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Introduction

This is the second book containing examples from the Theory of Complex Functions. The first topic
will be examples of the necessary general topological concepts. Then follow some examples of complex
functions, complex limits and complex line integrals. Finally, we reach the subject itself, namely the
analytic functions in general. The more specific properties of these analytic functions will be given in
the books to follow.

Even if I have tried to be careful about this text, it is impossible to avoid errors, in particular in the

first edition. It is my hope that the reader will show some understanding of my situation.

Leif Mejlbro
30th May 2008
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Complex Funktions Examples c-2 Some necessary theoretical results

1 Some necessary theoretical results

This chapter must not be considered as a replacement of the usual textbooks, concerning the theory
necessary for the examples. We shall always assume that all the fundamental definitions of continuity
etc. are well-known. Furthermore, we are also missing some theoretical results. The focus here is
solely on the most important theorems for this book. We start by quoting the three main theorems
for the continuous functions:

Theorem 1.1 If f : Q — C is continuous and the domain A C Q is compact, (i.e. closed and
bounded), then the range f(A) is also compact.

Theorem 1.2 If f : Q — C is continuous and the domain A C Q is connected, then the range f(A)
is also connected.

Theorem 1.3 Any continuous map f : @ — C is uniformly continuous on every compact subset
ACQ.

We see that the compact sets, i.e. the bounded and closed sets, are playing a central role in connection
with continuous functions. This is why we have given them the name compact sets.

The complex plane C is in a natural correspondence with the real plane R x R, by writing

z=z+1iy€C, corresponding to (z,y) e R x R.
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Then a complex function f(z) can also be written
f(2) = u(z,y) +iv(z,y),

where
u(z,y) = Re f(z) and v(z,y) = Im f(z)

are the real part and the imaginary part respectively of the complex function f(z) in the complex
variable z = x + iy € C.

In the same way we consider a plane curve C' as both lying in C and in R x R. Since we formally have
by a splitting into the real part and the imaginary part

f(z)dz = {u(z,y) +iv(z,y) H{dx + idy} = {udxr —vdy} + i{udy + vdax},

we define the complex line integral along C by

/Cf(z)dz = /C{udx—vdy}—ki/c{udy—kvdx},

and then the complex line integral is reduced to a complex sum of of two ordinary real line integrals.

Definition 1.1 Assume that Q is an open non-empty subset of C, and let f : Q — C be a complex
function. If the limit

o 1) =1 (0)
258, A

exists for some given zg € €, then we say that f is differentiable at zg, and we use all the usual
notations of the derivative from the real analysis like e.g. [’ (2o).

If f : Q — C is differentiable at every z € Q, and the derivative f'(z) is continuous in Q, then we call
f an analytical function.

Then we have the following theorem:

Theorem 1.4 Assume that f(z) = u(z,y)+iv(x,y) is defined in an open set Q, and assume further-
more that both u(x,y) and v(x,y) are continuously differentiable with respect to both x and y. Then
the complex function f(z) is an analytic function, if and only if the pair u(x,y) and v(xz,y) fulfil the
Cauchy-Riemann equations in ):

ou v ou v
— = — an — =
dr Oy ou ox
If we instead use polar coordinates,
r=r-cosb, y=r-sind,

in our description of a complex function, i.e.

f(z) = u(r,0) +iv(r,0),
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then the same theorem still holds if and only if the Cauchy-Riemann equations in polar coordinates
are satisfied,

ou 1 0v 1 ou ov

ar o ron - or
One of the main theorems of the Theory of Complex Functions is

Theorem 1.5 CAUCHY’S INTEGRAL THEOREM. Assume that the function f(z) is analytic in a
simply connected domain € (this means roughly speaking that the domain does not contain “holes”),
then the value of the line integral

/Z: f(z)dz

is independent of the choice of the continuous and piecewise differentiable curve C' in Q from the fized
point zg € § to the fized point z € Q.

In in particular the curve is closed, then

fcf(z) dz = 0.

The next important result, which is given here, is also due to Cauchy:

Theorem 1.6 CAUCHY'S INTEGRAL FORMULA. Assume that f(z) is analytic in an open domain Q.
Assume that C is composed of simple and closed piecewise differentiable curves in 2, run through in
such a way that all points inside C' (this means to the left of C' seen in the direction of the movement)
belong to €.

Let zg be any point inside C' in the sense above. Then

f(20) = L (2)

S 2mi Jo 2 — 2

dz.

We also mention

Theorem 1.7 THE MEAN VALUE THEOREM. The value of an analytic function f(z) at a point zg
s equal to the mean value of the function over any circle of centrum zo and radius v, assuming that
the closed disc B [z, 7] of centrum zo and radius r is contained in 2. We have for such r > 0,

1

2m )
f(20) = %/0 f(z0+7e?)do.

Finally, we mention

Theorem 1.8 CAUCHY’S INEQUALITIES. Assume that f(z) is analytic in a domain which contains
the closed disc
Blzo,r|={2z€C ||z — 2| <71},

and let M, denote the maximum of |f(z)| on the circle |z — zo| = r. Then

!
‘f(n) (Zo)‘ <M, - n for every n € Ny.
,rTL
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2 Topological concepts
Example 2.1 Let Q = {1, 2, 3, 4}. Find the smallest system of open sets in §, such that

{1 {24 {1,2,3}

are all open sets.

We shall find the open system, which is generated by

{15, {24} {1,233}

First of all, both () and Q must belong to the system.
Then all intersections must also be contained in the system, thus

{1} N {27 4} =10, {1} N {1a 2, 3} = {1}7 {27 4} n {L 2, 3} = {2}

By this process we conclude that {2} must also be open.
Finally, all unions of sets from the system must again be open. This gives

{1} u {2} = {1, 2}, {1} u {1, 2 3} ={1,2 3}
{1} U {2, 4} = {1, 2, 4}, {2 u{2,4} = {2, 4},
{2} U{1,2 3} ={1, 2,3}, {2,4} U{1,2,3} ={1,2,3,4} = Q.

We have now exhausted all possibilities, so the system of open sets must consist of the sets

0, {1}, {2}, {1, 2},
{2, 43, {1, 2, 3}, {1, 2, 4}, Q=1{1,23,4}.

Example 2.2 Let f: R +— R be defined by

1

1@ =35

Prove that f is a contraction, and find the corresponding fixpoint.

We shall prove that there exists a constant C' < 1, such that

[f(@) = fy) < Cle—yl.
By a small computation and an estimate,

1 1 24yl — 2 — ||

_ i ’ _ ‘ lyl — ||
2+ x| 2+ |yl 2+ [2))(2+ y])

‘<2+|:c><2+ wyl =l

|f(z) — f(y)] -yl

proving that the map is a contraction.

Now, f(x) > 0 for every x € R, so a fixpoint must necessarily be positive, thus |z| = 2. Then we shall
solve the equation

1
2+

=z, x> 0.
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Topological concepts

This is equivalent to
242 =1, x> 0,
hence
(x+1)2=24+22+1=2, x>0,
and thus
r=42-1, x> 0.
It follows that the fixpoint is

r=v2-1.
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Example 2.3 Let f: R xR — R be given by

2
f(z,y) = (2* +1)sinhy + = + %

Prove that the equation f(x,y) = 0 globally determines y as a function of x.

HINT: Prove for every fived x that f(x,y) is a continuous and strictly increasing function of y, which
takes on the value 0.

Then find by implicit differentiation the approzimating polynomial of at most second degree for y as
a function of x from the point (xo,yo) = (0,0).

We see that f € C°(R x R) and
f;(x,y) = (:c2 + 1) coshy +y > coshy +y > 0,

so f(x,y) is for every fixed x strictly increasing in. Furthermore, we clearly have
f(z,y) = —oc for y — —c0  og f(z,y) — 400 for y — 400

for every fixed z. By the continuity there exists for every x € R precisely one y € R, such that
f(z,y) = 0. This is another way of saying that y is determined as a function of z.

Now let y = y(z) be given by the construction above. Then y(0) = 0, because (0,0) clearly satisfies
the equation, and because the solution is unique. Then we get by implicit differentiation,

d
{(x2 + 1) coshy + y} d—y + 2z sinhy + 1= 0.
x
If we here put (z,y) = (0,0) and solve with respect to the derivative, we get

dy

=->=-1
dx

1

0
In general we get by another implicit differentiation,

&? , dy\? d ,
{(m2+1)coshy}d—xg—k{(f—!—l)smhy—i—l} (%) + 4z coshyé + 2 sinhy = 0.

d
If we here put (J:, Y, d—y) = (0,0, —1), then we get by solving with respect to the second derivative,
x

@y

dx?

d?y

42| T

=0

+1-14+40+0=0, hence
0

r=

The approximating polynomial of at most second degree form the point of expansion z = 0 is given
by

1
Plz)=—x— 5 z2.
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3 Complex Functions

Example 3.1 Let w = u+iv. Find in the following examples u(x,y) and v(x,y) as real functions in
two real variables:

(a) If z € C, then

w=u+iv=2"= (x+iy)® = 2> + 3iz?y — 3xy?® — iy,
hence by a separation into real and imaginary parts
u(z,y) = 23 — 3xy? and v(x,y) = 3xy? — y°,
(b) If z € C\ {0}, then

T — iy

1 z
w=u-+1w==1r Z z = T+ 1y 21y

hence by separating into real and imaginary parts,

[ x —
u(z,y) =z + 21 U<x’y)_y_9c2—+y2'
The function
1 n 1
w=—-|z+4+—
2 z
is also called Joukowski’s function.
(c) If z € C\ {—1}, then
w z 1+2-1 1 r+1—1y
w=1u mn = = = — — _
1+ 2 1+ 2 14z +iy (x+1)2 +y2’

hence by separating into real and imaginary parts,

(ry) =1- 220 (z3) y
ulx,y) =1— ————| v(z,y) = —————.
! (2 + D7+ 32 RNEENIEERT

The function w = n is an example of an homography, also called a fractional linear transfor-

z

mation.

(d) If z € C, then
w = u+tiv=ze = (x+iy)e”(cosy+isiny)

= xze®cosy—yeTsiny+i{xre siny +ye’ cosy},
hence by separation into real and imaginary parts,

u(z,y) =x e’ cosy —yesiny, v(z,y) = ze’siny + ye” cosy.
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Example 3.2 Find f(z+1), f (%), and f(f(z)) for

@ fE =241 ) f& =2 (0 f&)=2 @ )
(a) If f(z) = z+1, then
flz+1)=2+2,
f<1>=1+1=z+1, for z # 0,
z z z
F(f(2)=flz+1) =z+2.
(b) If f(2) = 2°, then
fe+1)=(z+1)?2=22+22+1,
f(l> :iz’ for z # 0,
z z
f(f(2)=f(2*) =2
(c) If f(2) = _, then
flz+1) = ﬁ, for z #£ —1,
f<l> =z, for z # 0,
z
e =1 (1) == forsro
(d) TF f(2) = 1 then
f(2+1)=1+(z+1)=2+zz—2+2 for z # 0,

1—(2+41) —z z

1—-L -1
z

1 1+1
f(—): ty _z+l for z # 0 og z # 1,

e =1 (15
1—-2

for z # 0 and z # 1.

142\ 1412 124142 2
_1_14—2_1727172_722
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Example 3.3 Prove that the function w = z?> maps the lines y = ¢, ¢ € Ry, into parabolas in the
w-plane.
What is the image of the line y =07

2 \ 1 2 3
-2

If we put z =t +ic, t € R, then
w=2%=(t+ic)® =t* — ¢ + 2ict = u + v,
hence by separation into real and imaginary part,

2

u=t og v = 2ct.

If y = 0, thus ¢ = 0, we get u = t? and v = 0, so the image of y = 0 is R, U {0} “run through twice”.
If ¢ > 0, it follows by eliminating ¢ that we have the following equation of a parabola,

S00T NG SWHSAS WL SRl
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Complex Functions

Example 3.4 Find the image of
O ={ze€C||Re(z)| <1}
by the following maps

1
(a) w=2z+1, b) w=(1+1i)z+1, (c) w=—
z
z+1
d) w=2z* = :
@) w=2% () w=""r
Figure 1: The domain € is the open parallel strip between the lines x = —1 and x = 1.

(a) Since the map w = 2z + 4 is continuous, and  is connected, the range is by one of the main

theorems also connected.

Figure 2: (a) The image of 2 is the open domain between the two vertical lines.

The map can be extended continuously to the boundary, and the map is an open map. It therefore

suffices to find the images of the boundary curves z = +1 + iy.

Since w = £2 + i(2y + 1), we conclude that the range is

{w € C||Re(w)| < 2}.

15
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320 [N

Figure 3: (b) The image of € is the open domain between the two oblique lines.

(b) The map w = (1 4 4)z + 1 is continuous and open. Therefore, it suffices as in (a) to find the
images of the boundary curves.
If we put z = —1 4 iy, y € R, then

w=14+i)(-1+wy)+1l=—-1—i4+y(—1+9)+1=—i+y(i—1).

This is a parametric description of a line through the points —i and —1 (put y = 0 and y = 1).
If we instead put z = 1 + iy, then

w=14i)(1+iy)+1=2+i+ (=1 +1i)y,

which is the parametric description of a line. By putting y = 0, or y = 1, we get the points 2 + ¢
and 1+ 2, and it is easy to sketch the domain.

(c) Consider the map

1 T — 1y

w:;:m7 fOI‘Z?éO
The line z = —1 + iy is mapped into the curve of the parametric description
1 ]
UZ_W7 U:—Tyy yeIRi,

hence y = B, since u # 0. Then
u
1
2
1+ (2)
u

or by some reformulation,

u -+ =0,

u? U 9 9 u 1\° 9 1\?
0:u+u2+v2:u2+v2 (u? 4+ v +u):m <u+2> +v <2> , u##0,
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which we also write as

1\” 1\*
<u—|—§> +v2:<§>, u # 0.

1
The image curve is therefore a circle (with the exception of one point) of centrum — 3 and radius

1
3 and where u # 0.

" 08

Figure 4: (¢) The domain  is mapped into the open domain outside the two discs.

Analogously, the line z = iy is mapped into the curve of the parametric description

1 Y
=—, =— : €R,
T T ‘ 1+y? Y

v
hence y = ——, u # 0, and thus
U

v
1+

which we write as

2 2
(u—%) —&-02:(%) , u # 0.

1 1
Hence the image curve is a part of a circle of centrum 3 and radius ok and where u # 0.

The map is open, so we get by a continuity argument (use e.g. that z = ¢ is mapped into w = —1)
it follows that the range is the open domain outside the two discs.

NOTICE that the point z = 0 must be removed from the domain |Re(z)| < 1, because the map is
not defined at that point.

(d) The map w = 222 is continuous. If we put z = —1 + iy, then
w=2(-1+iy)* =2 (1- y2) — 4iy,
hence by separation into real and imaginary part,

u =2 (1 - yg) and v = —4y.
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i
N —
UG5 115 225
7

/

-2 /
/

/

/

Figure 5: (d) The domain 2 is mapped onto the open interior of the parabola.

When y is eliminated, i.e. when we put y = —z, then
2
v
U=2-—,
8

which is the equation of a parabola in the (u,v)-plane.
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We conclude by the symmetry about (0, 0)

—1 < Re(z) <0 and
are identical.

Finally, if we put z = iy (in Q), then w =
negative real axis, run through twice.

By a continuity argument (e.g. by putting z

the image is the interior of the parabola.

that the image of the strips

0 <Re(z) <1

—2y2, y € R, which is a parametric description of the

= 1 which is mapped into w = 1), we conclude that

Figure 6: (e) The domain €2 is mapped into that part of the open left hand half plane determined by

the line z = 1, also lying outside the disc.

(e) Finally, we consider the transformation

z+1
—1’

z

z# 1.

If we put z = —1 4 iy, then
iy oy
—2+iy  44y2

w=u-+1iv=

(~2-

. 1 .
iy) = 152 (y* — 2iy) .

We get by a separation into real and imaginary parts,

u:y—z Og 72—y
4+y2 4+y2’

y € R.

If y =0, we get u = v = 0, corresponding to the point w = 0.

If;y;«fé07‘5her1v;«ré0,andE
v

—%7 thus y = —2 “ Then by insertion,
v

m u
2y 4 v
0 = v+4+ 3 =0 u2:v 3
Y 442 1+ =
v
B w 5 o
R T R R (u* +0* —u), v #0,
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and we conclude that

2 2
1 1
(U—g) +U2: <5> ) '1)#0,
. . . 1 1
which describes a part of a circle of radius 3 and centrum ( 3 0) and v # 0.

Notice that (0,0) lies on the closure of this circle.

Finally, put z = 1 +dy. If y # 0, then

241y L2
= " = ]_ — 1 —
Y Y
which apart from the point (u,v) = (1,0) corresponds to the line u = 1.
Summing up, the range is that domain which “lies between” the circle and the vertical straight
line w = 1, thus the range is a part of the open left half plane given by u = 1, and which also lies

outside the closed disc of centrum 3 and radius 7
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Example 3.5 Find the image of
N={zeC|1<Im(z) <2}

by the following maps:

(@) w=2z+i, (b)) w=(1+i)z+1, (c)w:;
z+1
(d) w =222 (e) w=_——7

25

Figure 7: The domain (2 is the open parallel strip between the two horizontal lines.

Figure 8: (a) The image of € is the open parallel strip between the two horizontal lines.

(a) If Im(z) €]1,2], then
Im(w) =2Im(z) + 1 €]3,5],

hence the strip 1 < Im(z) < 2 is mapped onto the strip 3 < Im(w) < 5.
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Figure 9: (b) The domain €2 is mapped into the open oblique parallel strip.

(b) The strip 1 < Im(z) < 2 has the boundary curves y = 1 and y = 2. If we put z = x + i, then
w=1+i)(x+i)+1=0+)r+i—-1+1=i+ (1 +1)z, z eR.
If we put z = x + 24, then
w=1+i)(z+20)+1=01+)z+2i—2+1=(1+1)z—1+2i z e R

The range is the domain between these two parallel lines.

Figure 10: (¢) The domain € is mapped into the open half moon between the two circles.

(c) Consider the map

1 T — 1y
w:;:l‘2+y27 (;[;7y)7£(0’0)

The curve x = x + ¢ is mapped into

T —1

o241
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hence by separation into real and imaginary part,

1

U:ﬁ—ﬂ and U:_{[2—«|»17 v < 0.
. o u
This gives fas © = ——, hence
v
1 2
v+ Y __o,  w<o.

x2+1zv+u2+v2

This equation is then in the usual way written in the form

2 2
1 1
2 o T
u+<v+2) <2> , v <0,
- . . { 1
which is the equation of (a part of) a circle of centrum —5 and radius 2’ and where v < 0.

The curve z = x + 2¢ is mapped into

x — 21

w:U+ZU:m,

hence by separation into real and imaginary part,

oz 2
a2 44 YT era
When we eliminate x = —2 E, v < 0, we get
v
0=v+— T C (40 4 4u® + 20) <0
= _ =0 = v u v v .
u\? 4o +4u? 4 (v +u?) ’
4+ (2- —)
v
Hence
S R +12 1y’ <0
uw vttt v+ —=u v+-) =(- v
2 16 4 4) ’
which is the equation of (a part of) a circle with w = 1 as its centrum and radius 7 and where
v < 0.

It follows by a trivial estimate that the range is bounded, hence the range must by the open half
moon shaped domain between the two circles.

(d) We consider the map w = 222. The strip 1 < Im(z) < 2 has the boundary curves y = 1 and
y=2. If we put z=2x+1, x € R, then

w=2(x+1)?=2(2* - 1) + diz = u +iv,
hence by separation into real and imaginary part,

uw=2x%—-2 and v =4x.
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Figure 11: (d) The image of  is the open domain between the two arcs of parabolas.

When we eliminate the parameter x, we get the equation of the parabola

2

Y
=3

If instead we put x = x + 2i, then
w=2(z +2i)* =2 (2° — 4) + 8iz = u + iv,
hence by separation into real and imaginary part,

u=2z>—8 og v = 8.

With us you can
shape the future.

Every single day.

For more information go to:
WWww.eon-career.com

Your energy shapes the future.
e-on
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When we eliminate the parameter x, we get the equation of the parabola

2

u=——28.

32

A continuity argument then shows that the image is the open domain between the two parabolas.

(e) Finally, consider the transformation

z4+1
z—1’

z # 1.

The boundary curve z = x + 7 is mapped into

r+1+1

(x+1+i)(z—1—1)

x? —2i

r—1+i (x—1)24+1

S (z—1)2+1

By separation of the real and the imaginary part we get

932

U= ——5—>— >0

CEE

v=—

and

2
v fx—, thus a:::l:,/fQE.
v 2 v

On the other hand, if follows from the expression of v that

2
—1)?2=-1-=.
(z—1) ”

If we here put x = 4+, /-2 E, then
\ v
2
IV )iy g
v v v

which is reduced to

+9 /_2322_
voow

thus to

4oy _ldv—u
v v

Then by a squaring,

2l yo=2.
v v

U
22
v

thus

—2uv =u? +0? —2u+20+1—2uw,

2

@-12+1

l—u+vo

)

:%(1+U2+u2+2v72u72uv),

=u+ .

0,

25
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057

Figure 12: (e) The image of €2 is the open half moon shaped domain between the two circles.

which we write as
(u—1)72+(w+1)2 =1, v <0,

describing (a part of) a circle of radius 1 and centrum (1, —1), and v < 0.

The curve z = x + 2i¢ is mapped into

w_x+1+2i_(m+1+2i)(;v—1—2i)_x2+3—4i_u+w b0
S —1+2i (x—1)2+4 S (x—-1)2+4 ’ ’

hence by separation into real and imaginary part,

—ﬂ>0 U_—$<0
(w1244 7  (r—1)24+4
Then

T T P J L
v 4 ’ o v ’
hence

w=4,/-42 3,

c

and (v —1)? = 4 —4, so
v

2
4
2 4=(z-1)?= (i,/—4“—3—1> =42 _3g2 /-4t _341,
v v v v

which is reduced to

4 91 v_2
i2,/-43—3=—+4—43—2:2<7+” “)
v v v v
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First we remove the common factor 2. Then we square once more,

2+v-2u\’ 1
4% 3= <y> — — {4u® — duv — 8u+v? + dv + 4},
v v v

hence
—Aduw — 3v% = 4u? — duv + v? — 8u + 4v + 4,

which again is rewritten as

1 1
0 = 4u2+4v2—8u+4v+4:4{u2—2u+1+v2—|—v+———}

4 4
= 4{(u—1)2+(v+%)2—(%)2}7 v <0,

27
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and we end up with the equation of (a part of) a circle,

NN [1\?
—1)? - =(=z 0
(u—1) —|—<’U—|—2> (2) ) v <0,
1 o1
of centrum | 1, —3 and radius 37 and where v < 0.

Since the range is bounded, it must lie between the two circles.

Remark 3.1 We ought to have checked all our results. However, we shall later in another book in
this Complex series obtain the same results in a much easier way by using the theory of conformal
mapping, so we shall not bother with these tests. ¢

Example 3.6 Find the image of the unit disc
Q={zeC||z| <1}

by the following maps:

(a) w=2z+1, b) w=(1+1i)z+1, (c)w:%7
9 ozt
(d) w=2z", (e)w—271.

S
!
d

o

Figure 13: (a) The image of the open disc of centrum 7 and radius 2.

(a) When we solve the equation with respect to z we get
1 ) )
|z| = §|w—z\ <1, hence |lw —1i| < 2.

The image is the open disc of centrum i ~ (0,1) and radius 2.
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Figure 14: (b) The image of the open disc of centrum 1 and radius v/2.

(b) By solving the equation with respect to z we get

w—1
Tt
thus
2] 1| 1l<1 hence | 1| <v2
2= —F=|w— ) 1 w — .
V2
o The Graduate Programme
I]Olned MITAS because for Engineers and Geoscientists

P g

i' ‘Iﬂ.l ey !E""

e ks

Maersk.com/Mitas

[ was a construction
SUpEervisor in

the North Sea
advising and

e elping foremen

i solve problems

MAERSK
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The range is the open disc of centrum w = 1 and radius /2.

2

AR
1%

Figure 15: (c¢) The image is the open complementary set of a disc w| > 1.

1
(c) Here, |z| = ] < 1,80 |w| > 1 and z # 0. The image is the open complementary set of the disc
w

of centrum 0 and radius 1.

Figure 16: (d) The image is the open disc of centrum 0 and radius 2.

(d) Tt follows that |w| = ‘22’2’ < 2, hence the range is the open disc of centrum w = 0 and radius 2.
(e) We shall find the image of the boundary curve of the parametric description
z=e", 0 €10, 2x].
We get by insertion,

0
B 20055

= —
2151n§

. ) .
619—"-1 615—‘1-6_1

W= — = — ;
el? —1 ets — et

= —1% COS —.
2

We conclude that the image of the boundary curve is the imaginary axis. Since z = 0 is mapped
into w = —1, we conclude by the continuity that the range is the left hand half plane.
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Figure 17: (e) The image of 2 is the open left hand half plane.

Example 3.7 Find the equations of the curves in the (x,y)-plane, which by
z=w-+e"

are mapped into u = constant and v = constant, respectively.

What is corresponding to the straight lines v =0 and v =7?¢

If we put z =z + 1y and w = u + iv, then
z=x4iy=w+e’ =u+iv+ e = u+4iv+e“cosv+ietsinv.

By separation into real and imaginary part we get

T =u-+ecosv, y=uv-+e“sinv.

Figure 18: The images of the curves u = k for £k = —1, 0 and 1.

If u =k, and v € R is considered as a parameter, we get the parametric description

z=k+ e cosv, y=v+eFsinv, v € R,
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Figure 19: The images of the curves v = k for k = 0, and 7.

)

T w3
4727 4

which cannot be further reduced.
If v =k, and u € R is considered as a parameter, then

x=u-+e"cosk, y=k+e“sink, u € R.

If sink #0, i.e. v =k # pm, p € Z, then

dvs. u=1In (y _:> , forudsat, at y. : > 0.

sin sin

_y—k
"~ sink’

eu

Hence we obtain the explicit expression of the curve,

- —k —k —k
len(y k)+ys.—-cosk:ln<ys_—)+(y—k)cotk’ for 7 >0

sin k ink ink

-3 -2 -1 1 2 3

Figure 20: The images of the curves v = k for k = —27, —m, 0, 7 and 27.

If v =2pm, p € Z, then

r=u+e" and y = 2pm, u € R.
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Now, z = e" + u runs through all of R, when u runs through R, so the curve is the horizontal line
y = 2pw. This is in particular true p = 0, so in this case the curve is the whole of the x-axis.

If v=2p+ )7, p € Z, then

r=u—ec" and y=2p+ )m, u € R.

Since
dx
—=1-e"
du
we conclude that the function z(u) has a mazimum for u = 0, corresponding to = —1, and since

z(u) — —oo for u — 400 and for u — —oo, we conclude that the half lines
-/L'S_la y:<2p+1)7r) p€Z7

are run through twice. This is in particular true for p = 0.

o
B By 2020, wind could provide one-tenth of our planet's
ra I n p O W e r electricity needs. Already today, SKF’s innovative know-
how is crucial to running a large proportion of the
world's wind turbines.
Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
ication. We help make it more economical to create
eaper energy out of thin air.
our experience, expertise, and creativity,
industries ca st performance beyond expectations.
Therefore we'need the best employees who can
eet this challenge!

Tﬂf Power of Knowledge Engineering
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Example 3.8 Sketch the curves
u(x,y) = constant and wv(x,y) = constant

in the z-plane for the following functions:

(@) fx)=-, () fle)=2 (0 flz)=(01~-2)z

Figure 21: (a) The level curves of the dipole.

(a) We must clearly assume that z # 0. Once this is done we get

1 1 z T — 1y
)= -—=—.-— = .
1(z) z oz Z x2492
Then we separate the real and the imaginary parts,
T Y
s — and =——.
u(,y) Ry n v(w,y) iy

The curves u(z,y) = 0 are the two half lines given by

z =0, y?é07

thus the positive and the negative imaginary axis.

1
If ¢ # 0, then u(z,y) = % is equivalent to 2cx = x? + 32, thus
c

({E - C)2 + y2 = 627 (‘rvy) # (070)7

and the level curve is a circle of centrum (¢,0) and radius |¢|, with the exception of the singular
point (0, 0).

Analogously, v(z,y) = 0 is described by the two half lines given by

x #0, y =0,
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thus the positive and the negative part of the real axis.

1
If ¢ # 0, then v(z,y) = % is equivalent to (notice the change of sign)
c

2+ (y + 0)2 = CZ’ (z,y) # (0,0),

which describes a circle of centrum (0, —c) and radius |c| with the exception of the singular point
(0,0).

Remark 3.2 These level curves are the model of the field around a dipole. O

Figure 22: The level curves of (b).

(b) Here, u(z,y) =« and v(z,y) =y, thus the level curves are the usual axis parallel lines.

-5 = - o,

Figure 23: The level curves of (c).

(c) It

f(z2) = (1= 20)z = (1-2i)(z +iy) =z + 2y +i(-2z +y)
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then it follows by a separation into real and imaginary parts,
u(z,y) =x+ 2y and v(x,y) = =22+ y.
The level curves are the straight lines

u(z,y) =x+ 2y =c, v(z,y) = 2z + ¢, ceR.

Remark 3.3 We see in all three cases that apart from the singular point z = 0 in (a), every curve
from one system of curves is always perpendicular on any curve from the other system of curves. ¢.

Example 3.9 Sketch the curves u(x,y) = constant and v(x,y) = constant in the z-plane for the
following functions,

Z4+1
z—1

N\
AN

Figure 24: The level curves of (a).

(@) fl2)=2% (0 fe)=2+2" () f(2)=

(a) We get by a separation into real and imaginary part,
uz,y) =a® —y*  og  v(w,y) = 2zy.

The level curves u = k form a family of hyperbolas and the straight lines y = z and y = —=.

The level curves v = k are also a family of hyperbolas with the axes added.

We see that apart from in the singular point (0,0), every curve from one system of curves is always
orthogonal to any curve from the other system of curves.

(b) We first compute
utiv=z+2> =2 —y* + o +i(2zy +y).
We get by a separation into real and imaginary part,

1

1 2
2 _ 2: - _ 2__
u(z,y) =z +x—y <w+2) v -3
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Figure 25: The level curves of (b).

and
1
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1
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(c) If z # 4, then

Z41 2i 2i(z + {1 —y}) 2(y — 1) + 2ix
= =1 — =1 - - v/ -1 _—
1) z—1 +z—i + 22+ (y—1)2 +x2+(y—1)2

Then by separation into the real and the imaginary parts,

2(y — 1) 2x

By e I e Vo

It follows that the curve u(x,y) = 1 is the line y = 1, with the exception of the point (0, 1), in
which the denominator is always 0.

-

Figure 26: The level curves of (c), i.e. a field around a dipole at the point (0, 1).

We get for the level curve u(x,y) =1+ k, k # 0, that

2y —1)

= ma (z,y) # (0,1),

thus

1 1

PG -2 Dt = (@) £ 0D,

which we also write
1\* 1
2 _

kE+1
This is the equation of a circle of centrum (O, %) and radius with the exception of the

1
k|’
singular point (0, 1).

The case v(z,y) = k is treated analogously.
If v =0, then = 0 (i.e. the y-axis), with the exception of the singular point (0, 1).
If v =k # 0, then we get instead,

x2+(y—1)2=2%w, (z,y) # (0,1),
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which is written as the equation of (a part of) a circle,

(T—%> +(y—1)2=%, (%‘,y)?é(O,l),

1 1
of centrum | —,1 | and radius —.
k ||

Remark 3.4 The example corresponds to a dipole at z =i.
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4 Limits
Example 4.1 Check if the following limits exist:
z 24 —222 41
lim — b im ——
(@) lim =, (b)) lim ———

(a) Put z =a+ iy # 0. Then
Ty
T+iy

w |

If in particular we choose z real, z = x, we get

. T
=1, hence lim — = 1.
rz—0 T

If we instead choose z imaginary, z = iy, then

hvoraf lim W_ —1.

_ Ty
yHOl’y

iy
Since we do not get the same limit value by the two different limits towards the same point, the
limit value does not exist for z — 0, by the definition.

)

ISR

(b) Since
-2+ 1= (2% - 1)2 = (z4+1)>%(z - 1)%

it follows for z # —1 that

2 _ 2 2 1
% =(z+1)(z=1)°=0-(-1)>)=0  forz— —L
Hence the limit value exists ant
4 2 2 1
z——1 z+1

Example 4.2 Check if any of the following functions (defined for z # 0), can be extended continuously
to z=0:

Re(z) z Re (2%) z Re(z)
a ; b) —. c) ——5>, d) ——=~.
(a) Since e.g.
Re(z) = 1 for y =0 and x # 0,
z vty 0 for x =0 and y # 0,

we cannot extend this function continuously to z = 0.
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(b) Since e.g.
1 for y =0 and x > 0,
g -1 for y =0 and = < 0,
we cannot extend this function continuously to z = 0.
(c) Since e.g.

Re (22) 2% — ¢ 1 for y =0 and x # 0,

2 T 2 2
2] Y -1 for x =0 and y # 0,

we cannot extend this function continuously to z = 0.

(d) Since
Re(z) |z
= <1 for every z # 0,
‘ 2] Va2 4 y?
we get
ZRle(Z) - 0‘ B Zl:lie(z) <120 forz—0,
z z

and we conclude that this function can be extended continuously to z = 0 with the value f(0) = 0.

Example 4.3 Check if the following limit values exist. In the case of existence, find the limit value:

(a) lim nhit (b) lim " (¢) lim n L+i)
n—-+oo N ’ n— oo ’ n— oo n ’
(a) We shall prove that the limit value is 0, thus
la, — 0] < ¢ for every n > N(e).
This follows easily from the following trivial estimate

n!

nn

nli" n—1

S|w
S|

2
n

313

<

S

|an, — 0 = [an| =

nn n

for n — 4o00. This proves that the limit value exists and that

. nli"
lim =0
n—+oco N

(b) Since the sequence repeats cyclical the values i, —1, —i and 2, the limit value does not exist.
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(c) We shall prove that the limit value also in this case is 0, thus we shall prove that
|an, — 0] =]a,| — 0 for n — +oo.

This follows from

(1—&—1’)”
n
n

If n > 2, er /2 < n, then

(8" <(8) -2

Hence, for n > 2,

lan| =

n—1
2 2 2
|an—O:\/§-<£> S\/ﬁ~£:—ﬂ0 for n — +o0.
n n n

We conclude that the limit value exists and that

Example 4.4 Check if lim,,_, . 2z, exists for any of the following sequences (z,), and in case of
existence, find the limit value.

(b) zn:exp(an>7 (¢) zp = (112')"7 (d) z, =exp (i{n*+n}m).

We first note that z, is defined for every n € N in all four cases.

in
- converges towards the limit value 0. In fact,

Th n=—5—
(a) The sequence z 2

1
n———>0 for n — +o0.

n n
- < — = — =
VRt+1 = vt n? n

0<[2n = 0| = |zn| =
(b) Since this sequence repeats cyclically the numbers

1+ . =143 —1—3 N

) 2y ’ 717 = -1, ’
V2 V2 V2 V2

it is divergent.

L

1 . n
(c) The sequence z,, = < 1—1) converges towards the limit value 0. In fact,

2 n
O§|zn—0|—|zn—<§> -0 for n — +oc0.
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(d) Since n? +n =n(n+ 1) in an even number for every n € N, we see that
_ P {02 — ; —
zn = exp (i {n® + n} ) = exp(2ipr) = 1 for every n € N,

where 2p = n(n + 1).
The constant sequence is of course convergent with the limit value 1.

Example 4.5 Check if lim,_, ;o 2, exists for any of the following sequences (zy), and find the limit
value if it exists:

o (417w (=) @ (i)

(a) Tt is well-known that

1\" 1
<1+—> 21+<">—:2,
n 1 ) n

SO
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and we conclude that the sequence is divergent,

1 n
<1+—> — 400 for n — +o0.
n

>1 for every n,

any possible limit value cannot be 0. Since
i 1
Arg |14 — ) = Arctan —,
n n

we get

2

arg (1 + %) = {nQArctan - +2prw|p€ Z} .

Here,

nZArctanl*n2 11 i4-0 E —n_i+0 1
n n 3 nd n3 o 3n n)’

1
and it is almost obvious that the sequence with the elements n?Arctan — (mod 27) does not have
n
i\"
a limit value. Thus, Arg(l + —) does not converge, and since the limit value cannot be zero
n

for (z,), we conclude that (z,) is not convergent. (The angle is “turning” all the time).

c) Since

and
1 m
1+ — —e for m — 4o0,
m

we conclude that

. ’I’L2
(1+3)

n
Addition to (b) If we instead consider

2mi\™
Zn= |1+ — , n €N,
n

- Je.

lim
n—-+oo
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then the sequence becomes convergent. In fact, since n? € N, we get

211 n 472 " 472 i
‘Zn| = 1+T = 1"‘? = 1+F
27
an2
1 2
= 1+ — —>exp(27r ) for n — 400,

n

4m?

and if we put z, = |z,| exp (i0,,), then

211 2
0, = nzArg(l—s—ﬂ):nzArctan <—7T)
n n
_ o | 2m 187r4+ 1 _9 872 1+ 1
= "\ T3 e To\s - 3 n%\n)
hence
872 1 1 8n? 1 1
exp (i0,) = cosb, +isinb, = cos 27m—i-——|—0 — ) )+ sin ﬂn,—i-—+0 —
3 n n 3 n n

— 1 for n — +o0.
Then by some rules of calculation for sequences,
20| exp (i) — exp (27%) for n — +oo,

thus
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5 Line integrals

Example 5.1 Let C be a simple, closed curve surrounding a domain § in the (x,y)-plane of the area
S. Prove that

(a) j(éxdz:iS, ) %Cydz:—S, (©) j(li?dzzQiS.

Figure 27: Example of a curve C, which surrounds a (bounded) domain €.

First it follows by a consideration of the figure that

%xdy:—%ydmzs.
c c

It follows from

%xdwz%ydyz&
c c

that

(a)

%xdz:j{xdaz—i—ij(l{mdy:i&
c c c
y{ydz:fydm—i—ij{ydy:—s,
c c c

(b)

(c)

f?dz ?{(x—iy)(dm—i—idy):?{xdm—ifydw—i—i%xdy—&-%ydy
c c c c c c

= 04+iS+i5+0=25.
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Example 5.2 Let C denote the circle |z| = 1. Find

@ p T w T @S @ )G

-15 i 05 0.5 15
-05

Figure 28: The circle C' with direction of circulation.

We shall everywhere use the parametric description

z = e, t € 10,27,

Try this...

The sequence 24,6 810 12,14,16,... 1S

(TL\?, SCC?U@,V‘.CQ O»,[ evén u)i/to|e_ V]Umlge,rj‘ TLIG,

¢
IOO'Hn ,OIOC{—: N HHS Z)ficluamce kY ane, lr’lu*fh!per‘... .
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of the curve C. Then
dz =ie'dt,

and we get:

(a)
d 271' - Zt 27T
R T -
c et 0
271' - 27 9
. it it2m
et dt = |e =1-1=0,
foo- [ i €5
d 21 - it 27 . . -
%—jz/ %dt:/ ie "dt = [—e‘”]i =-1-(-1)=0,
cZ o €« 0
d 2w - gt 27 ) ) x
7{—’;:/ %dt:/ ietdt =[] =1-1=
c 122 o |e*| 0

Example 5.3 Find the value of the complex line integral fc |z| dz, when the curve C is

(b)
(c)

(d)

(a) the line segment from —i to 1,
(b) the left half of the unit circle run through from —i to i,

(c) the right half of the unit circle run through from —i to i.

(a) The parametric description is here
zZ=1y, ye[flvl]a

so by insertion,

1 1 y2 1
/|z|dz:/ |y|~idy:2i/ ydy = 2i {—} = .
c -1 0 2],

(b) The left half of the unit circle from —i to ¢ has e.g. the parametric description
_9 T 3w
0 27
z=e 7, S [ 5 9 } s

hence

/C|z|dz:/;2 e~ (—i)e™ df = [~

=i—(—i) = 2i.

w3 w‘;o
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0.5 15

Figure 29: The three curves C from —i to ¢ with their directions.

(c) The right half of the unit circle from —i to i has e.g. the parametric description

i9 T
= 9 96 |:__7 _i| )
z e 579

hence by insertion,
3 U
/ |z|dz:/ iewdﬁz[ew]z’ﬂ:if(—i):%.
o} _ -2

Remark 5.1 Clearly, the value of the line integral depends in this case of the path of integration. ¢

1
Example 5.4 Compute fc —dz, where C' denotes the curve with the parametric description
z

z(t) = 2 cost + 2i sint, te {O, g] .

By insertion of the parametric description

2(t) =2 cost +i2 sint = 2e™, te {O,g}a

we get
1 T 1 , 3 ;
/—dZZ/ —.-Qie”dt:i/ dt =T
cZ 0 2e% 0 2

Example 5.5 Compute the line integral fc (x2 +iy3) dz, where C' is the straight line segment from
z=1to z=1.

A parametric description of C' is given by

z(t) =1—t, y(t) =t, te€l0,1].
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Hence, by insertion

/ (z® +iy?) dz
c

05 v 05 i 15 2 25

05

Figure 30: the path of integration C.

05

Figure 31: The path of integration C' with its direction.

1
[ o7+t =") 0 + i/ )

=
/01{ ) +itd} (1 +i)dt
/

1
{-(1-1) —t3}dt+z/ {A—t)? -1} at

- } 57 -4,

0

/\lﬁ
»Jkl»—'
|
W=
v
/l\
| =
+
W
~_
|

—_
ol =~
+
—_
1\9|’_‘
~

Download free ebooks at bookboon.com

50


http://bookboon.com/

Please click the advert

Complex Funktions Examples c-2 Line integrals

ALTERNATIVELY one may apply the following variant:
1
/m@2+if)dz:: / {A=t)?+it?} - (=1 +i)dt
c 0
1
(—1+¢X/ {t-12+it’} dt
0

(—1+@[@;D3+i§E:4—1+w<é+%0

LR SN S U & DN A I

3 4 '\U173)7 2Tnr"
Remark 5.2 This is not a so-called exact differential form, so the value of the line integral depends
of the path of integration. ¢

s ebook 1s prooucen with iText®
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Example 5.6 Compute the line integral fc {(x2 — yz) dy — 2xy dy}, where C' denotes the straight
line segment from 1+ i to 3 + 2i.

-0.5

Figure 32: The line segment C' from 1+ 4 to 3 + 2i.

Here we have at least three different variants:
1) The “standard” method. The curve C has the parametric description
z(t) =1+1i+ (2+19)t, te€0,1],
hence by separation into real and imaginary parts,
z(t)=1+2t and y(t)=1+t for t € [0,1].

Hence by insertion,

/ {(2* —y?) dz — 22y dy} = /1 {((1+26)% = (1+)?) - 2dt — 2(1 + 2t)(1 + t)dt}
C 0

1 1
:/ {2(2+3t)t—2(1+3t+2t2)}dt=2/ {2t +3> —1-3t—2t*} dt
0 0

1 1 1 2 7
= 2 t?—t—1)dt=2(-—--—-1)=2-3=_.
[ rena= (5o gr) =5

2) Ezact differential form. The differential form under the integral is a (real) exact differential form,
which can be seen by

0

0
. 2 _ 2y _ —  (_
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and the form is defined in the simply connected domain R?. Hence, the value can be found by
some clever manipulation of the integrand,

/C {(#® = ?) do — 2wy dy)
:/C{x?dx—(dex+xd(y2))}:/Cd{%gcs_wyg}: Ex?’—xy2](3’2)

(@y)=(1,1)
1 ) 1 1 17
=(2-33-3.22)—(-—-1)=9-12—-41=-2—2=——,
(33 s ) (3 ) ) 3" 373

3) Complex Functions. An even easier variant is to notice the connection with the Theory of Complex
Functions, because

3421

/C{(a:2 ) da — 2eydy) = Re/

1 1
2%dz = Re {— (34+2i)% — - (1+ 1)3}
1+i 3 3

1 1 7
= 5 Re{27 +54i —36 —8i — (1+3i —3 i)} = 5 (2736 — 1 +3) = —.

Example 5.7 Sketch the curve C of the parametric description z = 1+it, t € [0,1], and indicate its
direction.
Then compute

(a) /042%12, (b) /Czdz, (c) /Cédz.

-05

Figure 33: The curve C with its direction.

(a) We get by the Theory of Complex Functions that

/ 424z = [ = (14t -1t = —4—1= -5,
C
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ALTERNATIVELY it follows by a computation of the corresponding line integral,

/ 423dz
c

1 1 . . 1
3
/4(1+it)3idt:4i/ (L+3it — 3> —it?) dt = 4 t+§t2—t3—%t4
0 0

. 3. 1. e
4@{14—52—1—11}—2(61—2)——5.

(b) Here we cannot apply the Theory of Complex Functions. Instead we insert the parametric
description of C' to get

! ! 21 1
/zdz:/ (1—it)idt:/ (i—i—t)dt:[it—i-—] = -+
C 0 0 2 0 2

(c) Using the Theory of Complex Functions we get

™

1 ; 1
/C—dz:[Log 217 = Log(l +i) — Log 1= Log(1+i):§1n2+i4

z
ALTERNATIVELY we get by the parametric description that

1 Lo Li(1 —it | Lot
Sdr = / - dt:/ udt:i/ —dt+/ "t
cz o L4t o 1+t o 1+1¢2 o 1+1¢2

™

4

= j[Arctan t]é—i—% [In (1—|-t2)](1J = % In2+i
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Example 5.8 Sketch the curve C of the parametric description z = e~ ™ t € [0,1], and indicate its

orientation. Then compute

(a) /C4zgdz, (b) /Cidz, (c) /C%dz

Figure 34: The curve C' with its orientation.

(a) By using the Theory of Complex Functions we get

/ 422 dz = [2Y]] = (-1 -1t =0
C

ALTERNATIVELY we apply the parametric description

1 1
/C4z3dz = /0 4e 3 (—im)e ™t dt = /0 (—dim)e~ ¥t gt = [6_4““}(1) =1-1=

(b) By insertion of the parametric description we get

1
/ zZdz = / et (—im)e ™ dt = —im.
c 0

(c) By insertion of the parametric description we get

1 | _
/ —dz = / — (—im)e "™t dt = —im.
C z 0 e 1T

55

Download free ebooks at bookboon.com


http://bookboon.com/

Complex Funktions Examples c-2

Line integrals

Example 5.9 Sketch the curve C of the parametric description z = 3e*™ t € [0, 1], and indicate its

orientation. Then compute

(a) /C4zgdz, (b) /Cidz, (c) /Cédz

Figure 35: The curve C' and its orientation.

(a) By using the Theory of Complex Functions we get

/ 423dz = [24]2 =0.
c

ALTERNATIVELY it follows by using the parametric description,

1 1
/4z3dz:/ 4~33.eﬁi”f~3-2m~e%”dt=34/ 8ir - 5T dt = [81- ¢S] = 0.
C 0 0

(b) We get by insertion of the parametric description that
1 . .
/Edz :/ 3e 3. 20 - 2 dt = 18mi.
c 0

(c) We get by insertion of the parametric description that

1 | pint
/—dZ:/T'3'2iﬂ'e”r dt:2Z7T
cZ 0 Jesm
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Example 5.10 Sketch the curve C of the parametric description z = e*™ t € [0,1], and indicate its

orientation. Then compute

(a) /0423112, (b) /Cidz, (c) /Cédz

0.5 15

Figure 36: The curve C' with its (double) orientation.

The curve C is the unit circle circulated twice in the positive direction.

(a) By using the Theory of Complex Functions we get

/ 423dz = [24]1 =0.
c

ALTERNATIVELY it follows by insertion of the parametric description,
/ 42%dz = / 4e?™ Amiet™dt = / 16mi e’ dt = [e'7"] = 0.
c 0 0

(b) By insertion of the parametric description we get

1
/ Zdz = / e~ Ami e At = 4.
C 0

(c) We get by insertion of the parametric description

1

1 1 )
—dz = — i et = dmi.
C z 0 e ™

1
ALTERNATIVELY we notice that — = Z for |z| = 1, because then z - Z = 1. The result must be the
z

same as in (c).
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0.5

-05 N 05 1 15 2 255

05

Figure 37: The curve C and its orientation.

Example 5.11 Sketch the curve C' of parametric description z = 1+ it +t2, t € [0,1], and indicate
its orientation. Then compute

(a) /C 43ds, () /C zds, (o) [ La

o4
The curve is part of a parabolic arc of vertex 1.

(a) We get by the Theory of Complex Functions that
/ 420z = [ =24t —1= (3440 1= —T+24i — 1 = —8 +24i.
c

ALTERNATIVELY (and not so smart) we insert the parametric description of the curve. Then we
have the following computation,

1
/4z3dz = /4(1+t2+it)3(i+2t)dt
C 01 3 2
- / 1 (1+2) 30t (1442)" =362 (146) =it } (21 + D)ol
0
1

= 4/ { (04313t 4131 = 3¢%) +i (3t°+6t° +-3t—t%) } (2t+i)dt

0

1
= 4/ {(2t"+2t—3t° —5¢3—3t) +i (t°+1+6t°+10t* +-6¢%) } dt
0

1 1 5 1 !
O T i i (17265 + 213 +¢
{<4 5 1 5 + 1 (t7+2t° 4287 +1)
= 1-2-5-2+4i(1+2+2+1) = -8+ 24i.

0

(b) When we insert the parametric description we get
1 1
/ zdz = / (14> —it) (2t+i)dt:/ {P+2t+t)+i (P +1-2%)} dt
c 0 0

1, 3, ([ 1.4 ! 2.
= |zt 2 —— P 4t)]| =2+ %4
[2 2 H( ! +)} v
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1
(c) Since Log z is an integral of — in the right half plane, we get
z

o4

1 ; 1 1
~dz = [Log 2]i%" = Log(2+1i) = 5 In5 + i Arctan 3

ALTERNATIVELY (and less elegant) we insert the parametric description of the curve. Then

1
—dz
o4

1 . 1 42 . 1043 : 2
2t t 11—t 2004+ 3t +i (—t*+1
/ g—ﬂdt:/ +—22~(2t+i)dt=/ ( )dt
o P14t o (t2+1)%+¢2

0 4312 +1
1 (1 43+ 6t ! 241
§/t4+3;+1dt+i/ NG / V5 at
3 5 3—5
’ " et 2+
2 2
14+5 1-5
1 1. 2 2
=~ n (t*+3t2+1 —z/ + dt
2 + t?
2 2
1 1++5 2 2 1—+5 2
— InbH — . Arc Arctan .
2 { 2 3+5 3+5 2 —\/3}
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We stop the computations at this point because they should only serve as an illustration of the
fact that in the Theory of Complex Functions it is worth always to look for alternatives which
might be easier to apply. It is of course possible to reduce the computations above to the result

1 1
3 In5 + ¢ Arctan 3

by starting the reduction by

2 4 ( 2 )2_ 2
3+v5  \V6+2v5 YV \Vo+1)  VB+1

and analogously.

Example 5.12 Compute fc(z + 1)dz, where C is that part of the parabola of the equation y = x2,

which starts at z =0 and ends at z = 1 + 1.

Figure 38: The curve C and its orientation.

If we use the parametric description
r=t, y =t t €10,1],

it follows by insertion and computation that

1 1
/(z+1)dz = /(t+it2+1)(1+2it)dt:/ {(T4+t—26%) i (> +2t+2°)} dt
C 0 0
= t+ﬁ—ﬁ—|—'(t3+t2) 1—1+1—1+'(1+1)—1+2'
- 2 2! 22! B

2
z
ALTERNATIVELY and a lot smarter we immediately see that > + z is an integral. (Check this, i.e.

differentiate!) Then

2 g
/(z+1)dz[—+z} =—+1+i=1+2i.
c 2 0 2
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Example 5.13 Find the value of the complex line integral

/ z exp (22) dz,
C
when C' is

(a) the straight line segment from z =i to z = —i + 2,

(b) the arc from z =0 to z = 1 +i of the parabola of the equation y = 2.

-0.5

-1

Figure 39: The curve of (a) and its orientation.

0.2 02 04 06 08 1 12

—0.2

Figure 40: The curve of (b) and its orientation.

1
A simple check shows that 5 exp (2?) is an integral of z exp (2?). Hence

(a)
—it2
e ()] = 5 (e ((i+2?) - en(-1)}

%

N | =

/Czexp(z2) d: = [
1
2

1
{63(3084— - —ie3sin4}.
e
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(b) Analogously,

2 1 SN L .
/zexp(z)dz: = exp (2%) 25{6 —1}:5{0052—1+zsm2}.
c

Example 5.14 Let C be the curve of the parametric description
x(t) = cost, y(t) = sint, t € [0,7].
Prove that

/e—dz
c <

< Te.

-0.2

Figure 41: The curve C' and its orientation.

The curve C' is just a half circle in the upper half plan of radius 1 and centrum 0. It is well-known

that its length is L = 7.

If z € C, then |z| = /22 + y? = 1. In particular, z < 1 on C, so we obtain the estimate

|-l = = e

z

Then we have the estimate

/cf(z)dz /Cédz

Remark 5.3 It can be proved that the exact value can be written

= <M-L=nme.

z +oo 2

e
L P
oz ;(2n+1)-(2n+1)!

+ .

However, this cannot be proved at the mathematical level of this book. ¢
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Example 5.15 [t is possible the compute the integrals

+oo +oo s
I :/ cossi dx 0g I =/ sma:l dx
1 1
T+ — T+ —
T T

numerically, though this is not an easy task, because the integrands decrease very slowly with increasing
x. Apply the Theory of Complex Function, such that Iy and Iy are rewritten as integrals with fast
decreasing integrands, such that it is easy to perform a numerical computation.

0.5

-05 N 05 1 15 2 255

-05

Figure 42: The path of integration C' from 1 to A +iB.

Consider the complex line integral

elZ

I(A,B) = / e,
CZ+—
z

where C' denotes the straight line segment from z =1 to z = A+ iB, where A>1 and B > 0.
In particular, we define

I(oo,O):Alim I(A,0) and I(l,00) = lim I(1,B).

——+o00 B—+o00

(a) Prove that

I(00,0) = Iy +i L.
(b) Explain why

I(00,0) = I(1,00).

HINT: Apply that Jordan’s lemma for a half circle Cg in the upper half plane also holds for a part
of a half plane in the upper half plane.

(¢) Use a real variable of integration t, where z = ((t) = 1 +it, in order to prove that one can write
I(1,00) in the form

. Foo
I(1,00) = el/o et {FV(t) + i Fa(t)) dt,

and find the real functions Fy(t) and Fa(t).
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(a) If B=0, then

iz A iz A A .
A0 = | S—de=| S—do= ] L arril 224
C 1 1 1 0 1 1 1

zZ+ - T+ — T+ — T+ —
z x x x

It follows that the limit A — +oo gives (conditionally) convergent integrals and that

o0 +oo -
I(oo,O):/ st daz—l—i/ SR e =1, +il.
0 0

1 1
T+ — T+ —
x x
360°
thinki
Deloitte
Discover the truth at www.deloitte.ca/careers © Deloitte & Touche LLP and affiliated entities.
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0.5

-05 N 05 1 15 2 255

05

Figure 43: The curve C; is composed of the quarter circle of radius A and centrum (1,0) and the
corresponding line segments to centrum.

(b) Let Cy be the closed curve on the figure. Since the integrand is analytic inside and on C7, we
have

iz
% ¢ 1dz:0.
C

124 —
z

Along the quarter circle we use the parametric description

Pic=1+4-et, telo, 7],

hence we get the estimate

iz % 1 A it A2 %
/ e L < / {exp(l( +1 e ))| -AdtSQ—/ exp(—A sint) dt
Pzt - 0 A- = AT =1
A
< A* /ge 2At dt < A 7 1{1 ’A} 0 for A — +
[— X —_— . —_. — —e — T —
= a2 ), PR =A2-1'2°4 o

where we have used that

2
— <sint <t forte[(LE},
s 2

which follows easily by considering the graph of sint in the given interval. This proves that
2
—sint < ——1t fortG[O,E},
s 2

which was used in the estimates above.

Since

ozf ¢ ldz:I(A+1,0)+/ Crdz—I(1,4),
C

124 — FZJF,
z z
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it follows by a rearrangement that

I(A+1,0):I(1,A)—/ S,
FZ+—
z

and hence by taking the limit,
I(00,0) = I(1,00).
(¢) Finally, we apply the parametric description
z=C((t)=1+1it, t € [0, 400l

in our computation of I(1,00), thus

° exp(i(1+it)) . *(1+it)exp(—t+1i) .
I(1,00) = / —— idi= ATl idt
0 J4it+—— 0
1+t

(L it) et

= j-¢ ———dt
! e/o 2212t

where

1+t 2 —t2 — 24t
212420t 2— 12— 2it
2— 12+ 2t +i {2t — 3 — 2t}
(2 — 12)% + 42
242 —it3
4+t

Fi{t)+iFy(t) = i-e-

= (—sinl+i-cosl)

= (—sinl+icosl)-
1

) {- (t2+2) sin 1+¢3 cos 1+ ((t2—|—2) cos 1+t* sin 1}.

By separation into real and imaginary part we therefore obtain

- t3cosl—(t2+2) sin 1 t3sin1—|—(t2+1)cosl

1(1) P 2 (t) aia ,
hence
oo Too 3 cosl — (2 4 2)sinl
Il :/ Cosq.i d,fl) :/ t4(+4 ) eft dt,
1 i 0
T
and
too g T $3ginl 4+ (t2 4+ 2) cos 1
12 :/ Sln:z;‘l dx :/ 4( ) €7t dt.
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Now we shall find and use

, 14t 2 — 2 — 24t i 9 5 3 .
Fi(t F(t) = . = 2 — 1242t 2t — 1 — 2t
1(t) + e (1) (e A e T 2+ )i}
22 —it? t3 +‘t2—|—2
= . = A
tt 44 th+4 44’
so we finally get
t3 242
Fi(t) = —— d Fy(t) = ——.
1() t4+4 an 2() t4+4

S00T NG SWHSAS WL SRl
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6 Differentiable and analytic functions; Cauchy-Riemann’s equa-
tions

Example 6.1 Given the function
fla+iy) = (2% +2y) +i (2® +97) .

Find the points zo in which ' (zo) exists.

Clearly, f € C* (R?). Then by partial differentiation,

Ju v ou v

— =2 — =2 th — = — fi =

or " gy T gy Ty MY
and

@:2, @:290, thus 6_u:_@ for x = —1.

y ox Jy ox
It follows that Cauchy-Riemann’s equations are only fulfilled for x = y = —1, hence the complex
derivative f’(zg) does only exist at the point zg = —1 — i, where

fl(=1—i)=—-2—2i.

Example 6.2 Prove that the function
20°+3y° +4zy+5r+2y+3 + i (62°+2y° + 3wy + 22+ Ty+1)
is mot analytic in any domain of the complex plane.

The function is clearly of class C'*>° (]R2). We shall therefore only check Cauchy-Riemann’s equations.
We get

ou @

— =4z +4y +5, =dy+3z+7,
o7 T+ 4y + ay Y+ 3 +
a—u:6y+4x+2, @:12x+3y+2.
dy Ox
The it follows from Cauchy-Riemann’s equations that
@:@, thus dr+4y+5=3r+4y+7,
or Oy
hence z = 2, and
@:—a—v, thus dr + 6y +2 =—12z — 3y — 2.
y ox

We conclude from the latter equation that

162 + 9y +4 = 0.
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If we here put z = 2, we get y = —4, hence Cauchy-Riemann’s equations are only fulfilled at the point
z=2—4.

Now, a point does not contain an open domain, so we conclude that the function is not analytic.

Example 6.3 Prove that none of the following functions is analytic at any point:

(a) f(z)=zy+ iy, (b) f(2) =e€Y(cosz + 1 sinx).

All the given functions are of class C* (R?), so we shall only prove that Cauchy-Riemann’s equations
are not fulfilled in any open domain.

(a) Tt follows from

u(z,y) =xy  and  v(z,y) =y,

that
@— %—x o) @—O @—1
oz 7 oy & ox 7 oy

and we conclude that Cauchy-Riemann’s equations are only satisfied at the point (0,1), and a
point cannot contain any domain.

(b) Since
u(z,y) =eYcosx and ov(z,y) =eYsinx,

it follows by differentiation that

Ju . Ju

— = —eYsinz, — =eYcosu,
ox y

ov ov .

— =eYcosu, — =eYsinz.
Ox Qy

We see that Cauchy-Riemann’s equations are only fulfilled when both sinz = 0 and cosx = 0 at
the same time, and this is not possible, because

cos’x +sinz = 1.

Example 6.4 Given ¢(x,y) = x3y. Is it possible to find a function ¥(x,y), such that

f(2) = o(z,y) +iv(x,y)

becomes analytic?

According to Cauchy-Riemann’s equations 1 must satisfy

W 0o 3 o _dp _

o _ Oy _ oY _ _ 9.2
Ox Ay o dy  Ox 3y

Download free ebooks at bookboon.com

69


http://bookboon.com/

Complex Funktions Examples c-2 Differentiable and analytic functions; Cauchy-Riemann’s equations

It follows from the former equation that

Yw.y) = 17+ Caly).

and then from the latter equation,

W) = 5 2%+ Cola).

It follows that these two expressions can never be identical, no matter how C(y) and C(x) are chosen.
In fact, the variables occur in different terms in the former expression of ¢, while such a separation
of the variables is impossible in the second expression.

Hence one cannot find such a function .
ALTERNATIVELY (and better) we see that ¢(z,y) = 23y is not harmonic:
A =6xy+0=06xy #0 for xy # 0,
and since A = 0 is a necessary condition for ¢ being the real part of some analytic function, there

does not exist such a 1.

Example 6.5 Prove that Cauchy-Riemann’s equations are fulfilled for the function f(z) = \/|zyl,
z =x + 1y, at the point z =0, and that the derivative nevertheless does not exist.

Since f(z) is real, we have

u(wy) = VIeyl  and  o(a,y) =0.

Since u(x,0) = 0, we have

ou ov

and since u(0,y) = 0, we also have

ou v
a_y (070) - _(‘9_:5 (070) - Oa

and we have proved that Cauchy-Riemann’s equations hold at the point z ~ (0,0).

Let us approach (0,0) along the curve of the parametric description

x(t) =1t, y(t) =t, teRy.

p(t) = fla(t)y(t) = V=t teRy,

s0 ¢'(t) =1 # 0, and the derivative does not exist.
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Example 6.6 Prove that the function
exp (—z7%) for z € C\ {0},

0 for z =0,

f(z) =
satisfies Cauchy-Riemann’s equations in all of C, and yet it is not differentiable at 0.

Since f(z) for z # 0 is the composition of analytic functions, it follows that f analytic for z # 0. In
particular, f(z) fulfils Cauchy-Riemann’s equations for z # 0.

On the other hand, the function is not continuous at z = 0, thus it cannot be analytic at z = 0 either.
In fact, if we choose the curve of the parametric description

z(t):t~(1\;—;>, £ 0,
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then

f(2(t)) = exp *; eXp(%)HJroo fort —0+.

(%)

Now, f(z) = u(z,y) +iv(x,y), so

flx+i-0) =u(z,0) +iv(x,0) =exp <%) +1i-0,

thus
1
exp <——4) for = # 0,
u(z,0) = r and v(x,0) =0.
0 for x =0,
Analogously,

fO+iy) =u(0,y) +i-v(0,y) = exp (%) +1i-0,

thus
1
exp | —— for y # 0,
u(0,y) = y and v(0,y) =0.
0 for y =0,
Clearly,
dv  Ov
—=—=0 f =0.
o~ oy or z
Furthermore,
o)

_ P\ A -
@(o,o)zhmwzhm—m:hm T Jim —0,
Ox z—0 z—0 2—0 T xto0 ( 1 > [t|>+oo exp (£1)

exp F

and analogously,

ou

— (0,0) = 0.

6:[/( ) )
It follows by inspection that Cauchy-Riemann’s equations are also fulfilled at (0,0), thus they hold
all over C.

The lesson is that Cauchy-Riemann’s equations alone without any assumption of continuity are not
sufficient for analyticity.
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Example 6.7 Prove by means of Cauchy-Riemanns equations that the function
f(z) = (—€e"siny+3) +i(e"cosy +5)

is analytic everywhere in C.

The functions
u(z,y) = —€e®siny + 3 and v(z,y) =e®cosy+5

are both of class C'* (Rz), so it suffices to prove that Cauchy-Riemann’s equations are fulfilled every-
where in C. We get by differentiation

Ou e’ sin Ov e” sin dvs Ou _ dv
_— = — _— = — VS. _— = —
Ox 4 Ay 4 oxr Oy’
u e* cos Ov er cosx dvs Ou v
— = — = vS. —_— =
Oy Y oz ’ oy Ox

Since Cauchy-Riemann’s equations hold everywhere in C, we conclude that f(z) is analytic in all of

C.

Remark 6.1 Note that it is easy to find f(z) by the following manipulations,

f(z2) = {—esiny+3}+i{e®cosy+5}=i%e"siny +ie”cosy + (3 + 5i)
= i{e*cosy+ie®siny}+ (34 5i) =ie®* + (3 + 5i). O

Example 6.8 Check the different concepts of logarithm in the Theory of Complex Functions.

In the Theory of Complex Functions one use in particular the following three different forms of the
logarithm:

1) The real natural logarithm In: R} — R.

2) The principal branch of the logarithm Log : C\ (R_ U {0}), where @ = C\ (R_ U {0}) is an open
sliced domain of the complex plane along the negative real axis, such that always Arg z €] — m, 7]
for z € Q. In this case,

Log z :=In |z| + i Arg z = Inr + 40, where z =re? € Q, and 0 €] — 7, 7[.

By using Cauchy-Riemann’s equations in polar coordinates it is easy to prove that Log z is analytic
in  with the derivative

0 [ Ou ov 1 _, 1 1
/ __—1if - B (N _ -
flz)=e {8T+Z6r € } ref 2’

and it follows that Log z defined on (2 is an extension of Inx defined on R .

We also note that
Inr 16 _ 0

expo Log (z) = exp(lnr +1if) =e""e re’ =z,

hence in  the functions exp and Log are inverse to each other.
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3) Finally, we also have the multiple-valued function log z, defined on C\ {0} by

Log z + 2ipm, pEZ, for z € Q,
log z =
In|z| +i{2p + 1}m, pEZL, for z € R_.

This function is not uniquely determined, so we shall not call it an analytic function, even though it
has many properties in common with the analytic functions. Notice that none of these logarithms
is defined for z = 0.

Example 6.9 Check the following functions, if they fulfil the Cauchy-Riemann equations in their
domains:

(a)

f(2) = 2 —y* — 2ixy.
(b)

23— 3y%r + 22+ (3x2y —y3 + 2y) .
(c)

f(z) = % In (% — y*) + i Arctan %
(d)

~
~—
N
N
|
I

1
5 In (2% + y*) + i Arccot L
Y

(a) The domain is C, and by separating the real and the imaginary part we get

u(z,y) =z —y? and v = —2xy,

hence
ou ov ou
%—21‘ and a—y—?m;«é% for = # 0.

We conclude that Cauchy-Riemann’s equations are not satisfied in any open domain.

Remark 6.2 If one also consider the second one of Cauchy-Riemann’s equation, it can be proved
that they are only fulfilled at (0,0). ¢

Remark 6.3 Note that f(z) =z O
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(b) The domain is C, and we get by separation of the real and the imaginary part that

u(z,y) = 2> — 3y’z + 2z and v(x,y) = 3z%y — y> + 2y,

thus
ou 9 9 ov ou ov
_— = — 2 = — _— = — = —_——.
g 3x° —3y° + oy og 3y 6yx p

We have proved that Cauchy-Riemann’s equations are satisfied in all of C.

Remark 6.4 In this case it follows that

fz) = 23 =3’z +22+i (3:172y — 3+ 2y)
= 2% 4 3y + 3x(iy)? + (iy)® + 2(x + iy)
23+ 922, O
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Figure 44: The domain in (c) is the union of the two open angular sets which contain the positive and
the negative real half axis, resp..

(c) Here,

1
u(z,y) = 3 In (m2 — y2) and v(z,y) = Arctan %

are defined and of class C'* in the open set given by |z| > |y|. We have assumed that = # 0, so
ou

1 2x T
or 2 a2 —y2  x2—y2’

and

ov

1
T T ou B
= = — 0.
dy (y>2 x2+y2#3fc’ nir y 7
+ =
X

It follows that Cauchy-Riemman’s equations are not satisfied in any open set, and the function
cannot be analytic anywhere.

(d) Here,
1 9 9 x
u(z,y) = 3 In (:E +y) and v(z,y) = Arccot —
Y
are both defined and C*°, when y # 0. Assuming this we get
ou _ _w ov_ 1 _EY__ T _Ou
oxr  x2+y2’ oy 2\ 2 y2)  x24y2 02’
()
Y
ou_ _y o _ 1 1___ vy _ _Ou
dy a2 +y?’ or 2\2 y a4 y? oy’
()
Y

proving that Cauchy-Riemann’s equations are fulfilled for y # 0.
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Remark 6.5 This is an important example, because it can be proved that
Log 2 for y > 0,

f(z) = 0
Log z + i for y < 0,

Example 6.10 Check if the following functions are analytic in any domain of the plane,
(a)
f(2) = 2 + 9% + 2izy.

(b)

£(2) = 22 — 3y +i(3z + 2y).
(c)

£G) = St
(@)

f(z) = |a* = 2| + 2i |yl

(a) The function
f(z) = a® +y* + 2ixy
is not analytic anywhere. It is seen by a separation of the real and the imaginary part that
u(z,y) = 2% + 32 and v(z,y) = 2zy
are both of class C'*° (RQ). Then by a differentiation,

ou ov d @_2_811

o= — =2y = —.
ox * dy an Jy Y= oz

We see that one of the Cauchy-Riemann equations is satisfied, but the other

ou ov

3y~ o

is only fulfilled for y = 0, i.e. on the real axis, and the real axis does not contain any open domain
of the plane.

(b) It is seen by INSPECTION that
f(z) =22 — 3y +i(3z + 2y) = 2(z + iy) + 3i(zx +iy) = (2 + 3i)z,

which of course is analytic everywhere in C.
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ALTERNATIVELY,
u(r,y) =2z — 3y and v(x,y) = 3z + 2y
are both of class C> (R?), and

Ou_, O o Ou_ . O
or = oy & oy ~ 0x’

proving that Cauchy-Riemann’s equations are fulfilled, and f(z) is analytic everywhere in C.

(c) An INSPECTION shows that if z # 0 (i.e. when f(2) is defined), then

1) = = o=

T+ 1y z 1
2+y2 2.z Z

INDIRECT PROOF. Assume that f(z) = = were analytic for z # 0. Then according to the rules of

|| =

computation, = Z must be analytic in the same domain.

L
f(z)
1

However, since m = Z is not analytic anywhere, f(z) cannot be analytic.
z
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ALTERNATIVELY,
< Y
= — d [
u(@,y) = — TE ™ v(z,y) = vy
are both of class C*° for (z,y) # (0,0). Then
8u_a:2+y2—2a:2_ y? — 22 dv x2+y2—2y2_ 2 —y?
T @ @ W @) @)
ou 2y ov 2y
o " @) 0~ @)

This proves that we obtain the “Cauchy-Riemann equations with the wrong signs”, i.e.

ou ov
_ og

dx 9y

@
oz’

8—y_

If therefore Cauchy-Riemann’s equations are satisfied, then

0
ou U—O

o oy 0 8

Ou _ _0v
oy  Ox

B 81):0.

Since z € C\ {0}, this is never the case.

-z"2

0.57

0.5 1

-z"2

Figure 45: The four angular spaces, in which f(z) is an analytic function, are indicated by the reduced

expressions.

(d) Since

2% = 2% — y? + 2ixy,

the analyticity here depends on the signs of 22 — y? and 2xy.

Download free ebooks at bookboon.com

79


http://bookboon.com/

Complex Funktions Examples c-2 Differentiable and analytic functions; Cauchy-Riemann’s equations

If 22 — 3% > 0 and 22y > 0 (two angular spaces), then clearly
f(z)= ’mz - y2‘ + 2i|zy| = 2% — y* + 2ixy = 2*
is analytic, cf. the figure.
If 22 — y? < 0 and 2xy (again two angular spaces), then
f(z) = |2® = 92| + 2ilay| = — {2* — y* + 2iwy} = —7°
is analytic, and f(z) is (at least) analytic in the four marked angular spaces on the figure.
If 22 — y? < 0 and 2zy > 0 (again two angular spaces), then
f(z)= |x2 — y2| + 2ilzy| = — {2® —y* — 2izy} = -z
If 22 — 3% > 0 and 2xy < 0 (the two remaining angular spaces), then
f(z)= ’xz — yz‘ + 2i|zy| = 2% — y* — 2ixy = 22
The function f(z) is not analytic in any of these latter cases. We have e.g. for z? that

'LL(.’I,', y) = {,C2 - y2 and U($7y) = —2$y,

hence
ou ov
9 o9
Ox “ Oy “
ou ov
L 9 ooy
o Y, 2 y

It follows that Cauchy-Riemann’s equations are only satisfied at (0, 0).

Example 6.11 Prove that the following functions are analytic:

()

(b)

(c)

f(Z):wZ—y2—2xy+i(z2—y2+2zy), for z € C.

B ray+a+i(Py+y*—y)

f(z): x2+y2

) for z € C\ {0}.

f(z) =sinzx - coshy + i cosx - sinhy, for z € C.

As usual it is worth while first to make an inspection. This will give us some variants in each part of

the

example.
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(a) 1) INSPECTION. All terms contain the variables (x, y) of degree 2. Therefore, it is quite reasonable

first to consider

2% = (x +iy)*22? — y? + 2ixy.
When we try to rewrite the expression of f(z) by means of expressions which contain 22, we
see that

fz) = {2 =9} —22y+i(2® —y° + {22y})
= {2® —y? +2izy} +i{2® — y* + 2ixy}
= (1414)2%

Since f(z) = (1 +1)z? is a polynomial, we conclude that f(z) is analytic.

CAUCHY-RIEMANN’S EQUATIONS. First note that
u(z,y) = 2? — y? — 2y and v(x,y) = 22 — y* + 22y

are both of class C'*> (RQ). We shall therefore only prove that Cauchy-Riemann’s equations
are fulfilled. We find

u(x,y) :IZ 7y2 72‘Ty7 U(J),y) :12 fy2+2xy,
ou ov
— =2 —2 — =2 2
or €T Y, ay Yy + 2,
ou ov
— = 2y—2 — =2 2y.
9 y — 2, or = 2T

This implies that

ou Ov ou ov

— = — an — =

dr Oy dy ox

hence Cauchy-Riemann’s are satisfied everywhere, and we conclude that f(z) is analytic.

In order to prove that f(z) = (1 + )22, one must either go through the argument of (1) once
more, or otherwise differentiate twice, in which case we get f”(z) = 2(1 +i). Then we get the
result by two successive integrations.

(b) 1) INsPECTION. The degree of the numerator is 3, and the denominator has only degree 2. It is

reasonable first to try a reduction. Here we get without any problems
2+ xy2 =z (1’2 + yz) and ny + y3 =y (m2 + y2) .

Then by insertion and reduction,

1:3+:17y2+z+i 12y+y3—y T ) Y
(1) f(2) = ( )H “{y—m}

$2 + y2 Z'2 + y2
Since 2% + y? = |2]? = 2 - 2, it follows from (1) that
T — iy z

1
L i
x2+y? LT

f)=a+iy+

which of course is analytic for z # 0.
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2) CAUCHY-RIEMANN’S EQUATIONS. We shall here immediately use the reduction (1), which we

here assume. If z # 0, then

Y

U(Q«",y)=$+m and v(x,y):y—m,
which of course are both of class C> (R?\ {(0,0)}). Then

) 1 20 2 g2

a_u:HQ 2 2m22:1+%’

o eyt (@2 +y?) (#* +y?)

3} 1 2y 2 2? 0

U R N I ek L

dy Ay (22 4 y?) (22 +y2)° O
and

Ou_ 2wy Qv _ . 2wy _ Ou

oy (2 + y2)2 ' oz (2 + y2)2 oy

Thus it follows that the Cauchy-Riemann equations are fulfilled, so f(z) is analytic everywhere

in its domain.

3) CAUCHY-RIEMANN’S EQUATIONS WITHOUT THE REDUCTION (1). This is the difficult variant,
in which one checks if the original expressions
() = SEVEET 0 () = EYEY Y
’ 72 + y2 ’ 22 + y2
satisfy Cauchy-Riemann’s equations.
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By a mechanical computation we get

ou B2+ +1) (2P tay+x) 22
Ox (22 +12)°
- 3:1:4 + J]ng + (L'Q + 311323/2 + y4 + y2 _ 21.4 _ 2-’1:2:[/2 _ 21’2
= 2
(z2 +y?)
22 + 2222 + yt — 2% 4 12 Y2 — 22
i (1 37 S er)
o (P31 (PP - (Py Yt —y) -2
oy (22 +12)°
- .’L'4 + 3x2y2 _ {L'Q + 3323/2 + 3y4 _ y2 _ 2$2y2 _ 2y4 + 2y2
= 2
(z2 +y?)
ot + 2222 4yt — 2% 4 o2 Y2 — 22
- (22 +y2)° - (22 +y2)?
u 2zy (22 + y?) — 2y (2 + 2y® + )
Oy (a2 +y?)*
2y 2,2 2 9 2xy
= R (2®+y* —2® —y21) :_7(;102—#@/2)27
dvv 2y (22 +y?) — 2z (2%y + y° — )
Ox (22 +92)°
2xy 2 2 2 2 2y
= —S @+y -2 -y +1)=+—7—"_,
(22 +y2)° ( ) (22 + y2)°

and it follows that Cauchy-Riemann’s equations

ou Ov ou ov

or oy %y oz
are fulfilled, hence f(z) is analytic for z # 0.

(c) It will later be shown that f(z) is the definition of the complex function sin z, z € C. Since this
function has not yet been defined, we must instead use the Cauchy-Riemann equations.
Clearly, the functions

u(x,y) =sinz - coshy and v(z,y) = cosx - sinhy
are both of class C*° (R?). Furthermore,

@—cosx cosh —@ and 8—u*singc sinh *—@
or y_ay dy Y= "o

hence CAUCHY-RIEMANN’S EQUATIONS are satisfied, thus
f(z) =sinz - coshy + i cosx - sinhy {=sinz =sin(z +iy)}

is analytic in all of C.
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Remark 6.6 We shall here show by applying Euler’s formulae that this definition of sin z is quite
reasonable. In fact,

f(z) = sinz-coshy+1i cosx-sinhy

_ i T, —iT 1 Yy -y 1 T —ix 1 Yy _ Y

= 22,(6 e ) 2(6 +e )—i—z 2(6 +e ) 2(6 e )

= % . % {e”ey 4 eTeTY — eTITeY _ el 4 oiTeTY _ o Ty 4 e_”e_y}
1 1 . ) 1 . )

_ . e T —tr Yy ix—y _ ,—ix+ty

= 33 {26 e 2e "e } % (e e )
1 (x4 —i(x+1 1 1z —1z

= %{e(er)—e (+y)}:Z(e —e 7). O

Example 6.12 Find some real constants a, b, ¢, d, such that the following functions become analytic:

(a)

fz)=z+ay+ilbx+ cy).
(b)

f(z) = 2?4 axy + by? +i(cx2 +dxy+y2) .
(c)

f(z) =cosx - coshy + a cosx - sinhyi (b sinx - sinhy + sinx - coshy) .

We first note that all the functions are of class C'*° (Rz). Therefore, we shall only check if CAUCHY-
RIEMANN’S EQUATIONS are fulfilled.

(a) Since
u(z,y) =x +ay and v(x,y) =bx+cy,

it follows from Cauchy-Riemann’s equations that

ou v u v
ox dy ¢ a dy “ ox
Thus, the function is analytic, if and only if ¢ = 1 and @ = —b. In that case we also have

flz) =z —by+ilbr+y)=(1+ib)(z+iy) = (1+ib)z.
(b) Since
u(z,y) = 2% + axy + by? and v(z,y) = cx® + dzy + 9>,

it follows from Cauchy-Riemann’s equations that

ou ov

— = 2 =—=d- 2
97 r+ay oy T+ 2y,
ou

= az+2by=—@:—20x:—d~y.

8—y or
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These equations must hold for all z and y, hence we conclude that

d=2, a=2, a=—2c and 2b=—d,

1 1
a=2, b——§d——17 C——ia——L d=2,

and we conclude that the only possible function is

fz) = x2+2xy—y2+i{—x2+2$y+y2}:{mz—y2—|—2ixy}—i{xz—yQ—i—Qiajy}
= (1-1)2>
(c) Since
u(x,y) = cosc-coshy+ a-cosz-sinhy,
v(z,y) = b-sinx-sinhy+ sinx - coshy,
we get
0
g —sinz - coshy —a - sinz - sinhy,
ox
v . . .
— = b-sinx-coshy+ sinx - sinhy,
Ay
ou .
90 = coshz - sinhy + a - cosz - coshy,
Y
v .
9 b-cosx -sinhy + cosx - coshy.
x

It follows that Cauchy-Riemann’s equations are satisfied, if

b= -1, —a=1, b=-1 and a= -1,
thus for a = b = —1. For these values we obtain the analytic function
f(z) = cosz-coshy—cosx-sinhy+i{—sinx-sinhy + sinz - coshy}

cosz - {coshy — sinhy} + i sinx - {coshy — sinhy}

{cosz +isinale™ =Y = ¢
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Example 6.13 Find all analytic functions in C of the form

f(2) = f(z +iy) = p(x) +iY(y),

where ¢ and v are C'-functions in one real variable.

We first assume that ¢ and ¢ are real functions. A necessary and sufficient condition for f(z) being
analytic is that ¢ and ¢ are both of class C'!, and that CAUCHY-RIEMANN’S EQUATIONS are fulfilled,
ie.

o

@) =)= 5

p (y) =¥ (y),

because it is trivial that

Do, _ O

dy ox (y) =0

The equation ¢'(x) = ¢’(y) is only satisfied, if the common value is a real constant a. In fact, since
¢’ (x) is independent of y, we conclude that ¢'(y) = ¢'(z) is a constant. Hence

¢()=a and  Y(y)=a, acR,

o) =ax+ and Y(y) =ay + co,

a3 _.q The Graduate Programme
I ]Olned MITAS because for Engineers and Geoscientists

I wanted real responsibility Maersk.com/Mitas

[ was a construction
SUpEervisor in

the North Sea
advising and

e elping foremen

i solve problems

MAERSK

Download free ebooks at bookboon.com

86


http://bookboon.com/
http://bookboon.com/count/advert/9da50518-808b-41b3-9e08-9fe200fbad87

Complex Funktions Examples c-2 Differentiable and analytic functions; Cauchy-Riemann’s equations

and
fE)=¢@)+iY(y)=a-(x+iy)+c1+ice=az+c,
where a € R and ¢ € C. Finally,
f(z)=az+c, a€RandceC,
is clearly analytic.

Then assume that ¢(z) and ¢ (y) in the real variables have complex values. Then by separation into
real and imaginary parts,

p(x)=p1(z) +ipa(r) and  P(y) =Y1(y) +iva(y),
hence

fz) = (@) +iy(y)
= {e1(@) —P2(y)} +i{p2(z) + ¥1(y)},

and by a separation into real and imaginary parts,

u(z,y) = p1(z) — 2(y), v(z,y) = p2(x) + P1(y)-

It follows from CAUCHY-RIEMANN’S EQUATIONS that we get the conditions

ouw _ov
ou o B 7@ o
_ay = Po(y) = or P (),

and we conclude as above that there exist real constants a; and as, such that
(@) =i(y) =ar  and  @h(z) = Yh(y) = as,
thus
¢1(x) = a1z + bu1, P1(y) = ary + bia,
Pa(r) = asw + ban, Ya(y) = azy + baa,
and by insertion,

f(z) = @) +iv(y) = (a1+iaz) z+(bi1+ibar)+i(a1+iaz) y+i (bia+1ibao)

= az+te a, ceC,

where

a:a1+ia2 og C:b117b22+21(b21+b21).
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Example 6.14 Prove that a shorthand of Cauchy-Riemann’s equations is

of _10f
de i 0y’

If we put f = u + i v, then it follows from CAUCHY-RIEMANN’S EQUATIONS that

or 0r 'ox oy oy i -

g_ﬁu Ov Ov Ou 1 @ 2@ _lﬁ_f
Oy Oy i Oy’

Example 6.15 Define

of 1[of .of 1(of 10f
%"EQ—W@) [—i(%‘za—yﬂ'

Prove that CAUCHY-RIEMANN’S EQUATIONS are equivalent to

of

— =0.
0z

Remark 6.7 One often says due to this result that the analytic functions only depend on z and not

on Z. This claim can only be taken as a mnemonic rule, because 75 is mot the derivative of f with
Z
respect to Z. It is only a shorthand for

1/of .of
§<%+Za—y> <>

According to Example 6.14, the CAUCHY-RIEMANN EQUATIONS are equivalent to

of _19f
or i oy’
thus

,_Of _10f _of Of _,0f

= 7 =2—=,
or i dy Ox Jy 0z
and it follows that Cauchy-Riemann’s equations are equivalent to

of

£—0.
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Example 6.16 Assume that f is analytic in a domain  and that

ou Ov ]
£+a—y—0 in Q.

Prove that [’ is constant in ).

It follows from CAUCHY-RIEMANN’S EQUATIONS that

0—@4_@—%4_@—2%
Ox Oy Ox Ox Oz’

hence
u(z,y) = u(y).
Analogously,
O_8u+8v_6v+8v_28v
S 9x Oy oy oy oy
hence
v(z,y) = v(x).

Then it follows from the second of Cauchy-Riemann’s equations that

ou , ov ,
—=u =—— =—0v'(x),
=) =~ = (@)
independently of both = and y, hence the common value must be a real constant —c. Hereby we
obtain the derivative
_ Ou ov

/ ou OV . _
f(Z)—ax-Hax 0+ i(+c) =ic, ceR.

Example 6.17 Find the domains of analyticity for each of the following functions, and then find
their derivatives:

(@) (1) S N U I

z—2’ z

Remark 6.8 Always start by inspecting the expression, if anything could be reduced. ¢

(a) The function

is analytic in C\ {0}. Then we get by the rules of computation that the derivative is

2 2 2 1 471 271
3 z—l _ 1+i _(? 1\" =2 +1:3(z ) (= )
z 22 z 22 z4

3 3
St

f'(2)

= %{26—z4—22+1}:3z2—3—
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Complex Funktions Examples c-2 Differentiable and analytic functions; Cauchy-Riemann’s equations

(b) Here it pays off first to decompose. Since 2% — 3z — 2 has the root z = 2, we easily get the
expansion

23 —32-2=(2-2)(z+1)%
Since

22 4= (2-2)(2+2),
we have the reduction

22 —4 242 1 1

2373272:(z+1)2_(z+1)2+z+1'

flz) =

Hence the function f(z) is analytic in C\ {2, —1} with a removable singularity at z = 2. This
means that the domain of analyticity can be extended to C\ {—1}. In this extended domain the
derivative is given by

1 2 z+3

S P 1 R i ) e

o
B By 2020, wind could provide one-tenth of our planet's
ra I n p O W e r electricity needs. Already today, SKF’s innovative know-
how is crucial to running a large proportion of the
world's wind turbines.
Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
ication. We help make it more economical to create
eaper energy out of thin air.
our experience, expertise, and creativity,
industries ca st performance beyond expectations.
Therefore we'need the best employees who can
eet this challenge!

Tﬂf Power of Knowledge Engineering

'-r?a-.i
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(c) We write the function in the following way,

L
f) =2 =1 =

z—2 z—2’

(note that we again start with a decomposition). This is clearly analytic in C\ {2}. Since we have
decomposed the function, it is very easy to compute the derivative,

po 2+
f(Z)— (2_2)2'

Remark 6.9 If we did not decompose before the differentiation, the computations would have
been somewhat larger, to put it mildly. ¢

(d) The function f(z) = gl analytic in C\ {0} and its derivative is
31
f(z)=—=.

z

Example 6.18 Find the derivatives of the following analytic function in their domains:

(a) f(z)=2°-32%2-1, (b) f(z)zliz,

() f(=)=(1-2*(+1)", (@) J(z) = (I) '

(a) The function is defined everywhere in C, and it follows from the elementary rules of computation
that

f'(z) = 52* —62.

(b) Here it is better to start with a decomposition,

1

which is defined in C\ {1}, so the derivative is
1
(1-2)%

(¢) The function is defined in all of C, and by the elementary rules of computation we get the
derivative

J(2) = 2eC\ {1}

flz) = 4(z-1)% (" + 1)3 +62(z — 1) (2* + 1)2
= 2:-13 (x> +1)7 {22 +2+432(2 — 1)}
— 20217 (22 +1)" {522 =32+ 2}.
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z —

4
1
(d) The function f(z) = < ) is defined in C\ {—1}. Before the differentiation we note that

z4+1

27171 2
2+1 z4+17

hence by differentiation of a composed function,

-1\* 2 (z—1)3
/ = 4 z . == 8 . S (C _]. .
re=1(30) it g s\
Example 6.19 (a) Check where in the complex plane the functions u and v, given by
u+iv = f(2) = (2)°,
satisfy Cauchy-Riemann’s equations.

(b) Is f(2) analytic at z =07

(a) Since
u+iv = (2)° = (z —iy)? = 2® — y? — iy,
we get by a separation into the real and the imaginary parts that
u(z,y) = 2% —y? and v(z,y) = —2zy.

These functions are both of class C*° (RQ). Then

ou ov
8_;E = 2.’[], a—y = —2.’E,
ou ov
— =2 — = 2.
99 v, % Y

It follows that Cauchy-Riemann’s equations are fulfilled,

ou v

_— = — f =
9~ Oy or x =0,
ou v

— = fi =0.
By g ory=20

This proves that Cauchy-Riemann’s equations are only satisfied for z = 0.

(b) Since the domain of analyticity is always an open domain contained in the set where Cauchy-
Riemann’s equations are fulfilled, and since the set {(0,0)} ~ {0} does not contain any open
domain, the function f(z) is not analytic at z = 0.
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Remark 6.10 The difficult thing here is that the function f(z) actually is complez differentiable
at 0. In fact, if z £ 0 we get for the difference quotient that

_\2
‘Li_g(o)’: % :%:|z—>0 for z — 0,
and it follows that

z—0 Z—O

However, this does not assure that f(z) is analytic at z = 0. ¢

Example 6.20 We shall check the map w = z + 22, where z = x + iy and w = u + iv.

1
(a) Prove that the straight lines x = xq, where xg is a real constant # —5 is mapped into the

parabolas

’U2

(2) u:—m+l‘o(xo+1).

(b) Which curves are the images of y = yo, where yo is a real constant # 0%
1
(c) Find the image of xo = —3 and the image of 1o = 0.

(d) Find a straight line x = x1, where x1 s a real constant # xo, with the property that it is mapped
into (2).

(e) What are the image curves of the circles

1 . .
z+ 5‘ =19, where rqy is a positive constant?

(a) Since
w=f(z)=z+2" =z +iy+ (@ +iy)® =z + 2> -y’ +i(y + 2zy),
it follows by a separation of the real and the imaginary part that
(3) u(w,y) =z +2*—y and v(x,y) = y(1+ 2z).
If therefore z(t) = xo + it, t € R, then it follows from (3) that
u(t) = o (vg + 1) — 2 and  v(t) = (1 +2x0)t, teR,

and the task has now been reduced to eliminating the parameter .

1
If xg # —g then t = HL?’ hence by putting this into the expression of u gives (2), thus
Zo
LA ER\{ 1}
U= ———""35 T 2o (Lo s Lo 5 (°
(+220)? 2

Download free ebooks at bookboon.com

93


http://bookboon.com/

i ions; -Ri 's equations
i E les c-2 Differentiable and analytic functions; Cauchy-Riemann’s eq
Complex Funktions Examp -

1
(¢’) We note that if z¢ = —g then

_ 1 _1+1>_t2:—1—t2 and v =0, teR,
A 4

If of (c).
i L ice, and we have answered the first ha
and the image is } —00, 4} run through twice,
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(b) If instead z(t) =t + iyo, t € R, yo # 0, then it follows from (3) that
u(t) =t +t* — o3, v(t) = yo(1 + 2t).

When we ¢ eliminate from the last equation, we get

1
_<11>’
2 \yo

hence by insertion into the first equation,

442 2y, 4

1 /v 1 /v 2 v 1 v 1o 1 v \? 1
2 (yo ) 4 (yo 2y 2 0
which again is a system of parabolas.

(c”) If yo = 0, then

1\* 1
u(t)_t+t2_<t+§> -7 and v

0, teR,

thus the interval {Z, +00 [ is run through twice, and we have answered the latter part of (c).

1
(d) If 2 = 21 # a0 and zg # 3 shall be mapped into (2), then the parabolas must have the same

vertex, i.e.

T —|—1 2—1— T +l 2—1—x2+x

0 0 — 0 2 4 - 1 2 4 — 41 1-
Hence
2 2
1 1

02(“”””5) ‘(”””5) = (w0 + 21 +1) - (20— 21).

It follows from z; # zo that 1 = —1 — 2¢. Using this value we get

(14 221)% = (1 —2—2x0)* = (1 + 210)°,
and we conclude that the two parabolas are identical.

(e) Finally, we shall find the images of the circles

1
= = > 0.
z—|—2’ 0

It follows from
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hence

z+§ =1y,

Jr1
w —| =
4

. 1 . .
and the image curve is the circle of centrum ~1 and radius r2 run through twice.
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7 The polar Cauchy-Riemann’s equations

Example 7.1 Prove that the complex function f(z), which is given in polar coordinates (r,0) by

0 0 .
f(z):\/F-cos§+i\/7_°-sin§, z=re?,
is analytic in the sliced domain
Q={z=re|reR;,0e]-m,n[},

where we have removed the closed real negative axis. Then find its derivative.
Given that 0 does not belong to the domain 2, and that

u(r,0) = /1 - cos g and v(r,0) = \/r - sin g,

are of class C'°° in this domain, we shall only check that the Cauchy-Riemann equations in polar
coordinates are satisfied. We get

Ou_11 9 16w _11 .0
ar 2\ 2’ rdd 2 \r 2’
1ou 11 6 v _ 11 0
ro0 27 oty a2

and it follows that the polar Cauchy-Riemann equations are fulfilled, hence f(z) is an analytic function.

The derivative is given by

o [ Ou ov . 1 0 1 0
/ _ —10 - — —1i0 L . G
Fz) = e (87“_'—287“) ¢ (2 TC052+Z2\/7_" me)

11, (,9) 11 1 1 1 11
= ——eYexpliz)=2—F" ==- i 7= 5 .
2Vr 2 2Vr exp('e) 2 \/Fcos§+iﬁsin§ 2 f(2)

Remark 7.1 This is in fact the polar definition of the analytic function f(z) = \/z with the slit along
the negative real axis. ¢
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Example 7.2 Prove that the complex function f(z), which is given in polar coordinates (r,0) b
f(z) = e" <% cos(r - sin ) + i e” <Y sin(r - sin 6)

is analytic in the domain
Q={z=re’|reR;,0e]—mn[},

and find its derivative.

It follows immediately from = = rcos@ and y = r - sind that
f(z) = e®cosy +ie¥siny = e®(cosy + i siny) = e%e¥ = e,
thus f(z) = e” is analytic with the derivative
f'(z) =€ = f(2).

ALTERNATIVELY we prove that Cauchy-Riemann’s equations in polar coordinates are satisfied. First
note that 0 does not belong to the domain. Then by a separation of the real and the imaginary parts,

u(r,0) = e” % cos(r sinf), v(r,0) = e" % sin(r sin 0),
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where both functions are of class C*°. Then by a differentiation,

@
or
Lo
r 00
Lo
r Or
@
or

= cosf-e" %Y. cos(r sinf) —sin@ - e” 5 . sin(r sinf),
1 1 9
= —.r(—sinf)e” Y sin(r sinf) + — - r cosf - e” ¢ . cos(r sinf) = —u,
r r or
1 1
= —(—rsing)-e" 9. cos(r sinf) + = " %% . cosf - (—sin(r sinh)),
r r
7 cos 6 . . r cos 6 . . 1 Ou
= cosf-e¢ -sin(r sinf) + e -8in 6 - cos(r sm&):f—%,
r

and we have proved that f(z) is analytic. The derivative is given by

f'(2)

e 10 @ +1 @
or or

= e " {cost-e . cos(rsinf) —sinf - e" >’

-sin(r sin @)

+i cosf - e Y . sin(r sinf) +ie” Y . sinf - cos(r sin 0)}

= ¢! {(cos +i sinf)e" s cos(r sinf) + i(cos § + i sin@)e” ¢ . sin(r sin 0)}

= e . e {em % cos(r sinf) +ie” “*?sin(r sind)}

The polar Cauchy-Riemann’s equations

= f(2)

Example 7.3 Prove that the complex function f(z), given in polar coordinates (r,0) by

f(z)=rcosf-Inr —r0 sin@ + i{r sinsinf - Inr + r6 - cos 0},

is analytic in the domain
Q= {z=rei0|T€R+, 06]—71',77[},

and find its derivative.

The domain 2 does not contain 0, and both functions
u(r,0) = rcos@-lnr—r0f-sind,
v(r,0) = rsinf-Inr+r6-cosb,

are of class C°(£2). Hence, we shall only check the Cauchy-Riemann equations in polar coordinates.

We have
ou
or

1 0v ) ou
98 - cosf-Inr 4 cosf — 0 -sinf = 5

Lou
r 00
ov 1 ou

o sinf-Inr +sinf + 6 - cosf = — %0

= cosf-Inr+cosf — 0 -sinb,

= —sinf-lnr —sinf — 0 - cos b,

99
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so the polar Cauchy-Riemann equations are fulfilled and hence f(z) is analytic in €.

Finally, the derivative is given by

o [ Ou v
/ _ —i0 ) X - Y
Je) = e { or o or }

e % {cosf-Inr+cos — 6 -sinh +i(sinf-Inr +sinh+ 0 - cosf)}
= e Inr(cosf +isinf) 4 (cosh +i6) +i0(cosd +i sinh)}

= (Inr+1+if)e ®(cosh+isinh) =1+ Log z for z € Q.

Remark 7.2 Tt is also here possible to find the exact expression of f(z) in © as a function in z. In
fact, if z € Q, then

f(z) = rcosO-lnr—r0sinfd+i{rsinf-Inr-+r6 cosb}
= rlor-(cosf+isinf)+ir6(cosh+isinb)
= rlnr-e? +irfe’? =re(Inr+if)

= zLog z. O

Example 7.4 Sketch the curves u(x,y) = constant and v(z,y) = constant in the domains of the
following functions:

(a) f(z)= 23, (b) f(z)=¢€, () f(z) = Log =.

(a) We have in rectangular coordinates

fz) = (@ +iy)® =2 = 3zy* +i {32y —y°},

thus

4) u(w,y) =a° =3sy®,  w(z,y) =32y —y°,

If we instead use polar coordinate, then
f(z) = r2e*® =13 cos 30 4 i 13 sin 36,

hence
u(r,0) = 3 cos 36, v(r,0) = r3sin 36.

Empirically the treatment of systems of curves of e.g. the form
u(z,y) =c,

is often causing some difficulties. Hence we shall go through this example in more detail than
usually. We shall restrict ourselves to consider only the rectangular version (4).

First we consider the curves u(x,y) = ¢. If we insert a point (z,y), we only obtain one value of
the constant c¢. Hence we conclude that curves belonging to different values of ¢ do not intersect.
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Figure 46: (a) The system of curves u(z,y) = c.

Let ¢ = 0. Then the equation is written as follows:

1 1 1
0=x3—3x2:—3x<2—x2>:—3m< —x)(+x>.
! E SRV R ANV

Hence, the solution set for ¢ = 0 is the union of the three straight lines, given by the equations

1 d 1
=—2x an =——u,
Y /3 Y 3
which intersect at (0,0). Any other curve of the type u(z,y) = ¢, ¢ # 0, is now confined to one
of the six open angular spaces. Furthermore, the lines corresponding to ¢ = 0 must be asymptotes
for any other curve u(z,y) = ¢, where ¢ # 0.

=0,

Figure 47: (a) The two curve systems u(x,y) = ¢ and v(x,y) = ¢o are orthogonal in C\ (0,0).

For the time being we shall neglect the vertical line z = 0, which requires another though analogous
treatment. Hence, we shall consider the lines
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and the corresponding angular spaces. Let (xg,yp) be a point on the claimed asymptote, and let
(x,y) be a point on the curve. Then

zd — 3zoys =0 and z® — 3zy? = c.

If we here put zo = z, it follows that the distance from the curve to one of the lines is smaller
than or equal to either

ly — yol or ly — (=%o)| = v + ol -

Therefore, we shall only prove that one of these two distances tends towards zero, when = = zg —
+o00. When we subtract the two equations, we get

3z¢ (y2 - y%) =g

thus

2 _ 02| =y — el - _|£
v =3 =1y — ol - ly + wol ‘3%"

Since the right hand side tends towards zero for xg — £00, at least one of the two factors |y — yo|
and |y + yo| will tend towards zero by the same limit, and the claim is proved.

Then we threat the v-curves, either in the same way, or by using that the v-curves are orthogonal
to the u-curves. A third method is simply by the symmetry to interchange = and y.
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Complex Funktions Examples c-2 The polar Cauchy-Riemann’s equations

(b) We have in rectangular coordinates
f(z) =e®cosy +ie”siny,
hence by separating the real and the imaginary part,
u(x,y) = e cosy, v(z,y) = e“siny.

In this case it is very difficult to handle the polar description, so we shall only consider the
rectangular version.

We first investigate the u-curves
e®cosy = c, ceR.
If ¢ =0, then cosy = 0, and we get the horizontal lines

™
y=§+p7r, pE .

The curves corresponding to ¢ # 0 must now be restricted to the horizontal “strips”, defined by
the curves corresponding to ¢ = 0. If ¢ # 0, it follows from the equation

e’ cosy = ¢,
that cosy and ¢ must have the same sign, thus

yE}—g+2pﬂ',g+2pﬂ[, peZ, ifc>0,

and

3
ye}g+2pw,§+2p7r{, pEZ, if c<O.

One may say that every second of the horizontal strips belong to positive ¢, and every second to
negative c.

The point is that the equation can now be written, such that x is expressed as a function of y.
This is due to the fact that Arccos is a somewhat difficult function, while cos is not. If ¢ and cosy
have the same sign, then

c
x:ln( )
cosy

The minimum of x is obtained when |cosy| = 1, corresponding to y = g7, ¢ € Z, and x = In|¢|.
We note that this minimum is negative, if |¢| < 1. If y approaches one of the boundary “curves”,

™
:|:§ +qm, q € Z, then the denominator tends towards 0, thus x — +00. Hence, the horizontal lines

y:j:g—kqm q €,

corresponding to the system of curves for ¢ = 0, become the asymptotes. It follows from

x =Inlc| — In|cosyl,
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15

— =

Figure 48: (b) The curves u(z,y) = c.

that all curves in one “strip” is obtained from z = —In | cos y| by a translation of the amount In |c|.

Finally, the v-curves are either obtained in the same way by noticing that

my=eos (5 ) =eos (v )
siny =cos (- —y) =cos(y— =
Y 5 Y y=35)>

. . LT .
so the v-curves are obtained from the u-curves by a translation of the amount i 5 Alternatively,

one may again apply the orthogonality of the u-curves and the v-curves.

Figure 49: (¢) The orthogonal curve systems u(z,y) = ¢1 and v(z,y) = cs.

(c) In this case it is most convenient to apply polar coordinates,
f(z)= Log z=Inr+1i0, r>0, 0¢c]—mmn,
thus

u(r,0) =Inr and v(r,0) = 6.
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The curves u(r, 0) = ¢ are the circles r = €, and the curves v(r,f) = ¢ are the half lines § = ¢ €
| — 7, 7], where we usually include § = 7, which gives a discontinuity in the function Arg z.

The point z = 0 is a singular point.

We interpret this situation as the model of a point source at z = 0, where the v-curves denote the
streamlines and the u-curves denote the equipotential curves.

1
Example 7.5 . FLOW AROUND A CORNER. Given a real constant ¢ > 3 If z € C\ {0}, we define
Log*z by

Log*z = In|z| +i0,

where 0 is the argument of z, z = €', for which 6 € [0, 27][.
Consider the complex potential

F(z) =2 = eclog’z,

Write z = re*®. Prove that the half lines § =0 and 0 = T are streamlines.

c
(Hence, the pattern of the flow does not change, if we put barriers along these half lines).

Sketch the streamlines in the sector 0 < 6 < T in the following three cases,
¢

Figure 50: (a) The streamlines for ¢ = 4.

First compute
F(Z) — ¢ .= ecLog*Z — ¢ Inr+ich _ re. {008(09) 44 Sin(C@)},
which shows that the streamlines are given by

Y(x,y) =Im(F(z)) = r°-sin(cl) = k,
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3 2 ] 0 1 2 3

Figure 51: (b) The streamlines for ¢ = 1.

2
Figure 52: (c) The streamlines for ¢ = 3

where
Y

If 6 = 0, then
Y(x,y) =rsin0 =0,

and if 6 = % < 2, then
P(z,y) = rsin (c~ z) =0,

C

which proves that these half lines are streamlines, and the first claim is proved.

(a) If ¢ =4, then 0 € [0,%}, SO

rtsindd =k >0,

™
which corresponds to a flow in an angular sector, in which the angle is 1
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(b) If ¢ =1, then 0 € [0, 7], and we get
r-sinf=y=%k>0,

corresponding to a parallel flow.

2 3
(c) Ife= 3’ then the requirement is that 6 € {0, 771 , and the corresponding equation becomes

2 2
isin(Z0)=k>0
o (20) <120

which we interpret as the model of a flow around a rectangular corner.

Try this...

The sequence 24,6 810 12,14,16,... 1S

(TL\?, SCC?U@,V‘.CQ O»,[ evén u)i/to|e_ V]Umlge,rj‘ TLIG,

¢
IOO'Hn ,OIOC{—: N HHS Z)ficluamce kY ane, lr’lu*fh!per‘... .
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Example 7.6 Let f(z) = u+iv = z+ Log z be defined in the domain
Q={zeC|Im(z) > 0}.

Sketch the curves u(z,y) = constant and v(z,y) = constant in 2.

E) ) I 0 T

Figure 53: The curves u(z,y) = constant in Q of Example 7.6.

Figure 54: The curves v(z,y) = constant in € of Example 7.6.

Since
1 2, .2\ - z
z+ Logz:x+§ ln(x +y )Jrz y+ Arccot | —
Y
for y > 0, we get by separation of the real and the imaginary part that
1
u(z,y) =x+ 5 In (:c2 +y2)
and

v(z,y) =y + Arccot (g) .
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If we put u(z,y) = ¢, then we get by solving with respect to y that
y2 _ 620729: o 1'2 _ 0672:10 o 5132, y > 0,

where we have put C' = e2¢ > 0.
Analogously, from v(x,y) = k we get by solving with respect to z that

x=1y-cot(k —y).

Example 7.7 Let
F(z) = cLog(z — a) + cLog(z + a),

where a, ¢ € Ry are given constants. We consider F in its domain € as a complex potential. Find
the streamlines and the equipotential curves of F in 2.

This example can be interpreted as the model of two sources of the same strength at the points z = a
and z = —a.

Obviously, we may choose ¢ =1 and a = 1, so we only consider

F(z) = Log(z — 1)+ Log(z+1), ze€C\ (] —o0,1]),

where we must be aware of the branch cuts of the two principal logarithms. A separation into real
and imaginary part gives

u(z,y) =In|z =1 +Infz+ 1] =In|z* - 1|,
and
v(z,y) = Arg(z — 1)+ Arg(z +1).
The curves
u(m,y)zln’z2—1|:k, thus lz=1| |z + 1| =¢,

are the so-called Cassini’s rings. These are the equipotential curves. 1 have not been able to let
MAPLE give some reasonable sketches, so they are here omitted. On the other hand, it is easy to
sketch the streamlines by using MAPLE, and then we may use that the equipotential curves are
orthogonal on this system of curves.

It follows from

v(0,y) = Arg(—=1+iy) + Arg(l +iy) = +m,
that the positive and the negative y-axis each form a streamline.
Since

t( n ) cotu-cotv—1
cot(fu+v)= ——
cosu + cotv
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Figure 55: The streamlines v(x,y) = c.

and since for x # 0 and y > 0,

v(z,y) = Arccot <$1) + Arccot (M) =cel0,n[U]m, 27|,
Y Y

it follows for y > 0 that

y y T e £
.T—1+JT+1 B 2x B me = cotG
y y

r—1 z4+1 ) |

which we also write
z? —y? — 2zy cot e = 1.
This expression is extended by the obvious symmetry to the lower half plane. Hence the curve system

becomes a system of hyperbolic arcs with the y-axis as one of their asymptotes, and where they all
pass through either (1,0) or (—1,0). We shall of course add the lines = —1 and x = 1 to this system.
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8 Cauchy’s Integral Theorem
Example 8.1 Integrate e* along a plane and closed curve C, which is composed of the interval C7 :

[—1,1] on the real axis and the half circle Cy of the parametric description z(t) = e, t € [0, 7.
Then find the value of fcz e*dz, and apply the result to prove that

/ et . sin(t +sint) dt = 2 sinh 1.
0

-0.2

Figure 56: The closed curve C with its orientation.

Since C' is a simple, closed curve in C and e is analytic in all of C, it follows from Cauchy’s integral
theorem that

%ezdz:/ ezder/ e“dz = 0.
C Cq Cy

Hence,

a T
/ e?dz = / ecostrisint ; it g0 4 / £Cos tez(t+sm t) dt
CZ 0 0

z/ et . {cos(t +sint) + i sin(t + sint)} dt
0

—/ eCOSt-sin(t—i-sint)dt-i-i/ e - cos(t + sint) dt
0 0

1
7/ ede:,/ e””dx:f[e"”]l_l:fQSinhlJrioO.
Cy —1

Finally, by a separation into real and imaginary parts,
/ et . sin(t + sint) dt = 2sinh 1,
0
and

™
/ et . cos(t +sint) dt = 0.
0
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Example 8.2 Compute ff” (2 4322+ 423) dz.

It follows by inspection that
F(z) =224+ 23424

is a primitive of f(z) = 2 + 322 + 423, thus

14i
/ (2432 +42°) dz = F(1+1i)—F(1)
1

= 20+ + 1+ +(Q+d)*—-2-1-1
= 242 +2i(1440)+ (20)? -4

= 242 +2-2-4-4

= —8+4i.

s ebook 1s prooucen with iText®
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9 Cauchy’s Integral Formula

Example 9.1 Compute the values of the line integrals

z+2 1 23 +322 -4
(a) 7{2_1 a0 ﬂ_? - U ?{M 261

The method here is that first we decompose and then deform each integral into the line integral along
some circle.

(a) It follows by a decomposition that

z+2 z+2 11 3 1

24—z z2(z—4) 2 z 2 z-4

The function

is analytic inside |z| = 1, hence
- —

1
dz=0
%Z|_1Z—4 N

by Cauchy’s integral theorem.
Now,

1
]{ —dz =2mi,
|z|=1 %

z+2 1}{ 1 3}{ 1 1 . .
———dz = = —dz — = dz= =21+ 0=mi.
fz|—1 2(4—2’) 2 |z]=1 z 2 |z]=1 z—4 2

(b) A decomposition gives

SO

1 1 1

2(z—1) PR

When we “reverse” the path of integration (indicated by a x) and then deform it into some circle
we get

* * *
% #dz % (—l) dz—&—j{ ! dz
2j=2 2(2 = 1) lz|l=2 \ % lz|=2 2 — 1

d d
+f{ —2—7{ S —ori—2mi=0,
|z|]=1 # lz—1|=1 % — 1
hence

1 * 1
LI —f . _dz=0.
fz|—2 z(z—1) 2|=2 2(2 — 1)
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(c) Since the numerator and the denominator have the same degree, and since z = 1 is a root of both
the denominator and the numerator, we must be careful here, when we decompose. We get

2 +32 -4 (PH4z+4)(z-1) Pdetd 44
2(z-1) 22(z—1) B 22 B z 22

Here f1(z) =1 is analytic inside |z] = 2, so

f 1dz =0.
|z|=2

4
Furthermore, fa(z) = - is differentiable in  \ {0} with the derivative

4

4 4
so — has the primitive ——, and we conclude that
z z

4
]{ —dz=0.
jz=2 #°

Hence,

54322 4 1 4
f Zj;dz:]f 1dz+4f —dz+7f Sde=0+44-2mi+0=8ri.
2=z 22(z—1) |2|=2 2|=2 Z |2|=2 #

Example 9.2 Assume that f : [0,+00[— C is continuous and that f(t) = 0 for t > R. Prove that
the function L{f}, given by

+o00o
L{fHe) = / f(t) et dt

is analytic in all of C.
Assume that f : [0, +oo] — C is continuous and that there exist constants A, B > 0, such that

|f(t)] < AeBt for every t € [0, +00].

Prove that one can find a o € R, such that the function

+oo
L{fHe) = / f(t) e dt

is analytic in the half plane Re(z) > o.
We call the analytic function L£{f}(z) the Laplace-transformed of f. The smallest real number oy,
for which L{f}(z) is analytic in the half plane Re(z) > o0g, is called the abscissa of convergence.

When f : [0,400[— C is continuous, and f(¢) = 0 for ¢ > R, then the support of f is compact, so
| £(¢)], which is also continuous, must have a maximum. In particular, f is bounded,

fO)l <M for every t > 0,
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and we get for every fixed z € C that

+oo R ) R
/ f(t)e dt‘ < M/ ]e*@“y)t’ dt = M/ e " dt < +oo.
0 0 0

We conclude that £{f}(z) is defined for every z € C.

Since the integrand f(t) e *! is continuous in ¢ and since the derivative with respect to the parameter
z is continuous and absolutely integrable, it follows that £{f}(z) is continuously differentiable, and
its derivative is

+ooa

d _ —zt _ e —zt
TenE = [ Elme b a=— [ o a
which proves that £{f}(z) is analytic in all of C.

Then we assume that

|f(t)] < AePt for every t € [0, +00].

If o > B, then we get for Re(z) > o that

+oo —+o00 R —+0o0
/ f(t)e *t dt‘ < / AeBt e thel) gy < A/ el B gt < 400,
0 0 0

so the Laplace-transform exists for every z, for which Re(z) > o.

When we differentiate the integrand with respect to the parameter z, then
9 {fitye "} =—tf(t)e ™.
0z

If Re(z) > o > b, then we have the estimate

§AteBt6_"t:At6_(‘7_B)t, t>0.

9 —zt
9 {f(t)e ™'}

0
It follows from the magnitudes that 5 {f(t)e *'} has an integrable majoring function, thus we
2

conclude that £{f} is complex differentiable (and even continuously differentiable) for Re(z) > o.
This proves that £{f}(z) is analytic in the half plane Re(z) > o.

Example 9.3 Prove that

> {0 ()1}

n=0

defines an analytic function f:C — C.

If we put

fue) = (3) 1,
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then f,(z) is analytic in all of C.
If |z| < R, then

()] < exp (R) 1,

n!
so if we can prove that the series
+o00 R
= n!

is convergent for every R > 0, then it follows that

+oo
f2) =" fal2)
n=0

is uniformly convergent on every compact subset of C, and the claim is proved.

Then we have for every fixed R,

RTL
— =0 for n — +o0.
n!
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Thus, we can find an N, such that for every n > N,

R" R"
exp( ><1+2—
n!

< () ) E () S

N-1 R N
< Z{exp<ﬁ>l}+ Z{exp( > 1}+26R<+oo,
n=0 : =N =

n

and the claim is proved.

Remark 9.1 It follows that the derivative is given by
+oo n—1 n
ron z z
&= oy o ()

In this case it is easy to prove the uniform convergence over compact subsets. In fact, if |z| < R, then
we can find an N, such that

exp(z )‘<M for |z| < Rand n > N,
n!

thus
+00 n—1 n too n
R
> mexp( >§M > B Mt 0
n=N+1 n=N+1

Example 9.4 Assume that f is analytic in an open domain Q. Define Q* by
={z|zeQ},

and a function f* on Q* by
f*(z) = f(@).

Prove that f* is analytic in Q*.

Obviously, f* is continuous and of class C* (Q*). Write f = u + iv, i.e.
f(z) = ulz,y) +iv(z,y).

Then
f(2)

u*(@,y) +iv*(z,y) = f(Z)
= [flz —iy) = uz, —y) —iv(z, —y).
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If (z,y) € Q*, then (z, —y) € Q, and we obtain by partial differentiation,
ou* ou

%(m‘,y) = B_x(x’_y)’
%_Z(x,y) = —(%{v(x,—y)}=+g—2(%—y)>
M) = Sute—) =24,
%(m,y) — —%v(m,—y)z—g—Z(x’—y%

hence
Wen) = )= 5l ) = ()
%%;<$*” - ._gg(x,_y)::gg(x,—y)z«—gﬁ;@zy%

proving that f* satisfies Cauchy-Riemann’s equations everywhere in Q*, hence f* is analytic in Q*.

Example 9.5 Find by an application of Cauchy’s integral formula

1 : 1 244 i
(a) — ¢ dz, (b)) — Gl dz, (¢) ?{ L P
|z|=4

270 Jya =1 2 — 2 2mi Jiy=1 2 z

(a) If we put f(z) = e*, then f(z) is analytic in C. Since zo = 2 lies inside the circle |z — 2| = 1, it
follows from Cauchy’s integral formula that

1 e

27T'L ‘2_2|=1 Z — 2

dz = f(2) = €.

(b) If we put f(2) = 22 + 4, then f(z) is analytic in C. Since zo = 0 lies inside the circle |z| = 1, it
follows from Cauchy’s integral formula that

1 22 +4

21 |z|=1 z

dz = f(0) = 4.

(c) If we put f(z) = sinz, then f(z) is analytic in C. Since zo = 0 lies inside |z| = 4, it follows from
Cauchy’s integral formula that

1 sin z

dz = f(0) =sin0 = 0.

21 |z|=4 z
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Example 9.6 Find by applying Cauchy’s integral formula

(a) %224(Zi1+2—23>dz, (b)fZZQZQ—lldz.

(a) If we put f(z) =1 and g(z) = 2, then

fz4 <z j_ Tt . i 3) dz = 724 z‘_f(i(z_)l) dz + ?{24 %dz =2ri{f(—1) +¢g(3)} = 6.

We have used that the curve |z| = 4 is simple and closed and that the points —1 and 3 lie inside
this curve.

(b) We get by a decomposition,
1 1
I 2 2

22—-1 z—-1 241"

Since 1 and —1 lie inside the simple, closed curve |z| = 2, it follows as above that
1 1 1 1 1 1 1
——dz= dz — = dz=—--2mi— - - 211 =0.
ﬁ|_2221 : 2}%_221 : 27{_2z+1 P Ty

Example 9.7 Prove by means of Cauchy’s integral formula that for every k € R,

kz

€ .

7{ dz = 2mi.
lz|I=1 %

Apply this result together with the parametric description z = €', 0 € [—7, 7, to prove that for every
k eR,

/ ek <59 cos(k sinf) df = .
0
If we put f(z) = e**, then f(z) is analytic in C, hence by Cauchy’s integral formula,

z

ek:z
% —dz =2mi f(0) = 2mi.
|z|=1
Then put z = € to get

6kz ™ ek cos 0+i k sin @ ) T
]{ dz = / ———ie’d = z/ ek 39 feos(k - sin ) + i sin(k sin0)} df
2l=1 # e

—T —T

21

z/ ek <39 cos(k sinf) df = 22'/ ek <89 cos(k sin6) db,
0

—T

because e ©5¢ sin(k sin 0) is odd and e* ©3% cos(k sinf) is even in §. Finally, we get

/ ek <89 cos(k sinf) df = .
0
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Example 9.8 Assume that f(z) is analytic in C, and that there exist constants M, R € Ry and
m € Ny, such that

If(z)| < M-|z[™  for|z| > R.

Prove that f(z) is a polynomial of at most degree m.
HINT: Apply Cauchy’s inequality with n = m + 1 to prove that

M(m+ D! (r + |z0)™
,rm-&-l

£ (z0)| <

for zo € C and r sufficiently large. Then conclude that ™Y (z) = 0 for every zy € C.

It follows from Cauchy’s inequality for n = m + 1 that

M'(m+1)!
m—+1
‘f( +)(ZO)‘§T"T’

where M’ is the maximum of |f(z)| on the circle |z — z9| = r, and where r > R.
It follows from the assumption that M’ can be estimated by
M <M-|z|™ < M(r+|z)™,

hence by insertion,

M. ! m 1 m
[0 ()| < MM E R BT 1y sy (14 221)
rmtl r r
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This inequality holds for every r > ry and for every fixed zg. We therefore conclude that
f(m+1) (ZO) =0,

and thus f(z) is a polynomial of at most degree m.

Example 9.9 Let f(t) be continuous on R. Prove that

L)
o 1L—=zt dt

is a function of z, which at least is analytic for |z| < 1.

Assume that |z] < R < 1 and ¢ € [0,1]. Then we have the uniformly convergent series expansion
LI +§ 2"

1—2t v ’

thus by insertion,

01 Rl 3 (/01 1 (t) dt) o,

n=0

Here we get the estimate

1 1
M
/t”f(t)dt‘gM/ tdt = ——,
0 0 n+1

and we conclude that the radius of convergence of the series is > 1, hence the function

I,

o 1—=zt

is analytic in the domain given by |z| < 1, and possibly in a larger domain, depending on the structure
of f(t). One should e.g. check for a possible extension, if f(1) =0, and f/(1) exists.

Example 9.10 Assume that f(z) is analytic for |z| < 1. Prove that

%//mglf(x e =10,

HiNT: Express the integral in polar coordinates and apply Cauchy’s integral formula.

If we put
r=7-cost and y=r-sinf,
then

%//lzlglf(“iy)dxdy = %/OQW{/Olf(re”)rdr}dez%/Olr{/;ﬂf(reie) d@} dr
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because if follows for every r €]0,1] by Cauchy’s integral formula that

/0 ! f(re®) do =2 £(0).
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10 Simple applications in Hydrodynamics

Example 10.1 A two-dimensional stationary from of a non-compressible ideal fluid is characterized
by the complex potential
—1+1

(5) F(z) = ——.

(a) Using polar coordinates (r,0), where z = re', find an equation of the equipotential curves and
an equation of the streamlines.

(b) Then find the complex: field of velocity F'(z), the x and y parts of the real field of velocity V, and
the speed |V| of the field corresponding to (5), where everything should be expressed as functions
in (r,6).

A
The function Fy /() = ——, where ( = £ +in and A > 0 is a constant, models a field of a dipole

where the dipole is lying in ( = 0 of strength A and of orientation in the positive &-direction.
Find a transformation of the form z =  e'® (where « is a real constant), such that F(z) = F1().
Apply this result to show that the field corresponding to (5) is a field of a dipole. Find the position
and strength of the dipole, and show its orientation on a sketch.

(a) Since
F(z) = _1+i=_1/4__i- Jig:@-exp(%),e—lﬁ
z 2 re T
= QGX (<%ﬁ9>>— exp(ﬂ(%ﬂ?)),
we find
olr0) =7 S(%“)) and () = 22 (%—e)

so the equation of the equipotential curves becomes
(6) = —— cos 3—7T—0 for k #£0
ok 4 ’
3 s s S
and Z—G—g—i—pmthus@—zor@-zfork:—o.

In (6) the parameter either runs through
3m w T om
9€:|—Z,Z|: or HE]Z,Z[,

depending on whether k£ > 0 or k < 0, because we shall have > 0

Analogously we get for the streamlines in polar coordinates,

rzgsin(%r—é)) for k # 0,
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In this connection it is not convenient to apply the polar coordinates, because we in rectangular
coordinates obtain

14

. T .y 1 .
F — :—1 — = —
0= = =140 (i i) = sy ety )

and we get the following equation of the equipotential curves,

-ty
Jf2+y2

o(z,y) = k, ke R,

and the equation of the streamlines,

T +y
T, y) = =k keR.
¥(z,y) Zr gk
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Figure 57: The equipotential curves are full-drawn lines, while the streamlines are dotted. Further-
more, the orientation is indicated on the straight streamline, and the the orientation in general follows
by continuity.

If £ =0, then we get the equipotential curves
y=u,  for (z,y) # (0,0),

i.e. two half lines, and the streamlines
y=—x,  for (z,y) # (0,0),

i.e. again two half lines.
If k # 0, then we get for the equipotential curves that

11 1\ /1)’ 1\?
2,2
— R — —) —9. | =
0 vy ky+<2k> +<2k) <2k)
B eri 2Jr 1 27 1 2
- 2% Y70k V2k)
i.e. a circle with one point removed,

(+ 21k> + (o ;,C) - <\/%k> (2,9) # (0,0),

1 1 1
2k 2k V2k
For the streamlines we get the corresponding circle with one point removed,

(x_ i) ; (y_ %) - (ﬁ) (2,9) # (0,0),

of centrum ( > and radius

f cent L1 d radi !
ntrum ( —, — | and radius ——
of centru TR aus\/ik
(b) Then by a differentiation,
-1+ 1—13
Fl(z) = ———%— = 5w
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F'(z) = IR Q exp (z <%+20>).

r2 €—2i0 r2

We therefore conclude that

V:<?cos<%+29>,Qsin(%—FZQ)), r >0,

r2

and then the orientation of the streamlines (the dotted lines) is fixed. Finally,

|V|:|F’—(z)|:\/§ r > 0.

(c) Tt follows from

V2 ™

F(z) = _TeXp<_i(Z+9)):_rexp(i(nga))

V2 :_é:Fl/(L

_z exp (z g) ¢

T
that the strength is A = /2. Furthermore, since ¢ = z exp (z Z)’ the inverse is given by
T
z=Cexp(—i—]),
¢ exp ( 4)
which is the wanted transformation.

Since the orientation corresponds to the positive {-axis, it follows that the orientation of the given
T
dipole is 0§ = 1
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