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Preface

Preface

In this volume I present some examples of maximum and minimum, cf. also Calculus 2b, Functions of
Several Variables. Since my aim also has been to demonstrate some solution strategy I have as far as
possible structured the examples according to the following form

A Awareness, i.e. a short description of what is the problem.

D Decision, i.e. a reflection over what should be done with the problem.

I Implementation, i.e. where all the calculations are made.

C Control, i.e. a test of the result.

This is an ideal form of a general procedure of solution. It can be used in any situation and it is not
linked to Mathematics alone. I learned it many years ago in the Theory of Telecommunication in a
situation which did not contain Mathematics at all. The student is recommended to use it also in
other disciplines.

One is used to from high school immediately to proceed to I. Implementation. However, examples
and problems at university level are often so complicated that it in general will be a good investment
also to spend some time on the first two points above in order to be absolutely certain of what to do
in a particular case. Note that the first three points, ADI, can always be performed.

This is unfortunately not the case with C Control, because it from now on may be difficult, if possible,
to check one’s solution. It is only an extra securing whenever it is possible, but we cannot include it
always in our solution form above.

I shall on purpose not use the logical signs. These should in general be avoided in Calculus as a
shorthand, because they are often (too often, I would say) misused. Instead of ∧ I shall either write
“and”, or a comma, and instead of ∨ I shall write “or”. The arrows ⇒ and ⇔ are in particular
misunderstood by the students, so they should be totally avoided. Instead, write in a plain language
what you mean or want to do.

It is my hope that these examples, of which many are treated in more ways to show that the solutions
procedures are not unique, may be of some inspiration for the students who have just started their
studies at the universities.

Finally, even if I have tried to write as careful as possible, I doubt that all errors have been removed.
I hope that the reader will forgive me the unavoidable errors.

Leif Mejlbro
17th October 2007
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1 Maximum and Minimum

Example 1.1 Explain in each of the following cases why the indicated function has a maximum and
a minimum, and find these values.

1) f(x, y) = 8
√

x2 + 3y2 − 5x − y2 for x2 + 3y2 ≤ 4.

2) f(x, y) = x2 − 3y2 − 3xy for x2 + y2.

3) f(x, y) = xy + y2 − 5y − 3 ln x for x ≥ 1 and 0 ≤ y ≤ 5 − x.

4) f(x, y) = (x2 + y2 − 2y)(x2 + y2 − 6y) for x2 + y2 ≤ 36.

5) f(x, y) = xy +
64
x

+
64
y

for x ≥ 1, y ≥ 1 and xy ≤ 32.

6) f(x, y) = 3x2 + 3y2 − 2xy − 2x2y2 for x ≥ 0, y ≥ 0 and x2 + y2 ≤ 4.

7) f(x, y) = e−2y + e−y sinx for (x, y) ∈ [0, 2π] × [0, 1].

8) f(x, y) = x4 + y4 − x2 + 2xy − y2 for x2 + y2 ≤ 4.

9) f(x, y) = 8xy2 − xy3 − x3y for (x, y) ∈ [0, 4] × [0, 8].

A Maximum and minimum for continuous functions on closed and bounded (i.e. compact) sets.

D Apply the second main theorem. Sketch the domain. Apply that the maximum and the minimum
are either attained at an exception point or in a stationary point of on the boundary.

I All functions are continuous on a closed and bounded set, so by the second main theorem for
continuous functions the function has both a maximum and a minimum on the set.

With 1) as the only exception, all the rest of the functions are of class C∞ in the interior of
their respective domains. We shall therefore in all these cases only find the stationary points and
examine the boundary.

In 1) the function is continuous everywhere, and not differentiable at (0, 0), so this is an exceptional
point.

1) The domain is an ellipsoidal disc given by

(x

2

)2

+

(
y
2√
3

)2

≤ 1

of centrum (0, 0) and half axes 2 and
2√
3
.

a) The exception point. The function is of class C∞ everywhere inside the ellipse, except
for (0, 0), which is an exception point. The value of the function is here

f(0, 0) = 0.

b) Stationary points. In the domain given by 0 < x2 + 3y2 < 4, the equations of the
stationary points are

∂f

∂x
=

8x√
x2 + 3y2

− 5 = 0,
∂f

∂y
=

24y√
x2 + 3y2

− 2y = 0.

 Maximum and Minimum
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The latter equation gives the following two possibilities

y = 0 or
√

x2 + 3y2 = 12.
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The latter possibility is rejected, because
√

x2 + 3y2 ≤ 2 in the given domain. We conclude
that we necessarily have y = 0, whenever we have a stationary point, if any-
When y = 0 is put into the former equation of the stationary points we get

8
x

|x| = 5,

which is never fulfilled. We conclude that there is no stationary point in the domain.
c) Examination of the boundary. On the boundary, x2 + 3y2 = 4, hence

y2 =
1
3
(4 − x2), x ∈ [−2, 2].

When x ∈ [−2, 2] is used as a parameter, we get along the boundary

f

(
x,±

√
4 − x2

3

)
= 8 · 2 − 5x − 1

3
(4 − x2) =

1
3
(x2 − 15x + 44)

=
1
3

{(
x − 15

2

)2

− 49
4

}
=

1
3
(x − y)(x − 11).

The maximum in the interval [−2, 2] is obtained for x = −2, corresponding to

f(−2, 0) = 16 + 10 = 26,

and the minimum for x = 2, corresponding to

f(2, 0) = 16 − 10 = 6.

d) Numerical comparison. Summarizing the maximum and the minimum are included in
the values

f(−2, 0) = 26, f(0, 0) = 0, f(x, 0) = 6.

It follows that

S = f(−2, 0) = 26 (maximum) and M = f(0, 0) = 0 (minimum).

2) The domain is here the unit disc.

–1.5
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a) Exception points. The function is everywhere of class C∞, so there are no exception
points.

b) Stationary points. The equations of the stationary points are

∂f

∂x
= 2x − 3y = 0,

∂f

∂y
= −6y − 3x = 0,

and it follows that (0, 0) is the only stationary point in the domain. The value of the
function is here

f(0, 0) = 0.

c) Examination of the boundary. We shall use the following parametric description of
the boundary,

x = cos ϕ, y = sinϕ, ϕ ∈ [0, 2π[,

hence by insertion,
g(ϕ) = f(x, y) = x2 − 3y2 − 3xy = cos2 ϕ − 3 sin2 ϕ − 3 cos ϕ · sinϕ

=
1
2
{1 + cos 2ϕ − 3(1 − cos 2ϕ) − 3 sin 2ϕ} =

1
2
{4 cos 2ϕ − 3 sin 2ϕ − 2}

=
5
2

{
4
5

cos 2ϕ − 3
5

sin 2ϕ
}
− 1 =

5
2

cos(2ϕ + ϕ0) − 1,

where

cos ϕ0 =
4
5

and sinϕ0 =
3
5
.

Now cos(2ϕ + ϕ0) goes twice through the interval [−1, 1], when ϕ goes through [0, 2π[, and
we find the maximum

5
2
− 1 =

3
2
,

and the minimum

−5
2
− 1 = −7

2

on the boundary.
d) Numerical comparison. By comparison we see that the value f(0, 0) = 0 from the

stationary point lies between these two values on the boundary. We therefore conclude that

S =
3
2

ogM = −7
2
.

3) The domain is the closed triangle between the lines x = 1, y = 0 and y = 5 − x.

a) Stationary points. The stationary points are the solutions of the equations

∂f

∂x
= y − 3

x
= 0 and

∂f

∂y
= x + 2y − 5 = 0,

from which x +
6
x
− 5 = 0. Since x ≥ 1, we get

x2 − 5x + 6 = (x − 2)(x − 3) = 0,

 Maximum and Minimum
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the roots of which are x = 2, corresponding to y =
3
2
, and x = 3, corresponding to y = 1.

We get the two stationary points(
2,

3
2

)
og (3, 1).

The values of the function are here

f

(
2,

3
2

)
= 2 · 3

2
+
(

3
2

)2

− 5 · 3
2
− 3 ln 2 = −9

4
− 3 ln 2,

and

f(3, 1) = 3 · 1 + 12 − 5 · 1 − 3 ln 3 = −1 − 3 ln 2.

b) Examination of the boundary.
i) If y = 0, then the restriction

f(x, 0) = −3 ln x, x ∈ [1, 5],

is monotonous with its maximum f(1, 0) = 0 and its minimum f(5, 0) = −3 ln 5.
ii) If x = 1, then the restriction

f(1, y) = y2 − 4y, y ∈ [1, 4]

has the maximum f(1, 0) = f(1, 4) = 0 and the minimum f(1, 2) = −4.
iii) If y = 5 − x, then

f(x, 5 − x) = x(5 − x) + (5 − x)2 − 5(5 − x) − 3 ln x

= −3 ln x for x ∈ [1, 5],
where the maximum is f(1, 4) = 0 and the minimum is f(5, 0) = −3 ln 5.

c) Numerical comparison. We shall compare

f

(
2,

3
2

)
= −9

4
− 3 ln 2, f(3, 1) = −1 − 3 ln 3,

f(1, 0) = 0, f(5, 0) = −3 ln 5,

 Maximum and Minimum
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f(1, 0) = f(1, 4) = 0, f(1, 2) = −4,

f(1, 4) = 0, f(5, 0) = −3 ln 5.

The maximum is clearly

f(1, 0) = f(1, 4) = 0.

By using a pocket calculator we then get approximately,

−9
4
− 3 ln 2 ≈ −4, 33, −1 − 3 ln 3 ≈ −4, 30, −3 ln 5 ≈ −4, 83.

We conclude that the minimum is

f(5, 0) = −3 ln 5 ≈ −4, 83.

 Maximum and Minimum
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4) The domain is the closed disc of centrum (0, 0) and radius 6.
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x

It is easy to find the three stationary points

(0, 0), (0, 3 +
√

3) and (0, 3 −
√

3),

where (0, 0) is not an extremum, while (0, 3 +
√

3) is a minimum point, and (0, 3 − √
3) is a

maximum point. The function values are then

f(0, 3 +
√

3) = −36 − 24
√

3, f(0, 3 −
√

3) = −36 + 24
√

3.

Stationary points. We get by differentiation

∂f

∂x
= 2x(x2 + y2 − 6y) + 2x(x2 + y2 − 2y) = 4x(x2 + y2 − 4y)

and
∂f

∂y
= (2y − 2)(x2 + y2 − 6y) + (2y − 6)(x2 + y2 − 2y)

= (2y − 4)(x2 + y2 − 6y) + 2(x2 + y2 − 6y)
+(2y − 4)(x2 + y2 − 2y) − 2(x2 + y2 − 2y)

= 4(y − 2)(x2 + y2 − 4y) − 8y
= 4

{
(y − 2)(x2 + y2 − 4y) − 2y

}
.

The two equations for the stationary points are

(1)
{

x(x2 + y2 − 4y) = 0,
(y − 2)(x2 + y2 − 4y) = 2y.

It follows from the former equation that the stationary points either lie on the line x = 0 or on
the circle x2 + (y − 2)2 = 22

a) If x = 0, it follows from the latter equation that

0 = (y − 2)(y2 − 4y) − 2y = y{(y − 2)(y − 4) − 2} = y{y2 − 6y + 6},
which has the two solutions y = 0 and y = 3±√

3. Thus we get in this case three stationary
points

(0, 0), (0, 3 +
√

3) and (0, 3 −
√

3).

 Maximum and Minimum
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b) If x2 + y2 − 4y = 0, it follows from the latter equation of (1) that y = 0, and thus x = 0, so
we find again (0, 0).

Summarizing we get the three stationary points

(0, 0), (0, 3 +
√

3) and (0, 3 −
√

3).

Remark. Since we are searching the maximum and the minimum (and not the extrema), it is
sufficient to calculate the value of the function in these points, and e.g. the (r, s, t)-investigation
is totally superfluous (and a waste of time). ♦

By computation we get f(0, 0) = 0, and

f(0, 3 +
√

3) =
{

(3 +
√

3)2 − 2(3 +
√

3)
}{

(3 +
√

3)2 − 6(3 +
√

3)
}

= (12 + 6
√

3 − 6 − 2
√

3)(12 + 6
√

3 − 18 − 6
√

3)

= (6 + 4
√

3)(−6)

= −36 − 24
√

3,

and analogously

f(0, 3 −
√

3) = −36 + 24
√

3.

Examination of the boundary. We have on the boundary x2 + y2 = 36, so

f(x, y) = (x2 + y2 − 2y)(x2 + y2 − 6y)
= (36 − 2y)(36 − 6y)
= 12(18 − y)(6 − y), for y ∈ [−6, 6],

where the maximum is

f(0,−6) = 12 · 24 · 12 = 3456,

and the minimum is f(0, 6) = 0.
Numerical comparison. Since f(0, 3 +

√
3) < 0, the maximum and the minimum of the

function in the domain are respectively,

S = f(0,−6) = 3456 and M = f(0, 3 +
√

3) = −36 − 24
√

3.

Alternative solution. The argument of the second main theorem concerning the existence
of the maximum and the minimum is the same as above.

Write the function f in the following way:

f(x, y) = (x2 + y2 − 2y)(x2 + y2 − 6y)
=

{
x2 + (y − 1)2 − 1

}{
x2 + (y − 3)2 − 32

}
,

and discuss the sign of f in the domain, i.e. sketch the zero sets (the circles of respectively
centrum (0, 1) and radius 1, and of centrum (0, 3) and radius 3) inside the domain and find the
signs in each of the thus defined subregions.
The function is positive inside the two sets of zero circles and also outside the same two sets
of circles, while it is negative between the two zero circles.

 Maximum and Minimum
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Figure 1: The zero curves inside the domain.

It follows immediately that the minimum must lie between the two sets of zero circles, i.e. in
the set

K((0, 3); 3) \ K((0, 1); 1) = A1,

and also that the minimum point must be a stationary point, because A1 is open. Because
3 − √

3 < 2 = 1 + 1, we see that (0, 3 +
√

3) is the only stationary point in A >1, so the
mininimum is (originally only a local minimum)

f(0, 3 +
√

3) = −36 − 24
√

3.

It follows in the same way that (0, 3 −√
3) ∈ A2 = K((0, 1); 1) must be a local maximum

f(0, 3 −
√

3) = −36 + 24
√

3.

Finally by using polar coordinates in the plane,

f(x, y) = (r2 − 2r sinϕ)(r2 − 6r sinϕ)
= r2(r − 2 sin ϕ)(r − 6 sin ϕ), 0 ≤ r ≤ 6.

In the remaining region A3 both factors are positive, so

r − 2 sinϕ > 0 og r − 6 sinϕ > 0.

The product is largest when sinϕ is smallest, i.e. when ϕ = −π

2
, thus sinϕ = −1, corresponding

to

f(x, y) = r2(r + 2)(r + 6), 0 ≤ r ≤ 6.

This product is largest when r is largest, i.e. when r = 6 (the boundary), corresponding to
(x, y) = (0,−6), and

f(0,−6) = 3456.

When we compare with the other candidate above we conclude that the maximum in A is

f(0,−6) = 3456.

5) In this case it is difficult to sketch the domain because the hyperbola xy = 32 is very steep in
the neighbourhood of (1, 32), and very flat in the neighbourhood of (32, 1). It is demonstrated
on the figure what MAPLE does in this case.
The domain is bounded by the hyperbola xy = 32 and the lines x = 1 and y = 1.

 Maximum and Minimum
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a) Stationary points. The stationary points are the solutions of the equations

∂f

∂x
= y − 64

x2
= 0 og

∂f

∂y
= x − 64

y2
= 0.

 Maximum and Minimum
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From these we get

64
x

= xy =
64
y

,

so the stationary points lie on the line y = x. Then by insertion x3 = 64 = 43, and thus
x = y = 4. We conclude from

x = 4 ≥ 1, y = 4 ≥ 1 and xy = 16 ≤ 32,

that we have the stationary point (4, 4) in the domain. The value of the function is here

f(4, 4) = 16 + 16 + 16 = 48.

Notice that we shall not check if (4, 4) is an extremum.
b) examination of the boundary.

i) We get along the boundary curve xy = 32, x ∈ [1, 32], that y =
32
x

, and the correspond-
ing restriction is

f(x) = f

(
x,

32
x

)
= 32 +

64
x

+ 2x, for x ∈ [1, 32],

where

g′(x) = −64
x2

+ 2 = 0 for x =
√

32,

corresponding to a minimum. The y-value is y =
32√
32

=
√

32, and the value of the

function at the point (
√

32,
√

32) is

f(
√

32,
√

32) = 32 +
64√
32

+
64√
32

= 32 + 4
√

32 = 32 + 16
√

2.

At the end points of xy = 32, x ∈ [1, 32], we get the values

f(1, 32) = f(32, 1) = 32 + 64 +
64
32

= 98.

ii) We get along the boundary curve y = 1, x ∈ [1, 32], the following restriction

h(x) = f(x, 1) = x +
64
x

+ 64,

where

h′(x) = 1 − 64
x2

= 0 for x = 8,

corresponding to a minimum

f(8, 1) = 8 +
64
8

+ 64 = 80.

At the end points we get

f(1, 1) = 1 + 64 + 64 = 129 and f(32, 1) = 32 + 2 + 64 = 98.

 Maximum and Minimum
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iii) Due to the symmetry we get along the boundary curve x = 1 that the minimum is

f(1, 8) = 80,

and that the values at the end points are

f(1, 1) = 129 and f(1, 32) = 98.

iv) Numerical comparison. Summarizing the minimum is one of the values

f(4, 4) = 48, f(
√

32,
√

32) = 32 + 16
√

2, f(1, 8) = f(8, 1) = 80.

From 32 + 16
√

2 > 32 + 16 = 48 follows that the minimum is

M = f(4, 4) = 48.

Analogously the maximum is one of the numbers

f(1, 1) = 129 and f(1, 32) = f(32, 1) = 98,

hence the maximum is

S = f(1, 1) = 129.

6) The domain is the quarter of a disc in the first quadrant of centrum (0, 0) and radius 2.

–0.5

0

0.5

1

1.5

2

2.5

y

–0.5 0.5 1 1.5 2 2.5

x

a) Stationary points. the stationary points are the solutions of the equations

(2)

⎧⎪⎨
⎪⎩

∂f

∂x
= 6x − 2y − 4xy2 = 0,

∂f

∂y
= 6y − 2x − 4x2y = 0.

When we add the two equations we get the following necessary condition
0 = 4x + 4y − 4xy2 − 4x2y

= 4{(x + y) − xy(x + y)}
= 4(x + y)(1 − xy),

so either x + y = 0 (not possible in this domain) or xy = 1,

 Maximum and Minimum
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Analogously it follows from (2) that

4x2y2 = 6x2 − 2xy = 6y2 − 2xy,

hence x2 = y2, which together with xy = 1 and x > 0 give x = y = 1. The only possibility
is (1, 1), and by insertion into (2) we get that (1, 1) is a stationary point. Furthermore, we
see that (1, 1) belongs to the domain. The value of the function at the point is

f(1, 1)03 + 3 − 2 − 2 = 2.

b) Examination of the boundary. On the boundary curve x2 + y2 = 4 we shall use the
parametric description

x = 2 cos ϕ, y = 2 sin ϕ, ϕ ∈
[
0,

π

2

]
.

Then
g(ϕ) = f(x, y) = 3x2 + 3y2 − 2xy(1 + xy)

= 3 · 4 − 2 · 4 cos ϕ · sinϕ(1 + 4 cos ϕ · sinϕ)
= 12 − 4 sin 2ϕ · (1 + 2 sin 2ϕ)
= 12 − 4 sin 2ϕ − 8 sin2 2ϕ

= 12 − 8
{

sin2 2ϕ +
1
2

sin 2ϕ +
1
16

}
+

8
16

=
25
2

− 8
(

sin 2ϕ +
1
4

)2

for 2ϕ ∈ [0, π].

Here sin 2ϕ ∈ [0, 1] for 2ϕ ∈ [0, π], so the maximum of g(ϕ) if obtained for sin 2ϕ = 0, i.e.
for either ϕ = 0 or ϕ =

π

2
, corresponding to

g(0) = g
(π

2

)
= f(2, 0) = f(0, 2) = 12.

The minimum is obtained for sin 2ϕ = 1, corresponding to ϕ =
π

4
, or x = y =

√
2, where

g
(π

4

)
= f(

√
2,
√

2) = 12 − 2 · 2 · (1 + 2) = 0.

Alternatively we see that z = xy runs through the interval [0, 2], when (x, y) runs
through the arc of the quarter circle. This means that

g1(z) = f(x, y) = 3x2 + 3y2 − 2xy(1 + xy) = 12 − 2z(1 + z),

which is largest in the interval [0, 2], when z = 0, which corresponds to (x, y) = (2, 0) or
(0, 2), and smallest when z = 2, which corresponds to (x, y) = (

√
2,
√

2).

For x = 0 we get the restriction h(y) = f(0, y) = 3y2 with the minimum f(0, 0) = 0 and
the maximum

f(0, 2) = f(2, 0) = 12,

and where we exploit the symmetry of x and y.
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c) Numerical comparison. The minimum is one of the values

f(1, 1) = 2, f(
√

2,
√

2) = 0, f(0, 0) = 0,

and the maximum is one of the values

f(1, 1) = 2, f(2, 0) = f(0, 2) = 12.

It follows that the minimum is

M = f(
√

2,
√

2) = f(0, 0)00,

and that the maximum is

S = f(2, 0) = f(0, 2) = 12.
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7) The domain is here the rectangle [0, 2π] × [0, 1].

–0.4
–0.2

0

0.2
0.4
0.6
0.8

1
1.2
1.4

y

1 2 3 4 5 6 7

x

a) Stationary points. The stationary points are given by the equations⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂f

∂x
= e−y cos x = 0,

∂f

∂y
= −2e−2y − e−y sinx = 0.

It follows from the former of these that cosx = 0, so either x =
π

2
or x =

3π
2

. Then we get
from the latter equation,

e−y(2e−y + sinx) = 0.

Now e−y > 0, hence sin x < 0 and whence x =
3π
2

. Accordingly 2e−y = 1 and thus

y = ln 2 ∈ ]0, 1[.

The function has a stationary point in the domain, namely
(

3π
2

, ln 2
)

. The value of the

function is here

f

(
3π
2

, ln 2
)

= e−2 ln 2 + e− ln 2 sin
(

3π
2

)
= −1

4
.

b) Examination of the boundary

i) The restriction along the boundary curve y = 0, x ∈ [0, 2π] is

g(x) = f(x, 0) = 1 + sin x.

It follows immediately that the maximum is f
(π

2
, 0
)

= 2 and the minimum is f

(
3π
2

, 0
)

=

0.
ii) the restriction along the boundary curve y = 1, x ∈ [0, 2π], is

h(x) = f(x, 1) =
1
e2

+
1
e

sinx.
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This gives the maximum

f
(π

2
, 1
)

=
1
e2

+
1
2

(< 2)

and the minimum

f

(
3π
2

)
=

1
e2

− 1
e

= −e − 1
e2

(< 0).

iii) We get the same restriction r(y) = e−2y, y ∈ [0, 1], along the boundary curves x = 0 and
x = 2π which corresponds to the maximum f(0, 0) = f(2π, 0) = 1 and the minimum

f(0, 1) = f(2π, 1) =
1
e2

.

c) Numerical comparison. The maximum is one of the values

f

(
3π
2

, ln 2
)

= −1
4
, f

(π

2
, 0
)

= 2,

f
(π

2
, 1
)

=
1
e2

+
1
e
, f(0, 0) = f(2π, 0) = 1.

The minimum is one of the values

f

(
3π
2

, ln 2
)

= −1
4
, f

(
3π
2

, 0
)

= 0,

f

(
3π
2

, 1
)

= −e − 1
e2

, f(0, 1) = f(2π, 1) =
1
e2

.

We conclude that the maximum is

S = f
(π

1
2, 0
)

= 2.

From (e − 2)2 = e2 − 4e + 4 > 0 follows by a rearrangement that e2 > 4(e − 1) > 0, hence

0 <
e − 1
e2

<
1
4
, and the minimum is

f

(
3π
2

, ln 2
)

= −1
4
.

8) The domain is the disc of centrum (0, 0) and radius 2.
a) Stationary points. The stationary points are the solutions of the equations

∂f

∂x
= 4x3 − 2x + 2y = 0,

∂f

∂y
= 4y3 + 2x − 2y = 0,

hence 4x3 = 2x − 2y = −4y3, i.e. y = −x.
We get by insertion

0 = 4x3 − 4x = 4x(x2 − 1),

so we have the possibilities x = 0, 1, −1, corresponding to the candidates

(0, 0), (1,−1), and (−1, 1)

of the stationary points. It follows by insertion (i.e. by testing) that they are actually all
stationary points. The values of the function are here

f(0, 0) = 0 og f(1,−1) = f(−1, 1) = 1 + 1 − 1 − 2 − 1 = −2.
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–2

–1

0

1

2

y

–2 –1 1 2

x

b) Examination of the boundary. We have on the boundary x2 + y2 = 4,
f(x, y) = x4 + y4 − x2 + 2xy − y2

= (x2 + y2)2 − 2x2y2 − (x2 + y2) + 2xy

= 12 + 2xy(1 − xy).
i) First alternative. We get by the parametric description

x = 2 cos ϕ, y = 2 sin ϕ, ϕ ∈ [0, 2π[,

that
g1(ϕ) = f(x, y) = 12 + 2xy(1 − xy)

= 12 + 2 · 4 cos ϕ · sinϕ(1 − 4 cos ϕ · sinϕ)
= 12 + 4 sin 2ϕ(1 − 2 sin 2ϕ)

= 12 − 8
(

sin2 2ϕ − 1
2

sin 2ϕ +
1
16

)
+

1
2

=
25
2

− 8
(

sin 2ϕ − 1
4

)2

.

The function
(

sin 2ϕ − 1
4

)2

is smallest when sin 2ϕ0 =
1
4
, corresponding to the maxi-

mum g1(ϕ) =
25
2

.

The function
(

sin 2ϕ − 1
4

)2

is largest when sin 2ϕ1 = −1, i.e. when (x, y) = (−√
2,
√

2)

or = (
√

2,−√
2), corresponding to the value of the function

f(−
√

2,
√

2) = f(
√

2,−
√

2) = 0.

ii) Second alternative. We see that z = xy runs through [−2, 2], when (x, y) runs
through the circle of the equation x2 + y2 = 4. This means that it suffices to check

g2(z) = 12 + 2xy(1 − xy) = 12 + 2z − 2z2 =
25
2

− 2
(

z − 1
2

)2

for z ∈ [−2, 2]. We get the maximum for z =
1
2
, corresponding to the value

25
2
−0 =

25
2

.
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Remark. As a curiosity we mention that the corresponding (x, y)-values are

(3)

(√
5 +

√
3

2
,

√
5 −√

3
2

)
,

(√
5 −√

3
2

,

√
5 +

√
3

2

)
,(

−
√

5 +
√

3
2

,
−√

5 +
√

3
2

)
,

(
−√

5 +
√

3
2

,−
√

5 +
√

3
2

)
,

but there is no need at all to find these point exactly to find the maximum and the
minimum. ♦

The minimum is obtained for z = −2, corresponding to g2(−2) = 0 and (x, y) =
(−√

2,
√

2) or (
√

2,−√
2).

c) Maximum and minimum. Summarizing we see that the maximum is

S = max
{

0,
25
2

}
=

25
2

.

One is not asked of where the maximum is attained, so here is added that it is the value of
the function at the points given by (3).
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The minimum is

M = min{−2, 0} = −2.

It is the value of the functions in the points (−1, 1) and (1,−1).

9) The domain is here the rectangle [0, 4] × [0, 8].

0

2

4

6

8

y

1 2 3 4

x

a) Stationary points. The stationary points are the solutions of the equations

(4)

⎧⎪⎨
⎪⎩

∂f

∂x
= 8y2 − y3 − 3x2y = y(8y − y2 − 3x2) = 0,

∂f

∂y
= 16xy − 3xy2 − x3 = x(16y − 3y2 − x2) = 0.

We have xy > 0 in the interior of the rectangle, so the equations are reduced to

y2 − 8y + 3x2 = 0 and 3y2 − 16y + x2 = 0,

hence

−3x2 = y2 − 8y = 9y2 − 48y.

This is again reduced to

8y2 − 40y = 8y(y − 5) = 0.

Now y > 0, thus y = 5 ∈ ]0, 8[, hence x2 = 16y − 3y2 = 80 − 75 = 5, or (since x > 0),
x =

√
5 ∈ ]0, 4[. When we put (x, y) = (

√
5, 5) into (4) we get

∂f

∂x
= 5(40 − 25 − 15) = 0,

∂f

∂y
=

√
5(80 − 75 − 5) = 0,

and we conclude that (
√

5, 5) is a stationary point in the domain. The corresponding value
of the function is

f(
√

5, 5) = 8
√

5 · 25 −
√

5 · 125 − 5
√

5 · 5 =
√

5{200 − 125 − 25} = 50
√

5.
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b) Examination of the boundary. It follows from

f(x, y) = xy(8y − y2 − x2),

that f(0, y) = f(x, 0) = 0.

The restriction on the boundary curve x = 4, y ∈ [0, 8], is

g(y) = −4y(16 − 8y + y2) = −4y(y − 4)2

where

g′(y) = −4(y − 4)2 − 8y(y − 4) = −4(y − 4){y − 4 + 2y} = −12(y − 4)
(

y − 4
3

)
.

Now g′(y) = 0 for y = 4 and for y =
4
3
, and the values of the function are

f

(
4,

4
3

)
= −16

3

(
4 − 4

3

)2

= −256
27

· 4 = −1024
27

and f(4, 4) = 0, and at the end points

f(4, 0) = 0, f(4, 8) = −32 · 16 = −512.

The restriction on the boundary curve y = 8, x ∈ [0, 4], is

h(x) = 8x(64 − 64 − x2) = −8x3,

which clearly takes its maximum for x = 0 and minimum for x = 4, corresponding to the
maximum f(0, 8) = 0 and the minimum f(4, 8) = −512.

c) Numerical comparison. The candidates of the minimum are

f(
√

5, 5) = 50
√

5, f(0, y) = f(x, 0) = 0,

f

(
4,

4
3

)
= −1024

27
, f(4, 8) = −256.

The candidates of the maximum are

f(
√

5, 5) = 50
√

5, f(0, y) = f(x, 0) = f(4, 4) = 0.

By comparison the get the minimum¿

M = f(4, 8) = −512

and the maximum

S = f(
√

5, 5) = 50
√

5.
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Example 1.2 We shall construct a cage for transportation of poultry from a board of the length 6 dm
and the breadth b dm. The board is broken at two places and then a net of steel wire is stretched over
it. Finally, two additional boards are added so that one gets a cage of a cross section of an equilateral
trapeze. We want to break the given board in such a way that the volume of the cage V dm3 becomes
as large as possible.
First prove that

V (x, y) = (6 − 2x − x cos y)bx sin y.

Then explain why the function V shall only be considered on the set [0, 3] ×
[π
2

, π
]
. Finally, find the

maximum of the volume and the corresponding set (x, y) of coordinates.

A Maximum.

D Analyze the text. Check the model and find the maximum.

By cutting the trapeze (chop off the two triangles, so one gets a rectangle) we get the height (i.e. the
breadth of the trapeze)

h(x, y) = x · sin(π − y) = x · sin y.

Figure 2: The skew lines are each of the length x, and the two obtuse angles are each of the size y.

Then compute the area,

A(x, y) = (6 − 2x)(h(x, y) + 2 · 1
2

h(x, y) · x cos(π − y) = (6 − 2x)x sin y + x sin y{−x cos y}
= (6x − 2x2) sin y − x2 sin y · cos y.

Remark. It follows from the sign of the latter term that the areas of the corners are counted
negatively, when y ∈

]
0,

π

2

[
, which is quite reasonable when one sketches the corresponding figure.

♦

It follows from the above that the volume is

V (x, y) = bA(x, y) = {(6x − 2x2) sin y − x2 sin y cos y}b.
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Since x ≥ 0 and 6 − 2x ≥ 0, we must have x ∈ [0, 3].

We can clearly choose y in the interval [0, π]; but since we shall find a maximum, we must have
−x2 sin y cos y ≥ 0, so y ∈

[π
3

, π
]
.

The task is then reduced to finding the maximum of the function

V (x, y) = {(6x − 2x2) sin y − x2 sin y cos y}b

in the set [0, 3] ×
[π
2

, π
]

= A.

1) Stationary points. The stationary points in the interior of A are the solutions of the equa-
tions⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂V

∂x
= b{(6 − 4x) sin y − 2x sin y cos y} = 0,

∂V

∂y
= b{(6x − 2x2) cos y − x2(cos2 y − sin2 y)} = 0.
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Since b > 0, x > 0 and sin y > 0 in A◦, these equations are reduced to

(5)

⎧⎨
⎩

(6 − 4x) − 2x cos y = 0,

(6 − 2x) cos y − x(2 cos2 y − 1) = 0.

It follows from the former equation that

−1 < cos y =
3 − 2x

x
=

3
x
− 2 < 0,

so
3
2

< x < 3 for possible stationary points. When the value above cos y is put into the latter

equation of (5), then

0 = (6 − 2x) · 3 − 2x
x

− x

{
2
(

3 − 2x
x

)2

− 1

}

=
1
x
{(6 − 2x)(3 − 2x) − 2(3 − 2x)2 + x2}

=
1
x
{(3 − 2x)[(6 − 2x) − (6 − 4x)] + x2}

=
1
x
{(3 − 2x) · 2x + x2} = 2(3 − 2x) + x = 6 − 4x + x

= 6 − 3x,

hence x = 2, and thus cos y =
3 − 4

2
= −1

2
, corresponding to the candidate (x, y) =

(
2,

2π
3

)
.

Test. That
(

2,
2π
3

)
really is a stationary point, follows from the computations

∂V

∂x
= b

{
(6 − 8) sin

2π
3

− 2 · 2 sin
2π
3

cos
2π
3

}
= b sin

2π
3

(
−2 − 2 · 2 ·

(
−1

2

))
= 0,

∂V

∂y
= b

{
(12 − 8) cos

2π
3

− 4
(

2 cos2
2π
3

− 1
)}

= 4b
{
−1

2
−
(

1
2
− 1
)}

= 0,

and we have tested our result. ♦

The value of the function at
(

2,
2π
3

)
is

V

(
2,

2π
3

)
= b

{
(12 − 8) sin

2π
3

− 4 sin
2π
3

cos
2π
3

}
= b

{
4 ·

√
3

2
− 4 ·

√
3

2
·
(
−1

2

)}

= b{2
√

3 +
√

3} = 3
√

3 b.

2) Examination of the boundary. We get V (0, y) ≡ 0 on the boundary curve x = 0, y ∈[π
2

, π
]
.

On the boundary curve x = 3, y ∈
[π
2

, π
]
, we have the restriction

V (3, y) = −9b sin y · cos y = −9
2

b sin 2y,
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Figure 3: The form of the cage of maximum volume corresponding to the stationary point.

which has its minimum V
(
3,

π

2

)
= V (3, π) = 0 and its maximum

V

(
3,

3π
4

)
=

9
2

b.

Figure 4: The triangle corresponding to V

(
3,

3π
4

)
=

9
2

b.

Notice that this case corresponds to a degenerated trapeze, i.e. to a rectangular triangle, cf.
the figure.

On the boundary curve y =
π

2
, x ∈ [0, 3], we get the restriction

V
(
x

π

2

)
= (6x − 2x2)b = 2b

{
9
4
−
(

x − 3
2

)2
}

,

with its minimum V
(
3,

π

2

)
= V (3, π) = 0, and its maximum

V

(
3
2
,
π

2

)
=

9
2

b.
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Figure 5: The rectangle corresponding to V

(
3
2
,
π

2

)
=

9
2

b. The Height is
3
2
, and each of the horizontal

pieces have the length 3.

Finally, V (x, π) = 0 on the boundary curve y = π, x ∈ [0, 3], which does not contribute to the
candidates.

3) Numerical comparison. We conclude from 3
√

3 > 3 · 3
2

=
9
2

that the maximum is attained

at the stationary point (x, y) =
(

2,
2π
3

)
with the value of the function

V

(
2,

2π
3

)
= 3

√
3 b.

The form of the corresponding cage is shown of Figure 3 in connection with the stationary
point.

Example 1.3 Check in each of the following cases if the given function has a maximum or a minimum
or both or none of the kind. If it has a maximum or a minimum give the value of the function at these
points.

1) f(x, y) = (x + y) exp(−x2 − y2) for (x, y) ∈ R
2.

2) f(x, y) = xy exp(−x2 − y2) for (x, y) ∈ R
2.

3) f(x, y) = exp(x2 − y2) − x2 − y2 for (x, y) ∈ R
2.

4) f(x, y) = exp(x2 + y2) − 4xy for (x, y) ∈ R
2. [cf. Example 1.5]

5) f(x, y) =
1 + x2

x2 + y2 − 2y − 3
for x2 + y2 < 2y + 3.

6) f(x, y) = x3 + 2y3 for (x, y) ∈ R
2.

7) f(x, y) = 3xy + ln(1 − x2 − y2) for x2 + y2 < 1.
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8) f(x, y) = x2 − 2x + y2 + 3y + 5 for x2 + y2 < 5.

9) f(x, y) = x + tanh y for x2 + y2 < 2.

10) f(x, y) = x2y − 2x2 + 4y2 for |x| < 2 og |y| < 1.

11) f(x, y) = (7x2 + 4xy) exp(−y2) for |x| < 1.

A Extrema in open domain of C∞-functions.

D Find the stationary points, if any. Check if they are extrema. Check also f(x, y), when (x, y) tends
towards the boundary or towards ∞ in the sense x2 + y2 → +∞.

I 1) The domain is R
2. It follows from the different magnitudes of the terms that

f(x, y) = (x + y) exp(−x2 − y2) → 0 for x2 + y2 → +∞.
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The stationary points are found by solving the equations

∂f

∂x
= exp(−x2 − y2) − 2x(x + y) exp(−x2 − y2)

= {1 − 2x(x + y)} exp(−x2 − y2) = 0,
∂f

∂y
= {1 − 2y(x + y)} exp(−x2 − y2) = 0,

where we get the latter equation by a symmetric argument.

We conclude from the equations above that

2x(x + y) = 1 = 2y(x + y),

hence x �= 0, y �= 0, x + y �= 0 and y = x, so 4x2 = 1. This implies that the stationary points
are(

1
2
,
1
2

)
og

(
−1

2
,−1

2

)
.

The values of the function are

f

(
1
2
,
1
2

)
=

1√
e

and f

(
−1

2
,−1

2

)
= − 1√

e
,

which compared with the examination of the boundary gives that the minimum is

M = f

(
−1

2
,−1

2

)
= − 1√

e
,

and the maximum is

S = f

(
1
2
,
1
2

)
=

1√
e
.

The function is of course 0 on the line y = −x.

2) It follows from the rules of magnitudes that

f(x, y) = xy exp(−x2 − y2) → 0 for x2 + y2 → +∞.

The stationary points are the solutions of the equations

∂f

∂x
= (y − 2x2y) exp(−x2 − y2)

= y(1 − 2x2) exp(−x2 − y2) = 0,
∂f

∂y
= x(1 − 2y2) exp(−x2 − y2) = 0,

where the latter equations follows by the symmetry.

These equations are reduced to the system

y(1 − 2x2) = 0 og x(1 − 2y2) = 0.

If x = 0, then y = 0, hence (0, 0) is a stationary point.
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If x = ± 1√
2
, then y = ± 1√

2
. We find in total five stationary points,

(0, 0),
(

1√
2
,

1√
2

)
,

(
1√
2
,− 1√

2

)
,

(
− 1√

2
,

1√
2

)
,

(
− 1√

2
,− 1√

2

)
.

The values of the function at these points are

f(0, 0) = 0,

f

(
1√
2
,

1√
2

)
= f

(
− 1√

2
,− 1√

2

)
=

1
2e

,

f

(
− 1√

2
,

1√
2

)
= f

(
1√
2
,− 1√

2

)
= − 1

2e
.

Summarizing the maximum is (by comparison)

S = f

(
1√
2
,

1√
2

)
= f

(
− 1√

2
,− 1√

2

)
=

1
2e

,

and the minimum is

M = f

(
− 1√

2
,

1√
2

)
= f

(
1√
2
,− 1√

2

)
= − 1

2e
.

3) If x = 0, then

f(0, y) = exp(−y2) − y2 → −∞ for y → +∞.

If y = 0, then

f(x, 0) = exp(x2) − x2 → +∞ for x → +∞.

We conclude that the function has neither a maximum nor a minimum in the domain R
2.

Remark. Even though it is superfluous, we shall nevertheless for the exercise show how the
possible stationary points are found. The corresponding equations are

∂f

∂x
= 2x{exp(x2 − y2) − 1} = 0,

∂f

∂y
= −2y{exp(x2 − y2) + 1} = 0.

It follows from the latter equation that y = 0, which put into the former one gives

2x{exp(x2) − 1} = 0.

This equation is only fulfilled for x = 0, hence (0, 0) is the only stationary point. The value of
the function is here f(0, 0) = 0, and it is obvious that f(x, y) can be both positive and negative
in any neighbourhood of (0, 0), so there exists no point in which a maximum or a minimum
can be attained. ♦
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4) It follows from the rules of magnitudes that

f(x, y) = exp(x2 + y2) − 4xy → +∞ for x2 + y2 → +∞,

and the function does not have a maximum.

The possible stationary points are the solutions of the equations

∂f

∂x
= 2x exp(x2 + y2) − 4y = 0,

∂f

∂y
= 2y exp(x2 + y2) − 4x = 0.

These equations are reduced to

(6)
{

x exp(x2 + y2) = 2y,
y exp(x2 + y2) = 2x.

We get by adding these equations,

(x + y) exp(x2 + y2) = 2(x + y).
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It follows from (6) that x and y must either be of the same sign or be 0. Therefore, if x+y = 0,
then (x, y) = (0, 0).
If x + y �= 0, we get x2 + y2 = ln 2. It follows in this case from (6) that

x2 exp(x2 + y2) = 2xy = y2 exp(x2 + y2),

so x2 = y2, or y = x. The stationary points �= (0, 0) are then satisfying

x2 + y2 = 2x2 = ln 2,

i.e.

x = y = ±
√

ln 2
2

.

By insertion into (6) it follows that they are indeed stationary points, so we have three sta-
tionary points,

(0, 0),

(√
ln 2
2

,

√
ln 2
2

)
,

(
−
√

ln 2
2

,−
√

ln 2
2

)
.

The values of the function here are f(0, 0) = 1 and

f

(√
ln 2
2

,

√
ln 2
2

)
= f

(
−
√

ln 2
2

,−
√

ln 2
2

)
= 2 − 2 ln 2 = 2(1 − ln 2).

From ln 2 >
1
2

follows that the minimum is

f

(√
ln 2
2

,

√
ln 2
2

)
= f

(
−
√

ln 2
2

,−
√

ln 2
2

)
= 2(1 − ln 2).

It was mentioned above that the function has no maximum.
5) The domain is the open disc of centrum (0, 1) and radius 2.

–1

1

2

3

y

–2 –1 1 2

x

Clearly, the function

f(x, y) =
1 + x2

x2 + y2 − 2y − 3
, x2 + y2 < 2y + 3,
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tends towards −∞, when (x, y) tends to the circle x2 +(y−1)2 = 4 from the inside. Therefore,
the minimum does not exist.

The stationary points are the solutions of the equations

∂f

∂x
=

1
(x2 + y2 − 2y − 3)2

[
2x{x2 + y2 − 2y − 3} − 2x(1 + x2)

]
= 0,

∂f

∂y
=

1
(x2 + y2 − 2y − 3)2

{−(1 + x2) · 2(y − 1)} = 0.

Inside the domain, these equations are reduced to

x{(y − 1)2 − 5} = 0 and y − 1 = 0,

hence y = 1 and x = 0. The only stationary point is the centre of the circle (0, 1). This
must necessarily be a maximum, because the maximum exists, and it can only be attained at
a stationary point (because the function is of class C∞). Hence the maximum is

S = f(0, 1) = −1
4
.

Remark 1. One can also find the maximum in the following way without any calculation. Note
that the numerator is positive, and the denominator is negative everywhere in the domain.
Hence, we shall make the numerator as small as possible (for x = 0), and the denominator
numerically as big as possible. The denominator can be written (x− 0)2 + (y − 1)2 − 4, so this
situation occurs for (x, y) = (0, 1). Since the optimum possibility for both the numerator and
the denominator occurs for at least x = 0, we conclude that (0, 1) is a maximum point and
that the maximum is

S = f(0, 1) = −1
4
. ♦

Remark 2. Another possible solution is the following: If x is kept fixed, then

f(x, y) = − 1 + x2

4 − x2 − (y − 1)2

is largest when y = 1, and (x, 1) belongs to the domain, so the the only condition on x is
|x| < 2.
Then the task is reduced to finding the maximum of

f(x, 1) =
x2 + 1
x2 − 4

= 1 +
5

x2 − 4
for x2 ∈ [0, 4[.

This is obtained for x = 0, so the maximum is

S = f(0, 1) = 1 − 5
4

= −1
4
. ♦

6) The function f(x, y) = x3 + 2y3 has neither a maximum nor a minimum in R
2, because

f(x, 0) = x3 →
{

+∞ for x → +∞,
−∞ for x → −∞.

We mention – though it is not necessary – that (0, 0) is the only stationary point.
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7) Clearly, the function

f(x, y) = 3xy + ln(1 − x2 − y2), x2 + y2 < 1,

tends towards −∞, when (x, y) is approaching the boundary x2 + y2 = 1 of the unit disc (from
the inside). Therefore, the function has no minimum.

Clearly, it has a maximum, because it is continuous on every closed subset of the open unit
disc. We may choose this subset such that f(x, y) = −C on the boundary of the subset, where
C > 0 is any c positive constant. According to the second main theorem, f has a maximum on
the closed subset, and since f(0, 0) = 0 > −C, we cannot have the maximum on the boundary.
Since f is of class C∞, the maximum must be attained at a stationary point.

The stationary points are the solutions of the equations

(7)

⎧⎪⎨
⎪⎩

∂f

∂x
= 3y − 2x

1 − x2 − y2
= 0,

∂f

∂y
= 3x − 2y

1 − x2 − y2
= 0.

Clearly, (0, 0) is a stationary point. It is almost obvious (due to the variation of 3xy in a
neighbourhood of (0, 0)) that the maximum is not attained at (0, 0).
We shall now find the stationary points �= (0, 0), which must exist, cf. the discussion above.
According to (7), such stationary points must satisfy

3y2 =
2xy

1 − x2 − y2
= 3x2,

thus y2 = x2. It follows from xy > 0 that x and y must have the same sign, so we conclude
that y = x. By eliminating y we get

0 = 3y(1 − x2 − y2) − 2x = x{3 − 6x2 − 2} = x{1 − 6x2}.

Since x �= 0, we get x = y = ± 1√
6
, and the stationary points are

(0, 0),
(

1√
6
,

1√
6

)
,

(
− 1√

6
,− 1√

6

)
.

The corresponding values are f(0, 0) = 0 (found previously, and we have already shown that
this cannot be a maximum), and

f

(
1√
6
,

1√
6

)
= f

(
− 1√

6
,− 1√

6

)
=

1
2
− ln

3
2
,

which then necessarily must be the maximum. (This follows also from that ln 3
2 < 1

2 ).

8) Let

f(x, y) = x2 − 2x + y2 − 3y + 5 = (x − 1)2 +
(

y − 3
2

)2

+
7
4

for x2 + y2 < (
√

5)2.
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–3

–2

–1

0

1

2

3

y

–3 –2 –1 1 2 3

x

Figure 6: The domain with the longest possible line throgh (1, 3
2 ) inside the domain.

Interpret (x− 1)2 +
(

y − 3
2

)2

as the square of the distance from (x, y) to the point
(

1,
3
2

)
in

the domain. Clearly,
(

1,
3
2

)
is the only stationary point. It follows from the rearrangement

that this is a minimum point corresponding to the minimum

M = f

(
1,

3
2

)
=

7
4
.

The function f(x, y) has a continuous extension to the closure of the domain given by x2 +y2 ≤
5. It follows from the above that the maximum exists (the second main theorem) and since
there are no stationary points at hand, it must be attained at a boundary point. Then it follows
from the geometric interpretation above that the maximum is obtained at the intersection of

the line of the equation y =
3
2

x and the boundary given by x2 + y2 = 5 in the third quadrant.
This implies that the function does not have a maximum in the given open domain.

Remark 1. For completeness it should be mentioned that the intersection point is(
−2

√
5
13

,−3

√
5
13

)
.

The distance from this point to
(

1,
3
2

)
is of geometrical reasons

1
2
√

13 +
√

5, so the maximum

on the boundary (hence also in the closed domain is

f

(
−2

√
5
13

,−3

√
5
13

)
=
{

1
2

√
13 +

√
5
}2

+
7
4

=
13
4

+ 5 +
√

65 +
7
4

= 10 +
√

65. ♦

Remark 2. It should be obvious that if one did not use the geometric interpretation above,
then the task would give quite unpleasant computations. It is left to the reader to find the
maximum on the boundary by inserting the parametric description

x =
√

5 cos t, y =
√

5 sin t, t ∈ [0, 2π[. ♦
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9) Clearly, the function f(x, y) = x+tanh y, x2+y2 < 2, has no stationary point (e.g.
∂f

∂x
= 1 �= 0),

and since the function is of class C∞, and the domain is open (i.e. without boundary points)
the function has neither a minimum nor a maximum in the domain.

10) Clearly, the function

f(x, y) = x2y − 2x2 + 4y2, |x| < 2, |y| < 1,

is of class C∞, so a possible maximum or minimum can only be attained at a stationary point.
The stationary points are the solutions of the equations

∂f

∂x
= 2xy − 4x = 2x(y − 2x) = 0,

∂f

∂y
= x2 + 8y = 0.

It follows from the former equation that either x = 0 or y = 2x.

a) If x = 0, then we get y = 0 from the latter equation and (0, 0) is a stationary point.
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b) If y = 2x is put into the latter equation, we get

0 = x2 + 16x = x(x + 16),

so either x = 0 (and y = 0 again as above) or x = −16. The latter is not possible inside
the domain.

The only stationary point is (0, 0). The value of the function is here

f(0, 0) = 0.

We conclude the task in the following way: The two restrictions

f(0, y) = 4y2, |y| < 1,

and

f(x, 0) = −2x2, |x| < 2,

attain both positive and negative values at any point close to (0, 0), hence f(0, 0) = 0 is neither
a maximum nor a minimum. Since (0, 0) is the only possibility of extremum, there does not
exist any.

Alternatively (the standard procedure) the function is extended continuously to the bound-
ary, and then we we continue by examining the values on the boundary.

a) If x = −2 and y ∈ [−1, 1] the restriction is

g1(y) = f(−2, y) = 4y − 8 + 4y2

where g′1(y) = 4 − 8y = 0 for y =
1
2
. The value is

f

(
−2,

1
2

)
= g1

(
1
2

)
= 4 · 1

2
− 8 + 4

(
1
2

)2

= 2 − 8 + 1 = −5.

At the end points of the interval we get the values of the function

f(−2,−1) = g1(−1) = −4 − 8 + 4 = −8,

f(−2, 1) = g1(1) = 4 − 8 + 4 = 0.

b) If y = 1 and x ∈ [−2, 2] the restriction is

g2(x) = f(x, 1) = x2 − 2x2 + 4 = 4 − x2,

where g2(x) = −2x = 0 for x = 0. The relevant values of the function are

f(−2, 1) = g2(−2) = 4 − 8 + 4 = 0,

f(0, 1) = g2(0) = 4,

f(2, 1) = g2(2) = 4 − 8 + 4 = 0.
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Even if we have not examined the remaining two boundary curves, we can finish the task now,
because (0, 0) is the only stationary point with the value of the function f(0, 0) = 0. The
boundary does not belong to the domain, and by continuous extensions we find the values at
specially chosen boundary points

f(−2,−1) = −8 < f(0, 0) = 0 < f(0, 1) = 4.

Accordingly, f has neither a maximum nor a minimum in the open domain. In fact, due to the
continuity we can inside the domain obtain values of the function as close to −8 as well to 4
as we wish.

11) The function

f(x, y) = (7x2 + 4xy) exp(−y2), |x| < 1,

is of class C∞, and it can be extended by the same definition to all of R
2. This domain is open,

so a possible maximum or minimum can only be attained at a stationary point.
Possible stationary points are the solutions of the equations

∂f

∂x
= (14x + 4y) exp(−y2) = 0,

∂f

∂y
= {4x − 2y(7x2 + 4xy)} exp(−y2).

Now exp(−y2) �= 0, so these equations are equivalent to

7x = −2y and x{2 − 7xy − 4y2} = 0.

If we only eliminate 7x in the term 7xy of the latter equation, we get

0 = x{2 + 2y2 − 4y2} = 2x{1 − y2}.
Combining this with the equation 7x = −2y we get the possibilities

x = 0, i.e. y = 0, hence (x, y) = (0, 0),

y = 1, i.e. x = −2
7
, hence (x, y) =

(
−2

7
, 1
)

,

y = −1, i.e. x =
2
7
, hence (x, y) =

(
2
7
,−1
)

.

All three stationary points lie in the open domain, and the values of the function are

f(0, 0) = 0,

and

f

(
−2

7
, 1
)

= f(
(

2
7
,−1
)

=
(

7 · 4
49

− 4 · 2
7
· 1
)

exp(−1) = − 6
7e

.

Examination of the boundary. As mentioned above the function can be extended to the
boundary. As f(−x, y) = f(x, y), it suffices to examine the restriction

g(y) = f(1, y) = (7 + 4y) exp(−y2), y ∈ R.
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From

g′(y) = {4 − 2y(7 + 4y)} exp(−y2) = (4 − 14y − 8y2) exp(−y2)

=

{(
y +

7
8

)2

−
(

9
8

)2
}

exp(−y2),

follows g′(y) = 0 for

y = −7
8
± 9

8
=

⎧⎪⎨
⎪⎩

1
4
,

−2,

corresponding to the boundary values

f

(
1,

1
4

)
= g

(
1
4

)
= 8 exp

(
− 1

16

)
> 0,

and

f(1,−2) = g(−2) = − exp(−4).

Finally, it follows by the different magnitudes of the terms that

f(x, y) → 0 for |y| → +∞.

Then by a numerical comparison

− 6
7e

= f

(
−2

7
, 1
)

= f

(
2
7
,−1
)

< − 1
e4

= f(1,−2) < 0 = f(0, 0)

< 8 exp
(
− 1

16

)
= f

(
1,

1
4

)
.

Since
(

1,
1
4

)
is a boundary point which is not included in the domain, and f

(
1,

1
4

)
is the

maximum in the closure, the function has no maximum in the domain given by |x| < 1.

On the other hand,

M = f

(
−2

7
, 1
)

= f

(
2
7
,−1
)

= − 6
7e

is a minimum in both the closed and open set, so the minimum exists.
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Example 1.4 Find in each of the following cases the largest volume of a rectangular box for which
the indicated condition is fulfilled.

1) The sum of the 12 edges is given equal to 12a.

2) The area of the surface of the box is given and equal to 6a2.

3) The length of the space diagonal of the box is given and equal to a.

A Maximum.

D Put the box into a rectangular coordinate system with one corner at (0, 0, 0) and where the cor-
responding edges lie along the axes in the positive sense, i.e. the box can be described as the
domain

[0, x] × [0, y] × [0, z].

Find the volume as a function of the edges. Exploit the condition in each sub-question to eliminate
one of the variables. Indicate the domain, in which the remaining edges can vary. Finally, find the
maximum.
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I When the lengths of the edges are x, y, z ≥ 0, then the volume is given by

V (x, y, z) = xyz.

1) The condition that the sum of the 12 edges is equal to 12a is written

4(x + y + z) = 12a, i.e. x + y + z = 3a.

Remark. For symmetrical reasons we may expect that the solution is given by x = y = z = a.
The remaining part of the task is to prove that this hunch in this case is correct. ♦

First eliminate z,

z = 3a − x − y ≥ 0, i.e. x ≥ 0, y ≥ 0, x + y ≤ 3a.

0

1

2

3

y

1 2 3

x

Figure 7: The triangle in which we shall find the maximum of f(x, y) = xy(3a − x − y).

By insertion we see that we shall find the maximum of the function

f(x, y) = xy(3a − x − y), x ≥ 0, y ≥ 0, x + y ≤ 3a.

We have f(x, y) > 0 in the interior of the triangle, and on we boundary we have f(x, y) = 0.
Now f(x, y) is of class C∞, so the maximum exists (second main theorem) and it can only be
attained at an interior stationary point.

The equations of the stationary points are
∂f

∂x
= 3ay − 2xy − y2 = y(3a − 2x − y) = 0,

∂f

∂y
= x(3a − x − 2y),

where we immediately get the latter expression by the symmetry.
Since x > 0 and y > 0 in the interior of the triangle A we get the reduced equations

2x + y = 3a and x + 2y = 3a,

and we find (a we guessed) x = y = a. The only stationary point is (a, a) corresponding to
z = 3a − a − a = a, and as mentioned above this corresponds to a maximum,

S = V (a, a, a) = a3.
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2) In this case the condition is

2(xy + yz + xz) = 6a2.

Remark. Due to the strong symmetry we may again expect the solution to be x = y = z = a.
This satisfies at least the condition. The remaining part of the task is to prove that also this
hunch is correct. ♦.

It follows from the condition that

z =
3a2 − xy

x + y
,

where xy ≤ 3a2, x ≥ 0, y ≥ 0 and (x, y) �= (0, 0), hence a troublesome expression.

0

2

4

6

8

y

2 4 6 8

x

Figure 8: The infinite domain of the function in Example 1.4.2.

The volume function is given in this domain by

f(x, y) = xy · 3a2 − xy

x + y
=

3a2xy − x2y2

x + y
.

We conclude from

0 ≤ f(x, y) ≤ y

x + y
· 3a2 · x ≤ x · 3a2,

that f(x, y) can be extended by continuity from the first quadrant to the positive X and Y
axes supplied by the point (0, 0) by putting the value of the function equal to 0. We have
also the value 0 of the function of the branch of the hyperbola xy = 3a2 which lies in the first
quadrant. Finally, f(x, y) → 0, when either x → +∞ or y → +∞ inside the open domain.
Since f(x, y) > 0 is of class C∞ in the open domain, it follows from the second main theorem
that f(x, y) has a maximum, which necessarily must be attained at a stationary point in the
interior of the domain.
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The equations of the stationary points are

∂f

∂x
=

1
(x2 + y2)

{
(3a2y − 2sy2)(x + y) − (3a2xy − x2y2)

}
=

y

(x + y)2
{
3a2(x + y) − 2x2y − 2xy2 − 3a2x + x2y

}
=

y

(x + y)2
{
3a2y − x2y − 2xy2

}
=

y2

(x + y)2
{
3a2 − x2 − 2xy

}
= 0,

and of symmetrical reasons,

∂f

∂y
=

x2

(x + y)2
{
3a2 − y2 − 2xy

}
= 0.

Since x �= 0, y �= 0 and x + y �= 0 in the interior of the domain, these equations are reduced to

x2 + 2xy = 3a2, y2 + 2xy = 3a2,
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accordingly x2 = y2, or y = x, because both x and y are positive. This implies that 3x2 = 3a2,
so x = y = a, and then finally,

z =
3a2 − a2

2a
= a.

Since (a, a) is the only stationary point, the maximum must be attained here. We find as
expected that the maximum is

S = V (a, a, a) = a3.

3) The condition is here that the length of the space diagonal of the box is equal to a, i.e.√
x2 + y2 + z2 = a.

Remark. As before the strong symmetry suggests that the solution must satisfy x = y = z =
a√
3
. We shall again prove this hunch. ♦.
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Figure 9: The domain of the function xy
√

a2 − x2 − y2.

It follows that

z =
√

a2 − x2 − y2, x ≥ 0, y ≥ 0, x2 + y2 ≤ a2.

By insertion we get that the task is reduced to finding the maximum of the function

f(x, y) = xy
√

a2 − x2 − y2

in the closed quarter disc

A = {(x, y) | x ≥ 0, y ≥ 0, x2 + y2 ≤ a2}.

Clearly, f(x, y) = 0 on the boundary ∂A of A. We have f(x, y) > 0 in the interior of A. Since
f is of class C∞ in the interior of A, and is continuous on A, it follows from the second main
theorem that the maximum (which exists) must be attained at a stationary point in A◦.
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The stationary points satisfy the equations

∂f

∂x
= y

√
a2 − x2 − y2 − x2y√

a2 − x2 − y2
=

y√
a2 − x2 − y2

{a2 − 2x2 − y2} = 0,

∂f

∂y
=

x√
a2 − x2 − y2

{a2 − x2 − 2y2} = 0,

where the latter equation follows by the symmetry.
We then derive the equations

y = 0 or 2x2 + y2 = a2,

and

x = 0 or x2 + 2y2 = a2.

Clearly, one of the coordinates must be 0, so

(0, 0), (a, 0), (−a, 0), (0, a), (0,−a),

are all the possible stationary points. Unfortunately they all lie outside the interior of the
domain, so none of the counts in the following. (Three of then lie on the boundary, because
f(x, y) = 0, and the remaining two points do not lie at all in the closure of A).

Our only possibility is obtained when

2x2 + y2 = a2 and x2 + 2y2 = a2.

We get by a subtraction, y2 = x2, so x2 = y2 =
a2

3
. Now x2 + y2 =

2
3

a2 < a2, so
(

a√
3
,

a√
3

)
is the only stationary point in A◦, corresponding to the maximum

S = f

(
a√
3
,

a√
3

)
=

a3

3
√

3

[
=
(

a√
3

)3
]

,

and we see that x = y = z =
a√
3

in agreement with our earlier hunch.

Example 1.5 Show by applying polar coordinates that the function

f(x, y) = exp(x2 + y2) − 4xy, y ≥ 0, y ≥ 0,

has a minimum and find this minimum. [cf. Example 1.3.4].

A Minimum by polar coordinates.

D Introduce the polar coordinates. Find the stationary points. Examine the boundary and what
happens when � → +∞.
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I The domain is the first quadrant. This is described in polar coordinates by

x = � cos ϕ, y = � sin ϕ, � ∈ [0,+∞[, ϕ ∈
[
0,

π

2

]
.

The function is now

g(�, ϕ) = f(x, y) = exp(�2) − 4�2 cos ϕ sinϕ = exp(�2) − 2�2 sin 2ϕ.

The equations of the stationary points become

(8)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂g

∂�
= 2� exp(�2) − 4� sin 2ϕ = 2�{exp(�2) − 2 sin 2ϕ} = 0,

∂g

∂ϕ
= −4�2 cos 2� = 0.

It follows from � > 0 in the interior of the domain and the latter equation of (8) that the condition
is

cos 2ϕ = 0, i.e. sin 2ϕ = ±1,

where the former equation of (8) shows that only sin 2ϕ = +1 can be applied. Then

ϕ =
π

4
∈
[
0,

π

2

]
.

We get by insertion into for former equation of (8),

exp(�2) = 2, dvs. � =
√

ln 2.

Thus, the only stationary point is

(�, ϕ) =
(√

ln 2,
π

4

)
,

corresponding in rectangular coordinates to

(x, y) =

(√
ln 2
2

,

√
ln 2
2

)
.

The value of the function is here

g
(√

ln 2,
π

4

)
= exp(ln 2) − 2 ln 2 = 2(1 − ln 2).

If � → +∞, then obviously g(�, ϕ) → +∞.

We have on the boundary curves ϕ = 0 and ϕ =
π

2
, � ∈ [0,+∞[, that

g(�, 0) = g
(
�,

π

2

)
= exp(�2), � ∈ [0,+∞[,

so the minimum value is here g(0, 0) = 1 > 2(1 − ln 2).
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Summarizing, f(x, y) = g(�, ϕ) has a minimum in A for

(�, ϕ) =
(√

ln 2,
π

4

)
,

corresponding in rectangular coordinates to

(x, y) =

(√
ln 2
2

,

√
ln 2
2

)
.

The value of the function is here

g
(√

ln 2,
π

4

)
= f

(√
ln 2
2

,

√
ln 2
2

)
= 2(1 − ln 2),

in accordance with the result of Example 1.3.4.
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Alternatively it is also possible only to use rectangular coordinates, and this is actually not
that difficult. The equations of the stationary points

∂f

∂x
= 2x exp(x2 + y2) − 4y = 0,

∂f

∂y
= 2y exp(x2 + y2) − 4x = 0,

i.e.

x exp(x2 + y2) = 2y, y exp(x2 + y2) = 2x,

so

2y2 = xy exp(x2 + y2) = 2x2,

and hence y = x, because we only consider the open first quadrant. Then

x exp(2x2) = 2x, i.e. exp(2x2) = 2,

hence

y = x = +

√
ln 2
2

.

The only stationary point in the open first quadrant is

(x, y) =

(√
ln 2
2

,

√
ln 2
2

)
.

We have on the boundary either f(x, 0) = exp(x2), or f(0, y) = exp(y2), with the minimum value
f(0, 0) = 1 > 2(1 − ln 2), so the minimum value is attained at the stationary point in the first
quadrant.

Example 1.6 Find the maximum and the minimum of the function

f(x, y, z) = x2 + y2 + z2, x ≥ 0, y ≥ 0, z ≥ 0, x + y + z ≤ 1.

A Maximum and minimum.

D The existence follows from the second main theorem. Then either argue geometrically, or use the
standard method.

I The function f(x, y, z) = x2 + y2 + z2 is continuous on the given closed and bounded domain. It
follows from the second main theorem that f has both a maximum and a minimum.

1) The elegant geometrical solution. The value

f(x, y, z) = x2 + y2 + z2

can be interpreted as the square of the distance from (0, 0, 0) to (x, y, z). This distance is
smallest (= 0) for (x, y, z) = (0, 0, 0), and largest (= 1) at the other corners (1, 0, 0), (0, 1, 0)
and (0, 0, 1) of the tetrahedron which describes A.
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Figure 10: The domain.
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Figure 11: The projection onto the XY plane.

2) The standard procedure. It follows immediately that (0, 0, 0) is the only possible stationary
point, but since it lies on the boundary it is a matter of definition if it should be counted as a
stationary point or not. It will always be treated as a boundary point, when we examine the
boundary.
Examination of the boundary.

a) If z = 0, then f(x, y, 0) = x2 + y2, which on the triangle in the XY plane is smallest at
(0, 0) and largest at (1, 0) and (0, 1).
This is immediately seen, and it can also be obtained by another examination of the bound-
ary in the XY plane on the triangle shown on the figure.

b) Due to the symmetry the same is true for the surfaces x = 0 and y = 0.
c) If z = 1−x−y, then we get the same parametric domain as the domain above on the figure

in the XY plane, and the restriction is given by

g(x, y) = f(x, y, 1 − x − y) = x2 + y2 + (1 − x − y)2.
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The equations of the possible stationary points are
∂g

∂x
= 2x − 2(1 − x − y) = 2(2x + y − 1) = 0,

∂g

∂y
= 2(x + 2y − 1) = 0,

(the latter equation by symmetry). Accordingly, y = x and 3(x + y) = 2, i.e. x = y =
1
3
.

Then by insertion,

g

(
1
3
,
1
3

)
= 3 · 1

33
=

1
3
.

i) We get on the boundary x + y = 1,

g(x, 1 − x) = x2 + (1 − x)2, x ∈ [0, 1],

with its minimum

g

(
1
2
,
1
2

)
= 2 · 1

4
=

1
2

for x =
1
2
,

and its maximum for x = 0 or x = 1, corresponding to

g(0, 1) = g(1, 0) = 1.

ii) We also get the restriction

ϕ(x) = x2 + (1 − x)2, x ∈ [0, 1],

on the boundary y = 0, and on the boundary x = 0 we get

ψ(y) = y2 + (1 − y)2, y ∈ [0, 1].

Anyone of these will lead to precisely the same investigation as above.
By comparison of these values we conclude that the minimum is

M = f(0, 0, 0) = 0,

and the maximum is

S = f(1, 0, 0) = f(0, 1, 0) = f(0, 0, 1) = 1.

The latter method is rather troublesome compared to the geometric interpretation.
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Example 1.7 Prove that the function

f(x, y) = x2 + 2y2 − 2x, (x, y) ∈ R
2,

has both a maximum and a minimum on the point set

A = {(x, y) | x ≥ 0, x2 + y2 ≤ 2},

and find these values.

A The second main theorem. Maximum and minimum.

D Apply the second main theorem for continuous functions. Then find the maximum and minimum.

I Since f(x, y) is real and continuous on the closed and bounded domain A, it follows from the second
main theorem for continuous functions that f has a maximum and a minimum on A. This proves
the existence. We shall in the following give two methods for the explicit determination of these
expressions.
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1) Geometrical consideration. First rewrite f in the following way,

f(x, y) = x2 + 2y2 − 2x = (x − 1)2 + 2y2 − 1 = 2

{(
x − 1√

2

)2

+ y2

}
− 1.

–2

–1

0

1

2

y

0.5 1 1.5 2 2.5 3 3.5

x

Figure 12: The largest possible ellipse, which intersects (touches) the domain.

It follows immediately from the first rearrangement that the minimum is attained at the point
(1, 0) ∈ A of the value of the function

M = f(1, 0) = −1.

From the latter rearrangement follows that

f(x, y) = 2α2 − 1

is constant for every point on the ellipse of the equation(
x − 1√

2

)2

+ y2 = α2.

Therefore, the maximum must be attained on the largest of these ellipses (characterized by
α > 0 being largest), which has points in common with A. It follows immediately from the
figure that these maximum points must be (x, y) = (0,±√

2) on the Y axis. Hence the maximum
value is attained at these points,

S = f(0,±
√

2) = 4.

2) The standard procedure. The function is of class C∞. Therefore we shall only find the
stationary points in A◦ followed by an examination of the boundary and numerical comparisons.
a) Stationary points. The possible stationary points are the solutions of the equations

∂f

∂x
= 2(x − 1) = 0,

∂f

∂y
= 4y = 0.

It follows that (1, 0) is the only stationary point in A◦. The value of the function is here

f(1, 0) = −1.
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b) Examination of the boundary.
i) The restriction on the boundary x = 0, y ∈ [−√

2,
√

2], is

f(0, y) = 2y2,

which has its minimum f(0, 0) = 0, and its maximum

f(0,
√

2) = f(0,−
√

2) = 4.

ii) The restriction on the boundary curve x2 + y2 = 2, x ∈ [0,
√

2], is
g(x) = f(x, y) = x2 + 2y2 − 2x = 2(x2 + y2) − x2 − 2x

= 4 + 1 − (x + 1)2 = 5 − (x + 1)2,
which has the minimum

g(
√

2) = 5 − (
√

2 + 1)2 = 2 − 2
√

2 = −2(
√

2 − 1) > −1,

and its maximum g(0) = 4, corresponding to y = ±√
2.

c) Numerical comparison. Summarizing, the minimum in A is

M = f(1, 0) = −1,

and the maximum is

S = f(0,
√

2) = f(0,−
√

2) = 4.

Example 1.8 Given the function

f(x, y) = x2 + y2 + exy, (x, y) ∈ R
2.

First show that f does not have a maximum in R
2. Then prove the following:

1) The function f has a minimum M on the disc A = K((0, 0); 10).

2) M is smaller than 100.

3) We have the estimate f(x, y) ≥ 100 in the point set R
2 \ A.

Finally, check if f has a minimum in R
2.

A Extrema.

D Prove that f(x, y) → +∞ for x2 + y2 → +∞. Then prove 1) – 3). Finally, argue for a minimum.

I Clearly,

(9) f(x, y) = x2 + y2 + exy > x2 + y2,

thus f(x, y) → +∞ for x2 + y2 → +∞. It follows that f(x, y) has no maximum in R
2.

1) Since f(x, y) is continuous and A = K((0, 0); 10) is a closed and bounded set, f(x, y) has
according to the second main theorem for continuous functions a minimum value M on A.

2) Clearly, M ≤ f(0, 0) = 1 < 100.
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3) If (x, y) ∈ R
2 \ A, then it follows directly from (9) that

f(x, y) > 102 = 100.

Now R
2 = A ∪ (R2 \ A), and f(x, y) > 100 on the entire R

2 \ A, while there are points in A, for
which f(x, y) < 100. Therefore, a possible minimum must lie in A, and since it exists according
to 1) and is equal to M , we conclude that f has the minimum M in all of R

2.

Additional remark. Since f(x, y) is of class C∞, the minimum M is attained at a stationary
point. The equations of the stationary points are

(10)

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂f

∂x
= 2x + yexy = 0,

∂f

∂y
= 2y + xexy = 0,

which has only (0, 0) as a stationary point, so

M = f(0, 0) = 1.

That (0, 0) is the only stationary point follows from the following: Clearly, xy ≤ 0. We have
according to (10),

2x2 = −xyexy = 2y2,

so y = −x. By insertion into the former equation of (10) we get

0 = 2x − x exp(−x2) = x(2 − exp(−x2)).

From exp(−x2) < 2 follows that x = 0, and thus y = 0, so (0, 0) is the only stationary point. ♦

Example 1.9 It is well-known that if a C1-function g : R → R has precisely one stationary point x0,
which is a local minimum point x0, then g has a global minimum at x0.
Show that no such result exists in general for functions f : R

2 → R, by considering

f(x, y) = x2 + y2(1 + x)3, (x, y) ∈ R
2.

A Another illustration of the difference between one and several variables.

D Show that the given function f has precisely one stationary point in which there is a local minimum,
and that this minimum is not a global minimum.

I When

f(x, y) = x2 + y2(1 + x)3,

we get the following equations of the stationary points,

∂f

∂x
= 2x + 3y2(1 + x)2 = 0,

∂f

∂y
= 2y(1 + x3) = 0.
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Figure 13: How the surface of the graph might look like for a counterexample.

The latter equation shows that either y = 0 or x = −1.

If we put y = 0 into the former equation, we get x = 0, so (0, 0) is a stationary point.

If x = −1, we conclude from the former equation that
∂f

∂x
= −2 �= 0.

This shows that (0, 0) is the only stationary point. The value of the function is here f(0, 0) = 0.

Clearly, the approximating polynomial of at most second degree from (0, 0) is

P2(x, y) = x2 + y2.

This structure shows that (0, 0) is a (local) minimum point.

We then get along the restriction y = 1 that

f(x, 1) = x2 + (x + 1)3 → −∞ for x → −∞,

so f(x, y) does not have a global minimum.

Example 1.10 Find the range of

f(x, y) = −3y + 4y2 + x2y + y3

on the open disc K((0, 0); 1), and on R
2, resp.

A Ranges.

D Find the possible stationary points; examine the boundary. Apply the main theorems for continu-
ous functions.

I The function is of class C∞ in R
2. Restricted to the closed disc K((0, 0); 1) we have according to

the second main theorem both a maximum and a minimum, and these are either attained at a
stationary point or on the boundary.

Since the domain is connected, it follows from the first main theorem for continuous functions that
the range is an interval.
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Stationary points. The equations of the stationary points are

∂f

∂x
= 2xy = 0,

∂f

∂y
= −3 + 8y + x2 + 3y2 = 0.

If y = 0, then x = ±√
3.

If x = 0, then 3y2 + 8y − 3 = 0, i.e. either y = −3 or y =
1
3
.

The stationary points are

(
√

3, 0), (−
√

3, 0),
(

0,
1
3

)
, (0,−3).

Of these, only
(

0,
1
3

)
belongs to the open unit disc. The value of the function is here

f

(
0,

1
3

)
= −3 · 1

3
+ 4 · 1

9
+ 0 +

1
27

= −14
27

.
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Examination of the boundary. We have on the boundary x2 + y2 = 1, which can also be
written x2 = 1 − y2. Hence, we get the restriction

g(y) = f(x, y)|x2+y2=1 = 4y2 − 2y

=
(

2y − 1
2

)2

− 1
4

= 4
(

y − 1
4

)2

− 1
4
, y ∈ [−1, 1].

It follows from these rearrangements that the minimum on the boundary is g

(
1
4

)
= −1

4
, and the

maximum is

g(−1) = 4
(
−5

4

)2

− 1
4

=
25
4

− 1
4

= 6.

Since the boundary is connected, the range of the boundary is the interval
[
−1

4
, 6
]
.

The value of the function at the stationary point
(

0,
1
3

)
is smaller than the smallest value of the

function on the boundary, because

−14
27

< −1
4
.

The range is connected, and the value 6 of the function on the boundary cannot be obtained in
the interior, although we may come as close to this value as we wish. Hence

f(K((0, 0); 1)) =
[
−14

27
, 6
[

.

The range of f over R
2 is of course again R. For instance, the restriction

f(0, y) = −3y + 4y2 + y3

tends towards +∞ for y → +∞, and towards −∞ for y → −∞, and by the first main theorem
the range is an interval.
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Example 1.11 When we approximate a function by an approximating polynomial based on Taylor’s
formula, the error is zero at the point of expansion, and it will usually increase with the distance form
the point of expansion. We may get different results by using other polynomials for our approximation.
One of the possibilities is to level out the error by demanding that the integral of the square of the
error should be as small as possible. As an illustration we consider the function

f(t) = cos t, −π

2
≤ t ≤ π

2
,

and a polynomial

Q(t;x, y) = x − ty2, −π

2
≤ t ≤ π

2
.

Find x and y, such that the integral

I(x, y) =
∫ π

2

− pi
2

{f(t) − Q(t;x, y)}2dt

becomes as small as possible. Then compute the error of t = ±π

2
, partly by approximation by the

found polynomial Q, and partly by using the Taylor polynomial of at most second degree P2.

A Minimizing in L2 norm.

D Compute I(x, y) and minimize. Alternatively, compute
∂I

∂x
and

∂I

∂y
directly. Compare with the

Taylor polynomial.

I Since f(t) = cos t is an even function, it is quite reasonable to approximate by a polynomial Q(t;x, y)
of even degree in t. Since f(t) − Q(t;x, y) is even in t, we get

I(x, y) =
∫ π

2

−π
2

{f(t) − Q(t;x, y)}2dt = 2
∫ π

2

0

{cos t − x + yt2}2dt.

Clearly, I(x, y) ≥ 0 is continuous, and I(x, y) → +∞ for x2 +y2 → +∞, so I(x, y) has a minimum
in R

2. Now I(x, y) is of class C∞, so this minimum must be attained at a stationary point.

1) First variant. By differentiation under the sign of integration we get the equations of the
possible stationary points

∂I

∂x
= 2

∫ π
2

0

∂

∂x

{
cos t − x + yt2

}2
dt = −4

∫ π

2
0

(cos t − x + yt2)dt

= −4
[
sin t − xt +

1
3

yt3
]π

3

0

= −4
(

1 − π

2
x +

π3

24
y

)
= 0,

and

∂I

∂y
= 2

∫ π
2

0

∂

∂y

{
cos t − x + yt2

}2
dt = 4

∫ π
2

0

t2(cos t − x + yt2)dt

= 4
∫ π

2
0

(t2 cos t − xt2 + yt4)dt =
[
t2 sin t + 2t cos t − 2 sin t − x

3
t3 +

y

5
t5
]π

2

0

= 4
(

π2

4
− 2 − π3

24
x +

π5

160
y

)
= 0.
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These are reduced to

x − π2

12
y =

2
π

og x − 3π2

20
y =

6
π3

(π2 − 8),

hence(
3π2

20
− π2

12

)
y =

2
π
− 6

π
+

48
π3

=
4
π3

(12 − π2),

and thus

y =
15
π2

· 4
π3

(12 − π2) =
60
π5

(12 − π2)

and accordingly

x =
π2

12
y +

2
π

=
π2

12
· 60
π5

(12 − π2) +
2
π

=
1
π3

(60 − 5π2) +
2
π

=
3
π2

(20 − π2).

The only stationary point is

(x, y) =
(

3
π3

(20 − π2),
60
π5

(12 − π2)
)

,

and it must correspond to a minimum for I(x, y). Notice that x > 0 and y > 0.

2) Second variant. Alternatively we compute I(x, y):

I(x, y) = 2
∫ π

2

0

{cos t − x + yt2}2dt

= 2
∫ π

2

0

{cos2 t+x2+y2t2−2x cos t −2xyt2+2yt2 cos t}dt

= 2
[{

1
2

t +
1
2

sin t cos t

}
+ x2t +

y2

5
t5 − 2x sin t

−2
3

xyt3 + 2y{t2 sin t + 2t cos t − 2 sin t}
]π

2

0

= 2
[
π

4
+

π

2
x2 +

π5

160
y2 − 2x − π3

12
xy + 2y

{
π2

4
− 2
}]

= π x2 +
π5

80
y2 − π3

6
xy − 4x + (π2 − 8)y +

π

2
.

The equations of the stationary points,

∂I

∂x
= 2π x − π3

6
y − 4 = 0,

∂I

∂y
=

π5

40
y − π3

6
x + π2 − 8 = 0,

are identical with the equations of the first variant. The unique solution is

(x0, y0) =
(

3
π3

(20 − π2),
60
π5

(12 − π2)
)

≈ (0.980 162; 0.417 698),
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corresponding to a minimum for I(x, y), given approximatively by

I(x0, y0) ≈ 0.000 936.

Remark. This approximation is also called the approximation in energy over the given interval.
It is seen that this is extremely good even for a polynomial of degree two (an error of less than
1 per thousand). This is the right concept of convergence in Communication Systems and other
applications in the technical sciences. Unfortunately, most students are at this level still most
familiar with the pointwise convergence, in spite of the fact that this concept in practice often
is very awkward. It will below be demonstrated that the inaccuracy by the various pointwise
approximations are bigger than the approximation in energy. ♦

We have found the approximation

Q(t) := Q(t;x0, y0) =
3
π3

(20 − π2) − 60
π5

(12 − π2)t2 ≈ 0.980 162 − 0.417 698t2
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of cos t. The corresponding approximation by a Taylor polynomial is

P2(t) = 1 − 1
2

t2.

If t = ±π

2
, then cos t = 0, and

P2

(
±π

2

)
= 1 − π2

8
=

8 − π2

8
≈ −0.233 701,

and

Q
(
±π

2

)
=

3
π3

(20 − π2) − 60
π5

(12 − π2) · π2

4

=
1
π3

{60 − 3π2 − 180 + 15π2} =
12π2 − 120

π3

=
12(π2 − 10)

π3
≈ −0.050 465.

It is seen by comparison that the approximation in energy also gives a better pointwise result than
the Taylor polynomial.

Example 1.12 Consider the function

f(x, y) = 3x3 + 6xy2 + 4y3 − 9x2, (x, y) ∈ A,

where A is given in the following way: We remove from the ellipsoidal disc given by x2 +2y2 −3x ≤ 0

those points which also satisfy y < −1
2

x. Sketch A and then find the maximum and the minimum of
the function.

A Maximum and minimum for a continuous function in a closed and bounded domain.

D Sketch the set A. Then refer to the second main theorem for continuous functions. Find the
stationary points and examine the boundary points.

I Clearly, f(x, y) is of class C∞, even as a function in all of R
2. Hence there are no exception points.

We first identify the ellipsoidal disc by the following rearrangement

0 ≥ x2 + 2y2 − 3x =

{
x2 − 2 · 3

2
x +

(
3
2

)2
}

+ 2y2 −
(

3
2

)2

,

hence(
x − 3

2

)2

+ 2y2 ≤
(

3
2

)2

,

or in the usual normed form⎧⎪⎨
⎪⎩

x − 3
2

3
2

⎫⎪⎬
⎪⎭

2

+

⎧⎪⎪⎨
⎪⎪⎩

y
3

2
√

2

⎫⎪⎪⎬
⎪⎪⎭

2

≤ 1.
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–1

–0.5

0

0.5

1

y

0.5 1 1.5 2 2.5 3

x

Figure 14: The closed set A lies above the line and inside the ellipse.

It follows that the inequality describes a closed ellipsoidal disc of centrum
(

3
2
, 0
)

and of the half

axes a =
3
2

and b =
3

2
√

2
.

The domain A is the intersection of the closed ellipsoidal disc and the closed half plane y ≥ − 1
2

x,
i.e. that part of the ellipsoidal disc which lies above the line. It follows that A is closed and
bounded.

According to the second main theorem for continuous functions, f has a maximum and a minimum
in A. Since f is of class C∞, these are among the values of the function at either the stationary
points in the interior of A or at the points of the boundary.

First notice that the line y = −1
2

x intersects the ellipse in two points given by

0 = x2 + 2y2 − 3x = x2 + 2 · x2

4
− 3x =

3
2

x2 − 3x =
3
2

x(x − 2),

hence x = 0 and x = 2, corresponding to the points (0, 0) and (2,−1).

1) Stationary points. The equations of the stationary points are

∂f

∂x
= 9x2 + 6y2 − 18x = 0,

∂f

∂y
= 12xy + 12y2 = 12(x + y)y = 0.

The line x + y = 0 does not intersect the interior of A, so we only get the possibility y = 0. If
we put this into the former equation we get

0 = 9x2 + 0 − 18x = 9x(x − 2),

hence x = 0 or x = 2, corresponding to the stationary points (0, 0) and (2, 0). Only (2, 0) lies
in A. Then compute the value of the function at this point,

f(2, 0) = 3 · 23 + 0 + 0 − 9 · 22 = 24 − 36 = −12.
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2) Examination of the boundary. The boundary is split into three obvious parts:

a) y = −1
2

x, for 0 ≤ x ≤ 2 and y ≤ 0,

b) y = −
√

3x − x2

2
, for 2 ≤ x ≤ 3 and y ≤ 0,

c) y = +

√
3x − x2

2
, for 0 ≤ x ≤ 3 and y ≥ 0.

Notice that if (x, y) lies on the (boundary of the) ellipse, then

f(x, y) = 3x3 + 6xy2 + 4y3 − 9x2 = 3x{x2 + 2y2 − 3x} + 4y3 = 4y3,

which is a trick that will help us a lot in the following.

a) The restriction of f(x, y) to y = −1
2

x, 0 ≤ x ≤ 2, is

ϕ(x) = f

(
x,−1

2
x

)
= 3x3 + 6x · x2

4
− 4 · x3

8
− 9x2

= 3x3 +
3
2

x3 − 1
2

x3 − 9x2 = 4x3 − 9x2, for 0 ≤ x ≤ 2,

where

ϕ′(x) = 12x2 − 18x = 12x
(

x − 3
2

)
, 0 < x < 2.

In the open interval we get ϕ′(x) = 0 for x =
3
2
, corresponding to y = −3

4
, and

ϕ

(
3
2

)
= f

(
3
2
,−3

4

)
= 4 · 27

8
− 9 · 9

4
=

27
2

− 81
4

= −27
4

.

At the end points of the interval,

ϕ(0) = f(0, 0) = 0 og ϕ(2) = f(2,−1) = 4 · 8 − 9 · 4 = −4.

b) On the ellipsoidal boundary of A we reduce f(x, y) to

f(x, y) = 4y3.

It follows geometrically (consider the figure) that the maximum on this part of the boundary
is

f

(
3
2
,

3
2
√

2

)
= 4 ·

(
3

2
√

2

)3

=
27

4
√

2
,

and the minimum is

f(2,−1) = −4.

c) Numerical comparison. We shall now find the maximum and the minimum among the
values of the function,

f(2, 0) = −12, f

(
3
2
,−3

4

)
= −27

4
, f(0, 0) = 0,
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f(2,−1) = −4, f

(
3
2
,

3
2
√

2

)
=

27
4
√

2
,

thus the maximum is

S = f

(
3
2
,

3
2
√

2

)
=

27
4
√

2
,

and the minimum is

f(2, 0) = −12.
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Example 1.13 Explain why the function given by

f(x, y) = xy2, (x, y) ∈ K((0, 0); 1),

has both a maximum and a minimum, and find these values.

A Maximum and minimum.

D A continuous function on a closed, bounded set. Find the possible stationary points and examine
the points of the boundary.

–0.4

–0.2

0.2

0.4

–1

–0.5

0.5

1

y

–1

–0.5

0.5

1

x

Figure 15: The graph of f(x, y) over K((0, 0); 1).

I Since f(x, y) is continuous (even of class C∞), and K(0; 1) is closed and bounded, it follows from
the second main theorem for continuous functions that f has both a maximum and a minimum in
K(0; 1). These are either attained at a stationary point or at a boundary point.

Since

∂f

∂x
= y2 and

∂f

∂y
= 2xy

are 0 for y = 0, i.e. on the X axis, the set of stationary points is [−1, 1]×{0}. The value of f(x, y)
is here trivially f(x, 0) = 0.

We use on the boundary the parametric description (x, y) = (cos t, sin t), t ∈ [0, 2π], thus the
restriction to the boundary is given by

ϕ(t) = f(cos t, sin t) = cos t · sin2 t, t ∈ [0, 2π],

with the derivative

ϕ′(t) = − sin3 t + 2 sin t · cos3 t = sin t · (2 cos2 t − sin2 t) = sin t(3 cos2 t − 1).

This expression is 0 for t = 0, π, or for cos t = ± 1√
3
, corresponding to sin2 t =

2
3
. When we put

t = 0, π, we get the value 0 of the function.
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If we insert cos t = ± 1√
3
, sin2 t =

2
3
, we get

f(cos t, sin t) = ± 1√
3
· 2
3
,

hence

f

(
1√
3
,±
√

2
3

)
=

2
3
√

3
is the maximum value,

and

f

(
− 1√

3
,±
√

2
3

)
= − 2

3
√

3
is the minimum value.

Example 1.14 The function f : R
2 → R is given by

f(x, y) = (x2 + y2 − 1)(x2 + y2 − 4).

1) Find the set of stationary points for f .

2) Show that f has a proper extremum at (0, 0), and indicate the type of this extremum.

3) Find the largest value which is attained by f in the disc

D = {(x, y) ∈ R
2 | (x − 2)2 + y2 ≤ 4}.

A Extremum.

D An alternative solution is to rewrite this problem as a 1-dimensional problem. Exploit this idea to
solve as much of the problem as possible. Then compute the problem as indicated in the text.

–2

–1

1

2

3

4

–2

–1

1

2

y

–2
–1.5

–1
–0.5

1
1.5

x

Figure 16: The surface z = (x2 + y2 − 1)(x2 + y2 − 4) over D.
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I The problem is actually 1-dimensional, because by switching to polar coordinates,

f(x, y) = f(� cos ϕ, � sin ϕ) = (�2 − 1)(�2 − 4) = �4 − 5�2 + 4 = g(�), � ≥ 0,

and

g′(�) = 4�3 − 10� = 4�
(

�2 − 5
2

)

is 0 for � = 0 and for � = +
√

5
2
. Furthermore, g(�) is decreasing for 0 < � <

√
5
2

and increasing

for � >

√
5
2
.

In particular, (0, 0) which corresponds to � = 0 is a local maximum point of the value of the
function

f(0, 0) = 4.

We get the minimum for � =
√

5
2
, corresponding to the value of the function

f

(√
5
2

cos ϕ,

√
5
2

sinϕ

)
= g

(√
5
2

)
=
(

5
2
− 1
)(

5
2
− 4
)

= −9
4
.

Since D contains both (0, 0) and (4, 0) on the X axis, cf. the figure, the maximum value is one of

–2

–1

0

1

2

y

–2 –1 1 2 3 4

x

Figure 17: The domain D and the zero curves x2 + y2 = 1 and x2 + y2 = 4 for f(x, y).

the values g(0) and g(4). We conclude from

f(4, 0) = g(4) = (16 − 1)(16 − 4) = 15 · 12 = 180 > 4 = f(0, 0),

that f(4, 0) = 180 is the maximum value in D.

Finally, the stationary points are necessarily (0, 0) and
{

(x, y)
∣∣∣∣x2 + y2 =

5
2

}
.

Now, return to the very beginning, and handle the example according to the original intention.
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1) The stationary points are the solutions of the equations

∂f

∂x
= 2x(x2+y2−4)+2x(x2+y2−1) = 4x

(
x2+y2− 5

2

)
= 0,

∂f

∂y
= 2y(x2+y2−4)+2y(x2+y2−1) = 4y

(
x2+y2− 5

2

)
= 0.

We conclude that the stationary points are{
(x, y)

∣∣∣∣ x2 + y2 =
5
2

}
∪ {(0, 0)}.

2) It follows from f(x, y) = g(�) = (1 − �2)(4 − �2) that g(�) is increasing when � → 0, hence
(0, 0) is a maximum.
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Alternatively,

∂2f

∂x2
= 4
(

x2 + y2 − 5
2

)
+ 8x2, r = 4 ·

(
−5

2

)
= −10,

∂2f

∂x∂y
= 8xy, s = 0,

∂2f

∂y2
= 4
(

x2 + y2 − 5
2

)
+ 8y2, t = 4 ·

(
−5

2

)
= −10,

so rt − s2 = 100 > 0, and r < 0, t < 0, corresponding to that (0, 0) is a maximum point.

3) Since

f(x, y) =
(

5
2
− 1
)(

5
2
− 4
)

= −9
4

for x2 + y2 =
5
2
,

only the examination of the boundary remains. A parametric description of the boundary curve
of D is

(x, y) = (2 + 2 cos t, 2 sin t) = 2(1 + cos t, sin t), t ∈ [0, 2π],

where

x2 + y2 = 4
(
1 + 2 cos t + cos2 t + sin2 t

)
= 8(1 + cos t).

The restriction h(t) to the boundary curve is given by

h(t) = f(2(1 + cos t), 2 sin t) = {8(1 + cos t) − 1}{8(1 + cos t) − 4}
= 4(7 + 8 cos t)(1 + 2 cos t) = 4(7 + 22 cos t + 16 cos2 t),

where

h′(t) = −4 sin t(22 + 32 cos t),

which is only 0, when either t = 0 or t = π or cos t = −11
16

. We get by insertion

h(0) = f(4, 0) = 4(7 + 22 + 16) = 4 · 45 = 180,
h(π) = f(0, 0) = 4(7 − 22 + 16) = 4,

and

h

(
arccos

(
−11

16

))
= 4

(
7 + 22 ·

(
−11

16

)
+ 16 ·

(
−11

16

)2
)

= 4
(

7 − 2 · 112

16
+

112

16

)
= 4
(

7 − 121
16

)
= 4
(

112 − 121
16

)
= −9

4
.

A numerical comparison gives that

f(4, 0) = 180

is the maximum value in D.
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Example 1.15 Given the function

f(x, y) = xy exp
(
y − x2

)
, (x, y) ∈ R

2.

1) Find the stationary points of f .

2) Explain why f has both a maximum and a minimum in

A = {(x, y) | x2 − 3 ≤ y ≤ 0},
and find the values of the function at these points.

3) Check if f has a global maximum and a global minimum in R
2.

A Maximum and minimum.

D Find the stationary points and sketch A.

–0.15

–0.1

–0.05

0.05

0.1

0.15

–3
–2.5

–2
–1.5

–1
–0.5

y –1.5
–1

–0.5

0.5
1

1.5

x

Figure 18: The graph of f(x, y) over A.

I 1) The function is of class C∞, and the partial derivatives are

∂f

∂x
= y exp

(
y − x2

)− 2x2y exp
(
y − x2

)
= y
(
1 − 2x2

)
exp
(
y − x2

)
,

∂f

∂y
= x exp

(
y − x2

)
+ xy exp

(
y − x2

)
= x(1 + y) exp

(
y − x2

)
.

The exponential is never zero, so these two expressions are both equal to zero, if and only if

y(1 − 2x2) = 0 and x(1 + y) = 0.

If x = 0, the latter equation is fulfilled, and it follows from the former equation that y = 0.
If y = −1, the latter equation is again satisfied. It follows from the former equation that

x = ± 1√
2
.

Thus the possible stationary points are

(0, 0),
(

1√
2
,−1
)

and
(
− 1√

2
,−1
)

.

Here (0, 0) lies on the boundary, so it will also enter the analysis of the boundary points.
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–3
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Figure 19: The domain A.

2) Since f is continuous and A is closed and bounded, it follows from the second main theorem
for continuous functions that f has a maximum and a minimum in A. These points are either
an inner stationary point or a boundary point. The inner stationary points are(

1√
2
,−1
)

og
(
− 1√

2
,−1
)

with the values of the function

f

(
1√
2
,−1
)

= − 1√
2

exp
(
−1 − 1

2

)
= − 1√

2e3

and

f

(
− 1√

2
,−1
)

=
1√
2e3

.

On the boundary curve y = 0, −√
3 ≤ x ≤ √

3,

f(x, 0) = 0.

On the boundary curve y = x2 − 3, −√
3 ≤ x ≤ √

3, we have the restriction

ϕ(x) = f
(
x, x2 − 3

)
= x(x2 − 3) exp(x2 − 3 − x2) = (x3 − 3x)e−3

with

ϕ′(x) = 3(x2 − 1)e−3.

We have already checked the end points x = ±√
3, so it only remains to compute

ϕ(1) = (1 − 3)e−3 = −2e−3 and ϕ(−1) = 2e−3.

The maximum value and the minimum value are among

f

(
1√
2
,−1
)

= − 1√
2e3

, f

(
− 1√

2
,−1
)

=
1√
2e3

,
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f(1,−2) = − 2
e3

, f(−1, 2) =
2
e3

,

hence

S = f

(
− 1√

2
,−1
)

=
1√
2e3

and M = f

(
1√
2
,−1
)

= − 1√
2e3

.

3) We get along the curve y = x2,

ψ(x) = f(x, x2) = x3,

which clearly has neither a maximum value nor a minimum value in R
2, because the range is

all of R.
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Example 1.16 1) Sketch the set

B =
{
(x, y) ∈ R

2 | x ≥ 0, 0 ≤ y ≤ 1 − 2x
}

,

and explain why the function f(x, y) = xy has both a maximum S and a minimum value M on B.

2) Find S and M .

A Maximum value and minimum value.

D Solve the problem geometrically.

–0.2

0

0.2

0.4

0.6

0.8

1

1.2

y

–0.2 0.2 0.4 0.6

x

Figure 20: The domain B.

I 1) The set B is closed and bounded, and f is continuous. By the second main theorem for continuous
functions, f has a maximum and a minimum on B.

2) Clearly, f(x, y) ≥ 0 p̊a B, and the minimum value M = 0 must be attained on the axes.

Since f(x, y) = C on the hyperbola xy = C, we conclude from considering the set of curves
that the maximum value must be attained on the line y = 1−2x. Then consider the restriction

g(x) = f(x, 1 − 2x) = x − 2x2, x ∈
[
0,

1
2

]
,

of f to this boundary curve. First we vet g′(x) = 1− 4x, which corresponds to a maximum for

x =
1
4
, i.e.

S = g

(
1
4

)
= f

(
1
4
,
1
2

)
=

1
8
.

Remark. An alternative way is of course to realize that (0, 0) is the only candidate of a
stationary point. Since f is 0 on the axes, only the examination of the boundary line y = 1−2x
remains, and this was done above.
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Example 1.17 Given the function

f(x, y) = 32x2y − 20x3y − xy3, (x, y) ∈ R
2.

1) Find the stationary points of f .

2) Check for each of the points (1, 2), (1, 1) and (0, 0), if f has an extremum at the given point.

3) Find the range of the function f .

A Extremum.

D Follow the guidelines.
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–100

–50

50

100

150–3
–2

–1

1
2

3

y –1
–0.5

0.5

1
1.5

2

x

Figure 21: Part of the graph of f .

I 1) The stationary points are the solutions of the equations

∂f

∂x
= 64xy − 60x2y − y3 = y(64x − 60x2 − y2) = 0,

∂f

∂y
= 32x2 − 20x3 − 3xy2 = x(32x − 20x2 − 3y2) = 0.

a) If x = 0, then the latter equation is fulfilled, and we obtain y = 0 from the first, so (0, 0) is
a stationary point.

b) If y = 0, then the former equation is fulfilled, and the latter equation gives either x = 0 or

x =
8
5
. Thus we get another stationary point

(
8
5
, 0
)

.

c) If both x �= 0 and y �= 0, the equations are reduced to

y2 = 64x − 60x2 and 3y2 = 32x − 20x2.

By elimination of y,

32x − 20x2 = 3y2 = 192x − 180x2,

from which we get the necessary condition

0 = 160x2 − 160x = 160x(x − 1).
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Since x �= 0, we only get the possibility of x = 1.

If we put x = 1 into the original equations (i.e. we test our possible solution), then

y(4 − y2) = 0 and 12 − 3y2 = 3(4 − y2) = 0,

which are both satisfies for y = ±2.

Summarizing, the stationary points are

(0, 0),
(

8
5
, 0
)

, (1, 2), (1,−2).

2) Examination of the extrema.

a) Since (1, 1) is not a stationary point, it cannot be an extremum.

–4

–3

–2

–1

0

1

2

3

4

y

0.5 1 1.5 2

x

Figure 22: The function f(x, y) changes its sign, whenever one crosses either one of the axes or the
ellipse.

b) The point (0, 0) is not an extremum.
First variant. By an analysis of the sign of the function, cf. the figure,

f(x, y) = 32x2y − 20x3y − xy3 = xy
{
32x − 20x2 − y2

}
= · · ·

=
64
5

xy

{
1 − 25

16

(
x − 4

5

)2

− 5
64

y2

}
,

we see that f is both positive and negative in any neighbourhood of (0, 0), and we have
no extremum.

Second variant. If we take the restriction of f(x, y) to the line y = x, it follows, that

ϕ(x) = f(x, x) = 32x3 − 21x4 = x3 (32 − 21x)

is both positive and negative in any neighbourhood of (0, 0), and we cannot have an
extremum.

c) When we check (1, 2), we have many methods at hand. We shall here restrict ourselves to
two. First note that (1, 2) is in fact a stationary point, so it is possible that we have an
extremum at the point.
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First variant. Approximating polynomial of at most degree two from (1, 2).
If we put

x = x1 + 1 and y = y1 + 2,

and neglect terms of higher order than 2 in (x1, y1) (symbolized by dots), we get
f(x, y) = 32x2y − 20x3y − xy3

= 32(x1+1)2(y1+2)2−20(x1+1)3(y1+2)−(x1+1)(y1+2)3

= 32(x2
1+2x1+1)(y1+2)−20(1+3x1+3x2

1· · · )(y1+2)
−(x1+1)(8+12y1+6y2

1+· · · )
= 32(2+4x1+2x2

1+y1+2x1y1+· · · ) −20(2+6x1+6x2
1+y1+3x1y1+· · · )

−(8+12y1+6y2
1+8x1+12x1y1+· · · )

= (64−40− 8)+(128−120−8)x1+(32−20−12)y1

+(64−120)x2
1+(64−60− 12)x1y1−6y2

1+· · ·
= 16 − 56x2

1 − 8x1y1 − 6y2
1 + · · ·

= 16 − 160
3

x2
1 − 6

(
2
3

x1 + y1

)2

+ · · · ,

proving that we have a local maximum for (x1, y1) = (0, 0), i.e. for (x, y) = (1, 2).
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Second variant. The (r, s, t)-method.
First compute

∂2f

∂x2
= 64y−120xy,

∂2f

∂x∂y
= 64x−60x2−3y2,

∂2f

∂y2
= −6xy.

At the point (1, 2),

r = 128 − 240 = −112, s = −8, t = 12,

hence

r < 0, t < 0 og rt > s2.

It follows by the (r, s, t)-method that there is a proper maximum at the point (1, 2).
3) The range is R.

We have e.g.

f(x, x) = 32x3 − 21x4 → −∞ for x → +∞,

and

f(x,−x) = −32x3 + 21x4 → +∞ for x → +∞,

and the rest follows from that f(x, y) is continuous.

Example 1.18 Given the function

f(x, y) = (x + y2) exp(−2x2), (x, y) ∈ R
2.

1) Find the stationary points.

2) Explain why f has both a maximum S and a minimum M on the closed triangle with the vertices
(0,−1), (0, 1) and (2, 0); then find S and M .

3) Show that f does not have a (global) maximum in R
2.

A Stationary points. Maximum and minimum.

D Follow the guidelines.

I 1) The stationary points are the solutions of

∂f

∂x
= exp

(−2x2
)− 4x(x + y2) exp

(−2x2
)

= (1 − 4x2 − 4xy2) exp(−2x2) = 0,

and
∂f

∂y
= 2y exp

(−2x2
)

= 0.

We get from the latter equation that y = 0, which by insertion into the former one gives

1 − 4x2 = 0, i.e. x = ±1
2
. The stationary points are

(
1
2
, 0
)

and
(
−1

2
, 0
)

.
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Figure 23: The graph of f over the triangle D.
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Figure 24: The domain D.

2) The triangle D is closed and bounded, and f is continuous on D. Hence, by the second main
theorem for continuous functions, both S and M exist on D. These values are either attained

at the stationary point
(

1
2
, 0
)

∈ D or on the boundary ∂D.

From f(x, y) ≥ 0 in D and f(0, 0) = 0 with (0, 0) ∈ D follows that

M = f(0, 0) = 0.

When x is fixed, we see that f(x, y) is largest in D, when y = ±
(
1 − x

2

)
. This excludes(

1
2
, 0
)

, and the maximum must be attained on the line

y = ±
(
1 − x

2

)
.

The restriction of f to this line is

ϕ(x) = f
(
x,±

(
1 − x

2

))
=
(

1 +
x2

4

)
exp
(−2x2

)
, x ∈ [0, 2],
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with the derivative

ϕ′(x) =
x

2
exp
(−2x2

)− 4x
(

1 +
x2

4

)
exp
(−2x2

)
=

x

2
exp
(−2x2

) · {−7 − 2x2} ≤ 0, x ∈ [0, 2].

Hence the maximum value is attained for x = 0, corresponding to

S = f(0, 1) = f(0,−1) = 1.

3) Since f(0, y) = y2, it follows that f does not have a global maximum in R
2.

Example 1.19 Given the function

f(x, y) = (x + y)2 + 2 cos(2x + y), (x, y) ∈ R
2.

1) Find the stationary points of f ; check if f has proper extrema.

2) Let A be the point set

{(x, y) ∈ R
2 | 0 ≤ x ≤ π, −2x ≤ y ≤ −x}.

Prove that f has no stationary points in the interior of A.

Explain why f has both a maximum S and a minimum M on A, and find S and M .

3) Find the range f(R2) of f .

A Extrema.

D Follow the guidelines
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Figure 25: The graph of f the point set A.

I 1) The stationary points are the solutions of the equation �f = 0, i.e.

∂f

∂x
= 2(x + y) − 4 sin(2x + y) = 0,
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∂f

∂y
= 2(x + y) − 2 sin(2x + y) = 0.

It follows that sin(2x + y) = 0 and x + y = 0, so

sin(2x + y) = sin(x + (x + y)) = sin x = 0.

Accordingly, x = pπ, p ∈ Z, and y = −x. Thus the stationary points are

{(pπ,−pπ) | p ∈ Z}.

The values of the function in these points are

f(pπ,−pπ) = 2 cos pπ = 2 · (−1)p =
{

2 for p even,
−2 for p odd.

The extrema are now found by the (r, s, t)-method.
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From

∂2f

∂x2
= 2 − 8 cos(2x + y) = 2 − 8 cos(x + (x + y)),

∂2f

∂x∂y
= 2 − 4 cos(2x + y) = 2 − 4 cos(x + (x + y)),

∂2f

∂y2
= 2 − 2 cos(2x + y) = 2 − 2 cos(x + (x + y)),

follows that

rp =
∂2f

∂x2
(pπ,−pπ) = 2 − 8(−1)p =

{ −6 for p even,
10 for p odd,

sp =
∂2f

∂x∂y
(pπ,−pπ) = 2 − 4(−1)p =

{ −2 for p even,
6 for p odd,

tp =
∂2f

∂y2
(pπ,−pπ) = 2 − 2(−1)p =

{
0 for p even,
4 for p odd.

If p is even, then

rp = −6, tp = 0, rp · tp = 0 < (−2)2 = s2
p,

and we have no extremum.

If p is odd, then

rp = 10, tp = 4, rp · tp = 40 > 36 = s2
p,

and we have a proper minimum for p odd.

–6

–5

–4
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Figure 26: The domain A.

2) It follows from the figure that (0, 0) and (π,−π) are the only stationary points in A, and they
both lie on the boundary of A.

Since f(x, y) is continuous on the closed and bounded set A, it follows from the second main
theorem for continuous functions that f(x, y) has both a maximum and a minimum in A.
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As proved above, the interior A◦ does not contain any stationary point, so the maximum and
the minimum must be attained on the boundary of A.

Examination of the boundary.

a) If y = −x, 0 ≤ x ≤ π, then the restriction is

f(x,−x) = 2 cos x.

This has its maximum f(0, 0) = 2 and its minimum f(π,−π) = −2.
b) If y = −2x, 0 ≤ x ≤ π, then the restriction is

f(x,−2x) = x2 + 2 cos 0 = x2 + 2.

This has its maximum value f(π,−2π) = π2 + 2 and its minimum value f(0, 0) = 2.
c) If x = π, −2π ≤ y ≤ −π, then the restriction is

f(π, y) = (π + y)2 + 2 cos(2π + y) = (π + y)2 + 2 cos y

with

f ′
y(π, y) = 2(π + y) − 2 sin y = 2{π + y − sin y},

f ′′
yy(π, y) = 2{1 − cos y} ≥ 0,

so f ′
y(π, y) is increasing in y. From f ′

y(π,−π) = 0 follows that f ′
y(π, y) < 0 for y ∈ [−2π,−π[.

Since f(π,−π) = 0+2 cosπ = −2 and f(π,−2π) = π2 +2, these two values are respectively
the minimum and the maximum.

Summarizing,

S = f(π,−2π) = π2 + 2, M = f(π,−π) = −2.

d) Clearly, f(x, 0) → +∞ for x → +∞, and f(x, y) ≥ −2, so the range is contained in
[−2,+∞[.

Since

f((2n + 1)π,−(2n + 1)π) = −2, n ∈ Z,

and f is continuous on the connected set R
2, it follows from the first main theorem of

continuous functions that the range is connected, so

f(R2) = [−2,+∞[.
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Example 1.20 Given the function

f(x, y) =
4
3

x3 − xy2 + y, (x, y) ∈ R
2.

1) Find the stationary points. Check for each of them if we have an extremum.

2) Find the maximum and the minimum of the function in the square A = [0, 1] × [0, 1].

A Extrema and maximum and minimum.

D Check the stationary points and the boundary points.
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Figure 27: The graph of f over A = [0, 1] × [0, 1].

I 1) The stationary points are the solutions of the equations

∂f

∂x
= 4x2 − y2 = (2x − y)(2x + y) = 0,

∂f

∂y
= −2xy + 1 = 0, i.e. 2xy = 1.

a) If y = 2x, then 1 = 2xy = 4x2, hence x = ±1
2
. In this case the stationary points are

(
1
2
, 1
)

og
(
−1

2
,−1
)

.

b) If y = −2x, then 1 = 2xy = −4x2, which is not fulfilled for any real x.

Thus the stationary points are
(

1
2
, 1
)

and
(
−1

2
,−1
)

.

Examination for extrema.

First method. The (r, s, t)-method. It follows from

∂2f

∂x2
= 8x,

∂2f

∂x∂y
= −2y,

∂2f

∂y2
= −2x,
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that

∂2f

∂x2
· ∂2f

∂y2
= −16x2 < 0, for x �= 0,

and we conclude that we have no extremum.
Second method. We shall find the approximating polynomial P2(x, y) of at most second

degree in the neighbourhood of the stationary points.

a) In the neighbourhood of
(

1
2
, 1
)

we put x =
1
2

+ ξ and y = 1 + η. Then by insertion,

f(x, y) =
4
3

x3 − xy2 + y =
4
3

(
1
2

+ ξ

)3

−
(

1
2

+ ξ

)
(1 + η)2 + 1 + η

=
4
3

(
1
8

+
3
4

ξ +
3
2

ξ2 + ξ3

)
−
(

1
2

+ ξ

)
(1 + 2η + η2) + 1 + η

=
1
6

+ξ+2ξ2+
4
3
ξ3− 1

2
−η− 1

2
η2−ξ−2ξη−ξη2+1+η

=
(

1 − 1
2

+
1
6

)
+ 2ξ2 − 2ξη − 1

2
η2 + · · ·

=
2
3

+ 2
(

ξ − 1
2

η

)2

− η2 + · · · ,

 Maximum and Minimum

We will turn your CV into 
an opportunity of a lifetime

Do you like cars? Would you like to be a part of a successful brand?
We will appreciate and reward both your enthusiasm and talent.
Send us your CV. You will be surprised where it can take you.

Send us your CV on
www.employerforlife.com

http://bookboon.com/
http://bookboon.com/count/advert/b6907fa5-6d27-49ae-a477-a01a01116857


Download free ebooks at bookboon.com

Calculus 2c-4

 

88  

and we see that f(x, y) in any neighbourhood of
(

1
2
, 1
)

attains both values > f

(
1
2
, 1
)

=

2
3

and values < f

(
1
2
, 1
)

=
2
3
, so there is no extremum.

b) In the neighbourhood of
(
−1

2
,−1
)

we put instead x = −1
2
− ξ and y = −1− η. Then

by analogous calculations as above,

f(x, y) = −2
3
− 2
(

ξ − 1
2

η

)2

+ η2 + · · · ,

and we conclude that
(
−1

2
,−1
)

is not an extremum.

2) Now f is continuous on the closed and bounded set A, hence it follows from the second main
theorem for continuous functions that f has both a maximum and a minimum in A. Since f is
of class C∞ with no extremum at the stationary points, the maximum and the minimum must
be attained at boundary points.

Examination of the boundary.

a) If y = 0 and 0 ≤ x ≤ 1, then the restriction

f(x, 0) =
4
3

x3, x ∈ [0, 1],

has its minimum f(0, 0) = 0 and its maximum f(1, 0) =
4
3
.

b) If x = 0 and 0 ≤ y ≤ 1, then the restriction

f(0, y) = y, y ∈ [0, 1],

has its minimum f(0, 0) = 0 and its maximum f(0, 1) = 1.
c) If x = 1 and 0 ≤ y ≤ 1, then the restriction

f(1, y) =
4
3
− y2 + y =

4
3

+
1
4
−
(

y − 1
2

)2

=
19
12

−
(

y − 1
2

)2

has its minimum f(1, 0) = f(1, 1) =
4
3
, and its maximum f

(
1,

1
2

)
=

19
12

.

d) If y = 1 and 0 ≤ x ≤ 1, then the restriction is

f(x, 1) =
4
3

x3 − x + 1,

where

f ′
x(x, 1) = 4x2 − 1 = 0 for x =

1
2
∈ [0, 1].

Thus we have the possibilities

f(0, 1) = 1, f

(
1
2
, 1
)

=
2
3
, f(1, 1) =

4
3
,
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and we see that this restriction has its minimum f

(
1
2
, 1
)

=
2
3
, and its maximum

f(1, 1) =
4
3
.

Summarizing, we get by a numerical comparison that f(0, 0) = 0 is the minimum, and

f

(
1,

1
2

)
=

19
12

is the maximum in A.

Example 1.21 Explain why the function

f(x, y) = 2y
√

x(1 − x) − y2, (x, y) ∈
[
1
4
,
3
4

]
× [0, 3],

has both a maximum S and a minimum M .
Find these values as well as the range of the function.

A Maximum and minimum.

D Use the standard method.
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–1

0
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1
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2
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0.5

0.6

0.7

x

Figure 28: The graph of f . Notice the different scales on the axes.

I Since f(x, y) is continuous and A is closed and bounded, it follows from the second main theorem
for continuous functions that f has both a maximum and a minimum in A. Since f is of class
C∞ in the interior of the domain, these values are either obtained at a stationary point or at a
boundary point.

The stationary points are the solutions of the equations

∂f

∂x
=

y(1 − 2x)√
x(1 − x)

= 0 og
∂f

∂y
= 2
√

x(1 − x) − 2y = 0.

The former equation implies the possibilities of y = 0 or x =
1
2
. If y = 0, we consider only the

boundary of A. Furthermore,
∂f

∂y
�= 0 in A on that line.
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If x =
1
2
, then

∂f

∂y
= 2

√
1
2
· 1
2
− 2y = 1 − 2y = 0,

thus y =
1
2
, and the stationary point is

(
1
2
,
1
2

)
∈ A. The value of the function is here

f

(
1
2
,
1
2

)
=

1
2
− 1

4
=

1
4
.

The boundary points

1) If y = 0 and
1
4
≤ x ≤ 3

4
, then the restriction degenerates to f(x, 0) = 0.

2) If y = 3 and
1
4
≤ x ≤ 3

4
, then the restriction is given by

f(x, 3) = 6
√

x(1 − x) − 9 = 6

√
1
4
−
(

x − 1
2

)2

− 9.

We get the maximum for x =
1
2
:

f

(
1
2
, 3
)

=
6
2
− 9 = −6, .

and the minimum for x =
1
4

and x =
3
4
, where

f

(
1
4
, 3
)

= f

(
3
4
, 3
)

= 6
√

3
4

− 9 =
3
√

3
2

− 9.

3) If x =
1
4

or x =
3
4
, and 0 ≤ y ≤ 3, then the restriction is

f

(
1
4
, y

)
= f

(
3
4
, y

)
= 2y

√
3
16

.y2 =
3
16

−
(

y −
√

3
4

)2

,

and we get the maximum for y =
√

3
4

:

f

(
1
4
,

√
3

4

)
= f

(
3
4
,

√
3

4

)
=

3
16

,

and the minimum for y = 3,

f

(
1
4
, 3
)

= f

(
3
4
, 3
)

= 6
√

3
4

− 9 =
3
√

3
2

− 9.
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By a numerical comparison of the candidate above we conclude that the maximum is

f

(
1
2
,
1
2

)
=

1
4
,

and similarly the minimum,

f

(
1
4
, 3
)

= f

(
3
4
, 3
)

=
3
√

3
2

− 9.

Since f is continuous and the domain is connected we conclude from the first main theorem for
continuous functions that the range is

M,S] =

[
3
√

3
2

− 9,
1
4

]
.
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Example 1.22 Given the function

f(x, y) = (x + y)2
(
8 − (x2 + y2)

)
, (x, y) ∈ R

2.

1) Find the set of stationary points for f .

2) Explain why f has both a maximum and a minimum in the set

A = {(x, y) ∈ R
2 | x2 + y2 ≤ 9},

and find those values.

3) Check if f has a maximum and a minimum on the set

B = {(x, y) ∈ R
2 | x2 + y2 < 16},

and find the range f(B).

A Stationary points; maximum and minimum.

D Use the standard method.
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–2

–1

1
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–3
–2

–1

1
2

3

x

Figure 29: The graph of f over the set A.

I 1) The stationary points are the solutions of the equations

∂f

∂x
= 2(x + y)

{
8 − (x2 + y2)

}− 2x(x + y)2

= 2(x + y)
{
8 − x2 − (x2 + xy + y2)

}
= 0

∂f

∂y
= 2(x + y)

{
8 − y2 − (x2 + xy + y2)

}
= 0.

The obvious solution is x + y = 0. The other possibility is

x2 + (x2 + xy2) = 8 = y2 + (x2 + xy2),

so y = ±x. We have already found y = −x, so let y = x. Then 4x2 = 8, hence x = y = ±√
2.

Summarizing, the stationary points are

{(x,−x) | x ∈ R} ∪ {(
√

2,
√

2)} ∪ {(−
√

2,−
√

2)}.
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2) The function f is continuous on the closed and bounded set A, so f has a maximum and a
minimum according to the main theorem for continuous functions. These are either attained
at singular points or at boundary points.

a) If y = −x, then f(x,−x) = 0.
b) If (x, y) = ±(

√
2,
√

2), then

f(±
√

2,±
√

2) = 8 · (8 − 4) = 32

(same sign at both places).
c) If x2 + y2 = 9, then x = 3 cos t and y = 3 sin t, t ∈ [−π, π], so the restriction is

ϕ(t) = f(x(t), y(t)) = 9(cos t+sin t)2 · (8−9) = −18 sin2
(
t+

π

4

)
,

and it follows that the maximum is 0 for t = −π

4
and t =

3π
4

, while the minimum is −18

for t =
π

4
and t = −3π

4
, i.e. for

(x, y) = ±
(

3
√

2
2

,
3
√

2
2

)
.
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Figure 30: The graph of f over the set B.

Summarizing, the maximum is

f(±
√

2,±
√

2) = 32 (same sign at both places),

and the minimum is

f

(
±3

2

√
2,±3

2

√
2
)

= −18 (same sign at both places).

3) The set B contains the same stationary points as A. The boundary is here x2 + y2 = 42 = 16.
If we put x = 4 cos t and y = 4 sin t, we get the restriction

ϕ(t) = f(x(t), y(t)) = 16(cos t+sin t)2 · (−8) = −256 sin2
(
t+

π

4

)
.

The maximum on the boundary is 0, and the minimum is −256. The boundary is disjoint from
B, so we shall never obtain the minimum, though the maximum in B is also

f(±
√

2,±
√

2) = 32 (same sign in both cases).

The set B is connected, and f is continuous on B. It follows from the first main theorem for
continuous functions that the range is also connected. Finally, we conclude from the above
that

f(B) = ] − 256, 32].
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Example 1.23 Let B be the triangle of the vertices
(
−1

2
, 0
)

, (1, 0) and (0, 1). Let the function

f : B → R be given by

f(x, y) = (x + y)(2x + y) + x, (x, y) ∈ B.

1) Explain why f has a maximum S and a minimum M .

2) Find S and M and the points in which these values are attained.

A Maximum and minimum.

D Apply the second main theorem for continuous functions; find the stationary points and check the
boundary points.
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0.4

0.6
0.8

1

s

Figure 31: The graph of f over B.
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Figure 32: The domain B.

I 1) Since f is a real C∞-function, and B is a closed and bounded domain, it follows from the second
main theorem for continuous functions that f has both a maximum and a minimum in B.

Since f is of class C∞, the maximum and the minimum can only be attained at either a
stationary point or on the boundary of B.
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2) The possible stationary points are the solutions of the equations

f ′
x(x, y) = 2x + y + 2(x + y) + 1 = 4x + 3y + 1 = 0,

f ′
y(x, y) = 2x + y + x + y = 3x + 2y = 0.

Clearly, (2,−3) is the only stationary point, and as it is in the fourth quadrant, it lies outside
B.

–3

–2

–1

1

–1 –0.5 0.5 1 1.5 2

Figure 33: “Analysis of the sign” by means of the stationary point (2,−3). The value of the function
is < 1 in the angular spaces over the acute angles, and the value of the function is > 1 in the other
two angular spaces.

The boundary points.

a) If y = 0, x ∈
[
−1

2
, 1
]
, then we get the restriction

f(x, 0) = x · 2x + x = 2x2 + x = 2
(

x +
1
4

)2

− 1
8
,

and it follows that the minimum and the maximum on this part of the boundary are

f

(
−1

4
, 0
)

= −1
8
, and f(1, 0) = 3, respcetively.

b) If x + y = 1, i.e. y = 1 − x, x ∈ [0, 1], then the restriction is

f(x, 1 − x) = (x + 1) + x = 2x + 1.

Clearly, the minimum and the maximum are on this part of the boundary

f(0, 1) = 1 og f(1, 0) = 3.

c) If y = 2x + 1, x ∈
[
−1

2
, 0
]
, then we get the restriction

f(x, 2x + 1) = 12x2 + 8x + 1 = 12
(

x +
1
3

)2

− 1
3
,

and the minimum and the maximum on this part of the boundary are

f

(
−1

3
,+

1
3

)
= −1

3
og f(0, 1) = 1.
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Finally, by a numerical comparison,

M = f

(
−1

3
,
1
3

)
= −1

3
og S = f(1, 0) = 3.

Remark. If we translate the coordinate system to the stationary point, i.e. if we put

x1 = x − 2 og y1 = y + 3,

then

f(x, y) = f1(x1, y1) = (x1 + y1)(2x1 + y1) + 1.

A geometrical consideration shows that the minimum must be attained on the line y = 2x + 1,

x ∈
[
−1

2
, 0
]
, and the maximum on the line x + y = 1, in accordance with the results above. ♦
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2 Ranges of Functions

Example 2.1 Sketch the domain of the function

f(x, y) =
√

2x − x2 − y2 +
1√

2y − x2 − y2
.

Then find the range of the function.

A Domain and range.

D First find the domain. Then find the possible stationary points and check the values of the function
on the boundary.

I The first term is defined (and ≥ 0) for

0 ≤ 2x2 − x2 − y2 = 1 − (x − 1)2 − y2,

thus for

(x − 1)2 + y2 ≤ 1.

This inequality represents a closed disc of centrum (1, 0) and radius 1.

–0.2

0

0.2

0.4

0.6

0.8

1

1.2

y

–0.2 0.2 0.4 0.6 0.8 1 1.2

x

Figure 34: The domain D lies between the two circular arcs.

The second term is defined (and > 0) for

0 < 2y − x2 − y2 = 1 − x2 − (y − 1)2, dvs. x2 + (y − 1)2 < 1.

This inequality describes an open disc of centrum (0, 1) and radius 1.
The domain D is the intersection of these two discs. It is neither open nor closed, because one of
the boundary curves is contained in D, while the other is not.
Notice in particular that 0 < x < 1 and 0 < y < 1 for (x, y) ∈ D.

Stationary points. The function is of class C∞ in the interior D◦ of the domain. Therefore,
there are no exception points. The equations of the possible stationary points are

0 =
∂f

∂x
=

1 − x√
2x − x2 − y2

+
x

(
√

2y − x2 − y2)3
,

0 =
∂f

∂y
= − y√

2x − x2 − y2
− 1 − y

(
√

2y − x2 − y2)3
.
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It was mentioned above that in particular 0 < x < 1 and 0 < y < 1 for (x, y) ∈ D◦, so
∂f

∂x
> 0

and
∂f

∂y
< 0 everywhere in D◦. The equations of the stationary points are not fulfilled in D◦, so

there does not exist any of them.

Clearly, f(x, y) → +∞, when (x, y) tends to any point on that arc of ∂D, which does not belong
to D. The set D is connected and f is continuous, so it follows from the first and the second main
theorem for continuous functions that f(D) = [a,+∞[, where the value a is attained at a point of
the boundary which also lies in D, i.e. in ∂D ∩ D. Clearly, a is a minimum value.

The restriction of the function to ∂D ∩ D is

f(x, y) = 0 +
1√

1 − x2 − (y − 1)2
, (x − 1)2 + y2 = 1, x > 0, y > 0.

This value of the function is smallest, when 1−x2−(y−1)2 is largest. This means that x2+(y−1)2,
which can be interpreted as the square of the distance from (0, 1) to (x, y) on the circular arc must
be as small as possible. A geometric consideration shows that this point lies on both the line
x + y = 1 and on the circle (x − 1)2 + y2 = 1, as well as in the first quadrant, hence the searched
point is

(x, y) =
(

1 − 1√
2
,

1√
2

)
.

The minimum value a is the value of the function at this point.

a = f

(
1 − 1√

2
,

1√
2

)
=

1√
1 −
(
− 1√

2

)2

−
(

1√
2
− 1
)2

=
1√

1 − 2
(

1 − 1√
2

)2
=

1√
1 − (

√
2 − 1)2

=
1√

1 − 2 − 1 + 2
√

2

=
1√

2
√

2 − 2
·
√

2
√

2 + 2√
2
√

2 + 2
=

√
2
√

2 + 2
2

=

√√
2 + 1
2

.

We conclude that the range is

f(D) =

[√
2
√

2 + 2
2

,+∞
[

=

⎡
⎣
√√

2 + 1
2

,+∞
⎡
⎣ .
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Example 2.2 Let

f(x, y) = −2xy2 + 4x2 + y2 − 2x, (x, y) ∈ A.

Find the range of the function in the following cases:

1) The domain A is the closed half ellipsoidal disc given by

4x2 + y2 ≤ 1 and x ≥ 0.

2) The domain A is the open half ellipsoidal disc given by

4x2 + y2 < 1 and x > 0.

3) The domain A is the whole plane.

A Maximum and minimum; range.

D From f ∈ C∞ follows that there are no exception point. The set A is connected in all three cases
and the function is continuous, so the range is again connected, according to the first main theorem
for continuous functions, hence an interval. We can in the three cases apply the following methods:

1) Since A is closed and bounded, we can apply the second main theorem, hence the maximum
and minimum exist and they are attained at either a stationary point or at a boundary point.

2) Here A is bounded and open. The closure was treated in 1), so we can derive the range from
1).

3) In this case A is unbounded. We argue on the term of highest degree.

I The equations of the possible stationary points in the plane are

∂f

∂x
= −2y2 + 8x − 2 = 0,

∂f

∂y
= −4xy + 2y = 2y(1 − 2x) = 0.

From the latter equation we get the possibilities

a) y = 0 and b) x =
1
2
.

Thus:

a) If y = 0, then
∂f

∂x
= 0 for x =

1
4
, so

(
1
4
, 0
)

is a stationary point for f .

b) If x =
1
2
, then

∂f

∂x
= −2y2 + 4 − 2 = 0 for y = ±1, so

(
1
2
, 1
)

and
(

1
2
,−1
)

are stationary

points for f .

Summarizing, the stationary points for f in the plane are(
1
4
, 0
)

,

(
1
2
, 1
)

,

(
1
2
,−1
)

.

Of these, only the first one lies in the half ellipsoidal disc of the first two questions.
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–1

–0.5

0

0.5
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1) If A = {(x, y) | 4x2 + y2 ≤ 1 and x ≥ 0}, then in the stationary point of A,

f

(
1
4
, 0
)

= 0 + 4 · 1
16

+ 0 − 2 · 1
4

=
1
4
− 1

2
= −1

4
.

The boundary falls naturally into two pieces:

a) If x = 0 and y ∈ [−1, 1], we get the restriction

ϕ(y) = f(0, y) = y2, y ∈ [−1, 1],

with the minimum value

ϕ(0) = f(0, 0) = 0,

and the maximum value

ϕ(1) = ϕ(−1) = f(0, 1) = f(0,−1) = 1.

b) If 4x2 + y2 = 1 and x ≥ 0, then y2 = 1 − 4x2 and x ∈
[
0,

1
2

]
, so we get the restriction

ψ(x) = f(x,±
√

1 − 4x2) = −2x(y2 + 1) + (4x2 + y2)

= −2x(1 − 4x2 + 1) + 1 = 8x3 − 4x + 1, x ∈
[
0,

1
2

]
,

with the derivative

ψ′(x) = 24x2 − 4 = 24
(

x2 − 1
6

)
,

which in the interval
]
0,

1
2

[
is zero for x =

1√
6
. Hence

f

(
1√
6
,

1√
3

)
= f

(
1√
6
,− 1√

3

)
= −2 · 1√

6

(
2 − 4

6

)
+ 1 = 1 − 8

3
√

6
< 0,

because (3
√

6)2 = 9 · 6 = 54 < 82 = 64. At the end points,

f(0,±1) = 1 and f

(
1
2
, 0
)

=
8
8
− 4

2
+ 1 = 0.
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The maximum and minimum values shall be found among the value at the stationary point

f

(
1
4
, 0
)

= −1
4
,

and the values at the boundary points found above,

f(0, 0) = 0, f(0,±1) = 1, f

(
1
2
, 0
)

= 0, f

(
1√
6
,± 1√

3

)
= 1 − 8

3
√

6
.

Clearly, the maximum value is

S = f(0, 1) = f(0,−1) = 1,

(both are boundary points). From

25 · 27 = 262 − 1 > 242 − 82 = 16 · 32,

follows that

25
16

>
32
27

=
64
54

,

 Ranges of Functions
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so √
25
16

=
5
4

>

√
64
54

=
8

3
√

6
,

and hence

f

(
1√
6
,± 1√

3

)
= 1 − 8

3
√

6
> 1 − 5

4
= −1

4
= f

(
1
4
, 0
)

.

This shows that the minimum value is attained at the stationary point and that the value is

M = f

(
1
4
, 0
)

= −1
4
.

The domain is connected, so it follows from the first main theorem that the range is also
connected, i.e.

f(A) =
[
−1

4
, 1
]

.

2) The closure of A was treated in 1), where the minimum value was attained at a stationary point,
in particular in an interior point, and where the maximum value is attained at a boundary point.
We therefore conclude that the range is

f(A) =
[
−1

4
, 1
[

.

3) By restriction to the line y = x,

g(x) = f(x, x) = −2x3 + 5x2 − 2x.

For large x the expression is dominated by −2x3, and as −2x3 → −∞ for x → +∞, and
−2x3 → +∞ for x → −∞, and as the range is an interval (the first main theorem again), we
conclude that

f(A) = R.
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Example 2.3 Let

f(x, y) = 3x3 + 4y3 + 6xy2 − 9x2, (x, y) ∈ A.

Find the range of the function in the following cases.

1) The domain A is the closed triangle of the vertices (0, 0), (3, 3) and
(

3,−3
2

)
. item The domain

A is the interior of the point set of 1).

2) The domain A is the whole plane.

A Maximum and minimum; range.

D From f ∈ C∞ (
R

2
)

follows that there are no exception points. First find the stationary points in
the plane. Since A is connected in all three cases, it follows from the first main theorem that all
the ranges are intervals.

1) Since A is closed and bounded, and f is continuous, it follows from the second main theorem
that f has both a maximum and a minimum in A. These can only be attained at a stationary
point or at a boundary point.

2) Because A is the interior of the set of 1), we can apply the results from 1).

3) Consider e.g. the restriction of f to the line y = x.

The possible stationary points in the whole plane must satisfy the equations

∂f

∂x
= 9x2 + 6y2 − 18x = 0,

∂f

∂y
= 12y2 + 12xy = 12y(y + x) = 0.

It follows from the latter equation that either y = 0 or y = −x. We therefore get the following
possibilities:

1) If y = 0, then either x = 0 or x = 2, and the stationary points in this case are

(0, 0) and (2, 0).

2) If y = −x, then

0 = 15x2 − 18x = 15x
(

x − 6
5

)
,

which corresponds to the stationary points

(0, 0) and
(

6
5
,−6

5

)
.

Summarizing, the stationary points in the plane are

(0, 0), (2, 0),
(

6
5
,−6

5

)
.

 Ranges of Functions

http://bookboon.com/


Download free ebooks at bookboon.com

Calculus 2c-4

 

105  

–1

1

2

3

y

0.5 1 1.5 2 2.5 3

x

1) It follows from the figure that (2, 0) is the only stationary point in A. The value is here

f(2, 0) = 3 · 8 − 9 · 4 = −12.

The boundary.

a) The restriction to y = x is

g1(x) = f(x, x) = 13x3 − 9x2, x ∈ [0, 3],

with the derivative

g′1(x) = 39x2 − 18 = 0 for x = +

√
6
13

∈ [0, 3].

The candidates are

f

(√
6
13

,

√
6
13

)
= 13

√
6
13

· 6
13

− 9 · 6
13

=
6
13

(
√

6 · 13 − 9) < 0,

because
√

6 · 13 − 9 =
√

78 − 9 <
√

81 − 9 = 0, and

f(0, 0) = 0, f(3, 3) = 13 · 27 − 81 = 270.

b) The restriction to x = 3 is

g2(y) = 81 + 41y3 + 18y2 − 81 = 4y3 + 18y2

for y ∈
[
−3

2
, 3
]
, with the derivative

g′2(y) = 12y2 + 36y = 12y(y + 3) = 0 for y = 0 ∈
[
−3

2
, 3
]

.

The candidates are

f

(
3,−3

2

)
= 4
(
−3

2

)3

+ 18
(

3
2

)2

= −4 · 27
8

+ 18 · 9
4

=
54
2

= 27,

f(3, 0) = 0 and f(3, 3) = 270.

 Ranges of Functions

http://bookboon.com/


Download free ebooks at bookboon.com

P
le

as
e 

cl
ic

k 
th

e 
ad

ve
rt

Calculus 2c-4

 

106  

c) The restriction to y = −1
2

x is

g3(x) = 3x3 + 4
(
−1

2
x

)3

+ 6x
(
−1

2
x

)2

− 9x2

= 3x3 − 1
2

x3 +
3
2

x3 − 9x2

= 4x3 − 9x2 for x ∈ [0, 3],
with the derivative

g′3(x) = 12x2 − 18x = 12x
(

x − 3
2

)
= 0

for (x = 0 and) x =
3
2
∈ [0, 3]. The candidates are

f

(
3
2
,−3

4

)
= 4
(

3
2

)3

− 9
(

3
2

)2

=
4 · 27

8
− 81

4
= −27

4
,

f(0, 0) = 0 og f

(
3,−3

2

)
= 27.
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Summarizing, all the candidates are

f(2, 0) = −12,

(the stationary point), and

f

(√
6
13

,

√
6
13

)
= 6

√
6
13

− 54
13

, f(3, 0) = 0, f

(
3
2
,−3

4

)
= −27

4
,

f(0, 0) = 0, f(3, 3) = 270, f

(
3,−3

2

)
= 27,

(at boundary points).
By a numerical comparison we find the minimum value at a stationary point

M = f(2, 0) = −12,

and the maximum value at a boundary point,

S = f(3, 3) = 270.

It follows from the first main theorem that the range is the interval

f(A) = [−12, 270].

2) When we remove the boundary of 1), we also remove the maximum value from the range.
However, due to the continuity we can in A obtain values as close to 270 as we wish, so the
range becomes

f(A) = [−12, 270[.

3) The restriction to the line y = x is

g(x) = 13x3 − 9x2 = x2(13x − 9), x ∈ R.

The range is clearly

f(A) = R.

Example 2.4 Let

f(x, y) = x + y +
√
|4x| − x2 − y2 − 3, (x, y) ∈ A.

1) Find the domain of the function.

2) Find the range f(A).

A Domain and range.

D Sketch the set A. Consider the two main theorems of continuous functions.
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–1

–0.5

0

0.5

1

y

–3 –2 –1 1 2 3

x

I 1) It follows from the rearrangement

f(x, y) = x + y +
√

|4x| − x2 − y2 − 3 = x + y +
√

1 − (|x| − 2)2 − y2

that the domain of f is the union of two closed discs,

A = K((2, 0); 1) ∪ K((−2, 0); 1).

This set is closed and bounded, but not connected, so we can only apply the second main
theorem. We conclude that f has has a maximum and a minimum of both of its connected
components.

2) The investigation is now split into the two cases of x > 0 and x < 0.

a) If x > 0, then

f(x, y) = x + y +
√

1 − (x − 2)2 − y2, (x − 2)2 + y2 ≤ 1.

The equations of the stationary points are

∂f

∂x
= 1 − x − 2√

1 − (x − 2)2 − y2
= 0,

∂f

∂y
= 1 − y√

1 − (x − 2)2 − y2
= 0,

hence

y = x − 2 =
√

1 − (x − 2)2 − y2,

so y ≥ 0 (and x ≥ 2), and y =
√

1 − 2y2, thus

1 − 2y2 = y2, or y = +
1√
3

> 0,

and x = 2 +
1√
3
.

In this connected component, the only stationary point is
(

2 +
1√
3
,

1√
3

)
, corresponding

to the value

f

(
2 +

1√
3
,

1√
3

)
= 2 +

2√
3

+

√
1 − 2

3
= 2 +

3√
3

= 2 +
√

3.
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The square root is 0 on the boundary , so we shall only find the maximum and the minimum
of x + y on the boundary. A geometric analysis shows that the points must lie on the line
y = x − 2. The radius of the circle is 1, so we get the points(

2 − 1√
2
,− 1√

2

)
og

(
2 +

1√
2
,

1√
2

)
,

corresponding to the values

f

(
2 − 1√

2
,− 1√

2

)
= 2 − 2√

2
= 2 −

√
2 and f

(
2 +

1√
2
,

1√
2

)
= 2 +

√
2.

It follows by a numerical comparison of

f

(
2 +

1√
3
,

1√
3

)
= 2 +

√
3, f

(
2 − 1√

2
,− 1√

2

)
= 2 −

√
2,

f

(
2 +

1√
2
,

1√
2

)
= 2 +

√
2,

that the range is

[2 −
√

2, 2 +
√

3].

Alternatively the boundary is described by

x = 2 + cos θ, y = sin θ, θ ∈ [0, 2π],

so the restriction becomes

g1(θ) = x + y + 0 = 2 + cos θ + sin θ

with the derivative

g′1(θ) = − sin θ + cos θ = −
√

2 sin
(
θ − π

4

)
,

which is 0 for θ =
π

4
or for θ =

5π
4

. This gives us the candidates

f

(
2 +

1√
2
,

1√
2

)
= 2 +

√
2 for θ =

π

4
,

f

(
2 − 1√

2
,− 1√

2

)
= 2 −

√
2 for θ =

5π
4

,

and formally (though not in reality)

g1(0) = g1(2π) = f(3, 0) = 3 (< 2 +
√

2) for θ = 0 and θ = 2π.

The range of the connected subregion is

[2 −
√

2, 2 +
√

3].
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3) If x < 0, then

f(x, y) = x + y +
√

1 − (x + 2)2 − y2, (x + 2)2 + y2 ≤ 1,

and the equations of the stationary points are

∂f

∂x
= 1 − x + 2√

1 − (x + 2)2 − y2
= 0,

∂f

∂y
= 1 − y√

1 − (x + 2)2 − y2
= 0.

The possible stationary points satisfy

y = x + 2 =
√

1 − (x + 2)2 − y2 ≥ 0,

thus as before

y = +
1√
3

and x = −2 +
1√
3
,

 Ranges of Functions
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corresponding to the value

f

(
−2 +

1√
3
,

1√
3

)
= −2 +

2√
3

+

√
1 − 2

3
= −2 +

√
3.

The investigation of the boundary is similar the the previous one (we have again two variants),
so we find the candidates(

−2 − 1√
2
,− 1√

2

)
og

(
−2 +

1√
2
,

1√
3

)

of the corresponding values of the function

f

(
−2 − 1√

2
,− 1√

2

)
= −2 −

√
2 og f

(
−2 +

1√
2
,

1√
2

)
= −2 +

√
2.

We conclude by a numerical comparison that the maximum and the minimum values on this
connected component are

S = f

(
−2 +

1√
3
,

1√
3

)
= −2 +

√
3

and

M = f

(
−2 − 1√

2
,− 1√

2

)
= −2 −

√
2,

corresponding to the subinterval

[−2 −
√

2,−2 +
√

3].

Summarizing, the range becomes

f(A) = [−2 −
√

2,−2 +
√

3] ∪ [2 −
√

2, 2 +
√

3],

which is the union of two closed intervals with no points in common.

Example 2.5 Find the range of the function

f(x, y, z) = xy + z2, x2 + y2 + z2 ≤ a2.

A the range of a polynomial in three variables over a closed ball, i.e. a closed and bounded and
connected set.

D According to the second main theorem, f has a maximum value S and a minimum value M on
this set. Then the first main theorem implies that the range is connected, hence the interval
[M,S]. The maximum and the minimum values are either attained at a stationary point or
at a boundary point, because a polynomial does not have exceptional points. Therefore, find the
possible stationary points, and the examine the behaviour of the function on the boundary. Finally,
make a numerical comparison.
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I The equations of the possible stationary points are

∂f

∂x
= y = 0,

∂f

∂y
= x = 0,

∂f

∂z
= 2z = 0.

Clearly, (0, 0, 0) is the only stationary point, and the value is here f(0, 0, 0) = 0.

We shall use spherical coordinates by the examination of the boundary,⎧⎨
⎩

x = a sin θ cos ϕ,
y = a sin θ sinϕ,
z = a cos θ,

where θ ∈ [0, π] and ϕ ∈ [0, 2π].

By insertion we get the following restriction to the boundary

f(x, y, z) = xy + z2 = a2 sin2 θ cos ϕ sin ϕ + a cos2 θ

=
a2

2
{
sin2 θ sin 2ϕ + 2 cos2 θ

}
=

a2

2
{
2 + sin2 θ(sin 2ϕ − 2)

}
.

These rearrangements show that f(x, y, z) is largest on the boundary (the sphere), when sin2 θ = 0,
and the corresponding maximum value is

S =
a2

2
{2 + 0} = a2 (> 0).

Furthermore, f(x, y, z) is smallest on the boundary (the sphere), when sin2 θ = 1 and sin 2ϕ = −1,
which corresponds to the minimum value

M =
a2

2
{2 + 1 · (−1 − 2)} = −a2

2
.

Since the ball is connected and the function is continuous, it follows from the first main theorem
that the range is

f(A) =
[
−a2

2
, a2

]
.

Remark. Since we shall not explicitly indicate where the maximum and the minimum values are
attained, we shall only argue instead of doing some heavy computations.. ♦
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Example 2.6 Given the function

f(x, y, z) =
√

x +
√

y +
√

z +
√

2 − x − y − z, (x, y, z) ∈ A.

1) Find the domain A and sketch it.

2) Explain why the function has both a maximum value S and a minimum value M .

3) Find S and M and the points in which they are attained.

4) Find the range f(A) of the function.

A Domain, maximum and minimum and range.

D Use the standard methods and some symmetry arguments.

0

0.5

1

1.5

2

0.5

1

1.5

2

y

0.5

1

1.5

2

x

Figure 35: The domain A.

I 1) The function is defined (and continuous) for x ≥ 0, y ≥ 0, z ≥ 0 and x + y + z ≤ 2, i.e. in the
closed tetrahedron

A = {(x, y, z) | 0 ≤ x ≤ 2, 0 ≤ y ≤ 2 − x, 0 ≤ z ≤ 2 − x − y}

shown on the figure.

2) Since A is closed and bounded, and f is continuous on A, it follows from the second main
theorem for continuous functions that f has both a maximum and a minimum on A.

Since f is of class C∞ in the interior of A, there are no exception points, so the maximum and
the minimum lie either in the interior stationary points or on the boundary.

Since A is connected, also f(A) is connected, due to the first main theorem for continuous
functions, and the range is the interval

f(A) = [M,S],

cf. 4).
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3) The equations of the possible stationary points in the interior or A are

∂f

∂x
=

1
2

1√
x
− 1

2
1√

2 − x − y − z
= 0,

∂f

∂y
=

1
2

1√
y
− 1

2
1√

2 − x − y − z
= 0.

∂f

∂z
=

1
2

1√
z
− 1

2
1√

2 − x − y − z
= 0.

Since x, y, z > 0 and x + y + z < 2 in the interior of A we get

x = y = z = 2 − x − y − z (−2 − 3x),

thus x = y = z =
1
2

> 0. The only stationary point in the interior of A is
(

1
2

,
1
2

,
1
2

)
, which

we intuitively could expect from the symmetry. The value of the function at this stationary
point is

f

(
1
2

,
1
2

,
1
2

)
= 4

√
1
2

= 2
√

2.
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The boundary.

a) First consider the boundary surface B, which also lies in the (X,Y )-plane, i.e. where z = 0.
The restriction is given by

ϕ(x, y) = f(x, y, 0) =
√

x +
√

y +
√

2 − x − y, (x, y) ∈ B,

where

B = {(x, y) | 0 ≤ x ≤ 2, 0 ≤ y ≤ 2 − x}.

This restriction ϕ is of class C∞ in the interior of B, so it has a maximum and a minimum

0

0.5

1

1.5

2

y

0.5 1 1.5 2

x

Figure 36: The part of the boundary B in the (X,Y )-plane.

in B according to the second main theorem. It follows from the conditions of a (restricted)
stationary point

∂ϕ

∂x
=

1
2

1√
x
− 1

2
1√

2 − x − y
= 0,

∂ϕ

∂y
=

1
2

1√
y
− 1

2
1√

2 − x − y
= 0,

that

0 < x = y = 2 − x − y (= 2 − 2x),

hence x = y =
2
3
, which corresponds to

ϕ

(
2
3

,
2
3

)
= f

(
2
3

,
2
3

, 0
)

= 3

√
2
3

=
√

6.

This is the “stationary point” on the part of the boundary in the (X,Y )-plane.

There is a similar “examination of the boundary” connected with this part of the boundary.
If e.g. y = 0, we get the restriction

ψ(x) = ϕ(x, 0) = f(x, 0, 0) =
√

x +
√

2 − x, x ∈ [0, 2].
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Using the symmetry we get ψ′(x) = 0 for x = 1, which corresponds to the candidate

ψ(1) = ϕ(1, 0) = f(1, 0, 0) = 2.

If instead x = 0, then similarly,

f(0, 1, 0) = 2.

The remaining boundary curve of the surface in the (X,Y )-plane lies on the line x + y = 2,
so the restriction becomes

η(x) = ϕ(x, 2 − x) =
√

x +
√

2 − x, x ∈ [0, 2],

which is identical with ψ(x) from above. Therefore we get the candidate

η(1) = ϕ(1, 1) = f(1, 1, 0) = 2.

b) It follows by the symmetry that we have analogous results in those parts of the boundary
surface which lie in the planes y = 0 and x = 0, respectively. We see that we have at the
same time examined the boundary curves of the remaining oblique part of the boundary
surface, so we are only missing the investigation of the “interior” of this remaining part of
the boundary surface.

c) The restriction to the “interior” of the oblique boundary surface lying in the plane z =
2 − x − y is given by

Θ(x, y) = f(x, y, 2 − x − y) =
√

x +
√

y +
√

2 − x − y,

where the domain of the parameter is the domain B in the (X,Y )-plane. Since we formally
have Θ(x, y) = ϕ(x, y) over the same domain, we can reuse the results from ϕ, hence the

interesting point is
(

2
3

,
2
3

)
. The value of the function is here

Θ
(

2
3

2
3

)
= f

(
2
3

,
2
3

,
2
3

)
= ϕ

(
2
3

,
2
3

)
=

√
6.

As a conclusion we have the following candidates of S and M :

Stationary point:

f

(
1
2

,
1
2

,
1
2

)
= 2

√
2 (=

√
8).

Interior point on the boundary surfaces in x = 0, y = 0, z = 0, respectively:

f

(
0,

2
3

,
2
3

)
= f

(
2
3

, 0 ,
2
3

)
= f

(
2
3

,
2
3

, 0
)

=
√

6.

Interior point of the oblique part of the boundary surface lying in x + y + z = 2:

f

(
2
3

,
2
3

,
2
3

)
=

√
6.

Interior points on the edges lying on one of the axes:

f(1, 0, 0) = f(0, 1, 0) = f(0, 0, 1) = 2 (=
√

4).

 Ranges of Functions

http://bookboon.com/


Download free ebooks at bookboon.com

Calculus 2c-4

 

117  

Interior points lying on one of the oblique edges:

f(1, 1, 0) = f(1, 0, 1) = f(0, 1, 1) = 2 (=
√

4).

The corners:

f(0, 0, 0) = f(2, 0, 0) = f(0, 2, 0) = f(0, 0, 2) =
√

2.

It follows by a numerical comparison that the maximum value is

S = f

(
1
2

,
1
2

,
1
2

)
= 2

√
2,

and the minimum value is

M = f(0, 0, 0) = f(2, 0, 0) = f(0, 2, 0) = f(0, 0, 2) =
√

2.

Remark. Notice that the examination of the boundary which is here given in all details may
be quite large. In some cases one could have made a shortcut, but for pedagogical reasons we
have here only skipped trivial arguments of symmetry. ♦

4) Since A is connected and f is continuous, it follows from the first main theorem for continuous
functions that the range is the interval

f(A) = [
√

2, 2
√

2].

Example 2.7 Given the function

f(x, y) = exp
(−x4 − y2

)
, (x, y) ∈ R

2.

1) Show without differentiating that f has a proper maximum at (0, 0).

2) Find the range of the function.

3) Show that f has both a maximum and a minimum on the set

A =
{
(x, y) ∈ R

2 | 2x2 + y2 ≤ 6
}

,

and find these values.

A Maximum and minimum without differentiating.

D Analyze f(x, y).

I 1) Clearly, x4 + y2 ≥ 0, and we have only equality at (0, 0). Since exp is strictly increasing, f must
have a proper maximum at (0, 0) where f(0, 0) = 1.

2) Since x4 + y2 → +∞ for x2 + y2 → +∞, and since exp is strictly increasing and continuous
where

exp
(− (x4 + y2

))→ 0 for x2 + y2 → +∞,

it follows that the range is ]0, 1].
3) Since A is a closed ellipsoidal disc (in particular a closed and bounded set), and since f is

continuous, it follows from the second main theorem for continuous functions that f has both a
maximum value and a minimum value on A. From (0, 0) ∈ A and 1) follow that the maximum
value is

S = f(0, 0) = 1.
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Figure 37: The domain A.

Clearly, f is constant on the curves

x4 + y2 = C ≥ 0
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of the value f(x, y) = e−C . We shall therefore only find the largest C, for which we can find
an (x, y) on the curve, also lying in A.
Clearly, such a point (x, y) must lie in ∂A, so y2 = 6 − 2x2. Hence, the constant C is the
maximum value of the function

ϕ(x) = x4 + y2 = x4 − 2x2 + 6 =
(
x2 − 1

)2
+ 5 for x ∈ [−

√
3,
√

3].

If we put t = x2 ∈ [0, 3], it follows that we shall find the maximum value of

ψ(t) = (t − 1)2 + 5, t ∈ [0, 3].

The only possibilities are t = 0, t = 1 and t = 3. We get by insertion

ψ(0) = 5, ψ(1) = 5,

and

ψ(3) = ϕ(±
√

3) = 4 + 5 = 9 = C,

and we conclude that the minimum value of f is

f(±
√

3, 0) = e−9.

Example 2.8 1) Find the domain A of the function

f(x, y) =
√

x +
√

y +
√

2 − x − y,

and sketch A.

2) Explain why f has both a maximum value and a minimum value on A.

3) Then find the maximum value and the minimum value of f as well as the points in which they are
attained.

4) Finally, find the range f(A).

A Domain; maximum and minimum; range.

D Standard example.

I 1) The function is defined when

x ≥ 0, y ≥ 0 and x + y ≤ 2,

i.e. in the closed triangle A with the corners (0, 0), (2, 0) and (0, 2).

2) Since A is closed and bounded, and f is continuous in A, it follows from the second main
theorem for continuous functions that f has both a maximum and a minimum in A.
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Figure 38: The domain A.

3) Since f ∈ C1 in the interior of A, the maximum and the minimum can only be attained at
either a stationary point in A◦ or in a point on the boundary ∂A.

The stationary points shall satisfy the equations

∂f

∂x
=

1
2

1√
x
− 1

2
1√

2−x−y
= 0,

∂f

∂y
=

1
2

1√
y
− 1

2
1√

2−x−y
= 0,

hence
√

x =
√

y =
√

2 − x − y, i.e. x = y = 2 − 2x, and the only stationary point is

(x, y) =
(

2
3
,
2
3

)
.

The value of the function is here

f

(
2
3
,
2
3

)
= 3

√
2
3

=
√

6.

Remark. Since we shall only find the maximum and the minimum on a closed and bounded
set, a numerical comparison is sufficient, and we do not have to go through an elaborated
examination of extrema. ♦

The boundary:
a) We get on the boundary curve y = 0, x ∈ [0, 2], the restriction

ϕ(x) = f(x, 0) =
√

x +
√

2 − x,

which for symmetric reasons has its maximum for x = 1 and its minimum for x = 0 and
x = 2.

Alternatively,

ϕ′(x) =
1
2

1√
x
− 1

2
1√

2 − x
= 0 for x = 1.

the interesting values are

f(0, 0) = f(2, 0) =
√

2 and f(1, 0) = 2.
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b) By interchanging the letters (x, y) → (y, x) we get on the boundary curve x = 0, y ∈ [0, 2]
the same function as above. Hence the candidates are

f(0, 0) = f(0, 2) =
√

2 and f(0, 1) = 2.

c) We get on the boundary curve y = 2 − x, x ∈ [0, 2] the restriction

ψ(x) = f(x, 2 − x) =
√

x +
√

2 − x = ϕ(x),

cf. above, so the candidates are

f(0, 2) = f(2, 0) =
√

2 and f(1, 1) = 2.

All things considered, we have found the candidates

f

(
2
3
,
2
3

)
=

√
6, (stationary point),

f(1, 0) = f(0, 1) = f(1, 1) = 2,

f(0, 0) = f(2, 0) = f(0, 2) =
√

2.

Thence by comparison, the minimum value is

M = f(0, 0) = f(2, 0) = f(0, 2)
√

2,

and the maximum value is

S = f

(
2
3
,
2
3

)
=

√
6.

4) Since f is continuous and the triangle A is connected, it follows from the first main theorem for
continuous functions that the range f(A) is also connected, hence an interval. Then it follows
from 3) that

f(A) = [M,S] = [
√

2,
√

6].

Example 2.9 The function f : A → R is given by

f(x, y) =
√

2 − x − y, A = {(x, y) ∈ R
2 | −2 ≤ x ≤ 1, x2 ≤ y ≤ 2 − x}.

1) Explain why f has both a maximum value S and a minimum value M .

2) Find S and M and the range f(A) of the function.

A Maximum and minimum and range.

D Apply the standard methods.

I 1) The domain A is indicated on the figure. Clearly, A is closed and bounded.

It follows that f is defined and continuous for y ≤ 2 − x, thus in particular in A. It follows
from the second main theorem for continuous functions that f has both a maximum value S
and a minimum value M on A. Since f is of class C∞ in the interior of A, these values are
either attained at an inner stationary point or on the boundary.
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Figure 39: The domain A.
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Figure 40: The graph of f over A.

2) We get in the interior of Am

∂f

∂x
= −1

2
1√

2 − x − y
,

∂f

∂y
= −1

2
1√

2 − x − y
.

These equations are never 0 in the interior of A, so f has no stationary points. We conclude
that S and M are attained at boundary points.

a) When y = 2−x, the restriction is f(x, 2−x) = 0. As f(x, y) ≥ 0, this must be the minimum
value M = 0.

b) When y = x2, the restriction is

f(x, x2) =
√

2 − x − x2 =

√
2 +

1
4
−
(

x2 + x +
1
4

)

=

√(
3
2

)2

−
(

x +
1
2

)2

, x ∈ [−2, 1].
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It follows immediately that the maximum value is obtained for x = −1
2
, i.e.

S = f

(
−1

2
,
1
4

)
=

3
2

og M = f(x, 2 − x) = 0.

Since A is connected, it follows from the first main theorem for continuous functions that
the range is

f(A) = [M,S] =
[
0,

3
2

]
.
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Example 2.10 1) Sketch the set

A = {(x, y) ∈ R
2 | x2 + y2 ≤ 2 og y ≤ 0};

Indicate in particular the boundary ∂A on the figure. Explain why A is bounded and closed.

2) Explain why

f(x, y) = (x + y)
√

2 − x2 − y2, (x, y) ∈ A,

has a minimum value M and a maximum value S. Find these values as well as the points where
they are attained.

3) Finally, explain why the range f(A) of the function is an interval, and find f(A).

A Maximum and minimum. The first and second main theorems for continuous functions.

D Use the standard methods.

–1.6

–1.4

–1.2

–1

–0.8

–0.6

–0.4

–0.2

0

0.2

y

–1.5 –1 –0.5 0.5 1 1.5

x

Figure 41: The point set A is the closed half disc in the lower half plane of centrum (0, 0) and radius√
2.

I 1) The point set A is the intersection of the closed disc of centrum (0, 0) and radius
√

2, and the
closed lower half plain. An intersection of two closed sets is also closed, so A is closed. Since
A is contained in a disc of finite radius, A is bounded.

2) The function

f(x, y) = (x + y)
√

2 − x2 − y2

is defined and continuous on A.

Since A is closed and bounded and f is continuous, it follows from the second main theorem
for continuous functions that f has a minimum value M and a maximum value S on A.

Since f is of class C∞ in the interior of A, the values S and M can only be attained at an
interior stationary point in A◦ or on the boundary ∂A.
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Figure 42: The zero lines of the function f(x, y) in A. There are the union of the half circle and the
oblique line y = −x. The function is negative to the left of this oblique line, and positive to the right
of it.

When we examine the sign of f we see that f can be both positive and negative. When we
specify S and M , we can exclude the zero curves, i.e. that part of the boundary which lies on
the circular arc, as well as the points of A, which lie on the line y = −x.

In particular, the examination of the boundary is reduced to the segment y = 0, x ∈ [−√
2,
√

2],
on the X-axis, where we also can exclude the end points because the value is here 0. The
restriction of f to this part of the boundary is

ϕ(x) = f(x, 0) = x
√

2 − x2, x ∈ [−
√

2,
√

2],

with the derivative

ϕ′(x) =
√

2 − x2 − x2

√
2 − x2

=
2(1 − x2)√

2 − x2
, for x ∈ ] −

√
2,
√

2[.

It follows that ϕ′(x) = 0 for x = ±1. Hence, on the boundary we get the following candidates
of S and M (because we have already excluded the end points and the circular arc),

f(1, 0) = 1 og f(−1, 0) = −1.

The possible stationary points in the interior of A (i.e. where 2 − x2 − y2 > 0 and y < 0) are
the solutions of the equations⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂f

∂x
=
√

2 − x2 − y2 − x(x + y)√
2 − x2 − y2

=
2 − 2x2 − xy − y2√

2 − x2 − y2
= 0,

∂f

∂y
=

1 − x2 − xy − 2y2√
s − x2 − y2

= 0,

which are reduced in the interior of A to

(11)

⎧⎨
⎩

2x2 + xy + y2 = 2,

x2 + xy + 2y2 = 2.
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Thus y2 = x2, i.e. either y = x or y = −x. By the analysis of the sign of f , neither of the
stationary points on y = −x can be a maximum or a minimum (the value of the function is
here zero). In the chase of the candidates the investigation is now reduced to the line segment
y = x, x ∈ ] − 1, 0[, (because y ≤ 0). Then we get by insertion into either of the equations of
(11) that

2 = 2x2 + xy + y2 = 4x2,

hence x = y = − 1√
2
. We note again that f may have stationary points on y = −x, but these are

of no importance because the only relevant stationary point is
(
− 1√

2
,− 1√

2

)
, corresponding

to the value of the function

f

(
− 1√

2
,− 1√

2

)
= −

√
2.
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We have now found three candidates of M and S:

f

(
− 1√

2
,− 1√

2

)
= −

√
2, f(−1, 0) = −1, f(1, 0) = 1.

It follows by a numerical comparison that

M = f

(
− 1√

2
,− 1√

2

)
= −

√
2 and S = f(1, 0) = 1.

3) Since A is convex, A is in particular connected. Since f is continuous in A, it follows from the
first main theorem for continuous functions that the range (here a subset of R) is connected,
hence an interval. Now f has according to 2) a minimum and a maximum, so we finally get

f(A) = [M,S] = [−
√

2, 1].

Example 2.11 Let

A = {(x, y) ∈ R
2 | x2 − 1 ≤ y ≤ 3},

and consider the function f : A → R given by

f(x, y) = 1 − x2 − y + 2x2y, (x, y) ∈ A.

1) Sketch A, and explain why the function f has both a maximum value S and a minimum value M .

2) Find the stationary points of the function f .

3) Find S and M .

4) Find the range f(A) of the function.

A Maximum and minimum and range of a function.

D Standard example.
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Figure 43: The domain A.
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I 1) The set A is closed and bounded, and the polynomial f is continuous on A. It follows from
the second main theorem for continuous functions that f has both a maximum value S and a
minimum value M on A. Since f is of class C∞ in the interior of A, the values S and M are
either attained at a stationary point or at a boundary point.

2) The equations of the stationary points are⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∂f

∂x
= −2x + 4xy = 0, i.e. 4x

(
y − 1

2

)
= 0,

∂f

∂y
= −1 + 2x2 = 0, i.e. x2 =

1
2
.

We get from the latter equation that x = ± 1√
2
, which put into the first equation gives y =

1
2
.

Hence, the stationary points are(
− 1√

2
,
1
2

)
and

(
1√
2
,
1
2

)
,

and we note that they both lie in the interior of A:

x2 − 1 = −1
2

< y =
1
2

< 3.
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Figure 44: The graph of f over A.

3) The values at the stationary points are

f

(
± 1√

2
,
1
2

)
= 1 − 1

2
− 1

2
+ 2 · 1

2
· 1
2

=
1
2
.

The boundary.
a) By restriction to the line segment y = 3, x ∈ [−2, 2],

ϕ(x) = f(x, 3) = 1 − x2 − 3 + 6x2 = 5x2 − 2,

which clearly is smallest when x = 0, and largest when x = ±2. We get the candidates

f(0, 3) = −2 and f(±2, 3) = 18.
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b) Considering the restriction to the parabolic arc we have two alternatives:
i) By the restriction to y = x2 − 1, x ∈ [−2, 2], we get

ψ(x) = f(x, x2−1) = 2(1−x2) + 2x2(x2−1) = 2(x2 − 1)2,

which is smallest when x2 = 1, and largest when x2 = (±2)2.The candidates are

f(±1, 0) = 1 − 1 = 0 and f(±2, 3) = 18.

ii) Alternatively, x2 = y + 1, y ∈ [−1, 3], so

η(y) = −2y + 2(y + 1)y = 2y2, y ∈ [−1, 3],

which is smallest for y = 0, and largest for y = 3, corresponding to

f(±1, 0) = 0 and f(±2, 3) = 18.

Then by a numerical comparison of the candidates,

SP: f

(
± 1√

2
,
1
2

)
=

1
2
,

a) f(0, 3) = −2 and f(±2, 3) = 18,

b) f(±1, 0) = 0 and f(±2, 3) = 18,

we finally get

S = f(±2, 3) = 18 and M = f(0, 3) = −2.

c) Since A is connected, and f is continuous, it follows from the first main theorem for con-
tinuous functions, that f(A) � R is connected, hence an interval.
We have in 3) shown that M = −2 and S = 18, so the range is

f(A) = [−2, 18].

Example 2.12 Find the interval of range of the function

f(x, y) = xy + 64
(

1
x

+
1
y

)
, (x, y) ∈ A,

where

A = {(x, y) ∈ R
2 | x ≥ 1, y ≥ 1, xy ≤ 32}.

A Maximum, minimum, interval of range.

D Sketch A and conclude that A is closed and bounded. Apply the first and second main theorems
for continuous functions. Find the possible stationary points. Check the boundary. Conclude by
a numerical comparison.
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Figure 45: The closed and bounded domain A.

I It follows from the figure and the definition of A that A is connected and closed and bounded. Since
f(x, y) is continuous on the closed and bounded set A, it follows from the second main theorem
for continuous functions that f(x, y) has a maximum and a minimum on A. Since f is of class
C∞, the maximum and minimum values are to be found among the values at the possible inner
stationary points and at the boundary points.

Since A is also connected, and f is continuous, it follows from the first main theorem for continuous
functions that the range is connected, hence a closed interval, which must necessarily be

f(A) = [fmin, fmax] .

The equations of the possible stationary points are

∂f

∂x
= y − 64

x2
= 0 and

∂f

∂y
= x − 64

t2
= 0,

thus

x2y = 64 and xy2 = 64.

Now x, y > 0 in A, so it follows by a division that
x

y
= 1, i.e. y = x. Then by insertion x3 = 64, so

x = y = 4. Since xy = 16 < 32 and 4 > 1 we conclude that (4, 4) lies in the interior of A. Hence
(4, 4) is a stationary point, and the value of the function is here

f(4, 4) = 16 + 64
(

1
4

+
1
4

)
= 16 + 32 = 48.

The boundary.

1) For y = 1, 1 ≤ x ≤ 32, we get the restriction

ϕ(x) = f(x, 1) = x +
64
x

+ 64

where

ϕ′(x) = 1 − 64
x2

= 0 for x = 8.
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We notice the values

f(1, 1) = ϕ(1) = 1 + 64 + 64 = 129,

f(32, 1) = ϕ(32) = 32 + 2 + 64 = 98,

f(8, 1) = ϕ(8) = 8 + 8 + 64 = 80.

2) For x = 1, 1 ≤ y ≤ 32, it follows by the symmetry,

f(1, 1) = 129, f(1, 32) = 98, f(1, 8) = 80.

3) If xy = 32, i.e. y =
32
x

, 1 ≤ x ≤ 32, we get the restriction

ψ(x) = xy + 64 · x + y

xy
= 32 + 2

(
x +

32
x

)
= 2x +

64
x

+ 32

 Ranges of Functions
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where

ψ′(x) = 2 − 64
x2

= 0 for x =
√

32 = 4
√

2 = y.

This is the only additional value, because we have already checked the end points of the interval
above,

f(
√

32,
√

32) = ψ(
√

32) = 32 + (
√

32 +
√

32) = 32 + 8
√

2.

Then compare the values of the candidates,

f(4, 4) = 48, f(1, 1) = 129, f(8, 1) = f(1, 8) = 80,

f(32, 1) = f(1, 32) = 98, f(
√

32,
√

32) = 32 + 8
√

2 < 48.

It follows that the minimum value is

f(
√

32,
√

32) = 32 + 8
√

2,

and the maximum value is

f(1, 1) = 129.

The range is connected, so the interval of the range is

f(A) = [32 + 8
√

2, 129].

Example 2.13 Given the function

f(x, y) = 2 ln
(
1 + x2 + y2

)
+ x

√
2 + y, x2 + y2 ≤ 4.

1) Explain why the function has a maximum value S and a minimum value M .

2) Show that the stationary points of the function are (−√
2,−1) and

(
−1

3
√

2,−1
3

)
.

3) Find S and M .

4) Find the range of the function.

A Maximum and minimum, range.

D Sketch a figure. Follow the guidelines.

I 1) The domain A is a closed disc of centrum(0, 0) and radius 2, thus A is closed and bounded and
connected.

Clearly, f is continuous on A and of class C∞ in the interior of A. According to the second
main theorem for continuous functions, f has a maximum value S and a minimum value M on
A. These values are either attained at a stationary point or on the boundary, because there
are no exceptional points.

Notice also that A is connected, so the range f(A) = [M,S] is connected according to the the
first main theorem for continuous functions. This will be used in 4).
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–2

–1

1

2

–2 –1 1 2

Figure 46: The domain A and the line y =
1√
2

x.

2) The equations of the stationary points are

∂f

∂x
=

4x
1 + x2 + y2

+
√

2 = 0 and
∂f

∂y
=

4y
1 + x2 + y2

+ 1 = 0.

It follows that at a stationary point we must have x �= 0 and y �= 0, so the equations are
equivalent to

4xy

1 + x2 + y2
= −

√
2 y and

4xy

1 + x2 + y2
= −x, x �= 0, y �= 0.

Accordingly, the possible stationary points must lie on the line x =
√

2 y.

When we eliminate x in e.g. the latter equation of the stationary points, then

−1 =
4y

1 + x2 + y2
=

4y
1 + 3y2

,

hence

3y2 + 4y + 1 = 0.

The solutions are y = −1 and y = −1
3
. From x =

√
2 y follows that the only possible stationary

points are

(−
√

2,−1) and
(
−1

3

√
2,−1

3

)
.

It remains to be proved that they are both stationary points.

a) They satisfy the equations:
i) For (−√

2,−1) we get

−4
√

2
1+2+1

+
√

2 = −
√

2 +
√

2 = 0 and
−4

1+2+1
+ 1 = −1 + 1 = 0.
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ii) For
(
−1

3
√

2,−1
3

)
we get

−4
3

√
2

1+ 2
9 + 1

9

+
√

2 =
− 4

3

√
2

4
3

+
√

2 = 0 and
− 4

3

1+ 2
9 + 1

9

+ 1 =
− 4

3
4
3

+ 1 = 0.

b) They both lie in A:
i) For (−√

2,−1) we get

x2 + y2 = 2 + 1 = 3 < 4.

ii) For
(
−1

3
√

2,−1
3

)
=

1
3

(−√
2, 1) we get

x2 + y2 =
1
9
· 3 =

1
3

< 4.

We have now proved that the stationary points are

(−
√

2,−1) and
(
−1

3

√
2,−1

3

)
.

3) The values of the function at the stationary points are

f(−
√

2,−1) = 2 ln(1 + 2 + 1) −
√

2 ·
√

2 − 1 = 2 ln 4 − 3,

f

(
−1

3

√
2,−1

3

)
= 2 ln

(
1 +

2
9

+
1
9

)
− 1

3

√
2 ·

√
2 − 1

3
= 2 ln

4
3
− 1.

The boundary.

–2

–1

0

1

2

–2 –1 1 2

Figure 47: The geometrical analysis of the maximum and the minimum on the boundary.

On the boundary 2 ln(1 + x2 + y2) = 2 ln 5 is constant. The maximum and minimum values on
the boundary are attained at those points in which x

√
2+y attains its maximum and minimum

value on the circle. Geometrically these are given by the two tangents of the circle, which are
parallel to the line x

√
2 + y = 0, i.e. at the intersection points of the circle x2 + y2 = 4 and
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perpendicular to the line x =
√

2 y, on which the stationary points lie. This gives the new
candidates(

2

√
2
3
,

2√
3

)
og

(
−2

√
2
3
,− 2√

3

)
.

Since all candidates of S and M lie on the line x =
√

2 y, we get the following one-dimensional
variant of the identification of S and M :

The restriction to the line x =
√

2 y is

g(y) = 2
(
1 + 3y2

)
+ 3y, y ∈

[
− 2√

3
,

2√
3

]
,

where

g′(y) =
12y

1 + 3y2
+ 3, y ∈

]
− 2√

3
,

2√
3

[
.

 Ranges of Functions

©
 U

B
S 

20
10

. A
ll 

ri
g

h
ts

 r
es

er
ve

d
.

www.ubs.com/graduates

Looking for a career where your ideas could really make a difference? UBS’s 

Graduate Programme and internships are a chance for you to experience  

for yourself what it’s like to be part of a global team that rewards your input 

and believes in succeeding together.

Wherever you are in your academic career, make your future a part of ours  

by visiting www.ubs.com/graduates.

          You’re full of energy
and ideas. And that’s
    just what we are looking for.

http://bookboon.com/
http://bookboon.com/count/advert/52a1fd82-96d7-e011-adca-22a08ed629e5


Download free ebooks at bookboon.com

Calculus 2c-4

 

136  

As before we get g′(y) = 0 for y = −1 and y = −1
3
. The variation of g′(y) is:

y − 2√
3
≤ y < −1 −1 −1 < y < −1

3
−1

3
−1

3
< y ≤ 2√

3
g′(y) + 0 − 0 +

Thus we have a local maximum for y = −1 and a local minimum for y = −1
3
.

The candidates of S are

g(−1) = 2 ln 4 − 3 and g

(
2√
3

)
= 2 ln 5 + 2

√
3.

It follows that

S = g

(
2√
3

)
= f

(
2

√
2
3
,

2√
3

)
= 2 < ln5 + 2

√
3 [≈ 6, 6830].

Analogously, the candidates of M are(
− 2√

3

)
= 2 ln 5 − 2

√
3 og g

(
−1

3

)
= 2 ln

4
3
− 1.

By a numerical comparison on a pocket calculator we get

M = g

(
−1

3

)
= f

(
−1

3

√
2,−1

3

)
= 2 ln

4
3
− 1 [≈ −0, 4246].

Alternatively a parametric description of the boundary is

(x, y) = (2 cos ϕ, 2 sinϕ), ϕ ∈ [0, 2π].

Hence the restriction to the boundary becomes

h(ϕ) = f(2 cos ϕ, 2 sinϕ) = 2 ln 5 + 2
√

2 cos ϕ + 2 sin ϕ

where

h′(ϕ) = −2
√

2 sinϕ + 2 cos ϕ = 0

for tanϕ =
1√
2
, corresponding to

cos ϕ = ± 1√
1 + tan2 ϕ

= ± 1√
1 + 1

2

= ±
√

2
3

and

sinϕ = cos ϕ tan ϕ = ±
√

2
3
·
√

1
2

= ±,
1√
3
,
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where the signs are belonging together.

We get the candidates

f

(
2

√
2
3
,

2√
3

)
and

(
−2

√
2
3
,− 2√

3

)

with the values of the function(
2

√
2
3
,

2√
3

)
= 2 ln

(
1 +

8
3

+
4
3

)
+ 2

√
2
3
·
√

2 +
2√
3

= 2 ln 5 + 2
√

3,

and

f

(
−2

√
2
3
,− 2√

3

)
= 2 ln 5 − 2

√
3.

Numerical comparison.
We shall find the maximum and the minimum value among

f(−
√

2,−1) = 2 ln 4 − 3, f

(
−1

3

√
2,−1

3

)
= 2 ln

4
3
− 1,

f

(
2

√
2
3
,

2√
3

)
= 2 ln 5 + 2

√
3, f

(
−2

√
2
3
,− 2√

3

)
= 2 < ln5 −

√
3.

Clearly,

S = f

(
2

√
2
3
,

2√
3

)
= 2 ln 5 + 2

√
3 ≈ 6, 6830.

Then by a numerical comparison on a pocket calculator,

M = f

(
−1

3

√
2,−1

3

)
= 2 ln

4
3
− 1 ≈ −0.4246.

4) Since A is connected, and f is continuous on A, the range f(A) is connected according to the
first main theorem for continuous functions. We have already found S and M in 3), so the
range is the interval

f(A) = [M,S] =
[
2 ln

4
3
− 1, 2 ln 5 + 2

√
3
]

.
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Example 2.14 Given the function

f(x, y) = 2y sinx − x, (x, y) ∈ A,

where the domain A is given by the inequalities

−π

2
≤ x ≤ π

2
, 0 ≤ y ≤ cos x.

1) Explain why the function has a maximum value S and a minimum value M .

2) Find S and M .

3) Find the range of the function.

A Maximum and minimum values; range.

D Sketch A, and apply the second and the first main theorem for continuous functions.

–0.2

0

0.2

0.4

0.6

0.8

1

1.2

y

–1.5 –1 –0.5 0.5 1 1.5

x

Figure 48: The set A.

I 1) The set A is closed and bounded, and f is continuous. According to the second main theorem
for continuous functions, f has both a maximum value S and a minimum value M on A.

2) Since f is of class C∞, the values S and M are either attained at an inner stationary point or
at a boundary point.

Stationary points.
The equations of the stationary points are

∂f

∂x
= 2y cos x − 1 = 0 and

∂f

∂y
= 2 sin x = 0.

It follows from the latter equation that x = pπ, p ∈ Z, i.e. x = 0, if the point shall also lie in

A. When this is put into the former equation we get 2y − 1 = 0, so y =
1
2
. Thus the only

stationary point in A is
(

0,
1
2

)
. The value of the function at this point is

f

(
0,

1
2

)
= 2 · 1

2
· sin 0 − 0 = 0.

The boundary.
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a) On the boundary curve y = 0, x ∈
[
−π

2
,
π

2

]
, we have the restriction

ϕ(x) = f(x, 0) = −x,

with the maximum value

ϕ
(
−π

2

)
= f

(
−π

2
.0
)

=
π

2

and the minimum value

ϕ
(π

2

)
= f

(π

2
, 0
)

= −π

2
.
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b) On the boundary curve y = cos x, x ∈
[
−π

2
,
π

2

]
, we get the restriction

ψ(x) = f(x, cos x) = 2 cos x · sinx − x = sin 2x − x,

where

ψ′(x) = 2 cos 2x − 1 = 0, cos 2x =
1
2
,

so

x =
(
±π

3
+ 2pπ

)
· 1
2

= ±π

6
+ pπ, p ∈ Z.

Here p = 0, because we shall stay inside A, hence

ψ
(π

6

)
= f

(
π

6
,

√
3

2

)
= sin

π

3
− π

6
=

√
3

2
− π

6
=

3
√

3 − π

6
,

and

ψ
(
−π

6

)
= f

(
−π

6
,

√
3

2

)
= − sin

π

3
+

π

6
= −3

√
3 − π

6
.

Then by a numerical comparison,

S = f
(
−π

2
, 0
)

=
π

2
and M = f

(π

2
, 0
)

= −π

2
.

c) Since A is connected, and f is continuous, it follows from the first main theorem for con-
tinuous functions that f(A) is connected, i.e. an interval. When we apply the results from
2), we get

f(A) = [M,S] =
[
−π

2
,
π

2

]
.
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