —4) e* .
res ((z “o) (- 3)(= + 1)’3>
24"  (8—-4)e*  (18-4)* ., 4, .

_ -
[ R P R R
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2) We get analogously,

2 _ _ 2_1 —11 zt 2_1 —11 zt
£_1{5Z 15z 11}(t):res<(5z 5z )e ;—1>+res<(5z 5z )e ;2>

(z+1)(z—2)3 (z+1)(z—2)3 (z+1)(z—2)3

_ (5+15—11)e? 1 ‘m d> (522 —152—11 oot
(—1)3 2! 252 d2? z+1

1 d? 9
_ —t i et _ zt zt
=-9e +2;LH§ 7.2 {(Bz 20)e +z—|—16 }

1 d 9 9t
= _9 —t 4 5 zt t(52 — 20 zt zt zt

e +2zli%dz{e +t(52 Je (z+1)26 +z—|—16

1 18 18t o¢2
=_—0e 4 3 [1 +re®t 4 t2(5z - 20)ezt + #t zt ezt}
z=2

Crip° a2t T

1 18 18 9
t 2t 2 2
= 10t — 1062 + —— — —t+ —t
detge { 0t~ 9ty }

1 2

t 2t 2
= Tt 4 8t + =
9e 26 < 8 3)

7 1
= —9e ! + <—§ t2 44t + 5) et 0

Example 1.3.8 Compute the inverse Laplace transforms of

3z+1
1 - =
)(z—l)(22+1)’
2
2
2) 2+ 2z+3

(22422+2)(22422+5)

1) We get by a decomposition

3z+1 B 2 3z+1 _ 2
(z—1)(22+1) z—1+{(z—1)(22—|—1) z—l}

2, 3:41-22-2 2 22, 1
z—1 (z—=1)(z2+1) z2—-1 2241 2241’

and it suffices to use a table to obtain

et - o (e e {atdo

= 2e’'—2cost +sint.
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2) In this case be get by inspection,

22+22+3 B (2 +1)2
(224224+2)(224+22+5) {(z+1)2+1}{(z+1)2+4}
S DR S D
03 (241241 3 (24+1)2+22

so by the shifting rule,

{ 224+22+3
(

1 1
t) = e 'sint+ - e 'sin2t.
z2+22+2)(z2+22+5)}() g ¢ B —|—3e s 0
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Example 1.3.9 Compute the inverse Laplace transform of

23+ 522+ 42+ 20
22 (2249)

It follows from the decomposition

234522 +424+20 (2 +3) 2244 (2 +5) 4 1+5 1
22 (2249) 2(22+49) 9 22 9 2249
_ 41,0 15 e 53
9 2z 9 2209 2249 27 249
using tables that
3 2
+522+42+20 4 20 5 25
Yo ==+ 142 cos3t+ =2 sin3t.
{ 223 9) }() gt g ity cosdt+ oo sin O

Example 1.3.10 Compute the inverse Laplace transforms of
3z —12
1 -
) Z2 + 8 J)
2241

%) z(z+1)

1) We first note that 8 = (2\/5)2, so we get by a splitting of the fraction,

3z —12 5 z 12 2v/2
2248 24 (2v2)7 2V2 224 (2v2)°

= 3L {cos (2\f2t) } (2)—3V2-L {sin (2\/52?)} (2),

and we conclude that

£t {BZ — 12} (t) = 3 cos (2\/§t) —3v2sin (2\/§t) .

22 +38

2) By first using a simple decomposition we get

T L
hence,
l{ztﬂ)}mzwet ©
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Example 1.3.11 Compute the inverse Laplace transforms of

1)

_
(z+1)5°
3z—14
2) ——.
) 22 —42+8

1) By a simple decomposition,

z z+1-1 1 1 1 3! 1 4!

(z+1P% (2415  (z+D* (z+1)5 31 (z+1)* 4l (z+1)5

we immediately get that

1 1
E1{(2_51)5}(75):61536t—ﬁt‘let, for t > 0.

2) First note that 22 — 4z + 8 = (2 — 2)? + 22. Then by a decomposition,

3z2—14 z—2 4 2
22— 4248 7 (2—2)2+22 (z —2)2 422’

from which it immediately follows that

3z—14
-1 {22i42+8} (t) = 3e* cos 2t — 4 e* sin 2t. O

Example 1.3.12 Compute the inverse Laplace transforms of
1) 22 fZ1_2|_z2—(i)- 32’
3z +2
422 +122+9°
5z — 2
322 +42+8"

2)
3)

1) First note that
22— 1224+32=(2—-6)—22 = (2 — 8)(z — 4).
Then we get by a decomposition

82+20 82420  64+20 1 = 32+20 1 21 13
22122432 (2—-8)(2—4) 4 z2-38 4 z—-4 2-8 z-4

from which finally,

8z + 20

L1 T (1) =218 — 136
{z2—12z+32}() ¢ ¢
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2) It follows from 422 + 122 4+ 9 = (2z + 3)? that we have the decomposition

3242 3(2z+43)+2-7 3 1 1 1

422 +122+9 (22 + 3)2 4 243216 ( 3)2’
z+ 3

hence,

32+ 2 3 3 1 3
R (R S O ) [ ~2¢).
£ {4z2+12z+9}() 4eXp< 2) 16 eXp( 2)

3) The roots of 322 + 4z + 8 are
1 1
2= {—4EVIE—06) = - {—4LidV5} =

so we decompose in the following way

[SUAR )
=
\
—
H_
<.
E
——

5z —2 1 bz —2 1
72 fr — . 5 = — . 3
327 +42+8 3 22+2.gz+{2} +§_§ 3 ZJFE 2+ 20
3 3 39 3 3
a2 2v5
_ 2. 3 _ 1608 3
3

()(ﬁ) Vs ()(ﬂ)

and we finally get by the shifting rule and the rule of change of scale that
5z —2 5 2 2v/5 8v/5 2 2v/5
L ———= _tt)==- ~Z A e A —Z ) sin | 221
{322+4z+8}() 3eXp< 3>COS<3 ) 15 eXp( 3)8”1(3 ) 0

Example 1.3.13 Compute the inverse Laplace transforms of
z
1) —=
) (z+1)(2+2)
1
2) —.
) Grp

1) By a decomposition,

z 1 P 1
242’

+1)(z+2) z+1
from which

z

e ermErg O =2t
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2) Tt follows immediately from

1 12 1. o,
Gr1p 2 Grrp 2 PR
that
-1 1 _1 2 —t
£ {(z+1)3}(t)_2t 0

Try this...

The 66(,]uence 2,4, 6.8, 10,12, 14,1C, (s

EL\?, .SCC?UCV‘IC@ O-f even whole numbecs. TL.@,

IOO'Hn pl&(f; N Hud ipec{uamce 1S qu, number..
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Example 1.3.14 Compute the inverse Laplace transforms of
323 — 322 — 402 + 36
(24

z
(22—-22+2)(22+22+2)

1)

)

2)

1) We get by a decomposition

32 =322 — 402436 32° — 322 — 40z + 36

(22 — 4) (222 (2422
2 . 5 323 — 322 — 402+ 36 + 2(2 + 2)? — 5(2 — 2)?
(z—2)2  (2+2)? (z—2)2(2+2)2
L 2 n 5 +3z3—3z2—40z+36+2z2—|—8z+8—5z2—|—20z—20
(z—2)2  (242)? (z—2)2 (2 +2)2
2 ) 323 — 622 — 122 +24
TGeor v 2oy
2 ) 32 —06 2 ) 3

G2 T r2r T ot -2 TGt22 iy

hence

o {3z3 — 322 — 40z + 36

t) = —2te? + 5te 2t + 372,
R }( )

2) Tt follows from the decomposition

z _ 1 1 1 1 1 1 1 1
(:2-2:+2)(22+2:42) 422-2:+2 422+2:+2 4(z-12+1 4(z+12+101
that
£ t))= e sint — = e~ ! sint = = sinht - sint.
{(22—2z+2)(z2+2z+2)}())46 St e smb= ) simhbesi 0
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Example 1.3.15 Compute the inverse Laplace transforms of
—z

e
22417

1)

z €

)it

1) It follows from the shifting property that

=e " L{sint}(z) = L{H(t — 1)sin(t — 1)}(2),

£t {;—:1} (t) = H(t —1)sin(t — 1).

2) We find in this case by decomposition, tables and the shifting property that

z e * 1 1 .
(z—|—1)2+ z :Z—|—1_(z—|—1)2+e L{1}3G),
and
1 z e’ ot gt B
LL {(z+1)2+ p, }(t)—e te "+ H(t—1). O

Example 1.3.16 Compute the inverse Laplace transforms of

675z

1) &

/ (z —2)¥’

z exp (— 4 2)
22425 7

(z+1)e ™

224+z4+1"

2)

3)

1) We get, using a table,

_5 _
e °? 5, 1 3! e

e . —.

(z—2)F 3!

5z
B 5 L{e*tt’} (),

hence by the the shifting property,

6752
c {m} (t) = % H(t—5)(t—5)%e (7%,

Download free ebooks at bookboon.com

65


http://bookboon.com/

Please click the advert

The Laplace Transformation I 1 The Laplace transformation

2) Using the same method as above we get

M = exp (—4; Z) L{cos5t}(z),

£t {M} (t)=H (t - 4%) cos(5t —dm) = H (t - 4%) cos 5t.

3) We get in this case

Cobe™ o eth 12 ¥
224+ z+1 2 ’ 2 V3 ’ i
(+ )7+ (%) )+ (9)
(V3 )} ! o (V3
= e_ﬂz‘c{e_2tcos (t (2)+ —=e ™ LSe 2t sin | ~ ¢ (2),
2 V3 2
hence

His @b0ook 1s Propucep with 1Text®
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£t {( +1)e ™22 + 2 4 1} ()

=H(t— 71') e_%(t—ﬂ) {cos (?{t — 71'}) + % sin (?{t — 71'})}
:H(t—w)expg exp (—;) {COS (?t— ?ﬂ') + /3 sin

= H(t —m)exp g exp (—t>~2 cos <\/§t— {\f—k

2 3 2

Example 1.3.17 Compute the inverse Laplace transforms of

6—22

1) e
86—32
) =
z2+4

2z
3)

)

ze
22432427

1) Tt follows from

6—22

= e 2 L{t}(2)

22
and the shifting property that

022 t—2 for t > 2,
£t { }(t) =
2
z 0

2) In this case we find

for t < 2.

86_3z _3z 2 —3z .
a1 A ate L{4 sin 2t}(z),

hence by the shifting property

4 sin(2{t — 3}) for t > 3,

B 86—3z
£ 1{z2+4}(t): 0

for t < 3.

1

6

V3 3
)

}) 0

67
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3) Using the same method we get in this case

ze % e z e 2 1
g2 2 s -
2243242 2243242 z+2 z+1

e L{2e* —e '} (2),

from which by the shifting property
9 e—2(t-2) _ o—(t-2)
—2z
1 ze _ _ 9,4 ,-2 2 ,—
L {m}(t)— =2e%e t—eet fOI‘tZ2,
0 for t < 2. O

Example 1.3.18 Compute the inverse Laplace transform of

e *(l—e7?)
z2(2241)

Figure 12: The graph of the the solution f(t) of Example 1.3.18.

First, rewrite in the following way,

from which we get

cos(t —2) — cos(t — 1) for t > 2,
_afer-e)
ft) =L { 2(2241) }(t)_ 1 —cos(t—1) for 1 <t <2,
0 for t < 1. O
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Example 1.3.19 Compute the inverse Laplace transform of

672z

(z—1)*

It follows from

e —2, 1 t 43
CER A GG
that
Lo 3
L e i et (t —2) for t > 2,
Hefo-

0 for t < 2. 0.

Example 1.3.20 Compute the inverse Laplace transform of the function

z+2
F(z) ::L0g<z+1>,

by first finding L~ {F'(2)} (t).

It follows from the computation

Flloy=—— 1 e o) - c{e ) (o),

242 z+4+1

that

LTHF () = e =,
so

L{e? e} (2) = F(2).

Then it follows from the rule of division by ¢ that

G PQAC= - F (o),

t

from which we derive that

crEnn = e {ros (253 ) b - T

z+1 t
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Example 1.3.21 Compute the inverse Laplace transform of
F(z) := Arctan 2

by first finding L= {F’(2)} ().

We first compute

1 4 4z 4z
F’ = - ) = — - _
(Z) ) {2 }2 < z3> A4 (z4+4z2+4)—4z2
2

z

B 4z B 4z

(22427 (22)2 (2+224242)(x2-22+42)
1 1 1 1

2242:+2 22-2:42 (241241 (2—1)2+1

= L{e"sint—e' sint} (z) = L{—2sinht-sint}(z).

Then we apply the rule of division by ¢ to get

F)=— [ F'(Q)dc= c{

FZ

from which finally,

2 2 sinht - si
L {Arctan <%>}(t) _ 2simhiosing

t

2 sinht-sint

),

O
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Example 1.3.22 Compute the inverse Laplace transform of

2% + a?
F(Z) = LOg <m) N

by first finding L~ {F'(2)} ().
It follows from

2z 2z
Fl(z) = -
(2) 22402 224+ b2
that

L7H{F'(2)} (t) = 2 cosat — 2 cos bt.

Then by the rule of division by ¢,

5{2”3“_“3‘“}@) :—/FZ Fl(2)dz = F(2) :Log<Z2+a2),

t 22 + b2

from which

E—l{Log(ZQ—i-aQ)}(t):z.COSbt—COSClt' o

1
Example 1.3.23 Find the inverse Laplace transform of exp (—) —1.
z

1
The function exp <> — 1 has the convergent Laurent series expansion
z

sp(N) 1= L Lo L L e
xp(-)-1=) ——=» —— —— r
Pz n! zn (n+1)! zntl : ’

n=1 n=0
and it satisfies the estimate

1 C
exp (z) —-1| < o for |z| > R,

~ 7]
for some positive constants C' and R. Hence the inverse Laplace transform is given by

£ {exp (i) - 1} =S mt

n=0

Remark 1.3.1 If we use, which is the topic of Ventus, Complex Functions Theory c-12, The Laplace
Transform II, that

+ oo

ey
< (n+1)!n! 4 )7

+oo
B (=)™ w2ty
I =2 (n+ 1) (5) PF

n=0
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2
U
and put t = — I then u = 2iv/t, hence by insertion,

£t {exp (%) - 1} (t) = JFZOO mb‘" = % I (22'\/%) :

n=0

where we use that the Bessel function is an analytic function in C. ¢

1
Example 1.3.24 Find the inverse Laplace transform of sinh (—)
z

It follows from the Laurent series expansion

ARG | 1
sinh (Z) = Zm W, for z S C\{O},

n=0

and the estimate

sinhl‘ < < for |z| > R,
2| 7 7]
that
+o0 1
-1 : - — 2n
£ {smh <z>} 0 =2 Gt 0

1
Example 1.3.25 Find the inverse Laplace transform of cosh () — 1.
z

The Laurent series expansion is given by

1 =1 =g 1
COSh(z)_IZZ(Qn)!ZZ”ZZ(2TL+1)!Z(2n+1)+17 fOI‘ZE(C\{O}7

n=1 n=0

and we clearly have the estimate

z

1 C
cosh |~ | —1| < — for |z| > R,
|22

so the inverse Laplace transform is

£ {COSh G) - 1} (t) = io (2n1+2)! (2n1+ it 0

n=0
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Example 1.3.26 Find the inverse Laplace transforms of
1 1

1) = sin—
) _ sin—,

1 1
2) — —.
) ZCOSZ

1) The Laurent series expansion is for z # 0 given by
+oo +oo

F<z>zlsinlzéz(<—i;zz(<—l>n 1

z 0z — (2n+ 1)1 220H L= (2n 4 1) ZCGnDHL

hence
J() = L7HF}N) Z{ H.}ztz”“

2) In this case, the Laurent series expansion is given by

+too  \n +oo . \p
F(z)zlcoslzlz(l) 1 :Z(l) 1

z z — (2n)! 2% (2n)! z2n+l’

n=0

hence

1) = L {F} ) Z ,}2. 0

Example 1.3.27 Find the inverse Laplace transform of

1
Log <1 + —2> , for |z| > 1.
2

We get for |z| > 1 the convergent Laurent series expansion,

1 too (_1)77,+1 1
F(Z) = LOg (1 + 2’2) - Z n . Z(2n71)+1’

n=1

Hence

+oo n
ORE cl{F}<t>=27n((;i)_T £ 1——22

n=1

2 [X (—1)m 2
_f{g(@n;! t2”—1} ;(1—cost)
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Remark 1.3.2 If we compare with Example 1.2.39 we see by putting a = 0 and b = 1 that

cosat — cos bt 1 — cost 1 22 + b2 1 1
L —m =L — =-L —— | ==L 14+ —
{ t }(z) { t }(z) 9 08 <z2—|—a2> 2 og( +22>’

£ {Log <1 + 21—2) } (t) = % (1 - cost),

and we have given an alternative proof of the above. ¢

SO

Example 1.3.28 Find the inverse Laplace transform of

1 1
= Log <1+—2>, for |z| > 1.
z 2

By a Laurent series expansion,

+o00 +o0
1 1 1 (=)t 1 (—1)n+t 1
F(z):ZL0g<1+Z2) :*E:i'ﬁ: § fTW

You’re full of energy
and ideas. And that’s
just what we are looking for.

© UBS 2010. All rights reserved.

Looking for a career where your ideas could really make a difference? UBS’s
Graduate Programme and internships are a chance for you to experience
for yourself what it's like to be part of a global team that rewards your input

and believes in succeeding together.

Wherever you are in your academic career, make your future a part of ours
by visiting www.ubs.com/graduates.

www.ubs.com/graduates % UB S

Download free ebooks at bookboon.com

74


http://bookboon.com/
http://bookboon.com/count/advert/52a1fd82-96d7-e011-adca-22a08ed629e5

The Laplace Transformation I 1 The Laplace transformation

which is convergent for |z| > 1, we get

1t i\n+1
fy=L7HFHt) =>_ 511(7)2;), 0

n=1

Example 1.3.29 Find the Laplace transform of the function

cos V1t
i

We get for t > 0 the series expansion

cos\/_ +°° = (=)™ 1
NG =2

n=0
This gives by a formal termwise Laplace transformation,

cos V1 B =X (=1 I'(n+3)
{5 o= L Er

iing

Then we compute
1 1 3 1 1 2n—1)2n—-3)---1 (2n)!
F — = —_ = _ = cee — F — = = .
<"+2> (" 2) (” 2> 2 <2) 2.2...2 VI= e VT
Hence by insertion, where the series is seen to be convergent for z # 0,

{mh)o- SE B L EEL ] - L)

Thus we have proved that if we confine ourselves to the half plane & z > 0, such that the square root
is also defined uniquely, then

c{c"fff} (2) = \/jexp (—42) . forRz>0. O
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1.4 Convolutions
1.4.1 Convolutions, general

Example 1.4.1 Prove that if f, g € £, then also fxg € &.

We assume that f and g are both piecewise continuous and that they fulfil the estimates
If(t)] < AeP? and lg(t)| < AeBt, for t > 0,
where we clearly can choose the same constants in both cases.

Then

[(f *9)(®)]

t
< / AePm . APt qr
0

/ f()g(t —7)dr
0

_ AQteBt < A2 e(BJrl)t,
where we have used that 0 <t < el for ¢t > 0.

We have furthermore,

to

/0 fgt—rydr— [ ftaw)g (to — 1) dr

0

I(f x9)(t) — (f xg) (to)] =

IN

/OOIf(T)I-Ig(t—T)—y(to—T)|+ 151ttt =1 ar

to
< AeBtO/ lg(t —7) — g (to — 7)| dr + A% Bt |t — 1.
0
The latter term tends trivially towards 0 for ¢ — ¢y, and since g is piecewise continuous, the former

term also tends towards 0 for ¢ — ¢y for almost every ¢y, so f x g is also piecewise continuous, and we
have proved that the convolution fxg e &. ¢

Example 1.4.2 Use the theorem of convolution to find the inverse Laplace transform of

1
(z+3)(z—1)

This is an alternative way of computation to ordinary decomposition. We get straight away,

o {Wl(zl)} () = £ {ﬁ}*c—l {211}@) = (5w ) (1)

t t
1 t

_ —3r  _t—T1 _ it —4T _ t —4rt

—/Oe e dT—e/Oe dT—Ze [e ]O_Ze —Ze. O
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Example 1.4.3 Compute the explicit function (XIR+ *oee ok XR+) (t), where the convolution is taken n
times.

1
It follows from £ {xr, } (z) = — that
z

1 1 L
L{xr, *x *xr,}(2) = = mﬁ{t " (2),
from which we immediately get
tn—l
b rooe) 0= @

Example 1.4.4 Apply convolution to compute the inverse Laplace transform of

1
FE = ot
We note that
% = L{t}(z)  and ﬁ =L{te "} (2),

so by the convolution theorem,

1 t t t
L () = Tk t:/ T(t— dzt/ ‘Td—/Q‘Td
{22(z+1)2}() (Te T)() 07'6 (t—7)dr OTe T 07‘6 T
. t . t
=t [—TE_T]O-Ft/ e Tdr + [726_7]0—2/ Te Tdr
0 0
¢ t t
= —t?e 4t [—e_T}O—I—tQ e t+2 [76_7]0—2/ e Tdr
0

= t—te "+ +2{e -1} =(t+2)e " +t-2. O

Example 1.4.5 Apply the convolution theorem to find a solution formula of the inverse Laplace
transform of

751{{:_};5) for given f € F.

By a straightforward computation, using the convolution theorem,

c-l{m}@) = (sin*f)(t):/Otf(u)~sin(t—u)du

2241

t t
= sint/ f(u) cosudu—cost/ sin u du.
0 0
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Example 1.4.6 Apply the convolution theorem to prove that

t
1
/ sinw - cos(t — u) du = it sin t.
0

We get by the Laplace transformation,

r lts' b2 1d 1 1 —2z 1 z

St sin - %) 2 U, — .

2 i 2dz | 2241 2 (2241 2+1 2241
= L{sin*cos}(z).

Hence, by the inverse Laplace transformation,

1 t
5 t sint = (sinxcos)(t) = / sinw - cos(t — u) du. O
0

360°
thinking

Deloitte
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Example 1.4.7 Prove that

©) /Ot /Ot/ot Fu)dudty ;1 ---dt :/Ot (t(;i‘)f)_ll () du = (é"__;)!*f) (t).

In other words, equation (6) means that n successive integrations all starting at 0 can be expressed as
a convolution integral.

Let I denote the integration operator defined by

1(/)(t) = / () du,

Then (6) means that

First method. It follows from the rule of integration that

c{// ---/Ot"_lfw) ity ) () = 5 £(7H0)

It also follows from the rule of convolution that

£ {(:__1)! * f} () =L {(;n__l),} (2)- LU= = _1 o n Z_nl)! L{f}(z) = Zin L{fH2).

When we combine these two equations and then apply the inverse Laplace transformation, we get

(6).

Second method. Induction. If n =1, then both sides of (6) are equal to fg f(u) du, so the claim is
true for n = 1.

tau

(u,t)

tau =u

Figure 13: The domain of integration in Example 1.4.7, second method.
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Then assume that the claim is true for some n € N, and consider n + 1 integrations. Then it
follows from the assumption of induction followed by an interchange of the order of integration,
cf. Figure 13, that

/Ot/otl... Otn f(u)dudtn---dtlz/ot{/omu 7(7(7;}):)!_1 f(u)du} dr

=/Ot{/j%d7}f(u>du=/ot [(T;Li!u)nluf(u)duz/ot(t_n%wf(u)dm

proving that then the assumption also holds for n 4 1. Since it already holds for n = 1, it follows
by induction that it holds in general.

Remark 1.4.1 It is then only a matter of interpretation to write

1

m(tn_l*f) (t)zﬁ(tn_l*f) (1) for n € N,

instead of (6). This structure also invites one to guess that in general,

(M) I"(f) =

Ia(f):ﬁ(ta_l*f) (t) for « € Ry,

which indeed also is true, though we shall not prove it here. ¢

1.4.2 Convolution equations

Example 1.4.8 Solve the convolution equation

/tf(u)f(t—u)du:2]”(15)—|-t—27 forte Ry,
0

where the unknown function f is assumed to be continuous.

If we put F(z) = L{f}(z), then it follows from the Laplace transformation and the rule of convolution
that

{F(z)—l}QzF(z)Q—ZF(z)+1:1—34—212:<1—1) ,

z
and hence
1
) 2— =, -+ 0 for Rz — 400,
z
F(z):1i<1—> -
z 1
- — 0 for Rz — +o0.
z
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1
Since f is assumed to be continuous, F'(z) = 2 — — cannot be possible, so we conclude that
z

Fe) = = £{1)(),

hence f(t) = 1, which is also easily checked,
¢
/f flt—u) du—/ 1-1du=t,
0
2f(t)+t—2=241-2=t O

Example 1.4.9 Solve the convolution equation

L‘):t2—l—/tf(u)sin(t—u)du7 teRy.
0

We write for short F(z) = £{f}(z). Then it follows by an application of the Laplace transformation,

followed by the rule of convolution, that

21
F ———
(5) =5 +F@E) 5
thus by solving in F(z),
1 2 22+1 2 2 2 2
P =G a5 5

1 ——
22+1

and we get by the inverse Laplace transformation that

42 i4
=+t 0

Example 1.4.10 Solve the convolution equation

£(1) :t+2/0tf(u)cos(t—u)du, fort € R,.

1 4

2w

We assume that f € F. Then it follows from the linearity and the rule of convolution that

L{f}(z) = L{t}(2) +2L{f}(2) - L{cost}(z) = % 4=

thus

i- 25 bene = =25 ane = 5

24—1

241

L{f}(2),

E{f}()

81

Download free ebooks at bookboon.com


http://bookboon.com/

Please click the advert

The Laplace Transformation I

1 The Laplace transformation

and hence

22+1 1 L :
L{f}Hz) = 2(z—1)2 (z—1)2+{2(2—1)}

2

1 1 1) 1 2
= (z—1)2+{_2+z—1} PR P R

_1. 2 2 2
22 (z-1)2 2z z-17

Finally, it follows from the inverse Laplace transformation that

fit)y=2+t—2¢e" +2te. O

It's only an
opportunity if
you act on it

IKEA.SE/STUDENT
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82

Download free ebooks at bookboon.com


http://bookboon.com/
http://bookboon.com/count/advert/62a3fd82-96d7-e011-adca-22a08ed629e5

The Laplace Transformation I 1 The Laplace transformation

Example 1.4.11 Prove that the convolution equation

_ 1 i 3 d R
f(t)—t+6/0(t—u) fwdu,  forteR,,

1
has the solution f(t) = i(sint + sinht).

Is this solution unique?
Put F(z) = L{f}(z). Then by the Laplace transformation,

1 1 3! 1 1
F(Z):Zj E'QF(Z)Z;g*';F(Z)a

thus by a rearrangement,

1 1 22 22

Fz) = T 227 41 (2-1D)(2+1)

N =
I
[\~
|
—_
[N}
IS
]
+
[t

and hence by the inverse Laplace transformation,
F(t) = = sinht+ = sint
= — sin — sint.
2 2

The solution is unique in the class of functions F. ¢

Example 1.4.12 Solve the integro differential equation

/0 f(u)cos(t —w)du = f(t), t e Ry and f(0) =1.

We put for short F'(2) = L{f}(z). Then by the Laplace transformation of the equation,

F(2) Z2+1=z-F(z)—1,
thus
-1 1 2241 24+1 1 1 2
F = - = —— . = = — — . —
(2) <, z 1—22-1 23 z3+2 23’
22+1

and hence by the inverse Laplace transformation,

f@:ﬁl{l+%}@=1+%ﬂ O

z
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Example 1.4.13 Find a function f(t) in F, such that

t
/ u f(u)cos(t —u)du =te ' —sint, fort € R,
0

Write for short, F'(z) = L{f}(z). Then by the Laplace transformation of the equation,

d z

L {/0 u f(u) cos(t — u) du} (z) = L{t f()}(z) - L{cost}(z) = 5 F(z)- e

1 1
2241 (z+1)2 2241’

=L{te "} (z) = L{sint}(z) = L{t}(z + 1) —

thus
d£_22+1 1 1 21 22 +1 _22+2z—|—1—z2—1_ 2
dz =z 241 (z+1)2f 2z z(z+1)2 2(z+1)2 (412

and hence by an integration,

F(z)=

—Z+1+c.

We have assumed that F(z) = L{f}(z), where f € F. Therefore, we must require that F(z) — 0 for
Rz — 400,50 c =0, and we get

sy = {- 2 b =2,

z+1
which even belongs to £ C F. ¢

Example 1.4.14 Find all functions f € F, for which

/m(t)f(:z:—t)dt:S(sin:z:—a:-cossc)7 forx e Ry.
0

As usual, write for short F'(z) = £{f}(z). Then by an application of the Laplace transformation,

F(2)? = 8(L{sinz}(z)— L{z-cosz}(z)) = 8{ (- (=1)ddz <1fzg>}

1+ 22
1 1 222 14 22— 22 4
= 8 + S QS T it :
1422 1422 (14 22) (14 22) 14 22
and hence
4
F(z)= im = 44 L{sinz}(2).

Finally, the inverse Laplace transformation gives
f(z) = 4 sinx,

and we see that the sign + is quite obvious. ¢
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Example 1.4.15 Solve the integro differential equation

"(t) + 5/0 f(u)cos(2{t — u})du = 10, fort € Ry U {0} and f(0) =

When we successively apply the Laplace transformation, the rule of differentiation and the rule of
convolution, then we get

2= 2L - FO) 45 L{F}E) - Leos2) ()
22+4+5
= zL{fHz)-2+5" 2+4 L{f}Hz) = -Zziﬂﬁ{f}(d—2
hence by a rearrangement,
22 2’2
L{f}z) = Z(TTQ){§+2}=T}:;(22+1O)

41 5 1
- 2<Z+5){§ 27Ty z2+9}

_ 81 401 10 = 50 3
9 2z 9 22 9 2249 27 2249
Finally, we get by the inverse Laplace transformation that
8 40 10 50
f(t) = § + §t+ 3 cos 3t + ﬁ sin3t,

which clearly belongs to € C F. ¢

1.4.3 Bessel functions
Example 1.4.16 Apply the series expansion

“+00 TL

cos(t - sin ©) Z

n=0

t2n : 2n@

to prove that

Jo(t) = l/ cos(t - sin ©) dO.
0

™

The series expansion follows immediately from the series expansion of cosu, u =t - sin ©. For fixed t
the argument ¢-sin® € [—|¢], |¢|] is bounded, so the series expansion is for fixed ¢ uniformly convergent
in ©. Hence, we can interchange summation and integration. This interchange will give us

7T +o0 _1\n
(8) ¢(t) == l/ cos(t - sin ©) dO = % 3 ((2;3!

TJo n=0

t2"/ sin?” © dO.
0
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We shall compute the trigonometric integral. It follows for n € N by partial integration that

2n T
©doe / sin?" 1O -sin®dO
0 0

0
= (2n— 1)/ sin?""20de — (2n1)/ sin®" © dO.
0 0
This gives by a rearrangement and recursion,
T 2n—1 [T 2n—1 2n—-3
/ sin?"0de = = / sin?"20d0 = ... = = ails .
0 2n  Jo 2n 2n -2
2n)!
et
{27 nl}
thus by insertion into (8),
+oo too
L D" o (20)! D"
plt) = — £ g om= S 2" = Jo(),
™ ,; (2n)! {27 n!} %; {27 nl}

and the claim is proved.

[—cos© - sin®" ! @]g +(2n—-1) / sin®"2 @ - cos? © dO

1 T
L[ e

ericsson.
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An alternative proof is the following. It follows from (8) that

1
p0)==-1-1-7=1,
™
and
—+oo
/ _ 1 (_1)11 2n—1 T 12N
@(t)—;zlmt :0 sin Gd@,
and

'(t) = 1 JFZOO 7(_1)71 t2n—2 /7T sin®" © de
T 4= (2n—2)! 0 ’

so by insertion into the Bessel equation,

2" () + 1 (t) + 7 (1)

_ 1 = (_1)11 2n+2 T s 2n 1+°° (_1)71 2n " s 2n
—;gwt /0 S111 @d@+;2mt ‘/O S Gd@

n=0 n=1

-i-l JFZOO ﬂt% /7T sin®” © dO©
T 4= (2n —2)!

0

0

L G DA i on-2
= — N 7 e ) 2n — 1 S n
anzl n— 1)!1? { (2n )/ sin ©de

+/ sin2”@d@+(2n—1)/ sin2"®d@}
0 0

1 —1)" " "
Z]+m())'t2”{_(2n_1)/ sinQ"_Q@d@—F?n/ sinzn@d@}

7Tn:1 (2n—1 0 0
1R (—1)m T 2n—1 (7
:Z()tQ"{—(Zn—l)/ sin2"29de + 2n - 2 /mﬂ”@d@}

= 07
proving that ¢ fulfils the Bessel equation of order 0.

The series expansion of ¢ is clearly convergent in C, so there exists a constant ¢ € C, such that
p(t) = ¢ Jo(t). Finally, it follows from ¢(0) =1 = Jy(0) that ¢ = 1, and we have proved that

™

Jo(t) = l /7T cos(t - sin©) dO. O
0
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Example 1.4.17 Prove by using the series expansion of Jit) that

/lt Jo(t — 7)Jo(7) dT = (Jo x Jo) (t) = sint, fort > 0.
0

Using the convergent series expansion

+oo _1\n 2n
Jo(t)ZZ%{%} , for t € R,

n=0

it follows that

too n too o \m
Jit=o(r) =3 S L g 3 LD L e
n=0

400 +oo 2n n+m+p ( om

—ZZZWW. 2z \ p

) th—p 7_2m+p.
n=0m=0 p=0

The series are uniformly convergent, so we can integrate termwise. This gives

400 +oo 2n n+m+p 1 ( om

[ SEE T 1 (

) t2n+2m+1
n=0m=0 p=0

Then apply the following change of indices, ¢ = n 4+ m, i.e. m = ¢ — n to get that this expression is
equal to

+oo g 2n 1)q+p 1 (2n)' 2gi1
ZZZ 2{(9—n)!}2.2q—2n+p—|—1-(Zn—p)!p!t '

q=0n=0 p= O
_ ) 2 2¢ +1)! (—=1)? (2n)!
Z 2q+1 2 H{ 1;)};3 n)2{(q —n) '}2(2q—2n+p+1)(2n—p)!p!}
_ (—1)4 2¢+1 (2¢ +1)! 1 2 [ o &
Z Ga+ 1)1 ) { 4 ,12%(71!)2{01—”)!}2 <I;J( p >2q—2n+p+1>}’

so it “only” remains to prove that the expression {---} is equal to 1.
We consider the well-known finite series expansion

(1—1t)*" = i ( 2pn > (—1)P 17,

p=0

SO

2n
t2q—2n(1 B t)Qn _ Z ( 2n ) (_1)pt2q—2n+p’
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hence by an integration, using the Beta function,

1 2n
- 2n (=1
29720 (] — )2 dt = § =
/0 ( ) ( p >2q—2n+p+1

p=0

(2¢ — 2n)!(2n)!
(2 +1)!

Then we get by insertion into {---},

(24 1)! & 1 Ga— i) 1 &
4 7;) M2 {(g—n)12  (2¢+ 1) ani

which we shall prove is equal to 1.

We remind the reader of the general binomial expansion

(1—4a)~} :+f< ‘If )(—43;)4 =+f< Qqq )xq for || < i

q=0 q=0

It follows by a Cauchy multiplication that the coefficient of x? in

(1—42)"2(1—4z)"2 = (1 —4z)"*
is equal to both

q
Z(Qn)(2q—2n> and 19,
n q—n

n=0

because
+00 1
1—dz) ' => 4927 f < -,
( x) 2 x or |z 1

SO
(2 2 —2
() ().
—\n qg—n

which finally by insertion gives
1 & 2n 2q — 2n
w2 () (520 ) -

and the claim is proved. ¢

B(2¢—2n+1,2n+1)

2q — 2n
qg—n )’

89
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1.5 Linear ordinary differential equations
1.5.1 Linear differential equation of constant coefficients

Example 1.5.1 Solve the initial value problem

ffO+f) =t fO)=1, f(0)=-2

There is no need to use the Laplace transformation in this case, because it follows by inspection that
f(t) =t is a particular integral, so the complete solution is

f(t) =t+a cost+ b sint.
It follows from the initial conditions that ¢ = 1 and b = —3, so the wanted solution is

f(t) =t+ cost — 3sint.

Alternatively we put F(z) = L{f}(z) and then apply the Laplace transformation and the rule of
differentiation on the differential equation,

L)) = 5 = LU} )+ LUHE) = (4 1) F() 2 42,

SIMPLY CLEVER
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The Laplace Transformation I 1 The Laplace transformation

so we get by a rearrangement,

F(2) 1 1+ 9 z 2 +1 1 z 3 +1
Z) = —F—= — z — = —— — —_— = = — —_
2241 | 22 2241 2241 22 2241 2241 2241 22

Finally, we get by the inverse Laplace transformation that
f{t) =1t +cost — 3sint.

Remark 1.5.1 It is seen that both methods are applicable, but that the traditional one is the easiest
one in this case. ¢

Example 1.5.2 Solve the initial value problem

PO = 3F (0 +2f(t) = 4¢®,  f(0)=—3, f(0)=5.

We write for short, F/(z) = £{f}(z). Then we get by the Laplace transformation,

4

{4} (2) = 5 =L{U" ) -3L{f (=) +2L{/}()

= 22<,F(2)—2-(=3)=5—-32F(2) + (-3) + 2 F(2)

= (2*=32+2)F(2)+32-38,

hence by a rearrangement,

- 1 FE 1 —32+8
Flz) = (z—l)(z—2){z—2 5 +8} CoDG-2  GoD-2)
4 4 (1-(z-2)? 5 2 1 2 2—3
B z—1+z—1{ (z —2)2 }_z—1+z—2__z—1+2—2_4.(2—2)2
1 2 4 4 1 2 4

-1 +z—2 a z—2+ (z —2)2 T 2o z-2
We finally get by the inverse Laplace transformation,

f(t) = —et —2e* - 4te™, O

Example 1.5.3 Solve the initial value problem

/() +2f'(t) +5f(t) = e 'sint, f(0)y=0, f'(0)=1.

As usual we write for short F'(z) = L{f}(z). Then we get by the Laplace transformation,
1

L{e "sint}(z) = L{sint}(z+1)= (z+1)2+1

= 22F(2)—0-2—142-2F(2) —0+5F(2) = (2 + 22+ 5) F(2) — 1,
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so by a rearrangement,

1

F(z) =

FRG T [P CR S T S s N

1 1 1 1

2 1 1

(z+1

1
(z+1)2

1

)2

+22 3 (2+1)2 422

We finally get by the inverse Laplace transformation,

flt) =

1 1
3 e ! sin2t + 3 e !sint. O

Example 1.5.4 Solve the initial value problem

FO@) = 3f7(8) +3f'(t) = f(t) =

HERCES S

1
T3 (2 4+1)2+22

It follows from the rule of differentiation and the initial conditions that

L{fD}(z) =
LYz =
L{f} (=)
L))

thus

{5 - 37" +370) - 10} (2) =

PL{fHz) = 22£(0) — 2f'(0) — £7(0)
Z2L{f}(z) = 2£(0) = (0)

2L{f}(z) = £(0)

L{f}(z)

BL{f}(z) — 22+ 2,
Z2L{f}Hz) - 2,

= 2L{f}(z) - 1,

= 1-L{f}(2),

(2% —32° + 32— 1) L{f}(2) =2 + 32— 1,

and since
£{e} ()= £{P} -1 = o f’l)g,
we obtain that
G- DPLUNE) = o + 2 34 L
hence
B 2 22-324+1 2 (z—1)2-(z-1)—1
LE = o T e T eooe o1y
2 51 1 21 1 1
5Go1PF 2 (r-1PF (=12 -1

We finally get by the inverse Laplace transformation,

_1 5 t

1
—t2et—tet+et.

92
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Alternatively, (sketch) the equation is easily solved by inspection, if only we get the idea of multiplying
it by its integrating factor e~!. Then the equation can be reduced to (details are left to the reader)

d’ t 2
ﬁ{f f)} =1,
so we get by three successive integrations that the complete solution is
1
ft) = 50 thel fat?el +btel +cel,

and then we find the constants a, b and ¢ from the given initial conditions. ¢

Example 1.5.5 Solve the boundary value problem

" (t) +9f(t) = cos 2t, fFO)y=1, f (g) -1

We write for short F'(z) = L{f}(2), and put f’(0) = ¢, which is the missing initial condition. Then
by the Laplace transformation,

< 2
L{cos2t}(z) = P F(z) —z—c+9F(2),
hence by a rearrangement,

1 z+z+c_1z+1z+z+c3
2249 2244 2249 52249 52244 2249 3 2249

F(z) =
We then apply the inverse Laplace transformation to get
4 1 c
t) = = cos3t + = cos2t + - sin 3t.
) =¢ 3 5 sin
For the boundary condition at t = g we get

1(5)=1=-5-5

SO

and hence

4 1 4
f(t):gc083t+gcos2t+5sin3t. O
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Example 1.5.6 Use the Laplace transformation to find a solution formula for the initial problem
fre)+a®f(t) =g,  fO)=1, f(0)=2,

where the constant a and the function g € F are given.

We assume that f € £, and also for the time being that g € £. Then by the rule of differentiation,
LA} () = 22L{fH=) — 2 £(0) = f'(0) = 2°L{f}(2) — 2 = 2,

so when we apply the Laplace transformation operator on the equation we get

L) — 2 = 2+ a’L{f}(2) = L{g}(2),

hence by a rearrangement

(2% +a®) L{f}(z) = L{g}(z) + 2 + 2,
and we get

z 2 a 1 a

Z. .- _.r .
2+a2 " a z2—|—a2+a 22 + a2 {9}(2)

L{f}(z) =

Then by the inverse Laplace transformation, assuming that a # 0,

(9) f(t) = cos(at) + % sin(at) + % / g(7)sin(a(t — 7)) dr.
0
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The Laplace Transformation I 1 The Laplace transformation

We have derived (9) assuming that also g € £, but a trivial check of the solution (9) in the original

equation shows that it is valid in general.

Finally, if a = 0, the original problem is reduced to

1) =g®),  f0)=1, f(0)=2

from which successively,

f@=2ﬁAMﬂ&

and

£t :1+2t+/0t{/0ug(T)dT}du: 1+2t+/0t{/:g(7)du}d7': 1+2t+/0t(t—7')g(7')d7'. 0

Example 1.5.7 Given g € F. Apply the Laplace transformation on the equation
f(t) = a® f(t) = g(t)

to obtain a general solution formula for a # 0.

When we apply the Laplace transformation on the equation we get
22 L{f}(z) = 2 f(0) = f'(0) — a® L{f} = L{g}(2),

from which

(2% —a®) L{fH(=2) = L{g}(2) + 2 F(0) + f(0),

and thus
L 1 /
e = 298 0 o)
1 (0
= E-ﬁﬁ{g}(z)—kfm)- 225&2 + C(L ) 'Zziaz'
Then by the inverse Laplace transformation,
f@) = 2 (sinat * g)(z) + £(0) - cosh(az) + L /(50) - sinh(az)

£10)

= é / sinh(a{x — t})g(t) dt + f(0) - coshaz + - sinh ax
0

= L ginh(an) / " cosh(at) - g(t) dt — * cosh(az) / " sinh(at) - () dt
a 0 a 0

+£(0) - cosh(ax) + -sinh(ax),

£10)

which is the well-known Wroriski solution formula with respect to the basis cosh(ax) and sinh(az) of

the solution space of the corresponding homogeneous equation. ¢
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Example 1.5.8 Solve the initial value problem

ffO+aft)y=9t,  fO)=0, f(0)=T.

We write for short F(z) = L{f}(z). Then we get by the Laplace transformation,
2 9
2°F(z)—0-2—7+4F(z) = o
hence
1 9 7 1
F = _ —_ 7 =
() z2—|—4{z2 } 2—|—4+9 22 (22 4+ 4)
- _* 91 95 1 91, 19 2
22422 4 22 4 2244 4 22 8 22422
Then by the inverse Laplace transformation,
9 19 |
flt)y= Zt+ 5 sin 2t,
where it is easy to check this solution. ¢
Example 1.5.9 Solve the initial problem
I = A1) + 511 = 1256, £(0) = /(0) =0

Write for short F'(z) = L{f}(z). Then we get by the Laplace transformation,,
2 1

2_ P .
(2 =4z +5) F(z) =125 ;

hence when we solve with respect to F(z) and reduce,

F(z) = 250.%-ﬁ12+5:%Mo%.ﬁ@—z?—u—a

= 25L{t2}(z)—50~2i2 ﬁt"%

= 25L{t2}(z)—40-zi2 2-22_1172”(422—1&”0—5%20)

= L{25t2—40t}(z)+1—£-%

= L{25t> — 40t} () — 2L 2; (402 — 210 + 422 — 168z + 210)

z z zf—4z+45
= £{25t2—40t—42}(z)+(:2_22)%
— E{25t2—40t—42}(z)+42-ﬁ—%-m.
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We finally apply the inverse Laplace transformation to get

f(t) = 25t% — 40t — 42 4 42¢* cost — 44e* sint. ¢

Example 1.5.10 Solve the initial value problem
() + f(t) = 8cost, f0)y=1, f'(0)=1.

We write as usual, F(z) = L{f}(z). Then by the Laplace transformation of the differential equation,

4 2 2
from which
z 1 z 1 d 1 z 1
F = 8- . — 4
() 24l 24l 2l 2e dz{z2+1}+22+1+z2+1

= L{4tsint}(z) + L{cost}(z) + L{sint}(2),
and we conclude that

f(t) =4t sint + cost + sint. O

Example 1.5.11 Solve the initial value problem
FOW —fwy=e',  f(0)=f)0) = f"(0)=0.

We write for short F(z) = L{f}(z). Then by the Laplace transformation of the equation,

1
(2 ~1) F(z) = ==
thus
L 1
Mo S e yE-n T e e
1 1 1 1
B CE e TR A Sk
1 1 1 z+2
C 3 12 3 E-DEEHLEY
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Finally, we use the inverse Laplace transformation to get

11 1 1 VEIRVE] 1\ . V3
f(t)—gt—g—i—gexp(—gt)COSTt—l—Texp(—§t)sm7t. %

Example 1.5.12 Solve the initial value problem

FO@) +2fD) + f(t) =sint,  f(0) = £/(0) = f(0) = fP(0) = 0.

We write for short F(z) = L{f}(z). Then we get by the Laplace transformation,

1
1492224 1) F(2) =
(z+z—|—) (2) R
SO
1
F(z)= ——.
(22 +1)

In this case we shall use the residuum formula over the inverse Laplace transformation,
6zt €Zt
res | ———;i | tres| ———5;—1
(22+1) (2241)
1 I d? et N 1 I d? et
= —lim—-——%49——=3 — lm — 4§ ——5
2 z—idz? | (24 1)2 2 z——idz? | (z+ —)?
1 i d 2e*t Ly e*t N 1 i d 2e7t iy e*t
= —lim—4{— . — lm — -z Y
2 z—idz (z+1)3 (z+14)? 2 z——idz (z—1)3 (z —14)?

1 ezt ezt ezt
= Zlim<{6——— —4t 2
213“{ (z+ i) Grip (z—|—i)2}

ft)

1 ezt eit eit 1 efit efzt efzt
= {6 — 4 2 ~ 16 — 4 2
2{<mw CHEN (%P}+2{ (—2it (208 (—%P}
2

t Yoy t+ t 3 t+ 1t int 1t2 t O
= — COST — —— Ss1n — COST = — COSs — U St — — COS 1.
16 -8 —4 8 2 4
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Example 1.5.13 Solve the boundary value problem

™

P +of =18, fO) =0, f(3)=0.

This equation is easily solved by inspection, because fo(t) = 2¢ is clearly a solution of the inhomoge-
neous equation, so the complete solution is given by

f(t) =2t + a cos 3t + b sin 3t.

From f(0) = 0 follows that a = 0, so

f(g):O:Q-g—b:w—b,

and we conclude that

f{t) =2t + - sin 3¢.
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Alternatively we put the unknowns F'(z) = L{f}(z) and f’(0) = ¢. Then by the Laplace transforma-

tion,

18
;a

22F(2) —c+9F(2) =

thus by a rearrangement,

1 2 2 2
F(z) = c 8 c

22+9+2:2(22+9) -
Then apply the inverse Laplace transformation to get

c—2

fit)y=2t+ sin 3t,

for which (the boundary condition)
-2 3 -2
f(z) :0:77—1—03 sin(%T) :w—cg ,
hence

2
f(t) =2t 4 7 - sin 3t. O

Example 1.5.14 Solve the initial value problem
FO + ) =2sint,  f(0)=f(0) =0,

z249 2_272:24—9:2_2

c—2
22 4327

f”(O) = 1af(3) = -2

We write as usual F'(z) = L{f}(z). Then by the Laplace transformation of the differential equation,

1
2241

L{2sint}(z) = 2-

= (z4+1)2F(z)—2z—1,
from which we can compute F(z),

F(z) = !

=2 F(2)—0-2°~0-22 —24+24+23F(2) -0-22~0-2— 1

1 1
S — 142 —— L=~
(z—i—l)z3{zJr + 2:2+1} z3+

1 2 1—(z+1)(22+1 3
= 4+ =42 ( ) ):—+2

(z4+1)23 (224 1)

z—1—(22-1) (22 +1)

(22-1)23(224+1)

2z

23 28 (z+1)23(224+1) 23

3 z— 24 3 2
= St25375 2 =3t 322 2

z 23(22—-1)(2241) 23 22(22-1)(z241)
3 2+ 1 n 1 z z
23 22 221 2241 221 2241

3 2 1 1 z

2 22 241 2241 2+1°
Finally, by the inverse Laplace transformation,

3
f(t):§t2—2t767t+costfsint. O

(22-1)(z241)

100
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Example 1.5.15 Check if the Laplace transformation can be applied when we solve the equation

1)+ f() =

cost

1
Since p— ¢ F, the Laplace transform cannot be applied on the right hand side of the differential
cos

equation, so we must use more traditional methods.

Figure 14: The graph of f(t) =t -sint + cost - log|cost|, [0, 27], in Example 1.5.15.

The set of solutions of the corresponding homogeneous equation is spanned by the two linearly inde-
pendent solutions

p1(t) = cost andps(t) = sint,

which have their Wronskian given by

W (cost,sint) = sint  cost

cost sint ‘

For t # § + pm, p € Z, the complete solution is given by the usual solution formula, known from
elementary Calculus,

t
ft) smt/ﬁdt—c /—dt—i—Cl cost + Cy sint

= tsint + cost-log|cost| + ¢y cost + cosint.

We notice that the solution f(¢) can be extended continuously to all of R, because cost-log |cost| — 0

™
fort — 5 +pm, p € Z. However, this uniquely determined extension is not differentiable at the points

T
§+p7r,p€Z. O
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1.5.2 Linear differential equations of simple polynomial coefficients

Example 1.5.16 Solve the initial value problem
ffe)—tff®+fe)=1,  f0)=1, f(0)=2.

We start this subsection with an example which shows that an application of the Laplace transforma-
tion may not always be the best method. In fact, when we apply the Laplace transformation on this
initial value problem, then we get

LG =] = [FPLNE -2 10 - FO)) - - L1 + )

= PL{f) - 224 L RLUE) - FO]+ L)

d
= L)+ 2L{f}(2) + 2 - L{fHE) -2 -2,
Writing £{f}(z) = F(z) we see that F(z) must satisfy the differential equation

dF 9 B 1 (z+1)
Zdz+(z +2)F(z)—z+2+z— o

where we use a known solution formula from elementary Calculus to get the complete solution

F(2) = £{f}(2) = 22 exp (_Z;) {c+/exp (Z;) %2 <(“;1)2) dz},

which does not look promising when one want to compute the integral explicitly, let alone finding its
inverse Laplace transform.

The equation can be solved by using the method of power series instead. Since all coefficients of the
equation are polynomials of at most degree 1, and since f”/(t) has 1 # 0 as its coefficients, we conclude
that the equation has power series solutions which are convergent everywhere.

First it follows from the initial conditions that
ag=1 and a; =2,

where we assume that
—+oo
f) =Y aot™
n=0

Then it follows from the differential equation that

+00 400 +00
L= f'O-tf/O)+ ) =) nn-Dant"? =t nant""" 43 ant"
n=2 n=1 n=0
+o0 +o0
= Y 2+ Dagsat" = > ant"
n=0 n=0
“+o00
= > {(n+2)(n+Daniz — (n—)ay}t".
n=0
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It follows from the identity theorem that

2-1-as+ap=2a2+1=1, forn =0, hence as = 0,
3-2-a3 =0, forn=1, hence a3 =0,

1
4-3-a4—as =12a4 — 2 =0, forn =2, hencea4:6.

For n > 2 we get the recursion formula

oyt

There is a jump of 2 units in the indices in this formula, and since a3 = 0, we immediately conclude
that asp+1 =0 for all n € N.

Let n = 2m be even. Then the recursion formula is written
2m —1 2m —1 2m — 3

aom+2 =  A2(m41) = (2m T 2)(2m T 1) ag2m = (2m T 1)(2m T 1) : 2m(2m —1) a(m—1) =

_ e 2n-3 3 1 Lo

T 2m+2)2m+1) 2m@m—1) 65 ' 2m+1 2(m+1) 2m 2-3 ° 6

_ 4 1 1

o 2m 1 2mtl (m 1)

o3 The Graduate Programme

I]OIHEd MITAS because_ . for Engineers a?wd Gec:scientists
I wanted real responsibility Maersk.com/Mitas

[ was a construction
SUpPEervisor in

the North Sea
advising and
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hence by a change of index,

4 1 1
2m—1 2m m!

Qom = form > 1,

and the real series solution is given by

“+o0 1 t2 n

n=1

Example 1.5.17 Solve the initial value problem

ffO+tf' )= ft)y=0,  f0)=0, f(0)=1

This example is — apart from a change of sign, and different initial conditions — very similar to
Example 1.5.16. And yet we this time have no problem in solving the equation.

We put for short F'(z) = L{f}(z). Then by the Laplace transformation and the rules of computation,
d
O:zQF(z)—0-2—1—d—{zF(z)—0}—F(z) =22 1-F(2) - 2F'(2) - F(2),
z
hence by a rearrangement,
2F'(z) — (2* = 2) F(2) = —1.
The solution of the corresponding homogeneous equation is a constant times
1ol
2 P o )
so a particular integral of the inhomogeneous equation is given by
1 22 z 2\ 1 1
— 2 P <2) / (” exp <—2 . ZdC = +z7'

The complete solution is

1 1 22
F(z):Zz+C-Z2-exp<2>.

The function F'(z) must satisfy the condition that F'(z) — 0, whenever R z — 400, so we necessarily
must have C' = 0, and we get

Finally, we get by the inverse Laplace transformation that

ft) =t

which is immediately checked in the original problem. ¢
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Example 1.5.18 Solve the initial value problem

tf'O+ A =20)f'(t) -2f() =0,  f0)=1, f(0)=2.

It follows by an inspection that

O=tf"(t)+ f'(t) = 2{tf'() + f()} = % {tf'(t)—2tf(t)},
thus by an integration,
t{f'(t) — 2 f(t)} = c a constant.

For t = 0 we trivially get ¢ = 0, so the equation is reduced to f'(t) = 2f(t), the solution of which is
f(t) = k- e?. Then it follows from any one of the two initial conditions that k = 1, and the solution
is given by

ft) =e*.

Remark 1.5.2 The problem is ill-posed, because we are given two initial conditions at a singular
point, i.e. t = 0, where the coefficient ¢ of the highest order term is 0. If we change one of them to a
different value, there will by no solution at all. ¢

Alternatively we shall use the Laplace transformation. Let us assume that f € F. Then by Laplace
transforming the differential equation,

0 = L{tf"Y(2)+L{f'}(z) =2L{tf"} (2) —2L{f}(2)
= LY () + LN~ 1(0) +24d= L) ()~ 2£(7H(2)
= L [PLUNE) — 2 F0)  F O] +2£}E) — FO) +2 LILIHE) - F0)] - 2247} 2)
- _2zc{f}(z)—z2d%,c{f}(z)+f(0)+z£{f}(z)—f(0)+2ﬁ{f}(z)+2zd%E{f}(Z)—M{f}(Z)
= (24 22) - LUHE) — 2L} o)

It follows for R z > 2 that

(10) ~(= —2) = L{F}(z) = LI},
thus

L{f}(z) =

¢
z—2’
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for some constant ¢, and hence by the inverse Laplace transformation,
f(t) =c-e*.

Finally, it follows from f(0) = 1 that ¢ = 1. It also follows from f’(0) = n that ¢ = 1. This shows
again that the problem is ill-posed. We also notice that neither £(0) nor f/'(0) occur in the equation

(10). ¢

Example 1.5.19 Solve the differential equation
tf'O)+ @ -1f' ) - ft)=0,  f(0)=5, lim f(t)=0.

t——+o0

This is neither a classical initial value problem nor an ordinary boundary value problem, so we cannot
apply the usual theorem of existence and uniqueness of the solution. In particular, the condition
f(0) =5 is given at a singular point.

When we use the Laplace transformation, we get

0 = 2 [PLUNE) - 270) - F(O)] - LI )~ O] 2L {FHE)+F(0) - £{))

22L{f}(z) - 2 - LUHE) — FO) — LAT}E) — 2 a0 £UFHE) — 2L(7HE) — LF}E) + F0)

—z(z+1) dilzﬁ{f}(z) - (Bz+2)L{f}(z)+2-5

_ ! {(23 +2%) diiﬁ{f}(z)—k (322 +22) - L{f} - 102}

z

= —% {diz [(z+ 1) L{f}(2)] - 102} ,

thus
d 2
e [(z 4+ 1)2* L{f}(2)] = 10z,

and hence by an integration,
(z4+ )22 L{f}(2) =52 +c.

It follows from the final value theorem and the given condition lim;_, 1, f(¢) = 0 that
Jlim o £{f}(x) =0,

so we conclude that ¢ = 0, and the problem has been reduced to the equation
(z+1DL{f}(z) =5,

ie.

5

L{f}(z) = T i L{5e7"} (2),
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and it follows from the inverse Laplace transformation that

ft)y=5e""

Alternatively we get by a small rearrangement,

0=tf"(t)+ (t =)' (t) = f(O) =t {f" () + O} = {f' &) + F (D)},

hence, dividing by t? > 0,

d ! 1
o - HUOHIO GO0 4T )]
dTl 1 ¢ . d|1 d,,
= g{e fi(@t)+e f(t)}} = [tetdt{e f(t)}} )
so by an integration, where a is an arbitrary constant,
d
a = %E{etf(t)},
thus
% {e' f(t)} =ate".
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Then by another integration,
el f(t) = b—|—a/tetdt: b+a(t—1)e,

and f(t) is given by
ft)=be " +a(t-1).
From lim;_, 1« f(t) = 0 follows that ¢ = 0, and from f(0) = b =5 we finally get

f(t)y=5e"". O

1.5.3 Linear equations of constant coefficients and discontinuous right hand side

Example 1.5.20 Solve the initial value problem
() +4f(t)=H(t—2), f(0)y=0, f'(0)=1,
where the right hand side of the equation is discontinuous at a point.

We get using the Laplace transformation

L{H(t = 2)}(2) = e > L{H }(2) = % e = ZL{f}(x) — 2 F(0) = f(0) +4L{f}(2)

(22 + 4) L{f}Hz) -1,

0.8
0.4

0 T T T T T
70_43 1 \/3 4 \S\/ﬁ

Figure 15: The graph of f(t) = 3 sin2t + 3 sin®(t — 2) - H(t — 2) in Example 1.5.20.
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hence by a rearrangement,

—2z _ —2z 1
L) z4+4+62 .Z(z2+4)_22+4+622{m}

_ % L{sin26} () + e 2 L {iu ~ cos 2t)} (2)

= L‘{; sin 2t + % sin2(t—2)-H(t—2)} (2).

We finally get by the inverse Laplace transformation,

ft) = % sin 2t + % sin(t—2)-H(t—2). 0

Example 1.5.21 Solve the initial value problem

(&) +4f(t) = xpn),  f(0)=0, f(0)=1,
where the right hand side is discontinuous at a point.

Write for convenience £{f}(z) = F(z). Then we get by the Laplace transformation,

zzF(z)—O-z—1+4F(z):E{X[ojl]}(z):%-(1—67‘2),

0.8
0.6
0.4
0.2

0

T T T 1
-02 1 2 3 4
-0.4
-0.6

-0.8

Figure 16: The graph of f(t) = 3 sin2¢ + 1 sin®¢ — 1 sin®(t — 1) - H(¢t — 1) in Example 1.5.21.
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hence by a rearrangement,

F(z) = ﬁ{l+%(l—ez)}:ﬁ+(l_ez)_é (22+4)

1 111z

1 1 1
= L {5 sin 275} () + 3 L {sin®t} (2) — 3 e % L{sin’t} ().
Finally, by the inverse Laplace transformation,

1 1 1
f(t)zisin2t+§sin2t—§sin2(t—1)-H(t—1). O

Example 1.5.22 Solve the initial value problem
ffO)+9ft)=H(t—-1),  f(0)=f'(0)=0,

where the right hand side has a point of discontinuity.

Write for short, £{f}(z) = F(z). Then we get by the Laplace transformation that
(P+9) ()= e,

SO

1 1 1 1 1 1
Fiz)=e? ———— :e_z{ 777777 } = §e_zﬁ{1—c0832}(z),

hence by the inverse Laplace transformation,

f(t):%{1—c053(t—1)}-H(t—1). O

Example 1.5.23 Solve the initial value problem
'O+ f)=Ht-1),  f(0)=f'(0)=0.

When we apply the Laplace transformation, the equation becomes

(2 +1) L{} ) = e,

SO
—z 1 —z 1 i —z
E{f}(z)ze m =€ ; - 227_’_1 =€ L{l—COSt}(Z),
hence
1—cos(t—1) for t > 1,
ft) =
0 fort < 1. O
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Example 1.5.24 Solve the integro-differential equation

£+ £t) + / [ dr = xpg(t),  FO)=1.

We put F(z) = L{f}(z). Then we get by the Laplace transformation,

1
zF(z)—l—s—F(z)—&—;F(z) = L{xpa}®)
1
= L{H(t—t) — H(t=2)}(=) = _{e7" —e ¥},
hence
22+z2+1 1
FrET R -1 - -z _ 2z
—— P =1+-{e7—e ¥},
from which
z 1 1
7 _ - _ - =2z
() e R N R e
B z+ 1 1 2 \/Tg
- 2 22 3 ?
(= +3)"+ () (:+3)"+(£)
l 73 —2z ?

Finally we get from the inverse Laplace transformation that the solution is given by

f(t) = exp (—;t) {cos <\é§ t) — % sin <\é§ t)}H(t)
2 1 . (V3
+ﬁ exp (—5(75— 1)) sin <7 (t— 1)) -H(t—1)

2 1 (V3
—&—% exp (—5(75—2)) sin <7 (t—2)> -H(t —2). O
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1.6 The two-sided Laplace transformation

E ple 1.6.1 Compute the two-sided Laplace transform of the functions
xam .6.

1)
filt)=— (" +e*)H(-t), teR.
2)
—e teR_,
fa(t) = - _—
3)

fs(t)= (" +e ) H(t), teR.

Specify in each case the strip of convergence.
Recall that the two-sided Laplace transformation is defined by
+oo
| e
—o0

whenever this improper integral is convergent.

Are you considering a
European business degree?

LEARN BUSINESS at university level,
We mix cases with cutting edge
research working individually or in
teams and everyone speaks English.
Bring back valuable knowledge and
experience to boost your career.

MEET a culture of new foods, music
and traditions and a new way of
studying business in a safe, clean
environment - in the midd|e of
Copenhagen, Denmark.

EQUIS

See what we look like O

and how we work on cbs.dk

j\‘((redlle(.l b{/_ C/ C E M S
Ssociation
; lofMBAs LM

Y
Copenhagen

Business School
HANDELSHD]SKDLEN

ENGAGE in extra-curricular activitjes
such as case competitions, sports,
etc. — make new friends among cBs’

18,000 students from more than 80
countries.

112

Download free ebooks at bookboon.com


http://bookboon.com/
http://bookboon.com/count/advert/2f6fa854-3867-4bb6-892a-9fb800b9d043

The Laplace Transformation I 1 The Laplace transformation

1)

In this case,

+oo 0
/ e—zt fl(t) dt = _/ (et _|_e—2t) e—zt dt

— 00 — 0o

0
_/ {e(l—z)t+e—(2+z)t} at,

from which follows that the strip of convergence is determined by

R1—2)=1—-R2z>0, hence Rz <1,
and
R(2+2)=2+Rz<0, hence Rz < —2.

The domain of convergence is therefore given by f z < —2, and in this we get the two-sided Laplace
transform of fi(t),

+o0o 1 1 0
/ =t f1 (1) dt _ L=t _ e—(2+z)t:|

— 00

Similarly,
+o0 0 —+o00
/ e P fo(t)ydt = / e * (=€) dt + / e e 2 dt
— 0 —00 0

0 +o0o
= —/ e(l_z)tdt—F/ e~ D gt
—o0 0

The strip of convergence is determined by
R(1—2)=1—-R2z>0, hence Rz <1,
and
R(z+2)=2+Rz>0, hence Rz>-2.

The strip of convergence is —2 < Rz < 1. If z lies in this strip, then we get the two-sided Laplace
transform of fa(t),

e I )tO 1 (=42)t e
“tft)dt = —|——e(-® e

/_oo ¢ h) [1—ze }of[ ct2° L

1 1 1 1 2z+1

1—z+z—|—2:z—1+z+2:z2+z—2'

Formally the result is of the same structure as in 1), but they are nevertheless different, because
their domains of convergence are disjoint.
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3) Similarly, the two-sided Laplace transform of f3(t) is given by

1 1 2241

+o0 +oo
t —zt dt = t —2t —zt dt = —
/_OO Fs(t)e /0 (" +e™)e o1l i2 ya-2

in the domain of convergence given by £z > 1.

We see in all three cases that the two-sided Laplace transform is given by
2z+1
2242-2

We see that it is very important to distinguish between the domains of convergence, whenever the
two-sided Laplace transformation is considered. ¢

1.7 The Fourier transformation

Example 1.7.1 Explain why the rule of periodicity in general does not make sense for the Fourier
transformation.

Let us assume that f(t) is periodic, i.e. f(x+T) = f(x) for some T > 0 and all x € R. If f(x) is not
the zero function, then we get

(n+1)T ' T , ' - |
/ f(z) e @€ qp = / f(z) e~ i@tn)E 40 — e—ng/ () e~ Q.

T

Since f(x) is not the zero function, there exists a set = C R, where = is not a Lebesgus null set, such
that

T
/ f(z)e ™8 dx #0 for every € € E.
0

Hence, if £ € Z, then the series

400 +00  4(n+1)T T +oo
/ f(z)e ¢ da = Z/ f(z)e ¢ da = / f(z)e ™ dx - Z et
0

—o0 —o0 YT n=—oo

is divergent, because e™7¢ - 0 for n — 4o0. This implies that the Fourier transform of f does not
exist for a periodic function, unless it is the trivial zero function. ¢

Example 1.7.2 Compute the Fourier transform of X[—a,q]-
We get for £ # 0,

F{Xi—aa} (€)= /

—a

" eint qg = [ L gmine] T _ L ggine _ oy _ Zsinag
—ig e €
If £ =0, then we get

a

f{X[fma]} (O) = / ldz = 2&,

—a
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Figure 17: The graph of f(t) = 2311;(55) )

a result which also can be obtained by taking the limit & — 0.

Hence we get

P Si”f for € #£ 0,
F {X[fa,a]} (5) =
2a for £ = 0. O

Example 1.7.3 Compute the Fourier transform of (1 — %) x(—1,1)(z).

Write for short, f(x) = (1 — :C2) X[-1,1](%). Then we get for £ # 0,

f© /+°° e f(z)da = /1 (1—2%) e ™ da

— 00 —1

—ix€ 1 1 _9 . 92 1 .
(1 - 332) ¢ - - / —:E e " dg = il / re " dy
—1§ 1 —1 —i§ § J

2 [ x _. 1 / . ] !
_ iz ix€
= — |—e +—= e dx
f |:Z£ Zf —1

2

_ 1 {67i§+6i§}+3 {eizg}l
—i€2 52 —’Lf R

4 4si 4
E T = g bing e

If instead & = 0, then

=[5 <09 () o
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Figure 18: The graph of f(t) = g%(sinf — £cos€) in Example 1.7.3.

int
Example 1.7.4 Compute 0+Oo qsiing du fort € R.
u

We write for convenience,

+o0 ;
P a t
B(t) = / 2 du,
0 1+u

Then ®(—t) = —®(¢) and ®(0) = 0 and we need only consider the case ¢ > 0.
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Furthermore, H% > 0 for u > 0, and the denominator is of degree 1 bigger than the degree of the
u

numerator. For fixed ¢, the integrand is an even function in v € R. Hence, it follows from a theorem
of improper integrals in Elementary Complex Functions Theory that for fixed ¢t > 0,

400 . +o00 : +oo it

t 1 t 1
/ u sin udu _ _/ u sin udu: _%/ ue du
0 1+ u? 2 ) o 1+u? 2 oo L4 u?

1 itu itu
—%{27ri-res <1u_|e_—u2;u: z)} :W%{iigugu } = ge*t.

Summing up we have proved that

[\

Tt for t > 0,
+oo 3
t
/ U du = 0 for t =0,
0 ]. + U2
—g et for t < 0. O
too é-eiacg

Example 1.7.5 Compute [

. 52_’_1d§f07“a:ER\{O}.

It follows from the estimate
§
&1

c
< — for |£]| > 2,
@ g

that the improper integral is convergent for x € R\ {0}.

If x > 0, then it value is given by

+oo ix€ irz irz
/ §26+ 1 d¢é = 2mi - res ( e+ 7 z) = 2mi lim : ;z =mie “.
_j Z—1

If instead z < 0, then

+oo izé +oo z|r|§
/ 526 d¢ = / 526 = —miel?l,
e 741 &2+ 1

Summing up we have proved that

oo ¢ gin mi-e for x > 0,
/ g1
—o0 —mi e " for x < 0.

We note that when x = 0, the improper integral is divergent. ¢
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Example 1.7.6 Apply the Fourier transformation with respect to x when solving the partial differen-
tial equation (the heat equation)
ou 0%u

o " lar  TERe

—u(a:, t) tend towards 0 for v — 400, and

Ox
u(0,t) =0, teR, u(z,0) =e ", xe€Ry.

assuming that u(x,t) and

HINT. Put u(—x,t) := —u(x,t), and then write the solution as an integral.
We use the hint and extend wu(z,t) to the left half plane by
u(—z,t) = —u(x,t),

which also agrees with that u(0,¢) = 0. Then we get by the Fourier transformation with respect to x,

+oo 0
U¢,t) = / e y(x, t) do = / e y(x,t) do + / e " u(x, t) d
o0 0

“+00 0
= / e y(z, t) dz + / eV u(—y,t) (—dy)
0

—+o0

“+00 +oo ) +o0
_ / 7115 "E t) d.T _ / 6115 u(x’ t) dx B / U(.’L’, t) Sln(é-x) d.T
0 0 0

Using that U(—¢&,t) = U(&,t) it follows from the inversion formula that

)
1o[ree - 2 [T , i [t :
(1) ule,t)= / U6 1) e dg =+ o /O U(€,1) sin(at) de = © /O U(E, 1) sin(2€) de.

0 0?
The heat equation 9% _ 9% s then transferred into
ot 0x?
+o0 +oo 92
/0 % sin(éx)dz = 2/0 % sin(§z) dz

hence

ou e 92
E(f,t) = 2/0 8—2 sin(&x) dz

“+oo [e'e)
= 2 [gz sinéx — Eu(x, t) cos(gzz:)] ) —2¢2 /0+ u(z,t)sin(€x) do

=

26u(0,t) — 282 U(&,t) = =262 U (&, t),

3}
because u(z,t) — 0 and a—;(x,t) — 0 for z — +o0.

When we integrate this equation, we get

U t) = c(€) - exp (—261)
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where we still have to find ¢(&).

It follows from u(x,0) = e~ * that

+00 oo
c€) = U(E0) = —Qi/o u(z,0)sin(éx) da = —21'/0 e " sinfxdx

+00 —(1+3&)x —(1—i¢)z 7t
_ / {e—(1+i£)z _e—(l—ig)z}dx: |:e (1+i€) e (1-i€) ]
0 —(1+i)  —(1-i&)],

1 - 1 _ 2i&
1+i6  1—df 1427
and we conclude that
B 2i&

1+¢&2

U(§7 t) =

exp (—2§2t) .

Finally, it follows from the inversion formula (11) that

2

™

2

+oo ] . +o00 2% ’
/0 U(&,t) sin(x€) d¢ = - /0 {—1_522 exp (—2¢%¢) } sin(z€) d¢

u(x,t)

_ 2 /+°° Eexp (—2€2t) sin(xg) ac. o
0

T 14¢2

to do?
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1.8 The Laplace transform of a function via a differential equation
Example 1.8.1 Given f(t) =sinvt, t € R,.

1) Prove that f(t) satisfies the differential equation
(12) 4t f"(t) +2 f'(t) + f(t) =

2) Use (12) to compute L{f}(2)

1) First compute for t € Ry,

£0) = ﬁ cosVE,  f'(t) = —i sin VI —

We get by insertion into (12),

1
COS \/E
4/t

AEF(E) + 2" () + f() = —sin Vi — % cos Vi + % cosv/E 4 sin Vi = 0,

which proves that f(t) = sin/t, t > 0, is a solution of (12).

2) It follows from the computation above that f’(0) is not defined, so we cannot apply the Laplace
transformation on (12). However, since ¢ f'(t) — 0 for ¢ — 0+, we may instead use that

4t f1(t) +2f'(t) + f(t) = 4— {21 @)+ f(t)=
Since f(0) =0 and lim; o4 t f/(t) = 0, the latter equation can be Laplace transformed, giving

0 = C{W 270+ £} )
= e { G PO} ) - 2L )+ LN
— AGL{F O} () - 0) — 2L HE) — 0) + L{FH)
= (- L L) + -2
= 42 2 (L)~ F(0) + (1= 22)L(})

_ g di L{fHE) + (1= 62)L{f}(2).

We have proved that L£{f}(z) for z # 0 satisfies the differential equation

eine =1{5- e

z
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from which we conclude that we have for ®z > 0,
L{f}(2) ‘e ! Rz>0
= —— eXx _—
Z\/Z p 42’ ) b
where we still have to find the constant c.

We cannot find ¢ by the initial or final value theorem. Instead we get by a formal series expansion,
t) =si \/i—+oo CU" s fre>0
f( ) = S = 7;0 m ort -~ u.

This gives by a termwise formal Laplace transformation,

X (-1 T(n+d
L =2 (2(n +)1)! ' (Zn+§2)

n=0

However, if only we can prove that the right hand side of this formal computation is convergent
in a right half plan, then it follows that this termwise Laplace transformation is a legal method.

A straightforward computation of the right hand side gives for £z > 0,

*f((—l)” T(n+3) 1 i’"(—l)",(n+%>(n—%>-~-%r(%>

e (n+ 1)l i = (2n +1)!
1 i"(—l)" VT 2n+1)2n—1)---3-1
_Z\/Enzo zn 2l (2n +1)!
RIS IR R !

Tz 22— 2 2n-2n—1)---2-1

Thus we have justified our formal computation above and found that ¢ = g, hence the Laplace
transform is given by

£ {sinvi} () = g - % exp (—i>. o
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2 Appendices

2.1 Trigonometric formulae

We repeat the formulae known from e.g. Ventus, Calculus 1-a, Functions in one Variable. The addition
formule for trigonometric functions are

(13) cos(x +y) = cosx - cosy —sinz - siny,

(14
(15
(16

cos(x —y) = cosx - cosy + sinx - siny,

sin(z +y

sinx - cosy + cosx - siny,

)
)
) )
) )

sin(z —y sinx - cosy — cosx - siny.

Remark 2.1.1 One remembers these important rules by noting that cosx is even, and sinx is odd.
Therefore, since cos(z & y) is even, the reduction must contain cosz - cosy (even times even) and
sinz - siny (odd times odd). Then we shall only remember the change of sign in front of sinz - siny.

Analogously, sin(z+y) is odd, so the reduction must contain sin z-cos y (odd times even) and cos z-siny

(even times odd). Here there is no change of sign. ¢

The antilogarithmic formule. These are derived from the addition formule above.

1
sinx -siny = 5 {cos(z — y) — cos(z + y)}, even,

1
coST - COSY = 3 {cos(z — y) + cos(z + y)}, even,

1
sinx - cosy = 5 {sin(z — y) +sin(z + y)}, odd.

2.2 Integration of trigonometric polynomials

The task is to find the integral
/sinm x - cos" xdax, for m, n € Ny.
We shall in the following only consider one single term of the the form sin™ x - cos™ x, where m and
n € Ny, of a trigonometric polynomial, because we in general can find the result by linearity.
We define the degree of sin™ x - cos™ x as the sum m + n.

When we integrate such a single trigonometric product of degree m + n, we first must answer the
following question: Is it of even or odd degree? These two possibilities are then again subdivided
into to subcases, so we have four different variants of method, when we integrate a trigonometric
polynomial.
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1) The degree m + n is odd.

a) m = 2p is even, and n = 2¢ + 1 is odd.
b) m =2p+1is odd, and n = 2¢ is odd.

2) The degree m + n is even.

a) m=2p+ 1 and n =2¢+ 1 are both odd.
b) m = 2p and n = 2q are both even.

We shall in the following go through the four possibilities.

la) m = 2pis even and n = 2¢ + 1 is odd.

Use the substitution u = sinz (corresponding to m = 2p even) and write
cos?* ! pdz = (1 — sin? a:)q coszdz = (1 — sin® z)? dsinz,

thus

. . . q . q
/Sln2px ccos?t pdx = /Slnsz (1—sin’z)" dsinz = / u?P - (1—u?) du,

u=sin x
and the problem is reduced to an integration of a polynomial, followed by a substitution.

1b) m =2p+ 1 odd and n = 2q even.

Apply the substitution v = cosz (corresponding to n = 2¢ even) and write

. p p
sin? !z da = (1 - cos’z)" coszdz = — (1 — cos® z)” dcosz,
from which
. p P
/Sm2p+l 2 -cos?lxdr = — / (1 — cos? SU) -cos® zdcosx = _/ (1 — u2) ~u? du,
U=COS T

and the problem is again reduced to an integration of a polynomial followed by a substitution.

2) When the degree m + n is even, the trick is to use the double angle, using the formulae
o, 1 , 1 , 1
sin®x = 5(1—cos2x), cos“x = 5(14—60821'), sinz - cosxz = = sin 2z.
2a) m =2p+ 1 and n = 2¢ + 1 are both odd.
Rewrite the integrand in the following way,
- 2p+1 2g+1 1 Pl 1
sin“?"t - cos®TT = §(I—COS2$) 5(1+cos2x) -§s1n2x.

This is a reduction to case 1b) above, so by the substitution u = cos 2x we get

1 1
i 2p+1 2q+1 - - . —\P q
/sm x - cos rdx 5p7arl 5 ~/u:cos2m(1 w)P(1+u)?du,

and the problem is again reduced to an integration of a polynomial followed by a substitution.
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2b) m = 2p and n = 2q are both even.

This is the most difficult one of the four cases. First rewrite the integrand in the following way,
1 P ?
sin?? z - cos?? = {2(1—00521‘)} {2(1+cos2x)} .

The degree of the left hand side is 2p 4 2¢ in the pair (cosz,sin x), while the right hand side only
has the degree p+ ¢ in the pair (cos 2z, sin 2x) with the double angle as new variable. The problem
is that we at the same time by a multiplication get many terms on the right hand side of the
equation, which then must be computed separately.

However, since the degree is halved, whenever 2b) is applied, the problem can be solved in a finite
number of steps.

We shall illustrate the method of 2b) in the following example.
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Example 2.2.1 We shall compute the integral
/ cos® z dz.

The degree 046 = 6 is even, and both m = 0 and n = 6 are even. Thus we are in case 2b). By using
the double angle the integrand becomes

3
1 1
cos® r = {2 (1+ cos2x)} =3 (1+ 3 cos2x + 3 cos? 2x + cos® 2).
Integration of the first two terms is straightforward,

1 1 3
§/(1+3cos2x)d:z: = ézz:+ I sin 2.

The third term is again of type 2b), so we transform it to the quadruple angle,

1 3 /1 3 3
5/3 c0522xdx:§/§(1+cos4x)dx:Ex+6—4$in4x.

The last term is of type la), so

1 1 1 1 1
g/cos32xdx: g/(l—sinQQx)-gdsiHszl—G sin2x—E sin® 2.

Summing up we get after a reduction,

5 1 1 3
/cosﬁa:dazzl—ﬁx+isin2x—@sin32m+6—4sin4x. O
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b!
f@&) | L{fFHE) | o(f)
1 1 l 0
z
n n!
2| ¢ o 0
1
3 et —Ra
zZ+a
4| sin(at a S}
SIH((I ) m |\$ (l|
5 | cos(at) S |Sal
22 + a?
Sinh a4 R
6 SI111 (a,t) m | Cl|
3 z
7 CObh(CLt) m |8‘Ea|

Table 1: The simplest Laplace transforms

2.3 Tables of some Laplace transforms and Fourier transforms

The simplest Laplace transforms were already derived in Ventus, Complex Functions Theory a-4, The
Laplace Transformation I. These are given in Table 1.

We collect in the following tables the results from Ventus, Complex Functions Theory a-5 where
we always can use o(f) = 0, so there is no need to specify o(f) in the tables. The first table is
ordered according to the simplicity of the function f(¢), and the second one is ordered according to
the simplicity of £L{f}(z). Instead of o(f) we include a reference to where the function is handled in
the text.
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10 erfc (\/i)

| er(5h)

1
12 erfc (M)
13 Si(t)
14 Ci(t)

1
— Arctan —
z z

Log (1 + 22)
2z

f(@) L{f}(2) Reference
r 1
1 [ t*forRa > -1 % Complex Functions a-5
z
2 o for a > 0 e Ei(az) Complex Functions a-5
a
3 ! {” Si( )} inz- Ci(z) | Complex Functions a-5
529 — — Si —sinz - Ci mplex Functions a-
1o 08z 5 z sin z z omplex Functions a
4 Int _y+lLogz Complex Functions a-5
z

1 T . . .

5 ﬁ \/;e {1 —i-erf(iv2)} Complex Functions a-5

2

6 exp (—t2) g exp <%> erfc (%) Complex Function a-5
_s 1 _ .

7 | tT2exp <_E) 2\/me vz Complex Functions a-5
1 22 .

8 erf(t) Jexpl o erfe (5) Complex Functions a-5
1 22 z .

9 erfe(t) R 1—exp 1 erfe (§> Complex Function a-5

Complex Functions a-5

Complex Functions a-5

Complex Functions a-5

Complex Functions a-5

Complex Functions a-5

Table 2: More advanced Laplace transforms
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f(@) L{f}(2) Reference
Log(1
15 Ei(t) og(1 +2) Complex Functions a-5
z
Va2 +1-2)"
16 | Jn(t) for n € Ny ( ) Complex Functions a-5
22 +1
1 1 .
17 Jo (2\/1?) —exp|—— Complex Functions a-5
z z
18 i J1 (2\/%) 1—exp (—1> Complex Functions a-5
Vit z
Table 3: More advanced Laplace transforms, continued
F(z) L7 F}(t) | Reference
1 .
1 — 1 Complex Functions a-4
z
1 at .
2 e Complex Functions a-4
zZ+a
_ 1 1 .
3] z"forneN t" Complex Functions a-4
(n—1)!
_ 1 1 .
4 27 Ra>0 —t° Complex Functions a-5
I'()
1 sinh (at
5 3 5, a#0 sinh(at) Complex Functions a-4
22—a a
6 % cosh(at) Complex Functions a-4
22—a
1 sin(at
7| ——=, a#0 sin(at) Complex Functions a-4
22 + a? a
8 ﬁ cos(at) Complex Functions a-4

Table 4: Table of inverse Laplace transforms
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F(2) LHFHt) Reference
1 .
9 erf (ﬂ) Complex Functions a-5
2z +1
1 Complex Functions a-4 and
10 — Jo(t)
V22 +1 Complex Functions a-5
V224+1-2
11 g for n € Ny Jn(t) Complex Functions a-5
V2241
12 1 —exp (—1) 1 Jy (2\/1_5) Complex Functions a-5
z Vi
1 1 .
13 2 exp <_z) Jo (2\/%) Complex Functions a-5
14 e V? L ex <—l> Complex Functions a-5
2t\/mt P 4t P
1 1 .
15 SeVE erfc () Complex Functions a-5
z 2\/%
1 _ 1 .
16 - {1 —e ‘ﬁ} erf [ —= Complex Functions a-5
z 2\/f
Log = .
17 p, —v —Int Complex Functions a-5
1 . .
18 . Log(1 + z) Ei(t) Complex Functions a-5
1
19 = Log (1 + 2?) 2Ci(t) Complex Functions a-5
z
1 1 . .
20 — Arctan — Si(t) Complex Functions a-5
z z
1 .
21 3 Log (z i_ Z) 2i Si(t) Complex Functions a-5

Table 5: Table of inverse Laplace transforms, continued
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f(t) F{fH©)
sin 7T’
1 X[-1,7](7), T>0 2 £ <
|z 4 5 (T¢
2 (1 — ? X[*T,T] (.13), T >0 Tigz S1n ?
3 S, Ra>0 meald
¢ +a
sin(Tx
4 SE ), T>0 7 x[-1,1)(§)
in(7T(& — in((T
5 cos(wx) - x—7,7)(%), T>0 sm(g(fw <) Sm((f _(E: )
. 1 (sin(7T(§ —w sin(T'(& +w
6 sin(w ) - x—7,7)(2), T>0 Z{ (g(fw ) _ (g(fw ))}
—a|x 2a
7 (& | ‘, Ra>0 m
8 e (x) Ra>0 !
XRy ) a+ 'Lg
9 ar (z) Ra>0 !
e xr_ (), a PRT:
2
1 —ax? . _i
0 exp( am), a>0 " exp( 4a>
11 1 276
12 ", n € Ny 2m ™ §(")
13 eh, heR 27 81y
14 cosh(hz), heR T O(ny + TO(—n)
15 sin(hx), heR =i On) + 1T O(_p)
16 ) 1
17 5(h), heR e~ the
18 5™, neNg (i)™

Table 6: Some Fourier transforms, F{f}(¢) = [T =€ f(z) dx.
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Index
abscissa of convergence, 14, 18 partial differential equation, 116
addition formulee for trigonometric functions, 120 periodicity, 23, 26, 29, 4547
antilogarithmic formulse, 120 principal logarithm, 36
Bessel equation, 85 residuum formula, 50, 54, 55
Bessel function, 69 rule of convolution, 49, 77, 79
Beta function, 87 rule of delay, 43
binomial formula, 15 rule of differentiation, 34, 43, 88, 90, 92
boundary value problem, 91, 97 rule of division by t, 35, 36, 3840, 42, 43, 67-69
rule of integration, 34, 42, 43, 55, 77
Cauchy multiplication, 87 rule of periodicity, 23, 26, 29, 45-47
convolution, 74, 75 rule of scaling, 48
convolution equation, 78, 79, 81
scaling, 48
decomposition, 50, 52, 54*56, 58*60, 62, 63 Shlftlng property’ 437 637 657 66
delay, 43 shifting rule, 20, 31, 57
differentiation, 43 singular point, 103

. strip of convergence, 110
entire part, 24, 26, 27

equality almost everywhere, 7 two-sided Laplace transformation, 110
equivalence relation, 7
Euler’s formulee, 13, 28, 32 Wronski solution formula, 93

final value theorem, 104
general binomial expansion, 87

heat equation, 116
I"Hospital’s rule, 35

identity theorem, 101

ill-posed problem, 103

incomplete decomposition, 55
integrating factor, 91

integration, 55, 77

integration operator, 77

integro differential equation, 81, 83, 109
inversion formula, 49

Laplace transform, 12, 14
Laplace transformation, 8
Laurent series expansion, 69-72
Lebesgue null set, 112

multiplication by t™, 20

nonmeasurable set, 6
null set, 4
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