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Calculus 2c-8 Preface

Preface

In this volume I present some examples of surface integrals, cf. also Calculus 2b, Functions of Several
Variables. Since my aim also has been to demonstrate some solution strategy I have as far as possible
structured the examples according to the following form

A Awareness, i.e. a short description of what is the problem.

D Decision, i.e. a reflection over what should be done with the problem.
I Implementation, i.e. where all the calculations are made.

C Control, i.e. a test of the result.

This is an ideal form of a general procedure of solution. It can be used in any situation and it is not
linked to Mathematics alone. I learned it many years ago in the Theory of Telecommunication in a
situation which did not contain Mathematics at all. The student is recommended to use it also in
other disciplines.

One is used to from high school immediately to proceed to 1. Implementation. However, examples
and problems at university level are often so complicated that it in general will be a good investment
also to spend some time on the first two points above in order to be absolutely certain of what to do
in a particular case. Note that the first three points, ADI, can always be performed.

This is unfortunately not the case with C Control, because it from now on may be difficult, if possible,
to check one’s solution. It is only an extra securing whenever it is possible, but we cannot include it
always in our solution form above.

I shall on purpose not use the logical signs. These should in general be avoided in Calculus as a
shorthand, because they are often (too often, I would say) misused. Instead of A I shall either write
“and”, or a comma, and instead of V I shall write “or”. The arrows = and < are in particular
misunderstood by the students, so they should be totally avoided. Instead, write in a plain language
what you mean or want to do.

It is my hope that these examples, of which many are treated in more ways to show that the solutions
procedures are not unique, may be of some inspiration for the students who have just started their
studies at the universities.

Finally, even if I have tried to write as careful as possible, I doubt that all errors have been removed.

I hope that the reader will forgive me the unavoidable errors.

Leif Mejlbro
15th October 2007
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Surface integral

1

Surface integral

Example 1.1 Calculate in each of the following cases the given surface integral over a surface F,
which is the graph of a function in two variables, thus

1)

2)

3)

4)

5)

6)

7)

8)

F={(@.y.2) | (e.9) € B, = = Z(,y)}.

The surface integral f}. V14 (x+y+1)2dS, where

Z@y) = — m(l+o+y).  (2.y)€[0,1] x [0,1].

V2
The surface integral f}. \/mdS, where
Z(x,y) =2 —x? — 32, for x® +y? < 2.
The surface integral f}.zdS, where
Z(x,y) =2 — 2% — 42, for a® +y* < 2.
The surface integral f}. x2\/md5, where
Z(x,y) = zy, for z? + 4% < 1.

The surface integral [,(a+ z)dS, where

z® —y? 2 2 2
Z(x,y) = , for x° +y° < 2a”.
a
. 1
The surface integral ff dsS, where
Va2 + 422 + 492
2 _ .2
Z(z,y) = oy for 2 +y* < 2a”.
a

The surface integral [, +/a? + 422 + 4y* dS, where

2.2
Z(x,y):x ay’ for 2% + y? < 24°.

The surface integral ff 23dS, where

Z(x,y) = \/2a% — 22 — y? for—zggp<zogO§g§acos

4 4

A Surface integrals in rectangular coordinates.

D Find the weight function

I1

ag\* (99
|N||=\/1+(a—§) +(5) = viTToar

and then compute the surface integral.

1
We get from ¢g(z,y) = — In(1 + =z + y) that
) We g 9(z,y) 7 ( y)
1 1
- (1,1)
V=75 1+%er( )

(2¢).
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Figure 1: The surface of Example 1.1.1.
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Calculus 2c-8 Surface integral

Figure 2: The surface of Example 1.1.2 and Example 1.1.3.

hence

2
/ /1+(x+y+1)2d5:/wdxdy
F

E l1+2x+y
1

1 1 1
1 1
= +x+y+1}dy}dm/ {ln1+x+y +x+y+12] dz
/o{/o {1+x+y o [ )+ 5! -

:/Ol{ln(x—‘,—Q)—i—;(x+2)2—1n(33+1)—;($+1)2}d$

= {(z+2)1n(x+2)—(x+1)1n(a;+1)+%(x+2)3—%(x+1)3]

1 1 1 1
=3In3—-2In2+>--33-=-.22_-9In2—=.23 42
TG 6 METE TS

! 2
:3ln3_4ln2+6{27—8—84—1}:3ln3—4ln2+2:1n1_;+2_

2) We get from g(z,y) = 2 — 2% — y? that

V9 = (—2(E, _2y) = —2(5673/),

hence

VI+[ gl =V1+4@?+y?).

The method here is that we first transform from the surface F to the domain of integration F in
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Calculus 2c-8 Surface integral

rectangular coordinates. Then we continue by transforming the integral into polar coordinates,

V2
/\/x2+y2d5:/ \/x2+y2~\/1+4(x2+y2)dmdy:27r/ 0*V/1+ 402 do
F 0

Arsmh(2f) . Arsinh(2v/2)
= 277/ 3 smh2t cosh? tdt = 16 sinh?(2t) dt
0
Arsinh(2v/2) 1 Arsinh(2v/2)
= — h(4t) — 1} dt = — |- sinh(4t) — ¢
=) {coshat) ~ 1t = 7 | st }
S Arsinh(2v/2) -
=333 sinh(2t) cosh(2t)] - — ln (2\/5—&— 1+ (2\/5)2)
0
— ;2 [Slnht cosht(l + 2sinh? )]Ars1nh(2f) - 3— In(3 + 2\/_)
- %-2\/5- 1+(2\/§)2-{1+2 (2v/2)? }—— ln{(1+\/§)2}
7r

:5-2\/5-3 (1+2- 8)——61n(1—|—\/—) (51\/_—1n(1+\/_))

3) We shall here integrate over the same surface as in Example 1.1.2. We can therefore reuse
the previous result

VIHvgll? =V1+4% +y2).

If we put t = 40% + t, we get the surface integral

V2
/zdS:/(Q—xz—yz)\/1+4(x2+y2)dxdy:27r/ (2 — 0*)\V/1+402 - pdo
F E 0

or [* 1 ™ [2(9 1 1
_ T 9 (- bviar =" 1242
5 /. { Lt )}\fdt 4/1 {4t2 1

3 1 s m 242

% R 272 .24 s 222
[z 52} {3 7Ly 3+5} 8<78 5)

121 ™ 37
-l = 2195 —121) = — T4 = 2
{39 5 } 20( 9 ) =50 ™=

13

4) Tt follows immediately that /g = (y, ), so the weight function is

VI+[7gl? =1+ (22 +32).

Then we compute the surface integral,

/x2x/1+x2—|—y2d5’:/1:2\/1+x2+y2-\/1—|—x2—|—y2d:ﬁdy
F E

2 1
z/x2(1+$2+y2)dxdy:/ {/ Q2c052<p~(1+92)gdg}d<p
E 0 0

o 1 1
1 11 1 5

2 2 3
- 2ode- = [ tQ4tdt=n-> |22 =28,
/0 c05<p<p2/0 (1+1) 772{2 —|-3 L 12
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Figure 3: The surface of Example 1.1.4.

2
5) Here g = — (z, —y), hence the weight is
a

4 1
VIFTTIIE = /14 = (a2 +42) = - Vo + 467 + 7).
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thinking
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Calculus 2c-8 Surface integral

Figure 4: The surface of Example 1.1.5, Example 1.1.6 and Example 1.1.7.

Then we get the surface integral,

2,2
/(a+z)d5:/ (a+m Y > 1\/112Jrél(cherz)d:caly
F E a a

1
== / (a® + 2% — y*) Va2 + 4(22 + y2) dx dy
E
1 27 \/§a
/ (a2 + o? [0082 o — sin? eV a? +4p%o0do ¢ dp
0 0

a2
V2a 1 27 V2a
:27T/ \/a2+492~gd9+a—2/ cos2cpd<p/ 0*\/a? + 492 odp
0 0 0
2 2a 2 Sa
= g (a* —|—4Q2)%d(a2 +40%) +0= % '3 [(a2 —|—492)%]
0=0 0=0
1
= % {(a2 +4-2a2)% —a3} = %as.

6) The surface is the same as in Example 1.1.5. Therefore, we get the weight function

1
VItV = va®+4(z? +y?),

and the surface integral is

1 1 1
dS:/ —drdy = - area(E) = - - 7 - 2a® = 27a.
5 a a a

1
/]: Va2 + 4x? + 4y?

7) The surface is the same as in Example 1.1.5, so the weight function is

1
VIH[Ivl? = - va® +4(z? +y?),
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Figure 5: The surface of Example 1.1.10.

and the surface integral becomes

1
/\/a2+4x2+4y2d5’:/ —(a® + 4(2* + y?)) dw dy
F E Q@

o [V o [1 5, 47V
== (a®+4p%)odo=— |za“0"+ 0
a Jo a 2 0=0
2 1 2
T {—a2-2a2 +4a4} = —7T~5a4 = 107a’.
a |2 a
8) Here
2xy a? —y? 1 22
= — - _2 -
V9 ( (22 + )2 (22 + 12)2 (a:2+y2)2( Y, x v,
hence
1 1
2 _ A2 2, 2y2) _ .
”VgH (x2+y2)4 ( Ty +(33 Y ) ) (x2+y2)2

The surface integral is

V2 4
1 V1
/dS /—\/1+(x2+y2)2d:rdy:27r/ #gd@
F E 0 [

2+ 32
_ 21/\L1+e4 i d _z/“ﬂdt_z Pudu
-4 o =) Tt T2 s w1
V5 11 1 1 1. u—11"8
= 7 1+-—rnk ———3du=7m7|u+—=In
V3 2u—1 2u+1 2 u+llp
1 VE—1 V2+1
= 71{V5—-V2+-In :
{ 2 <\/5+1 ﬁ—l)}
—“1)(V2+1
_ w{\f—\/ﬂm((ﬁ )2([+ )>}

= 7{V6-V2+In(v5-1)+In(v2+1) —In2.

Download free ebooks at bookboon.com

12


http://bookboon.com/

Please click the advert

Calculus 2c-8

Surface integral

Figure 6: The surface of Example 1.1.11 for a = 1.
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Calculus 2c-8 Surface integral

hence

x2+y2 \/5-(1
\/1+||vg||2=\/1+2a2_x2 2 =

-y 2a27x27y2.

If we use polar coordinates in the parameter domain, we get

3 .
/z3dS = /( 2a27x2—y2) ~Lda§dy
e 5 2a2 — 22 — 12
e acos2p
= \/§a/(2a27x27y2)d:vdy:\/§a/4 {/ (2a292)gd9}dg0
E -z Uo
_ 2 Lo e [T
= V2a a“o 4@ dgof\/ia

i1 o1 1 /1+ cosdyp
= 2V2d° — 4 - cosdp— - [ —F) Yd
\/—a/o {2+2c0sg0 4( B >}gp

11 io2v2 (1
= 2V2d° {icp—i—gsinélap] —£a5 (1+2cos4cp+cos24<p)dg0

acos2¢p

1
(C082 2¢ — 1 cos? 250) dy

[CEESE

0 16 0
2 2¢/2 22 1 2 a®
_ \/_77(15_ \/__Zaﬁa_ \/___a5_ﬁ:\/_7ra (16—2—1)
4 16 4 16 2 4 64
= —13\/571'&5
T 64 '

Example 1.2 Compute in each of the following cases the given surface integral over a cylinder surface
C, which is given by the plane curve L in the (X,Y)-plane, and the interval, in which z lies, when
(z,y) is a point of the curve. Notice that L can either be given by an equation in rectangular or in
polar coordinates, or by a parametric description.

1) The surface integral fc(y2z + 2%z +y)dS, where the curve L is given by 2% + y? = 2z, and where
z € [O, x2+y2}.

2) The surface integral [, z* dS, where the curve L is given by x* 4+ y* = 4, and where z € [—2,z].

3) The surface integral [,(z*4x2)dS, where the curve L is given by x*+y* = 1, and where z € [0,2].

4) The surface integral fczdS, where the curve L is given by y = x% for x € [0,1], and where
z €10, z].

5) The surface integral fc zdS, where the curve L is given by r(t) = (acos®t,asin®t) fort € [0, g},
and where z € [0,y].

1
6) The surface integral fc —dS, where the curve L is given by o = e¥ for ¢ € [0,1], and where
x
z €10, z].

7) The surface integral fc %dS, where the curve L is given by o = acosgg for ¢ € {0, %}, and
x
where z € [0, zy].
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-05

Figure 7: The curve £ of Example 1.2.1.

8) The surface integral fc rzdS, where the curve L is given by 2% + y?> = ax, and where z €
[07 Va2 —a? — yz] )
9) The surface integral fc dS, where the curve L is given by y = lnsinx for x € {g, g} , and where

2e o ﬂ

sinx
10) The surface integral fc cosh = dS, where the curve L is given by y = a cosh z for x € [0,a], and
a a
where z € 0, x].

11) The surface integral fc 22dS, where the curve L is given by y = 3 for x € [0,1], and where
z €10, z].

A Surface integral over a cylinder surface.

D Reduce to a line integral by first integrating in the direction of the Z-axis. Find the line element
and compute the line integral.
I 1) The curve is the circle of centrum (1,0) and radius 1, thus in polar coordinates
T
=2 ) € |:__a _:| )
o(p) =2cos ¢ @ 53

and the line element is

do)\ 2
ds = 92+<Q) dgo:\/4cos2<p+4sin2<pd90:2dgo.
\ de

Hence
3 o(yp)
/(y22+x22+y) dS:/ / {zo(p)sinp} dz ¢ 2dep
c -z | Jo

z 1 2cos ¢ 5

- / [2 20(p)* + o(p)zsin 4 2dp= [ {16c0s" o +8cos® o - sinp} dop
-5 2=0 -3
3 ) z 1 1 3w

= 4(1 4+ cos2p)*dp+0=28 1+2c0s2<p+§+§cos4<p dg0=8-§~§=67r.
-z 0
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J

Figure 8: The curve £ of Example 1.2.2.

A
/

Figure 9: The curve £ of Example 1.2.3.

2) The curve is the circle of centrum (0, 0) and radius 2. Tt is described in polar coordinates by
Q:27 ¢€[0727T]a

thus the line element is

do\ 2
ds =/ 0*+ (Q> dp = 2dep.
do

Hence
27 2cos p 2 2
/szS = / {/ szz}chp = {8(‘,083307(72)3}6[(,0
c 0 -2 3 Jo
6 [ 32m 321
= — ljdp=—4+0=—.
5/, {cos p+ } %) 3 + 3

3) The curve is the unit circle given in polar coordinates by

0o=1, @ € [0,27].
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Figure 10: The curve £ of Example 1.2.4.

Thus ds = dy, and

2m 2
/(22—1—332) s = / {/ (2% + cos? ) dz} dy
c 0 0
§ 221
3

2m
8
27r—|—2/ cos? pdp = — - 21 + 2 = ——.
0 3 3

ds =+/14 ¢ (x)2de =1+ 422 dx,

thus

1 x 1 1
/zdS:/ {/ zdz} \/1+4x2d1‘:§/ 221+ 422 da.
c 0 0 0

1
Then we get by the substitution x = 3 sinht, ¢ = Arsinh(2t) that

2 4 2 16

1 Arsinh 2 1 1 1 Arsinh 2 1 2
/zdS 7/ = sinh?¢ - cosht - = coshtdt = —/ <2 sinh2t> dt
c 0 0

1 Arsinh 2

512 128

64 Jo
512 128

1 9v5 1

- -2\/5~(1+2-4)—i1n(2+\/5):———1n(2+\/5).

128 128 64 128

1 i 1
= E(cosh 4t — 1) dt = ——= [sinh 4t]?rsmh ? — —_ Arsinh 2

1 Arsinh 2 1
- {4 sinht - v/1+sinh?¢ - (1 + 2 sinh® t)] — (2 +V5)
0

4) The curve is an arc of a parabola. It follows by putting y = g(x) = 22 that the line element is

5) We have in the given interval, cost-sint > 0, so we do not need the absolute sign in the latter

equality,

I’ @) = a\/(—3 cos?t sint)2 4 (3sin? ¢ cost)?

= 3a\/coszt {cos2t sin®t} +sint {cos? t sin® t} = 3a cost sint,
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0.8
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Figure 11: The curve £ of Example 1.2.5 for a = 1.

TS Ts

Figure 12: The curve £ of Example 1.2.6.

thus the line element becomes

ds = 3a cost sintdt, te [O, z} .

2
Then
= asin®t 3&2 z
/zdS = / / zdz 3acostsintdt:—/ sin” ¢ cost dt
C 0 0 2 Jo
3 5r. 8,5 3a?
= Ea [sm t]; :E.

6) The line element along the curve is

d 2
ds =/ 0® + (di) dp =V2efdp, ¢ <[0,1],

and we get the surface integral

1
/ldS:/ lx 2e?dp = V2(e —1).
c 0

T €T
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7) The line element is

2
1
\/o 2—1— dgp \/a2cos4 +a2( 2008% sm% 5) dy

acos§d<p forgoe[ 2},

ds
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Calculus 2c-8 Surface integral
Figure 13: The curve £ of Example 1.2.7 for a = 1.
hence
z B ¢ 1[5 (ay)? ¢
/CFdS = /0 ﬁ{/o zdz}acos§d<p=§/o =~ -acos§d<p
3 3
= g/o Q(<p)2sin2<p-cos§dap = g/o a® cos? g - 4sin® g - cos? g -cos%dcp
z
= 2a3/0 cos® g - sin? g - cos % dy
3 3 1
= 4a3/0 {1—sin2§} -sinzg-(i cos%) dyp
3
= 4a3/ {sian —3sin4£ +3sin6£ —Singf}d(sin —)
oo 2 2 2 2
1
1 3 3 1 vz 4 (1 3 1 3 1 1 1
= 4 |-t -t = -
CIBTTEN TR TN, T 5 27T 108
a’v/2 319v/2
= 40 — 270 — 35) = 3
2590 (840 — 756 + 270 — 35) 5520 ¢

8) The curve is in polar coordinates given by

= a CcOos S {—E E]
0= ‘2 2 5 o]
thus
do\ 2
ds =] 0* + <dQ> de = adyp,

20
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0.4

Figure 14: The curve £ of Example 1.2.8 for a = 1.

Figure 15: The curve £ of Example 1.2.9.

and

/;vzdS
c

z v/ a2—a? cos?
/ / acos? - zdz pady
- 0

jus
2

2 5 4 r3 o/ 2
= a—/ cos? ¢ (1 — cos? p)a’dy = a—/ —sin2p | dy

2 —z 2 -z 2

at 1 : at [ a‘m
= —.2.2 in?2pdp = — 1 —cosdp)dp = —.

5 4 /O sin” 2¢ d 8/0 (1~ cosdg)dp = —¢

9) We derive from y = g(x) = Insinz, z € {g, g] that the line element is

cos x\ 2 1
ds = /1+ g'(2)2dz = /1 ( ) d d
y AR * sin x = sng o
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and thus

/dS
c
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Figure 16: The curve £ of Example 1.2.10 for a = 1.

Figure 17: The curve £ of Example 1.2.11.

10) When the curve is given by y = g(x) = a cosh E, we obtain the line element
a

ds:\/1+g’(:n)2d:c:1/1+Sinh2£dx:cosh£dx,

a a
/COShEdS = /{/ coshidz}@oshgdx
c a 0 0 a a

a 2
= a/ Sinhf-coshfdx:a—-sinwl
0 a a 2

a’? fe—e ! 2 a? 2 a?
_ 7( ; ):8?(62_1) TG ENE

SO

11) For the curve given by y = g(x) = 23, the line element is

ds =+/14 ¢ (x)2de =+/1+ 9z*dx,
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hence

1 x 1
/szS = /{/ zdz}\/1+9x4dx—1/ V14924 23 de
c 0 0
11 - 1 2 3]
1 §/ V14927 9d () = (V1+927)
0

1
3 108 3
(10v/10 — 1).

162
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Figure 18: The meridian curve M of Example 1.3.1 for a = 1.

Example 1.3 Compute in each of the following cases the given surface integral over a surface of
revolution O which is given by a meridian curve M in the meridian half plane, in which o and z are
rectangular coordinates.

2
1) The surface integral fo(ac2 +y2) dS, where the meridian curve M is given by z = 5— for o <a.
a

h
2) The surface integral fo(mQ +1y2)dS, where the meridian curve M is given by z = ne for o < a.
a

3) The surface integral fo dfrace®odS, where the meridian curve M is given by z = In € o for
c T 27
=133
4) The surface integral fo 22 dS, where the meridian curve M is given by 22 + 0* = az.
5) The surface integral fo |x|e™® dS, where the meridian curve M is given by z = —lIncosp for

o€ {O,g},

2
6) The surface integral fo L dS, where the meridian curve M is given by z = a cosh e for 0 €0,q].
z a

A Surface integral over a surface of revolution.

D Use either semi polar or spherical coordinates and the area element pdy ds, where ds is the curve
element, i.e. if e.g. z = g(p), then

ds = \/1+g'(0)* do,

and similarly.
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0.8

0.6

0.4

0.2

Figure 19: The meridian curve M of Example 1.3.2 for a =1 and h = 1.

o\ 2
I 1) Hereds=14/1+ (—) do, hence
a

/O(x“ryz)d Qﬂ{/ 0’ 9\/1+7d9}d<p—2w —/ tV1+ tdt

- 7Ta4/0 {(1+t)%—(1 t)s }dt—m E(l—i—t);—%( +1)

wlw

)

= m‘l{%( %—1) —%(23 —1)} - 7;—?{6(4\/5—1)—10(2\@—1)}

= ”1—‘?{24f—6—20\/§+1o}=”1—‘;4{4\/§+4}_4” (V2+1).

d
3) From z = Insin p follows that & —C?S 0
do sinp

dz\> 1 1 2
1+ @) = 1+COS e_ - for g € E,—ﬂ .
do sin? o |San| sin p 373

The area element is

, hence

odpds = -2~ dodyp = dS,
sin o

Download free ebooks at bookboon.com

26


http://bookboon.com/

Calculus 2c-8 Surface integral

0
-0.04
-0.08
-0.12

Figure 20: The meridian curve M of Example 1.3.3.

1

01 02 03 04 05

Figure 21: The meridian curve M of Example 1.3.4 and Example 1.3.5 for a = 1.
hence by insertion

z 27 27" s 92 2 2
/e—dS: / sing .Q do$ dp = 21 Ty AT
o0 0 b 0 sin o 3 3 3

3

4) The figure shows that the meridian curve is a half circle of radius g. Hence, the integral [ 0 dS

is equal to the surface area of the sphere, i.e.

/OdS =dr <g>2 = 1a®

where we have used the result of Example 1.3.6 with a = b.
ALTERNATIVELY,

Q:\/(g)2—<z—;)2, for z € [0, d],
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in rectangular coordinates, so

T . . . .
ALTERNATIVELY we have r = a cosf, 6 € [O, 5}, in spherical coordinates, and o = r sinf =

a sinf cos 6, and

dr

ds = (/| r?
S r—i—(da

2
) df = adb,

and we get

/dS:Qﬂ'/z a sinf cosf - ad = a’m [sin2t9]0% = a’r.
10) 0
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0.1
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0.6

0.7

Figure 22: The meridian curve M of Example 1.3.6.

5) From x = p cos ¢ in semi polar coordinates we get from Example 1.3.4 that

o “pa a\o 2 O (5 —(2—3)°
/OdeS = /0 {/0 {(5) —(2—5)}(?08 v (%)2_(2_%)2dz dp

2 a
1
:9/ congadgo/(azz2)dza-7r{az2
2 Jo 0 2 " |2 3

ALTERNATIVELY,

x =17 sinf cosp = acosf cosy

in spherical coordinates, cf. Example 1.3.4, so accordingly

21 5
/ ds / {/ a® cos? 0 sin® 0 cos® ¢ - a sin cosHadG}dgo
o 0 0

2m 5 1 1 4
= a4/ cos2<pdg0/ sin®@ - (1 —sin? ) cos 0 dh = a*r |~ — = = 4T
0 0 4 6 12
6) As
sinp > 1 T
ds = 1+( Q) do = do, fOI'QG[O,—},
Cos 0 coSs 0 3
we get

2w 3
/|a:|efzdS = / /Sg|coscp|~cosg'id9 de
o 0 0 cos @
H 5 1 /m\3 43
4 do- | o*d :4-7(7) =
| eospde- [ de=13(5) =

7) We get from z = g(p) = a cosh 9 that g'(0) = sinh 2 and
a a

ds=+/14¢'(0)?do = ’/1+sinh2§dgzcosh§dg,
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Figure 23: The meridian curve M of Example 1.3.7 for a = 1.

hence
2 2 a 2 2
Y 4 — / /%.Q.mhgd? dp
o 7 0 0 acosh = a
a
1 27 a 1 1 3
== _/ Sin2tpd<p~/ ‘QBdQ:—.ﬂ'._aél:ﬂ.
a 0 0 a 4 4

Example 1.4 Calculate in each of the following cases the given surface integral over the surface given
by a parametric description

F={zeR®|x=r(uv), (u,v) € E}.
First find the normal vector of the surface N(u,v).
1) The surface integral ff x22 dS, where the surface F is given by

x =r(u,v) = (u cosv,u sinv, hv), for0<u<1,0<v<2m.

2) The surface integral ff 22dS, where the surface F is given by

In(2u)

1
x = r(u,v) = (v/u cosv,/u sinv,e”) forlﬁuﬁl%gvg 5

3) The surface integral f}.(x2 +y?)dS, where the surface F is given by

x =r(u,v) = (\/ﬂ Cos v, usinv,v%> fori<u<2 0<v<u.

4) The surface integral ff(ac?’ + 2z — 3xy) dS, where the surface F is given by

x =r(u,v) = (u+v,u* +v*,u® +v3)  foru+ov <0, u? +0v* <5
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A Surface integrals, where the surface is given by a parametric description.

D First find the normal vector N(u,v). Then compute the weight function |[|N(u,v)|| as a function
of the parameters (u,v) € E.

I 1) The normal vector is

or  Or 1 ©2 ©s
N(u,v) = 90 9y = COS v sinv 0 |=(hsinv,—h cosv,u),
u v .
—usinv wcosv h

and we find accordingly the weight function
IN(u, v)[| = Vh? + u?.
Then we get the following reduction of the surface integral,

1 o 1 1
/xzzdS = /{/ ucosv-h2v2\/h2+u2dv}du:h2/ u\/h2—|—u2du-/ v2 cosv dv
F 0 0 0 0
12 1"
h? [5 . §(h2 —|—u2)2} - [v* sinv+2v cos v—2sinv]
0

- %hQ{(hz—i—l)%—h3}-47r:4§h2{(h2+1)\/h2+ —n?}.

2) The normal vector is

2
0

or Or 1

1
N(U,U):%X%: 2\/6 5

so the weight function becomes

1e? 1 1
N = N PR 2v .
IN(u,0)| by

4 u 4

Then we have the following reduction of the surface integral

2 £ In(2u)
/szS = / / ezv-l-i-\/e%—kudv du
F 1 %lnu 2 \/ﬂ
1 1 2 + In(2u) 1
= / {/ — Ve +ud(e?) pdu
1 v

55 :%Inu \/a
1 2 1 2 3 t=2u 1 2 1 ) N
= 1/1 ﬁg {(t—i—u)z}t:u duzé/1 NG {(SU) —(2u)2}du
2

(MY
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3) The normal vector is

—(3 Esin 3 Ecos1
“aVe Y Ty e )

e €9
11 11
or Or — — cosv — —= sinw
N(%”):a—uxaz 2 JVu 2 Vu
—y/usinv  \/u cosv
and the weight function is
9v 1 3 v 4
[N (u, v)|| = uta=1VaTyo
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Calculus 2c-8 Surface integral

Finally, we get the following reduction of the surface integral

[ sas = /2{ [ et i) 3
= {/ u\/jdv}du— {/ \/E \de}

3 3 3
- pafaleot) [t {2 -0 o
= l-ius\/ﬁ—s)/Qquu:l(13\/ﬁ—8).

2 27 ) 162
4) The normal vector is
e e e
N(u,v) = S—Zx%: 1 2u 3u? :(6u1)276u2v,3u273v2,2v72u)

1 20 3w

= (6uv(vu),3(u+v)(u—v),2(v —u)) = (v —u)(6uv, —3(u + v), 2).

Hence the weight function

IN(u, )| = |v — u|/36u202 + 9(u2 + 2uv + v2) + 4.

This expression looks very impossible, so we can only hope for that some factor of the integrand
cancels the unfortunate square root.

The integrand is given in the parameters of the surface by
23+ 22 = 3zy = (u+ ) +2(ud +0®) = 3(u+ v)(u? +0v?)
= u® 4 3u?v + 3uv? + v 4 2u® + 20° — 3u® — 3uv — 3uv? — 3v3
=0.

Luckily, the surface of integration F is a zero surface of the integrand, so there is nothing to
worry about,

/ (23 + 2z — 3zy) dS = 0.
f
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Example 1.5 Let F be the sphere of centrum (0,0,0) and radius a, and let
f(xaya Z) = a(xQ + y2 - 222) + 6xya

where o and (8 are constants. Compute the surface integrals

Q:/}_f(x,y,z)ds and p:/f(ac,y,z)f(x,y,z)dS.

A Surface integral.

D Exploit the symmetry of the sphere, since this is far easier than just to insert into some formula.
Notice that there are several possibilities of insertion into standard formulae, though none of them
looks promising.

I It follows by the symmetry that

/x2dS:/y2dS:/z2dS,
F F F

and that

/ zydS = 0.
.’F

It follows immediately that

Q:a(/ a:2dS+/y2dS—2/ z2d5’>—|—ﬁ/ zydS = 0.
F F F F

A similar symmetric consideration shows that if g(z,y,z) is a homogeneous polynomial of odd
degree, then

/ g(x,y,2)dS =0.
_’F

Split F into the eight surfaces occurring by the intersections by the three coordinate planes. By
assuming that g(z,vy, z) is odd, it follows by the symmetry of the sphere that the surfaces can be
paired in such a way that the sum of the surface integrals over each pair is zero. (The details are
left to the reader).

Since x f(x,y,2), y f(z,y,2) and z f(z,y, z) all are homogeneous of degree 3, we conclude that
p=0.

REMARK. We shall for obvious reasons skip the traditional variants which give a lot of tedious
computations. The reason for including this example is of course to demonstrate that one in some
cases may benefit from the symmetry. ¢
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Example 1.6 Let F be the sphere given by r = a and let R denote the distance from the point (x,y, 2)
on the sphere to the point (0,0,w) on the Z-axis. Find

U(w) = /f %ds.

One may assume that w > 0. The cases w = a and w = 0, however, must be treated separately.

A Surface integral.

1
D We may for symmetric reasons assume that w > 0. We shall first check where — is harmonic. To

this end we use the mean value theorem, whenever possible. Then proceed by calculating U (w)
directly. We get some special cases, when either w = a or w = 0. We have an improper integral in
the former case and lots of symmetry in the latter one.

I Clearly,

1 1
R V2 +y? 4 (2 —w)

= = {z2+y2+(z—w)2}_%.

It follows immediately for w = 0 that

1 1
U(0) = / —dS = — area(F) = 4ra.
Fa a

REMARK. It can be mentioned aside that we get by using a so-called Riesz transformation that
U(w) =U(0) =4ma for —a<w<a.

However, Riesz-transformations cannot be assumed for most readers, so we shall here give a straight
proof instead. ¢

1
It follows from the expression of In that U(—w) = U(w), and we have again explained why we can

choose w > 0.

First attempt. We first check if % is harmonic for (z,y,2) # (0,0,w). We find
O (1Y (1Y
oz \R)~ "\R)"
and
9 (1 1\° 1 1\° 1\° _,/1\°
o (1)~ (2) ‘395(@)'{*(%) () o (w)

Then by the symmetry,

B 5B - o) () e
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and the function is harmonic for (z,y, z) # (0,0, w).

It follows when w > a from the mean value theorem that

d7a?

1 1
U(w)—/fEdS—marea(f)— o w > a,

thus in general
2

U(U}) = W for |U)| > a.

Notice that when |w| < a, we cannot use the argument above because of the singularity at
1
(0,0, w) for R which then lies inside K.

Second attempt. Split the surface F into an upper surface F; and a lower surface F5. Then

z=+/a? — 22 —y2 pa Fy, z=—+/a?— 122 —y2 pa Fo.

The surface element is in rectangular coordinates given by

ds = S dxdy, 22 4+ 9? < a?,

/a2 — 12 7y2

o
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and we have

Rz\/x2—|—y2+(z—w)2:\/aQ—(aQ—xQ—yz)—I—(i a? —z?2 —y? —w)?,
where the sign + is used on Fi, and the sign — on F.

Let S be the disc 0®> = 22 + y? < a®. Then

:/ldsz —dS+/ —ds
]-'R .7-'1 .7-'2

[ 1 do b d
BRI B T p R

27
+/ / L : ‘;Q _do ¢ dp
0 0 \/a2_(a2_92)+( /CLQ_Q‘i'U))Q \/a —0

1

:27ra/ T dt
0 \/a2_t2+(t_w2

o \/aQ—t2+(t+w)2

@ 1 1
= 2ma + dt
/0 {\/a2+w22tw \/a2+w2+2tw}

Va2 + w? — 2tw N Va2 +w? + 2tw ‘
—w w

= 2ma

0

2
= 7ra{ Va2 + w? — 2aw+\/a2+w2+2aw+\/a2—\/a2}
w

2ra
= {Ja+w| - Ja - wl}

For w = 0 we get instead (cf. the above)

U(O):2wa/a{\/_ \/1_}dt—27m (21 o = 4ra,

in agreement with the previous result.

If 0 < w < a, then
2
U(w) = — a (a+w—a+w)=4ra,
w

cf. the previous remark about the Riesz transformation.
When w = a, then U(a) = 4ma.
When w > a, then

2 4
Ulw) = Z“(a+w+a— w) = —2,
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cf. the result on harmonic functions.

Summarizing,
dra for |w| < a,
Ulw) = 4ma?
for |w| > a.
|w]

Example 1.7 A surface of revolution F is given in semi polar coordinates (o, p,z) by

z = 0%, 0€10,2], v €[0,2n)].

Sketch the meridian curve M, and compute the surface integral

1
/7d5.

A Surface integral.

D Follow the guidelines.

©

S

Figure 24: The meridian curve M.

I The surface element is dS = Pdpds, where P = g(z) = y/z and

do
1 —
\/-i-i dz \/2—\/_ dz,
thus

/ L as 2 /4 L 1+1d
— — m . z - —az
FVItdz o 1+4z

4
= 27 vz -\/1+4Z 27T/dz-4ﬂ'
o 1+4z

38
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Example 1.8 A surface of revolution F is given in semi polar coordinates (o, p,z) by
3 1
z =0, o€ 0,5 , € [0,2m7].

Sketch the meridian curve M, and find the line element ds on this curve. Then compute the surface
integral

0
/ s
F1+920

A Surface integral.

D Follow the guidelines.

0 o1 02 03 04 05 06

Figure 25: The meridian curve M.

d
I It follows from d—z = 30? that the line element is
0

ds

d 1
(d2> do=+/1+90%dp, QE|:0,—:|,

2

and accordingly the surface element
1
dS = o/1+ 990*dodp, o€ [075} ,  €l0,2n].

We have z = 0% on F, so by insertion into the surface integralm

2 3 25
0 2 27 16 du
s = 2 V1t 90t do =2 / ——/ au
/f1+9zg 7T/O 1+94 ¢ erde==m ,/ng 19), Va

(5/4)2 4 (5 ™
= 2 1) ==,
[ Vuli 36 <4 ) 36
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Example 1.9 The surface F is given by

23
Y E,
z=gly) ="+, (z,9) €

where
2
E={(z,y) eR* |1 <2 <2, 0<y<2’}

Prove that

e B @) -

and then compute the surface integral ffde.
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A Surface integral.

D Follow the guidelines.

Figure 26: The surface F.

I It follows from

2
99 _ vy, 3 09 _,y
ox 2 4 dy x
that
dg\* . (99 vy 3 y?
1 =1 _Z 4 = 4.2
+<8x> +<8y + :c2+4 + x?
N\t 3y 9 Y\ 2 K 2 5 y\2 25
=1 2y _2(2 Zoagq(2Y =22 (2 2(Z il
+(m 2<x)+16+ (x) (3;) +2($> +16
2

hence

ag\* | (99\*  (y\?, 5
1+ (22 2= ()42
\/ * <8x) * (3y x N 4
Then by the usual reduction of the surface integral to a plane integral,

/de = /x\/l—l—(@)Qﬁ-(ag)Qdch —/{(g)2+§}xda§d
f o Oz dy = e 1 Y

x

2 2 2r 3 z?
:/ / y+§az dy da::/ y—+§xy dx
1 0 z 4 1 3z 4 y=0
2 6 2
_ 25 8l g 15, 5.3
= /1{3m—|—4x}dx—/l{3x —|—4m dx

2
1 5 64 5 1 5 63 75 75 131
- L—Swﬁ—l——x‘l} = 16— —— — = - =

7
. 18716 8 16 18 16 2

16 16
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Example 1.10 A plane curve L is given by the parametric description

(z,y) = (cost,—21Insint), te [%, g]
1. Show that the line element ds is given by
2 —sin?t

sint

ds =

A cylinder surface C with L as its leading curve is given in the following way:
x =cost, y= —2lnsint, ze€]0,sint], te {%, g} )

2. Compute the surface integral fc xzdsS.

A Curve element and surface integral.

D Follow the guidelines; apply the formula of the surface integral over a cylinder surface.

Figure 27: The leading curve L.

I 1) From
dx dy cost
— = —sint d —=-2—
dt R sint’
follows that
dz\* dy\* 9 dcos?t 1 9 .9 9
— — = sin“t+ ——=—— in“t)° —4sin“t 44
(dt) +<dt> ST T T ekt {(sin*1) st +4}

_ [2-sin?0)”
N sin ¢ ’

dr\? dy 2 2 —sin’t 2 —sin’ ¢ T
ds =/ (& W) g = dt = dt, {—,—}.
’ \/<dt> +<dt> ‘ sint ‘ sint €162
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Figure 28: The surface F.

2) Then the surface integral is computed by means of the formula of an integral over a cylinder
sint

surface,
sint 22
/xzdS = / / cost - zdz ds:/cost- [—} ds
c L 0 r 2 0
H 1 2 —sin?t 1 (2
= / cost - — sir12t~—,sln dt = —/ {2sint—sin3t}costdt
z 2 sint 2 z
z 4
11,5 1 .47 1 1 1 1/1
= = t——sint| =-d1—--——4-(=
2 [Sm T L 2 4 2+4(2>
6
17

1
o5 1641632+ 1) = .

- 128

Example 1.11 Let F denote the surface of the parametric description
(u,v) € E,

r(u,v) = ((a 4+ u) cosv, (a + u) sinv, av),

where
E={(u,v) eR?*|0<u<a,0<v<2u},

and where a € Ry is a given constant.
Compute the surface integral

|7
F a2+ 4y?

A Surface integral.
D First find the weight function, i.e. the length of the normal vector field.

I It follows from
Or _ (cosw,sinv, 0), ? = (—(a+u)sinv, (a + u) cos v, a),
v

ou
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Figure 29: The surface F for a = 1.

that the normal vector is given by
(31 €9 €3
N(u,v) = CoS v sinv 0 | =(asinv,a cosv,a+ u),

—(a+u)sinv (a+u)cosv a
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Calculus 2c-8 Surface integral

thus
IN(u, )| = Va* + (a + u)*.
Then we can compute the surface integral,

a20?
= | IN(w, v) || du dv

22
——dS =
/7—' Va2 +z24y2 Va2t (a+u)?

a 2u a ’1)3 2u
= a2/ {/ v? dv}du = a2/ {—} du
0 0 o L3 1o

8 @ 2 2
= §a2/0 u3du:§a2-a4:§a6.

Example 1.12 A surface of revolution O is given in semi polar coordinates (o, p, z) by

€ [0, 2al, v € [0,27], z=/a?+ 02,

where a € Ry is some given constant.
1) Sketch the meridian curve M.

2) Show that the line element ds on M is given by

2 2 2
CL2 + Q2
3) Compute the line integral

/ zods.
M

4) Compute the surface integral

1
——dS
0 221/22 + o2
A Surface of revolution, line integral and surface integral.

D Standard example.

2) From
dz = 2 do,
Va2 + o?
follows that
a® + 20°
(do)? + (dz)? PR + 5 d PEEwE do.
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I1)

Figure 30: The meridian curve M for a = 1.

3) We conclude from 2) that

2a 2 2 2a
a®+2
/2Qd8 = / \/a2+92-9-\/702+§2 do= Va2 +20% - pdo
M 0 0

[(a2+292)% 26 s 13 5

o 1 N3\ _ 1 3 03 _ _
L:O—E{(9a)2}—ga (3 —1)—Fa —Ea

1 2
4 3
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4) Again we get by first applying the result of 2),

1 2 1 a? + 20°
0 22/2% + ¢? 0 (a?+0?)y/a? + 20? a*+o
2 /2‘1( 24 %) pdp =2 ! )
= 2r a”+o odo=2m |——F——=
0 @+ ],

11 1 _2_7r<1 }):2(5\/3)73
5

2”(5‘%'5)—a 5

Example 1.13 A surface of revolution O is given in semi polar coordinates by

2
0 € [a,2a], v € 10,27, z:2a—g—7
a

where a € Ry is some given constant.

1) Sketch the meridian curve M, and show that the line element ds on M is given by
1
ds = o Va2 + 402 do.

2) Compute the line integral

/ 1/2—Eds.
M a

3) Compute the surface integral

1
——dS.
/O az + 902

A Line integral and surface integral.
D Apply the standard methods.

I 1) When we use the parametric description

2
M: (Q?Z): <Q72a_9_>a QE[G,ZQ],

a

the square of the weight function becomes

do\? dz\* 20\> 1 9 9
ce ) e (222) = = 4
(d9> ’ (dg) +( a 2 (@ +ie),

hence

1
ds = = /a2 + 4% do.
a
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Figure 31: The meridian curve M for a = 1.

2) Then by 1) and the substitution ¢ = 40,

/Fds / 2(2) L /@ 1 do

16a2

1
= %\/a2+492d9: o Va?+tdt

a a 4a?

1 9 s 16a? s 5
= @ |:§ (a2—|—t)2}42 :W {(17(12)2 —(5(12)2}
_ IWIT-5V5
N 12

3) By first intersecting the surface ©@ with the planes z = constant, we get

1 2 Za 9
/7d5:/ ' d5:/ e \/a T 402 do
M a

902 2 2a2+802
o az+90 a<2a—g)+992 a*+8p0
a

_772(1 e Tl 22a_77‘/ 2_\Jr 2
-l 7md—;[z “”‘QL—E{ 170?52}
™
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Example 1.14 A surface of revolution O is given in semi polar coordinates (o, p, z) by
0=V 22+ 2az, z € la, 2al, v € [0,2m7],
where a is some positive constant. The meridian curve of the surface is called M.

1) Explain why M is a subset of a conic section, and indicate its type and centrum. Then sketch M.

2) Show that the line element ds on M is given by

gs 2P FAazta
22 4+ 2az

3) Compute the surface integral
|z[(z + a)

4) Ezplain why O is a subset of a surface of a conic section. Find its type and centrum.

ds.

A Conic sections, meridian curve, surface integral.

D If only the surface integral is calculated in semi polar coordinates, the rest is purely standard.

Figure 32: The meridian curve M and the corresponding conic section (dotted) for a = 1.

I 1) We get by a squaring and a rearrangement that M is a subset of the point set given by
(z+a)* — ¢* = d*.

This describes in the whole PZ-plane an hyperbola of centrum (0, —a) and half axes a and a.
2) The line element on M is given by

d ( 22 4+ 2a )2d
z = S —— z
222 + 2az
z + 2az + a? 222 4+ daz + a?
dz = \| ——=————dz.
2242z 22 + 2az

ds
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3) First express the integrand in semi polar coordinates on the surface:

_ lzl(z+a) _ ofcosep|(z+a)

f(l'vyvz) - \/m - 0

= |cosg|(z + a).
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Calculus 2c-8 Surface integral

Then the surface integral becomes

|z[(2+a)

2a 27 2 2
2z°4+4az+a
——2_dS = cospl(z+a)o(z)d ———dz
(ol L ool arnte o}y 2
5 2a ) 2 4 2
= 2/ cos<pd<p-/ (z4a)V224+2az - Mdz
—x o z442az

2a
= 4/ (z+a)V222 4+ 4daz+a?dz
2
= V222 +4az+a? d (22° +4az+a?)

2 - 9 N 2a
= § [(22 +daz+a )2}
3 3
= {(8@ +8a’+a ) — (2a2+4a2—|—a2)2}
3
2

= 2wt - (7)) = 20rviT - VA

4) The curve M is a part of an hyperbola, cf. 1), and the axis of rotation intersects the foci of
the hyperbola. We therefore conclude that O is a subset of an hyperboloid of revolution with
two nets and centrum (0,0, —a).

We get the equation of the hyperboloid of revolution by replacing o2 by 22 +y? in the expression

from 1),
(z+a)2fx27y2:a2,

or in its standard form,

(20 - () - () =n

The surface O it that subset which lies between the planes z = a and z = 2a.

Example 1.15 A surface of revolution O is given in semi polar coordinates (o, p,z) by

0 << 27, a < p < 2a, z:alng,
a

where a is some positive constant.
1) Sketch the meridian curve M, and find the line element ds on M.

2) Compute the line integral

1
—d
/M /(I2+,Q2

3) Compute the surface integral

/(9 <z+a exp 2) ds.
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08
0.7
06
05

0.3
0.2
0.1

Figure 33: The meridian curve M for a = 1.

A Surface of revolution, meridian curve, line integral, surface integral.
D Standard example.
I 1) The line element ds on M is given by

2 2 D) D)
dS\/1+(dZ> dg\/1+ (“) do= YU g,
0 0

do

2) By using p as variable it follows from 1) that

1 2a 1 /2 2 2ad
/ 7ds:/ VA dQ:/ —Q:[lng]iazlnl
M/ a? + o2 a a?+g? 4 a 0

3) The surface element on O is given by

/02 + o2
dS = pdpds = gudwdgz Va?+ o*dodyp,

4

so accordingly the surface integral

[feoow@les = [T{ (somorom (52)) virs s

a

2a 2a
= 0+27r/ g\/a2+92dg:7r/ (a2+g2)%d(a2+g2)
a 4

=a

= e )] = S {6 - et

- Qg (5v/5 — 2v2) a®.
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Example 1.16 A surface F is given by the parametric description
r(u,v) = (", e’ u+v), u? + 0% < 1.
1) Show that the normal vector of the surface is given by
N(u,v) = (—e“”, —e“,e“'H’) .
2) Find an equation of the tangent plane of F at the point r(0,0).

3) Compute the surface integral

1
——dS.
/]-' Va2 +y? + e

A Surface integral.

D Use that dS = |[|N(u,v)|| du dv.

Figure 34: The surface F.

I 1) We conclude from
or or

%z(e ,0,1) and %:(076 1),

that
e, €, e

or Or
N(uv) = g% 5, =
0 e’ 1

2) From r(0,0) = (1,1,0) and the normal vector N(0,0) = (=1, —1,1) we get the equation of the
tangent plane

OZN(O,O,O) ’ (x—l,y—l,z) = (_17_171) ’ (m—l,y—l,z) =—zr+1-y+1l+z,
thus by a rearrangement

r+y—z=2.
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3) From |N(u,v)||? = €2 + e?* + 2472 follows that

/ 1 S = / \/eZu + e2v + e2u+2v
FA/x2 + y2 1 22 w2 2<1 \/62u + 20 4 e2ut2v

I

dudv=m-1%=T.

Figure 35: The surface of Example 2.1.1.

Try this... #E  options

The sequence 2.4 L. 810,12, 14 16, ... 1S
(TL\?, SCC?U@,V‘.C@ O»,[ evén u)i/to|e_ V]Umlge,r_g‘ TLIG,

|00t ,olace T8 HHS Z)%{Uemce 'S the number...
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2 Surface area

Example 2.1 Compute in each of the following cases the surface area of a surface F, which is the

graph of a function in two variables, thus
F=A(z,y,2) | (x,y) € E, z=Z(z,y)}.

1) The surface integral f]_. dS, where
11 44
Z(z,y) =1+ 2z + 2y./y, (z,y) €10,1] x [5,5} .

2) The surface integral ff dS, where

2

1
Z(x,y):x——k?)y, hvor—lgxglog—ngSygl.

2

3) The surface integral ff dS, where

Z(x,y) = %W,hvorlgﬂ—i—gf < 2.

A Surface area in rectangular coordinates.

D Find the weight function

dg

2 g 2
N||=4/1+ =2 ) =1 2,
NI =1+ (52) + (52) = viFTwal
and then compute the surface integral with the integrand 1.

Here /g = (2,3./y), so the weight function is

VIH[vgl? = Vi+d+9y=1/5+09y,

55
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Figure 36: The surface of Example 2.1.2.

and we find the surface integral

44
v 1 2 5
/dS - /\/5+9ydxdy:/9 V5 +9ydy === [(5+9y)%}
F E b 9 3 2
2 (s a2 s sy 2 2 231 62
= {0t -6l (P-4} = s -6 = 219 = =

s ebook 1s prooucen with iText®
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//\)/\/\/\)/\/,/“\\\\\‘\\\\\\\\
y )

Figure 37: The surface of Example 2.1.3.

2) We get from /g = (,3) that \/1+ || 7 ¢]|? = V10 + 22. The surface area is

/dS
f

1 1
[ Vo iay - | {/ 2¢mdy}dx
E -1 /%
1 2 1
/ (1—|—x6> \/10+x2d;v:%/(6+m2)\/10+x2dw.
0

-1

Then by the substitution z = /10sinht, t = Arsinh(i)

[ as
f

V10

(6 + 10sinh? t) - V10 cosh ¢ - v/10 cosh ¢ dt

3 Jo
20 Arsinh(ﬁ)
3 Jo

20 Arsinh( 75
3 0

5 /Arsinh(\/lfo)

1 /Arsinh(\/lﬁ)

(3 + 5sinh?t) cosh? t dt
) (3 5 .,
{5(1 + cosh 2t) + 1 sinh 2t} dt

3 Jo
5 /Arsinh(\/lro)

5
{6 + 6cosh 2t + §(cosh4t - 1)} dt

A {7+ 12 cosh 2t + 5 cosh 4t }dt
0
5 Arsinh(\/%fo)
7t 4 6sinh 2¢ + 1 sinh 4t]
0

Arsinh(—%)
[7t +12sinh tV/1 + sinh? ¢ + 5sinh £v/1 + sinh? ¢ - (1 + 2sinh? t)} Vi

0

Tin [ —— /2 ) 2 L s L ,/E (1+2)
vio V1o v10 V10 vio V10 10

1+4/11 12 6 35 6+ 11 3
ln<m >+1O\/ﬁ+10\/ﬁ}12h1<5 >+2\/ﬁ

S| Ut | Ut O] Ot

| Ot
—N— —
\]
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3) Here

2xy rm—Yy 1 2 2
= |- = -2 —
v~ (g ) = g )

SO

1 1
2 2, 2 2 2\2
\V4 = —— (42 + — =
” g” (3;‘2 y2)4 ( Y (:L' Y ) ) (xQ y2)2

The surface area is

s
V1
/dS’ /2 V14 (22 +y?) dxdy—27r/ +Q
F z? +y?
V2 \/5 .
B 27T/ \/1+g 4% do / 1+tdt_7r/ u-2u du
1

4 t 2 s w1

4 11 11 1. u—11"°
= T 1+——7—— du:’iT U+—1n

1 5—1 \/_+1
- e (B2 2]
_ ﬂ{f_mln(w f+1>}

= 1{V5-Vv2+In(v5-1)+In(v2+1) —In2.

Example 2.2 Calculate in each of the following cases the surface area of a surface of revolution O,
which is given by a meridian curve M in the meridian half plane, in which o and z are the rectangular
coordinates.

1) The surface area fo dS, where the meridian curve M is given by the parametric description

(0,2) = (2sin®t,3cost — 2cos’t) , le {07 g} .

2) The surface area fo dS, where the meridian curve N is given by the parametric description
(0,2) = (a sin®t, a cos® t) , t €[0,n].

3) The surface area fo dS, where the meridian curve M is given by the parametric description
(0,2) = (bsint,a cost), t e [0,7].

4) The surface area fo dS, where the meridian curve M is given by 2% + 0% = az.

5) The surface area fo dS, where the meridian curve M is given by o = 23 for x € [0,1].
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Figure 38: The meridian curve M of Example 2.2.1.

A Surface area of a surface of revolution.

D Use either semi polar or spherical coordinates and the area element ody ds, where ds is the line
element, thus if e.g. z = g(p), then

ds = \/1+ g'(0)* do,

and similarly.

We get from

r(t) = (2sin®¢,3cost — 2cos’ t)

that

r'(t) = (6sin®¢ - cost, —3sint + 6 cos’ ¢ - sint)

thus

e’ ()12

and accordingly

(GSin2 t- Cost)2 + (—3sint + 6cos?t - sint)2
36sin*t - cos® +9sin’t (2 cos?t — 1)2
9sin? ¢ (sin2 2t + cos> Qt) = 9sin?¢,

ds = |v'(¢)||dt = 3|sint|dt = 3sintdt fort € [0, g}

27 % % .
/ / 2sin®t - 3sint dt dcp:27r~6/ sin” ¢ dt
0 0 0

Then

[ as
o

5 3
37r/ {251n2t}2dt:37r/ (1 — cos 2t)> dt
0 0

3 / |~ 2cos2t+ - 4+ cosdt Lt = 37 - 2
s — 4 COS - — COS = o7 - = -
0 22 2

59
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Figure 39: The meridian curve M of Example 2.2.2 for a = 1.

0.59

0.5

—14

Figure 40: The meridian curve M of Example 2.2.3 for a =1 og b = 2.

2) From r(t) = a (sin ¢, cos® t) follows that
r'(t) = a (3sin® ¢t cost, —3cos’t sint) = 3asint - cost(sint, — cost),
hence
|lt'(t)|| = 3asint - | cost|, t € [0,7].
(Remember the absolute value). The line element is
ds = ||t'(t)|| dt = 3asint | cost| dt.

Finally, it follows from ody = asin®tdy that

2 g
/ s = / {/ asin3t~3asint|cost|dt} de
o 0 0

z 2
= 27r-3a2-2/ sin%costdtz%az.
0
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3) Here

ds = ||t'(t)|| dt = Vb2 cos2t + a2 sin® tdt = Va2 + (b2 — a2) cos? t dt, t €10, ],

thus
27 T 1
/ ds = / {/ bsint /a2 + (b2 — a?) cosgtdt} dp = 47Tb/ Vva? + (b — a?)u? du.
o 0 0 0

We shall here consider three different cases.
a) If a = b, then

1
/dS:47m/ adu = 4ra?,
1] 0

and the surface area of the sphere is 4ma?.
b) If 0 < b < a, then

1 b2
/dS:47rba/ 1—(1——2)u2du.
o 0 a
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b2
Then by the substitution 1/1 — — u = sinv,
a

Arcsin(y /1—2—2)
/ ds 47rab/
O

- 1
1—sin?v- ——— cosvdv

b2
\ 1=
a
Arccos(2) Arccos(®)
4mab @ 2mab
= \/Lbz/ COSQ’UCZ’U—\/LH/ (14 cos2v) dv
Arccos(2)
2 1 a
= Wiab Arccos é + | = sin2v
b2 a 2 0

-2
2mab B> b 2mab
= e Arccos +14/1 - — - = @ Arccos | — | + 27b?
b2 a a 2
-2 -2

¢) If 0 < a < b, then

1 b2
/dS:47rab/ 1+(—2—1)u2du.
o 0 a
b2
Then by the substitution |/ — — 1u = sinhwv,
a

Arsinh( ——1) 1
/ ds = 47mb/ V1 + sinh? v - e cosh v dv
@) 0

2
4 b ln 7_1 2 b In g—l— 27—1
e / cosh2 vdp = 72 ( ) (cosh2v + 1) dv

b? 82 Jo
a2 “
2 2
= Lab In 9+\/b__1 +\/b__1.9
B2 . a a? a? a

2

a
2 2

- 7r7abm<g+ b—2—1>+27rb2.
b2 a a
i

4) Tt follows from the figure that the meridian curve is a half circle of radius %. Thus the integral

/. o @5 is equal to the surface area of the sphere, i.e.
2
/ dS =4r (ﬂ) = 1a®
o 2

according to Example 2.2.3 with a = b.
ALTERNATIVELY,

Q:\/(g)2—<z—%)2, for z € [0.a],
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Figure 41: The meridian curve M of Example 2.2.4 and Example 1.3.8 for a = 1.

in rectangular coordinates, so

an 2
-3

(3) -G-35)

™ . . . . .
ALTERNATIVELY, r = a cos 0, 0 € [O, —], in spherical coordinates, and o = 7 sin = a sin 6 cos ),

2
and
dr\?
ds = 2 — | df =adb
S r +<d9> ado,
thus

™

/dSzZﬂ'/2 a sinf cosl-adf = a’n [sinze]og = a’7.
Q) 0

5) Since ds = V1 + 9z* dz, we get

1 2 1
/dS - 271'/ z3\/1+9z4dz:—7r/ VIt otdt
(@) 0 0

4
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Figure 42: The meridian curve M of Example 2.2.5.

Example 2.3 Consider the space curve K given by the parametric description

r(t) = (3COSt720083t,281n3t,3008t), te [0, g] .

1. Show that the curve has a tangent at the points of the curve corresponding to t € }0, g] .

2. Show that the curve has a tangent at the point corresponding to t = 0.
3. Find the length of K.

The curve K is projected onto the (X,Y)-plane in a curve K*. Let O denote the surface of revolution
which is obtained by rotating the curve K* once around the X -axis; and C denotes the cylinder surface
which has K* as its leading curve and the Z-axis as its direction of generators, and which is lying
between the curve IC and the plane z = —zx.

4. Find the area of O.

5. Find the area of C.

A Length of a space curve; area of a surface of revolution and a cylinder surface.

D Calculate r'(¢) and show that r'(¢) # 0 in }0, g[ Check what happens for ¢ — 0. Find ||r’/(¢)]].
Finally, compute the surface areas.

I 1) We get by a differentiation
r'(t) = (—3sint+6cos’tsint,6 sin?t cost, —3sin t)
= 35int(20052t—1,251ntcost,—l)
= 3sint(cos2t,sin2t, —1).

Clearly, r'(t) # 0 for t € ]O, g[, hence the curve has a tangent in each of the points corre-

E

"(t) = (cos 2t,sin 2t, —1) — (1,0, —1) # (0,0,0) for t — 0,

sponding to t € ]0,

ol

2) It follows from
1
—r
3sint

that the curve has a tangent (actually a “half tangent”) at the point corresponding to ¢ = 0.
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Figure 43: The space curve K and its projection onto the (X, Y')-plane.

3) From
[v'(#)]|* = (3sint)? - {cos? 2t +sin® 2t + 1} = (3v2sint)?,

follows that the length of the curve I is
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Calculus 2c-8 Surface area

(= 3\/5/72r sintdt = 3v/2[— cost]E = 3v/2.
0
The projection of the curve onto the (X,Y)-plane has the parametric description
¥'(t) = (cost{3 — 2cos®t},2sin’¢,0), te [0, g} .
By glancing at 1) we get
¥ (t) = 3sint (cos2t,sin2t,0) og ||¥'(¢)|| = 3sint.
4) The surface area of O is

area(0) — / " onj(t) - |F (1) de

0

— 277/ 251n3t-3sintdt=37r/ (2sin®t)* dt
0 0

Bl Bl
= 377/ (1—cos2t)2dt:37r/ (1 — 2cos 2t + cos? 2t) dt
0 0

2 . z 2 2 2
= 3% — 3r[sin 24 + 37”/02 (1+ cos 4t) dt = 3% n 3% - 9%.
5) The surface area of C is
area(C) = / (Bcost +2(t)} - |[F/(8)]| dt = / {6cost — 2cos® ) - 3sint dt
0 0

= 3/2{37c032t}.sin2tdt: 2/2(576082t)~sin2tdt
0 0
15

15 [ 3 (% 15[ 1 Po3 x
= ?/0 sin2tdt—1/0 sin4tdt:?{—§ cosZtL—i—l—G[cosélt]oz:?.

Example 2.4 .

1. Find the length of the curve K given by the parametric description

r(t) = (3 (1 —t2)2,8t3,0), teo,1].
Choose K as the leading curve for a cylinder surface C with the Z-axis as its direction of the generators.
2. Find the area of that part of C, which lies between the curve KC and the plane of equation z = 1+y.

A Curve length; surface area.

D Find ||r/(t)]] and integrate. Then find the surface area.
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Figure 44: The space curve K.

I 1) We get from
v/ (t) = (—12¢ (1 —12),24¢%,0) = 12¢ (> — 1,2t,0)
that
I/ (£)]|2 = (126)2 - {t* — 26 + 1 + 462} = (120)% (> +1)%,
and thus
e/ (8)]| = 12t (¢ +1).

Hence, the arc length is

1 1 1
(= / |x'(t)]| dt = / 12¢ (2 + 1) dt = 6/ (u+1)du = [3u? +6u](1) =9.
0 0 u=t2=0

2) The surface area is

4 = /1[1 +yly=ses - ' (t)]| dt = /1 (148%) - 12t (2 +1) dt

0 0
1 1467

! 1
496 O+t dt=9+96(=-+=)=—-.
- /0( +t) - <7+5) '

Example 2.5 Find the area of that part C of the cylinder surface of equation x* + y? = 9, which is
bounded by the plane z = 0 and the surface of equation z = 1 + x2.

A Area of a part of a cylinder surface.

D Just compute.

I When we integrate along the curve
K: (z,y) = (3cosyp,3singp),

we get

2m
area(C) = / (1+2?)ds = / (1+9cos? ) - 3dp = 67 + 277 = 33.
K 0
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Example 2.6 Given a curve K in the (X, Z)-plane by

= 4% 1,2
z=\r—35) > x € l,2].

1) Find the length of K.

2) Find the area of that surface F, which is created when K is rotated once around the Z-axis.
A Curve length, surface area.

D Find the line element

dz
— . /1 -

and compute [ ds and 27 [,z ds.

Figure 45: The curve K.

I 1) We get from

dz _3 [ _4
dz 2 9’

the line element

9 4 3
= 1 — — = = —
ds =4/ +4 <x 9) dz 2\/§da:,

and the curve length becomes

eg/IQﬁdx[x\/E]§2\/§1.

2) The surface area is according to a formula

2
2
area(]—'):27r/:vds:27r-g/ x\/de:27T~g~g[ch\/E]f:%T(AL\/i—l).
1

K
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Figure 46: The surface of revolution F.

Example 2.7 A cylinder surface C has its generators parallel to the Z-axis and its leading curve K
in the (X,Y)-plane is given by the parametric description

r(t) = (£ —t,t*+1), te [0,?] .

Find the area of that part F of C, which is bounded by the plane z = 0 and the plane z = 8y — 8.

A Surface area.

D First find r'(t).

032 o

Figure 47: The curve K.

I First note that z = 8y — 8¢ = 16t > 0 on K. Then

v'(t) = (2t—1,2t+1), |r'()] = V2- V42 + 1.
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SN

Figure 48: The surface F.

When we insert into the formula of the area of a cylinder surface with a leading curve, then

V3

2

area(F) = /(8y—8x)ds=\/5/\?16t~\/4t2+1dt:2\/§[§( 4t2+1)3]
K 0
42 ( 3 )31 _ v

0

4. —-41
3 4+ 3
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Example 2.8 Find an equation of the tangent plane of the graph of the function
9(@,y) = 2xy,  (z,y) €[1,4] x[1,4]

at the point (x,y) = (2,2). Find the area of the graph.

A Tangent plane and surface area.

D Find the approximating polynomial of at most first degree at the point of contact.

Figure 49: The graph of f.

An equation of the tangent plane of z = g(z,y) is

z = Pi(z,y) =9(2,2) +v9(2,2) (x -2,y — 2)
= 2f+(\/7 \/>)(xy) - Az —2,y—2)
= 2\f+(\7 7) (x -2,y — )—2\/_+7§(x+y 4) = \}ix-i-

thus
x+y—\/§z=0.

Then according to some formula, the area of the graph is

/E\/dedy— {/1/1+—+ da:}dy

= {/ \/— (2zy +y° +3:2)da: dy— /14,/ 19" g, dy

— /4%{/4(3024—3496 2)dx}dy—\/_/4 ! E LIe 5]4 dy

- 8—1)+2y(2—1) dy = S yTE 27 b dy
5l 5 sl s

_ [ -

4;4
+3ut] =SS+ -

1

co| o
w\»—-

Sl

Y,
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3 Improper surface integrals
Example 3.1 Given the meridian curve M of the parametric description
o=acost, z=a{ln(l+sint)—Incost—sint}, te [0, g[
When this is rotated we obtain a surface of revolution O (half of the pseudo-sphere), which stretches

into infinity along the positive part of the Z-axis.
Find the integral which gives the area of that part of O, which corresponds to [0,T], where T < g

Then find the area of the pseudo-sphere by letting T — g

A Surface area of an infinite surface of revolution; improper surface integral.

D First find the curve element ds on M. Then compute the surface area of O, i.e. the surface
corresponding to t € [0, 7], where T' < g This means that we shall compute

o /O ol ds

Finally, take the limit T — gf'

I First calculate

r'(t)

. cost sint ., cost-(l—sint) sint
al|—sint, ———— + —— —cost | =a | —sint, — + —cost
1+sint  cost 1 —sin"¢ cost

( . 1—sint+sint — cos?t
= a | —sint,
cost

) =asint- (—1,tant).

Figure 50: The meridian curve of the pseudo-sphere.
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Hence
int
ds = |r'(t)|| dt = a|sint|V1+ tan?tdt = a Lnt dt = a tant dt,
COS

and accordingly,
T
area (Orp) = 27r/ o(t)ds = 277/ a cost - a tantdt
Or 0
T
= 27ra2/ sintdt = 2ra®(1 — cosT).
0

Finally, by taking the limit we find the improper surface area

areal(0) = Tliqu areal (Or) = 2ma®.
—5—

REMARK. Notice that the “half” pseudo-sphere” has the same surface area as the usual upper half
sphere of radius a. ¢

Example 3.2 Check in each of the following cases if the given surface integral is convergent or di-
vergent; in case of convergency, find the value.

1) The surface integral ff m dS over the surface F given by az = x> +y?, (x,y) € R2.
a+4z

2
2) The surface integral ff % dS over the surface F given by x? +y? = a®, z € R.
22 +a

3) The surface integral f}. y? exp <%) dS over the surface F given by x% + 3% = a?, z € R.

1
4) The surface integral [, P ) dS over the surface F given by z = \/2zy, (z,y) € |a, +oo[>.

+y)
A Tmproper surface integral.

D First analyze why the integral is improper. Then truncate the surface and split it into the positive
and the negative part of the integrand. Finally take the limit.

I 1) The surface is a paraboloid of revolution.
1 1
z=—(2+y*) =-0>0.
a a

1
The integrand is > — > 0 everywhere on the surface.
a

1
The surface is described as the graph of the equation z = ~ (22 + y?), so the weight function
a

becomes

0z\? 9z\° 22\ ° 2y 2 4,
V”(%) “(3) V”(?) (%) =y e
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Calculus 2c-8 Improper surface integrals

We choose the truncated domain in polar coordinates as 0 < o < R. It follows from the above
that the area element is

4
dS =11+ — 0? ododep,
a

hence the surface integral over the truncated surface Fpg is

/;ds / /R;,mi dobd
Fr ((Z+4Z)2 - o 0 ( 492>2 a2 oap P
“te

27 R 14 4 4 3 g2 90 d

- a? ), a2 ? 9 4 gz %
R

21 d? 2 1

= S-3 1

S00T NG SWHSAS WL SRl
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This expression clearly converges for R — +00, thus the improper surface integral is convergent
of the value

3

1 ™ 1
—— _dS= lim - |1-—— | = .
/ a+4z2)2 R—+o00 2 4 2
@+ 12) - .
a
2) The surface is an infinite cylinder surface with the circle in the X'Y-plane of centrum (0, 0) and
radius a as its leading curve. By using semi polar coordinates we get

T=acosp, y=asny, z=z, pel0,2n], z€R,
and
dS = adpdz.

The integrand is positive, so we choose the truncation |z| < A. Then

2 2 2 2
[ aomas = {/ %.W}d@
Fa ? +a 0 _A 2 +ta
27 A
1 1 A
= / 0052¢d¢~a2/ 42~—dz:a27r-2Arctan(—>.
0 _A1+(E> a a
a

This expression converges for A — 400, and we conclude that the improper surface integral is
convergent with the value

2 A
/ T dS = lim a?m-2Arctan <—) = a2
f

22 4 a? A=too a
3) By using semi polar coordinates it is seen that
T=acosp, y=asnp, z=2z, pelo,2n], zeR
The surface element is
dS =adpdz.

The integrand is positive everywhere, so we choose the truncation |z| < A. Then
27 A
/ Y% exp (—M> s = / / a®sin® ¢ - exp (—|i|>adz dy
Fa a 0 _A a
A A
= a7 2/ exp (—f) dz = 2a%r - [_ exp (_fﬂ
0 a a’/lo
A
= 2ma* {1 — exp (—) } .
a

This expression is clearly convergent for A — 400, thus the improper surface integral is con-
vergent with the value

/ y% exp <M> dS = lim y2 exp <M> dS = 2ma*.
F a A—+oo Fa a
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4) When the surface is the graph of z = /2xy for x, y > a, then the surface element is

L (Y (Y dedy = i Yt E dna
ox Jy 4= 2¢ 2y 4
2xy + 3% + 22 4y

= —— dvdy = —=dx dy.
2zy T V2zy R

The integrand is given on the surface F by

ds

1 1

2z +y)  V2ry(r +y)

which is clearly positive, because x, y > a.

For every A > a we define the truncation by a < z, y < A. Then the surface integral over the
corresponding truncated surface F4 is

e R

—%{/ﬂ“‘i—m}.{/GA%}_%{[lnt]ﬁ}z—%{ln<§)}2ﬂ+oo for A — +o0.

We conclude that the improper surface integral is divergent.

5) The surface is the same as in Example 3.2.4, so the surface element is

r+y
V2xy

The integrand is on the surface F given by

ds = dx dy.

1 1 1 1 1

22y - 22y - 1Y T2 2 Y2

This is positive, so we shall again use the truncation a < z, y < A. Then

1 AL 41 1 1 z+y
as=1 | = = = dz b d
/fA 2y /a {/a 2 2 2 amy Y

1[4 s 4 s 1[4 s Ay
=_—_ “5Sdr - -34 +_/ 34 / 34
_1{2]“[2 1]“ 2\/§<1

v va) (aa - ava)

Vel Val, |3 ywyl, 3
2v/2 1 1 2v/2

. = for A )
3 Va aya @ 3a? or A ee

The improper surface integral converges towards the value

1 2v/2
/ > dS:L;.
F2exy 3a
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Example 3.3 Check in each of the following cases if the given surface integral is convergent or di-
vergent; in case of convergency, find its value.
Let S denote the sphere of centrum (0,0,0) and radius a, while F is given by az = x2+y?, 22 +y? < a®.
1
1 —dSs,
) Is a—z
a
2) [—dS,
Is 2|
3) [, —_as
Fa—z"""

/) ff\/gds.

A Tmproper surface integrals.

D Analyze why the integral is improper. Since the integrands are > 0 in all cases, we shall only find
some nice truncations of the surface.

I 1) Since |z] < a on S, the integrand is >0on S\ {(0,0,a)}. The integrand tends towards

+o00, when (z,y,z) — (0,0,a) on 8.a o
When we use spherical coordinates on S,
xr=acosp-sinf, y=asinp-sinf, 2z =a cosb,
for
v € 1[0,27], 0 € [0,n],
it is well-known that

dS = a®sin 6 dp df.

The singular point (0,0, a) corresponds to § = 0, hence we choose the truncation 6 € [e, 7],
where £ > 0 corresponds to the subsurface S.. When we integrate over S, we get

1 2 iy 1
/ ds = / {/ — sin@d@} dy
s.a—z 0 . a—acosf

T sinf x
= 2ﬁal 1——0080 df = 27ma [h’l(l - COSQ)]E

= 27ma{ln2 —1In(1 —cose)} = 2maln

2sin 5

1
= darln = — +00 for e — 0+,
sin —

2
and the improper surface integral is divergent.

2) In this case the integrand is > 0 on Sy, where Sy is the set of points on S, which is not contained
in the XY -plane, where the integrand is not defined. We use again spherical coordinates. Due
to the symmetry it suffices to consider the domain

S, v €10,21] og 96[0,%—6}.
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From z = a cos# and dS = a?sin 0 df dyp, it follows by insertion that

2m 5—¢
/ 2as = / {/ ¢ -aQSinﬁdG}dcp
s. VIl 0 0 \ a cosf

= 271a’

0 Vcosd
= 4ma*{1 — Vsine} — 4ma® fore - 0+.

We conclude that the improper surface integral is convergent.

For symmetric reasons the value is

/ [ 45 = lim 2/ L dS =2 dra® = Sra?.
sV 17l =0+ Js.  |2]

sin 0 df = 27a’? [—2@}576
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2

1
3) The surface is the graph of z = — (22 4+ ¢?) = Q—, so the area element is
a a

2 2 2
is = (J1+ (% + 9N dwdy = 1+ (22} (%) dway
Oz y a a
= 1\/a2Jr4(:v2+yQ)dzdy:lx/LLQJrZLQQ-gdgd(p.
a a

The integrand is the same as in Example 3.3.1, and since z < a on F, it is positive for z < a.
We choose the truncation in polar coordinates by

Fe: 0<o<a-—g ¢e€l0,2n]

Then by insertion,

1 27 a—e
/ ds = / / \/@2—1—4@ odo p dp
F. A= 2 0 0 o g
a

:27r/
0

= aw[ ln(a fg)]
= ar{lna®—In(a® - (a—¢€)*)} — +oo

a—¢g 1
2\/a2+492d92aﬂ'/ —— " 20dp
as —Q
0

a—e

for € — 04, and the improper surface integral is divergent.

The singular point is (0,0,0). We choose the truncation
Fe: v €1[0,2n], o€ [e,al,

and

2

1
z:%>07 dSzE\/a2+492ngd<p.

Then by insertion

27
/\/st / /,/a—2 i\/a2+492gd9 dg
a | 20\ > 2
= 27ra/ 1—|—<—Q> do {—stinht}
- a a

a a Arsinh 2
= 27ra/ V1 + sinh?¢ - 3 coshtdt = wa® / cosh? t dt
o=¢

Arsinh 2=
2 ,Arsinh 2 2 Arsinh 2
1
= ﬂ/ (1+ cosh2t)dt = U {H— sinth}
2 JArsinh 2e 2 2 Arsinh 2=
2 a? Arsmh 2
- Arsinh 2 — Arsmh — + — {Slnht V1 + sinh?¢t ]
2 2 Arsinh 2=

2
- % Arsinh 2 + %{11@(2 +V5) + 25}
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for e — 04, and the improper surface integral converges towards the value

/f \/gdS _ %ﬁ{ln@ +V5) +2V5).

Example 3.4 Check if the surfaces of the bodies of revolution of the Examples 2.3 and 2.4 in
Calculus 2¢-6, Example of Space Integrals, can be given a finite area.
(These shall not be computed).

A TImproper surface integrals.

D Consult Example 2.3 and 2.4 of Calculus 2¢-6, Examples of Space Integrals. Since we are only
dealing with areas, the integrand is automatically positive. Truncate suitably before the compu-
tation of the surface integral, and then take the limit.

I Example 2.3. The curve K of the equation

y*(a—a) =2’

is rotated around the asymptote x = a.
For symmetric reasons it suffices to consider y > 0, thus

r :x%(afx)*%.

y=x
a—x

It was shown in Example 2.3 that

dy 1 T
W2 T (30— 2z).
de 2\ (a—2)3 (3a = 27)

The length of the circle C, (around the line 2z = a) at the height y(z) is 27(a — x), [In fact,
0<z<al.

If we truncate at the height y(z¢) corresponding to some zy € [0,a[, and remember the sym-
metry around y = 0 we get the corresponding surface area,

o dy
2 length (Cy) - —d
/0 ength (C5) el
0

r 1
:2/0 2n(a — x) - 5 (a—x) - (3a )dx—27r

o
:27r/ {a,/ L +2\/x(a—x)}dm, 0 <z <a.
0 a—x

We conclude that the surface has a finite area. The only problem is the term

{a+2 a—1x)}dr

in the

a—x
integrand, and

1
0< * <+Va- for 0 < z < a,
a—x a—x
and
o dx N
| = = e e — 2va- vam),
0 —
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which converges towards 2/a for xy — a. Since the area of the surface is smaller than this
value, we conclude that the improper surface integral exists.

x
REMARK. One can in fact find the exact value. Putting t = —— we get
a—z

at a
T = =a— ,
t+t t+1
thus
a
dx = dt,
ERGEEE

/ 1
271'/ dx—27ra/\/_ t—|—1 dt—27ra/ ( 1) 2udu

_ 2 u 1 o 2 u
= 2ma {u2+1+/u2+1du}2ﬂa {Arctanuu2+1}

= 27a® { Arctan \ / a—z = 27a’ {Arctan

a—x

a—x

- Ve,

hence by taking the limit

27r/ a x dx:27m2{i—0}:772a2.
o Va—= 2

The latter integral is calculated by noting that y = y/z(a — x) for 0 < z < a describes a half

a a
circle of centrum 5 and radius > thus

2.2

a 1 2
i T (5) -
0

Summarizing, the improper surface area is convergent, and its value is

a2

Example 2.4. When the curve p = z € R, is rotated around the Z-axis, we get an

a? + 2%’
infinite surface which at the height z is cut into a circle C(x) of radius o(z), thus
2ma®

By putting

fk:{(xvyvz)eszlgka}, k‘>0,
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we get
ka 3 ka 1
F = 2 length(C dz = 4 —_
area (Fy,) /0 ength(C(x)) dz = 4ma /0 "
k
= 4ra? = 47a® Arctan k
o 1+1t2
—  4ma®- g =9272a% for k — +o0.

The improper surface area exists and its value is

area(F) = 27r%a?.

SIMPLY CLEVER
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Calculus 2c-8 Improper surface integrals

Example 3.5 A surface F is given by the equation
z=1+a2? -y (z,y) € R%

1. Indicate the type of the surface and its vertices.

2. Find an equation of the tangent plane of F through the point (2,1,4).

Let q be a positive number. Let F(q) denote the subset of F, which is given by
s= 1422 — 2 22 4 4? < g%

3. Compute the surface integral

1
I(q) = / ds.
( ) o) (Z+3.T2+5y2)3/2

4. FExplain shortly that

1
1= ds
/f (z + 3a2 4 5y2)3/2
is an tmproper surface integral and prove that I is divergent.

A Surface; tangent plane; surface integral; improper surface integral.

D Identify the type of the surface; e.g. set up a parametric description (or use a formula) and find
find the field of the normal vectors. Calculate the surface integral by a reduction theorem. Notice
that the integrand is positive, and finally take the limit.
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Figure 51: The surface F(q) for ¢ = 3 with the projection D(q) onto the (x,y)-plane.

I 1) It follows from the rearrangement

z—1=a% -y

that the surface is an equilateral hyperbolic paraboloid with its vertex at (0,0, 1).
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2)

It follows from the parametric description
I‘(le‘,y): ($,y,1+$2*y2), (x,y) GRza

that

% X g—z =1 0 2z |=(-2z2y1).
0 1 -2y
Then we check if the point (2,1,4) lies on F:
1+a2?2 -y’ =14+4—-1=4=z,
thus (2,1,4) € F.
The normal vector is in this point
(—2x,2y,1) = (—4,2,1) = N,

and an equation of the tangent plane is

0 = N-(z—-2,y—1,2—4)=(-4,2,1) - (z -2,y — 1,z —4)

= Adr+2y+2+4+8-2—-4=—-4dx+2y+z2+2,

hence by a rearrangement,

z=4r — 2y — 2.

The parametric domain for F(q) is the disc in the (x,y)-plane

D(q) ={(z,y) | 2> +y* < ¢*}.

Since z = 1 + 22 — y% on F(q), it follows by the theorem of reduction that

1 IN(z, )|
() /f(q) (z+3x2+5y2)3/2 _/D(q) (1+4x2+4y2)3/2 T ay
(14422 +4y?)1/? / 1
/D(q) (1+4a2+4y?)3/2 o D(q) 1+4(z*+y?) B

21 q 1 1 9 T 9

4) Now F is unbounded, so I is an improper surface integral. The integrand is positive on F,

hence it suffices to take the limit ¢ — +oo for I(g). Then

I= lim I(g)=2 lim In(1+4¢%) = +oo,

q—+o0 q—+o0

which proves that the improper surface integral is divergent.
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