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Calculus 2c-2

Preface

Preface

In this volume I present some examples of Description of Surfaces, Partial Derivatives, Gradient,
Directional Derivatives and Taylor’s Formula, cf. also Calculus 2b, Functions of Several Variables.
Since my aim also has been to demonstrate some solution strategy I have as far as possible structured
the examples according to the following form

A Awareness, i.e. a short description of what is the problem.

D Decision, i.e. a reflection over what should be done with the problem.
I Implementation, i.e. where all the calculations are made.

C Control, i.e. a test of the result.

This is an ideal form of a general procedure of solution. It can be used in any situation and it is not
linked to Mathematics alone. I learned it many years ago in the Theory of Telecommunication in a
situation which did not contain Mathematics at all. The student is recommended to use it also in
other disciplines.

One is used to from high school immediately to proceed to I. Implementation. However, examples
and problems at university level are often so complicated that it in general will be a good investment
also to spend some time on the first two points above in order to be absolutely certain of what to do
in a particular case. Note that the first three points, ADI, can always be performed.

This is unfortunately not the case with C Control, because it from now on may be difficult, if possible,
to check one’s solution. It is only an extra securing whenever it is possible, but we cannot include it
always in our solution form above.

I shall on purpose not use the logical signs. These should in general be avoided in Calculus as a
shorthand, because they are often (too often, I would say) misused. Instead of A I shall either write
“and”, or a comma, and instead of V I shall write “or”. The arrows = and < are in particular
misunderstood by the students, so they should be totally avoided. Instead, write in a plain language
what you mean or want to do.

It is my hope that these examples, of which many are treated in more ways to show that the solutions
procedures are not unique, may be of some inspiration for the students who have just started their
studies at the universities.

Finally, even if I have tried to write as careful as possible, I doubt that all errors have been removed.
I hope that the reader will forgive me the unavoidable errors.

Leif Mejlbro
17th October 2007
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Calculus 2c-2 Description of surfaces

1 Description of surfaces

Example 1.1 In the following there are given some surfaces in the form x = r(u,v), (u,v) € R2.
Find in each of these cases an equation of the surface by eliminating the parameters (u,v), and then
describe the type of the surface.

1) r(u,v) = (u,u + 2v,v — u).

2) r(u,v) = (u,sinv, 3 cosv).

3) r(u,v) = (u cosv,u sinv, u?sin 2v).

4) r(u,v) = (a(cosv — u sinv), b(sinv + u cosv), cu).
5) r(u,v) = (u cosv,2u sinv,u?).

6) r(u,v) = (u+v,u —v,4v?)

7) r(u,v) = (u+v,u? +v% ud + 03).

A Description of surfaces.
D Eliminate (u,v) to obtain some known relationship between z, y, z
I 1) Here
T =u, Yy =u-+2v, zZ=v—u,
hence
y—2z=u+2v—2v+2u = 3u =3z,
or
3z —y+2z=0.

This is the equation of a plane through (0,0,0) with the normal vector (3,—1,2).
2) Here
T =u, Yy =sinw, z = 3cosv,
ie.
2 z\?
y+(§) =1, r=u, uck

This is a cylinder surface with the X axis as its axis and the ellipse of centrum (0,0) and half
axes 1 and 3 in the Y Z plane as the generating curve.

3) It follows from
T = U COS, Yy =u sinw, 2z = u?sin2v
that
227y = 2u” cosw - sinv = u?sin 2v = z,
ie.
z = 2uxy,
which describes an hyperbolic paraboloid.
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Description of surfaces

4) Here

x . Y . z
— = cosv — u sinw, gzsmv—i—u cosv, — =u,
a c

hence

2
T . .
(—) = cos? v — 2u sinv - cos v + u? sin® v,
a

2
Y . .
(Z =sin® v + 2u smv'cosv—l—zﬂcoszv,

and accordingly

() - re1e ()

This is the equation of an hyperboloid with one net.
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Description of surfaces

5) Tt follows from

_ y_ .2
T = U CoSv, 5—u51nv, z=u
that
2
2 Y 2
x—|—<—) =u" =z,
2

which is the equation of an elliptic paraboloid.
6) It follows from

T =u-+v, y=u-—u, z = 4v?
that 2v =2 — gy, i.e.

2z =407 = (z —y)*

This is the equation of a cylinder surface with the line y = = as its axis and a parabola as its

generating curve.
7) It follows from

r=u-+v, y:u2—|—v2, z=u’ 403
that

22 = 2(u® + %) = (u+ v)(2u® — 2uv + 20%) = 2(2y — 2wv),
where

2uv = (u+4v)? — (u? +0v%) =22 —y.
Then by insertion,

2z = 2(3y — x?).

This equation contains terms of first, second and third order.

Example 1.2 Sketch the following cylinder surfaces.
7r

1) x=cosp, y=sing, p € [G’g}’ z € [1,2¢].

1
2) xzy=1,y€ [5,2}, z €0, z].
3)y=e", z€ly1].
4) v =y z € [a,y).
A Cylinder surfaces.

D First sketch the projection onto the XY plane.
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Figure 2: The cylinder surface of 1).

Figure 3: The projection onto the XY plane.

I 1) Here we get a circular arc in the XY- plane.

2) The projection onto the XY plane is an arc of an hyperbola, lying in the first quadrant. Note
that z € [§,2].
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Figure 4: The cylinder surface of 2).

-02 x

Figure 5: The projection onto the XY plane.

Figure 6: The cylinder surface of 3).

3) Since y < 1, we must have z > 0.

4) From z = 3% < z < y we get the condition 0 < y < 1. On the figure the surface looks wrong.
There may here be an error in the MAPLE programme, though I am not sure.
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-0.2

Figure 8: The cylinder surface of 4).

Example 1.3 In the following there are given some equations of meridian curves. Set up in each
case an equation of the corresponding surface of revolution O and find the name of O.

1) z=o.
2) o=z
3) o=a.

4) 2% +20% = 2az.

5) 2% — 0? =a>.

6) 0® — 2% =a®.

A Surfaces of revolution with a given meridian curve.
D First sketch the meridian curve in the PZ half plane.

I 1) This is a cone of vertex (0,0,0).
2) This is a double cone of vertex (0,0, 0).
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3) This is clearly a cylinder.

4) Tt follows by a small rearrangement that the equation is equivalent to

(z —a)? + 20 = a?,

0.8
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Figure 9: The meridian curve of 1).

Figure 10: The surface of 1).
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Figure 11: The meridian curve of 2).
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Calculus 2c-2 Description of surfaces

The meridian curve is an half ellipse in the PZ half plane of centrum (0, a) and half axes 4

V2
and a.
Figure 15: The meridian curve of 4).
The surface of revolution is the surface of an ellipsoid of centrum (0,0, a) and half axes %,

% and a. Notice that one of the top points lies at (0,0,0). Also note that the scales are

different on the axes on the figure.
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Figure 16: The surface of 4).

5) In this case the meridian curves consist of two halves of branches of an hyperbola.

005 115 2 25

-2

-3

Figure 17: The meridian curves of 5).

By the revolution we get an hyperboloid with two nets. Only the upper net is sketched on the
figure (and we use different scales on the axes). There is a similar surface in the lower half

space.

6) The curve o? — 22 = a2, 9 > 0, is a branch of an hyperbola with its top point at (a,0) and its
half axes a and a. The surface of revolution is an hyperboloid with one net and of centrum
(0,0,0) and with the Z axis as its axes of revolution and with the half axes a, a, a.
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Figure 18: The upper surface of 5).
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Figure 19: The meridian curve of 6).

Figure 20: The surface of 6).
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2 Gradient
Example 2.1 Assume that the function f: A — R, A C RF, satisfies
[f(x) = f(w)] < alx —ul|*™,  xe€ K(ub),

where u is a fized point in the open domain A of f and where b is so small that K(u;b) C A. Prove
that f is differentiable at the point u with the gradient 0.

A Differentiability; gradient.

D Analyze the definition of differentiability.

I If we put x = u+ h, then h = x — u, and the assumption of the example can be written
|f(u+h) — f(u)] < allh|*** = 0-h+E(h) - ||,

where £(h) = a|lh||* — 0 for h — 0. This shows that there exist a function e(h) with |e(h)| < &£(h),
such that

f(u+h)—f(u) =0-h+e(h)-[h].
According to the definition, f is differentiable at u and its gradient is

v.f(u)=0.
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Example 2.2 Let P(x,y) be an homogeneous polynomial of degree n in two variables. Prove that
zPy(z,y) +yPy(z,y) = n P(z,y).
Formulate and prove an analogous theorem for an homogeneous polynomial of degree n in k variables.

A Homogeneous polynomials.
D Split P(xz,y) into its parts and differentiate.

I A typical term in P(z,y) is of the form

Pk(z7 y) = akxkyn7k7
from which we get
x(Pe), +y (Pk); = apkx - YR fag(n — k)sty -y
= apka®y"F £ ap(n — k)zhyn "
= napz®y"F = nPy(z,y).

Since differentiation and multiplication by z (or by y) are linear operations, it follows by adding
all such terms that we have for any homogeneous polynomial P(x,y) of degree n that

aPy(2,y) + yP(z,y) = nP(z,y).
In general we have that if P(xq,...,x,,) is an homogeneous polynomial of degree n in m variables,
then
m
1P, (x)+ -+ x, P, (x)= Z IjP;j (x) =n P(x).
j=1
In fact, P(x) is built up by linear combinations of terms of the form

Q(x):x’flxlfzumlfnm, ki,....km >00g ki + -+ ki, = n,

where
S 0Qh (%) = Y kyakakt ok = (k4 4 k) Q(x) = nQ(x).
j=1 j=1

This holds for every term in any homogeneous polynomial P(x), and then it follows by the linearity
that it also holds for P(x) itself.
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Example 2.3 Find in each of the following cases the gradient of the given function in two variables.

1) fx

,y) = Arctan g, fory #£0.

2) f(z,y) = Arctan %, for x #0.

3) f(x,y) =In

3+ 2y

oreg R2, 3 0.
4+Smy,f07’(w7y)€ , 3+ ay >

4) f(x,y) =In\/22 +y?, for (z,y) # (0,0).
A Gradients.

D Differentiate.

I 1) When f(x,y) = Arctan E, y # 0, we get
Y

of 1 1y of 1 Sz @
oz (x\* y  2P+y? oy e\ O\ ) a4y
1+ (2) 1+ (%)
Y Y
hence
_ Y __ T
vf(x7y)_<x2+y2) x2+y2>7 y#o

REMARK. One might be misled to believe that this result can be derived from 1), but it turns
up that it is not so. ¢

After the warning in the remark above we calculate as above for f(z,y) = Arctan y, x #£ 0,
x
that

of 1 (y) y af 1 1 T
a9 sun2 \2) T T a2 5 2T 2 27
ox 1+<g> x 2 +y y 1+<g) r x4y
x x
S0
Yy x
vz y) = (—m7m> sz #0.
When zy > —3, the function is defined an of class C'*°, so
ﬁ, y %, r  cosy
or  3+azy’ oy 3+azy 4+siny’
and
y x cosy
= - f > —3.
Ve = (gL g - ) doray
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Figure 21: The domain of 3).

4) When f(z,y) = In /a2 + % = L In(a® +3?), (2,y) # (0,0), we get

of = o __y
oxr  x2+y2’ oy a2 +y2’
thus

vf(r,y)( > z >

$2+y2’x2+y2

Example 2.4 Find in each of the following cases the gradient of the given function in three variables.
1) fla,y,2) = (@ +y)(y + 2)(z +2), for (x,y,2) € R®.
2) f(x,y,z) = 2397 for (z,y,2) € R3.
1
3) f(r,y,2) = ———
L A~ N

4) f(xayaz) = exXp (‘T2 *y+Z), fO’I‘ (x,y,z) € RS'

, Jor (z,y,2) # (0,0,0).

5) F(@,y,2) = o tan(yz?) + cos(a32), for yz # (p+ 1) 7, p € Z.
A Gradients.
D Differentiate.

I 1) It follows from f(x,y,z) = (x +y)(y + 2)(z + z) that

0

67]; =@ +2)y+2)+(@+yly+z)=Qury+2)(y+z)=(+y+2)? -2’
In this case it follows by the symmetry that we can simply interchange the letters in order to
get

of _ 2 2 of _ 2 2

ay—( +y+2)° -y, az—( +y+2)° - 27
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hence

Vf = ((@+y+2)? — 2%, (z+y+2)? — 2, (x+y+2)* —

2) Tt follows from
flx,y,2) = 23Y""* = zexp{(y + 22)In3}
that

g_f _ 3y+wz + xSy—i—wzz In3 = ey+$2(1 +xz In 3),
T

of =xe’ " 1n 3, or =2%In3.3vtez,
y 0z
and accordingly,

Vfz,y,z) =3v+e® (1 +len3,xln3,m2ln3).

22).

It's only an

opportunity if
you act on it
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Calculus 2c-2 Gradient

3) When
1
f($7yﬁz):ﬁ7 (xayaz)#(0a0a0)7
Ve +y:+z
we get
af 1 2x x
_ = —— 3 - — 3
dv 2 (\/xZ +y2+ z2) (x/x2 +y2+ z2)
. af af
and by the symmetry, analogous expressions for 30 and 25 SO
Y z
x’y?’z
vf =) (2..2) # (0.0,0)

30
( /l‘2+y2+22)

REMARK. If we introduce the notation

r=(ry2),  r=Va@tyPta,

then this important result can be written in the short form
r

VT:—T—S. <>

4) When f(z,y,z) = exp(z? — y + 2), then

% =exp(z? —y + 2) - 2,

af
dy
of

oL = exp(a? —y+2),

hence

= exp(z® —y +2) - (1),

Vf(mvya Z) = eXp(xQ —y+ Z) (2.2?, —1, 1)
5) We see that the function
f(z,y,2) = x tan(yz?) + cos(z>2)

is defined and of class C°°, when yz? # g + pm, p € Z. Then by a differentiation

0

e tan(yz?) — 3z zsin(z32),

af 9 9, 9 xz?

A 14+t -

9y xz“{1 + tan”(yz“)} co2(527)

0 2

a—‘i = 2zyz{1 + tan*(y2?)} — 2% sin(2?2) = % — 2% sin(z%2),
and accordingly in the given domain,

22 2xyz 3

vf= (tan(yz2) — 322z sin(x32), —x sin(x3a:)> .

cos?(yz2)’ cos?(yz2)
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Example 2.5 In some of the cases where it is not possible to decide only by using the rules of
calculation whether a given function of several variables is differentiable at some given point, one may
try instead to use the definition directly in the following way.
Use restrictions to see if the partial derivatives exist at the point. When this is the case, then insert
the values into the definition of differentiability, in which the € function occurs; then check if this €

function has the required property.

Use this procedure to prove the following claims:

e In 1)-8) the function is not differentiable at (0,0).

e In /)-5) the function is differentiable at (0,0) with the gradient zero.

1) f(z,y) = V22 +y2.

2) f(z.y) =z +yl

3)

79) # (070)7
,y) = (0’0)

I2+y2’

4) fx,y) = Vat+yt

5) fx,y) = [a* — 7.

A Gradients by using the definition.

D Follow the given description.

I First note that if f is differentiable, then

f(x+h) = f(x) =h-vf(x)+e(h)|h],

where ¢(h) — 0 for h — 0.

-1 fory—0—.

1) Here,

of .« o __ y
ox /$2+y2’ oy /x2+y2’

hence
of 1 for z — 0+, of 1 for y — 0+,
Teo-{ 1 mr2it Tow-|

Then

B 1 Haf” 448f77

X

B 2,2 21,2
Vvt +y \/xy+y

forx >0,y >0,

forx <0,y >0,

+ —
2 2 2 2
Vvt +y \/xy+y

forx <0,y <0,

+ +
\/x2x_|_ y2 \/I2y+ y2

forx >0, y <0.

- +
\/xQ erz \/a:2 + y2

23
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By using polar coordinates we see that these expressions do not tend to zero in the given
domains, when (x,y) — (0,0). The function is accordingly not differentiable at (0,0).

Here

8f(x’0):{ 1 forz >0, 3f(0, ):{ 1 fory >0,

or —1 forx <0, 8—y —1 fory <0,

SO

1
e(z,y) = \/xziw{\x +yl = |z] = |y},

which does not tend towards zero for (z,y) — (0,0). [Try e.g. y = —x.]

Here,

aof af

—(z,0) =1 —(0,y) =0

@0 =1 g 5 (0.y)=0
SO

(z,y) = ! { o - CU} = _7$y2 = —cos - sin?

Y /x2 ¥ y2 xZ + y2 ( /xz ¥ y2)3 ¥ ¥

in polar coordinates. This expression does not tend to 0 for o = /22 + 32 — 0.
Here

%(x,()):%(f):%v%o for z — 0,
and analogously

0

—f(O,y):2y—>O for y — 0,

Ay
hence

1
e(r,y) = —— {\/x4+y4 —O—O} = py/cost o +sin*p — 0
1‘2 + y2

for o — 0.
Therefore, the function is differentiable at 0 and

v/f(0)=o.
Here f(z,0) = 22, so

%(x,O)szHO for z — 0,
and f(0,y) = y?, and thus

%(O,y):QyHO for y — 0.
Then

2® —y?| _ ¢

2 .2
e(x,y) = ———= = —|cos” ¢ —sin” | = ¢|cos2p| — 0
() = == = lcos2g]

for p — 0, and we conclude that the function is differentiable at 0 and

v f(0)=o0.
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Gradient

Example 2.6 Find in each of the following cases the gradient of the given function f : R3> — R. The

vector a is constant.

1) f(x)=x-a.
2) f(x) = (x-a)2.
3) F(x) = IIx x x||.
4) Jx) =xx (xxa)-a.

A Gradients.
D Calculate the expressions and then differentiate.
I 1) Since f(x) =x-a=wxia; + z2as + x30a3, it follows that
Vi) =a
2) We get from f(x) = (x-a)? = {z1a1 + w202 + v303}? that

of

= 2ai($1a1 “+ xoa9 + I‘gag) = QCLZ‘ (X . a),
83%
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so we get as expected,
VF(x) = 2(x-a)a

3) Since f(x) = ||x x x|| =0, we get 7 f(x) = 0.
4) First calculate

€ e €3
xxa=|x x2 z3 |=(r203 — 302,730 — T103,T 102 — T2a1) ,
ap az as

whence
€1 €2 €3
xX (xxa) = T To T3
ToQ3 — T3tz T3a1 —T1aA3 X102 — T201

= (962(151a2 - $2a1) — x3(w3a; — ﬂﬁlas)) €
+ (z3(2203 — 2302) — 21 (102 — T201)) €2
-+ (1'1(353(11 — 271@3) — l’Q(CUQ(lg — 1'30,2)) €es.
We conclude that
xx(xxa)-a = aj(riazae — x%al — x%al + x12303)
+as(zoxsas — m%ag - m%ag + x12001)
+as(z1x301 — 1’%&3 - fE%(lg + xox309)
= —ai(a3 +a3) — 23(af + a3) — 23(af + a3)
+2x1x0a102 + 221230103 + 2T2T30203,
which can be further reduced. This is, however, not necessary here, because we shall only need
the derivatives in the following,

0
% = 72x1(a% + ag) + 2xsa1a9 + 2x307103
1

= —221(af + a3 +a3) + 2a1(z101 + T209 + T303)
= —2z;|a|*+ 2a;a - x),

of 2

) 2 %),

L uafal? + 2m(a-

of 2

—— = —2x3||a 2az2(a - x).

oL — ol + 20(a- )

These are the coordinates of 3/ f, so all things put together we finally get

vf(x)=—-2(a-a)x+2(x-a)a.
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Calculus 2c-2 Gradient

Example 2.7 Let A denote the point set where we have removed the coordinate azes from the plane
R2, i.e.

A={(z,y) | zy # 0}

We define a function f: A — R by putting f(x,y) equal to the number of the quadrant, which (x,y)
belongs to. Find <7 f.

A Gradient.
D Use that f is constant on every connected component of A.

I The task is now trivial, because f(x,y) is constant on each of the four open quadrants, where it is
defined, hence 7 f = 0.
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Calculus 2c-2 The chain rule

3 The chain rule

Example 3.1 . Use the chain rule to calculate the derivative of the function F(u) = f(X(u)), i.e.
without finding F(u) explicitly, in the following cases:

1) f(z,y) = zy, where X(u) = (e*,cosu), u € R.
2) f(z,y) = e™, where X(u) = (3u?,u?), u € R.

3) f(z,y) = 23 +y> — 3xy, where X(u) = <u2, %), u> —1.
u

4) f(z,y) = y®, where X(u) = (sinu,u?®), u > 0.

5) f(x,y) =ye*, where X(u) = (Arctan(l + u),e"), u € R.
6) f(z,y) = ysinz, where X(u) = (—u,vV1+u2), u € R.
A The chain rule.

D Start by formulating the general chain rule. No matter the formulation we shall nevertheless also
calculate F'(u) and find the derivative in the usual way, so that it is possible to compare the two
methods.

I The task is to insert (correctly) into the chain rule,

_ordsof dy
C Ox du Oy du’

where x and y are the coordinates of X = (z,y).

F'(u)

1) When f(z,y) = zy and (z,y) = (e*, cosu), we get

d
F'(u) = yﬁ —Hc% =cosu-e* —e“sinu = e"(cosu — sinu).

TEST. By insertion we also have
F(u) = e" cosu,

S0
F'(u) = e*(cosu — sinu).

We see that we get the same result, and in this case the application of the chain rule is not
casier than the traditional method. ¢

2) When f(z,y) = e*¥ and (z,y) = (3u?,u?), we get by the chain rule,

dy

= e B 6u+ ¥ - 3u? - 3u = 15u’ exp(3u®).
u

F'(u) = ezyyz—i +e"a
TEST. By insertion we get

F(u) = ™ = exp(3u®),
so by a differentiation,

F'(u) = 15u® exp(3u®).

We see that the two results agree, and also that the direct method is easier to apply in this
case than the chain rule. ¢
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3) When f(z,y) = 2® +y* — 3zy and ( ( ), u > —1, we get
Fl(u) = (3x2—3y)d—m+(3 gt
du du
3u 9u 3(1+u) —3u
= 477 )2 e YR I Sl
3(“ 1+u) “+3<<1+u>2 “) 1+ )2

= 6u? (ug— 1_::u> +9(1fu)2 {(1‘3102 _1}

_ 81u? _ 9u? _ 18u? 46U
(4wt (T+uw)? 14w

= 6u5+L2)4{9—(1+u)2—2(1+u)3}

(1+wu
= 6u5+ﬂ{9—1—2u—u2—2—6u—6u2—2u3}
(I+u)?
= 6u’ — gu” {2u® 4 Tu? 4 8u — 6}.
(T+u)t
TEST. By insertion we get
27u3 9u?
F(u) =u® —
W=+ s " Trw
hence
27u? 9u3 81u? 81u?
F' = 6u’ — -
() R Ty e R R R FRn T
9u 2
= 6u5+m{ 3(1+u)® +u(l+u)? +9(1 +u) — 9u}
= 6u57£{3+9u+9u2+3u37u72u27u379—9u+9u}
(I+u)?
= 6u’ — L{2u + Tu? 4 8u — 6}.
(L+u)?

The two results agree. This time the two methods are more comparable in effort than in the
previous ones.

4) When f(z,y) = y* and (x,y) = (sinu,u?), u > 0, we get
8_f _ x 8f x—1 dz dy

=lny- A = = —Z = 3u?
p ny-y*, 3y xy o, du cos u, Ju 3u”,
S0
of de  Of dy
F’ = <L -4 L 7
(u) Ox du Oy du

{Iny - y“}cosu + zy* ' - 3u?

= In(u®) - u®S"% cosu + sinu - u3EM Y L 3y2

3sinu 3sinu—1

= 3lnu-u cosu + 3u sin u.
TEST. We get by insertion
F(u) = u*¥"" = exp(3sinu - Inu), u >0,
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hence
/ 3sinu L 3sinu 2sinu—1 _;
F'(u) =u {3lnu-cosu—|—35 sinu} =3Inu-u cosu + 3u sin u.
The two results agree. ¢
5) When f(z,y) = ye® and (z,y) = (Arctan(1l + u), e"), we get
of . of ., dz 1 dy

o U By_e’ du 14 (1+u)?’ du

hence
of de  Of dy
F’ - — 4+ = =
(u) dr du + Jy du
— el eArctan(l-',-u) 1 + 6Arc‘can(l-',-u) el

1+ (14u)?
1

= {1 + m} exp(u + Arctan(l + u)).
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TEST. An insertion gives
F(u) = etefiretan(itu) exp{u + Arctan(l + u)},

F'(u) = {1 + M} exp{u+ Arctan(l +u)}.

The two results agree. ¢
6) When f(z,y) =y sinz and (z,y) = (—u, V1 + u?), we get
of du_of dy
Oxr du Oy du

= ycosx-(—1)+sinz-

F'(u) =

u
V1+u?

= —V 1 —+ U2 . COS(—’U,) —+ Sin(—u) . %
u

= —\/1+u2-{cosu+usmu}.

1+ u?

TEST. By insertion,

F(u) = —v14u? - sinu,

U
—/1+u?-cosu — ———— -sinu
V14 u?

—/1+u?- {cosu—i— u smu}'

14 u?

!
—~
£

I

The two results agree. ¢

REMARK. From a pedagogical point of view it is very inconvenient that the usual method is easier
to apply in all cases than the chain rule. It is therefore here not very convincing that the chain rule
is a practical device in some situations, where the usual calculation becomes messy. The reader is
referred to Example 3.6, where the direct calculation is not possible, and yet the result can be

obtained by using the chain rule instead. ¢
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Example 3.2 Calculate the partial derivatives of the function F(u,v) = f(X(u,v)) by means of the

chain rule, i.e. without finding F(u,v) explicitly, in the following cases:

1) f(z,y) = 2%y, X(u,v) = (u+v,uv), where (z,y) € R2.

2) flz,y) =

T
Tty

, X(u,v) = (u? + v, 2uv), where (u,v) € R3.

3) f(x,y) = Arctan g, X (u,v) = (u? — uv + v2, 2uv), where (u,v) # (0,0).
x

4) f(z,y) = Arctan(z + y?), X(u,v) = (u,exp(usinv)), where (u,v) € R?.

)
5) flx,y) = xcosy, X(u,v) =1+ u?+v?- Arcsin u, where |u| <1 and v € R.
)

6) f(z,y) = zsinhy, X(u,v) = (vv,Inu+ Inv), where (u,v) € R3.

A Partial derivatives of composite functions by the chain rule.

D Set up the chain rule. Then differentiate in each case and insert. In spite of the text we shall

nevertheless check the result by using the traditional method in the test.

I The chain rule is written in two versions,

oF _ofor ofoy . OF _oroe ooy
ou  Or Ou Oy Ou ov  Ox dv Oy o’

where one should be very careful to insert the right coordinates. Whenever f and z and y are
present, we first calculate in the intermediate coordinates x and y, and then afterwards we put
x = z(u,v) and y = y(u,v). Therefore, in the rough workings we obtain a mixed result in which

both x and y as well as u and v occur. Then x and y are eliminated in the next step.

1) When f(x,y) = 2%y and (z,y) = X(u,v) = (u + v, uv), then

g:%fy og a—f:zQ

Ox Ay ’
and

o0 oy, oe_ o

du_  du R T
S0

oF 5

%:Zzy-1+x v =2(u+v)uv + (u+v)v = v(u+ v)(3u + v),
and

oF
8—:2my-1—1—562-u:2(u+v)uv+(u+v)2u:u(u+v)(u+3v).
v

TEST. We get by insertion
F(u,v) = (u+v)uw,
thus

oF

5 = 2(u + v)v + (u+v)%v = v(u + v)(3u + v),
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and
OF _ 2u(v—u)
o (utwv)d’
The results agree. ¢

Consider
f(z,y) = Arctan %, X (u,v) = (u? —uv + 02, 2u),  (u,v) # (0,0).

We first check that the composite function is defined (and of class C'°°, where it is defined).
Here we shall just check that « # 0 for (u,v) # (0,0). Now

2
w(u,v) = u® — uv + 0% = (u—%v) +§7é0 for (u,v) # (0,0).

Therefore, f(X(u,v)) is defined and of class C*° for (u,v) # (0,0).

In the calculations we shall need 22 4 y2 expressed by u and v. We see that
2?47 = (= +0v?)? + du®?
= ut + v + 0t — 2030 + 2u%0? — 2u0d + 4uPo?
= ut — 2030 + TuPe? — 2u0d + ot
REMARK. It is not worth trying the variant
u? + 03

—uv+ 0= —— for u # —v,
U+ v

z(u,v) = u?

because the following expressions are very complicated. ¢

Then by a calculation,

of _ 1 ( Y ) _ y of =
Ly TE T e T
T
and
Ox Oy Ox Jy
9T 9 _ 9 Mgy, Yoo
ou YT By s Ov VT By U
SO
L R R S 1 T Y Ve R
ou x2 + 92 2+ 32 ut — 2udv 4 Tu?v? — 2uv3 + vt
o 2u(—2u w +u? —uw +0?) 20(v? — u?)
ot — 200+ Tuv? — 2uud + vt ut — 2uBv + Tu2e? — 2ued + v’
and
or Y (20—u)+ T —2uv(2v — u) + (u? — uv + v?)2u
ov 2 + 72 2+ 32 u? — 2udv 4+ Tu?v? — 2uv3 + vt
2u(—2v2 + uv + u? — uv + v?) 2u(u? — v?)

ut — 2uBv + Tuv? — 2uvd + vt wt — 2uBv + Tu2v? — 2uvd + vt
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TEsT. We get by insertion that

2uv

u?2 — uv + v?

(1) Flu,v) = Arctan( ) = F(v,u),

thus
or . 20(u? — uv + v?%) — 2uv(2u — v)
ou }2 (u2 — uv + v2)2

1
+{u2uv+v2

2 —wv +v? = 2u? + wv) 20(v? — u?)

(u2 —uv +v2)2 +4u20?  ut — 2udv + TuZe? — 2uvd + vt

OF
Due to the symmetry of (1) we obtain rm by interchanging u and v.
v

The results agree. ¢
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REMARK. One may wonder why there is given no attempt to reduce the denominator
ut — 203 + Tuv? — 2uv® +v? as a product of factors u — av of first degree. The reason is that
a then must satisfy the equation

a* = 2a3 4+ 70> —2a+1=0,

of fourth degree and with + integers as coefficients. It can be proved that the only possible
1
rational roots must be of the form a = iI = 41, and it is easily seen that none of these

possibilities satisfies the equation. The problem is therefore to solve an equation of fourth
degree without any rational solutions, and such a procedure is not commonly known in Calculus

courses. ¢
3) When f(z,y) = Arctan(z + y?) and (z,y) = X(u,v) = (u,e"*™"), we get
of 1 af 2y
oo v @2 M oy T v @
and
%21, a—izsinv-e“in“, %: ; %Zucoszwe“sm”’
hence
o1 (u +162usinv)2 (14 2sinv - e207),
and
OF _ ! 0+ 2y L QusInY L ocn 2ucosv-e2uvsmv .
v 1+ (x4 y?)? 1+ (z+y2)2 15 (u 1t 2vsinv)2
TEST. We get by insertion,
F(u,v) = Arctan(u + e?“5"?),
hence
oF 1 + 2sinve2usiny oOF U cos p - e2usinv

= and

%_ 1+(u+e2usinv)2 %: 1+(u+62usinv)2'

The results agree. ¢

4) When f(z,y) = zcosy and (z,y) = X(u,v) = (V14 u? + v?, Arcsin u), it follows that the
composite function is defined and of class C* for |u| < 1 and v € R. Then,

—— = cos and g = —xsin
as well as
ox u y 1

du VIt uto? ou Vi—u?
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9z v Oy _,
o V1i+uZ+o2 o

We get accordingly,

OF  cos(Arcsin u)-u V14 u? 4+ v? - sin(Arcsin u) uyv1 —u? uyv1+u?+v?

du V14 u? + v? V1—wu? T Vit +0r Ji-a2
1 —u? 1+ u? + v?
1+ u?+ 02 1—wu?
and
OF  cos(Arcsin u) - v 1—u?
= +0=+v

o it to? 1+u? 402

TEST. We get by insertion,

F(u,v) = V14 u2+v? - cos(Arcsin u) = +v/1 4+ u2 + 02 - V1 — u2,

hence

oF uv'1 — u? uv1 4+ u? 4+ 02 \/ 1 — u? \/1—|—u2—|—112
_ —u _

%_\/1+u2+v2_ V1 —u? 1+ u2 + 02 1—u? ’

oF 1—u?
— = —.
ov 1+ u2 + 02

The results agree. ¢

and

5) When f(z,y) = xsinhy and (z,y) = X(u,v) = vv,Inv + Inv), (u,v) € R, then the compo-

sition of the functions is defined and of class C*°. From

g_£ = sinhy, Z_ch = x coshy,

and
oxr . o oy 1 or 5 0y 1
au_?’“”’ ou o w0 By v

follows that

1
— =sinhy - 3u?v 4z - coshy - —,
u

ou

and

F 1
— =sinhy-u® +x-coshy- ~.
v

ov

Since y(u,v) = Inu + Inv, we have

. 1 1 1 1
smhyzi Uy — — og Coshy:§ uy + — | .
uv uv
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Then by insertion,

oF _ 32 1 1 Lud 1 +1 1
ou w 2 u uv w 2 w uv n
_ 3 .39 L 39
= 3 v 2u+2uv +2u
= 2u3v—u,
and
oF 1 1 1
= = Z(w-=) -3+ 12(w+—=—) 1
ov 2 uv uv
1y, 1u2+1 4 +1u2
P R RIS T A
=

TEST. We get by insertion

1 1 1
F(u,v) = u’v - 12 (uv — —> = —uh? — 5 u?,

Uv 2
hence
oF oF
M =2 —u and £ = utv.

The results agree. ¢

REMARK. All these examples are very simple because they should train the reader to use a new
method. Unfortunately, in all the chosen examples the usual method is easier to apply; but there
exist examples, like e.g. Example 3.6, where the chain rule is the most efficient one. However, in
the previous two examples, Example 3.1 and Example 3.2 we must admit that the chain rule

is more difficult to apply. ¢

Example 3.3 [t can be proved that the differential equation

—=w2—|—u27

€ R,
du b

among its solutions has

w=X(u), u€eckR, where X (0) =1,
and

w=Y(u), ué€R, where Y (0) = 2.
Let

F(u) = f(X(u),Y(u),  f(z,y) =1l +ay?).

Find the derivative F’(0).

37
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A The chain rule.

D Since the functions X (u) and Y (u) cannot be found explicitly by elementary methods, we shall try
the chain rule instead.

REMARK. The non-linear differential equation above is a so-called Ricatti equation. Such equations
cannot be solved in general unless one knows one solution. It can be proved that the equation then
can be completely solved. Therefore, one usually says that the Ricatti equation can only be solved
by guessing. This is not true. There are some special cases, in which the Ricatti equation can be
completely solved without knowing a solution in advance. The considered equation is actually of
this type, but since its solution lies far beyond what can be mentioned here, we shall not solve it.

O

I First note that for zy? > —1,

o _ v and of _ 2wy
or 1+ xy? Oy  1+ay?’
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Then
dX dy
_ 2., 2 2., 2
T X(u)®+u® and T = Y (u)® + u”,

so when we apply the chain rule we get

Of dX  of dY _ P
Or du Oy du 1+ xy?
Y (u)?

= W {X(u)2 +u2} +

{X(u)2 + u2} + T —?—xjﬁ {Y(u)2 + u2}

2X (u)Y (u)
T X ()Y (a2 {Y(u)? +u?}.

Now X(0) = 1 and Y (0) = 2, so X(u)Y (u)? > —1 in an interval around u = 0, and F’(0) is
defined. We get the value by inserting the values of the calculations above.

2.1-2 4 4
{40+ 54+ 0=+ =4

’
F(0) 141- 5

1114

Example 3.4 Let u and w denote two functions in two variables. We assume that they fulfil the
differential equations

a%—ltuz—%, b%z—g—f, (2,t) € R?,
We also consider two C'-functions F, G : R — R, and we put

u(z,t) = F(z + ct) + G(z — ct),

w(z, t) =Y{F(z +ct) — G(z — ct)}.
Prove that one can choose the constants ¢ and v such that the differential equations are satisfied.
A System of partial differential equations.

D Insert the given functions and find ¢ and 7.

I By partial differentiation we get

%—Z} =v{cF'(z +ct) +cG'(z —ct)} = c{F'(z + ct) + G' (2 — ct)},

ow y ,

— =v{F'(z+ct) — G'(z — ct)},

0z
and

@—F%+®+G(—ﬂ

5, — L (z+c x — ct),

8’“’ / ! !/ !

5 =cF'(z+ct)—cG'(z—ct) =c{F'(z+ ct) — G'(z — ct)}.
It follows from the equation a 3_11) = —@ that

ot 0z

acy{F'(z+ct) + G'(z —ct)} = —{F'(z + ct) + G'(z — ct) }.
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Since F' and G are arbitrary, we get acy = —1.
Then it follows from the equation b % = _88_10 that
z

be{F'(z+ct) — G'(z —ct)} = —{F'(z + ct) — G'(z — ct)}.
Since F' and G are arbitrary, we get bc = —.

Then solve the system of two equations
acy = —1 and bc = —v

in ¢ and v for given a, b > 0 by eliminating v, i.e. —abc? = —1, and then accordingly

1
c=+—,
Vab

where we have chosen the sign +, such that ¢ > 0. If we instead choose the sign —, we interchange
F and G.

b
By the choices above of ¢ we get v = —bc = —\/j, thus
a

The system has the solutions

t t
u(z,t) = F (zb—|— \/—a_b) +Ci<2’— m) ) t
w(z,t) = —\/;{F (z—i— \/ﬁ) —G(z—ﬁ>}.
These solutions are valid for any C'-functions F, G : R — R.
REMARK 1. If F and G are of class C?, then the functions are solutions of the wave equation. ¢
REMARK 2. The reason why the example is placed here is that one latently applies the chain rule

in a very simple version when we calculate the partial derivative. However, this cannot be clearly
seen due to all the other messages in the example. ¢
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Example 3.5 Let P,(z,y,z) be an homogeneous polynomial of degree n in three variables. Consider
P, as a function of the spherical coordinates (r,0,¢). Prove by using the result of Example 2.2 that

oP,
" —nPp,
T 87“ n

A Homogeneous polynomial in R3.
D Apply Example 2.2.

I We have according to Example 2.2,

8&4_ 8&4_ ap”— P
¥ or y(“)y T, T i

Then notice that

ox 0
r— =r—{rsinfcosp} =rsinfcosp =x forr >0,
or or { g v
and analogously for the other rectangular coordinate functions, so
0 0 0
ra_f:a;, ra—i:% ra—i:z, for r > 0.

Then we get by the chain rule

raﬁ*ra—xa& T@aﬁ r%apnaz**x + +z——=nkP,
o ' or o or oy | orob, - Tar Yoy 9, i

Example 3.6 Given the functions
X(u)=(2+u), u>-2, and f(z,y)=1yv%", (z,u) <€ R?
and a C*-function Y (z), x € A, of which we only know that
0eA Y (0) =, Y'(0) = 2.
Considering the composite function F(u) = f(X(u),Y (u)) we shall find the derivative F'(0).
A Determination of a derivative, where we apparently are missing some information.
D Analyze the chain rule.
I We get by the chain rule

of dX ~of dY 4, 1 9 3
Or du Oy du YV ° 2+u+3ye Yi(w)

- YW (2+u)- 2% L3V ()2 (24 u) Y (u)

= Y +3Y(u)? - Y(u)-(2+u).

F'(u) =

Putting u = 0 we get
F'(0)=Y(0)® +3Y(0)-Y'(0)-2 =7° +6x2 -2 = 7% + 120% = 72(12 + 7).
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Example 3.7 . Find the derivative of the function

sin u cos u
F(u) = Arcsin | —— |, u€eR
() (\/2+coszu>

by putting F(u) = f(X(u),Y (u)), where
x
f(x,y) = Arcsin <—> .
(z,y) NG
A The chain rule.
D Identify X (u) and Y (u), and use the chain rule.

I We shall clearly choose

= X(u) =sinu-cosu, and y=Y(u)=2+ cos’u.

Brain power

By 2020, wind could provide one-tenth of our planet's
electricity needs. Already today, SKF’s innovative know-
how is crucial to running a large proportion of the
world's wind turbines.
Up to 25 % of the generating costs relate to mainte-
nance. These can be reduced dramatically thanks to our
stems for on-line condition monitoring and automatic
ication. We help make it more economical to create
eaper energy out of thin air.
our experience, expertise, and creativity,
industries ca st performance beyond expectations.
Therefore we'need the best employees who can
eet this challenge!

Tﬂf Power of Knowledge Engineering

'-r?a-.i

Download free ebooks at bookboon.com

42


http://bookboon.com/
http://bookboon.com/count/advert/0d9efd82-96d7-e011-adca-22a08ed629e5

Calculus 2c-2 The chain rule

First calculate

d
& _ cos?u — sin? u = cos 2y,
du
d
—y:—2sinu~cosu=—sin2u,
du
together with
of 1 I 1 B 1 B 1
Ox ) 22 VY \/:U—332 \/2+0032u—sin2u~c052u V2 + costu’
Y
and
of 1 ( 1 =z >_ x 1 _ sinu-cosu 1
Oy 22 2y /Yy 2y \/y — a2 4+42cos?u /2 costu

1- =
Y

Then by the chain rule

af dx Of dy
F’ - L. .= 2 Y
(u) Oxr du + Jy du
cos?u—sin®u  sinwcosu 1 .
= (—2sinucosu)

V2-+costu C4+2cosu V2+costu

1 .
= —— {cos? u—sm2 U+

V2+costu

2sin? ucos? u
442 cos?u

1 9 2sin u
= ————=1cos"u— ——— ;.
V2 + costu 2+ cos?u
C By the traditional calculation we get

1 cos?u —sin®u 1 sinwucosu - (—2sinwucos? u) }

F'(u) = Z
’ \/1 Sin2u0052u{ V2 + cos?u 2 (2 + cos? u)V/2 + cos?u

2+ cos?u

1 ) o sin? u cos? u
= 5 COs™ U — SIN" U + —————5—
\/2+cosgu—sin u cos? u 2+ cos“u
1 9 . 9 —2 — cos? u + cos®u
= —=qcos"u+sm-u- 3
V2 4 cos? 2 4 cos®u

1 9 2sin’ u
————— COST U — ————— .
2+ costu 2+ cos? u

The two results agree.
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4 Directional derivative

Example 4.1 Find in each of the following cases the directional derivative of the given function
f:R3 — R in the point given by the index 0 in the direction of the vector v.

1) f(z,y,2) =z + 2xy — 3y?, (z0, Y0, 20) = (1,2,1), v = (3,4,0).
2) f(z,y,2) = ze® cos(my), (xo,Y0,20) = (0,—1,1), v=(-1,2,1).
3) flx,y,2) =22+ 2y? + 322, (v0,¥0,20) = (1,1,0), v = (1,—1,2).
4) f(x,y,2)

A Directional derivative.

(
(
(
( =uxy +yz + 22, (o,Y0,20) = (1,2,3), v=(1,1,1).

D Insert into the formula

v v
£ (%) = i,
V| M
where we must remember to norm v.

I 1) Here,

Viy)=1+2y2x-6y) and |v]=32+42=35,
SO
1

f'((m);(g,%)) - %(3,4)-(1+4,2—12):5(3,4).(5,—10)
(3,4) - (1,-2) = —5.

2) Here,
v f(z,y,z) = (ze” cos(my), —mze® sin(my), e” cos(mz)) ,

and |[v|=+I+4+1=16,s0
(0. —1.1): - (— - 1 (16 (1.0 —
f ((07 171)7\/6( 1,2,1)) = \/6( 1,2,1) - (1 (-1),0,-1)
1 9 _
P ro-13 =0
3) Here
Vf(xayvz) = (2x,4y,62) and |V| = \/67

S0
/ L _ L 19, Loy 2 __ )2
P (0008 Jx1,-1.2)) = 112 24,0 = 24 =~ = 3

4) Here
Vi@y,2)=@y+zotzety)  and o |v[=V3

S0

, 1 1 12
f ((17273)3 ﬁ(lv L 1)) =5 2T+ Y+ 2 (ey2)=1,2,3) = B 4v/3.
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Example 4.2 Find in each of the following cases the directional derivative of the function f at the
point given by the index 0 in the direction of the point given by the index 1.

1) f(z,y,2) = zyz + % + % + % defined for xyz # 0 from (zo, Yo, z0) = (1,—1,1) to

(z1,y1,21) = (3,1,2).
2) f(x,y,z) =223y — 3y?z defined in R3 from (0, yo, 20) = (1,2, 1) to (z1,y1,21) = (3, —1,5).
3) f(x,y,2z) = zIn(1 + e¥?) defined in R® from (xq,v0,20) = (1,1,0) to (w1,91,21) = (0,0, —1).
A Directional derivative.
D Calculate 7 f(xo, Yo, 20) and find the unit vector e.
I 1) Here

1 z T 1 Y 1
Vf: yZ+———2,$Z——2+—,Z‘y——2+— )
Yy oox y z z T

SO
vfl,-1,1)=(-1-1-1,1—-1+1,-1+1+1) = (=3,1,1).
Furthermore,
v=(31,2)1,-1,1)=(221), where|v|=22+22+12=3,
SO
f! ((1, —1,1); é(?,?, 1)) = %(2,2, 1)-(-3,1,1) = %{—6 +24+1}=—1.
2) Here
Vf = (62%y,22° — 6yz, —3y?),
SO
vf(1,2,-1)=(6-1%-2,2-6-2-(-1),-3-2%) = (12,14, -12).
Furthermore,
v=(3-15—(1,2-1)=(2,-3,6), where|v|= 122 +32+62="1,
SO
f ((172, —1); %(2, —3,6)) = ;(2, —3,6) - (12,14, -12) = %{—48 — 42} = —?.
3) Here

= [ In(1 yz IR
Vf (n( +e )’1+6yz71+€yz

xze¥*  xyeY? )
b
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SO

1
Vf(1,1,0) = <ln2,0,§>.

Furthermore,

v =(0,0,-1) = (1,1,0) = (=1,—1,—1),  where |v| = V3,

SO
1 /1
1 _ = (Z4+1n 2> .
f! ((1, L0); —Z=(=1,~1, 1)) V3 <2
[ ] [ \"
Are you considering a N
o openhagen
European business degree? Tl
LEARN BUSINESS at university level.  MEET a culture of new foods, music ENGAGE in extra-curricular activities
We mix cases with cutting edge and traditions and a new way of such as case competitions, sports,
research working individually or in studying business in 3 safe, clean etc. — make new friends among cBs’
teams and everyone speaks English. environment — in the middle of 18,000 students from more than 80
Bring back valuable knowledge and Copenhagen, Denmark. countries.
experience to boost your career.
Accredited by
EQUIS @ Zéfsﬁnoaﬁuon C/ CEMS p LM
See what we look like °
and how we work on cbs.dk

Download free ebooks at bookboon.com

46


http://bookboon.com/
http://bookboon.com/count/advert/2f6fa854-3867-4bb6-892a-9fb800b9d043

Calculus 2c-2 Directional derivative

Example 4.3 Given the function
1 . 9
f(z,y,2) = Arctan ( x + = ) +sinh (2* — 1), y < 0.
Y

Find the direction in which the directional derivation of f at the point (1,—1,1) is smallest, and
indicate this minimum.

A Directional derivative.
D First calculate v/ f(1,—1,1). Then conclude that the direction must be

__vf
(Rvaill

I We get by differentiation

hence

vf(1,-1,1)=(1,-1,2)  where | v f(1,—1,1)] = V6.

Using the direction

1 v, =11

o _%(1,—172) T Iv /@=L

we get the directional derivative

_ || V f(17 _17 1)”2 —

(-1 1se) = e v/l —11) = Il 0,1, 1)) = VB,

Example 4.4 Let f be a C*-function of two variables. We sketch from a fived point (xq,yo) in any
direction the corresponding directional derivative of f at the point (xo,yo). Prove that we by this
procedure obtain two circles which are tangent to each other at the point (xg, o), and find the centres
of these circles.

A “Theoretical” example concerning the directional derivative.

D Without loss of generality we may assume that (zg,yo) = (0,0). Calculate
f'(0;e)e  or |f/(0;ele

for every unit vector e.
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Figure 22: The sketched diameter is 57f(0,0).

I We can obviously assume that (zo,y0) = (0,0).
Then let

w10 = (5105 0)) = .

Any unit vector can be written in the form

e(p) = (cos ¢, sin ), @ € [0, 2],

SO

(2) f'(0;e(p))e(p) = (acosp + bsinp)(cos p,sin @) = (x(), y (),

where
1
x((p):a0052<p+bsincpcos90=§{aC082¢+bSin2<ﬂ}+%
and
. .2 1 : b
y(p) = asingpcos + bsin® p = 5{asm2cp—b605290}+§'
Hence
ay? AR 2
_Z ——% == b2
fotor- 5} +{utor -5} = jt@ e,

and the centre lies at the point
a b 1
Z 2 = = 0
<2, 2) 5 V f(0),
o1
and the radius is §| v f(0)].

We have above calculated the signed directional derivative. If we instead interpret(2) as

1'(0s () le(s),

then we obtain the cirle which is the mirror image in 0.
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Example 4.5 Find the directional derivative of the funkction
flz,y,2) =yV1+2222  (2,y,2) € R’

at the point (v/2,1,2) in the direction towards the point (v/2,2,2 + /3).

A Directional derivative.

D Find the unit vector in the direction and apply the formula of the directional derivative.

I The direction is

v=(v2,22+V3) - (V2,1,2) = (0,1,f>—2< ;f)

V3
2

1
hence ||v|| =2, and e = (0, 2 > Then the directional derivative is

30
(f,1,2)+£—f(f,1,2)
Vi ”222} +§ {%}

(v/2,1,2) 2 V142222 (V2,1,2)

V3 2:1-2 3 2V/3 9443

VIid2 4+ 220 =2 =24 0
2 Jitz2-.4 2 3 6

Example 4.6 Given the function
flz,y, 2) =22 + 2%z + xy’z2, (z,y,2) € R®.
Find (7f)(1,-1,2), and then the unit vector e, for which
f((1,-1,2)e)
is as large as possible.
A Gradient and directional derivative.
D Just calculate.
I The gradient is
V= 2+ Pz 4yz + 20y, 297 + xy?),
hence

(V)(1,-1,2) = (2+ (=1)%-2,—4-24+2-1(=1)- 2,2+ 1) = (4,-12,3)
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where the maximum is
|7 f(1,-1,2)|| = V16 + 144 + 9 = V169 = 13 = f/((1,—1,2);e)

attained for

4 12 3
e=|—,——=,—|.
137 13713
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5 Partial derivatives of higher order

Example 5.1 Find in each of the following cases the first and the second differential for the function
f at the point which is indicated with the index 0.

1) f(z,y) = wexp(y® — 1) in R? from (zo,y0) = (1,1).

2) f(z,y) = Arctan(z +y) + In(1 4+ z) for x > —1 from (xo,y0) = (0, 1).
3) f(z,y) = (2 +y*)In(2® +y?) in R\ {0} from (zo,50) = (0,1).

4) f(zy) = a2 +y? i R2\ {0} from (z0,90) = (3,4).

A First and second differential.

D First calculate the partial derivatives.

I Tt is obvious that f(z,y) is of class C*° in the domain in all four cases.

1) The partial derivatives are here

of 9 of 9
3 = exply” - 1), 9y 2zyexp(y” — 1),
o*f o*f _ o0*f 2
ZJ = =2 —1
dx? 0 0zdy  Oydx Texply )
2
g—yj; =2zexp(y® — 1) +day? exp(y® — 1) = 22(1 + 2y%) exp(y* — 1),
$0
df(1,1),h) = Vf(1,1) - h = (1,2) - (hg, hy) = hy + 2hy = “dz + 2dy”
and
o2 f o2 f o2 f
2 ) _ o7 2 o r 2
AR = G DR+ 25 (L) hahy + 55 (1 1) b
= 0-h}+2-2hghy +2(1+2)R
= dhghy + 6k = “ddzdy + 6(dy)*".
2) Here
of _ 1 1 of 13
8—:10_1Jr(:v+y)2+1+ac7 8?(071)_24_1_2’
of _ 1 of 1
Jy 1+ (z+y)? ay(o’l)*z’
Br_ ery 1 @2
0z {1+ (z+9y)?22 (1+x)2 o2 "7 22 2
2 2
ﬁay:,M’ o°f (071):f17
oz {1+ (z+y)?%}? dx0y 2
Br_ ey 2l L
o2 {1+ (z+y)?2}?’ o2 2
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Then by insertion,

3 1
A0 sk) = S+ Sy = ¢

and
d?f((0,1);h) = —= h2 — h,h,
3) Here
0
3_ch = 2z In(z? 4+ y?) + 2,
0
6_5 =2ylIn(z* + ¢*) + 2y,
0% f 42
@ = 2ln(x2 +y2) + m
0% f ~day
0xdy a2 +y?’
a2f 4y2
8—y2 = 2111(3:2 +y2) + W
We see that

df((0,1);h) = 2h, = “2dy”

and

o*f

0 f

Way(ovl) =0,

9% f
5,200 =6.

d?f((0,1);h) = 2h3 + 6k, = “2(dz)® + 6(dy) .

4) Here

of _ r ﬁ(g 4) = 3

ox B A /1’2 + y2’ ox ’ 57
L U a=1

ay ;1;2 + y27 ay ’ 5’

o*r ! _ — v ﬁ(g 4) = 16
N N O N OV R C )
*f Ty *f (3,4) = 12
9xdy (a2t )3 drdy 1257
52_f _ a? ﬁ(g, 4) = 9
oy (Va2 + y2)? oy2 " 1257
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hence
3 4 4
h [ = h o« = 9
df((3,3);h) 5hx+5 y 5d:c+5d ,
and
16 24 9
2 ) — 2 _ = p2
d°f((3,3);h) = 125 hZ 125 hahy + 5 hy.

Example 5.2 Let the function f : R? — R be given by

3
flx,y) = ﬁyyz’ (z,y) # (0,0),

0, (z,y) = (0,0).
1) Prove that f has partial derivatives of first order at every point of the plane.

2) Prove that the mived derivatives fy, and f,), both evist at the point (0,0), though
2y(0,0) # £,/,(0,0).

3) Find fy,(x,y) for (z,y) # (0,0), and prove that this function does not have any limit for
(z,y) — (0,0).

A Partial derivatives of first and second order.

D Discuss the existence of f; and f;; then calculate f;/ (0,0) and f,.(0,0) at the point (0,0). Finally,

caleulate f;/ (7,y) in general and switch to polar coordinates.

I 1) When (z,y) # (0,0), we see that f(x,y) is a quotient of two polynomials where the denominator
is > 0. Accordingly the partial derivatives of f(z,y) exist of any order when (z,y) # (0,0).
We get for (x,y) # (0,0) that
aof ¢ 22%°  yPyP —2?)

o 22 + 42 o (22 + y2)? - (22 + 12)?
and
of 3xy? 20y ay? (32 +97)

Ay a4y (22 +92)?2 (224 y?)?

We find at (0,0)

f(l‘,O) —f(0,0) =0= f(oay) _f(0a0)7
so we conclude that

of _of _
5.(0.0) = a—y(0,0) =0.

Summarizing we see that the partial derivatives of first order exist everywhere in R2.
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2) Then it follows from the expressions of of and 9f that
oz dy
of of Y
al'(o’y) 8.’,8(0’0)_ y4 0_y7
and
of of

5, (720 = 5. (0.0 =0.

We conclude that

92 f B af af oy

dzoy 00 = limy y{@ (© ’y)_£(0’0)} =l =1
and

a2f . 1faf of _
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so both
0% f 0% f
920y (0,0) =1 and By (0,0) =0

exist and yet they are different.
3) It follows from 1) that

of _y’y* —a*) _ y° —y’a?
or - (x2+y2)2 - (x2+y2)2’

SO
0% f 5y — 3y2a? 2y
= 2 e 2 7 23~(y5—y3x2)
0xdy (22 + y?) (22 + y?)
2 4
Y 2 2 4y 2 2
= 523t (2 —a?).
(x2+y2)2(y @) (@2 + 42)° (y" —2%)

When we switch to polar coordinates x = pcos g, y = gsinp, we get

2 2
0 sin” ¢ )
foy(zy) = T(5Q2 sin? ¢ — 30% cos? ) —

o*sin ‘P(

4

0%sin? ¢ — o2 cos® )
08

= sin? p(5sin? ¢ — 3cos? ) — sin? p(sin? ¢ — cos? @)

2

1—cos2¢\°
sin? ¢ <4 sin? ¢ —4 cos? p+sin? p+cos? p+ (J) cos 2@)

1
= sin®y (4cos?gp+ 1+ 1 {1 72c0s2<p+c0522<p} cos?gp) .

This expression is not constant in ¢ (the latter factor is a polynomial of third degree in cos 2¢),
hence the limit does not exist when ¢ — 0, and there are no further conditions on ¢.

Example 5.3 Find in each of the following cases the partial derivatives of first and second order of

the given function f : R? — R.

1) f(z,y) = sin(a?y?).

2) [f(x,y) = sin(cos(2z — 3y)).
3) fla,y) = v/1+a%+2

4) fz,y) =In(1 + cos®(zy)).
5) f(z,y) = exp(z + zy — 2y).
6) f(z,y) = Arctan(x — y).

A Partial derivatives of first and second order of C*°-functions.

D Differentiate.

55
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I 1) When f(z,y) = sin(2?y?), then

% = 22y% cos(x?y®) and % = 32%y? cos(2?y?),
whence

@ = 2y3cos(x?y?) — 42yl sin(2%y?)

Ox? ’

0? 0?

33:(;; Bygx = 6292 cos(z2y3) — 623y° sin(z2y?)
ﬁ = 622y cos(z?y?) — 92ty sin(2?y?)

oy y y y y3).

2) When f(z,y) = sin(cos(2z — 3y)), then

of
Ox

of

— = 3sin

dy
whence

0% f

0a?

92 f

= —2sin(2z — 3y) - cos(cos(2x — 3y)),

(22 — 3y) - cos(cos(2z — 3y)),

—4 cos(2x — 3y) cos(cos(2x — 3y)) — 4sin?(2x — 3y) sin(cos(2z — 3y)),

2
07 = 6 cos(2z — 3y) cos(cos(2z — 3y)) + 6sin®(2z — 3y) sin(cos(2x — 3y)),

0zdy
0% f

0y?

dyox

—9cos(2z — 3y) cos(cos(2x — 3y)) — 9sin?(2x — 3y) sin(cos(2z — 3y)).

3) When f(z,y) = /14 22 + 32, then

of T of y
O 1+a22+y2 Oy  \T+a2+y2
whence
ﬁ N 1 - 22 1—|—y2
Oa? Vita2 42 (V1+22+y2)3  (V1+22+y2)3
2f  Bf  ay
0xdy Oyoz (V1+ 22 +y2)3
#r e
0y? (V1+ a2 +y2)3

Download free ebooks at bookboon.com

56


http://bookboon.com/

Calculus 2c-2 Partial derivatives of higher order

4) When f(z,y) = In(1 + cos?(xy)), then

of _ 2ysin(zy)cos(zy) _ ysin(2zy)
or 1+cos?(zy) 1+ cos?(xy)’
of _ 2wsin(ay)cos(zy)  wsin(2axy)
oy 1+cos?(zy) 14 cos?(xy)’

and accordingly

f  _ 2y*cos(2zy) ysin(2xy)
ox? 1+4cos?(zy) {14 cos?(zy

T {—2cos(zy) sin(zy)}y

(cos?(zy) — sin®(zy)) (1 + cos?(zy)) — 2sin?(zy) cos?(zy)

= —2°
4 {1 + cos?(zy)}?

g 5 cos?(zy) + cos (zy) — sin®(xy) — 2sin’®(xy) cos? (zy)
Y {1+ cos?(wy) )2

o —2cos?(xy) + 4 cos* (zy) — sin®(zy)

= W {1 + cos?(zy)}?

1+ cos?(zy) — 4 cost(xy)
T teor @)l

Due to the symmetry in x and y we by interchanging the letters

= 2y2

O*f . o1+ cos?(xy) — 4cost(zy)

o T (T o (ay))?

Finally,
o*f  o*f sin(2zy) 2xy cos(2xy)
oxdy  Oydr 14 cos?(xy) 14 cos?(xy)

x sin(2zy) )
[+ cos(ay)y? 2oty sinten) v}

sin(2xy) + 2xy cos(2xy) xysin?(2zy)

1+ cos?(zy) B {1+ cos?(zy)}?’
5) When f(z,y) = exp(x + zy — 2y), then
g_i = 14y exp(zx+ay—2y)=1+y)f(z,y),
% = (z—2)exp(z+ay—2y) = (z—2)f(z,y),
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Calculus 2c-2 Partial derivatives of higher order

whence
0% f ) )
2 = (Hy)fley) =1 +y) exp(z +ay - 2y),
0? o2
f%fgy B 8yc§x =1 f(z,y) + A +y)(@ - 2)f(z,y)
= (r+zy—2y—1)exp(z + 2y — 2y),
o2 f , ,
a7 (x —2)?f(z,y) = (v — 2)* exp(z + 2y — 2y).

6) When f(z,y) = Arctan(z —y), we get

of 1 of b
Or 1+ (x—-y? 0y 14 (z—-y?¥
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Calculus 2c-2 Partial derivatives of higher order

hence
af _ 2e—y)
Ox? {1+ (z—y)2}?’
o*fr  0*f 2(z —y)
dxdy ~ Oydr 1+ (z—y)2p?
*f 2(z —y)
y? {4 (@ -y

Example 5.4 Prove in each of the following cases that the given function f satisfies the given dif-
ferential equation everywhere in its domain. In some of the cases there occur some constants o, 3, v;
check if these can be chosen freely. Notice that the variables are not x, y or z in all cases.

1) Prove that the function In \/x2 + y2, defined in R? \ {0}, fulfils the differential equation

0*f  0°f
@‘f‘a—yz—o.

2) Prove that the function e** cos(ay), defined in R?, fulfils the differential equation

o*f  0°f
@-ﬁ-@—yg—o.

3) Prove that the function e~t(cosz + siny), defined in R®, fulfils the differential equation

or s, o
ot 0x2  0y?’

4) Prove that the function sin(ax) sin(By) sin(y\/a2 + 32 t), defined in R3, fulfils the differential equa-
tion
1 9°f 9t  0°f

~2 Ot2 T o2 oy’

1
5) Prove that the function ————— defined in R3 \ {0}, fulfils the differential equation

/$2+y2 +22

0rf 02 2*f Pf
822 | Oy? | 922
2

! > defined for t > 0, fulfils the differential equation

6) Prove that the function t* exp ( m

4308
ot~ or or
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A Partial differential equations.

D Differentiate the given function and put it into the differential equation.

1
I 1) When f(z,y) =Iny/a? +y% = iln(x2 +9?), we get

of __x 9 _ v
ox  x2+y2’ oy a2 +y2’
hence
*f 1 20 y?—a? P
022 22442 (22 +y2)2 (22 +y2)?’ Dy
Then by insertion
Of P pest s
or2 y? - (w2+y2)2 (x2+y2)2 -
and the equation is fulfilled.
Here
0 . 0 :
8_£ = ae™” cos(ay), a—g = —ae* sin(ay),
and
2 2
% = a?e®® cos(ay), g—y‘é = —a?e® cos(ay).

Then by insertion into the differential equation

0? 0?

8—13]; 8—yJ; = a? {e*” cos(ay) — e*® cos(ay)} = 0.
The equation is satisfied, and we can choose any a.
Here

0

8_{ = —e !(cosx +siny).

Then

& =—elcosz o ﬁ = —e 'sin

83’:2 - g 8y2 - y?
and the differential equation is fulfilled
Here

Lo @+ e

72 8t2 - 7y7 9
and

O f ) 0% f >

@:_a f(‘ray7t)a a—yzz_ﬂ f(xvyat)v

22 — 2

- (x2 4 y2)2'

60
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6)

and the differential equation is fulfilled.

1 2
We must require that v # 0. Notice that when v = 0, then f(z,y,t) = 0, while — % is not
y
defined.
1
When f(x,y,2) = —————, we have
Vaz+y? 4+ 22
g o T
or (2242 + x2)3/2’
and
0% f 1 32 202 — 9% — 22

0x2 (a2 +y2 + 22)3/2 + (22 + Y2 + 22)5/2 (22 + % + 22)5/2°

Due to the symmetry we get by interchanging the letters

Pf —at42y? 22 O2f  —a? —y? 4222
oy? (22 + y2 + 22)5/2° 022 (22 + 42 + 22)5/2’

thus
L ) 202 —y?— 22 —?+2y%—22 —? —y? 4222

0x2 " 9y? 022 (22+y2+22)5/2  (224a2+22)5/2 ' (224 +y2+22)5/2

The equation is satisfied.
2

When f(r,t) = t*exp (—%), we get

8f tozfl T2 + toc 7,.2 T'2 tozfl + 1 2t0472 7“2
— =« exp | —— exp|—— | - —5 =1« —r exp | ——
ot P\Tx PUT% ) a2 4 PAT )

and accordingly

of 1 _ r?
29/ _ 2a-1 | 1 da-2 L
(3) r o {art +4Tt }exp( 4t)'

Furthermore,

SO
af _ r?
20/ _ _1ia-13 o~
r ar 2t r exp( 4t>
and
d [ ,0f 3 1, 2 2,02 °
= ——t* —— —ret® ——
or ( 6r> "exp 4t + 4 " P 4t
3 1 2
4 — _ Y4012 = pdpa—2 o
(4) { 2t 7“+47“t }exp( 4t>
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3
By comparison we see that (3) and (4) only equals each other when o = — 3 corresponding to
the fact that only

2
f(rt) =t 2exp <_Z_t) , t >0,

of the given set of functions are solutions of

SO0 (08
ot Or or )’

Try this...

The sequence 24,6 810 12,14,16,... 1S

(TL\?, SCC?U@,V‘.CQ O»,[ evén u)i/to|e_ V]Umlge,rj‘ TLIG,

¢
IOO'Hn ,OIOC{—: N HHS Z)ficluamce kY ane, lr’lu*fh!per‘... .
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Example 5.5 A C?-function f in two variables satisfies the partial differential equation

oF _F
ox2  oy2

Introduce the new variables w = x + vy and v = x — y, and prove that the function

U+v u—0v
fu =1 (5150

fulfils the equation

g
oudv

Furthermore, prove that it follows from

Of  9:f

922 T oy 70
that

0%g 0%

52 a2 =

A Transform of the variables in partial differential equations.

D Follow the given guidelines.

I When
u+v u—v U+ U—7v
e I

then

O 50~ 9r @0 "oy v 20r 20y

dg Oof Ox of oy 10f 10f 1([of Of
5{63: 8y}

hence

g 10 0x 10 oy 1[99 9f\ _
udv 2022 du 2 0y2 Ou 4| 022 oy [

using the assumption.

Assume that

9% f  O2f
502 T g = 0.

We perform the following calculation

o9 _0f ox 0f oy _1fof of)
ou Or Ou Oy ou 2\ 0z Qy

63
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thus
Pg _ L[Of Oz Of Oy Of 0w O°f Oy
ou? 21022 Ou  Oydxr Ou  Oxdy Ou  Oy? Ou
RN A AN
4] 022 0xdy  0y? | 2 0xdy’
Finally, we get from (5.5)
Po _ L[Rf or 5 oy 0F or 0
oz 21022 v Oydxr v Oxdy Ov  Oy? v
S Vi PG SN A S W
4| 022 oxdy 0y | 2 0x0y’
so by adding,
0%g 0%
ouz o

This is a well-known trick in the theory of partial differential equations.

s ebook 1s prooucen with iText®
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Calculus 2c-2 Taylor's formula for functions of several variables

6 Taylor’s formula for functions of several variables
Example 6.1 Given the function
flx,y) = exp(x +ay —2u),  (w,y) € R%

Find the approzimating polynomial of at most second degree P(x,y) and Q(x,y) from the points of

11 11
expansion (0,0) and (1,1) respectively. Calculate the values P (57 5) and Q (57 5) ; compare these

11
with the value f (5, 5) found on a pocket calculator.

A Approximating polynomials.
D Differentiate and apply a formula.
I For f(x,y) = exp(z + zy — 2y) we get

of of

o (1+y)exp(z + zu — 2y), oy (v —2) exp(x + zy — 2y),
and

82

3—;20 = (1+y)*exp(z +zy — 2y),

0? 0?

axéfy = ay(;;:($+l‘y—2y—1)exp(af+xy—2y),

0% f

a7 = (z—2)%exp(z + zy — 2y).

1) When the point of expansion is (0,0) we get the coefficients
£0,0) =1, f(0,0) =1, £,(0,0) = -2,
Fr2(0,0) =1, f7,(0,0) = f5,(0,0) = =1, f,(0,0) =4,
and accordingly,
Plz,y) = f(0,0)+ £1(0,0) -z + £,(0,0) -y
5 {700,027 4 2£2,(0,0) -y + £7,(0,0) -7}

1
= 1—|—x—2y—|—§:1:2—xy+2y2.

ALTERNATIVELY,

1
exp(t):1+t+§t2+~',
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so if we write ¢ = x — 2y 4+ xy and include every term of higher degree than 2 in the dots, we
get

1
exp(e + oy —2y) = 1+ {z = 2+ oy} + S{o — 2y +ay}* + -

1
:1+x—2y+my+§(2—2y)2+~--

1
:1+x—2y+my+§x2—2xy—|—2y2+--~

_ _ Lo 2
=1+ 2y+233 Ty + 2"+

As mentioned above the dots indicate the terms of higher degree than 2. We get the wanted
approximating polynomial by deleting the dots, i.e.

1
P(;v,y):1+x—2y+§x2—xy+2y2.

2) When the point of expansion is (1,1) we get the coefficients
f(]-v]-)zla f:,c(]-v]-)ZQv f:;(]wl):_]-v

;:lx(l’ 1) =4, glc/y(L 1) = gl//a:(lv 1) =-1, fg/;/y(la 1) =1,
SO

Qx,y) fAN+ £, 0@ = 1)+ fi(L 1Dy — 1)

I = 17 4 72,01 @ = 1)y = 1)+ 3 i (L 1)y — 1)

1+2(x—1)—(y—1)+2(m—1)2—(m—l)(y—l)—k%(y—l)?.

REMARK. The variables in Q(z,y) ought to be (x — 1,y — 1) and not (z,y). The reason is
that the approximating polynomial Q(z,y) supplies us with the best approximation in the
neightbourhood of the point (1,1), which means that for numerical reasons should not expand
from the fairly distant point (0,0). ¢

The polynomial can also in this case be found alternatively. Since the point of expansion is (1, 1),
we introduce the new variables (h, k) = (x — 1,y — 1), which are small in the neighbourhood of
(1,1). Hence, (z,y) = (h+ 1,k +1). Then

exp(z +ay —2y) =exp(h+1+ (h+1)(k+1)—2(k+1))
=exp(l+h+1+h+k+ hk—2—2k) =exp(2h — k + hk)

1
:1+{2h—l~c+hk}+5{2h—k+hk}2+-~-
1
:1+2h—k+hk+§(2h—k)2+---
1
:1+2h—k+hkz+2h2—2hk+§k2+---,
where the dots as usual indicate terms of higher degree. Thus

1
Qz,y) = 14+2h—k+20% —hk + o k?

L4200 = 1)~ (y = 1)+ 2~ 1P~ (= )y~ 1)+ 5y~ 1
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3) We evaluate

1 2 2
P(32) = h et e ()
= 1+——1+%—i+%=g:07875,
and
1 1 2 2
o(3d) = () (D= (- (DD
= 1—1+%+%—%+%=g=0.875.

Finally, we get by using a pocket calculator

11 1 1 1
f <§7§> = exp (5 + 1 1> = exp <_Z> ~0,779.

The approximations have a relatively large error (approx. 12 %). This is caused by the fact

11
that the point (5, 5) is fairly distant from both points of expansions.

Example 6.2 Let f € C?(A), where A is an open subset of R%. Prove that for (z,y) € A and |h|
sufficiently small,

4h2f;/y(xay) = {f(x+h,y+h)+f(x—h,y—h)—f(:r+h,y—h)—f(x—h,y+h)}+€(h),

h
where E;(L_z) — 0 for h — 0. When we neglect e(h) we get an approzimative expression of f; (v,y),

which can be applied in numerical calculations.
! 1"

Set up analogous formule for [, (x,y) and fy, (z,y).

A Approximating polynomials.

D Calculate the approximating polynomial for f(x + h,y + k). Replace (h, k) by (£h,£h) (all four
combinations) and compare.

I We know already that
1
f@+hy+k)=f+fo-ht fy-k+ 5 {flh® + 2f] bk + f,k°} + e(h, k),

where e(h,k)/(h? + k?) — 0 for (h,k) — 0, and where we have used the shorthand f, f., etc.
instead of the total expression f(z,y), f.(z,y), etc. in all details.

By successively replacing (h, k) by (h,h), (—h, —h), (h,—h) and (—h, h) we get

1 1
Flthy+h)=f+fo b fyht o [l 2+ 02+ S fy, - b2 +e(h),

1 1
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1 1
f(x+h,y—h)=f+f;~h—f{,-h+§f;'z~h2—f;@,-h2+§f{,’,u,-h2+€3(h),

1 1
gi(h)

h2

where — 0 for h — 0.

It follows that

=0-f40-fo-h+0-f,-h+0-fl -h*>+4fl -h*>+0-fI -h>+e(h),

hence by a rearrangement
AfY (z,y)h® = {f(z+h,y+h)+ fla—h,y—y)— f(x+h,y—h)— f(x—h,y+h)}+e(h),

h
where % — 0 for b — 0, and the claim is proved.
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REMARK. This formula is useful in numerical calculations of f}! (z,y), when we know the values
of f(x +mh,y+nh), m,n€Z. O

If we instead put k = 0, we get

Pl hoy) = Fay) + Fale g+ 5 flala,y)h® + e (h),

Flo = hy) = Fles) — Foleyh 5 flala )b + ea(h),
hence by adding,

fla+hy) + flz = hy) =2f(2,y) + fu(,y) - B + <(h),
and by a rearrangement,

W12, ) = LG+ o) = 27 0) + f(z = b)) + ().
Analogously,

W2 f4,e,) = (e + 1) = 26 (eo) + fo,y = W)} (),

where 6](1—2) — 0 for h — 0.

Example 6.3 Find the approximating polynomial of at most second degree of the given functions in
the given points of expansion:

1) The function In{(z + 1)? + (y — 1)}, defined in R?\ {(—1,1)}, from the point (0,0).
2) The function \/x% + y2, defined in R? \ {(0,0)} from the point (3,4).

3) The function Arctan g, defined for x > 0 from the point (1,/3).
x

4) The function m, defined for x4+ 2y® > 0 from (4,2).

5) The function 3 + xy — 122 — 6y, defined in R? from (1,3).

6) The function \/x2 + y2 + 22, defined in R>\ {(0,0,0)} from the point (3,6,6).
7) The function sin(z — y) + z(z +y) — 2z + 1, defined in R3 from (0,0,1).

8) The function (coshz) -sin(z — y — 22), defined in R? from (0, 570).

A Approximating polynomials of at most second degree.

D Use preferably the standard method, i.e. differentiate and apply a formula. Note the standard
scheme in each case.

In some cases it is possible instead to use standard Taylor series.
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I 1) The function f(z,y) = In{(z +1)? + (y — 1)?} is of class C* in the given domain, and

flo,y) =In{(z +1)* + (y — 1)*}, f(0) =In2,
of 2z +1) of
O Gr 1)+ y—12 2: 0 =1
of 2y — 1) of o _
oy @12+ (@y— 1D 8y(0)_ b
P2f 1 4(z +1)? O*f 0) = 0
R Ry e (R R VR EN =i e
f  Pf A+ hy-1) 0% f 0 =1
0xdy  Oyor  {(z+1)2+ (y—1)2}2’ oxdy"
Pr 2 B 4(y —1)2 ﬁ(o)—o
Iy? e+ +(y-1? {@+1)2+(y-122 oy

The coefficients of the approximating polynomial are the numbers in the right hand column.

We get by insertion,

P2(£7y) = af

+% {%(0)@—0)%2

10+ {0 -0+ F w0 v-0]
0% f

2 f

(O -0)(y-0)+ 5 L0501}

1
:1n2—|—x—y+§-2xy:ln2+a:—y+my.

2) The function is of course also defined at (0,

0), but it is only of class C* in R\ {(0,0)}. Using

the same procedure as before we get for the point (3,4),

fl,y) = Va2 + ¢,

of _ =
8I_,/x2-|—y2’

of __ vy
N

er vy

0x? (/22 + y2)3

2f  f  ay
dxdy — Oydx (/22 +y2)3
oFr_ 2

Oy? ( /$2+y2)37

f(3,4) =5,

of 3
%(374) - 57

0% f

16
w(a ):

125°

12
125’

82f B
ax—ﬁy(g’ )=-
0% f 9

8—3/2(3’4): 125"
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By choosing (x1,91) = (x — xg,y — yo) = (x — 3,y — 4) as our new variables we get

Pae,y) = 5423 +5—Y
{03 s 23w+ -4
= 5B gy ) o (e3P T (e By 4) + 5o (y—4)%

which can be reduced to

Pae,y) =5+ S(a=3)+ £ (y—4) + 5= [4(z—3) — 3(y—4)).

3) The function is of class C*° in the given domain (and of course also defined for = < 0; but this
case is not at all relevant here). We have as before

f(e.y) = Arctan £, J.V3) = %,
of 1 vy _ y of VB
a—x—m'(—;) Eg atVIs T
x
of «x of 1
8_y_$2+y2’ a_y(la\/g)_4a
0% f 2 0% f V3
W:ﬁ’ W(L\/g):?,
o’f  0%f oy -a? 0% f 1
0xdy  Oydr (22 +y2)%’ 8x8y(1’ V3) = 8’
>’f 2 >*f V3
o = w T ap V=%
The approximating polynomial from (1,+/3) is
3 1
Py = T-Le-n+ly-ve
V3 ! V3 2
+ﬁ($—1) +§($—1)(y—\/§)—1—6(y—1) ;
which can be reduced to
Py = -La-nily-ve
2\, Y - 3 4 x 4 Y
3 1
-0+ -0 T--vB) )
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4) We see that when 22 + 2y3 > 0, then the function is of class C*. We calculate as before,

flz,y) = (2 +2y%)'/5, f(4,2)=2,

of 2, B of 1
=== 2y3)~4/5 —(4,2) = —

o 590(93 +2y°) 740, 836( ,2) 0’
of 6 5 4 3y-4/5 of 3
J9r_ 2 Y g9)= 2
PF 2, . 16 9 f 1
o _ = a5 _ Y o0 o 3y-9/5 g7 _
92z 5@ T2 55 & @+ 2577, 22 42 = 5007
Of _OF _ 88 a2y oym9 OF (4,9)= -3
0xdy  Oydx 25 Y 4 ’ oxoy ' 50’
2f 12, 144 82 f 3
ZzJ _ = 23—4/5__4 2 23—9/5 29 (4.9) = .
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The approximating polynomial from (4,2) is

Pae,y) =2+ 5@~ ) + o5y = 2) + o504 = (e~ 4)(y —2) + ooy — 2

5) When one is asked to find the approximating polynomial for
flz,y) = 2® + 2y® — 122 — 6y

of at most second degree from (1, 3), it is tempting just to remove the terms 23 + xy?, which
are of third degree. This is, however, not the right procedure, because the point of expansion
is not (0,0), but translated to (1, 3).

In order to explain what is going on we shall first apply the rather elaborate standard procedure,
for later to give an alternative. We get by the standard procedure,

fla,y) = 2%+ ay® — 122 — 6y, f(1,3) = —20,

g_x —3a? 42— 12, %(173) =0,
%:Qxyfﬁ, %(173):(),
% = 6z, %(173) =0,
% =2y, %(1,3)=6,
227{:233, 227{(173) =2.

Then the approximating polynomial is
Py(z,y) = =20+ 3(z = 1)* + 6(z — 1)(y — 3) + (y = 3)*,
where we of course use (z — 1,y — 3) as the new (and more correct) variables.

ALTERNATIVELY we start by introducing (z1,y1) = (z — 1,y — 3) as our new variables, i.e.
(z,y) = (1 + 1,y1 + 3). Then by insertion,
flz,y) = 234 xy®>— 12z — 6y
= (2141’ + (@1 + Dy +3)* = 12(z1 + 1) = 6(y1 +3)
= 23 +327 + 32 + 1+ (21 + 1) (7 + 6y +9) — 122, — 12 — 6y; — 18

= o) + 327 — 931 — 6y1 — 29+ 21y} + 621y1 + 971 + YT + 6y1 + 9

= =204 323 4+ 6z1y1 +y7 + {2 +219d) .
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The approximative polynomial from (1, 3) is then obtained by deleting all terms of degree > 2
in (z1,y1), thus
Py(z,y) = =20+ 327 +6x1y1 +yi
= —20+3(x—1)%+6(x—1)(y—3)+(y—3)2
6) The function is of class C™ for (x,y,z) # (0,0,0). We use the same method as before, only
supplied with an extra variable. (Notice the systematics).

f(xvyvz): \/x2+y2+227 f(3a676):97
of x of 1
a_x_ /7{)32+y2+22’ 8.%(37676)_3,
of y of 2
e , —(3,6,6) = -,
dy a2y +22 3@/( )=3
af x of _ 2
32_,/1'2+y2+227 32“(37676)_37
2 2., ,2 2
e R e L 0 (3.6.6) = .
0x2  (a?+y? +22) a2 81
2 2, ,2 2
A A 01 (36.6)= 2,
Oy* (Va2 +y? + 22)°3 dy? 81
2 24,2 2
R e ) (3.6.6) = 2.
022 (a2 42+ 22)3 922 31
2 2 2
af - af = - oY ) 8f(37676):737
Oxdy  Oyox (V22 + 92 + 22)3 0x0y 81
2 2 2
*f _of rz , af(3,6,6):—3,
0x0z  0z0x (Vo2 +y2 + 22)3 0x0z 81
0% f 0% f Yz 0% f 4

- = 3,6,6) = ,
Oydz 0=y (Va2 +y2 +22)3 8y82( ,6,6) 81
From this we get the approximating polynomial from (3,6, 6),
1 2

Py(z,y,2) = 9+ % {g($6)+§(y6)+§(26)}

1 8 2 5 2 5 2
+§{§(a:—3) +8—1(y—6) +8—1(Z_6) }

_% {%(x_g)(y_6)+gil(y—G)(z—G)-l-%(Z—@(x_?’)}

= 9-‘1-%(l‘—3)+§(y—6)—|—§(z—6)+%(x_3)2+%(y_6)2
+1%2(Z_6)2_%(x_3)(y_6)_%(9_6)(2—2)—%(,2—6)(3:—3).
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7) Using the same method as above we get

flz,y,z) =sin(x —y) + z(x +y) — 2z + 1, 1(0,0,1) =1,
g—izcos(x—y)+z—2, %ZO,
g—zz—cos(x—y)—s—z, 2—5(07071)20,
o oy, “0.01=0
O — sin(z— ) Tl 0.0.=0
327{ — _sin(z—y), %ﬁ(o,o,l) ~0,
227{: 7 %(o,o,g:o,
;:gy _ % — sin(z — ), ;%gy(o,o, 1) =0,
a{fafz - aa;afz - ;jgz ©.0.1)=1,
%:%:1, %(0,0,1):1.

PQ(I,ZJ,Z) = 1+

Accordingly, the approximating polynomial from (0,0,1) is

% -0+ %{(a:fO)(z—l) + (y—=0)(z—1)} = 10(z + y)(z — 1).

We note that thee natural parameters are here (x,y,z — 1).

ALTERNATIVELY we exploit that (x — 0) — (y — 0) = = — y is the approximating polynomial
for sin(z — y) of at most second degree, and since the rest is a polynomial of second degree in
(.’L‘, y’ Z)? we get

Py(z,y,2) =z —y+z2(z+y)—2z+1=z2(z+y)—(z+y) +1=1+(z+y)(z—1).
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8) We first rewrite the expression and use series expansions,

flz,y,2) = coshz-sin(x —y — 2z) = coshz - sin (ac—

—cosh x - cos (33— (y— g) — 22)

- {1+%$2+}{1%[x(yg)

(5= 5)
242+...}

1 1 2
I (e

2 2

1 2
= —14- (y—ﬁ) +42%—x (y—ﬁ)—i—Z (y—ﬁ) z—=2x2+- -,

2 2 2

2

where the dots denote terms of higher degree. The approximating polynomial is obtained by

removing these dots:

L o

Py(x,y,z) = flfix +%{x7(yfz)722}2

|
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N |
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ALTERNATIVELY we get by the standard method,

f(z,y,2) = coshz - sin(x — y — 22),

of

Ox

of
oy

of
0z

o0 f

0a?

0*f

—= = cosh zsin

Oy?

*f

022
0% f

0xdy

0% f
0y0oz

0% f B
020x

2sinh z cos(z —y — 22) + 2coshx sin(z — y — 22),

(‘T*y72z)7

= —coshzcos(z —y — 22),

= —2coshz cos(z — y — 22),

= 2sinh z cos(x — y — 22),

= —4coshzxsin(z — y — 2z2),

= —2coshzsin(z —y — 22),

= sinhzsin(x — y — 2z) + coshx cos(z — y — 2z2),

—sinh 2 cos(z — y — 22) + cosh zsin(x — y — 22),

Hence, the approximating polynomial from (0, 27 ()) is

1 1 2
v do 3 {5
+1!{0}+2!{y 5 +z}

Pg(l’,y,Z)

ra{e
1

14+ =
+2

VT3

T
_T 2<__
Y »+ Y735
2
W) +4z2—x(

2) 2 - 202}

W) + 2z (y— g) — 2zz.

)

ey (03:0) =1
88:(;; (0.5:0) =2
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Example 6.4 Find approzimating values of the following expressions by using the approximating
polynomials of at most second degree from Example 6.3. Compare with the values which we get by
using a pocket calculator instead.

1) The length L of the diagonal in a rectangle of edge lengths 2.9 and 4.2.

2) The length L of the space diagonal in a rectangular box of edge lengths 3.03 and 5.98 and 6.01.
3) /3.8 +2-2.13.

A Approximating values.

D Identify the corresponding function f. Apply the approximations found in Example 6.3. Compare
the results with a calculation of a pocket calculator.

I 1) By using a pocket calculator we find that the length is
L =1+/2.92 +4.22 ~ 5.103 920.
The corresponding function is f(x,y) = /a2 4+ y2, expanded from (3,4).

According to Example 6.3.2 the approximation is given by

3 4 8 2 9
6 P. = 5+-(z=3)+=-(y—4)+-—=(2—3)* - (2—3)(y—4)+ ——(y—4)*
6)  Paley) = 5+i(E-3)+ -t (0-3 - (=B + o= (=)
3 1
= —(x— —(y—4)+—{4(x—3)—3(y—4)}>.
(7) 52 (2 =3)+ = (y—4)+ 5= {4(2-3) —3(y—4)}
Si 3 L d 4 ! 2 it foll f (6) that
in — = —— an — = — = —.1 rom
ce x 10 2d v £ = 79 1t follows fro a
6 ( 1\ 8 2 64 1\* 96 1\ 2 36 [2)\°
Py(2,94,2) = 54— (-—]+— =4 — (=) - (=) =+ (=
2(2,9:4,2) +10( 10)+10 10+1000< 10) 1000( 10) 10+1000 (10)
6 16
= 5——+ —+ ——(644+ 192+ 144
100+100+100000( * +144)
1 400
= 54+ —+—— =5.104.
+10+100000
If we instead use (7), we get by somewhat simpler calculations,
6 ( 1 8 2 4 4 2\°
P(2,9;4,2) = 54+ —|(—— — =+ ——q—— -3 —
2(2,9;4,2) +10( 10>+10 10+1000{ 10 10}
= 5+ ! + 1 =5.104
B 10~ 1000

By comparison we see that the relative error is < 1.6 - 1072%.

2) A calculation on a pocket calculator shows that the length is

L = 1/3.032 + 5.982 4+ 6.012 ~ 9.003 410.

The corresponding function is f(x,y,z) = y/2? + y? + 22, expanded from the point (3,6,6).
According to Example 6.3.6 the corresponding approximation is given by

Pae,3,2) = 94 3@ =3+ 2(y—6)+ (0 —6)F o (0 =) + sy — 6+ 1 (=~ 6)?
@By 6)— oy 6)(z— )~ (=~ 6)(z —3).
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When r (z,y,2) = (3.03;5.98;6.01), we have 2 — 3 = 125 and y — 6 = and z — 6 = —==

2
100
Then we get the approximate value by insertion,

1 3 2/ 2 2 1
P5(3.03;5.98,6.01) =9+ — - — + = 2L
2(3.03:5.98;6.01) = 9+ 5 100+3( 100>+3 0

2

s (o) 1z (i) 3 (o)
T8l 100( 100) 81< 130) m‘8_1<100> (%)

0 (3442 b (2.4.945-405+ 24+ 16 — 12)

300 162 - 10000
1
=9+ 300 + —1 620000 (72025 + 28)
1 125

300 T 16210000

1 5 221
_ — (1 ) = /=
=9 500 ( N 216) 9+ 54800

~9.003410 (1).

The error is invisible here, in particular because the value found on a pocket calculator is also
an approximate value.

3) We get by means of a pocket calculator

V/3.82 4+2.2.213 ~ 2.,011883.
The corresponding function is f(x,y) = /22 + 2y3, expanded from the point (4, 2).

We get from Example 6.3.4 the approximation

1 3 1 3 3
P =2 —4 — —(z—4)? —4 -2 —(y —2)%
(z,y) = +10( )+ 15W =2+ op@—4" — g5@ — Dy -2 + -y - 2)
Sincex —4=—j5 andy —2 = 1—0, it follows by insertion that
2 3 1 4 3 2 3 1
Py(3.8;21) = 2— S (i T
2(3:8:2.1) 100 100 100 200 400 100 50 ( 100) 50 100
1 1 1 19
= 24— 1412 =24+ — 4+ ——— =2.011
+ 100 + 10000( +12+6) =2+ 100 + 10000 OL19.

A comparison shows that this is a very accurate approximation.
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Example 6.5 A function f € C(R?) satisfies the equations
fz,0)=¢€",  f(z,y) =2y f(z,y)

Find the approzimating polynomial of at most second degree for the function f with (0,0) as the point
of expansion.

A Approximating polynomial from apparently very vague assumptions.
D Find the constants by using the definition of partial differentiability.

I Since f € C°°, we are allowed to interchange the order of the differentiations, whenever it is
necessary. By using the standard method we get

f(z,0) = e, £(0,0) =1

fulx,0) = e, f2(0,0) =1,
fo(@,y) =2y f(z,y), [3(0,0) =0,
e (2,0) = €, 22(0,0) =1,
vy (@) =2y fr(2,y), y(0,0) =0,
vy (@,y) = 2f(2,y) + 492 f (2, ), y(0,0) =2.

We get the approximating polynomial,

1 1 1
Pg(x,y):1—|—1-J;+O~y+§-1-x2+0~xy+§~2y2:1+x+§w2+y2.

C It is actually possible to determine f(z,y) uniquely from the given information. In fact, if we
divide the latter equation by f(z,y) # 0, then

fylwy) 0 )
= )] = 2

When we integrate with respect to y we get with some arbitrary function ¢(z) in « that In | f(z,y)| =
y? + ¢(z). Hence there exists a function ®(x), such that

fla,y) = (z) - exp(y®).
We put y = 0. Then it follows from the former of the given equations that
f(z,0) =€ = O(x).

Hence

flay) = exple+y®)=1+{r+y’} + %{fﬂ+y2}2 +oe
= 1+x+y2+%x2+~-- )
It follows immediately that the approximating polynomial is
Py(z,y) =142+ %xQ + 92,

and we have tested our result.
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Example 6.6 Indicate on a figure the domain of the function
flay) =In{(4y —y* — ) Vz}.
Then find the approximating polynomial of at most first degree for f at the point of expansion (2,1).

A Domain and approximating polynomial.

D Check where f(z,y) is defined.

Figure 23: The domain of f(z,y).
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I The logarithm is only defined on the set of positive numbers, so (4y — y? — x)y/x must be defined
and positive. In particular, z > 0 and 4y — y? — x > 0, so

O<dy—y?>—az=4—(d—-dy+y)—z=4—(y—2)* — =,
and thus
0<z<4—(y—2)°2

The domain is bounded of the Y axis and the parabola of the equation z = 4 — (y — 2)2.
By the rearrangement

f(x,y):ln(4y—y2—x)+%lnx for (z,y) € D,
we get

f(2,1):1n(4—1—2)+%1n2

and
af 1 11 of 13
9 - -2 Yoyt =_2
Ox 4y—y2—:1c+2 x’ 333(’) +4 4’
and
of 4-2y of
9 _ 272 9 (2,1) =2
Oy Ady—y>—2a’ 8y<7) ’
hence

1 3
Pi(z,y) = 3 an—Z(x—2)+2(y—1).
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Example 6.7 It is well-known that an equation like

flz,y) =0

under suitable circumstances can be solved with respect to one of its variables, and one has e.g. y =
Y (x), and then a differentiation of f(x,y) = 0 with respect to x gives a formula of the derivative:

fo(@, Y (2))
fyla, Y ()

Prove by a similar procedure the formula

oy (@ Y @)Y (@) 21, (2,Y (2))Y' () + flu (2, Y ()
fy(@, Y () '

This formula holds under the assumptions that the denominator is different from zero, and that both
f and Y are C?%-functions.

Y'(z) = —

Y”(l’) —

A TImplicit given function.
D Differentiate f(x,Y (x)) = 0 twice with respect to x.

I Under the given assumptions we get by an implicit differentiation (i.e. in fact the chain rule) that

d
0 - - f(x,m))

= R Y@) S e @) o
C LY V) + LY,

hence by another differentiation

0 = [ Y(@)Y"(2)+ (.Y (@) Y'(2) + f, (2, Y (2)) {Y'(2)}?
(@Y (@) + [y (2, Y () Y (2)
= fy(@,Y (@)Y (@)+ £ (0, Y (@) +2£7, (2, Y (@) Y (2)+ f, (2, Y (2)) {Y' () }*.

When we divide by f; (z,Y (z)) # 0 and rearrange we obtain the searched formula.
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Example 6.8 Given the function
fay) =y*cosz+y+z-2,  (z,y) €R”
1. Solve the equation f(0,y) = 0.

Then we get the information that the equation f(x,y) = 0 in a neighbourhood of the point (0,1) defines
y uniquely as a function of x, i.e. y =Y (x).

2. Find Y (0), and then find Y'(0) and Y"'(0) by using the formule from Example 6.7. Find the
approximating polynomial of at most second degree for Y with the point of expansion xo = 0.

A TImplicit given function.

D Use the guidelines.

o] N

1

Figure 24: The graph of the equation y3cosz +y + 2 — 2 = 0.

I 1) First solve the equation
0=f(0,9)=y"+y—2
It is obvious that y = 1 is a solution. Since
FOy) =y’ +y—2=9"—y+2(y—-1)=(y— D +2),

it follows that y = 1 is the only real solution.
2) Then clearly Y (0) = 1. Furthermore,

filw,y) = —y’sinz +1, f2(0,1) =1,

fi(x,y) =3y cosz + 1, f5(0,1) =4,
ve(®,y) = —y° cosw, e (0,1) = -1,
(@, y) = =3y*sin, 2y (0,1) =0,
oy (2,y) = 6y cos " (0,1) = 6.
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Using the formule of Example 6.7 we get

oy Je(01) 1
Yo = Cf0,1) 4
and
p (0, 1) {Y"(0)}2+2£7,(0,1) - Y'(0)+ f2,(0,1)
v - £,(0,1)
6 (—3)P42-0-(-)—-1 -1 1/3 o5
- 1 ! z(g >3—2

We get in particular the approximating polynomial of at most second degree,

PQ(x):Y(O)_'_%Y/(O)_(x_x0)+%yl/(0).(x—x0)2:1—i$+§—4$2.

It is seen on the figure that the approximation is very accurate in the neighbourhood of (0, 1).
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Figure 25: The graphs of f(z,y) = 0 and the approximating polynomial from (0, 1).

Example 6.9 Write Taylor’s formula for a C?-function f, where we choose successively the vector
of increase (hg, hy) as

(h,0),  (0,h),  (=h,0) or (0,—h).

Explain why 7% f(x,y) is a measure of how much f(z,y) deviates from the average of the values
of the function in the four neighbouring points. Prove in particular that an harmonic function f
approximately fulfils

Flew) = 7@+ hoy) + oy + B+ fe —hy)+ g — )}

Derive an analogous result in the case where one consider the four neighbouring points for which
(hg, hy) is equal to

(h, h), (h,—h), (=h,h) or (—h,—h).
A Taylor’s formula; approxiamtion of the average.
D Start by writing down Taylor’s formula, and then make the analysis from this.
I Taylor’s formula is
fl@they+hy) = fl@y)+hafr(zy) + hyfy(2,y)
+% {12 fou(@y) + 2hahy £, (2, y) + hi £y (2, y) }
e (hayhy) - (B3 + hy)
where ¢ (hg, hy) — 0 for (hy, hy) — (0,0).

We get in particular,

fle+hy) = flx,y)+hfr(z,y)+ % B2 fil(x,y) + e(h) B?,

£~ hoy) = F,9) b Fie,y) + 3 W (y) + () 12
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Py + ) = F(@y) + b fy ) + 5 W2 f (o) + () I,

Py — ) = F(e,y) — h fy(es) + 3 W2 (9) + () 2.

The average is

MI@ k) = (Lt hoy)+ 5@ — o)+ fy+B) + Flay — )
= Jay) B S m) + )} + () 02
= S+ O f) e,
Then by a rearrangement

Flsy) = ME(,p)i ) = 312 52 () +<(h) 2

so in this sense /2 f(x,y) is a measure of the deviation of the average from the value of the function.

If f is harmonic then 72 f(x,y) = 0, so
f(x,y) = Mf((x,y), h) + E(h) h2,

and we see that the average is a good approximation.

If we instead choose (hg, hy) = (£h, £h) with all four possible combinations of the sign, then by
letting f7 etc. be a shorthand of f!(z,y), etc.,

Flath,y+h) = f(x,y>+h{f;+f;}+% W+ 200+ Fyy b +e(h) b2,

flz=h,y—h) = f(:v,y)—h{f;+f;}+% W f 42 4 Fyy b re(R) 12,
flx+hy—h) = f(ar,y>+h{f;—f;}+% W fre =21+ Fyy yre(h) 12,

1
Fl=hyy+h) = £ g) == fy}+ 5 WL =20+ i} e(h) b2,
Here the average is

RAS()ih) = {Lf byt )+ =y =R+ f @,y —h)+ fomy )
= J@y)+ BT f) +elh) I
hence by a rearrangement

Flasy) = M ()i ) = 5 02 2 flasy) + () 12

1 1
We get the same conclusion as above, since the only difference is the factor — instead of 1
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If f is harmonic, we also get in this case that
f(a,y) = Mf((z,y);h) + () b2,

and we see again that the average is a very good approximation.

Example 6.10 Find the approximating polynomial of at most second degree of the function
f(z,y) =z sinh(z +2y),  (z,y) € R?

expanded from the point (x,y) = (2,—1).

A Approximating polynomial.

D Either use Taylor’s formula or known series expansions.

I First method. First calculate

f(z,y) = @ sinh(z + 2y), f(2,-1) =0,
fi(z,y) = sinh(z + 2y) + « cosh(z + 2y), fi(2,-1) =2,
fyla,y) = 2@ cosh(x + 2y), fy(2,=1) = 4,

w2 (T, y) = 2cosh(z 4 2y) + 2 sinh(z +2y),  f,(2,-1) =2,
vy (T,y) = 2cosh(z + 2y) + 2z sinh(z +2y), f7,(2,-1) =2,
vy (T,y) = 4z sinh(z + 2y), vy(2,—1) = 0.
By means of the second column we get the coefficients of the Taylor expansion, hence
1 1 )
Py(w,y) = 0+ {2 -2)+4y+1)}+ 5 {2(2-2)"+2 - 2(v-2)(y+1)+0}
= 2(x—2)+4y+ 1)+ (z—2)? +2(xz —2)(y + 1).

Second method. First change variables by putting + = 2 + ¢ and y = —1 + 7. Then by insertion
followed by known series expansions, in which terms of higher order are written as dots,

f(z,y) = xsinh(z+ 2y) = (24 &) sinh(€ + 27)

+O{E+2n)+---}

2+ 4+ +2n+ -

20 —2) +4y+ 1) +(x -2 +2x—-2)(y+1)+---,
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Calculus 2c-2 Taylor's formula for functions of several variables

hence
Py(z,y) =2(x —2) +4(y+1) + (x —2)2 +2(z — 2)(y + 1).

REMARK. Of numerical reasons one shall always in examples of approximating polynomials use
the variables x — xq, here (x — 2,y + 1), because the expansion is bound to the point x¢, here
(2,—1). Many textbooks erroneously “reduce” further to the variables (z,y). ¢

Example 6.11 Find the approximating polynomial of at most second degree for the function
g(x,y) = /4 — 222 — y?, 222 + 4% < 4,

with the point of expansion (1,1).

A Approximating polynomial.

D Either use Taylor’s formula, or rewrite g(x,y) as some known function for which we know the
Taylor series.
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CSOSSOTR
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S

Figure 26: Part of the graph of g(z,y).

I If we put z = g(z,y) = /4 — 222 — y? > 0, it follows by a squaring and a rearrangement that the
equation of the surface can also be written

() (=1 =20

i.e. the graph is the upper half of an ellipsoidal surface of centrum (0,0, 0) and half axes /2, 2 and
2.

First method. Clearly, the function g(z,y) is of class C*° in the domain, where the point (1,1)
lies. Then calculate

9(x,y) = V4 =227 —y?, g(1,1) =1,

2x
A P E— (1,1) = 2,
9:(2,9) T 9:(1,1)
gy (,y) = — g,(1,1) = —1,
V4 — 222 — 42
2 422
glz/x z,Y) = - 9 g:/v,z 171 = _6a
(:9) VA—222—y2  (\/A—222—y2)3 1)
wy(T,y) = — 2y vo(1,1) =2
ga,y ’y (\/m)37 gwy b b
1 y2

VA—222 —y? - (\V/A—222—y2)3’
Then the approximating polynomial is according to Taylor’s formula and the right hand column
1
Po(w,y) = 1=2(z=1)=(y=1)+5{-6(z—1)*-2-2(e—1)(y—1)-2(y—1)"}
= 1-2(z-1)=(y—1)=3(z—1)*=2(x-1)(y-1)~(y—1)*.
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Second method. First introduce some new variables by + = 1+ ¢ and y = 1 + 7. Then by
insertion and introduction of a known series expansion for /1 + ¢, where the dots as usual
indicate terms of higher order,

g(z,y) = VA=2(146)2 — (14+n)? = V1 -4¢+ 262 = 29—

1 1
= 15 (4220 4n%) - S+ 2+ )" + -

21

< (1662 +16&n+4n") + - -

1
= 1=2-n-=3n

= 1-26-n-32-2n—1>+---,

and we conclude that the approximating polynomial is

Pyzy) = 1-26-n—-38—2n—n°
= 1-2@—-1)—(y—1)=3(x—1)*=2(z—1)(y—1)—(y—1)*

Example 6.12 Find the approzximating polynomial of at most second degree of the function
flz,y) =z +explay—2), (2,y) €Ry xR,

expanded from the point (x,y) = (1,2).

A Approximating polynomial.

D Either calculate the Taylor coefficients, or use some known series expansions.

I First method. The standard method. Clearly, f € C*°(Ry x R) and (1,2) € Ry x R. Then by

differentiation,
f(z,y) = Inz + exp(zy — 2), f(1,2) =1,
/ 1 /
fx(x7y): ;—i—yexp(xy—Q), fz(172):37
fg//(xvy) :‘rexp(xy_2)v fg/;(]-a2) :17
1
;lm(xvy) = _F + y2 eXp(xy - 2)7 gm(la 2) = 37

wy(2:y) = fyo(@,y) = (L4 zy)exp(ey —2), fr,(1,2) =3,

oy (T, y) = 2% exp(zy — 2), w(L,2) =1
The approximating polynomial of at most second degree is
Py(xy) = f(L,2)+f(1,2) (z—1)+ f;(1,2) - (y - 2)

5 {F202) (0= 124272,(1,2) (o= D)y =2+ £, (1,2) (5-2)°)

= L3 D)+ (- 2)+ 5 (e 143 D=2+ 5 (0 -2)%
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Second method. Suitable series expansions of known standard functions. First rewrite f(z,y)
as a function of the translated variables (x — 1,y — 2), which are zero at the point of expansion

(1,2). Then
flzy) =

Inz + exp(ay — 2)
In(1+(x—1))+exp{(x—1)(y—2)+2x+y—4}
In{1+(z—1)}+exp{(z—1)(y—2)+2(2—) +(y—2)}
In{1+(2-)} +exp{(z—1)(y—2)} - exp{2(z—1)} - exp(y —2).

By means of known series expansions for In(1 + ¢) and exp(t), where we remove all terms of
degree higher than 2 in x — 1 and y — 2, we get
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Calculus 2c-2 Taylor's formula for functions of several variables

f(x,y) In{1+(z—1)}+exp{(z—1)(y—2)} - exp{2(z—1)} - exp(y—2)

= @)y 124
{1+ (z-1)(y—=2)+ - H1+2(z—1)4+2(x—1)%+--- }- {1+(y—2)+%(y—2)2+~ -~}
= (@D =1+ =Dy 1+ (= 2)+ 5 (52
+2(x—1)+2(x—1)(y—2)+2(x—1)>+- - -

= g(x—l)2+3($—l)(y—2)+l(y_2)2+3(x_1)+(y_2)+1+.“ ’

2

and we conclude that

Py(z,y) = 1+3(x—1)+(y72)+g(x—1)2+3(x—1)(y—2)+%(y—?)z.
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Example 6.13 1) Sketch the domain D of
flz,y) = \/m—l—ln(ll—x2 —yz).
2) Check whether D is open or closed or none of the kind.
3) Find the approximating polynomial of at most first degree for f with (1,—1) as point of expansion.
4) Find the domain E of the vector field
V(z,y) = (\/Q—i-T,\/ﬂ—i—ln(él—a:Z —y2)) .
A Domains, open and closed sets, approximating polynomial.

D Standard task.

-1

- -

Figure 27: The domain D.

I 1) The function f(z,y) = 2+ z —y +1In (4 — 2* — y?) is defined for
24x—y >0 and 4—a%—9%>0,
hence for
y<ax+2 and 2?4yt <4 =22
2) The set D is neither open nor closed.

3) The approximating polynomial from (1, —1).
First variant. It follows from

flz,y) =V2Fz—y+In (4—2?—y?),  f(1,-1) =2+ 1In2,

1 1 2x 3
/ = — — (1. —1) = ——
fx(x,y) 2 /—2+$_y 4_x2_y25 fx( ) ) 47
1 1 2y 3
/ = — — — /1—1 = —
fe) =3 T~ s fiL 1=,

that

3 3
Pl(sc,y):2+ln2—1(x—1)+z(y+1).
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Second variant. If we put =1 + 1 and y = y; — 1, then we get by series expansions,

flxy) =

V2+x—y+In(4 -2 —y?)

\/2—1—331+1—y1—|—1—|—1n(4—{x1+1}2— {y1—1}2)

VAt —y +In(2—22, 42y —a? —

yi)

2 2

/ 1 1
2 1+%—%+ln2+ln (1—x1+y1——x%——yf)

1z 1 1
2{1+§ (—1—y—1>+~~-}+ln2+{—w1+y1—xf—yf}—k--

4 4

1 1
2424z —cy—otyt oo,

4 4

2 2

where the dots as usual indicate terms of higher order. We conclude that

Pl(m,y):2+ln2f%x1+§y1:2+ln2f%

4

(x—1)+%(y+1).

Figure 28: The domain E of the vector field V.

4) The domain E of the vector field consists of the points in D, for which /¥ is also defined, so
we must also require that y > 0.
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Example 6.14 1) Sketch the domain D of
flzy) =€ +1n (4 — 2 — 4y%).
2) Check if D is open or closed of none of the kind.
3) Find the approzimating polynomial of at most second degree for f with (0,0) as point of expansion.

A Domain and approximating polynomial for a function.

D Analyze where each subfunction is defined. Then the approximating polynomial is either found by
means of known series expansions or by calculating the Taylor coefficients.

Figure 29: The domain D is the open ellipsoidal disc.

I 1) The function e®*¥ is defined for every (z,y) € R2.
The function In (4 —x% - 4y2) is defined, if and only if 4 — 22 — 4y? > 0, i.e. if and only if

2N\ 2 ne
- =) <1
(5) ()
The domain is the open ellipsoidal disc of centrum (0,0) and half axes 2 and 1, cf. the figure.

2) As mentioned above in 1), the set D is open.

3) First variant. Known series expansions.
Let (z,y) € K(0;1) C D, and let dots denote terms of higher degree than 2. Then

1
flz,y) = ew+y+2ln2—|—ln(l—Z(x2+4y2)>
1 1 2 Lo 2
= 14 5@ty + 5 (+y) +~--+21n2—1(w +4y7) + - -
1 1 1
= 1+21n2+ac+y+§x2+xy+§yQ—ZxZ—yz—H--
L o L s
= 14+2In2+z+4+y+ - +ay— -y~ +---.

4 2
The approximating polynomial of at most second degree from (0,0) is

1 1
P2(SU,y)=1+21n2+x+y+1$2+xy_§y2_
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Second variant. Taylor expansion.
We get by successive differentiation

flz,y) = ™Y +1In(4 — 22 — 4y?), f(0,0)=1+In4=1+2In2,
i) = et — 74(0,0) = 1,

i) = ety - 75(0,0) =1,

ral:9) = 6z+y*4_a:224y2 ) (4_x§af4y2>2’ fO.0=1-7 =5,
w(®Y) = e$+y_4fz2874y2 - (4524y241y2)2’ w(0:0) = 1_2 =1

7 (x,y) = GW_(AL—;G#W’ " (0,0) = 1.
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Calculus 2c-2 Taylor's formula for functions of several variables

Hence

1 1
Pz(:uy):1+21n2+x+y+1x2_§y2+$y'

REMARK. The expressions of the second derivative may occur in several variants:

a)
" T4y 8+2$278y2 i 8 1
22(T,Y) =€ —m, m(O,O):l—E:?
32—8x2+32y° 32
" _ T+ 1" . -
fyy(y) =€* y—m» fyy(O,O)—l—l—G_—l,

together with the more elegant version, where dots denote terms which will become zero by
the insertion of (z,y) = (0,0):

b)
— 2 2 1
z+ o
feolwy) = e — gt fu(0.0)=1-7=05,
— 8 8
T+ -
fZ/J/ZJ(x7 y) c ! 4— _56'2 _4y2 T ;/y(o’ O) - 17 Z 717
fa/:,y(xvy) erty T f;/y(0,0) =1.

Example 6.15 Given the function
flz,y) =™ + (2 — x)e¥ — 2ey, (z,y) € R
Find the approzimating polynomial of at most second degree for f with (1,1) as point of expansion.

A Approximating polynomial.

D The function is clearly of class C'"*°. Either calculate the Taylor coefficients, or use known series
expansions.

I First method. Calculation of the Taylor coefficients.
We get by mechanical computations,

flzyy) =€ + (2 —x)e¥ —2ey, f(1,1) =0,
f;(x7y):yeity_ey, f;(171):0a

fy(zyy) =ze™ + (2 —x)e? —2e, fi(1,1) =0,

l;flw(l‘7y) = y2€xy’ l;flw(17 1) = 67
(T y) = ™ fay et — e, w(1,1) =e,
o (Ty) = x2e™ 4 (2 — x)eY, by (1,1) = 2e.
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Then the approximating polynomial of at most second degree for f from (1,1) is

Pae,y) = FOL1)+ g (A1) @)+ (11 (y-1))

o L) =12 4 £, (1) (=)= 1) + 5 (11) - (5-1)7)

_ g (z—1)* +e(z—1)(y—1) +e(y—1)>.

Second method. Application of known series expansions.
When we translate

vy =x—1, yy=y—1, ie. xz=x1+1, y=y1+1,

to the point of expansion and use known series expansions up to the second degree (and where
terms of higher degrees are indicated by dots) we get

flz,y) = e+ (2—x)eY —2ey

= exp((z1+1)(y1+1)) + (1—21) exp(y1+1) — 2e(y1+1)
exp(l+z1+y1+a1y1) + e(1—x1) exp(y1) — 2e — 2eyy
e{exp(z1+y1) - exp(ziyr) + (1—z1) exp(y1) — 2 — 2y},

and hence

flz,y) = 6<{1+$1+y1+%(x1+y1)2+---}{1+x1y1+~~}

1
+(1—1:1){1+y1+§yf+~-}—2—2y1>

1 1
= e{1+x1+y1—|—§x§+x1y1+§yf+x1y1+~-~

1

+1+y1+2

y%—x1—x1y1+~-~—2—2y1}

1 s 2
e 2x1+x1y1+y1+~~ .

The dots indicate terms of higher degree, so we conclude that the approximating polynomial
of at most second degree with (1,1) as point of expansion is

e e
Py(z,y) = gai+emy+eyi = 5 (@ = 1) +e@ =Dy - 1) +ely - 1)
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Example 6.16 Given the function

fz,y) =1 -2z —y+In(1l -2y +z),
1) Find the domain D.
2) Sketch D.
3) Check if D is

a) open,

b) closed,

¢) bounded,
d) star shaped.

(z,y) € D.

4) Find the approxzimating polynomial ofat most second degree for f with the point of expansion (0,0).

A Domain; approximating polynomial.

D Analyze each part of the function separately and take the intersections of all these domains. Then
use either known series expansions, of calculate the Taylor coefficients.

2 15 e

05
-0.2
-0.4

\

Figure 30: The domain D is the angular space inclusive the fully drawn boundary curve and exclusive
the dotted boundary curve. The domain in unbounded downwards.

I 1.-3. The function is defined when

1-22—-—y>0 and 1-2y+2>0,
i.e. when
1
y<1l—2r og y<§(3v—i—1)7
or written in another way,
1
wgi(lfy) and x>2y—1.
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13
Since the lines intersect at (5, g), the domain can be written

3 1
D:{(%y) ‘ y<572y—1<$S§(1—y)}-

Note that D is the intersection of an open and a closed half plane.

We see immediately that

1) D is not open, because a part of the boundary, though not the total boundary, lies in D,

2) D is not closed, because a part of the boundary, though not the total boundary, lies outside
D,

3) D is not bounded. The whole of the negative Y axis lies in D.

4) Since D is the intersection of two convex sets, it is itself convex and therefore also starshaped
with respect to any point in D.

a3 _.q The Graduate Programme
I ]Olned MITAS because for Engineers and Geoscientists

I wanted real responsibility Maersk.com/Mitas

I T e ._:‘ iy
LT TR,
‘,—* ..

[ was a construction
SUpEervisor in

the North Sea
advising and

e elping foremen

i solve problems

MAERSK

Download free ebooks at bookboon.com

101


http://bookboon.com/
http://bookboon.com/count/advert/9da50518-808b-41b3-9e08-9fe200fbad87
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4. We have here two variants.

First variant. The standard method. 1t follows from the computations

f(xvy): V1—2x—y+ln(1—2y+x), f(070):17
fo(zy) = — ! T £1(0,0) =0
v VI=2z—y 1-2y+z’ e ’
1 1 2 5
I - __ _ / 0 0 I —
fy(l‘7y) 9 11233_11 1*2]/14*32, fy( ) ) 9’
1 1
= — = -2
:E:t(xﬂy) (1_2x_y)3/2 (1—2y+f1})27 :Ea?(()?()) I
1 1 4 17
% B _ 7 (0,0) = ——
Ly('r7y) 2 (1—233—2/)3/2 (1—2:[/—"-1')2’ yy( ) ) 4’

that the approximating polynomial of at most second degree from (0, 0) is
1
+5 {£22(0,0) - 2* +2£7,(0,0) -2y + f,,(0,0) - y*

5 3 17
T D ST L)
5 Y x+2my gV

Second variant. Known series expansions. It is well-known that

1 1 1 1
\/1+t:1+< 2 >t+< 2 )t2+-~-=1+5t—§t2+--~,

and

1
ln(1—|—u)=u—§u2—|—---

If we put
t=—2c+y)=-2x—y and u=x—2y,

then both ¢ and u are for the first degree in (z,y), and the approximating polynomial of at
most second degree is

1 1 1
Py(x,y) = 1+§tf§t2+u—§u2

1 1 1
= 1-5Qe+y) - Qe+’ +o-2— 5 (z-2)°
1 1 1
= 1f:r—5 y+:c—2y—§ (4x2+4xy+y2)—5 (2% —dzy+4y?)

5 3 17
— 1222 _ 2.2
2y x+2xy 8y
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Example 6.17 1) Sketch the domain D of the function
f(z,y) =In (4 —z? - y2) — V5 —dx + 42

2) Check if D is open or closed or none of the kind.
3) Compute the gradient 7 f.

4) Find the approzimating polynomial of at most first degree for the function f, when the point (1, /2)
s used as point of expansion.

A Domain, gradient, approximating polynomial.

D Treat every subfunction separately. The approximating polynomial can then be found in several
ways.

25T s 0705 T s
i

Figure 31: The domain D.
I 1) The function In (4 —x2 - y2) is defined for 4 — 22 — % > 0, i.e. for 22 + y? < 4 = 22, which
describes the open disc of centrum (0,0) and radius 2.

The function v/5 — 4x is defined for 5 — 4z > 0, i.e. in the closed half space x <

| Ot

Now y? is defined for every (x,y) € R?, so the domain D is the intersection of the two sets
mentioned above,

5
D:{(w,y)€R2 x2—|—y2<22,x§1}.

5
2) The set D is neither open (a part of the boundary, z = 7 lies in D) nor closed (another part,
the circular ar, does not lie in D).

3) The gradient is calculated straight away,

vf(z,y) 20 + 2 2y +2
xr = —_ — .
ay 4_m2_y2 /—5—4.7)7 4_$2_y2 y
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Notice that
2 2 2V2
Vf(l,\/ﬁ) = <I+I,—\1/—+2\/§> =0,

so (1,1/2) is a stationary point of f.

4) First variant. The approximating polynomial of at most first degree with (1, \/5) as point of
expansion is according to 3) given by,

Pl(may) = f(]-v\/§)+v.f(1v\/§)(xil’yfﬁ):f(lv\/i)+0

= Ind-1-2)—+v5—-4+2=1.
Second variant. If we put © = s + 1 and y = t 4+ /2, it follows by insertion and by using
known series expansions that

flzy) = lﬂ(4—$2—y2)—\/m_|_92
= ln(4—(8+1)2_(t+\/§)2)_ E AT D+ (4 V)

ln(1—25—2\/§t—s2—t2>—\/1—4s+2+2\/§t+t2

1
—23—2\/§t+---—{1—§-4s+--~}+2+2\/§t+-~-

= 14,
where the dots as usual denote terms of degree > 2.

The approximating polynomial of at most first degree from (1, 1/2) is therefore the constant
Py (1'7 y) =1

REMARK. There is nothing unusual in the fact that the approximating polynomial of at
most first degree is a constant, i.e. a degerenated polynomial of degree zero. ¢
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