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Foreword

In my works (see the bibliography at the end of the Preface) I often expressed
the view that the protracted lack of resolution of fundamental problems in science
signals the needs of basically new mathematics. This is the case, for example, for:
quantitative representations of biological structures; resolution of the vexing prob-
lem of grand-unification; invariant treatment of irreversibility at the classical and
operator levels; identification of hadronic constituents definable in our spacetime;
achievement of a classical representation of antimatter; and other basic open prob-
lems.

I have then shown that each of the above open problems admits basically novel
resolutions if a new mathematics specifically conceived for the task at hand is built.
I have moreover shown that no new mathematics is actually possible without new
numbers. For this reason, as a physicist, I have dedicated my primary attention
throughout all of my research life to the search of new numbers, because from new
numbers new mathematical and physical theories can be constructed via mere com-
patibility arguments.

In view of the above, I would like to express my utmost appreciation to Professor
Chun-Xuan Jiang for having understood the significance of the new iso-, geno-,
hyper-numbers and their isoduals I identified for a resolution of the above problems.
The significance of the new numbers had escaped other scholars in number theory
in the past two decades since their original formulation.

I would like also to congratulate Professor Jiang for the simply monumental work
he has done in this monograph, work that, to my best knowledge, has no prior
occurrence in the history of number theory in regard to joint novelty, dimension,
diversification, articulation and implications.

I have no doubt that Professor Jiang’s monograph creates a new era in number
theory which encompasses and includes as particular case all preceding work in the
field.

Ruggero Maria Santilli

President, Institute for Basic Research

P. O. Box 1577 Palm Harbor, FL 34682 U.S.A.
ibr@gte.net, http://www.i-b-r.org

Palm Harbor, Florida, January 21, 2002
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Preface

There cannot be really new physical theories without
really new mathematics, and there cannot be really new
mathematics without new numbers.

Ruggero Maria Santilli

It is shown by a number of major developments in the last century that the
standard set of mathematical tools and physical models are not sufficient to allow
us to faithfully describe the divers complex systems that arise in all branches of
science and engineering.

This monograph is dedicated to the numerical foundations of a new important
mathematics called isomathematics discovered by the Italian-American physicist
Ruggero Maria Santilli, President of The Institute for Basic Research, Palm
Harbor, Florida, USA (e-mail: ibr@gte.net, web site: http://www.i-b-r.org).

On August 23, 1997, Prof. Santilli was invited by the Chinese Academy of Sciences
to convene a workshop in Beijing, China. During that occasion, Prof. Santilli
gave a series of lectures which provided new and exciting insights into some of the
fundamental open problems facing contemporary mathematics, physics and other
sciences at the dawn of the new millennium, with particular reference to the need
for new mathematics based on new numbers.

Prof. Santilli’s lectures attracted great attention from the Chinese academic com-
munity. This fact encouraged me to compile a monograph for promoting further
advances in isomathematics.

X



X FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

The reader should be informed that the pioneering research conducted by Prof.
Santilli and his associates in various countries covers over 10,000 pages of publica-
tions including over 1,000 papers, some 25 post Ph.D. level monographs and some
50 volume of conference proceedings. It is evident that I cannot possibly review
this vast literature to any extent. Therefore, in this Preface I shall only outline
the original contributions by Prof. Santilli as listed at the end of this Preface, and
apologize to his collaborators for the impossibility of quoting their subsequent work
(for the latter, one can inspect the comprehensive bibliography of Prof. Santilli’s
recent monograph [16]).

To outline the main ideas, I use a simple mathematical language understandable
to a broader audience.

1. Ordinary Numbers. Suppose that

a’ =1, (1)
is the multiplicative unit and 0 the additive unit.
From (1) we define the multiplication (x) and division (<)
axb=ab=c a+b:%:d. (2)

The addition (+), substraction (—), multiplication (x) and division (=) form four
arithmetic operations of ordinary numbers. In particular, the multiplicative unit
(hereinafter simply referred to as the "unit”) verifies the properties

Ixa=axl=a, 1"=1. (3)

When the set of numbers a, b, ¢, ... is closed under the above operations it charac-
terizes a field.

2. Santilli’s Isodual Numbers. In papers [92, 93] of 1985 (see paper [129]
for a technical treatment), Santilli introduced, apparently for the first time in the
history of mathematics, the negative-definite unit

a = —1, (4)

which he called isodual unit, then lifted the conventional multiplication and division
of numbers into the forms

axb=a(-1)b=—ab, aib= —%, (5)

axax---xa=a" =a"(-1)""1 a " =—1xd"=a"(-1)"""",  (6)

and proved that, if the original set of numbers forms a field, all axioms of a field
remain verified under the above reformulation, resulting in a new field today called
Santilli isodual field.
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In particular, the isodual unit remains the correct left and right unit under the
isodual product

(-)xa=ax(~1)=a, (-1)"=-1, n=0,1,2,... (7)

The reader should meditate a moment on the novelty of Santilli isodual numbers.
In fact, these numbers have a negative norm; they imply the reversal of the sign of all
conventional numbers; and negative isodual numbers have a meaning equivalent to
that of conventional positive numbers (because the former are referred to a negative
unit while the latter are referred to a positive unit).

Santilli also introduced a simple method for the construction of his isodual for-
mulations [16] which consists in applying the following map (which is anti-canonical
for classical treatments or anti-unitary for operator treatments)

A, ,..) = Az,,..) = U [AU20t,UpUt, )] Ut oUf=-1, (8)

to the totality of quantities and their operations of conventional formulations.

Santilli then reformulated most of conventional mathematics in terms of his isod-
ual fields (see, e.g., Ref. [222]), and used the resulting new isodual mathematics for
the first known classical formulation of antimatter.

It should be indicated that, prior to Santilli’s studies, a mathematics for the
consistent classical description of antimatter simply did not exist. This is due to
the fact that the correct treatment of antimatter requires a mathematics which is
anti-isomorphic to that used for the treatment of matter. Such a mathematics can
indeed be constructed via charge conjugation. However, such a conjugation is only
applicable in second quantization. Its application at the classical level implies the
mere change of the sign of the charge resulting in a host of inconsistencies, e.g., the
fact that quantization would lead to particles with the wrong sign of the charge and
not to antiparticles.

In essence, Santilli identified the existence of one of the largest scientific unbal-
ances of the 20-th century which consisted in the treatment of matter at all levels of
study, from Newton to second quantization, while antimatter was solely studied at
the level of second quantization. By contrast, matter and antimatter are equivalent
in the universe to such an extent that we expect the existence of entire galaxies
made up of antimatter.

Santilli then understood that such an unbalance could only be resolved via the
construction of new mathematics specifically built for the classical treatment of an-
timatter. In this way he discovered his isodual mathematics which is manifestly
anti-isomorphic to the conventional mathematics (that with unit +1) at all levels,
beginning with the units and then passing to numbers, vector fields, Hilbert spaces,
geometries, symmetries, etc.

He then proved that his isodual treatment of antimatter is consistent not only
at the classical level, but also at the quantum level, thanks to his new isodual
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quantization for which classical antiparticles are correctly mapped into operator
antiparticles. He also proved that the operator version of his isodual treatment of
antimatter is equivalent to that via charge conjugation.

Via the use of these novel mathematical and physical theories, Santilli formulated
potentially historical predictions, such as: the first capability in the history of science
to conduct consistent quantitative studies as to whether a far away galaxy is made
up of matter or of antimatter; the experimentally testable prediction that antimatter
emits a new light which is different than the ordinary light emitted by matter; and
the prediction of antigravity (negative curvature tensor) for antimatter in the field
of matter or viceversa (see, e.g., Refs. [141, 189, 187]).

3. Santilli’s Isonumbers. In two seminal memoirs, Refs. [64, 65], written
at Harvard University in 1978 (see again Ref. [129] for a technical presentation),
Santilli assumed, apparently for the first time in mathematics, a generalized unit
which is real valued and invertible, yet otherwise arbitrary

a®=1=1/T, (9)

which he called isounit. He then generalized the multiplication and division in the
forms A a

axb = aTh, a%b:IE, (10)

axax ---axa=a" =ad"(T)"" !, a ™ = [4a" = ™(T)" L = a7 (D)™, (11)

which he called isomultiplication and isodivision, respectively. Santilli then proved
that, if the original set of number forms a field, all axioms of a field remain verified
under the above reformulation, resulting in a new field today called Santilli isofield.
In particular, the isounit remains the correct left and right unit under the isoproduct

Ixa=axI=a, (I)"=1, n=01,2,... (12)

Keeping unchanged addition and subtraction, (+, —, X, =) form four arithmetic op-
erations of isonumbers. When I = 1, it is the operations of the ordinary numbers.

Santilli then conducted numerous studies for a second lifting of most of contempo-
rary mathematics into a form admitting I, rather than the trivial number 1, as the
left and right unit at all levels, resulting in a new mathematics today called Santilli
isomathematics, which includes: isonumbers and isofields, isovector and isometric
isospaces, isogeometries and isotopologies, isofunctional analysis and isodifferential
calculus, isoalgebras and isogroups, etc. (see most of the papers [66-230], the math-
ematical presentation [175] being the most important for this book).

Santilli also indicated a simple method for the construction of isotopic theories
consisting of the noncanonical transform at the classical level and the nonunitary
transform at the operator level

A—UAUT, UUT=1#1, (13)
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which must be applied to the totality of quantities and their operations of the con-
ventional theory [16, 175].

By using his new isomathematics, Santilli achieved the first known structural
generalization of Newton’s equation since Newton’s time capable of an invariant
treatment of extended, nonspherical and deformable particles under the most general
known nonlinear, nonlocal and nonhamiltonian forces [175].

Subsequently, he achieved: the isotopies of classical Hamiltonian mechanics, to-
day known as Hamilton-Santilli isomechanics [3, 6, 10, 11, 12]; the isotopies of
quantum mechanics today known as hadronic mechanics (see, again, Refs. [66-230],
the recent monograph [16] providing an excellent outline with various applications
and experimental verifications); the isotopies of special relativity, including those of
the Lorentz and Poincaré symmetries [85, 127]; the isotopies of the Minkowskian
geometry with a geometric unification of the Minkowskian, Riemannian and other
geometries and a consequential unification of the special and general relativities
[216]; the only known aziomatically consistent and invariant grand-unification of
electroweak and gravitational interactions [196, 218]; a new cosmological concep-
tion of the universe characterized by one fundamental symmetry (rather than the
usual covariance), the Poincaré-Santilli isosymmetry [210]; and reached other very
innovative advances.

By using the above novel mathematical and physical theories, Santilli was finally
able to develop novel industrial applications consisting of new energies and fuels, as
reviewed in the recent monograph [16]. As a matter of fact, Santilli conceived his
new isomathematics and isophysical theories precisely for quantitative studies on
new energies and fuels.

The main physical difference between conventional and isotopic theories is that the
former can only describe point particles under local differential interactions deriv-
able from a potential (locally Hamiltonian systems), as one can see from the basic
Euclidean topology. By comparison, Santilli’s isotopic formulations can describe ex-
tended, nonspherical and deformable particles under linear and nonlinear, local and
nonlocal and potential-Hamiltonian as well as nonpotential-nonhamiltonian interac-
tions.

The new energies and fuels are based precisely on the new interactions outside
the descriptive capacity of contemporary mathematical and physical theories in the
fixed frame of the experimenter. The need for the new mathematics was motivated
by the fact that, in its absence, the theories are noninvariant, thus being afflicted
by catastrophic inconsistencies studies in memoir [219]. For the case of the isotopic
theories, the Hamiltonian describes conventional local-differential interactions, while
all nonhamiltonian effects are represented by the isounit, with the consequential
assurance of their invariant treatment since the unit is the basic invariant of all
theories, whether conventional or generalized.
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To my best knowledge, Santilli is the only scientist who succeeded in achieving
a structural gemeralization of both pre-existing mathematical and physical theories,
since all previous discoveries dealt with advances in mathematics or in physics, and,
more particularly, with advances in a specific branch of mathematics or physics
rather than their entire generalization.

In view of these results, Santilli received various honors, including the listing by
the Estonia Academy of Sciences among the most illustrious applied mathematicians
of all times, jointly with Gauss, Weierstrass, Lie, Hamilton, etc. Also, various
scholars have praised the new isomathematics as an epoch-making contribution to
mathematics and physics. They believe that the theory is leading to a great change
in mathematics itself, with entire new branches of science, such as iso-physics, iso-
chemistry, iso-biology, etc. What I have done in this monograph is limited to the
study of only the most fundamental mathematical entities, Santilli isonumbers, from
which all mathematical and physical isotheories can be uniquely and unambiguously
derived.

4. Santilli’s Isodual Isonumbers. Despite their generality, isonumbers as
defined above (those characterized by a positive-definite invertible isounit) resulted
to be unable to reach a consistent classical and operator description of extended,
deformable and nonspherical antiparticles under unrestricted interactions, as it is the
case of the isotopic treatment of matter. To avoid the repetition of an unbalance
between the treatment of matter and antimatter, Santilli worked out a yet new
mathematics, today called Santilli isodual isomathemartics which is characterized
by arbitrary, negative-definite and invertible isodual isounits

and related operations

— A — N A

a " = —[1g" = a(=T)"""1 = g (=])" . (15)

in which case I is indeed the correct left and right unit,

_ ~

Ixa=axI=a, (=I)"=-I. (16)

Keeping unchanged addition and subtraction, (+, —, X, =) form four arithmetic op-
erations of isodual isonumbers.

Santilli then constructed the isodualities of his isotopic mathematics at all es-
sential levels, including numbers and fields, vector and metric spaces, algebras and
symmetries, etc. In this way he extended is antimatter theory to much broader
physical conditions.
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Santilli also introduced a simple method for the construction of his isodual iso-
mathematics via the the anti-isomorphic map,

Az, ), ..) — —AT (=2l =91, ..), (17)

which must be applied to all quantities and their operations of the isotopic theory
with no exclusion.

5. Santilli’s Genonumbers and their Isoduals. Despite the achievement
of the above epoch making generalizations of all pre-existing mathematical and
physical theories, Santilli remained dissatisfied because of their inability to permit an
mwvariant representation of irreversibility at the classical and operator levels. In fact,
both the conventional and isotopic theories are structurally reversible in time, in the
sense that they admit no map producing an inequivalent time reversal version, which
inequivalence is a necessary condition to represent irreversibility (the isodual map
is inapplicable since it produces conjugation to antimatter, and not time reversal).

Santilli argued that the historical inability of the 20-th century to achieve a sig-
nificant representation of the irreversibility originates from the Hermiticity of the
basic unit of the theory, whether conventional or isotopic. At any rate, all known
interactions (electric, magnetic, gravitational, etc.) are reversible in time, that is,
their time reversal image is as causal as the conventional version. Therefore, lo-
cally Hamiltonian methods are intrinsically insufficient to represent irreversibility,
thus leaving no other choice than that of representing irreversibility via the con-
struction of another structural generalization of mathematics which is intrinsically
irreversible, namely, irreversible for all possible Hamiltonians.

For this purpose Santilli introduced a new mathematics based on a generalized
unit 7 which is invertible, but not Hermitean, as it is the case for complex numbers
or real-valued nonsymmetric matrices. This implies the consequential existence of
two generalized nonhermitean units with a ne interconnecting map [129],

> =1/1>, <I=1/<T, (18)
7 = (<D, (19)

which he called forward and backward genounits. R
He then assumed I~ as the unit for theories with motion forward in time and <I as
the unit for theories with motion backward in time, conjugation (19) characterizing

their interconnecting map.

The selection of two different units required the construction of two different new
mathematics, today known as Santilli genomathematics, because they require two
different products, evidently one per each genounit. This latter goal was brilliantly

achieved via the introduction of an order in the multiplication. In this way, Santilli
introduced the following genoproduct to the right and to the left [loc. cit.]

a>b=al”b, a<b=a~Tbh, (20)
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a>I"=01">a=a, a<“I=<I<a=a, (21)

and the products are correspondingly restricted to be either to the right or to the
left. Santilli also indicated a simple method for the construction of genotopic theories
consisting of the noncanonical transform at the classical level and the nonunitary
transform at the operator level,

A—UAW', B — WBUT, (22)
uwt=1>, wut=<I, vvut+1, wwf=+1, (23)

which maps must be again applied to the totality of the quantities and their opera-
tions of conventional or isotopic theories with no known exclusion (to avoid incon-
sistencies [219]).

In this way, Santilli resolved another historical unbalance of the 20-th century
physics, the dichotomy between the evident reversibility of all mathematical and
physical theories used in the 20-th century as compared to the evident irreversibility
of the real world.

Moreover, Santilli achieved for the first time an invariant formulations of irre-
versibility not only at the classical level, but also and most importantly at the
operator level. As a matter of fact, irreversibility emerged as originating at the par-
ticle level, and then propagate at the macroscopic level of our environment, contrary
to a popular view of the 20-th century physics.

To elaborate on this historical point, recall that a rather general belief of the
20-th century was that the particle world is reversible and irreversibility is a mere
macroscopic aspect. This position was dictated by the fact that quantum mechanics
1s strictly and solely reversible in time.

Santilli proved the following

Theorem [94]: A classical macroscopic irreversible system cannot be consistently
reduced to a finite number of elementary particles all in reversible conditions and,
vice-versa, a finite number of elementary particles all in reversible conditions cannot
consistently yield an irreversible macroscopic system.

It is evident that the above theorem discredited as nonscientific any attempt to
reduce the irreversibility of our macroscopic world to purely reversible quantum
formulations. For this purpose Santilli and his associates constructed the genotopic
branch of hadronic mechanics which is intrinsically irreversible, that is, irreversible
for whatever selection of a reversible Hamiltonian, thus permitting for the first time
in the history of science to reduce macroscopic irreversibility to the most elementary
layers of nature.

In particular, as expected, the origin of irreversibility emerged precisely in the
nonhamiltonian interactions represented with the genounits, such as the contact in-
teractions among extended particles which are dramatically outside any representa-
tional capability of quantum mechanics.
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In different words, quantum mechanics applies exactly to the system for which
it was constructed, the orbits of the electron in the Hydrogen atom, which system
is indeed reversible in time. However, the idea that a mechanics so effective in
describing electron orbits must also be exact for all other conditions in nature is
purely political-nonscientific. The genotopic branch of hadronic mechanics was con-
structed precisely for the representation of electrons in irreversible conditions, such
as an electron in the core of a star which experiences Hamiltonian interactions as
well as contact-zero range (thus non-Hamiltonian) interactions dramatically outside
the representational capabilities of quantum mechanics. In this way irreversibility
emerged in the very ultimate layer of interior particle problems, exactly as it occurs
in nature.

The resolution of the vexing problem of irreversibility via the prior construction
of a new mathematics specifically conceived for the task is, perhaps the most histor-
ical contribution made by Santilli to human knowledge to date, because it implies a
profound revision of our entire mathematical and physical knowledge with direct ap-
plications to new clean energies and fuels so much needed by mankind. An excellent
presentation of the genotopic treatment of irreversibility at the classical and opera-
tor level, including their unique interconnecting genoquantization, can be found in
the recent monograph [16].

6. Santilli’s Hypernumbers and their Isoduals. Despite the above his-
torical discoveries, Santilli remained still dissatisfied because of the insufficiency of
his genotheories to achieve a quantitative representation of biological structures. In
fact, all biological entities are manifestly irreversible because they are born, age and
die. As such, quantum mechanics is dramatically inapplicable in biology since it
would imply that all biological structures are eternal (besides being perfectly rigid
and have other catastrophic inconsistencies). It is evident that Santilli’s genotheo-
ries provide a resolution of the excessive limitations of conventional mathematical
and physical theories.

However, studies conducted by Illert and Santilli [13] have revealed that quantita-
tive representations of biological structures require formulations which are not only
irreversible but also multi-dimensional, thus implying the insufficiency of genotheo-
ries because they are irreversible but single-valued.

This occurrence, which illustrates the complexity of the biological world, was dis-
covered via quantitative studies of sea shells. It is well know since long time that
the shape of sea shells can indeed be reproduced in our three-dimensional Euclidean
geometry. The novelty discovered by Illert and Santilli deals with quantitative rep-
resentations of the time evolution of sea shells. In fact, it was shown via computer
simulations that, if the axioms of the Euclidean geometry are rigidly imposed during
its evolution in time, sea shells first grow in a deformed way and then they crack.

Moreover, Illert and Santilli [13] showed that a quantitative representation of the
growth of sea shells requires at least siz dimensions, such as the doubling of each
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of the three Fuclidean azes. This created a very intriguing problem that occupied
Santilli’s mind for some time because the growth of sea shells is fully identified by our
three-dimensional sensory perception (via our three Eustachian lobes). Therefore,
scientific treatments of sea shells growth require a geometry which is: 1) structurally
irreversible; 2) multi-dimensional; and 3) compatible with our three-dimensional
sensory perception.

The brilliant solution found by Santilli for this quite intriguing geometric problem
is the construction of yet a more general mathematics based on invertible, nonher-
mitean and multi-valued generalized units [14]

P ={ly, I;,17,.}=1/T>, <I={<I, <L), I3,..}=1/<T, (24)

= (<1, (25)

which he called Santilli forward and backward hyperunits, where multi-valuedness is

represented via sets. In this way we have the transition from the single-valuedness
of the conventional, iso- and geno-units, to a set of values for the hyperunits.

Again, the selection of two different units required the following two different
products [14]

a>b=al”b={alyb,alyb,alyb,..}, (26)
a <b=a“Tb={a~Tb,a~Tsb,a~Tsb,...}, (27)

Chapter 1. Introduced first are the foundations of Santilli’s isonumber theory
of the first kind, which is characterized by the axiom-preserving isotopic lifting of
the multiplicative unit, product and elements. And then the isogroup, the isodi-
visibility, the unique isofactorization theorem, the isoprime number theorem, the
isocongruences, etc. are studied.

In this chapter, a new branch of number theory: Santilli’s additive isoprime theory
is introduced. By using the arithmetic function J,(w) the following theorems have
been proved.

1 There exist infinitely many twin isoprimes.

2 Every isoeven number greater than 4 is the sum of two isoprimes, including the
Yu’s Mathematical Problem.

There exist infinitely many isoprimes of the form: #2 +b.
The Forbes theorems have infinitely many isoprime solutions.

There exist infinitely many k-tuples of isoprimes.

S Ot e W

Santilli’s isoprime m-chains, pj41 = mp; £ (m—1),m = 2,3,4, - - -, including the
Cunnigham chains.

7 Santilli’s chains of isoprimes in arithmetic progressions.
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8 Santilli’s chains of prime-producing quadratics.

We study properties of the arithmetic function J(w), and take the isogoldbach the-
orem as an example to study the relationships between the arithmetic function and
subequations in more detail.

We study an application that the limit for the periodic table of the stable elements
is Uranium with an atomic number of 92. We suggest the Pauli-Santilli principle
which can apply to natural sciences and social sciences.

Chapter 2. Introduced are the foundations of Santilli’s isonumber theory of the
second kind, which characterized by the axiom-preserving isotopic lifting of the unit
via an element of original field, with compatible lifting of multiplication, while the
element of the original field remains unchanged. We study the isogroup, the isodivi-
bility, the prime number theorem of isoarithmetic progression, the isocongruences,
etc. In this chapter, a new branch of number theory: Santilli’s isoadditive prime
theory is introduced. By using the arithmetic function J,(w) the following theorems
are proved.

1 There exist infinitely many twin primes. This is the simplest theorem.

2 The Goldbach theorem. Every even number greater than 4 is the sum of two
primes. It is the simplest theorem in Santilli’s isoadditive prime theory.

There exist infinitely many primes of the forms: z2 +1,2* + 1,28 + 1,26 4+ 1.
There exist infinitely many primes of the forms: ap® + bp + c.

There exist infinitely many primes of the forms: p$ + 2,p3 +2,p] +2,---.

S Ot e W

There exist infinitely many primes of the forms: (p1+1)(p2+1)+1, (p1+1)(p2+
D(ps+1)+1,---.

7 There exist infinitely many triplets of consecutive integers, each being the product
of k distinct primes. Smallest triplets: 33 = 3 x 11,34 = 2 x 17,35 = 5 X
7:1727913 = 3x11x52361, 1727914 = 2x 17x50821,1727915 = 5x7x49369; - - -.

8 There exist infinitely many Carmichael numbers, which are the product of three
primes, four primes, and five primes.

9 Every integer m may be written in infinitely many ways in the forms:

_p2t1
pf =1’
where k = 1,2,3,---;p1 and py are primes.

10 In a table of prime numbers there exist infinitely many k-tuples of primes, where
k = 2,3,4,...,10°. The theory of the table of prime numbers is the queen of
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number theory. An indecomposable prime can structure a stable system. It
can apply to the study of the stable structure of DNA and the stable genomic
sequences. A table of prime numbers is the genbank of biology. It must be a
mathematical problem of the 21st century.

In this chapter, the Riemann’s hypothesis is disproved. min|¢ (% + t;)| =~ 0 but
# 0. The computation of all nontrivial zeros of (% + ti) is error, which satisfies the
Riemann’s error hypothesis.

Chapter 3. From Fermat’s mathematics six methods for proving the Fermat’s last
theorem can be obtained. Using n = 3 or 4 we prove that all the Fermat’s equa-
tions in the cyclic determinants have no rational solutions. By lifting F'(a,+, xX) —
F(a,+, %) and F(a,+, x) — F(a,+, X) we obtain the Fermat-Santilli isotheorems.
Every positive hypercomplex number has the complex hyperbolic function. Every
negative hypercomplex number has the complex trigonometric functions. Every hy-
percomplex number has an exponential formula. Every hypercomplex function has
the Cauchy-Riemann equations. We found the relationships between the hypercom-
plex numbers and differential equations. From Fermat’s mathematics we suggest
the chaotic mathematics. It is shown that the study of the stability of nonlinear
equations is reduced to the study of the stability of the equation dA/dt = dN;/dt,
which is much simpler.

Chapter 4. In 1994 we discovered the new arithmetic function Jy(w). Using it
we proved the binary Goldbach’s theorem. Since Jo(w) — 00 as w — oo every even
number N greater 4 is the sum of two primes. It is a generalization of Euler proof
of the existence of the infinitely many primes. Since Jo(w > wy) — 00 as w — 0
every even number N from some point onward can be expressed as the sum of two
primes using only partial primes. It is 2/J2(wg) of the number of total solutions.
We shall establish the additive prime theory with partial primes.

Chapter 5. In this chapter we present another important application of Santilli’s
isonumber theory. It deals with the isotopies of conventional cryptograms, called
isocryptograms, which were first introduced by Santilli in monograph [11]. The im-
portance of isocryptograms is that they admit an infinite number of possible isounits,
thus rendering their resolution dramatically more difficult than that of conventional
cryptograms, assuming that it is possible in a finite period of time. Within the
context of contemporary society and its growing need for security, it is evident that
Santilli’s isocryptograms constitute an application of the new isonumber theory of
direct societal relevance.

CHUN-XUAN JIANG
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Chapter 1

FOUNDATIONS OF SANTILLI’S ISONUMBER
THEORY

PART I: ISONUMBER THEORY OF THE FIRST
KIND

Mathematics is the queen of the sciences, and the theory
of numbers is the queen of mathematics.

Carl Friedrich Gauss

1. Introduction

In the seminal works [1, 2] Santilli has introduced a generalization of real, com-
plex and quaternionic numbers a = n,c,q based on the lifting of the unit 1 of
conventional numbers into an invertible and well behaved quantity with arbitrary
functional dependences on local variables

1= I(t,z,d,---)=1/T #1 (1.1)
while jointly lifting the product ab = a x b of conventional numbers into the form
ab — axb = aTh (1.2)
under which I = 1/T is the correct left and right new unit
Ixa=T"Ta=axI=alT ' =a (1.3)

for all possible a = n, ¢, q.
Since the new multiplication axb is associative, Santilli [1, 2] has then proved that
the new numbers verify all axioms of a field. The above liftings were then called
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isotopic in the Greek sense of being axiom-preserving. The prefix iso is then used
whenever the original axioms are preserved.

Let F(a,+, x) be a conventional field with numbers a = n, ¢, ¢ equipped with the
conventional sum a + b € F, product ab =a x b € F, additive unit 0 € F' and their
multiplicative unit 1 € F'.

Definition 1.1. Santilli’s isofields of the first kind F' = F(&, +, x) are the rings
with elements

a=al (1.4)
called isonumbers, where a = n,c,q € F,f = 1/T is a well behaved, invertible

and Hermitean quantity outside the original field I =1 /T ¢ F and al is the
multiplication in F' equipped with the isosum

a+b=(a+b)l (1.5)

with conventional additive unit 0 =0/ =0, 6+0=a+0=a, Vae F and the
isoproduct

axb=alb=alTbl = (ab)l (1.6)
under which I = 1/7" is the correct left and right new unit (Ixa = axl =a, Vae

F) called isounit.

Lemma 1.1 [1]. The isofields F'(a,+, x) of Definition 1.1 verify all axioms of
a field. The lifting ' — F' is then an isotopy. All operations depending on the
product must then be lifted in F for consistency.

The Santilli’s commutative isogroup of the first kind

where I is called an isounit, T is called an isoinverse of I; a~? is called an isoinverse
of a% (ab, x) is called the Santilli’s commutative isogroup of the first kind.
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Lemma 1.2. Santilli’s isofields of the second kind F' = F(a, +, X) (that is, when
a € F is not lifted to a = al) also verify all axioms of a field, if and only if the
isounit is an element of the original field
I=1/TeF (1.7)
The isoproduct is defined by

axb=aThe F (1.8)

The Santilli’s commutative isogroup of the second kind

al=a, al=a11? d%al=d"=T=T""1+#1.

an:anjwnfl a~ " —n pntl aﬁxafn:aozj:rjvfl 7&1
al/\/z—a%(f)%, a_m:a_i(f)% 725 2o 0= =Tt #1
al//\‘ri:a%(f)%, ail//\:s—afé(f)%, al//\?’% 1/3—a0:f:j’71751

ab = ab (D)1=t = b7t 1, a b = a~b (1)1, gt =0 —f— -1 21,

alxbv! = aTb, alxb ! =ab 1.
where T is called an isounit; 7' an isoinverse of I; a=" an isoinverse of ai); (a’;, x) the
Santilli’s commutative isogroup of the second kind.
In this Chapter we study Santilli’s isonumber theory of the first kind, that based
on isofields F' = F'(a,+, x) [3].
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2. Foundations of Santilli’s Isonumber Theory

By lifting F(a, +, x) — F(a,+, x) we characterize Santilli’s isonumber theory of
the first kind. We can partition the positive isointegers into three classes:

(1) The isounit: I; o
(2) The isoprime numbers: 2,3,
(3) The isocomposite numbers:

K

57,
4,6,8,9,---.

The Santilli’s isonumber theory of the first kind is concerned primarily with iso-
divisibility properties of isointegers.

Definition 2.1: isodivisibility. We say d isodivides 7 and we write d T n
whenever 7 = éxd for some é&. We also say that 7 is an isomultiple of d, that d is

an isodivisor of n. If d does not isodivide 1 we write d [ 7.

Theorem 2.1. Isodivisibility has the following properties:

(1) n T n (reflexive property)
(2) d T # and 7 | 1 implies d T m (transitive property)
(3) d | 7 implies axd |axn (multiplicative property)
(4)(?] A and d |/ implies d | (XA + bxih) (linearity property)
(5) &>A<dAT axn and G # 0 implies a” n (cancellation law)
(6) I T n (I isodivides every isointeger)

Definition 2.2. If d isodivides two isointegers a and B, then d is called a common
isodivisor of @ and b.

_ Theorem 2.2. Given any two isointegers a and b, there is a common isodivisor
d of a and b of the form

~

d=axid+bxj (2.1)

where 7 and ¢ are isointegers, moreover every common isodivisor of G and b isodivides
this d. X .

The isonumber d is called the greatest common isodivisor (gcid) of @ and b and
is denoted by (a,b). If (a,b) = I, then a and b are said to be relatively isoprime.

Theorem 2.3. The gcid has the following properties:

(1) (a,b) = (b, a) (commutative law)
(2) (a,(b,¢)) = ((a,b),¢) (associative law)
(3) (axé,bxé) = éx(a,b) (distributive law)
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(4) @, D)=1

Definition 2.3. An isointeger 7 is called isoprime if n > I and if the only
positive isodivisors of n are I and f. If A > I and if 7 is not isoprime, then 7 is
called isocomposite.

Theorem 2.4. The unique isofactorization theorem. Every isointeger n > I can
be represented as a isoproduct of isoprime factors in only one way, apart from the
order of isodivisors. We can write

o= (1) x -+ x (b)) = nl, (2.2)

e.g., 20 = 22%5 = 2x9x5 = 201.

Theorem 2.5. The isoprime number theorem. By lifting every p — p we have
the isoprime number theorem
N

m(N) = log N

(14+0(1)), (2.3)
where 7(N) is the number of isoprimes p < N.

Theorem 2.6. The isoprime number theorem for isoarithmetic progressions:

~ ~ ~ A A

E. (k) =axk+a, (k,a)=1, n=0,1,2,-- (2.4)

which states that
1 N

mN) = S Tog

where 7, () denotes the number of isoprimes in E, (k) < N and ¢(k) denotes Euler’s
function.
The isogoldbach problem: N = P+ pg Every isoeven number N greater than 4
is the sum of two o isoprimes, e.g., 10=5+5=3+7. The twin isoprime problem:
=p+2eg, 13=11 +2 2. Three i 1sopr1mes problem: N = p1+ P2 + D3, N = p1+
pg ><p3, e.g., 11 = 3+3+5 20 = 5+3x%5. Fouri isoprimes problem: N = P1+DP2+P3+pP4
and N = P1 + pg X p3 xps. Five isoprimes problems: N = P1 + P2 + p3 + pa + Ps and
N = Py + P2 Xps X paxps.

1+0(1)), (2.5)

A A A A

Theorem 2.7. The stable isoprime theorem. We prove that 1,3,5,7, 11
23, 47, ,--- are the stable isoprimes.

Theorem 2.8. The stable isoeven number theorem. We prove that Q, Zl, 6,
Tﬁ, ﬂ, ﬁ, 16, §4\1, .-+ are the stable isoeven numbers.

Any isoprime p can factorize the conventional composites with p factor, e.g.,
5 =10, where I = 2.
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Theorem 2.9. Any isocomposite 7 can factorize t(n) conventional

primes, where
tn) =1, (2.6)

pln

e.g., 10 = 5, where [ = % : 10 = 2, where I = 1/5.

Definition 2.4. Given isointegers da, B,m with /m > 0. We say that a is isocon-
gruent to b module /m and we write

i = b (mod ). (2.7)

If m isodivides the difference a — I;, the isonumber m is called the modulus of iso-
congruence. The isocongruence (2.7) is equivalent to the isodivisibility relation

| (a—b). (2.8)

If m /T (6 — b) we write @ # b (mod 71) and say that & and b are nonisocongruent
mod m.

Theorem 2.10. The isocongruence is an equivalence relation:

(1) @ = a (mod ) (reflexivity)
(2) @ = b (mod m) implies b = a(mod m) (symmetry)
(3) @ = b (mod m) and b = ¢ (mod ) implies @ = ¢ (mod 1) (transitivity)

Theorem 2.11. Assume (é,7) = I. Then the linear isocongruence

IS

ax

= b (mod 1) (2.9)

has exactly one solution.

Definition 2.5. The quadratic isocongruence

72 = f (mod p), (2.10)

where p is an odd isoprime and 7 # 0 (mod p). (2.10) has at most two solutions. If
Z is a solution so is —Z, hence the number of solution is either 0 or 2.

If isocongruence (2.10) has a solution and we say that 7 is a quadratic residue
mod p and we write (%) = 1, where (%) is isolegendre’s symbol. If (2.10) has no

solution we say that 7 is a quadratic nonresidue mod p and we write (%) =-1.

Theorem 2.12.

3 #72 a (mod p). (2.11)
=1
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) denote the number of solutions

), Was (%) = 1) and W, ((%) =

Let Wyo( P | @
(mod 4) we have the recurrence formulas
Who = (p = 1)Win-1)+,
Win—1)+ + W-1)=) + 2W_1y0 — 2Wi_1y4,
(2.12)

p—1
W =75~
p—1
Wi ==~ W)+ + Wen—1)-)-

= 3 (mod 4) we have the recurrence formulas
Who = (p = D)W1),
W=+ + Wi—1)=) + 2Wi_1y0,
-~ Wi—1)-)- (2.13)

If p
+ Win-1)+
(2.14)

+ T Wino1-)

solutions, where

Zn: = a (mod p)
(—1)"

f a.

(2.15)

(2.14) has exactly J,(p) +
4) Jy(p) solutions if p

Lif p | @, and (2.1
+ &, = a (mod p)

Theorem 2.13
where p is an odd isoprlme
(=1)™ solutions if () = 1 and (2.15) J,(p) + (—1)"
| .

Ju(p) = (p=1)"—(=1)"
Theorem 2.14. A
TF 4 dg 4 -
. . -
(2.16)
1; (2.16)

(2.15) has exactly J,(p) —
solutions if (%) =—1andp
Theorem 2.15
#2432 4 a3+ +dn = G (mod p), n > 2
n(p) — 3(—1)" solutions if (%)
if () = —1. For
p ~
1)" solutions if p | a; (2.16)
1)™ solutions if (%) =-1

or p = I (mod 4), (2.16) has exactly .J,(p)
n(p (P)(
p) +3(

+ p(—1)" solutions if p | a; (2.16) Ju(p) + (—1)" solutions if (
(2.16) has exactly Jn(p) — Ja(p)(—
1; (2.16) Ju(p) —

F
In(p) + p(

p = 3 (mod 4),

Jn(p) — (—1)™ solutions if ( ) =
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Theorem 2.16.
:?: +x2+a?3+a:4+:c5+ -+ Zp=a (mod p) n > 4. (2.17)
For p=I (mod 4), (2.17) has exactly Jn(p ) (p?+5p—>5)(—1)" solutions if p | &; (2.17)
Jn(p) — (5p+10)(—1)" solutions if () = 1; (2.17) Ju(p) + (3p — 2)(—1)" solutions if
(3) = —1. For p = 3 (mod 4), (2.17) has exactly J,(p)+(p?—7p—7)(—1)" solutions if
plas; (2.17) Ju(p)+ (3p+2)(—1)" solutions if (% 4y — 1; (2.17) J(p) — (5p—10)(—=1)"

solutions if (3) =-1.

Theorem 2.17. X
i3+ &9+ + Ep=a(mod p). (2.18)
(2.18) has exactly Jy ( ) —2(— 1)” solutions if iso a5~ = [ (mod p); (2.18) Jn(p)
solutions if p \ aand 3 J(p—1I); Ju(p) + (—1)" solutions otherwise.

Theorem 2.18.

n
B1X s Xy + Y & =a (mod p). (2.19)
1=n+2—r

(2.19) has exactly J,(p) + (—=1)"Jnt1—r(p) solutions if p | a
(2.19) J,(p) + (=1)" "1 J,_.(p) solutions if p [ a.

Theorem 2.19.

B1X o XBp_ 1 X (B + -+ &) = a (mod p). (2.20)

(2.20) has exactly J,(p) — (—1)*Ji(p)(—1)" solutions if p T a;
(2.20) Jn(p) + (—=1)*Jx_1(p)(—1)" solutions if p } a.

Theorem 2.20.

(814 + 2p)XBpy1 X -+ X&p = @ (mod p). (2.21)
(

(2.21) has exactly (Jx(p) + (=1)%)(p — 1)"* solutions if p | a; (2.21) Jy(p)
(p — 1)"* solutions if p ,Y a.

Theorem 2.21. .
Let W, denote the number of solutions of (2.22), we has

Wi = Ju(p)(1+ O(1)). (2.23)
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3. Additive Isoprime Theory
Definition 3.1. We define the arithmetic progressions|[4]

Ep, (K) = wK + pa, (3.1)

where K =0,1,2,---;

W = H D, (pouw) = ]-aplpl
2<p<p;

can be expressed as the form F, (K). We define the primes and composites by K.
By lifting F(a, +, x) — F(a,+, x) we have isoarithmetic progressions from (3.1)

By (K) = (WK +pa)I = B, (K)I. (3.2)

By using isofields F(E,, (K),+, X) we characterize a new branch of number theory
called the Santilli’s additive isoprime theory.

Theorem 3.1. Let

~

FB) = anx(®)"+ - +ao = (ap" + - +ao)l = f(p)I (3.3)

be an isopolynomial. X

If there exist infinitely many isoprimes p such that each of f;(p) (fori =1, -, k—
1) is also an isoprime, then fl (p) must satisfy two necessary and sufficient conditions:

(I) Let f;(p) be k—1 distinct irreducible isopolynomials with isointegral coefficients
and one variable p.

(IT) There exists an arithmetic function J2(w) that is to separate the number of
subequation k-tuples from (3.2). It is also the number of solutions

k—1 . R
(i h502) -1 o
i=1
Since Jo(w) < ¢(w), Jo(w) can be expressed as the form

Jw)= ][] (w—1-H®)). (3.5)

3<p<p;
Now we determinate H(p), every p, > p can be expressed as the form

Pa = PX§+ 4, (3.6)
where ¢ = i,@,...,]ﬁ—f.

Substituting (3.6) into (3.4) we have isocongruence

k—1
I1 fi(d) =0 (mod p). (3.7)
=1
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Let H(p) denote the number of solutions of (3.7) for every isointeger ¢. If (3.7) has
no solutions for every isointeger, we have H(p) = 0 and Ja2(p) = ¢(p) =p — 1. (3.7)
has at most H(p) = p— 1 solutions. We have J(p) = 0. There can be no more than
one k-tuples of isoprimes.

..J;>

Example 3.1. 3-tuples: p,p1 = ﬁ—i- D2
From (3.5) we have
= [I w-1-H®). (38)

3<p<p;
From (3.7) we have H(3) = 2 and J2(3) = 0. There does not exist any 3-tuple of
isoprimes except one 3-tuple: 3, 5, 7. X
We deal with p; = a;xp+b; (fori=1,--- k—1), 2 | a;xbs, (as,b;) = I, Jo(w) can
be written in the form

Jw)= ] (b—k—x1(p) = = xx-1(p)), (3.9)
3<p<p;
where L
=1 ifplaxb
X’(p)_{ 0 ifp Jaxb
=1 it p ] (@xq + b;) and pl(agxq + by),i # j
xi(p) = A
0 if p f(aixq+b;)

The arithmetic function Jy(w) is a generalization of Euler’s function. It plays an
important role in the study of Santilli’s additive isoprime theory.

By using the Js(w) from (3.2) it is possible to obtain the best asymptotic formulas
of Santilli’s additive isoprime theory.

Suppose that ¢, is independent of p,,where t, denotes the number of primes K,
less than m in fi(Epa(Kp)) = isoprime. We take t; = t,,where a = 2,---, Ja(w),
and have asymptotic formula

me(N,2) = Hﬁ :p < N,fz(ﬁ) = isoprime H Ji(‘:" to ~ Jo(w (3.10)

We deal with one subequation k-tuple: E,, (K), f;(E,, (K)). We define the sequence:
K=0,1,2,-,m. (3.11)
We take the average value formula

C[r1(wm)]*

t = HKP : K, <m, fi(E,, (K,)) = isoprime H ~ — (3.12)

mk
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where 7 (wm) denotes the number of primes K less than m in E,, (K),C is a con-
stant. ¢ is independent of p;. The primes K, seem to be equally distributed among
Ja(w). (3.10) is precise statement of this fact.

Isolagrange theorem. The isopolynomial isocongruence
fi =0 ( mod p) (3.13)

has at most deg fiAsolutions. The large the deg fi, the less the number of isoprimes
representable by f;. We take

k—1
C =[] (degfi)™". (3.14)
i=1
Let N = wm and m1(N) ~ M%gl\/' Substituting it into (3.12), we have
k—1 N
n="_ N _q.oa). (3.15)

¢F(w) log" N

t1 =0if N <w; t1 #0if N > w similar to (3.1). (3.15) can be applied to any
k-tuple of subequations and t; is called the common factor in Santilli’s additive
isoprime theory. Substituting (3.14) and (3.15) into (3.10) we have

B k—1 . J2(w)wk71 N
(N, 2) = i:rll(degfz) 1y ) 1ogkN(1+O(1))' (3.16)

7k (N, 2) depends on Ja(w) only. m(N,2) = 0if Jo(w) = 0; 7w (N, 2) # 0if Jo(w) # 0.
Since 7 (N, 2) — 0o as Ja(w) — oo. This relation implies there exist infinitely many
k-tuples of isoprimes.

The prove of the theorems is transformed into studying the arithmetic functions
Ja(w). By using the Ja(w) we prove the following theorems:

Theorem 3.1.1. p; = axp+b, 2 T axb, (a,b) =I. From (3.9) we have

Since Ja(w) — 0o as w — 0, there exist infinitely many isoprimes p such that p; is
also an isoprime.
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Since Jy(w) — 00 as w — 0o, every isoeven number N greater than 4 is the sum of
two isoprimes. It is the simplest theorem][3].

A~

Theorem 3.1.3. Isoprime twins: p; = p + IA),Q T

[w bl

p—1
Ja(w) = H (p—2)Hf2 # 0.
3<p<p; plo P
Since Jo(w) — 00 as w — o0, there exist infinitely many isoprimes p such that p; is

also an isoprime.

Theorem 3.1.4. p; = (p £ &)Q + I, where a is an isoodd.

Jw)= [ (p—2-x®) #0,

3<p<p;

where x(p) = 0if p | (dé +1); x(p) = (—1)1%1 otherwise.
Since Ja(w) # 0, there exist infinitely many isoprimes p such that p; is also an
isoprime.

Theorem 3.1.5. p; = (p + oAL)é +a,a# —p2,

Bw)= ] (p—2—x(p) #0.

3<p<pi
where x(p) =0 ifﬁT (di +a); x(p) = (—%) otherwise.
Since Ja(w) # 0, there exist infinitely many isoprime p such that p; is also an
isoprime.

Theorem 3.1.6. p; = ﬁi +p+ l;, where b is an isoodd.
Bw) = J[ @-2-x(@)#0,

3<p<pi
where x(p) = 0 if ﬁTlA) and zﬂ(f —4xb); x(p) = (%) otherwise.

Theorem 3.1.7. p; :]5—&—@9%1:, where I =1,2,--- .k —1;
wg = [Ta<p<p, P:

Sw = [ -1 JI ®-k.

3<p<pyg Pg+1<p<p;
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Jg(w) 75 0if k < Pg+1; JQ(pg+1) =0if k = Pg+1-
Theorem 3.1.8. p; = p + 2 and o = p + 6. From (3.9) and (3.16) we have

Bw) = [ -3 #0.

5<p<p;
Jo(w)w? N
$3(w) log’N

_1/15\? p’(p—3) N
4 <4> 7<]£:£P¢ (p—1)3 108;3N(1 Fom);

m3(N,2) = (14+0(1))

N Em _ |
Let oe® N NT - We have m3(NN,2) 57,267,1443,8672,56506, 9552915553 if

N =10%10°,10%,107,108,10™.

Theorem 3.1.9. p1 =p + Q, P2 =P+ 6 and D3 :ﬁ—i—g.

hw) = ] -4 #0.

5<p<p;

Jo(w)w® N
' (w) log'N

3 3
:%<§) I p( H_N_ Loy,

—1)4 oot
T<p<pi 1)* log*N

m4(N,2) =

(1+0(1))

Let o ~ T We have mi(N,2) = 11,39,172, 866, 4894, 451570107 if N =

104,10°, 106,107,108, 10,

—~

Theorem 3.1.10. p1 =p+2, po=p+6, p3 =p+8, ps=p+ 12.

Bw)= J[ -5 #0.

7<p<p;
B Jg(w)w4 N
m5(N,2) = ) o oy (L O)
1 /15\% 4 N
~ 8 (Z) 7}1 | (— 1) 5) log5N( +0()

We have 75(N, 2) = 10, 35,147,705 if N = 10°,10°,107, 108.
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Theorem 3.1.11. p; =p+4, po=p+6, p3 =p+ 10, ps = p+ 12, p5 = p+ 16.
Bw)= ] -6)#0,

7<p<pi
Jg(w) N
¢6(w) 10g6N
_ 115y p N
=37 11 — 1 6 1og6N(1 +O)).

T<p<p;

m6(IN,2) = (1+0(1))

We have (N, 2) = 18,73,337,1730,9328 if N = 107,10%,10°,10'°, 10'!,

—

Theorem 3.1.12. PL=p+2 po=p+6, ps =p+8, ps=p+12, p5 =

p+18 p6—p+20
Jo(w) = H (p—17)
11<p<p;
w)w'

m7(N,2) = (7( 7 N o (L +0)
1 /35\° pS(p — ) N
- (8> LT i (O

We have 77(N, 2) = 56,258, 1250, 6540 if N = 10?,10'°, 10!, 10'2.

—~ —

Theorem 3.1.13. py = p+2, po =p+6, ps = p+ 12, py = p+ 14, p5 =
p+20 P = p+24 p7—p+26

17<p<p;
Ja w)w7 N
7T8(N72) ¢8(w) loggN( +O(1))
1 /1001 p'(p—8) N
=— [ — 1+ 0(1)).
120 ( 192) r2pep (@ 1)° logSN( +0W)

We have mg(N, 2) = 476,2250 if N = 10'!,10'2.

Theorem 3.1.14. p1 =p+2, po =p+6, p3s = p+8, pa = p+ 12, p5 =
p+18 p6—p+20 p7—p—|—26 pg—p+30

w) =15 H

17<p<p;
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e w)w8 N
mo(N,2) = ) 10g9N(1+o( )
_ 1 1001 P (p_g) N
~ 334 (192> e (= 1) loggN(l +0(1)).

We have mo(N,2) = 28,118,544,2725 if N = 10*!,10'2,10%3, 104,

Theorem 3.1.15. pl—p+2 p2—p+6 D3 +8, ps=p+12, p5 =
p+18 p6—p+20 p7—p—|—26 pg—p+30 pg—p+32

m10(N,2) =

1 /1001\° 9(p—10) N
~ 576 (192) 11 p( (p_ 1)10)1 10N(1 +O(1)).
17<p<p; P 0g

We have m10(N,2) = 13,52,241 if N = 10'2,10'3, 10,

7T11(N,2) =

7 (17017)10 p(p—11) N
= os (1+0(1)).
23040 \ 3072 19<H< (p— DM log"'N

We have m1(N,2) = 15,69,321 if N = 10'4,10'%,10'6.

Theorem3117 P1 —p+6 p2:p+10 p3:p+12 p4:p+16 p5—
P+22, pg = p+24, pr = p+30, ps = p+34, pg = p+36, pro = p+40, p11 = p+42.

Jow)y=21 J[ (p—12)#0.
19<p<p;
Jo(wwtt N

N,2) =
mi2(N;2) ¢1%(w) log*?N

(1+0(1)).
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p''(p—12) N
(p—1)12 logt’N

7 <17017 n (1+0(1)

30720 \ 3072 ) 19<p<p:

We have m2(N,2) = 7,31, 140,693 if N = 10'5,10'6,10'7,10'8.

Theorem3118 pl—p+2 pg—p+8 p3—p+14 p4—p+18 Ps =
p+20 pﬁ—p+24 Pr=p+30, ps =P+ 32, po=p+38, pro = p+42, pn =
P+ 44, pro=p+48.

)=924 [ (»—13)

29<p<p;
Jo(w)w!? N
¢ (w) logh’N
7 (676039)12 p2(p—13) N
29<p<p

m3(N,2) = (1+0(1))

- 1+0(1)).
276480 \ 110592 (p—1)13 log13N( +0)

We have m13(N,2) = 12,55 if N = 10'7,10!8.

Theorem 3.1.19. p1 = p+2, po = p+8, p3s =p+14, ps = p+ 18, p5 =
P+20, ps =p+24, pr=p+30, ps = p+ 32, P9 = p+ 38, pro = p+ 42, P11 =
p+44, p1o =p+48, p13=p+50.

)=300 ] (»p—14)
29<p<p;
(N2 = 2WRZ N o)
T 5 =
14 P14 (w) 10g14N
5 676039 5 pB(p—-14) N

= 508256 110502

1+ 0(1)).
29<p<p; (p— 1)14 log14N( ( ))

We have m14(N,2) = 1,2 if N = 10'7,10'8,

Note that Theorems 3.1.8. to 3.1.19. are Forbes isoprime theorems. Since
Jo(w) — o0 as w — oo, there exist infinitely many k-tuples of isoprimes, where
k=3,4,5,6,7,8,9,10, 11, 12, 13, 14. Forbes proved that there exists one k-tuple
[5]. They are the simplest theorems. One can understand and prove them.

—

Theorem 3.1.20. pl—p—|—2 pg—p+6 p3 = p 8 =p+12, ps =

p+18 pa—p+20 p7—p+26 ps—p+30 pg—p+32 p =p+36, p11 =
+42 D12 =D +48 P13 =1p +50 Pra=1p —I—56

)=96 J[ (»—15)

29<p<p;
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Jo(w)w!t N

N,2) =
7T15( ) ) ¢15(w> 10g15N

(1+0(1)).
Theorem 3.1.21. p1 =p+2, po=p+6, p3=p+8, pa=p+12, p5 = p + 14.
J2(5) = 0.

They cannot all be prime, for at least one of the five is divisible by 5.

Theorem 3.1.22. p; =p+4, po =p+6, p3 :p+ﬁ7 Pa :ﬁ+ﬁ,

1 Ps =
P+ 16, pe = D + 22.

Jo(7) = 0.
They cannot all be prime, for at least one of the six is divisible by 7.
Theorem 3.1.23. p1 = p> +p+ I and po = p2 + 3%p + 3.

Bw)= ] (p—3—x(p) #0,

3<p<p;
where X
-1 ifp=3
x(p) =1 2 if p = I(mod 3)
—2 if p =— I(mod 3)

Theorem 3.1.25. p1 = p2 + p + 41, po = p2 + 3xp + 43.

Bw)= ] (®—3—x(p) #0,

3<p<pi
where .
if p=41and p = 163,
) if p =43,
xX(p) = if (—183) = 1
2 1 ( /p\) Y
-2 if (—18%) = —1L.
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—~

Theorem 3.1.26. 1 = p2 + p+ 41, po = P2 + 3%p + 43, p3 = p? + Hxp + 47.
Jw)= [ ®—4-x()+#0,

3<p<p;

where e -
0 if p=41and p =163,
1 ifp= 43,

xp)=4 2 ip= =
3 if (= z) =
-3 if (— L) =
Theorem 3.2. If there exist infinitely many isoprimes p; (for j =1,---,n —1)

such that isopolynomials fi(ﬁj) (for i = 1,---,k — 1) are all isoprimes, then f;-(ﬁj)
must satisfy two necessary and sufficient conditions:

(I) Let fi(p;) be k — 1 distinct irreducible isopolynomials with isointegral coeffi-
cients and n — 1 variables: p;.

(IT) There exists an arithmetic function J,(w) that is to separate the number of
subequation k-tuples from (3.2). It is also the number of solutions of

(H fi(Bay), ) =1, (3.17)

where 1 <o < ¢(w), j=1,---,n—1.
Since Jy,(w) < ¢" Y (w), Ju(w) can be expressed as the form

)= TI (@—1"" = H(p)), (3.18)

3<p<p;

where H(p) is the number of solutions of isocongruence

H fi(@;) =0 (mod p), (3.19)

(27 = 17257]5_1’ ]: ].,,Tl—l
If H(p) = (p— 1)" ! for some isoprime, then J,,(p) = 0, there exist finitely many
k-tuples of isoprimes; If J,(w) # 0, then there exist infinitely many k-tuples of

1)1 = (p=D"=(=D"  (p=D" (="

isoprimes. Since (p — m 5

expressed as the form

, Jn(w) can also be

Jn(w) = H ((p — 1)np_ (_1)n - X(p)> ) X(p) =0,%1,%2,---. (3'20)
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In the same way as in Theorem 3.1., we can derive the asymptotic formula
m(N,m) =| {p; : 5 < N, fi(f;) = isoprime} |

— Jn(w)wk_l Nn—l
[[ e8I X G 2] (ogh )2

(1+0(1)). (3.21)
The prove of the theorems is transformed into studying the arithmetic functions

In(w).
By using the J,,(w) we prove the following theorems:

Theorem 3.2.1. p, = N - P 11 Di-

Jn(w) = H ((p—l)"—(—l)”)l—[(l+

3<p<p; p PN (» -

(=1)"p
i)

~—
S

If n = 2, see Theorem 3.1.2. It is isogoldbach theorem.

Theorem 3.2.2. p, = Z?:_ll Di + b.

o= I (P o) o

3<p<p; plb

If n = 2, see Theorem 3.1.3. It is twin isoprime theorem.

Theorem 3.2.3. p, = P1X - XPp_1 + b.
_ p
Tn(w)=¢"2(w) J] (-2 H*#O
3<p<p; p\b
If n = 2, it is twin isoprime theorem.

~

Theorem 3.2.4. p, = N — 1X - XPp_1.

T =62 1 0-2]["=; 20
3<p<p; p|N
If n = 2, it is isogoldbach theorem. If n = 3, it is three isoprime theorem called
(142). If n =4, it is called (1+3). If n =5, (1+4) [5].
Theorem 3.2.5. P, = P1X -+ XPp_y + Z?:_711+1_T pi +b.

Tnw) =TI ((p_ 2 —x(p)> #0,

3<p<p; p
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where
w(p) = (-1 P EDT g 5,
X(p) _ (_1)7"4-1 (p - 1)n—r—1 — (_1)n—r—1 if ﬁ /{A/ZA)

p

Let n —r = 1, see Theorem 3.2.2. Let r = 1, see Theorem 3.2.3. Let n = 2, and
r =1, it is twin isoprime theorem.

Theorem 3.2.6. P, = N — p1X - XPp_r — Z?;%Hir Di.

ne = I (=B ) 20

where

— 1T (1) .
(-1 (T

x(p) = (=1)"

x(p) = (-1)"*! L= 1)nT1p_ e it p | N.

Let n —r = 1, see Theorem 3.2.1. Let r = 1, see Theorem 3.2.4. Let n = 2, and
r =1, it is isogoldbach theorem. Let n = 3 and r = 1, it is three isoprime theorem.

Theorem 3.2.7. pp, = X7 pi+ Pri1rX -+ XPn_1 +b.

Tnw) = 1] <(p Yl e i x(p)) #0

where

where
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_17'72_ _17'72 "
x(p) = (2O e h g,
p
For r = 2, see Theorem 3.2.1. For n = r, see Theorem 3.2.4. For n =r = 2, it is
isogoldbach theorem. For n = r = 3, it is (1+2). Note that Theorem 3.2.1. to 3.2.8.

are n isoprime theorems.

Theorem 3.2.9. py = (p1 + P2 + P3 — f)2 + 1 and p5 = (P1 + p2 + D3 +f)2 + 1.
p—1)4—1
@ =TI (H —X(p)> 0,
3<p<p; p

where
p—1

x(p) = (p* = 3p+3)(1+2(-1)7).

Theorem 3.2.10. py = (p1 + p2 +pP3 — 3)2 +3 and ps = (P1 + P2 + 3 + 3)2 +3.

_ 14 _
B =TI (W—x(p)>#0,

p

where

A~

x@%=—Lx@)=@9—3p+®<1+%250-

A

Theorem 3.2.11. p3 = p1 + po + f, pa = (P1 +152)Q + 1.
Jsw)= J[ @*-3p+3—x(»)+#0,

3<p<p;

where
p—1

x(p) = (—=2)1+(-1)=).

Theorem 3.2.13. p5 = N — (D1 +ﬁ2)27 2 AA/]\AT, N # a2,

Jsw)= T[] @*—3p+3—x(p)#0,
3<p<p;
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where x(p) =11if p T N;: x(p) = (p— 2)(%) otherwise.

Theorem 3.2.14. py = (p1 + po + p3)2 + b, 2| b, b# —a2.

I =TI (w—x@))#o,

p
where x(p) = —1if p | b x(p) = (P> = 3p+3)(=2) if p [b.

Theorem 3.2.15. py = N — (b1 + p2 + p3)%, 2 | N, N # a2

_1)\4 _
Jw =TI (W—x@) 40,

3<p<pi p
where x(p) = —1if pIN; x(p) = (* = 3p+3)(-%) if p | N.

Theorem 3.2.16. py = Py +]§23 +ﬁ3g-

hw =TI (w—x@))#o.

3<p<pi b
where x(p) = 2p — 1 if p = I(mod 3); x(p) = 1 otherwise.

Theorem 3.2.17. py = p1 + P2 — P3

3<p<p;

Theorem 3.2.18. pg = p1 + P2 + P3 — Pa — Ps

Jow) = I (erl) £0.

Theorem 3.2.19. p3 = py —1—152é +b

Jsw)= T[] @*—3p+3+x(p)#0,
3<p<p;
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where x(p) = —1if p | b; x(p) = (—%) otherwise.

~

Theorem 3.2.20. p3 =N — P ]f 2

= [ @*-3p+3+x(p)#0,
3<p<p;

where y(p) = —1if p | b; x(p) = (];) otherwise.

Theorem 3.2.21. p3 = py —1—1523 +b

Jsw)= [] > —3p+3+x(p)#0,
3<p<p;

where x(p )—1ifﬁ“) X( )—2ifisoprﬂéf(modﬁ);
x(p) = —1if iso b’ §é I(mod p), x(p) = 0 otherwise.

Theorem 3.2.22. p3 = N —p1 — ]fzg

Jsw)= J[ @*-3p+3+x(»)#0,

3<p<p;

where x(p) = —1 if p|N; x(p) = 2 if iso(N)"3 = (mod p);
x(p) = =1 if iso(INV );7—% I (mod p), x(p) = 0 otherwise.

Theorem 3.2.23. p3 = py +]7A221 +b

Jsw)= J] > -3p+3+x(p)#0,
3<p<p;

where x(p) = —1if p TIA) x(p) =3 if iso(—b)%é I(mod p);
P

x(p) = —1 if iso(—b) T £l (mod p); x(p) = (g) otherwise.

Theorem 3.2.24. p3 = N —p1— pAQLi

Jsw)= J[ @*-3p+3+x(»)+#0,

3<p<p;

where x(p) = —1if p T
X(p) = =1 if iso(N)"=

23
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Theorem 3.2.25. py = p1 + po + P34+ 2, Ps = p1 + P2+ p3 +4

o= 1 (BP0 )

3<p<p; p

Theorem 3.3. The arithmetic (sifting) function J,(w) has the following proper-
ties:

W) hw)= I 2 EDT )

3<p<p; p
(2) Jn(27) = g™ (2m) = 207D
(3) Jn(1) = Ji(w) = Jn(2)
(4) Jn(ab) = Jn(a)Jn(b), (a,b) =1
(5) a | b — Jyu(a) | Jn(b),n>1
(6)

6) Jn(w )—w(” D=1 1 (w)

— Z Jnfl(w pa)
a=1

d" 1T, (a)Jn(b)

(8) Jy(ab) = 7@ (a,b) = d.
_ n__ (_1\n _ n—2 _ (_1\n—2
@ G0 ) 2p D" o erpy)

(10) Jp(w, k—=2) > Jp(w,k—1)

Jn(@™) (™R T (w)wk !
. ¢("+'f)-(2<w2n> B ¢n(+k)_2 )
et (=D = (=1 (p—-1nt—(—1)n?
(12) (p—1)"" = g . :
= Jn(p)+H (p).
We have
In(p) = (p-1" = ()" (- - ()" 20

p p
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where x(p) = H(p) — (p_l)nilp_(_l)nil; X(p) depends on the coefficients and degrees
of f; ) R

For example. p1 = p+2, x(p) =0; p3 =p1 + P2+ 1, x(p) =0; pa=p1 + P2+
p3+2, x(p) =0.

4. Derivations of the best asymptotic formulas
4.1. po =N — p;.
From (3.2) we have a subequation

Em (K2) = N - EIH (K1) (4.1)
We define the sequence
Ki=0,1,...,m. (4.2)
From (4.2) we take the average value formula
2
Ty ~ M’ (4.3)
m

where T} denotes the number of solutions in (4.1), E,, (K;) and E,,(K3) are two
isoprimes, 7 (wm) the number of primes less than m in E, (K7). From (2.5) we have

(4.4)
where m(N) denotes the number of primes less than N. Let N = wm and 7(N) ~
N/log N. From (4.3) and (4.4) we have

wlN
T = W(l + 0(1)). (4.5)

From (4.5) we have the asymptotic formula

7T2(N, 2) = Z 1= Jg(w)Tl

pe=N—p1
1 p—1 N
=2 ][] (1 — 2) I[I =—=—5=0+0(1)), (4.6)
2<p<p; (P=1) p|N72<p§pip_210g N

where Jy(w) denotes the number of the subequations.

P(w)

#9= 3 [ Gw 5]

a=1 W>N_pa)
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_ (p—1)—(-1)° (—1)%
= 1] ( > 11 <1+ (p_1>2_<_1)2>. (4.7)

2<p<p; p p|N,2<p<p;

4.2. p3 = N —p1 — po.
From (3.2) we have

EP3 (K) = N - EIH (K1) — Ep, (K2), p1 # p2. (4.8)
From (4.2) we take the average value formula

Ty ~ M, (4.9)

m
where T} denotes the number of solutions in (4.8), Epl (Ky), E‘m (Ky), and E,,(K)

are three isoprimes. In the same manner as in §4.1, from (4.9) we have the asymptotic

formula N2
w
TN = —————(1+0(1)). 4.10

In (4.8) there are two subequations: FE,,(K3) = N — E, (Ki) — Ep,(K3), and
Eyy(Ky) = N — E,,(Ky) — Ep, (K2). From (4.10) we have the asymptotic formula of
every subequation

1 w N?
Th=-———F—(14+0(1)). 4.11
From (4.11) we have
J3(w)w N?
N,3) = 1= Ty = —A1 1)). 4.12
7T2( 73) ) ; ) J3((.U) 2 2¢3(W) IOgBN( +O( )) ( )
P3=N—p1—p2
where J3(w) denotes the number of the subequations
P(w)
J3(w) = Jo(w, N = pa)
a=1
_1\3 _ -1 3 -1 3
p (p—1)% = (-1)°
2<p<p; p|N,2<p<p;

Substituting (4.13) into (4.12) we have

1 1 N?
nd= T (145=m) T (1= 5r=grs) g+ 00

2<p<p; p|N,2<p<p;
(4.14)
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In 1937, I. M. Vinogradov [6] obtained (4.14). Eq. (4.14) is the best asymptotic
formula.

4.3. py =N — p1 — p2 — Ps.
From (3.2) we have

Ep4(K) =N - Epl (Kl) - Epz (KQ) - Ep3 (K3)7 (4'15)

where p1,po and p3 are three unequalable numbers. In the same manner as in §4.1,
we have the asymptotic formula of (4.15)

w N3

=Y
! ¢ (w) log* N

(1+0(1)), (4.16)

~ ~ A

where 77 denotes the number of solutions of (4.15); Ep, (K1), Ep,(K2), Ep,(K3)
and E,, (K) are isoprimes. In (4.15) there are six subequations:

By, (Ky) = N — Ep, (K1) — Ep, (K3) — B,y (K3),
By, (K5) = N — Ep, (K1) — Epy (K3) — Ep, (K3),
Em(Kﬁ) =N- Apz(Kl) - Em(KZ) - EPS(K3)7
By, (K7) = N — Ep, (K1) — Epy(K3) — By, (K3),
By, (Ks) = N — Ep (K1) — By, (K3) — By, (K3),

Epy(K9) = N — Epy (K1) — Ep, (K2) — Ep, (K3).
From (4.16) we have the asymptotic formula of every subequation

w N3
Ty = W@(l + 0(1)). (4.17)

From (4.17) we have

3
RN = Y 1= = LT = G o))
pa=N—p1—p2—ps3

(4.18)
where J4(w) denotes the number of the subequations. From (4.7) and (4.13) we have
p(w)
Ja(w) =D J3(w, N = pa)
a=1

1) (—1)4 _1)\4
- 11 <(p D (1>> 11 <1+(p_(1)41>_1(’_1)4>. (4.19)

2<p<p; p|N,2<p<p;
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4.4. pp = N = S5
From (3.2) we have

By, (K) =N - f By, (Ka), (4.20)
a=1

where p, are (n — 1) unequalable numbers. In the same manner as in §4.1 we have
the asymptotic formula of (4.20)

w Nn—l
T) = M@(l +0(1)), (4.21)

where T denotes the number of solutions of (4.20); E,, (K) and E,_ (K,) are n
isoprimes. In (4.20) there are (n — 1)! subequations. From (4.21) we have the
asymptotic formula of every subequation

w anl

T = i) 107 OO (4.22)

From (4.22) we have

Jo(Ww N7t
(n —1)l¢p"(w) log" N

ma(N,n) = > 1= J,(w)Th =
Po=N-3""""P;
where J,(w) denotes the number of the subequations. From (4.7), (4.13) and (4.19)
we have

(1+0(1), (4.23)

$(w)
Tn(w) =" Juo1(w,N — pq)
a=1
_qp (e _
! 2<1p_£pi ( P >p|N721;[p§pi (1 ' (p—1)" — (1)n> ‘ (4.24)

In the same way it is possible to derive all asymptotic formulas in the additive
isoprime number theory. They have the same form but differ in J,(w).

5. Determinations of the number of the subequations
Let w = 6. From (3.2) we have

E5(k) = (6K +5)I, F7(K) = (6K + 7)1, (5.1)
where K =0,1,2,...

5.1. N =D+ po.
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Suppose that R R
N = (6m+ h)1, (5.2)
WhereAh =10,12,14; m=0,1,2,...
If 3|N, from (4.7) we have Jo(6) = 2.
From (5.1) and (5.2) we have

~

= (6m + 12)] = E5(K,) + E7(K3) (2 subequations). (5.3)

If 3 /N, from (4.7) we have J5(6) = 1. From (5.1) and (5.2) we have

N = (6m +10)I = F5(K;) + E5(K>) (1 subequations), (5.4)
N

= (6m +14)I = E7(K}) + E7(K3) (1 subequations). (5.5)

5.2. N = p1 + P2 + Ps.
Suppose that R R
N = (6m + h)I, (5.6)
WhereAh =17,19,21; m=0,1,2,...
If 3|N, from (4.13) we have J3(6) = 2.
From (5.1) and (5.6) we have
N = (6m +21)I = E7(K}) + E7(K2) + F7(K3) (1 subequations),
N =[6(m — 1) + 21)]I = E5(K,) + E5(Ks) 4+ Es5(K3) (1 subequations).  (5.7),
If 3 )A(N, from (4.13) we have J3(6) = 3. From (5.1) and (5.6) we have
N = (6m +17)I = E5(K}) + E5(K2) + E7(K3) (3 subequations); (5.8)
N

= (6m + 19)] = E5(K1) + E7(K3) + E7(K3) (3 subequations). (5.9)

5.3. N = 1 + P2 + 3 + pu.
Suppose that R R
N = (6m + h)I (5.10)
WhereAh =24,26,28, m=0,1,2,...
If 3|N, from (4.19) we have J4(6) = 6.
From (5.1) and (5.10) we have
N = (6m + 24)I = E5(K,) 4+ E5(K3) + E7(K3) + F7(K4)(6 subequations). (5.11)

If 3 /N, from (4.19) we have J4(6) = 5. From (5.1) and (5.10) we have

N = (6m + 26)I = E5(K1) + E7(K2) + E7(K3) + E7(K4)(4 subequations),
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E5(K1)+E5(Ko)+E5(K3)+Es(K4)(1 subequations); (5.12)
Er(Ky) + Er(Ky) + E7(K3) + E7(Ky4)(1 subequations),
E5(K1)+E5(Ko)+Es(K3)+E7(K4)(4 subequations). (5.13)

[6(m—1)+26]1
N = (6m + 28)I
N = [6(m—1)+28]1

N

5.4. N = py + po + P3 + pa + Ps.
Suppose that R R
N = (6m + h)I, (5.14)

whereAh =31,33,35; m=0,1,...
If 3| N, from (4.24) we have J5(6) = 10.
From (5.1) and (5.14) we have

N = (6m +33)I = F5(K}) + Er(K2) + Er(K3) + E7(K4) 4+ E7(Ks)
(5 subequations),
N = [6(m — 1) 4 33]] = E5(K1) + E5(K2) + Es(K3) + Es(Ky) + Er(Ks)

(5 subequations). (5.15)
If 3 /N, from (4.24) we have J5(6) = 11. From (5.1) and (5.14) we have

N = (6m + 31)I = B5(K)) + E5(K2) + E7(K3) + E7(K4) + E7(Ks)
(10 subequations),
N = [6(m —1) +31)] = E5(K)) 4 E5(K3) + Es(K3) + E5(Ky) + E5(Ks5)
(1 subequations); (5.16)
N = (6m +35)1 = Br(K1) + Fr(Ky) + Er(K3) + E7(K4) + Br(Ks)
(1 subequations),
N = [6(m — 1) + 35|] = E5(K1) 4+ Es5(K») + Es(K3) + E7(Ky) + Er(K5)
(10 subequations). (5.17)

5.5. Let w = 30. From (3.2) we have
By, (K) = (30K + pa)l, (5.18)

where K =0,1,2,...; po =7,11,13,17,19, 23,29, 31.

5.5.1. N = p1 + po.
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Suppose that X R
N = 30m+ h)I, (5.19)

where m = 0,1,2,...:h = 18,20, 22,24, 26,28, 30, 32, 34, 36, 38, 40, 42, 44, 46. From
(5.18) and (5.19) we have
N = (30m + h)I = Ep, (K1) + Epy(K2) = [30(K1 + Ko) +p1 +po]l.  (5.20)
where E,, (K) and E,,(K) are two isoprimes. From (5.20) we have
m=Kqi+ Ko, h=p1+po (5.21)

m = K7 + K> is called Yu’s mathematical problems, that is integers m greater than
1is the sum of K1 and Ky. To prove m = K + K> is transformed into studying
N Epl(Kl) +Ep2(K2)

If 3\]\7 from (4.7) we have J2(30) = 6. From (5.18) and (5.20) we have six sube-
quations: 6 =2+ 2+ 2.

N = (30m + 18)f = E7(K1) + E11(K2)

= E17(Ky) + E31(Ky) = Eig(K1) + Eag(Ko), (5.22)
N = (30m + 24)I = E7(K,) + E17(K3)

= B (K1) + Br3(Ka2) = Fo3 (K1) + F31(K2), (5.23)
N = (30m + 36)] = E7(K1) + Eag(K>)

= E13(K)) + Egs(Ky) = Ei7(K1) + Eig(Ko), (5.24)
N = (30m + 42)] = E11 (K1) + Es1(K»)
= E13(K1) + Eag(Ky) = Eig(K1) + Ea3(Ko). (5.25)

If 5|, from (4.7) we have J5(30) = 4. From (5.18) and (5.20) we have four sube-
quations: 4 =2 + 2,

V = (30m +20)] = E7(K1) + E13(K2) = Ei9(K1) + E31(K>), (5.26)
N = (30m + 40)f = Ell(Kl) + EQQ(K2) = E17(K1) + E23(K2). (527)

If 3, 5 /TN, from (4.7) we have J2(30) = 3. From (5.18) and (5.20) we have three
subequations: 3 =2 + 1,

N = (30m + 22)I = Eg3(K) + Eag(K3) = F11 (K1) + E11(K»), (5.28)
N = (30m + 26)1 = E7(K1) + Fi9(K3) = E13(K1) + E13(K>), (5.29)
N = (30m + 28)] = E11(K}) + E17(Ks) = Eag(K1) + Eag(K>), (5.30)
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N = (30m + 32)I = F13(K}) + Ei9(K2) = E31 (K1) + E31(K>), (5.31)
N = (30m + 34)I = Ey11 (K1) + Eo3(Ko) = Ei7(K) + Ei7(K»), (5.32)
N = (30m + 38)1 = E7(K}) + Fs1(K3) = E19(K1) + E19(K3), (5.33)
N = (30m + 44)] = E13(K1) + E31(K2) = E7(K1) + Eq7(K>), (5.34)
N = (30m +46)I = Ey7(K)) + Eag(K2) = Fos(K1) + Fos(K>). (5.35)

If 3, 5|N, from (4.7) we have J(30) = 8. From (5.18) and (5.20) we have eight
subequations: 8 =24+ 2+ 2+ 2.

= (30m + 30) = E7(K1) + Eas(Ks) = By (K1) + Erg(K>)

= E13(K1) + E17(K2) = Egg(Kl) + E31K2. (5.36)

For every subequation we have the arithmetic function

Bw>30= J[ ®-20 ]I ’%%0, p1 # po. (5.37)

7<p<pi p|N,7<p<p;

Since Jo(w > 30) # 0, we prove Yu’s mathematical problems. From (3.16) we have
the best asymptotic formula of solutions for Yu’s mathematical problems [3]

m(N,2)= > 1= > 1

m=Ki+Kas N:Epl (K1)+Ep2 (K2)
—2 I 0-— ]I S +on)). (5.38)
b, (p—1) oIN p—2log?N
5.5.2. N = py + P2 + ps.
Suppose that A .
N = (30m + W), (5.39)

where m = 0,1,2,...h = 25,27, 29, 31,33, 35,37, 39, 41, 43, 45, 47, 49, 51, 53. If 3| N,
from (4.13) we have J3(30) = 26. From (5.18) and (5.39) we have twenty-six sube-
quations: 26 =3 +3+3+34+6+6+141,

~

N = (30m+27)1

E7(K1) + E7(K2) + E13(K3) E13(K1) + E13(K2) + E31(K3)

E17(K1) + E17(K2) + E23(K3) E23(K1) + E23(K2) + E11(K3)

= E?(Kl) + E}9(K2) + E§1(K3) E11(K1) + E17(K2) + E29(K3)

= Eig(K1) + E1g(K2) + Erg(K3) = Eng(K1) + Eao(K2) + Eag(K3), (5.40)
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If 5|V,

(30m + 33)1

E?(K1) + E7(K2) + E19(K3) E1§(K1) + E1§(K2) + E7A(K3)

E17(K1) + E17(K2) + Ezg(K3) E3(K1) + Ea3(K3) + Ei7(K3)
E11(K1) + E23(K2) + E29(K ) = El3(K1) + E1g(K2) + E31(K3)
Eri(Ky) + B (Ko) + E11(K3) = E31(Ky) 4 F31(Ka) + E31(K3), (5.41)

(30m + 39)1

En(Kl) + EH(KQ) + EU(KS) = E:19(K1) + E:19(K2) + ]5?31(K3)

Eipg (K1) + Eo9(K3) + Ei1(K3) = E31 (K1) + Es1(K) + Er(K3)

Er (K1) + Er3(K2) + E1g(K3) = Ei7(K1) + Egs(Kz) + Eag(K3)
E13(K1) + E13(K2) + Elg(Kg) = Ezg(K1) + E23(K2) + Egg(Kg), (5.42)

(30m + 51)1

En(Kl) + E:11(K2) + fi?zg(K:s) = f?lg(fﬁ) + ]5:719(K2) + E13(K3)

Eipg (K1) + Eag(Ky) + Eg3(K3) = E31 (K1) 4 E31(K2) + Eig(K3)

Er (K1) + 1?13([(2) +E31(K3) =AE11(K1) -|1E17(K2) -|:E23(K3)
E7(Ky) + E7(Kg) + E7(K3) = Er7(K1) + Er7(K2) + E17(K3). (5.43)

from (4.13) we have J3(30) = 36. From (5.18) and (5.28) we have thirty-six

subequations: 36 =3+3+3+3+64+ 6+ 6+ 6,

(30m + 25)1

Eq(Ey) + E7(Ks) + En (Ks) = Exg(K) + Ei3(K2) + Ezg(K;)

Ehg(K1) + Evg(Ka) + Eir(K3) = E31(K1) + E31(K2) + Ea3(K3)
E7(K1) + E17(K2) + E31(K3) EZ(Kl) + El?(KQ) -+ EQ?(K?,)

E11 (K1) + Ei3(K2) + E31(K3) = Ei3(K1) + Eig(K2) + Eaz(K3), (5.44)

(30m + 35)1

En(fﬁ) + EII(KQ) + 12713(K3) = 1?17(K1) + E:17(K2) + E:31(K3)
Ea3(K1) + Ea3(Ka) + E19(K3) = Eag (K1) + Eag(K3) + Er(K3)

E7(K1) + Ell(Kg) + E17(K3) E}l(K1) + Eg3(K2) + E§1(K3)

E11 (K1) + Eag(Ka) + Eag(K3) = E13(K1) + Ei9(Ka) + Eag(K3). (5.45)

If 3, 5 | N, from (4.13) we have J5(30) = 39. From (5.18) and (5.28) we have
thirty-nine subequations: 39 =3+3+3+64+6+6+6+46,

~

N

(30m + 29)1

E11(K1) + l?11(K2) + E7(K3 E23(K1) + E23(K2) + 1?13(K3)

Eg (K1) + Ea9(K32) + E31(K3) E7(K1) + Ep3(K2) + Eao(K3)
EA‘ll(Kl) + ]?17(-’(2) + E31(K3) = Ell(Kl) + E19(K2) + Eng(K3)
Er3(Ky) + Er7(Ks) + Eag(K3) = Er7(K1) + Erg(K>) + Eas(K3), (5.46)

—~
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(30m + 31)1

L??(Kl) + EZ(KZ) + E13(K3)
Eig1 (K1) + E31(K3) + Egg(K3) =
E?(K1) + E23(K2) + E31(K3)
E13(K1) + Err(Ko) + E31(K3) =

(30m + 37)]
Er(K1) + E7(K2) + B (K3)

E7(K1) + Elg(KQ) + E17(K3)
Er3(K1) + Eas(Ks) + Eg1(K3) =

(30m +41)1
@11(-’(1) + E:11<K2) + E:19(K3)
Eyg (K1) + Ea9(K3) + Er3(K3) =
B (Ky) + Es(K) + Eir(K3) =
E17(K1) + Eo3(Ka) 4 E31(K3) =
(30m + 43)1

lEZ'7(K1) + Ez(K2) + EQ?(Kg)
Eg1 (K1) + Es1(K3) + B (K3)
E7(K1) + E17(K2) + Elg(Kg)
Er3(K1) + Eag(Ko) + E31(K3) =

(30m +47)1

Er7(Ky) + Eir(Ko) + E13(K3) =

Ezg(K1) + E29(K2) + E19(K3)
E7(K1) + E17(K2) + E23(K3)
En (K1) + Evr(Ks) + Erg(K3) =

(30m + 49)1

E13(K1) + E13(K2) + E23(K3)
Eig1 (K1) + Es1(K3) + Ei7(K3)
E?(K1) + E13(K2) + E29(K3)
E13(K1) + Err(K2) + Eig(K3) =

(30m + 53)1

l?ll(Kl) + By (K2) + E31(K3)
Ezs(fﬁ) + @23(K2) + f? 7(K3) =
B (K1) + E3(Ky) + Eg(K3)
E13(K1) + Err(K2) + Eas(K3)

= Ei9(K)) + E19(K2) + Fa3(K3)

E?(Kl) + E11(K2) + E13(K3)
E11(K1) + E19(K2) + E31(K3)
E13(Ky) 4 Fr9(Ka) + Eao(K3),

2 7 ; = Ei3(K1) + E13(Ka) + E1i(K3)
E19(K1) + E19(K2) + Ezg(K3) =

E7(K1) + ﬁ11(K2) +E19(K3)
E7(K1) + EQQ(KQ) + F31 (Kg)

E17(K1) + Fr9(K2) 4 E31(K3),

El?(Kl) + E17(K2) + E?(K?,)
E7(K1) + E11(K2) + Ezg(Kg)
E11(K1) + E29(K2) + E31(K3)

= E19(K1) + Eas(Ky) + Eag(K3),

= E1§(K1) + E};}(KQ) —+ E}7(K3)
= E7(K1) + E13(K2) + E23<K3)

E1i(Ky) + Ei3(Ks) + Er9(K3)

E19(K1) + Eas(Ko) 4 F31(K3),

E:23(K1) +ﬁ23(K2) +E31(K3)
Eq(K1) + B (K2) + Ex(Ks)
E11(K1) + E13(K2) + E23(K3)
En7(Ky) + Bag(K2) + E31(K3),

= f?lg(Kl) +E19(K2) +AEH(K3)
= E7(Ky) + B (K2) + E31(K3)

Er(Ky) + Er9(K2) + Eas(K3)

E19(K) + Eao(K2) + F31(K3),

= Ei7(Ky) + E17(Ka) + Eig(K3)

E7(K)) + Ey7(K2) + Eag(K3)

= E:ll(Kl) + E:19(K2) + E23(K3)
= Fa3(K1) + Eog(Ko) + E31(K3).

(5.47)

(5.48)

(5.49)

(5.50)

(5.51)

(5.52)

(5.53)
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If 3, 5|V from (4.13) we have J3(30) = 24. From (5.18) and (5.39) we have twenty-
four subequations: 24 =34+3+3+3+3+3+3+3

N = (30m+45)]

Ej(Kl) + EA7A(K2) + E31A(K3) = EA11A(K1) + EAuA(Kz) + EA23A(K3)

= Eu3(K1) + E13(Ky) + E19(K3) = Ei7(K1) + Ev7(K) + En (K3)
E}Q(Kl) + E}Q(K2) + Ej(Ks) = E2§(K1) + E2§(K2) + E29(K3)
Egg(Kl) + EQQ(KQ) + E17(K3) = Egl(Kl) + E31(K2) + Elg(Kg). (5.54)

The number of the subequations is very exactly determined by J,(w). J,(w) —
00 as w — 0o is proof of the existence of infinitely many isoprimes similar to Euler’s
proof. It is a generalization of Euler’s proof of the existence of infinitely many
primes.

5.5.3. po =p1 +2.

We have
Bw) = [ (w—2)#0. (5.55)

3<p<p;
From (5.55) we have J2(30) = 3. From (5.18) we have three subequations

Elg(K) = EH(K) + 2,E19(K) = E17(K) + 2, FE31 = EQQ(K) + 2. (556)

Every subequation has infinitely many prime solutions. Since J2(w) — 0o as w — o0,
there exist infinitely many subequations. Each has infinitely many prime solutions.

5.5.4. po = (p1 +1)* + 1.

We have
Jw) = [ ®w-2-x()#0, (5.57)

3<p<p;
where x(p) = (—1)%.
From (5.57) we have J5(30) = 4. From (5.18) we have four subequations
Er7(Ka) = (Bi3(K1) +1)° +1,  Er(Ky) = (Eig(K1) +1)* +1,

Er(K3) = (Ex3(K1) +1)° +1,  E3i(Ky) = (Bao(K1) +1)* + 1. (5.58)

Every subequation has infinitely many prime solutions. Since J2(w) — 0o as w — o0,
there exist infinitely many subequations. Each has infinitely many prime solutions.

5.5.5. po = (p1 +3)* + L.

We have
Jw) = [ ®w—2-x()#0,

3<p<p;
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where x(5) =0, x(p) = (—1)1777l otherwise.
From (5.58) we have J2(30) = 6. From (5.18) we have six subequations

Eni(Ks) = (E7(K1) +3)2+1, Eir(Ks) = (B (K1) +3)* +1,
Err(Ks) = (Ers(K1) +3)2+1, Ei(K) = (Eir(K1) +3)* + 1,

E17(K2) = (E23(K1) + 3)2 + 1, E17(K2) = (Egl(Kl) + 3)2 + 1. (559)
Every subequation has infinitely many prime solutions. Since J2(w) — 00 as w — o0,
there exist infinitely many subequations. Each has infinitely many prime solutions.

5.5.6. po = (p1 +5)% + 1.

We have
Jw) = [ ®—2-x()#0, (5.60)

3<p<pi
where x(13) =0, x(p) = (—1)% otherwise.
From (5.60) we have J2(30) = 4. From (5.18) we have four subequations
Er7(Ks) = (E11 (K1) +5)* + 1, Br(Ks) = (Big(K1) +5)* + 1,
E17(Ky) = (Ey(K1) +5)2 4 1, B7(Ks) = (E31 (K1) 4+ 5)% + 1. (5.61)

Every subequation has infinitely many prime solutions. Since J2(w) — 0o as w — o0,
there exist infinitely many subequations. Each has infinitely many prime solutions.
5.5.7. pp = (1 +7)* + 1.

We have
Jw) = [ ®—2-x()#0, (5.62)

3<p<p;

p—1

where x(5) =0, x(p) = (1) 2 otherwise.
From (5.62) we have J3(30) = 6. From (5.18) we have six subequations
E17(K2) = (E7(K1) + 7)2 +1, EH(KQ) = (Elg(Kl) + 7)2 + 1,
B (K2) = (Eyg(K1) + 1)+ 1, Ei7(K2) = (Eig(K1) + 1) + 1,
B3 (Ky) = (Bxs(K1) +7)? 41, E7(Kp) = (Eyw(Ky)+7)%+1. (5.63)

Every subequation has infinitely many prime solutions. Since J2(w) — 0o as w — 00,
there exist infinitely many subequations. Each has infinitely many prime solutions.

5.5.8. po = (p1 +9)* + L.

We have
Jw) = [ ®—2-x()#0, (5.64)

3<p<p;
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where x(41) =0, x(p) = (—1)}7%1 otherwise.
From (5.64) we have J2(30) = 4. From (5.18) we have four subequations

Er7(Ky) = (B7(K1) +9)* + 1, E11 (Ka) = (B (K1) +9)% + 1,

E17(Ky) = (E17(Ky) +9)2 4+ 1, E11(K3) = (B3 (K1) +9)2 + 1. (5.65)

5.5.9. po = (p1 +11)* + 1.

We have
hw) = J[ (@—2-x(p) #0, (5.66)

3<p<p;
where x(61) =0, x(p) = (—1)% otherwise.
From (5.66) we have J3(30) = 4. From (5.18) we have four subequations
E7(K3) = (E13(K1) + 11)* + 1, Eg1 (K3) = (E19(K1) +11)* + 1,

E17(K2) = (E23(K1) + 11)2 +1, Ell(K2) = (Egg(Kl) + 11)2 + 1. (567)

Since Ja(w) — 00 as w — 00, there exist infinitely many subequations.

5.5.10. py = (p1 +2)* +2.

We have
Bw)= ] (p—2-x(p) #0, (5.68)

3<p<p;
where x(3) =0, x(p) = (772) otherwise.
From (5.68) we have J2(30) = 4. From (5.18) we have four subequations
Ea3(Ky) = (B7(K1) +2)% + 2, Big(K2) = (Ews(K1) +2) + 2,

E23(K2) = (Elg(Kl) + 2)2 + 2, EH(KQ) = <E31(K1) + 2)2 + 2. (569)

Every subequation has infinitely many prime solutions. Since Ja(w) — 00 asw — o0,
there exist infinitely many subequations. Each has infinitely many prime solutions.

5.5.11. py = (p1 +4)? + 2.

We have
Jw) = [ ®—2-x()#0, (5.70)

3<p<p;

where x(3) =0, x(p) = (_?2) otherwise.
From (5.70) we have J2(30) = 4. From (5.18) we have four subequations

E17(K2) = (EH(Kl) + 4)2 + 2, Egg(Kg) = (E17(K1) + 4)2 + 2,
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E1(K2) = (Eas(Kp) 4 4)2 + 2, By (Ko) = (Fag(K1) + 4)? + 2. (5.71)

5.5.12. py = (p1 +6)% + 2.

We have
Jw) = [ ®-2-x()#0, (5.72)

3<p<pi
where x(3) = 0, x(p) = 52). There do not exist prime solutions except ps = (3 +
6)% +2 = 83.
5.5.13. py = (p1 + a)? + 2. where 6|a

We have J2(3) = 0. There do not exist prime solutions except py = (3+a)? +2 =
prime.

5.5.14. py = (p1 +a)? + 2. where 6 fa

We have J(w) # 0. There exist infinitely many prime solutions.

5.5.15. py = (p1 +1)? + 3.

We have
Bw)= ] (p—2-x() #0, (5.73)
3<p<p:
where x(3) =0, x(p) = (_?3) otherwise.
From (5.73) we have J2(30) = 4. From (5.18) we have four subequations

Er(Ks) = (B7(K1) + 1) + 3, E1g(K>) = (E13(K1) + 1)* + 3,

E13(Ks) = (E19(K1) + 1) 4 3, B7(Ks) = (B3 (K1) 4+ 1)% + 3. (5.74)

Every subequation has infinitely many prime solutions. Since Jo(w) — o0 as w —
00, there exist infinitely many subequations and each has infinitely many prime
solutions.

5.5.16. py = (p1 + 3)* + 3.

We have
Bw) = ] (®—2-x(p) #0, (5.75)

3<p<p;

where x(3) = —1, x(p) = (7?3) otherwise.

From (5.75) we have J2(30) = 8. From (5.18) we have eight subequations
En(Ks) = (Er(K1) +3)° + 3, E17(K2) = (B (K1) +3)* + 3,

E17(Ky) = (E13(Ky) + 3)2 4 3, E13(K3) = (E17(K1) + 3)% + 3,
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Er(K3) = (E19(K1) + 3)2 + 3, E19(K>y) = (Eas (K1) + 3)% 4 3,
E7(K2) = (Egg(Kl) + 3)2 + 3, E17(K2) = (E31(K1) + 3)2 + 3. (5.76)

5.5.17. p2 = (p1 +5)% + 3.

We have
Jw) = [ ®—2-x()#0, (5.77)

3<p<p;
where x(3) = x(7) =0, x(p) = (_73) otherwise.
From (5.77) we have J5(30) = 4. From (5.18) we have four subequations
Eg(K>) = (E11 (K1) +5) + 3, B7(K>) = (B17(K1) + 5)% + 3,

Er7(Kj3) = (Fo3(K1) + 5)2 + 3, E19(Ks) = (Eag(K1) 4 5)% + 3. (5.78)

5.5.18. po = (p1 +2)? + 4.
We have

hw =TI G-2- (D7) £0, (5.79)

3<p<p;

From (5.79) we have J2(30) = 4. From (5.18) we have four subequations
Ea3(Ks) = (En (K1) +2)% +4, Eig(Ka) = (Ei3(K1) +2)* + 4,

EQQ(KQ) = (E23(K]_) + 2)2 + 4, Elg(KQ) = (E31 (K1) + 2)2 + 4. (580)

Every subequation has infinitely many prime solutions. Since J2(w) — 00 asw — oo,
there exist infinitely many subequations. Each has infinitely many prime solutions.

5.5.19. py = (p1 +5)% + 5.

We have
Jw)= [ (p—2-x) #0, (5.81)

3<p<p;

where x(3) =0,x(5) = —1,x(p) = (_?5) otherwise.
From (5.81) we have J5(30) = 4. From (5.18) we have four subequations

Eng(Ks) = (B7(K1) +5)* + 5, Exg(K2) = (E13(K1) + 5)* + 5,

B (Ky) = (E19(Ky) +5)2 4 5, E11(K>) = (Es31 (K1) +5)2 + 5. (5.82)

Every subequation has infinitely many prime solutions. Since J2(w) — 00 asw — o0,
there exist infinitely many subequations. Each has infinitely many prime solutions.

5.5.20. py = p3 + 2
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We have
Sw) = [ ®—2-x()#0, (5.83)

3<p<p;

where x(p) = 2 if 2% =1 (mod p), x(p) = —1if 9t /& = 1(mod p), x(p) = 0.
otherwise.
From (5.83) we have J2(30) = 3. From (5.18) we have three subequations

Ei3(Ks) = (B11 (K1) + 2, E1g(K>) = (Ea3(K1))? + 2,

FE3 (KQ) = (EQQ(K1>)3 + 2. (584)

Every subequation has infinitely many prime solutions. Since J2(w) — 0o as w — o0,
there exist infinitely many subequations. Each has infinitely many prime solutions.

5.5.21. py = (p1 +1)* +1

We have
Jw) = [ ®—2-x()#0, (5.85)

3<p<p:
where x(p) =3 if p =1 (mod 8), x(p) = —1 if p #Z 1(mod 8). From (5.85) we have
J2(30) = 8. From (5.18) we have eight subequations
Ei7(Ks) = (Br(K1) + 1) + 1, Br(K3) = (B (K1) + 1) + 1,

E7(Ky) = (Bw(K1) + 1) +1, B7(Ky) = (Bvr(Ky) + 1) +1,
E11(K>3) = (Big(K1) + 1)* 4+ 1, Br(K3) = (Bas(K1) + 1)* + 1,
E31(Ks) = (Ex(K1) + 1)* + 1, Bi7(K2) = (F31(Ky) +1)* + 1. (5.86)
Every subequation has infinitely many prime solutions. Since J2(w) — 0o as w — o0,
there exist infinitely many subequations. Each has infinitely many prime solutions.
5.5.22. 3-tuple: po =p; +2 and ps =p; +6

We have
Bw) = [T »-3)#0, (5.87)

5<p<p;
From (5.87) we have J2(30) = 2. From (5.18) we have two 2-tuples of subequations
Ey3(K) = En(K) +2, Eir(K) = (En(K)+6;

E19(K) = E17(K) +2, E3(K)= E7(K)+6. (5.88)

Every 2-tuple of subequations has infinitely many 3-tuples of primes. Since Ja(w) —
00 as w — 00, there exist infinitely many 2-tuples of subequations. Each has in-
finitely many 3-tuples of primes.
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5.5.23. 3-tuple: po = p; + 6 and p3 = p; + 12

We have
Jw)=2 [ (»-3)#0, (5.89)

5<p<pi
From (5.89) we have J2(30) = 4. From (5.18) we have four 2-tuples of subequations
E3(K) = E7(K) +6, E9(K) = E7(K)+12;
E17(K) = By (K) +6, Eas(K) = Ep(K)+12;
Eg3(K) = E17(K) + 6, Eag(K) = Ei7(K) + 12;
Br(K) = By (K1) +6, Ei3(K;) = B (K) + 12. (5.90)

Every 2-tuple of subequations has infinitely many 3-tuples of primes. Since
Ja(w) — 00 as w — oo, there exist infinitely many 2-tuples of subequations. Each
has infinitely many prime solutions.

5.5.24. 3-tuple: py = p; + 4 and p3 = p? + 4

We have
Bw) =2 [[ (p-3-(-1)"V2) %0, (5.91)

T<p<p;

From (5.91) we have J2(30) = 2. From (5.18) we have two 2-tuples of subequations
En(K) = Br(K) +4, Fp3(K1) = (B1(K))* +4,

Err(K) = Eis(K) +4, Ea(K)) = (Ei3(K))* +4. (5.92)

Every 2-tuple of subequations has infinitely many 3-tuples of primes. Since Jy(w) —
00 as w — 00, there exist infinitely many 2-tuples of subequations. Each has in-
finitely many 3-tuples of primes.

5.5.25. 4-tuple: ps = p1 +4 and p3 = p1 + 16 and ps = p1 + 36

We have
hw) =2 [ w-4#0, (5.93)

7<p<p;

From (5.93) we have J2(30) = 2. From (5.18) we have two 3-tuples of subequations

En(K) = E7(K) +4, Ex(K)=E/(K)+16, Ei3(K)= E7(K1) + 36;

E17(K) = E13(K) + 4, EQQ(K) = E13(K) + 16, Elg(K) = E13(K1) + 36. (594)
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Every 3-tuple of subequations has infinitely many 4-tuples of primes. Since Jy(w) —
00 as w — 00, there exist infinitely many 3-tuples of subequations. Each has in-
finitely many 4-tuples of primes.

5.6. Let w = 210. From (3.1) we have
Epa(K) = 210 + pa, (5.95)

where K =0,1,2,...,¢(210) = 48, that is the number of p,, p, = 11, 13, 17, 19, 23,
29, 31, 37, 41, 43, 47, 53, 59, 61, 67, 71,73, 79, 83, 89, 97, 101, 103, 107, 109, 113,
121, 127, 131, 137, 139, 143,149, 151, 157, 163, 167, 169, 173, 179, 181, 187, 191,
193, 197, 199, 209,211.

Since ¢p(w) — o0 as w — oo, there exist many arithmetic progressions and each
has infinitely many primes. We have

w =1
lim —— = — =00,
M50 = 2

and (w,w+1) = (w, pa) = 1. It is an Euclid-Euler proof of the existence of an infinity
of primes. Jo(w) is a generalization of Euler function ¢(w).
5.6.1. 4-tuple: p2 = p1 +2,p3 = p1 + 6 and pgy = p1 + 8.

We have
B = [ (-4 +0. (5.96)

5<p<p;

From (5.96) we have J2(210) = 3. From (5.95) we have three 3-tuples of subequations
E13(K) = Ell(K) + 2, E17(K) = Ell(K) + 6, Elg(K) = EU(K) + 8;

Er03(K) = Er01(K) +2, Eio7(K) = Ei01(K) +6, Ei9(K) = E01(K) + 8;
Fh93(K) = F191(K)+2, E197(K) = E191(K)+6, Ei99(K) = E191(K)+8. (5.97)
Every 3-tuple of subequations has infinitely many 4-tuples of primes. Since Ja(w) —
00 as w — 00, there exist infinitely many 3-tuples of subequations. Each has in-
finitely many 4-tuples of primes.
5.6.2. 5-tuple: po =p1 +4,p3 =p1 +6,p4 = p1 + 36,p5 = p1 + 64.

We have
Jow)=6 J] (p—5)#0. (5.98)

11<p<p;

From (5.98) we have J2(30) = 6. From (5.95) we have six 4-tuples of subequations

E41(K) = E37(K) + 4, E53(K> = E37(K) + 16,
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Ers(K) = E37(K) + 36, E01(K) = Es7(K) + 64;
Eg(K) = Ey3(K) +4, Eso(K) = Ey3(K) + 16,
Eqr9(K) = Eg3(K) + 36, Eig7(K) = Es3(K) + 64;
En(K) = Eer(K) +4, Es3(K) = Eg7(K) + 16,
Eqp3(K) = Eg7(K) + 36, E131(K) = Eg7(K) + 64;
Er31(K) = Bi27(K) +4, E3(K) = Ei27(K) + 16,
Er63(K) = E127(K) + 36, E191(K) = E127(K) + 64;
Er67(K) = E163(K) +4, Eir9(K) = Ei63(K) + 16,
Fr99(K) = E163(K) + 36, E17(K1) = Er63(K) + 64;
FEr197(K) = E193(K) +4, FEop9(K) = E193(K) + 16,

Erg(K1) = E193(K) + 36, Eu7(K1) = E193(K) + 64. (5.99)

Every 4-tuple of subequations has infinitely many 5-tuples of primes. Since Ja(w) —
00 as w — 00, there exist infinitely many 4-tuples of subequations. Each has in-
finitely many 5-tuples of primes.

5.6.3. 5-tuple: po = p1 4+ 2,p3 =p1 +6,p4 = p1 + 8 and p5 = p; + 12.

We have
Jow)= [ (»—5)#0. (5.100)

7<p<p;

From (5.100) we have J2(210) = 2. From (5.95) we have two 4-tuples of subequations
Ei3(K) = BEn(K) +2, Ei7(K)=En(K)+6,

Elg(K) :Ell(K)+8, EQg(K) :EH(K)—i-lQ;
Fr03(K) = FBi01(K) +2, Eio7(K) = Er01(K) + 6,
Elog(K) = EIOI(K> + 8, E113(K) = EIOI(K> + 12. (5101)

Every 4-tuple of subequations has infinitely many 5-tuples of primes. Since
Ja(w) — o0 as w — oo, there exist infinitely many 4-tuples of subequations. Each
has infinitely many 5-tuples of primes.

5.6.4. 6-tuple: po = p1 +4,p3 = p1 +6,p4 = p1 +10,p5 = p1 + 12, pg = p1 + 16.

We have
Jow)= [ (»—6)#0. (5.102)

7<p<p;
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From (5.102) we have J5(210) = 1. From (5.95) we have one 5-tuple of subequa-
tions

E101(K) = Eg7(K) +4, Ei03(K) = Eg7(K) +6, Eig7(K) = Eg7(K) + 10,

Elog(K) = E97(K) + 12, E113(K) = E97(K) + 16. (5103)

(5.103) has infinitely many 6-tuples of primes. Since Ja(w) — 00 as w — oo, there
exist infinitely many 5-tuples of subequations. Each has infinitely many 6-tuples of
primes.

5.6.5. 7-tuple: po =p1 +4,p3 =p1 +6,p4 =p1 +10,p5 = p1 + 16,pg = p1 + 18
and py = p1 + 24.

We have
Jw)=2 J[ (-7 #0. (5.104)
11<p<p;

From (5.104) we have J2(210) = 2. From (5.95) we have two 6-tuples of subequations

E7(K) = E13(K) +4, Ei9(K) = E13(K)+6, Ex3(K)=E;3(K)+ 10,
Ei3(K) +18, E37(K) = E13(K) + 24;
K)+6, Ei73(K) = E63(K) + 10,

K) + 18, E187(K) = E163(K) + 24.

(5.105)
Every 6-tuple of subequations has infinitely many 7-tuples of primes. Since Ja(w) —
00 as w — 00, there exist infinitely many 6-tuples of subequations. Each has in-
finitely many 7-tuples of primes.

= Fi63

(
(

5.6.6. 7-tuple: po = p1 +6,p3 = p1 +8,p4 = p1 + 14,p5 = p1 + 18,ps = p1 + 20
and py = p1 + 24.
We have
Jw)=2 J[ (-7 #0. (5.106)

11<p<p;

From (5.106) we have J2(210) = 2. From (5.95) we have two 6-tuples of subequations

Eo9(K) = Eo3(K) +6, E31(K)= E23(K)+8, Es7(K)= FEa(K) + 14,

(K)
EQg(K) + 20, E47(K) = Egg(K) + 24,
K)+8, FEi37(K) = E173(K) + 14,

K) + 20, E197(K) = E173(K) + 24.
(5.107)

Eir9(K) = E173(K) +6, Eigi

(K)

E41(K) = EQg(K) + 18, E43(K)
(K)

E191(K) = E73(K) 4+ 18, E193(K) = Ei73

—~~
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Every 6-tuple of subequations has infinitely many 7-tuples of primes. Since Jy(w) —
00 as w — 00, there exist infinitely many 6-tuples of subequations. Each has in-
finitely many 7-tuples of primes.

5.6.7. T-tuple: p2 = p1+42,p3 = p1+48,ps = p1 +50,p5 = p1 + 56, ps = p1 +60
and py = p1 + 62.
We have
)=3 ] —7-x() #0. (5.108)

11<p<p;

where X (31) = —1, x(p) = 0 otherwise.
From (5.108) we have J3(210) = 3. From (5.95) we have three 6-tuples of sube-
quations

Es3(K) = Eni(K) +42, Eso(K) = Eni(K) +48, Ee1(K) = E11(K) + 50,

Es1(K) = E1(K) + 56, En(K) = En(K)+ 60, Er(K)= En(K) + 62;
E73(K) = Ei31(K) + 42, E179(K) = E131(K) + 48, FE181(K) = E131(K) + 50,
Eis1(K) = E131(K) + 56, Eio1(K) = Ei31(K) + 60, Eig3(K) = Ei31(K) + 62;
Eos(K1) = Erg1(K) + 42, Esg(K1) = Eio1(K) +48, Esi(K1) = Eig1(K) + 50,
E37(Ky) = Ev91(K) + 56, Ey4 (K1) = E91(K) +60, Eu3(K1) = Ei91(K) (—gfli?)g)

Every 6-tuple of subequations has infinitely many 7-tuples of primes. Since
Ja(w) — o0 as w — oo, there exist infinitely many 6-tuples of subequations. Each
has infinitely many 7-tuples of primes.

5.7. We define

E,.(K) = 36K + pa (5.110)

where K = 0,1,2, ...,pa = 5,7,11,13,17, 19, 23,25, 29, 31, 35, 37.

5.7.1 po=p1 + 2

We have J5(36) = 6. From (5.110) we have six 6-tuples of subequations of twin
primes

E7(K) = E5(K) + 2, Elg(K) = Ell(K) + 2, Elg(K) = E17(K) + 2,

E25(K):E23(K)+2, E31(K) :Egg(K)-l-Q, E37(K) :E35(K)+2. (5.111)

5.8. We define
Ep, (K) = 4K + pa (5.112)

where K =0,1,2,...,po = 3,5.
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5.8.1. po = p1 +2
We have J3(4) = ¢(4) = 2. From (5.112) we have two subequations of twin primes

E5(K) :Eg(K)+2,E3(K1) :E5(K)+2. (5.113)

5.9. We define
Ep.,(K) =5K + pq (5.114)

where K =0,1,2,...,po = 2,3,4,6.
5.9.1. ppo=p1 +2
We have J2(5) = 3. From (5.114) we have three subequations of twin primes

E4(K) = EQ(K) + 2,E6(K) = E4(K) + 2,E3(K) = Eﬁ(Kl) + 2. (5.115)

5.10. We define
E, (K) = 8K + p, (5.116)

where K =0,1,2,...,po = 3,5,7,9.
5.10.1. po =p1 + 2
We have J2(8) = ¢(8) = 4. From (5.116) we have four subequations of twin primes

Es(K) = E3(K)+2, E7(K) = E5(K) +2, Eg(K) = E7(K) +2, E3(Ky) = Eg(f)'f'Q)-
5.117

5.11. We define
E,. (K) = 16K + p, (5.118)

where K =0,1,2,...,pq = 3,5,7,9,11,13,15,17.
5.11.1. po =p1 + 2

We have J2(16) = ¢(16) = 8. From (5.118) we have eight subequations of twin
primes

E5(K)=FE3(K)+2, E7(K)=EFE5;K)+2, EoK)=E;(K)-+2,
EH(K) :Eg(K)+2, Elg(K) :Ell(K)JrQ, E15(K) :Elg(K)+2,
E17(K) = E15<K) + 2, E3(K1) = E17(K) + 2. (5119)
5.12. We define
Epa (K) =2"K + pa (5.120)
where K = 0,1,2, .., 6(2") = 271 (2% po) = 1, pa = 3,5, 7, 0., 2 + 1.
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5.12.1. po =p1 + 2

We have J(2") = ¢(2") = 2"~L. From (5.120) we have 2"~ ! subequations of twin
primes.

Since J2(2") — oo as n — oo, there exist infinitely many subequations of twin
primes and each has infinitely many twin primes.
We have the asymptotic formula
N

mo(N,2) ~ 2———
2( ) log2N

(5.122)

5.12.2. py =p1 +2,p3 = p1 + 6.

We have Jo(2") = ¢(2") = 2"~ 1. From (5.120) we have 2"~ ! 2-tuples of subequa-
tions

Since J2(2") — oo as n — oo, there exist infinitely many 2-tuples of subequations
and each has infinitely many 3-tuples of primes.
We have the asymptotic formula
4N

7T3(N,2) ~ 10ng

(5.124)

5.12.3. po=p1+2,p3=p1 +6,ps = p1 +8.

We have J5(2") = ¢(2") = 2"~ 1. From (5.120) we have 2"~! 3-tuples of subequa-
tions

Es(K) = E3(K) +2,E9(K) = E35(K) 4+ 6,FE11(K) = E3(K) +8;---.  (5.125)

Since J2(2") — oo as n — oo, there exist infinitely many 3-tuples of subequations
and each has infinitely many 4-tuples of primes.
We have the asymptotic formula

8N

(5.126)

6. Santilli’s Isoprime m-Chains

While studying the Cunningham chains we discover the Santilli’s isoprime m-chains
that show novel properties for sufficiently large isoprimes and prove them using the
arithmetic function Js(w) below.
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Theorem 6.1. An increasing sequence of isoprimes p; < po < -+ < py is called
a Santilli’s isoprime m-chain of the first kind of length £ if

i1 = mxpj + 1 — 1 = (m(p1 +1) = 1)1 (6.1)
for j=1,---,k —1, where m > 1 is any positive integer.
There exist infinitely many isoprimes p; such that po,- - -, pi are all isoprimes for

any length k.
Let I = 1. From (6.1) we have

pjar=mp;+m—1=ml(p; +1)—1 (6.2)
forj=1,---,k—1.

Proof: We have the arithmetic function

J2<w>=Hpa:1gas¢<w>,(ﬁ<mf<pa+1>1>,w)= =TI e-xto) 20

Jj=1 3<p<p;
(6.3)
We now calculate x(p). The smallest positive integer S such that
m® = 1(mod p), (m,p) =1 (6.4)
is called the exponent of modulo p, and is denoted by writing
S = exp,(m). (6.5)
x(p) =kif k< S;x(p) = Sif k>S5 x(p) =1if plm(m —1).
From the Euler-Fermat theorem we have
S<op)=p-1 (6.6)
Then we have
x(p) <p—1and Jo(p) > 1. (6.7)
We prove that
Jo(w) # 0. (6.8)
Since Jo(w) — 00 as w — oo, there exist infinitely many isoprimes p; such that
Po, -, Pr are all isoprimes for any length k. It is a generalization of Euler’s proof

of the existence of infinitely many primes. We have the best asymptotic formula of
the number of k-tuples of isoprimes

Jo(w)wk=t N

k
N,2) =~ .
7Tk:( ’ ) ¢k(W) logkN

(6.9)
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Theorem 6.2 An increasing sequence of isoprimes p; < po < -+ < pq is called a
Santilli’s isoprime m-chain of the second kind of length k if

i1 = mxp; —m+ 1 = (mI(pr —1) + 1)1 (6.10)

forj=1,---,k—1.
There exist infinitely many isoprimes p; such that pa,---,py are all isoprimes.
Let I = 1. From (6.10) we have

pjar=mpj—m+1=mI(py —1)+1 (6.11)
forj=1,---,k—1.
Proof: Theorems 6.1 and 6.2 have the same arithmetic function

k—1

Jo(w) = {pa : 1 < o < ¢(w), (][] (M (pa = 1) +1),w) = 1}

J=1

— {pa:1<a<dw ﬁmﬂpaﬂ Dow) =1} = [ (—x®)#0. (6.12)

3<p<p;

Since Ja(w) — 00 as w — 00, there exist infinitely many isoprimes p; such that
P2, -+, P are all isoprimes for any length k.

Theorem 6.3 We deal with the Santilli’s isoprime 2-chain of the first kind of any
length k. From (6.1) we have

Piv1 =2xp; +1= (2 (p1 +1) - 1)I (6.13)

foryj=1,--- k-1
Let [ = 1. From (6.13) we have

pir1=2pj +1=2(p1+1)—1 (6.14)

forj=1,---,k—1.
From (6.3) we have the arithmetic function

Bw) = [[ @-x@)#0 (6.15)

3<p<pi
We now calculate x(p). We define the smallest positive integer S such that
2% = 1(mod p). (6.16)

We have
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Table 6.1

3 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67
2 4 3 10 12 8 18 11 28 5 36 20 14 23 52 58 60 66

7379 8 8 97 101 103 107 109 113 127 131 139 149 151
9 39 82 11 48 100 51 106 36 28 7 130 138 148 15

w3

w3

x(p) =kif k < S; x(p) =S if £ > S. From the Euler-Fermat theorem we have

S<op)=p-1. (6.17)
From (6.15) we have
Ja(p) > 1. (6.18)

Then we have Jo(w) # 0. There exist infinitely many k-tuples of isoprimes for any
length k.

From (6.9) we have
Jo(w)wh=1 N

PF(w)  log" N
Note: pj+1 = 2pj + 1 is the DNA Mathematics.
To understand theorem 6.3 we yield the more detailed proofs below.
(1) Let k = 2. From (6.15) we have

hw = [ -2 #o.

3<p<p;

ﬂk(N,Q) ~~

(6.19)

Since Ja(w) # 0, there exist infinitely many isoprimes p; such that py is also an
isoprime.
From (6.19) we have

n2xz T (1- 521

—
3<p<p; log™ N

(2) Let k = 3. We have
Bw) = ][ -3 #0.

5<p<p;

Since Ja(w) # 0, there exist infinitely many 3-tuples of isoprimes.

We have ) )
1/15 -3 N
7<p<p;

4\ 4 (p—1)3 log N’
(3) Let & = 4. We have

hw) =4 [ @-4#0

11<p<p;

71
35
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Since Ja(w) # 0, there exist infinitely many 4-tuples of isoprimes.

We have
1 (35)3 pP(p—4) N
11<p<p;

8

N,2)~ — .
(4) Let k = 5. We have

Jw)=4 [ (-5 #0.

11<p<p;

Since Ja(w) # 0, there exist infinitely many 5-tuples of isoprimes.

We have A A
1 /35 p*(p—5) N
7T5(N,2)%1—2(§> H ((_ 1)5)1 SN
11<p<p; P 08

(5) Let k = 6. We have

J(w)=4 J[ —xp) #o0.

11<p<p;

where x(31) = 5, x(p) = 6 otherwise.
Since Ja(w) # 0, there exist infinitely many 6-tuples of isoprimes.

We have
1(35>5 1 P’(p—xp) N

N,2) ~ — .
mo(N.2) & 1 (p—1)5 log®N

8

11<p<p;

(6) Let k = 7. We have

Bw) =4 T[ @—xp)#o0.

11<p<p;

where x(31) = 5, x(p) = 7 otherwise.
Since Ja(w) # 0, there exist infinitely many 7-tuples of isoprimes.

We have . ’
1 /35 P’lp—x(p) N
N, 2)~ —| — )

11<p<p;

(7) Let k = 8. We have

Bw)=4 [ @—xm)#0.

11<p<p;

where x(31) = 5, x(127) = 7, x(p) = 8 otherwise.
Since Ja(w) # 0, there exist infinitely many 8-tuples of isoprimes.

51
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We have

ms(N,2) =~ — .
8( ) 8 2, (p _ 1)8 10g8 N

1(35>7 11 pP'lp—xp) N
12

(8) Let k =9. We have
where x(p) =5,7,8 If p=31,127,17; x(p) = 9 otherwise.

Since Ja(w) # 0, there exist infinitely many 9-tuples of isoprimes.
We have

o )zi(ﬁ)s 11 P(p—x() N
’ 128/ 2o (p—1)° log’ N

(9) Let kK = 10. We have

Jw)=4 [[ @-xm)#0

11<p<p;

where x(p) =5,7,8,9. If p=31,127,17,73; x(p) = 10 otherwise.
Since Ja(w) # 0, there exist infinitely many 10-tuples of isoprimes.
We have

1
7T10(N,2) ~ ﬁ

(35)9 P’lp—xp) N
11<p<p;

] (p —1)10 loglo N

(10) Let k£ = 11. We have

Bw)=4 [[ @-x®)#0

13<p<p;

where x(p) =5,7,8,9. If p=31,127,17,73; x(p) = 11 otherwise.
Since Jo(w) # 0, there exist infinitely many 11-tuples of isoprimes.
We have

7I‘11(N, 2)

N 1<77)1° p’(p—x) N
~ 11 1 are
120\16/) .2~ (p—1) log™™ N

(11) Let & = 12. We have

Bw)=4 [ @—-xm)#0,

13<p<p;

where x(p) =5,7,8,9,11,11. If p = 31,127,17,73,23,89; x(p) = 12 otherwise.
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We have

7r12(N,2)m1(77)11 H p'lp—x) N

12 2
120\16/) . 2- (p—1) log* N
(12) Let k = 13. We have

w)=4 [[ @-x@) #o.

17<p<p;

where x(p) =5,7,8,9,11,11. If p = 31,127,17,73,23,89; x(p) = 13 otherwise.

We have

N2 1 (1001)12 PP —x) N
s ~ —| ——— .
A 1440\ 192 ) 2L (p—1)B log® N

(13) Let k = 14. We have

wy=4 J[ @-x()#0.

17<p<p;

53

where x(p) = 5,7,8,9,11,11,13. If p = 31,127, 17,73,23,89, 8191; x(p) = 14 other-

wise.

We have

7'['14(N, 2) ~

1 (1001>13 pp—x() N
14 :
1440 \ 192 1 (p—1" log*N

(14) Let k = 15. We have

w)=4 [ (—x) #0.

17<p<p;

where x(p) =5,7,8,9,11,11,13,14. If p = 31,127,17,73,23,89,8191,43; x(p) =

otherwise.
We have

) pMp—xlp) N
15 :
192 1<y (p—1)1% log® N

7'['15(N, 2) ~ @

1 <1001
(15) Let k = 20. Its smallest solution is mag(NV,2) &~ 1 if N = 10%.
(16) Let k = 30. Its smallest solution is 730(V,2) &~ 4 if N = 10%4.
(17) Let k = 40. Its smallest solution is m40(NV,2) ~ 3 if N = 103,
(18) Let k = 50. Its smallest solution is 750(V, 2) &~ 2 if N = 10%3.
(19) Let k = 100. Its smallest solution is m100(N,2) ~ 1 if N = 1019,

15
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(20) Let k = 150. Its smallest solution is m150(N, 2) ~ 2 if N = 1037,

Since Jo(w) # 0, there exist infinitely many 150-tuples of isoprimes.
Theorem 6.4 We deal with the Santilli’s isoprime 3-chain of the second kind of
any length k. From (6.10) we have
Djt1 = 3xp; — 2 (6.20)

forj=1,--- k-1
Let [ = 1. From (6.20) we have

Pj+1 = 3p; — 2. (6.21)
From (6.12) we have
)= ] @—x@)#0. (6.22)
3<p<p;

Now we calculate x(p). We define the smallest positive integer S such that
3% = 1(mod p). (6.23)
We obtain

Table 6.2

p 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71
s 4 6 5 3 16 18 11 28 30 18 8 42 23 52 29 10 22 35

7379 8 89 97 101 103 107 109 113 127 131 137 139 149 151
s 12 78 41 88 48 100 34 53 54 112 126 65 136 138 148 150

T

x(p) =kif k < S;x(p) =S if k> S, x(3) = 1. From the Euler-Fermat theorem
we have
S<op)=p—1 (6.24)
From (6.22) we have
Ja(p) > 1. (6.25)
Then we have Jo(w) # 0. There exist infinitely many k-tuples of isoprimes for

any length k.

We have
J(w)wht N

PF(w)  logk N
To further understand Theorem 6.4 we yield the more detailed proofs below. (1)
Let & = 2. We have

mx(N,2) ~ (6.26)

hw) =2 ] w-2)#0.

5<p<p;
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Since Ja(w) # 0, there exist infinitely many isoprimes p; such that py is also an
isoprime.
We have
p(p — 2)) N
log? N

m(N,2)~3 ]

5<p<p; ( )
(2) Let & = 3. We have

Since Ja(w) # 0, there exist infinitely many 3-tuples of isoprimes.

We have
p*(p— 3)) N
log N

m3(N,2)~9 ]

5<p<p; ( )
(3) Let k = 4. We have
w)=2 [[ —x(p)#0,
5<p<p;

where x(13) = 2, x(p) = 4 otherwise.
Since Ja(w) # 0, there exist infinitely many 4-tuples of isoprimes.
We have

3
p’(p—x(p) N
m(N,2) ~ 27 [] b1 of N
5<p<p; p g

(4) Let k = 5. We have

w)=2 [ (—x()#0,

7<p<p;

where x(13) = 2, x(p) = 5 otherwise.
We have

(5) Let k = 6. We have
Bw)=2 [ (—x@)#0.
7<p<pi
where x(p) = 3,5 if p = 13,11; x(p) = 6 otherwise.

Since Ja(w) # 0, there exist infinitely many 6-tuples of isoprimes.

We have
1 15 H p x(p)) N
( 1 logb N’

m6(N, 2)
T<p<p;
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(6) Let k = 7. We have

Jw)=2 J[ (—xp) #o0.

11<p<p;

where x(p) = 3,5, if p = 13,11; x(p) = 7 otherwise.
We have 5 )

1 35 p°(p — x(p N
7)6 H

N,2)~ — .
mr(N,2) 24(8 1< (p—1)7 log" N

(7) Let k = 8. We have

where x(p) = 3,5,7 if p = 13,11,1093; x(p) = 8 otherwise.
We have

(p—=1)% log® N’
(8) Let k =9. We have

hw)=2 [ —xm)#0.

where x(p) = 3,5,7,8. If p = 13,11,1093,41; x(p) = 9 otherwise.
We have

1(35)8 1 p*(p—x(p)) N

m9(N,2) = —(— .
o(N.2)~ o7 (3 nae, @=1° log? N

(9) Let kK = 10. We have

Bw =2 J[ @-xp)#o0.

11<p<p;

where x(p) = 3,5,7,8,9. If p = 13,11,1093, 41, 757; x(p) = 10 otherwise.
We have o ) N

1 .35 P (p— X
(=) 11

24" 8 11<p<p; (p_l)lo 10g10N'

WIO(Na 2) ~

(10) Let k = 11. We have

Jo(w) =120 [ (»—x(p) #0.

17<p<p;

where x(p) =7,8,9,10. If p = 1093, 41, 757,61; x(p) = 11 otherwise.
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We have

1 1001)10 p(p—x(p) N

—(— )
4871927 2L (p— DM logt' N

m11(N,2) ~
(11) Let k = 20. Its smallest solution is mao(V,2) &~ 1 if N = 10%°.
(12) Let k = 30. Its smallest solution is 730(N,2) ~ 1 if N = 10%4.
(13) Let k = 50. Its smallest solution is m50(N,2) ~ 1 if N = 10%2.
(14) Let k = 100. Its smallest solution is m100(N,2) &~ 1 if N = 1094,
(15) Let k = 150. Its smallest solution is m150(N,2) &~ 1 if N = 10321,
Since Ja(w) # 0, there exist infinitely many 150-tuples of isoprimes, which show the
novel properties for sufficiently large isoprimes.

Theorem 6.5. We deal with the Santilli’s isoprime 4-chain of the first kind of
any length k. From (6.1) we have

Dis1 = 4%p; +3 (6.27)

forj=1,--- k-1
Let [ = 1. From (6.27) we have

Pj+1 = 4])]‘ +3 (628)
for j=1,---,k— 1.
From (6.3) we have
Jow) =TI (@—x(@)#0 (6.29)
3<p<pi

Now we calculate x(p). We define the smallest positive integer S such that
4% = 1(modp). (6.30)
We obtain

Table 6.3

p 5 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71
s 2 3 5 6 4 9 11 14 5 18 10 7 23 26 29 30 33 35

p 73 79 8 89 97 101 103 107 109 113 127 131 137 139 149
s 9 39 41 11 24 50 51 53 18 14 7 65 34 69 74

x(p)=kif k< S; x(p) =S if k > S, x(3) = 1. From the Euler-Fermat theorem
we have

¢p) _p—1
< — =—. .
§ <= . (6.31)
From (6.29) we have
+1
Ta(p) = 22 (6.32)
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Then we have Ja(w) # 0. There exist infinitely many k-tuples of isoprimes for

any length k.

We have
Jo(w)wk 1 N

k—
¢k(w) logh N

(N, 2) ~ (6.33)

(1) Let k = 2. We have

Jw)=2 J[ (w—2)#0.

5<p<p;

Since Ja(w) # 0, there exist infinitely many isoprimes p; such that py is also an
isoprime.

We have
plp—2) N
(p—1)%*log* N’

ma(N,2) ~ 3 H

5<p<p;

(2) Let k = 3. We have

Jow)=6 J[ (»—3)#0.

7<p<p;

Since Jo(w) # 0, there exist infinitely many 3-tuples of isoprimes.

We have
3

m3(N,2) ~ Z(

15)2 »(p-3) N
=0 .
4 s (p—1)3 log® N

(3) Let & = 4. We have

Jw)=6 [[ (p—x(p)#0,

7<p<p;

where x(7) = 3, x(p) = 4 otherwise.
Since Ja(w) # 0, there exist infinitely many 4-tuples of isoprimes.

We have 3(15>3 10 Plp—x) N

m4(N,2) ~ - .
1(N.2) a\4) o2 (p—1)* log*N

(4) Let & = 5. We have

Jow)=6 J[ (»—x(p) #0,

7<p<p;

where x(p) = 3,4 if p = 7,17; x(p) = 5 otherwise.
Since Ja(w) # 0, there exist infinitely many 5-tuples of isoprimes.
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We have

315\ p'p—xp) N
7T5(N, 2) ~ Z <4> 7§1p_£pi (p _ 1)5 10g5 N.
(5) Let k = 6. We have
Jw)=24 [[ —x(@)#o.

11<p<p;

where x(p) =4,5,5 if p = 17,11, 31; x(p) = 6 otherwise.
Since Ja(w) # 0, there exist infinitely many 6-tuples of isoprimes.

We have
<35>5 11 P’p—xp) N
8 —1)6 log N’

1
e N,2 ~ —
2 2 HZpp P

(6) Let k = 7. We have

Jw)=24 ] (—x() #0.

11<p<p;

where x(p) =4,5,5,6 if p=17,11,31,13; x(p) = 7 otherwise.

We have . .
1 /35 P°(p—x(p) N
1<p<p; P 08

(7) Let k = 8. We have

Jo(w)=24 J[ (—x(p)#0.

11<p<p;
where x(p) =4,5,5,6,7,7if p=17,11,31,13,43,127; x(p) = 8 otherwise.
We have - .
1735 p'lp—x(p) N
7T8(N, 2) ~ — () H g S .
2\ 8 (p—1)% log®N

11<p<p;

(8) Let £ =9. We have

hw)=24 [ —x@)#0.

11<p<p;
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where x(p) =4,5,5,6,7,7,8. If p=17,11,31,13,43,127,257; x(p) = 9 otherwise.

We have

1 /35\° PPlp—x) N
gy P17 log’ N



60 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

(9) Let £ = 10. We have

Jo(w)=24 [T (—x®) #0.

11<p<p;

where x(p) = 4,5,5,6,7,7,8,9,9. If p=17,11,31,13,43,127,257,19,73; x(p) = 10
otherwise.

We have

7T10(N 2) ~ 5

(35) P’p—xp) N
8 11<p<p (p—1)10 10g10 N
(10) Let k = 20. Its smallest solution is mag(NN,2) ~ 4 if N = 102°.
(11) Let k = 30. Its smallest solution is 730(N,2) ~ 1 if N = 103°.
(12) Let k = 40. Its smallest solution is m40(N,2) ~ 1 if N = 1052
(13) Let k = 50. Its smallest solution is 750(V,2) ~ 1 if N = 107.
(14) Let k = 100. Its smallest solution is m100(N,2) &~ 2 if N = 10172,
(15) Let k = 150. Its smallest solution is m150(N,2) &~ 3 if N = 10287,

Since Ja(w) # 0, there exist infinitely many 150-tuples of isoprimes.
Note. The number of solutions of 4-chains is more than 2-chains.

Theorem 6.6 We deal with the Santilli’s isoprime 5-chain of the first kind of
length k. From (6.1) we have

Dj+1 = bxpj +4 (6.34)
forj=1,--- k-1
Let I = 1. From (6.34) we have
pja1 = 5pj + 4 (6.35)
forj=1,---,k—1.
From (6.3) we have
)= JI (0—x@)#0 (6.36)
3<p<pi

Now we calculate x(p). We define the smallest positive integer S such that
5% = 1(mod p). (6.37)

We obtain
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Table 6.4
p 3 7 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71
s 2 6 5 4 16 9 22 14 3 36 20 42 46 52 29 30 22 5
p 73 79 8 8 97 101 103 107 109 113 127 131 137 139 149
s 72 39 82 44 96 25 102 106 54 112 42 65 136 69 37

x(p) =kif k < S;x(p) =S if k> S, x(5) = 1. From the Euler-Fermat theorem
we have
S<é(p)=p-1. (6.38)
From (6.38) we have
Ta(p) > 1. (6.39)

Then we have Jo(w) # 0. There exist infinitely many k-tuples of isoprimes for
any length k.

We have
Jo(w)wk 1 N

k—
N,2) ~
7Tk( ) ¢k(w) lngN

(6.40)
(1) Let & = 2. We have

B =4 I] (-2 #0

7<p<p;

Since Jo(w) # 0, there exist infinitely many isoprimes p; such that py is also an
isoprime.

We have 15 ( 5 ~
p(p —
m(N2)~ = ]I =12l N’
7<p<p; P o8

(2) Let k = 3. We have
Jow)=4 J[ (w—3)#0.
T<p<pi

Since Jo(w) # 0, there exist infinitely many 3-tuples of isoprimes.

We have
1

(&)2 H p2(p_3) N

N,2) ~ .
ms(-2) (p—1)% log® N

\V)

T<p<p;
(3) Let k = 4. We have

J(w)=4 ] (—x(p) #0,

7<p<p;

where x(31) = 3, x(p) = 4 otherwise.



62 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

Since Ja(w) # 0, there exist infinitely many 4-tuples of isoprimes.

We have 5 3( o)
1 /15 p’(p—x) N
7<p<p; P 08

(4) Let k = 5. We have

Jw)=4 [ (—x(p)#0,

7<p<p;

where x(p) = 3,4 if p = 31,13; x(p) = 5 otherwise.
Since Jo(w) # 0, there exist infinitely many 5-tuples of isoprimes.

We have . 4( o)
1 /15 pH(p—xp N
7r5(N,2)%§<Z> H v-1° N
7<p<p; P 08

(5) Let k = 6. We have

Jw)=4 T[ (—x(p)#0.

7<p<p;

where x(p) = 3,4,5,5 if p = 31,13,11,71; x(p) = 6 otherwise.

We have
<l5>5 1 P0—x) N
1 (p—1)% log® N’

1
7T6(N, 2) =~ 5
7<p<pi

(6) Let k = 7. We have

Bw)=4 [ @-xm)#0

11<p<p;

where x(p) = 3,4,5,5 if p=31,13,11,71; x(p) = 7 otherwise.

We have 6 6( o)
1 (35 p’(p—x() N
mvo s (T) T S oy
n<p<p P 08

(7) Let k = 8. We have

hw)=4 T[] @—x®)#0.

11<p<p;

where x(p) = 3,4,5,5,7 if p = 31,13,11,71,19531; x(p) = 8 otherwise.

We have
<35>7 1 pPlp—x) N
8 —1)8 log® N’

1
8 N,Q ~ —
-2 2 Hipep P



Foundations of Santilli’s Isonumber Theory. I: Isonumber Theory of the First Kind 63

(8) Let k = 20. Its smallest solution is mao(N,2) ~ 1 if N = 10%4.

(9) Let k = 30. Its smallest solution is m30(N,2) ~ 3 if N = 10*2.
(10) Let k = 50. Its smallest solution is 750(V,2) ~ 3 if N = 1083.
(11) Let k = 100. Its smallest solution is 7100(IV,2) = 1 if N = 10194
(12) Let k = 150. Its smallest solution is m150(N,2) &~ 1 if N = 10321,

Theorem 6.7 We deal with the Santilli’s isoprime 6-chain of the first kind of
length k. From (6.1) we have

Djt1 =6xp; +5 (6.41)

foryj=1,--- k-1
Let I = 1. From (6.41) we have

Pj+1 = 6]?]' +95 (6.42)
forj=1,---,k—1.
From (6.3) we have
Bw) = I (p—x@)#0 (6.43)
3<p<pi

Now we calculate x(p). We define the smallest positive integer S such that
6° = 1(modp). (6.44)
We obtain

Table 6.5

T 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 73
s 2 10 12 16 9 11 14 6 4 40 3 23 26 58 60 33 35 24

o]

79 8 89 97 101 103 107 109 113 127 131 137 139 149 151
s 78 82 8 12 10 102 106 108 112 126 130 136 23 37 150

o)

x(p) =kifk < S;x(p) =S it k> S, x(3) = x(5) = 1. From the Euler-Fermat
theorem we have
S<¢lp)=p-1 (6.45)
From (6.45) we have
Jo(p) > 1. (6.46)

Then we have Jo(w) # 0. There exist infinitely many k-tuples of isoprimes for
any length k.

We have
Jo(w)wkt N

k
N,2) =~
7Tk( ) ) ¢k(W) lngN

(6.47)
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(1) Let & = 2. We have

B =8 T] (-2 #0

7<p<p;

Since Ja(w) # 0, there exist infinitely many isoprimes p; such that py is also an
isoprime.

We have
plp—2) N

15

T<p<p;
(2) Let k = 3. We have

Jo(w)=8 ] (—x(p) #0,

7<p<p;

where x(7) = 2, x(p) = 3 otherwise.

We have ) )
g) 1 ° (p—x(p) N
4 (p—1)3 log®N’

m3(N,2) ~ (
T<p<p;

(3) Let k = 4. We have

J(w)=8 ] (p—x(p) #0,

7<p<p;

where x(7) = 2,3, if p = 7,43; x(p) = 4 otherwise.

We have 5 5
15 p’(p—x() N
ma(N,2) =~ (Z) H E _1)(4))1 N
7<p<p; P 08

(4) Let k = 5. We have
Bw)=8 [ (»—x(@)#0,
where x(p) = 2,3,4 if p =7,42,37; x(p) = 5 otherwise.

We have . . )
15 p'(p—x() N
m5(N,2) = (Z) H E _1)(5 )1 SN
7<p<p; P 08

(5) Let kK = 6. We have

J(w)=8 ] (p—x(p) #0,

7<p<p;

where x(p) = 2,3,4,5 if p=7,43,37,311; x(p) = 6 otherwise.
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We have

_(15\° pPp-x) N
7T6(N, 2) ~ (4) 7§1p_£pi (p _ 1)6 10g6N.

(6) Let k = 7. We have

Jo(w)=8 ] (»—x(p) #0,

7<p<p;

where x(p) = 2,3,4,5,6 if p = 7,43,37,311,31; x(p) = 7 otherwise.

We have . ]
15 pP°(p—x() N
77(N,2) ~ (4) H E — 1)(7) T
7<p<pi P 08

(7) Let k = 8. We have

Jo(w)=8 ] (»—x(p) #0,

T<p<p;
where x(p) =2,3,4,5,6,7 if p = 7,43,37,311,31,55987; x(p) = 8 otherwise.
We have - -
15 p'p—x(p) N
7g(N,2) ~ (4) H E —>1<)(8))1 SN
7<p<pi 08

(8) Let k = 20. Its smallest solution is maq(N,2) ~ 1 if N = 10%3.
(9) Let k = 30. Its smallest solution is 739(N,2) ~ 2 if N = 10%°.
(10) Let k = 50. Its smallest solution is 750(N,2) ~ 2 if N = 1078,
(11
(12

) Let k = 100. Its smallest solution is m100(NV,2) =~ 1 if N = 10194,
) Let k = 150. Its smallest solution is m150(NV,2) =~ 1 if N = 1032L.
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Theorem 6.8 We deal with the Santilli’s isoprime 16-chain of the first kind of

any length k. From (6.1) we have
Dit1 = 16xp; + 15

foryj=1,--- k-1
Let [ = 1. From (6.48) we have

pj+1 = 16p; +15

forj=1,---,k—1
From (6.3) we have

Jw)= [ (»—x®)#0

3<p<p;

(6.48)

(6.49)

(6.50)
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Now we calculate x(p). We define the smallest positive integer S such that
16° = 1(mod p). (6.51)

We obtain

Table 6.6

7T 11 13 17 19 23 29 31 37 41 43 47 53 59 61 67 71 73
s 3 5 3 2 9 11 7 5 9 5 T 23 13 29 15 33 35 9

8 89 97 101 103 107 109 113 127 131 137 139 149 151
41 11 12 25 51 53 9 7 7 65 17 69 37 15

ko]

w T

x(p) =kifk < S;x(p) =95 if k> 5 x(3) = x(5) = 1. From the Euler-Fermat
theorem we have

¢p) _p—1 ¢(p) _p—1 .

< =X = < == =——"1if4|(p—1). .52
S < 5 5 and S < 4 IR |(p—1) (6.52)

From (6.50) we have

1 3 1
Ta(p) > P12 and Jo(p) > %, if 4/(p — 1). (6.53)
We have Ja(w) # 0. There exist infinitely many k-tuples of isoprimes for any
length k.
We have

Jo(wwFt N
¢k (w)  logt N

To further understand theorem 6.8 we give the detailed proofs below.
(1) Let k = 2. We have

(N, 2) ~ (6.54)

We have

(2) Let & = 3. We have

J(w)=8 ] (p—x(p) #0,

7<p<p;

where x(17) = 2, x(p) = 3 otherwise.

79
39
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We have

_(15)\? pPp—x() N
7T3(N, 2) ~ <4> 7§1p_£pi (p _ 1)3 logSN.

(3) Let k = 4. We have

Jow)=8 [[ (»—x(p) #0,

7<p<p;

where x(p) =2,3,3 if p = 17,7,13; x(p) = 4 otherwise.
We have

_(15\? pPp—x) N
ma(N,2) ~ (4) H (p—1)* log*N’

(4) Let k = 5. We have

Jow)=8 [[ (»—x(p) #0,

7<p<p;

where x(p) = 2,3,3 if p=17,7,13; x(p) = 5 otherwise.
We have

15\* A(p — N
) I p'(p—x(®)

7T5(N, 2) ~ < .
4/ rgsp W1 log'N

(5) Let k = 6. We have

Jow)=8 [[ (—x(p)#0,

7<p<p;

where x(p) = 2,3,3,5,5,5 if p=17,7,13,11,31,41; x(p) = 6 otherwise.

We have 5 ;
15 p’(p—x(p) N
7r6(N,2)&\:<4> I E _1)6> I
7<p<p; p o8

(6) Let k = 20. Its smallest solution is mwaq(N,2) ~ 2 if N = 108,
(7) Let k = 30. Its smallest solution is 73q(N,2) ~ 3 if N = 1034,
(8) Let k = 40. Its smallest solution is (N, 2) ~ 2 if N = 10°°.
(9) Let k = 50. Its smallest solution is 750(N,2) ~ 3 if N = 108,
(10) Let k = 100. Its smallest solution is m100(N,2) &~ 7 if N = 10170,
(11) Let k = 150. Its smallest solution is m150(N,2) &~ 1 if N = 10284,
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Since Ja(w) # 0, there exist infinitely many 150-tuples of isoprimes, which show the

novel properties for sufficiently large isoprimes
Note. The number of solutions of 16-chains is more than 4-chains.
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7. Santilli’s Chains of Isoprimes in Arithmetic Progression
Theorem 7.1 Let
Wy = H . (7.1)
ZS;DSpg

We have the Santilli’s chains of isoprimes in arithmetic progression
Dj :ﬁ+w9§<3 (7.2)
forj=1,--- k-1
If I =1, from (7.2) we have
pj =P+ wyj (7.3)
forj=1,---,k—1.
We have the arithmetic function

hw= I -1 I @—k. (7.4)

3<p<pg Pg+1<p<p;

Jo(pg+1) = 0if pg1 = k; Ja(w) # 0if pgy1 > k, there exist infinitely many isoprimes
p such that p; are all isoprimes for any length k.
We have the best asymptotic formula of the number of k-tuples of isoprimes

m(N,2) =|{p:p < N,p+wyj = prime for j =1,--- k- 1} =

k—1 —1
11 <L> 1 P (p*kk?) JZ ‘ (7.5)
2<p<pg p—1 Pg+1<p<p; (p—l) log™ N
Let
Wg = Pg+2Pg+3 H (p)™. (7.6)
2<p<pg

We have the Santilli’s chains of isoprimes in arithmetic progression
B =D+ Dgxj (7.7)

forj=1,---,k—1.
We have the arithmetic function

hw =Pz e =L T pomz0 ()

= — —
Pg+2 Dg+3 3<p<P, Pg+1<p<p;

We have the best asymptotic formula of the number of k-tuples of isoprimes

p"lp—k) N
(p—1)k logk N’

(7.9)

Pg+2 — 1 pgys —1 P k-1
N,2) ~ —
m(N.2) Pg+2 — kpgt3 — k 11 (Pfl) 11
g 9 2<p<pg Pg+1<p<p;
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To understand thr theorem 7.1 we have the detailed proofs below.
(1) Let py = 3 and wy = 6. We have

pj =p+06j
forj=1,---,k—1.
We have
w) =2 H (p— k).
5<p<p;

J2(5) = 01if k = 5; Jo(w) # 0 if k& < 4, there exist infinitely many k-tuples of primes.
Let £ = 4. We have

=p+6,p2=p+12,p3 =p+18.

We have 5
p’p—4) N

(p—1)* log N’

m(N,2) ~27 ]

S<p<pi
(2) Let pg = 5 and wy = 30. We have

pj =p+ 305
forj=1,---,k—1.
We have
w)=38 H (p— k).
T<p<p;

Jo(7) =01if k =7; Jo(w) # 0 if & < 6, there exist infinitely many k-tuples of primes.
Let £ = 6. We have

pj:p+30j
forj=1,---,5.
We have
N
(N2 H p —161 N’
7<p<p; Og

(3) Let pg = 7 and wy = 210. We have
pj =p+ 2105
for j=1,---,k —1. We have

w) =48 H
11<p<p;
Jo(11) = 0 if k = 11; Ja(w) # 0 if k < 10, there exist infinitely many k-tuples of
primes. Let k = 10. We have
pj =p+ 2105
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forj=1,---,9.
We have

(359 pP’(p—10) N
m10(V,2) ~ (g) 11 (=110 Jog® N
11<p<p; g

(4) Let py = 11 and wy = 2310. We have
p; = p+ 23107

forj=1,---,k—1
We have
Jo(w) =480 [ (p—k).
13<p<pi
J2(13) = 0 if k = 13; Ja(w) # 0 if k < 12, there exist infinitely many k-tuples of
primes. Let k£ = 12. We have

p; = p+ 23107
forj=1,---,11.
We have 1 )
VLLENT! p(p—12) N
mi2(N,2) = (E) II p—1)72 10g® N’
13<p<p; P 08

(5) Let py = 23 and wy = [[5<,<23 p- We have

pj =P+ wyj
forj=1,---,k—1.
We have
Bw= T -1 [I -k
3<p<23 29<p<p;
J2(29) = 0 if k = 29; Ja(w) # 0 if k < 28, there exist infinitely many k-tuples of
primes. Let £ = 28. We have
pj =P+ wyj
forj=1,---,27.
We have

ms(N,2) ~ ] (P)” [ -2 ¥

_ _ 28 28 :
apeas \P T pepe, (P 1T logT N

Note.Theorem 7.1 is the simplest one in our theory. The number of k-tuples of
primes is very accurately calculated by (7.5) and (7.9).
(6) Let
pj =p>+65,j=1,2,3.
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We have

(7) Let
We have
(8) Let
We have
(9) Let
We have
(10) Let
We have
(11) Let
We have
(12) Let
We have
(13) Let
We have

(14) Let

—6 -3 -2
n =2 I (r=1---)
Jg(w)w3 N

N,2) ~ e
m(N.2) 8¢t(w) log* N

pj=p> 464, =1,2,3,4.
Jo(5) = 0.
pj=p +64,j=1,2,34.
Jo(5) = Jo(7) = 0.
pj=p" +6j,7=1,2,34.
Jo(5) = 0.
pj =%+ 64,7 =1,2,3,4.
Jo(7) = 0.
pj=p +64,j=1,2,3,4.
Jo(5) = 0.
pj =p°+6j,7=1,2,3,4.
Jo(5) = Jo(7) = 0.
pj =0’ +64,j=1,2,3,4.
Jo(5) = 0.

pj=pC +64,j=1234.
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We have
Jo(5) = Jo(7) = 0.
(15) Let
pj=p" +6j5,j=1,2,3,4.
We have
Jo(5) = 0.
(16) Let
pj=p2 +6j,j=1,2,3,4.
We have
Jo(7) = 0.
(17) Let
pj =p® +30j,j =1,2,3,4,5.
We have
5 _30j
Jow)=8 J[ |p—6-D (—>)| #0.
T<p<pi =1 P
Jo(w)w® N
N.2) =~ _.
mo(N, 2) 32¢5(w log® N
(18) Let
pj=p"+30j,j=1,--.6.
We have
Jo(7) = 0.
(19) Let
p; =p° +30j,5 =1,2,3,4.
We have
Jo(7) = 0.
(20) Let
pj=p"+30j,j=1,-,6.
We have
Jo(7) = 0.
(21) Let
pj=p"+30j,j=1,-.6.
We have

J5(7) = 0.
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(22) Let
We have

(23) Let
We have

(24) Let
We have

(25) Let

We have
(26) Let

We have
(27) Let

We have

(28) Let
We have

(29) Let

p; =1°+305,5=1,2,3.
Jo(7) = 0.
pj=p +30j,5=1,---,6.
Jo(7) = 0.
pj =p°+305,5=1,---,6.
Jo(7) = 0.

p; =p’ +30j,j =1,2,3,4.

To(7) = 0.
_ 10 s
bj =D +30]7]_]-,27374
Jo(11) = 0.

pj=p*+210j,j =1,---.9.

9 .
T(w) =48 [] (p—lo—Z(_mJ));éo.

1<p<p; p

j=1
Jo(ww® N

512¢10(w) log® N

m10(N,2) ~

pj =p°+210j,j =1,---,10.
Jo(11) = 0.

pj =p° +2105,5 =1,---,9.
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We have
J5(13) = 0.
(30) Let
pj=p"+210j,j=1,---,6.
We have
J5(13) = 0.
(31) Let
pj=p°+210j,j =1,---,10.
We have
Jo(11) = Jo(13) = 0.
(32) Let
pj=p°+210j,j =1,---.7.
We have
J5(13) = 0.
(33) Let
pj=p" +210j,j =1,---,10.
We have
Jo(11) = Jo(13) = 0.
(34) Let
pj=p"+210j,j=1,--,6.
We have
J5(13) = 0.
(35) Let
pj=p"+210j,j=1,---,9.
We have
J5(13) = 0.
(36) Let
pj =p" +2104,j = 1,---,10.
We have

Jo(11) = J5(13) = 0.

Note. If Jy(w) = 0, then there are no prime solutions.
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8. Chains of Prime-Producing Quadratics
Theorem 8.1. Let '
pj =2’ +1) -1 (8.1)
forj=1,---,k—1.
Since p; = 2p% + 1 has no prime solutions except p = 3 and p; = 19, (8.1) has no
prime solutions.

Theorem 8.2 Let '
pj=2(p*-1)+1 (8.2)

forj=1,---,k—1.
We have
Ja(w) # 0. (8.3)

Since Jo(w) # 0, there exist infinitely many prime solutions for any k. We have

Jo(w)wh1 N
2k_1¢k(W) logk’ N

(1) Let k = 3. We have p; = 2p? — 1 and py = 4p? — 3.

(N, 2) ~ (8.4)

We have 5 5
nw) = I (p-3-C)- ),
5<p<pi PP
We have )
my(V.2) 0 J2 T

4¢3(w) log® N'

(2) Let k = 4. We have p; = 2p? — 1,py = 4p? — 3,p3 = 8p*> — 7.
We have

nw =1 I (r-1-C)-C)-C) £0.

We have
Ty (N,2) ~ ———F—

(3) Let k = 5. We have p; = 2p? — 1,py = 4p? — 3,p3 = 8p? — 7,ps = 16p? — 15.
We have

2 3 14 15
=1 I (r-3-()-Q-G)-)) #o
We have

7T5(N,2) ~ M
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Theorem 8.3 Let ‘
P = +1) -1 (8.5)

forj=1,---,k—1.
For k < 6 (8.5) there exist infinitely many prime solutions. For k = 6 we have
J2(7) = 0, therefore (8.5) has no prime solutions.
(1) Let k = 5. We have p; = 3p? + 2,pa = 9p? + 8, p3 = 27p? + 26, ps = 81p? + 80.
We have
—6 -2 —78 -5
nw =4 I (p=5-()- ()= (5-(D) £0

7<p<pi p p p

Since Ja(w) # 0, there exist infinitely many prime solutions.

We have
Jo(wwt N

N2~ o ———.
ms(N,2) 164°(w) log® N
Theorem 8.4. Let '
pi =3 -1)+1 (8.6)
forj=1,---,k—1.
We have
Jo(w) # 0. (8.7)
Since Jo(w) # 0, (8.6) has infinitely many prime solutions for any length k.
We have

Jo(w)w* 1 N
N.2) ~ . .

7Tk( ) ) Qkfld)k(w) IngN (8 8)

Theorem 8.5. Let '
pj=4p*+1)-1 (8.9)

forj=1,---,k—1.
We have

Ja(w) # 0. (8.10)

Since Jo(w) # 0, there exist infinitely many prime solutions for any length k.

We have
J(w)wht N

2k71¢k (w) ].ng N :

(1) Let k = 3. We have p; = 4p* + 3, ps = 16p* + 15.
We have

(N, 2) ~

nw =8 ] (p-3-D- (5"

7<p<p; p p

) #0.
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We have Be? N
w)w

N,2) ~ 2 :

m3(N.2) 4¢3 (w) log® N

Theorem 8.6. Let '
pi=4p*—1)+1 (8.11)
forj=1,---,k—1.
We have
Jo(w) # 0. (8.12)

Since Ja(w) # 0, there exist infinitely many prime solutions for any length k. We
have

Jo(w)w*1 N
(N, 2) ~ . 8.13
k:( ) Zk*1¢k(w) IngN ( )
Theorem 8.7. Let A
pj=5p*+1)—1 (8.14)
forj=1,---,k—1.
Since p; = 5p? + 4 has no prime solutions, (8.14) has no prime solutions.
Theorem 8.8. Let ‘
pj=50p—1)+1 (8.15)
forj=1,---,k—1.
We have
Ja(w) # 0. (8.16)

Since Ja(w) # 0, (8.6) has infinitely many prime solutions for any length k.
We have

Jo(w)wb~t N
N,2) ~ . 8.17
7Tk( s ) Qk_l(ﬁk(w) logkN ( )
Theorem 8.9. Let '
pj=6(p"+1)—1 (8.18)

forj=1,---,k—1.
For k < 10 (8.18) has infinitely many prime solutions. For & = 10 we have
J2(11) = 0, therefore (8.18) has no prime solutions.

Theorem 8.10. Let _
pj=6(p*—1)+1 (8.19)
forj=1,---,k—1.
We have
Jo(w) # 0. (8.20)



78 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

We have -
Jo(w)w+ N
T (N,2) =~ . 8.21
k;( ) 2k_1¢k(w) logkN ( )
Theorem 8.11. Let
pj=m/(p* —1)+1 (8.22)
forj=1,---,k—1.
We have
Ja(w) # 0. (8.23)

Since Ja(w) # 0, there exist infinitely many prime solutions for any k and m.

We have
N Jo(w)wht N

(N, 2) =~ . 8.24
k( ) Qk_ld)k(w) IngN ( )
Theorem 8.12. Let
pj=m/(p®+1) -1 (8.25)
forj=1,---,k—1.
We have
Jo(w) # 0. (8.26)
There exist infinitely many prime solutions for any & and m.
We have -
Jo(w)w"+ N
(N, 2) =~ . 8.27
k( ) 3k_1¢k(w) logkN ( )
Theorem 8.13. Let '
pj=m(p® —1)+1. (8.28)
forj=1,---,k—1.
We have
Ja(w) # 0. (8.29)
There exist infinitely many prime solutions for any k& and m.
We have -
Jo(w)w ™+ N
(N, 2) =~ . 8.30
k( ) 3k,1¢k(w) IngN ( )
Theorem 8.14. Let
pj=mi(p*—1)+1. (8.31)

for j =1,k — 1.
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We have Ja(w) # 0, there exist infinitely many prime solutions for any k& and m.
We have

Jo(w)w*1 N
(N, 2) ~ . 8.32
k:( ) 4k*1¢k(w) IngN ( )
Theorem 8.15. Let
pi=2j(p+1)+1 (8.33)
forj=1,---,k—1.
We have
Jow)= T @—-x®)#0, (8.34)
3<p<pi
where x(p) =kork—1ifk<p; x(p)=p—1if k> p.
Since Ja(w) # 0, there exist infinitely many k-tuples of primes for any k.
We have -
- N
(N, 2) & 220w (8.35)

#Fw)  log" N’
(1) Let k = 3. We have
p1=2p+3,pa =4p+5.

We have
Jow)=3 J[ (w—3)#0.
7<p<p;
We have )
3,15 p’(p—3) N
773(N72)N§(Z)2 ( _1)3 logd N
7<p<p p 0g

(2) Let k = 4. We have

p1=2p+3,po=4p+5,p3 =06p+ 7.

We have
w)=28 H
11<p<p;
We have
1 35 N
ma(N, 2) Ll 4) .
6 8 11<p<p; (—1 logN

(3) Let k = 5. We have
pj=2jlp+1)+1

for j =1,2,3,4.
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We have
w)=3 H
11<p<p;
We have 4( )N
1 .35 pr(p—>5
N.2) ~ —(Z5)4 .

11<p<p;

(4) Let k = 13. We have
pi=2j(p+1)+1

forj=1,---,12.

We have
Bw)= [I -13)#0.
17<p<p;
We have
1 1001 p —13) N
m13(N,2) =~ H — 13 B
5760 192 17<p<ps 113 log® N

(5) Let k = 23. We have
pi=2j(p+1)+1
for j=1,---,22,

We have
Bw) = [ (»—-23) #0.
29<p<p;
We have J 2y
7723(N7 2) ~ 2<w>w

¢*(w) log® N’

Theorem 8.16. Let
p1=6p+1,po =9p+ 2.
We have
Bw)=2 [[ (®—3)#0,
5<p<p;

Since Ja(w) # 0, there exist infinitely many 3-tuples of primes.
We have
Jo(ww? N

7T3(N, 2) ~ ¢3(w) ]ogSN'

Theorem 8.17. Let

p1=10p+1,p2 = 15p+ 2,p3 = 20p + 3, ps = 25p + 4.
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We have

W)y =4 J[ (w=5)#0
T<p<p;
Since Jo(w) # 0, there exist infinitely many 5-tuples of primes.
We have
Jo(w)w® wt N

(N2 N ) o N

Theorem 8.18. Let
pj =70 +1Lp+ .
forj=1,---,6.
We have
=6 [[ -7 #0,

11<p<p;

Since Ja(w) # 0, there exist infinitely many 7-tuples of primes.
We have
Jo(w)w® N

7T7(N72)% ¢7(u)) ]0g7N'

Theorem 8.19. Let
pj =11+ 1p+3J.
for j=1,---,10.
We have

)=10 H p—11)

13<p<p;

Since Jo(w) # 0, there exist infinitely many 11-tuples of primes.
We have
Jo(w)w!® N

N,2) = .
7711( ) ) ¢11(w) IOgHN

Theorem 8.20. Let
pj=po(j+1)p+3j.

for j=1,---,po — 1, where pg is an odd prime.
We have
Jow)=(po—1) [ (p—wo)#0,
Po<p<p;

Since Ja(w) # 0, there exist infinitely many po—tuples of primes.
We have
Jo(w)wPo—t N

N,2) ~ .
Ty (N:2) oPo(w)  logP N
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Theorem 8.21. Let
P1=3p+2,p2=2p+3,p3 =5p+2,ps=2p+5.

We have
hw) =42 [ -5 #0

13<p<pi

Since Ja(w) # 0, there exist infinitely many 5-tuples of primes.

We have @) .
Jo(w)w N
N,2)~ ——HA— .
m5(N, 2) (W) log’ N

Theorem 8.22. Let

p1=3p+2,p2=2p+3,p3=Tp+2,ps =2p+T.

We have
hw)=8 [ (-5 #0
11<p<p;
We have
m5(N,2) ~ 7J2(w)w4 N

¢o(w) log’ N
Theorem 8.23. Let

p1=3p+2,p2=2p+3,p3=9p+2,ps =2p+9.

We have
Bw) =42 [ (-5 #0,
13<p<p;
We have
m5(N,2) ~ 7J2(w)w4 N

¢ (w) log” N’
It is the best asymptotic formula.

Theorem 8.24. Let
p1=3p+4,p2 =4p+3.

We have
hw)=20 [ -3 #0,

11<p<p;

Since Ja(w) # 0, there exist infinitely many 3-tuples of primes.
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We have )
w)w N
S(Nv 2) (3 ) 3
¢3(w) log® N
Let
pr=3p" +4,pp = 4p® +3.
We have

)=32 [ (—3-2 p‘o’))s&o,

11<p<p;

Since Ja(w) # 0, there exist infinitely many 3-tuples of primes.

We have ) )
Jo(w)w N
N2y~ —F————.
m3(N, 2) 4¢3 (w) log® N
Theorem 8.25. Let
p1=95p+6,p2 = 6p + 5.

We have
Bw) =288 [ (p—3)#0,
13<p<p;
We have ) )
Jo(w)w N
N,2)~ ——— .
(VDX S50 legt N
Let
p1 = 5p° +6,p2 = 6p? + 5.
We have 30
Bw)=381 T[ (p-3-20)#0,
13<p<p, p
We have
Jo(ww? N

N.9) ~ 22\ .
m3(N,2) 163 (w) log® N

Theorem 8.26. Let
p1 = 6p+7,p2 = 7p—|—6.

We have
Jo(w) =2112 ]
17<p<p;
We have )
J: N
7T3(N7 2) ~ 2 W)w

¢*(w) log’ N’
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Let
pP1 = 6}?2 + 7,]92 = 7}?2 +6.
We have 19
Jo(w) =4800 [ (p—3-2(—)) #0,
17<p<pi p
We have )
J: N
m3(N,2) ~ J2(w)w?

4¢3 (w) log®> N'

Theorem 8.27. Let
p1 = 8p+9,p2 = 9p+8.

We have
Jo(w) =19200 J[ (p—3)+#0,
19<p<p;
We have )
Jo(w)w* N
N,2)~ ——— .
m3( ) ®3(w) log® N
Let
p1=8p* +9,py = 9p” + 8.
We have

h(w) =48380 [ (p—3—2(—2)) #£0,
19<p<p; p

Since Jo(w) # 0, there exist infinitely many 3-tuples of primes.

We have @) )
Jo(w)w N
N2~ 21— .
m3(N,2) 4¢3 (w) log® N

Theorem 8.28. Let
p1 =9p + 10,p2 = 10p + 9.

We have
Jo(w) = 609280 J[ (»—3)#0,
23<p<p;
We have ) )
Ja(w)w N
N,2)~ ———— .
D 50) o' N
Let

p1 = 9p® + 10, py = 10p® + 9.
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We have 10
Jo(w) =208896 [ (»p—3-—2(—)) #0,
23<p<p; p
Since Ja(w) # 0, there exist infinitely many 3-tuples of primes.
We have )
m3(N,2) ~ S N

4¢3 (w) log® N

9. An Application of Santilli’s Isonumber Theory

In this section we prove that the limit for the periodic table of the stable elements
is Uranium with an atomic number of 92.
In studying the stability of the many-body problems we have two theorems:

(I) The stable isoprime theorem. An isoprime number is irreducible over
F (@, +, %). It seems therefore natural to associate it with the most stable subsystem.
We show that p = 1,3, 5,7,11, 23,47 are the most stable isoprimes.

(II) The stable isoeven theorem. The most stable configuration of two
isoprimes is then the most stable symmetric system in nature. We show that
oxp=2,6,10,14,22, 46,94 are the most stable isoeven numbers.

We speculate that in an atom there are three configurations: the outermost elec-
tron configuration, the middlemost neutron one and the innermost proton one. By
using the stable isoprime theorem and the stable isoeven theorem we study the
innermost proton configuration.

The total number of electrons in all shells must equal the number of protons in
the nucleus. Protons arrange themselves in shells in a nucleus because they take
up configurations which are analogous to those of electrons in atoms, with preferred
stable shells of protons.

The total quantum isonumber n and orbital quantum isonumber p determine the
proton configurations of many-proton atoms[7]:

Proton shells i = [ 2 3 4 5 6

K L M N O P

Proton subshells 2xp = 2 6 10 14 18 22
s

p d f g h

An atomic subshell that contains its full quota of protons is said to be closed.
A closed s subshell holds two protons, a closed p subshell six protons, a closed d
subshell ten protons, a closed f subshell fourteen protons, a closed g subshell eighteen
protons, a closed h subshell twenty-two protons, and so on. The Pauli principle
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A A~~~

and 46 are stable and IXP = 18 is unstable [8]. s, p, d and f subshells are stable
and g subshell is unstable which are called the Pauli-Santilli principle.

Table 9.1 shows the proton configurations of the elements. We shall omit hat A
for short. From 1 to 92 of the atomic numbers every subshell is stable. It has been
proved that the heaviest element that occurs naturally is Uranium with an atomic
number of 92. Beginning at the atomic number of 93 there is an unstable subshell
(5¢g) in it. These elements get more and more unstable. Element 114 is the most
unstable. The island of stability around atomic number 114 does not exist.

In the middlemost neutron configuration there are no shell one. Magic numbers
and isotopes are closely related to the neutron numbers. The electron configuration
and proton one have the same subshell one. Since 5¢ is unstable, in 6s, 6p, 6d, 6f
and 7s subshells there are no electrons.

Remark: Pythagorean claims that everything is number. We claim that every-
thing is stable number, that is, it obeys the stable isoprime theorem and the stable
isoeven theorem. Above two theorems are foundations of isobiology’s periodic table
and structural genomics in the human genome project. Homo-sapiens is so advanced
because we have 46 chromosomes (23 pairs) in a cell. There are the most stable se-
quences: 3-bp, 5-bp, and 7-bp in tRNA. The three nucleotides are able to form only
stable sequences: 43 = 64. The five nucleotides are able to form the most stable
sequences: 4° = 1024. The above studies can be further extended to whole biologi-
cal field. From above two theorems we suggest new evolution theory in the biology.
The evolution of the living organism starts with mutant of the prime number. The
living organisms mutants from a prime number system to another new one which
may be produced a new species to raise up seed and its structure tended to stabilize
in given environment. From the above two theorems we find the analogies between
the Chinese poem and the English poem, such as the iambic pentameter in English
poem and five or seven characters in Chinese poem. Although the languages are
different, the human brains are the same. The brain structures and the structures
of the nervous system can be studied. For example, there are Tyr-Gly-Gly-Phe-Met,
Met-enkephalin and Tyr-Gly-Gly-Phe-Leu, Leu-enkephalin in brain [9-10].
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Table 9.1. Proton Configurations of the Elements
K L M N 0 P
1s 2s 2p 3s 3p 3d 4s 4p 4d 4f 5s 5p bd 5f 5g 6s 6p

T H 1

2 He 2

3 Li 2 1

4 Be 2 2

5 B 2 2 1
6 C 2 2 2
7 N 2 2 3
8§ O 2 2 4
9 P 2 2 5

10 Ne 2 2 6

11 Na 2 2 6 1

12 Mg 2 2 6 2

13 Al 2 2 6 2 1

14 Si 2 2 6 2 2

15 P 2 2 6 2 3

16 S 2 2 6 2 4

17 Cl 2 2 6 2 5

18 Ar 2 2 6 2 6

19 K 2 2 6 2 6 1

20 Ca 2 2 6 2 6 2

21 Sc 2 2 6 2 6 3

22 Ti 2 2 6 2 6 4

23V 2 2 6 2 6 5

24 Cr 2 2 6 2 6 6

25 Mn 2 2 6 2 6 7

26 Fe 2 2 6 2 6 8

27 Co 2 2 6 2 6 9

28 Ni 2 2 6 2 6 10

29 Cu 2 2 6 2 6 10 1

30 Zn 2 2 6 2 6 10 2

31 Ga 2 2 6 2 6 10 2 1

32 Ge 2 2 6 2 6 10 2 2

33 As 2 2 6 2 6 10 2 3

34 Se 2 2 6 2 6 10 2 4

35 Br 2 2 6 2 6 10 2 5

36 Kr 2 2 6 2 6 10 2 6

37 Rb 2 2 6 2 6 10 2 6 1

38 Sr 2 2 6 2 6 10 2 6 2

39 Y 2 2 6 2 6 10 2 6 3

40 Zr 2 2 6 2 6 10 2 6 4

41 Nb 2 2 6 2 6 10 2 6 5

42 Mo 2 2 6 2 6 10 2 6 6

43 Tc 2 2 6 2 6 10 2 6 7

44 Ru 2 2 6 2 6 10 2 6 8

45 Rh 2 2 6 2 6 10 2 6 9

46 Pd 2 2 6 2 6 10 2 6 10

47 Ag 2 2 6 2 6 10 2 6 10 1

48 Cd 2 2 6 2 6 10 2 6 10 2

49 In 2 2 6 2 6 10 2 6 10 3

50 Sn 2 2 6 2 6 10 2 6 10 4

51 Sb 2 2 6 2 6 10 2 6 10 5

52 Te 2 2 6 2 6 10 2 6 10 6

53 I 2 2 6 2 6 10 2 6 10 7

54 Xe 2 2 6 2 6 10 2 6 10 8

55  Cs 2 2 6 2 6 10 2 6 10 9

56 Ba 2 2 6 2 6 10 2 6 10 10

57 La 2 2 6 2 6 10 2 6 10 11

58 Ce 2 2 6 2 6 10 2 6 10 12

59 Pr 2 2 6 2 6 10 2 6 10 13
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Table 9.1. Continued K L M N O
1s 2s 2p 3s 3p 3d 4s 4p 4d 4f 5s 5p bd 5f 5bg 6s 6p

60 Nd 2 2 6 2 6 10 2 6 10 14

61 Pm 2 2 6 2 6 10 2 6 10 14 1

62 Sm 2 2 6 2 6 10 2 6 10 14 2

63 Eu 2 2 6 2 6 10 2 6 10 14 2 1

64 Gd 2 2 6 2 6 10 2 6 10 14 2 2

66 Tbh 2 2 6 2 6 10 2 6 10 14 2 3

66 Dy 2 2 6 2 6 10 2 6 10 14 2 4

67 Ho 2 2 6 2 6 10 2 6 10 14 2 5

68 Er 2 2 6 2 6 10 2 6 10 14 2 6

69 Tm 2 2 6 2 6 10 2 6 10 14 2 6 1

70 Yb 2 2 6 2 6 10 2 6 10 14 2 6 2

71 Lu 2 2 6 2 6 10 2 6 10 14 2 6 3

72 Hf 2 2 6 2 6 10 2 6 10 14 2 6 4

73 Ta 2 2 6 2 6 10 2 6 10 14 2 6 5

74 W 2 2 6 2 6 10 2 6 10 14 2 6 6

75 Re 2 2 6 2 6 10 2 6 10 14 2 6 7

7% Os 2 2 6 2 6 10 2 6 10 14 2 6 8

77 Ir 2 2 6 2 6 10 2 6 10 14 2 6 9

78 Pt 2 2 6 2 6 10 2 6 10 14 2 6 10

79 Au 2 2 6 2 6 10 2 6 10 14 2 6 10 1

80 Hg 2 2 6 2 6 10 2 6 10 14 2 6 10 2

81 Ti 2 2 6 2 6 10 2 6 10 14 2 6 10 3

82 Pb 2 2 6 2 6 10 2 6 10 14 2 6 10 4

83 Bi 2 2 6 2 6 10 2 6 10 14 2 6 10 5

8 Po 2 2 6 2 6 10 2 6 10 14 2 6 10 6

85 At 2 2 6 2 6 10 2 6 10 14 2 6 10 7

8 Rn 2 2 6 2 6 10 2 6 10 14 2 6 10 8

87 Fr 2 2 6 2 6 10 2 6 10 14 2 6 10 9

8 Ra 2 2 6 2 6 10 2 6 10 14 2 6 10 10

89 Ac 2 2 6 2 6 10 2 6 10 14 2 6 10 11

909 Th 2 2 6 2 6 10 2 6 10 14 2 6 10 12

91 Pa 2 2 6 2 6 10 2 6 10 14 2 6 10 13

92 U 2 2 6 2 6 10 2 6 10 14 2 6 10 14

93 Np 2 2 6 2 6 10 2 6 10 14 2 6 10 14 1

94 Pu 2 2 6 2 6 10 2 6 10 14 2 6 10 14 2

9%5 Am 2 2 6 2 6 10 2 6 10 14 2 6 10 14 3

9% Cm 2 2 6 2 6 10 2 6 10 14 2 6 10 14 4

97 Bk 2 2 6 2 6 10 2 6 10 14 2 6 10 14 5

98 Cf 2 2 6 2 6 10 2 6 10 14 2 6 10 14 6

99 Es 2 2 6 2 6 10 2 6 10 14 2 6 10 14 7

100 Fm 2 2 6 2 6 10 2 6 10 14 2 6 10 14 8

101 Md 2 2 6 2 6 10 2 6 10 14 2 6 10 14 9

102 No 2 2 6 2 6 10 2 6 10 14 2 6 10 14 10

103 Lr 2 2 6 2 6 10 2 6 10 14 2 6 10 14 11

104 Rf 2 2 6 2 6 10 2 6 10 14 2 6 10 14 12

105 Ha 2 2 6 2 6 10 2 6 10 14 2 6 10 14 13

106 Sg 2 2 6 2 6 10 2 6 10 14 2 6 10 14 14

107 Ns 2 2 6 2 6 10 2 6 10 14 2 6 10 14 15

108 Hs 2 2 6 2 6 10 2 6 10 14 2 6 10 14 16

109 Mt 2 2 6 2 6 10 2 6 10 14 2 6 10 14 17

110 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18

111 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 1

112 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 2

113 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 2 1

114 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 2 2

115 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 2 3

116 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 2 4

117 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 2 5

118 2 2 6 2 6 10 2 6 10 14 2 6 10 14 18 2 6

Note. 5g is an unstable subshell.
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Chapter 2

SANTILLI’S ISONUMBER THEORY
PART II: ISONUMBER THEORY OF THE SECOND
KIND

The organic unity of mathematics is inherent in the nature
of this science, for mathematics is the foundation of all
exact knowledge of natural phenomena.

Dawvid Hilbert

1. Introduction

In the seminal works[1,2] Santilli has introduced a generalization of real, complex
and quaternionic numbers a = n, ¢, q based on the lifting of the unit 1 of conven-
tional numbers into an invertible and well behaved quantity with arbitrary functional
dependences on local variables

1— I(t,z,d,---)=1/T #1 (1.1)
while jointly lifting the product ab = a x b of conventional numbers into the form
ab — axb = aTh (1.2)
under which I = 1/7 is the correct left and right new unit
Ixa=T"'"Ta=axI=alT ' =a (1.3)

for all possible a = n, ¢, q.
Since the new multiplication axb is associative, Santilli [1,2] has then proved that
the new numbers verify all axioms of a field. The above liftings were then called

91
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isotopic in the Greek sense of being axiom-preserving. The prefix iso is then used
whenever the original axioms are preserved.

Let F(a,+, x) be a conventional field with numbers a = n, ¢, ¢ equipped with the
conventional sum a + b € F, product ab =a x b € F, additive unit 0 € F' and their
multiplicative unit 1 € F'.

Definition 1.1. Santilli’s isofields of the first kind F' = F(&, +, x) are the rings
with elements

a=al (1.4)
called isonumbers, where a = n,c,q € F,.f =1 /T is a well behaved, invertible

and Hermitean quantity outside the original field I =1 /T ¢ F and al is the
multiplication in F' equipped with the isosum

a+b=(a+b)I (1.5)

with conventional additive unit 0 = 0/ = 0,a+0=0+a=a, Vac F and the
isoproduct

axb=albh=alTbl = (ab)l (1.6)
under which I = 1/T" is the correct left and right new unit (Ixé = axl = a, Va € F)
called isounit.

Lemma 1.1. The isofields F(a, +, X) of Def.1.1 verify all axioms of a field. The
lifting F* — I is then an isotopy. All operations depending on the product must
then be lifted in F' for consistency.

The Santilli’s commutative isogroup of the first kind

where I is called an isounit, T is called an isoinverse of I; a~? is called an isoinverse
of a% (ab, x) is called the Santilli’s commutative isogroup of the first kind.
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Lemma 1.2. Sentilli’s isofields of the second kind F' = F(a,+, x) (that is, a € F
is not lifted to @ = al) also verify all the axioms of a field, if and only if the isounit
is an element of the original field.

I=1/TeF (1.7)
The isoproduct is defined by A A
axb=albe F. (1.8)

We then have the isoquotient, isopower, isosquare root, etc.,

aib = (a/b)I, a® = a% - %a = a™(T)"}, a¥/? = aV/2([)2. (1.9)

Definition 1.2. Isodual isomultiplication is defined by

X =-Tx. (1.10)
We then have isodual isoproduct
axb = —aTb. (1.11)

We then have the following isomultiplicative operations of second kind:

”
ab = ab(1)'70 = a*Tt 1, a=b = a (1), abxab =0 =] =71 # 1.

al sl = aTb, alsbT = b1

where I is called an isounit, 7" an isoinverse of I, a~ an isoinverse of a?, and (a’, X)

the Santilli’s commutative isogroup of the second kind. The following examples are
devoted to an exposition of the simplest properties of isomultiplications.
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Example 1:
0P = aT%a? = a3 (D)3, P = aP5a P2 = a3 (D)3,
3/2 _ 2% 71/2 a%(T)%
Ezample 2:
P =T P = P P T = 20l = Y ()R,
Ezample 3:

a¥/% = 0112 %a1? = 115515 q1/0%a1/5 % a/6 =
Ezample 4:
a_5//\6 = a_l//\2>2a_1//\3 = a_l//\ﬁia_f/\ﬁ%a_%%a_%ﬁa_% = a_fﬁaf/\ﬁ = a_%(f) ©
Ezample 5:
ai = al//\2>2a1//\2>2a1//\2§<a1//\2 = a3>2a_f = a?T.

Ezample 6:

— — o — s o
a3/4=a1/4><a1/4><a1/4 a1><a 1/4:(11/2><a1/4:a4(])4,

Ezxample 7:
al3/6 — (2/3543/2 — (2% 416 — alcTS(T)%
Ezample 8:
a V0 = a712%a!? = ol a7/ = a_%(f)%.
Example 9:
a'Pxb B3t = a%b%c%(f)s_lo.
Let a = b = ¢, we have a31/30 a% (T)%
Ezample 10:

QP SpUB B Al/S = abbichdb ()3,

o=

Let a = b = ¢ = d, we have a%/5 :ag(T)

Ezample 11:

CLA_(II/3 2/3:afT:a.
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Example 12: . .

al=a3%a 2P =0 ' IPT = a ' 12
Ezxample 13:

a*xb? = (%)Qf a®xb™3 = a2b 312,
Ezample 14: )

axy® +bxy+c=alyT)? +byT) + ¢
Example 15:

asXy + agxy? + a1 Xy + ap = as(yT)? + az(yT)? + a1 (yT) + ao.

In this chapter we study Santilli’s isonumber theory of the second kind based on
isofields F' = F(a,+, x) [3].

2. Foundations of Santilli’s isonumber theory of the
second kind

By lifting F'(a,+, x) — F(a,—l—, x) we study Santilli’s isonumber theory of the
second kind.

We can partition the positive integers into four classes:

1. The unit: 1,

2. The isounit: I or T,

3. The prime numbers: 2,3,5,...,

4. The composite numbers: 4,6,8,....
The Santilli’s isonumber theory of the second kind is primarily concerned with iso-
divisibility properties of integers.

Definition 2.1. Definition of isodivisibility. We say that a nonzero integer a
isodivides an integer b, if there exists an integer ¢ such that axc = aTc = b, ¢ = bl /a.

If a isodivides b, we write aTb = a|Ib. Then we have alb or a|I. If a does not isodivide
b, we write a /b= a JbI. Then we have a b and a JI.
The following theorem gives the key properties of isodivisibility.

Theorem 2.1.

(1) If a is a nonzero integer, then a|a = alal.

(2) If @ is an integer, then 1\a =1|al.

(3) If a\b = a|bI and blc = b|c], then alc = a|cl

(4) If alb = a|bI and c is a nonzero integer, then ac|bc = ac|bcl and
a|bc = albel.
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(5) If aTb = a|bl and aTc = alcl, then for all integer m and n we have
aT(mb +ne) = alI(mb + ne).

(6) If a|b = a|bl and bja = b|al, then a = +b and [ = 1.

(7) If aTb = a|bf and a and b are positive integers, then a > b, a < I
and a|l or a > I,a < b and alb.

Definition 2.2. If d divides two integer a and b, then d is called a common
divisor of @ and b. The number d is called the greatest common divisor (ged) of a
and b and is denoted by (a,b). If (a,b) = 1, then a and b are said to be relatively
prime.

Theorem 2.2. The prime number theorem for isoarithmetic progressions
E (K) =wXK +a=wTk + a, (2.1)

where k =0,1,2,...; (wT, a) = 1. We have

1 N
MalN) = oy 1+ O, (2.2)

where m,(N) denotes the number of prime in E,(K) < N and ¢(wT) Euler’s ¢-
function.
Santilli’s isoadditive prime problems:

Po=2xp1+1=2Tp +1, p3=4xpi+1=4Tp; + 1. (2.3)
Let T = 1, we have
p2=2p1+1, ps=4p+1 (2.4)

They cannot all be prime, for at least one of the three is divisible by 3.
There exist no 3-tuples of primes except p1 =3, ps =7, p3 = 13. Let T = 2, and
I= % we have

p2=4p1+1, p3=8p1 +1 (2.5)

There exist no 3-tuples of primes.
Let T=3and I = %, we have

p2=6p1+1,p3 =12p1 + 1. (2.6)

There exist infinitely many 3-tuples of primes: 5, 31, 61; 13, 79, 157; 23,139, 277;
61, 367, 733; ...

pa=(pr+p2+ps+1)?+1=T(p +p2+ps+1)?+1. (2.7)
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Let T = {Ty,...,T,} and I = {I,...,I,}. In (2.7) there are n additive prime
equations. Every equation has an isounit.
Fermat-Santilli equations: A A
" 4+ y" =1 (2.8)
From(2.8) we have
4yt = (D" (z,y) =1 (2.9)
For n > 3, (2.9) has no rational solutions.
Pell-Santilli equations: A )
2 — pxy® = +1. (2.10)
By Santilli’s isonumber theory we can extend the additive prime equations and
Diophantine equations.

Definition 2.3. Given integers a, b, m with m > 0. We say that « is isocongruent
to b modulo m and we write
a =b (mod m). (2.11)
If m isodivides the difference a — b, the number m is called the modulus of isocon-
gruence. The isocongruence (2.11) is equivalent to the isodivisibility relation
m| (@a=b)=m | I(a—Db). (2.12)
If m j/(a —b) we write
A
a #Z b (mod m), (2.13)

and we say that a and b are nonisocongruent (mod m).

Theorem 2.3. The isocongruence is an equivalence relation:

(1) a=a (mod m) (reflexivity)
(2) a=b (mod m) implies b=a (mod m) (symmetry)
(3) a=b (mod) andb=c (mod) implies a=c(mod m) (transitivity).

Definition 2.4. The quadratic isocongruence

22=n (mod p) (2.14)
where p is an odd prime. Let (.f,p) = 1 so we can cancel I. Eq. (2.14) can be
written as R

22 =nl (mod p). (2.15)
If congruence (2.15) has a solution and we say that n is a quadratic residue mod p

and we write (%) = 1, where (%) is Legendre symbol. If (2.15) has no solution we

say that n is a quadratic nonresidue mod p and we write (%) =—1.



98 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

Theorem 2.4.

n

in 24 (mod p) (2.16)
i=1

When (I,p) = 1, we can cancel 1. (2.16) can be written as

Xn::ni = a (mod p) (2.17)

i=1
where p is an odd prime.
(2.17) has exactly J,,(p) + (—1)" solutions, where J,,(p) = W, if pla and
(2.17) Jn(p) solutions if p fa.

Theorem 2.5. X
23+ 20+ ...+ xp=a (mod p). (2.18)

When (I,p) = 1, we can cancel I, (2.18) can be written as

22+ I(zo+ ...+ 2,) = Ia (mod p). (2.19)
(2.19) has exactly J,(p) — (—1)" solutions if (%I) =1 and (2.19) J,(p) + (—1)"
solutions if (%) = —1 and p|a.

3. Santilli’s Isoadditive Prime Theory
Definition 3.1. We define the arithmetic progressions [3]

Ep, (K) = wK + pa, (3.1)

where K =0,1,2,...;
w= ][ » (wpd)=1

2<p<p;

(Pavsw) =1 3<p<p;
1< o< é(w)

¢(w) is Euler’s ¢-function.
For every Ep,(K), there exist infinitely many primes.We have
1 N

Tpa (N) = MIOgN

(1+0(1)), (3.2)

where 7, (IN) denotes the number of primes p < N in E,_ (K). Since m, (N) is
independent of p,, the primes seem to be equally distributed among the ¢(w) reduced
residue classes mod w, and (3.2) is a precise statement of this fact.
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We deal with the prime twins: py = p1 + 2. It can be written as the form of the
arithmetic progressions
By, sa(K) = By, (K) +2. (3.3)

We define the arithmetic function of the prime twins

Jwy= > 1= ][] @-2). (3.4)

+2,w) =1 3<p<p;
a < $(w)

(Po
1<
Since Ja(w) < ¢(w), it is a generalization of Euler’s ¢ function ¢(w). Since (po +
2,w) = 1, (3.3) has the infinitude of the prime twins.

Let p; = 3. From (3.1) we have

Es(K)=6K +5, Er(K)=6K+T, (3.5)

where K =0,1,2,...
From (3.4) we have J2(6) = 1. From (3.5) we have one subequation of the prime
twins

Er(K) = E5(K) + 2. (3.6)

Since (7,6) =1, (3.6) has the infinitude of the prime twins.
Let p; = 5. From (3.1) we have

Ep, (K) = 30K + pa, (3.7)

where K =0,1,...; po =7,11,13,17,19,23, 29, 31.
From (3.4) we have J2(30) = 3. From (3.7) we have three subequations of the
prime twins

Elg(K) = EH(K) + 2,E19(K) = E17(K) + 2, E31(K) = EQQ(K) + 2. (38)

Since (pq +2,30) = 1, every subequation has the infinitude of the prime twins. The
prime twins seem to be equally distributed among the J(30) reduced residue classes
mod 30. It is a generalization of Direchlet’s theorem. For Ja(w) — 00 as w — o0,
there exist infinitely many subequations of the prime twins, every subequation has
the infinitude of the prime twins. By using this method and Santilli’s isonumber
theory we found the new branch of number theory: Santilli’s isoadditive prime
theory.

By lifting F(a, +, x) — F(a,+, x) from (3.1) we have isoarithmetic progressions

By, (K) =wxK 4 po = TK + pa. (3.9)
Let 7 = w™ ! From (3.9) we have

Ep, (K) =w"K + pa, (3.10)
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where

Pi <Pa = DPly- s Ppwm) =W +1; d(w™) = Z 1 =w" o).
(pa-Wm):1

Theorem 3.1. If there exist infinitely many primes p; ( for j =1,...,n—1) such
that the absolute values of polynomials f;(p;) (for i = 1,...,k — 1) are all prime,
then f;(p;) must satisfy two necessary and sufficient conditions:

(I) Let fi(p;) be k — 1 distinct polynomials with integral coefficients irreducible
over the integers.

(IT) There exists an arithmetic function J,(w™), that is to separate the number
of k-tuples of subequations from (3.10). It is also the number of solutions of

k—1
i=1

where 1 < a; < ¢p(w™), j=1, ..., n—1
Since J,(w™) < ¢"H(w™), Jn(w™). can be expressed as the form
¢>(§§’) ¢(§’;) [ 1 1 _ ]
anp—1=1 ar1=1 1fi(paj)’w )
=0T (0 - 1) = H(p)), (3.12)
3<p<pi

where H(p) is the number of solutions of congruence

H fi(gj) =0 (mod p), (3.13)
i=1

g=12,....p—1;5=1,...,n— 1L
Since (p—1)""! = (p_1)np_(_1)n + (p_l)nilp_(_l)nil, Jn(w™) can also be expressed
as the form

Jn(wm) _ w(n—l)(m—l) H ((p - l)np_ <_1)n - X(p))’ (3'14)
3<p<p;

where x(p) =0,£1,...
In the same way as in Chapter 1, we can derive the best asymptotic formula

7T’C(]V:n) = ’{pj ‘Pj <N, fi(pj) = prime}|

Jn(wm)(wm)k_l Nl

H deg fi)~ (n 2 (m) (log N2 (1+0(1)). (3.15)
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We have
Jn(wm)(wm)kfl _ Jn(w)wkfl
¢n+k—2(wm) - ¢n+k—2(w)'

Substituting (3.16) into (3.15) we have

(3.16)

k—1 Jn(w)wk_l Nn—l

() = L e F0™ G ) g w2

1+0(1). (3.17)

By the degree is to be understood the highest degree of any individual term, where
the degree of a term such as z1 73 x4 is taken to be 1+ 3 +4 = 8. We prove that
7i(N, n) is independent of m. (3.17) can be written as the form

Fk(N, n) = Jn(w)tl, (318)
where
k—1 - wk—an—l
t = ];[l(deg B T iam og ayFE (L + OW): (3.19)

t1 denoting the number of k-tuples of primes in one k-tuple of subequations. t;
can be applied to any k-tuple of subequations and is called the common factor in
Santilli’s additive prime theory. ¢; = 0 if N < w, t1 # 0 if N > w similar to
(3.1). t1 # 0 implies that there exist infinitely many prime solutions. If J,(w) =0
then m,(N,n) = 0,there exist finitely many k-tuples of primes. If J,(w) — oo as
w — oo,then there exist infinitely many k-tuples of primes. It is a generalization of
Euler proof of the existence of infinitely many primes.
Let n =2 and k = 1. From (3.19) we have

t = (1+0(1)). (3.20)

¢(w)log N

It is the prime number theorem of the arithmetic progressions.
Since k = 1, we have Ja(w) = ¢(w). Substituting (3.20) into (3.18) we have

(N, 2) = %(1 +0(1). (3.21)

It is the prime number theorem.

(3.17) is a unified asymptotic formula in the Santilli’s isoadditive prime theory.
To prove it is transformed into studying the arithmetic functions J,(w). By using
the J,(w) we prove the following Santilli’s isoadditive prime theorems:

Theorem 3.1.1. py = aXp; + b = alpy + b, where (aT',b) = 1 and 2|aTb.
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We have
p—1
By = Y 1= I w-2 [ 2= #o
(aTpa + by w) = 1 3<p<p; p\aTb p
1< a< ¢d(w)
1 p—1 N
m(N,2)=2 J] (- (p—1)2) H p_ZIOgQN(l—i—O(l)).

SSPSZH p‘aTb

Since Ja(w) #= 0, there exist infinitely many primes p; such that po is also a prime.
Let a = 1, it is the prime twins theorem.

Theorem 3.1.2. X
p2 =axpy + N = —aTlp; + N,

Let a = T = 1. We have the Goldbach’s theorem: ps = N — py.[4]
We have )
p —_—
hw= Y 1= 1] ®-2 m#@

(N = pa,w) =1 3<p<p; p|N
1< o< éw)

1 p—1 N

m(N,2) = 23S];[Spi(1 ~ o 1)2)101;[\[1) — 1ngN(l +0(1)).

Since Ja(w) # 0, every even number greater than 4 is the sum of two primes.
It is the simplest theorem in Santilli’s isoadditive prime theory.

Theorem 3.1.3. ps = p? +p1+1= Tp% + p1 + 1, where T is an odd.
Since Ja(w) # 0, there exist infinitely many primes p; such that ps is also a prime.
Let T = 1. we have

Jo(w) = > 1= ][ (p-2-x() #0,

(P2 + pPa +1,w) =1 3<p<pi
1< o< ¢(w)

where x(3) = 0; x(p) =1 if p = 1(mod 3), x(p) = —-1if p=—1 (mod 3),
_ S(ww N
 2¢2%(w) log? N

(N, 2) (1+0(1)).

Theorem 3.1.4. po = (p1 +1)* +1=T(p1 +1)* +1
Since Jy(w) # 0, there exist infinitely many primes p; such that ps is also a prime.
Let T'=1, we have

Rwy= Y 1= I (p-2-17)#0

(Pa + D2 +1,0) =1 3<p<p;
1< < é(w)
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Jo(w)w N

m(N,2) = 262(w) log? N

(14 0(1)).

Theorem 3.1.5. ps = pi)’ +2= TQp:f + 2, where T is an odd.
Since Jo(w) # 0, there exist infinitely many primes p; such that p is also a prime.
Let T'=1. We have

Bw = Y 1= ][] (—2-xm) #0,

(3 +2,w) =1 3<p<pi
1S o < (w)

where x(p) = 2 if 2f = 1(mod p); x(p) = —1 if 9t Z 1(mod p); x(p) = 0
otherwise.
Jo(w)w N

m(N,2) = 3¢%(w) log? N

(1+0(1)).

Theorem 3.1.6. py = (p1 + 1)* + 1.

If Jy(w) # 0, then there exist infinitely many primes p; such that py is also a
prime.

Let 7' = 1. We have

where x(p) = 3 if p = 1(mod 8); x(p) = —1 if p # 1(mod 8),

(N, 2) = %bgiwu +0(1).

Theorem 3.1.7. ps = p‘i’ + 2, where 7' is an odd.
Since Ja(w) # 0, there exist infinitely many primes p; such that ps is also a prime.
Let T'= 1. We have

Sw = Y 1= ][] —2-xm) #0,

(5, +2,w) =1 3<p<p;
1<a<o(w)

where x(p) = 4 if 925 = 1(mod p); x(p) = =1 if 9t # 1(mod p); x(p) = 0
otherwise.

7T2(N, 2) =
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Theorem 3.1.8. ps = (p1 + 4)6 + 4 where T is an odd.
Since Jo(w) # 0, there exist infinitely many primes p; such that ps is also a prime.
Let T'= 1. We have

Jo(w) = > 1= J] ®—2-x®) #0,

((Pa + 00 +4,0) =1 3<p<p;
1<a<éw

p—1 p—1 p—1 p—1

=5if (4) % =(=1)'F (wod p);x(p) = ~1if (4)°5 # (~1)'% (mod p);
x(p) = (—1)pT otherwise.

where x(p)

Jo(w)w N

71‘2(N, 2) = ¢2<w) 10g2 N

(14 0(1)).

(@]

Theorem 3.1.9. ps = p? —|—p§ + 1.
Since Ja(w) # 0, there exist infinitely many primes p; such that ps is also a prime.
Let T'= 1. We have

where x(3) = 0; x(p) =5 if p = 1(mod 18); x(p) = —1 otherwise.

Jg(w)w N

m(N.2) = 552 (@) log> N

(14 0(1)).

Theorem 3.1.10. py = pi + 2, where T is an odd.
Since Jo(w) # 0, there exist infinitely many primes p; such that p is also a prime.
Let T'=1. We have

Sw) = > 1= J] (-2-x0) #0,

(0l +2,w) =1 3<p<pi
1< a < ¢(w)

where x(p) = 6 if ofr = 1(mod p); x(p) = —1 if 9ot Z 1(mod p); x(p) = 0
otherwise.

Jo(w)w N

m(N,2) = 7¢%(w) log? N

(1+0(1)).

Theorem 3.1.11. py = (p1 + 1)® + 1.
Since Jo(w) # 0, there exist infinitely many primes p; such that ps is also a prime.
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Let 7' = 1. We have

Jo(w) = > 1= J] ®—2-x) #0,

(Pa + DB +1,0) =1 3<p<p;
1<a< oW

where x(p) = 7 if p = 1(mod 16), x(p) = —1 if p # 1(mod 16),

Jo(ww N
8¢%(w) log? N

(N, 2) = (1+0(1)).

Theorem 3.1.12. ps = (p1 + 1)1A6 + 1.
Since Jo(w) # 0, there exist infinitely many primes p; such that ps is also a prime.
Let T = 1. We have

A= 3 1= I] G-2-x)#0
((Pa 1+<1)16<+¢1(, u;) =1 3<p<p;

where x(p) = 15 if p = 1(mod 32); x(p) = —1 if p # 1(mod 32),

m(N,2) = 1‘]62(;‘;()3 logN(l +0(1)).

Theorem 3.1.13. p3 = p‘% +p§’ +p% + p1 + 1, where T is an odd.
Since Jo(w) # 0, there exist infinitely many primes p; such that p is also a prime.
Let T =1, we have

Ja(w) = > 1= J] (p—2—x(p) #0.
% + 03 + P2 +pa+1,w) =1 3<p<p;
1< a< pw

where

x(5) = 0; x(p) = 3 if p=1(mod 5); x(p) = —1 if p # 1(mod 5),

(N, 2) = m longu + o).

Theorem 3.1.14. py = 2xp; + 1, p3 = 4xp; + 1.

Jo(w) # 0 if 3|T; Jo(w) =0 if 3 JT.
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Let T = 3, we have
¢(w)

2
Tolw) = [ }:2 p—3)£0
2= 2 it ity 2, AL 097
Here [ | denotes the greatest integer,
J 2 N
m3(N,2) = 2(w)w (1+0(1)).

P (w) log® N

Theorem 3.1.15. py = 3xp; + 2, p3 = 2xp1 + 3, where T is a prime greater
than 3.

Since Ja(w) # 0, there are infinitely many 3-tuples of primes.

Let T = 1, we have

P(w)

2
ZOEDS esmEscremiie o I1 (-3 0
m(N,2) = 2O Ny o),

¢*(w) log® N

Theorem 3.1.16. p = 30xp; + 1, p3 = 60xp; — 1.
Since Ja(w) # 0, there are infinitely many 3-tuples of primes.
Let T =1, we have

o) )
ne)= 3 TSR C il s 11 v-9 #0
ra(N2) = 2L N oy

¢3(w) log® N

Theorem 3.1.17. po =p1 +4, p3 = p% + 4, where T is an odd and 3 X(T +4).
Since Jo(w) # 0 there are infinitely many 3-tuples of primes.
Let T'=1, we have

é(w)

2 p—1
Bl =2, [(pa+4,w>+<p§+4,w>} :273;[%(1’_3_(_1) A
(N, 2) = 2 N o)
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Theorem 3.1.18. po =p1 + 2, p3 = p% + 30, where Tis a prime greater than 5.
Since Ja(w) # 0, there are infinitely many 3-tuples of primes.
Let T =1, we have

P(w)

2= 3 [ erm) =0 1L (-3 (=) #0

a=1 7<p<p;

Jo(ww? N
2¢3(w) log® N

m3(N,2) = (1+0(1)).

Theorem 3.1.19. py = p% +1, p3 = p% +3

Jo(w) # 0 if 3|(T —4); Jo(w) = 0 otherwise
Let T = 4, we have

©-

(w) 9
Ja(w) = Z {(4]03 +1,w) + (4p2 +3,w)]

a=1

2 ] <p_3—(—1)%—(_—3>)#0,

5<p<pi p

Jo(w)w? N
4¢3 (w) log® N

3(N,2) = (1+0(1)).

Theorem 3.1.20. py = 2xp1 + 1, p3 = 6xp; + 1, ps = 8xp; + 1.
Since Ja(w) # 0, there are infinitely many 4-tuples of primes.
Let T =1, we have

$(w) 3
JZ(W) = o;l l:(2pa + 17"‘)) + (6pa + 1,w) + (8pa + 13‘*")
= II -9 #0.
5<p<p;
mi(v,2) = 28 N o)

¢*w) log'N

Theorem 3.1.21 py = 2Xxp1 + 1, p3 = 3xp1 + 2, ps = 4xp; + 3, where Tis a
prime greater than 3.
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Since Ja(w) # 0, there are infinitely many 4-tuples of primes.
Let T'=1, we have

d(w) 3
Jo(w) = az::l {(21701 +1Lw)+ 3pa +2,w) + (4pa + 3,w)
= I -9 #0.
5<p<p;
ma(N,2) = LG (1+0(1)).

¢t (w) log' N

Theorem 3.1.22. py = 30xp; + 1, p3 = 60xp; + 1, ps = 90xp; + 1.
Since Jo(w) # 0, there are infinitely many 4-tuples of primes.
Let T =1, we have

P(w) 3
Jo(w) = . il
9(w) =322 (30ipa + 1,w) 7§1;£pi(p ) #
m(N,2) = 2 @t N (1+0(1))

Theorem 3.1.23. py = p% + 30, p3 = p% + 60, ps = p% + 90,
where T', is a prime greater than 5.
Let T =1, we have

o(w) 3
D) = Z[ : ]
a=1

i—1(P2 + 30i,w)

L () () () e

Theorem 3.1.24. py, = p:% + 30, p3 = pf{’ + 60, py = p:% + 90, where T is a prime
greater than 5.
Since Ja(w) # 0, there are infinitely many 4-tuples of primes.
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Let T = 1, we have

Z[ & - ]:8 IT (@—4-x1(p) — x2(p) — x3(p)) #0.

=1 (P + 30i, w) 7<p<pi

p=1
where x;(p) = 2 if B;® = 1(mod p); xi(p) = —1 if B 5 # 1(mod p), By =
30, By =60, B3 =90; x(p) = 0 otherwise.

Jo(w)w N

3
N,2) =
ma(N,2) 2764 (w) log’ N

(1+0(1)).

Theorem 3.1.25. py = 2xp1+1, p3 = 6xp1+1, py = 8xp1+1, ps = 12Xxp; +1.
Since Ja(w) # 0, there are infinitely many 5-tuples of primes.
Let T =1, we have

¢(“’) 1
= [ (2pa + L,w) (6pa + 1,w) (8pa + 1,w) (12p4 + 1,w)
= I -5 #o.
7<p<pi
Jo(wwt N
75(N,2) = () 10g5N(1+O(1)).

Theorem 3.1.26. po = 30xp; + 1, p3 = 60xp; + 1, ps = 90xp; + 1, ps =
120xp1 + 1.

Since Ja(w) # 0, there are infinitely many 5-tuples of primes.

Let T = 1, we have

P(w) 4
Jy(w) = . o
5 (w) O; S (30ipa + 1, w) 7§lzlpi(zo ) #
J: 4 N
m5(N,2) = 2551):; og? N(l +0(1)).

Theorem 3.1.27. py = p%+30, p3 = p%+60, Dy = p%+90, P5 = p?+120, where
T is a prime greater than 5.
If Jy(w) # 0, then there are infinitely many 5-tuples of primes.
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Let T = 1, we have

TS ——
a=1

=1 (p?x + 30@7 w)

—s |1 (p—5—2<‘;’0>—<‘15>—<‘10>>¢o.

7<p<p; p p

Jo(w)w N
5

4
m5(N,2) = 164°(w) log® N

(14 0(1)).

Theorem 3.1.28. py = p$ +30, p3 = p+60, py = p3+90, ps = p3 + 120, where
T is a prime greater than 5.

If Jo(w) # 0, then there are infinitely many 5-tuples of primes.If Jo(w) = 0, then
there are no 5-tuples of primes.

Let T' = 1, we have J2(7) = 0. then there are no 5-tuples of primes.

Theorem 3.1.29. py = 4xp; + 1, p3 = 6xp; + 1, py = 10xp; + 1, p5 =
12xp1 +1, ps = 16xp; + 1.

Since Ja(w) # 0, there are infinitely many 6-tuples of primes.

Let T = 1, we have

Jo(w) =
= [(4pa + 1,w)(6pa + 1,w)(10pa + 1, w)(12pa + 1, w)(16pa + 1, w)
= II -6 #0.
T<p<pi
Jo(w)w® N

m6(N, 2) = (1+0(1)).

¢5(w) log® N

Theorem 3.1.30. py = 30xp; + 1, p3 = 60xp; + 1, py = 90xp; + 1, ps =
120xp; + 1, pg = 150xp; + 1.

Since Ja(w) # 0, there are infinitely many 6-tuples of primes.

Let T = 1, we have

5
- =38 (p—6)#0.
2 1(30ipy + 1,w) . <1;[<pi

#(w)
ZIOEDY
a=1
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Jo(w)w® N

mo(N2) = #%(w) logb N

(1+0(1)).

Theorem 3.1.31. py = p% + 30, p3 = p% + 60, py = p? +90, ps = p% +120. pg =
p% + 150, where Tisa prime greater than 5.

If Jy(w) # 0, then there are infinitely many 6-tuples of primes.

Let T = 1, we have

> 5
Z[ lea+30’LW)‘|

_ <53 () (2 () o

w)w

5
mo(N2) = 6(w) log® N

(14 0(1)).

Theorem 3.1.32. py = p‘% + 30, p3 = leL 460, pg = p‘% +90, ps = p‘% + 120, pg =
p‘% + 150, where Tis a prime greater than 5.

If Jy(w) # 0, then there are infinitely many 6-tuples of primes.

Let T = 1, we have

o(w) - i
Rer= =8 —6— i 0.
2(w) ;::1 lZ?—l(pé + 30i,w)] Kl;[gpi (p ;x (p)) A

where yi(p) = 3if B, T = (—1)% (modp), x(p) = —1 if B, * # (1) (modp),
B; =30, By =60, Bg =90, By =120, Bs = 150; xi(p) = (—=t) otherwise,

= |

So(ww® N

mo(IV,2) = 102445 (w) log® N

(14 0(1)).

Theorem 3.1.33. p3 = p1 xp2 + b, where (T, b) =1 and Q\Tb.
We have

o) Hw) . b1
Bw)=> > [(A ]Zéﬁ(w) IT -2 1?27507

Tpalpaz +b, w)

az=1 a1=1 3<p<p; p‘Tb
1 p—1 N?
m(N,3)== ] (1- 11 =—(1+0(1)).
2 3pep, (p_ )* |pr_2 log™ N
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This is three primes theorem called (142).
N,T) > 1; J3(w) # 0 if

Theorem 3.1.34. p3 = N — pyxpe, J3(w) = 0 if (

(N, T) =
Let T = 1, we have
(w)  Pw)
1 } p—
-y ¥ =o@) I v-2 11— 570
[ (N = PaiPas; w) 3<p<pi pIN P

az=1 a1=1

m2(N,3) = | {p1,p2 : p1,p2 < N,p3 = [N — p1pa|} |

1 < 1 > p—1 N?
2 5 ot NV
23§p§pi (p—1) |Np 2 log® N
This is three primes theorem called (14-2).

Theorem 3.1.35. p3 = (p: +p2)2 + b, where b is an odd and 3 /(T + b).
We have
EEL Ty,
= (p” = 3p+3—x(p)) #0,
( pal +pa2) + baw) 3<p<p;

as=1 a1=1

where x(p) = (p — 2) if p|Tb; x(p) = (p— 2)( ) otherwise,
w)w 2
ma(N.3) = P68 o))

Theorem 3.1.36. p3 = (p1 +p2)3 + 3, where 3 /T
Since J3(w) # 0, there exist infinitely many primes p; and py such that ps is also

a prime.
Let T =1, we have
s Z[ w1 i | et S ERCO)E)
as=1 a;=1 pa1+pa2) +37w) 3<p<p;
= —(p-2)if 35 #

where x(3) = 1,x(p) = 2(p — 2) if 35 = 1(mod p); x(p) =
1(mod p); x(p) = 0 otherwise,

w)w 2
ma(N.3) = 2608 o))
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Theorem 3.1.37. p3 = (p1 + p2)* + 1.

If J3(w) = 0, then there are finitely many prime solutions. If Js(w) # 0, then
there are infinitely many prime solutions.

Let T = 1, we have

Z Z[ (pa +pa1)4+1w)]= IT @ -3p+3-x(p)#0,

as=1 ai=1 3<p<p;
where x(p) = 3(p —2) if p = 1(mod 8); x(p) = —(p—2) if p# 1 (mod 8).
m(v,3) = 22 N oy,

8¢3(w) log® N

Theorem 3.1.38. p3 = p; >A<pg + b, where (T, b) =1 and 2|Tb.
Since J3(w) # 0 there exist infinitely many prime solutions.
Let T =1, we have

o(w)  Pw) l 1

]:qﬁ(w) II @ H—#

2
palpa2 + bv w) 3<p<p; p|b

as=1 ai=1

J3(w)w N2
6¢3(w) log® N

ma(N,3) = ——(1+0(1)).

Theorem 3.1.39. p3 = p; >A<p§ + b, where (T, b) =1 and Q\Tb.
Since J3(w) # 0, there are infinitely many prime solutions.
Let T =1, we have

B o) l . 1 0o I
| = ¢(w) r=2) [l —5 7&
as=1 a1=1 palpg? + b’ w) 3<p<pi p|b

J3(w)w N2

m2(N,3) = 8¢3(w) log® N

(1+0(1)).

Theorem 3.1.40. p3 = p; %pg + b, where (T',b) = 1 and 2|Tb.
Since J3(w) # 0, there are infinitely many prime solutions.
Let T'=1, we have

B) 9(w) .
e o L2 2

as=1 a;=1 palpa2 +b7w) 3§P<P1 plb



114 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

J3(w)w N2

m2(N,3) = 1063 (w) log® N

(14 0(1)).

Theorem 3.1.41. py = pyXpaXps + b, where (T',b) = 1 and 2|Tb.
Since J4(w) # 0, there are infinitely many prime solutions.
Let T'=1, we have

(W) d(w) ow)

-LX Z& el

az=1laz=1 a1=1 PaiPazPas + b, (.d)

=o' II @ H—%

3<p<p; plb
1 1 p—1 N3
mo(N,4) = = (1—7> — —————(14+0(1)).
2( ) 93S1;£pi (p—1)2 gp_Q 10g4N( ())

It is the four primes theorem called (1+3).
Theorem 3.1.42. py = N — p; Xpa XPp3.
Ji(w) = 0if (N,T) > 1; Jy(w) # 0if(N,T) = 1.

Let T = 1, we have

>

az=1laz=1 a1=1

=¢*w) I v Hp_#)

9o(w) o) d(w) [ ] }
)

N — PaiPasPas, W

3§p<pz p|b
mo(N,4) = [ {p1,p2,p3 : P1,p2,p3 < N,ps = |N — p1pap3|} |
1 1 p—1 N3
= — H (1-— ) 1 (1+0(1)).
Y 5<pen, (p—1)2 Jn P2 log' N

It is the four primes theorem called (1+3).

Theorem 3.1.43. py = p;Xps + p3 + b, where T and b are both odds or both
evens.

Since J4(w) # 0, there are infinitely many prime solutions.

Let T = 1, we have

(W) dw) dw)

XX X o5

as=laz=1 ay=1 -\ParPaz +pa3+b,w)
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= II <7(p_1)4_1—x(p)>#0,

3<p<p; p
where x(p) =p —2if plb; x(p) = —1ifp fb.
mo(N, 4) = Jiww N (1+ O(1)).

18¢%(w) log* N

Theorem 3.1.44. py = py1xp3 + p3 + b, where T and b are both odds or both
evens.

Since J4(w) # 0, there are infinitely many prime solutions.

Let T = 1, we have

P(w) ¢(w) Bw) 1
SZ Z Z [ palpag + Pas + b,w)]
11

az=1a2=1 a1=1

TV
(plp%—x(p)) # 0,

where x(p) =p —2if p|b; x(p) = -1 ifp fb.

Ji(w)w N3
12¢4(w) log* N

3<p<p;

mo(N, 4) = (1+0(1)).

The9rem 3.1.45. py = (p1 +p2 +p3 — 1)2 +1, ps = (p1 +p2+p3+ 1)2 + 1.
Let T =1, we have

Jy(w) =
Za3 1 zigw 1 Eo‘l 1 [ (poq+pa2+pa3—1)2+1»w)1((pa1+pa2+pa3+1)2+17w)}
| D S
3<p<p; p
where x(p) = (1+2(~1)" ) (b — 3p+3),
Jy(w)w? N3

m3(N,4) =

2
24¢5(w) log® N(1 +OW):

Let T = 4, we have
Ja(w) =

Z Zd’ (w) Z [ 1 }
az=1 az=1 =1 4(pa1+pa2+pa3*1)2+1vw)(4(pa1+pa2+pa3+1)2+1vw)
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S | (LA ek S S

3<p<pi p
where x(5) = 25, x(p) = (1 +2(~1)"7 )(p® — 3p + 3),
ry(No4) = PA@” N )

24¢°(w) log® N
Since Jy(w) # 0, there exist infinitely many prime solutions.

Theorem 3.1.46. p5 = p1 Xpa Xp3Xps + b, where (T, b) =1 and 2|Tb.
Since J5(w) # 0, there are infinitely many prime solutions.
Let T =1, we have

o(w) ¢

2. D

(w
ag=1az=1az=

) 9w) o) { )

palpagpagpa4 + b7 w)

1 ap=1
p—1
=o'w) [ -2 I — #0.
3<p<p; plb P
Js(w)w N
96¢°(w) log® N
It is the five primes theorem called (144).

m2(N,5) =

(14 0(1)).

Theorem 3.1.47. p5s = N — p1 Xp2 ><p3 X P4
J5()—01f(TN)>1 J5()7£01f(TN)—1.
Let T = 1, we have

(W) ¢(w) ¢(w) ¢(w)

=X X Y [

aZiaZioZ) 20 LN = payPagPasPas, w)

=¢*w) [[ -2 Hp—;éo

3<p<p; p|N

WQ(Na 5) - ‘{p17p27p37p4 :P1,DP2,P3, P4 S N7p5 = ‘N _p1p2p3p4‘}|
1 ( 1 ) p—1 N*?
=— J] (1-—3) [[>— —=@1+0Q)).
483§p§pi (p—1)2 p‘Np—Q log” N

It is the five primes theorem called (144).

Theorem 3.1.48. p5 = p; + p2 + pgﬁpi, where 7' is an odd.
Since J5(w) # 0 there are infinitely many prime solutions.
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Let T = 1, we have

B) Bw) o) .
| )

Z Z Z Z pal + Pay +pa3pa4’

as=1a3z3=1az=1 a1=1
-1 +1
= 11 <@7)+p—2>5£0.
3<p<p; p

Js(w)w N4
120¢5(w) log® N

(N, 5) = (1+0(1)).

Theorem 3.1.49. p5 = p; + po +p§ >A<p§ + b, where b is an even and 7' is an odd.
Let T'=1, we have

¢>(W) d(w) ¢(w) Pw) 1
[ (Pay + Pay + PE,D3, + b,w)]

>
=1 a1=1
(W—X(p)> £ 0.

p

>
as=1laz=1la
11

3<p<p;

where x(p) = 1if p /b; x(p) = —(p — 2) if plb.

ma(N,5) =

2)
(“)(“’ N o,

120¢°(w) log® N

Theorem 3.1.50. ps5 = p1 + p2X(p3 + pa) + 2.
Since J5(w) # 0, there are infinitely many prime solutions.
Let T'=1, we have

p(w) dw) ow) 1

$(w)
=2 22 ) {pa1+pa2(pa3+pa4)+2,w)

as=1az=1a2=1 a1=1

- 11 ((p—1)5+1_1>#0‘

3<p<p; p

Js(wjw  N*
48¢°(w) log® N

ma(N,5) = (14+0(1)).

Theorem 3.1.51. p, = p1 XpaX -+ Xp,_1 + b, where (b, T) =1 and 2|bT.
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We have
ap—1=1 a1=1 (Tn Pay " Pay_1 + b, w)
n—2 p—1
=02 [ -2 [] 2= #0.
3<p<p; p\pr
2 1 p—1 Nn1
ma(Nyn) = ————— [ 0-—) 11 —(1+0(1).

(n_l)(n_l)'?)gpgpi (p—1) p\’fbp_2 log" N

Let n = 2, it is the prime twins theorem.
Theorem 3.1.52. p, = N —p; XPaX -+ >A<Apn_1.
Jp(w) =01if (N, T) > 1; Jy(w) #01if (N,T) = 1.
Let T =1, we have

o) o )

)
Jp(w) = Z Z

ap—1=1 a1=1

(N — Pa; " 'pan—law)

n— p_l
2w [ -2 [I2=1 40
3<p<p; pIN P
mo(N,n) = [{p1, s Pn=1: D1, Pn-1 SN, pp = |N —p1 - pn_1|}|
2 1 p—1 N1
e ———— 1—
(n—1)(n—1)! 11 « (p—l)Q) Hp—2 log" N

3<p<p; p|N

(1+0()),

It is the Rényi’s theorem. Let n = 2, it is the Goldbach’s theorem, see theorem
3.1.2.

Note. All sieve methods obtain only the upper estimates, but the lower estimates
are more difficult. Unfortunately, it turns out there is no method which will give
such a formula for general sifting function. J,(w) is a precise shifting function. The
Santilli’s isoadditive prime theory will take the the place of all sieve methods.

Theorem 3.1.53. p3 = (p1 + 1)§(p2 + 1) 4+ 1, where p1, p2 and p3 are the odd
primes.
Since J3(w) # 0, there are infinitely many prime solutions.

For T' = 1, we have

J3(w) = H (p* —3p+4) #0.

3<p<p;
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ma(N,3) = (1+0(1).
(14+0O(1)) means that the error O(1) is negligible in comparison to 1.

Theorem 3.1.54.

pa=(p1+1)x(p2+1)x(p3+1)+ 1.

Since Jy(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

L) =TI [—=1*-Hp)|#0,

3<p<p;
where H(p) = (p—3)(p —2) + L.

Jy(w)w N3

ma(N,4) = 18¢% (w) ) log* N

—r (1 +01)).

Theorem 3.1.55. p5 = (p1 + 1)x(p2 + 1)X(p3 + )x(ps + 1) + 1
Since J5(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

B =TI [w)*~HE)|#o0.

3<p<p;
where H(p) = (p—3) [(p — 2)* + 1]

J5( )w N4

m(N,5) = 96¢5( )log N

(1+0(1)),

Theorem 3.1.56. pg = (p1 + 1)x -+ x(ps + 1) + 1
Since Jg(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jow = I [o-1°-HE)]|+0,
3<p<p;
where H(p) = (p—3) [(p —2)° + (p— 2)] +1
Jo(w)w  N°
5 x 5le(w) log® N

Theorem 3.1.57. p7r = (p1 + 1)x --- X(ps + 1) + 1
Since Jy(w) # 0, there are infinitely many prime solutions.

m2(N,6) =

(14+0(1)).
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For T = 1, we have

Jiw) =TI [e-1°-H®)] #0,

3<p<p;
where H(p) = (p—3) [(p —2)* + (p — 2) + 1]

Jr(w)w  NO

N,7) =
m2(N, 7) 6 x 617 (w) log” N

(1+0(1)).

Theorem 3.1.58. pg = (p1 + 1)x--- X(pr + 1) +1
Since Jg(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jsw) =TI [w-1"-H®)]#o,

3<p<p;
where H(p) = (p—3) [(p—2°+(p—2°*+(p—2)] +1

w W 7
m(N.8) = 7 587(!¢)é%(w) 10221\[(1 +Om)).

Theorem 3.1.59. pg = (p1 +1)X --- X(pg + 1) +1
Since Jg(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jow)= I [e-1°-H®)] #0,

3<p<p;
where H(p) = (p—3) [(p —2)° + (p - 2)* + (p — 2) + 1]

ww 8
m(N,9) =3 jgzg(!¢)f)(w) lofg\g v +oa.

Theorem 3.1.60. pa,+1 = (p1 +1)X ... X(p2n, +1) + 1
Since Jop4+1(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jani@) = T [0—1"—HE)] #0,

3<p<p;
where H(p) = (p—3) [(p—2)*" 2+ (p—2)2""* + ...+ 1]

Jgn+1(w)w N2n
(2n) x (2n)!p2H1 (w) log?" Tt N

mo(N,2n+1) = (14 0(1)).
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Theorem 3.1.61. po,10 = (p1 + 1)§< e §<(p2n+1 +1)+1
Since Jop42(w) # 0, there are infinitely many prime solutions.
For T'=1, we have

Jnia@) = [ |[0- D"~ HEp)| £0,

3<p<p;
where H(p) = (p—2) [(p — )ty (p—2)2"3 4. .+ (p— 2)] +1
J2n+2 (w)w N2n+l

ma(N,2n +2) =

(Qn + 1) X (27’L + 1)!¢2n+2 (W) 10g2n+2 N

Theorem 3.1.62. p3 = (p1 + 1)X(p2 +1) +3
Since J3(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jw) =TI [w-1*-H®]#o0,
3<p<pi
where H(3) = 3, H(p) = p — 3 otherwise.
_ J(w)w N?
4¢3 (w) log® N

Theorem 3.1.63. p3 = (p1 + 1)x(p2 +1) +5
Since J3(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

w2 (N, 3)

(14+0(1)).

Jsw) =TI [e-1?-H®)] #0,

3<p<pi
where H(3) =1, H(5) =7, H(p) = p — 3 otherwise.
J3(w)w N2
N,3) = 2 T 14 0(1)).
7T2< ) 4¢3(w) IOgBN( ( ))

Theorem 3.1.64. p3 = (p1 + 1)x(p2 +1) +7
Since J3(w) # 0, there are infinitely many prime solutions.
For T =1, we have

Jw)= [ [@-1*-H®)]#0,

3<p<p;
where H(7) = 11, H(p) = p — 3 otherwise
J: N?
(N, 3) = 2@ (1+0(1)).

4¢3 (w) log® N

(1+0(1)).

121
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Theorem 3.1.65. p3 = (p1 + 1)x(p2 + 1) +9
Since J3(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jw) =TI [e-12-H®)]#0,

3<p<pi
where H(3) =3, H(5) =3, H(p) = p — 3 otherwise

J3(w)w N2
4¢3 (w) log® N

(N, 3) = (1+0(1)).

Theorem 3.1.66. p3 = (p; + 1)x(p2 + 1) + b, where 2 b
Since J3(w) # 0, there are infinitely many prime solutions.

For T' =1, we have

bw) =TI [@-1?-H®)]#0,

3<p<p;
where H(p) =p—2,ifp| (b+1); H(p) =2p—3,if p|b; H(p) = p — 3 otherwise.

Jo(w)w N?

m2(N3) = 800 o N

(1+0(1)).

Theorem 3.1.67. py = (p1 + 1)x(p2 + 1)X(p3 + 1) + b, where 2 Jb
Since Jy(w) # 0, there are infinitely many prime solutions.
For T = 1, we have

L) =TI |[—1*-H®)|#0,
3<p<p;

where H(p) = 3p> —9p+T7,if p | b H(p) = (p—3)(p—2), if p | (b+1); H(p) =
(p —3)(p —2) + 1 otherwise

J4( )w N3

TN = 18T w) logT N

(1+0(1)).

Theorem 3.1.68. ps = (p1 + 1)X(p2 + 1)x(p3 + 1)X(pa+1) + b, 2 b
Since J5(w) # 0, there are infinitely many prime solutions.

For T = 1, we have

Jsw) =TI [e-1'-H®)]#0,

3<p<p;
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where H(p) = (p = 1)* = (p—2)%, if p | b5 H(p) = (p —2)[(p = 3)(p — 2) + 1],

pl(b+1); Hp)= (p—3)[(p —2)* + 1] otherwise

Js(w)w N4

m2(N,5) = 966 (w) ) log® N

(L 0).

Theorem 3.1.69. p3 = (p; + 1)x(p2 +1) — 1
Since J3(w) # 0, there are infinitely many prime solutions.

For T' =1, we have

Jsw) = [[ @ -3p+3)#0,

3<p<p:
J3(w)w N2
4¢3 (w) log® N
Theorem 3.1.70. py = (p1 + 1)x(p2 + 1)x(p3 +1) — 1

Since Jy(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

(N, 3) = (1+0(1)).

Jw) =TI [@-1°-H®)]#0,

3<p<p;

where H(p) = (p—2)* — (p — 2)

w 3
mo(N,4) = 1J§g§4() )logiN(l—FO(l)).
Theorem 3.1.71. p5 = (p1 + 1)x(p2 + 1)X(ps + D)x(ps +1) — 1

Since Jy(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jsw)= II [e-1'-H®)] #0,

3<p<p;
where H(p) = (p—2) [(p —2)* — (p — 2) + 1]

Is(w)w N4

m(N,5) = 96¢5( )log N

(1+0(1)).

Theorem 3.1.72. p,y1 = (p1 + )X ... x(pp +1) — 1
Since Jp4+1(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jnpr(w)= ] [(p—1)"—H(p)] #0,

3<p<p;

123

if
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(r—2)[(p—2)" "' +(=1)"] .

where H(p) = P

Int1(w)w N™
n x nl¢" 1 (w) log" ! N

mo(N,n) = (14 0(1)).

Theorem 3.1.73. p3 = (p1 — 1)x(p2 — 1) + 1
Since J3(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jsw)= J[ @*-3p+4)#0,

3<p<p;

J3(w)w N?
N,3) = " —~—=—(1+0(1)).
mN.3) = e s (1 0)
Theorem 3.1.74. py = (p1 — 1)x(p2 — 1)x(p3 — 1) +1
For any integer T', J4(w) # 0 there are infinitely many prime solutions.
For T'=1, we have

Jw)= T [e-1°-H®)] #0,

3<p<p;
where H(p) = (p —2)* — (p — 2)

w W 3
mo(N,4) = fé‘q(%()w) 10ng]\](l +0(1)).

Theorem 3.1.75. p5s = (p1 — 1)x ... x(ps — 1) +1
For T =1, we have

Jsw) =TI |[—1*=H®)|#o0,

3<p<p;
where H(p) = (p—2)> — (p—2)2+ (p —3)

ww 4
(N, 5) = 55;5()@ lofgi ~(1+0(1)).

Theorem 3.1.76. p,y1 = (p1 — )X ... X(pp — 1)+ 1, n >4
For T =1, we have

Jnpi(w)= [ [(p—1)"—H(p)] #0,

3<p<p;
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[(p—2)*—1](p—2)"*
p—1

where H(p) =
In+1(w)w N™
n x nlg"*t(w) log" Tt N

Theorem 3.1.77. p3 = (p1 — 1)x(p2 — 1) — 1
For T =1, we have

ma(N,n+1) =

Jsw)= J[ @*-3p+3)#0,

3<p<p:
J3(w)w N2
N,3) = ——~—=—=(1+0()).
mN.3) = L5 o (1 O)
Theorem 3.1.78. py = (p1 — 1)X(p2 — 1)x(p3 —1) — 1
For T = 1, we have

L@ = TI [e-1°-H®)]#0,

3<p<p;
where H(p) = (p—3)(p—2) + 1
Jy(w)w N4
18¢°(w) log® N

Theorem 3.1.79. p,y1 = (p1 — )X ... xX(pp—1) =1, n >3
For T' =1, we have

(N, 4) = (1+0(1)).

Jniiw) = [[ [p—1D"=H(p)] #0,

3<p<p;
where H(p) = (p—2)"3[(p —3)(p — 2) + 1]
Int1(w)w N™
n x nlg"*t(w) log" Tt N

Theorem 3.1.80. p3 = (p1 + 1)x(p2 — 1) + 1
For T =1, we have

ma(N,n+1) =

Jsw)= [[ @*-3p+3)#0,
3<p<pi
J3(w)w N2
N,3) = ———"———>—(14+0(1)).
mN.8) = (S S (o)
Theorem 3.1.81. py = (p1 +1)x(p2 — 1)x(p3 +1) + 1
For T = 1, we have

Jw) =TI [e-1°-H®)]#0,

3<p<p;

(1+0(1)).

(14 0(1)).
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where H(p) = (p — 3)(p — 2)
Jy(w)w N3
18¢%(w) log* N

Theorem 3.1.82. p5 = (p1 + Dx(p2 — Dx(ps +1)x(pgs — 1)+ 1
For T' =1, we have

(N, 4) = (1+0(1)).

Jsw) =TI |[—=1D*=H®)|#0,

3<p<p;
where H(p) = (p—2)> — (p—2)>+ (p—3)
(N, 5) = 2@ N (1+0(1)).

96¢°(w) log® N

Theorem 3.1.83. ps = (p1 + Dx(p2 — )x(p3 + 1)x(ps — 1)x(p5 +1) + 1
For T' =1, we have

Jow) =TI [@-1°-H®)] #0,

3<p<p;
where H(p) = (p—2)' = (p -2 + (p—2)> = (p—2) + 1
J6( )w N5

ma(N,6) = 60000 (w )IOgGN(l—i—O(l)).

Theorem 3.1.84. p3 = (p1 + 1)X(p2 — 1) — 1

For T = 1, we have

Jsw)= [ [p—1)*=H(p)] #0,

3<p<pi
where H(3) = 0; H(p) = p— 3 otherwise

J3(w)w N2
4¢3 (w) log® N

Theorem 3.1.85. py = (p1 + 1)x(p2 — 1)x(p3 + 1) — 1
For T = 1, we have

m2(N,3) =

(1+0(1)).

L) =TI |[—1-H®)|#0,

3<p<pi
where H(p) = (p—2)>—(p—2)+1,H(3) =

J4( )w N3

m2(N,4) = 18¢4(w) log? N

(1+0(1)),
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Theorem 3.1.86. p5 = (p1 + )X(pa — )x(p3+1)x(pg — 1) — 1
For T' =1, we have

Jsw) =TI [e-1'-H®)]#0,

3<p<p;
where H(p) = (p—2)* = (p = 2)* + (p—2), H(3) = 1.
Js(w)w N*

(N, 5) = (1+0(1)).

96¢5( )log N

Theorem 3.1.87. pg = (p1 + 1)x(pa — )x(p3 + 1) x(ps — )X (ps +1) — 1
For T'=1, we have

Jow) =TI [=1°-H®)] #0,

3<p<p;
where H(p) = (p—2)* — (p— 2)* + (p—2)* — (p — 2), H(3) = 0.
Jo(w)w  N°

(N, 6) = (1+0(1)).

6004%(w) logé N

Theorem 3.1.88. p3 = (p1 +b)X(p2 +b) + b
For T' = 1, we have

Jw) =TI [@-1?-H®p)]#0,
3<p<pi

where H(p) =0,ifp | b; H(p) =p—2ifp| (b+1); H(p) = p — 3 otherwise.
J3(w)w N2
4¢)3( ) log® N

Theorem 3.1.89. p3 = (p1 + 1)X(p2 +2) + 1
For T =1, we have

ma(N,3) = ——(14+0(1)).

Jsw)= ][ [p—1)*=H(p)] #0,

3<p<p;
where H(3) =1, H(p) = p — 3 otherwise.
J: N2
m(N,3) = 2 Ny o)),

4¢3( ) log3 N

Theorem 3.1.90. p; = (p1 + 1) (p2 + 2) (p3 +3) +
For T = 1, we have

Jw) =TI [e-1°-H®)]#0,

3<p<p;
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where H(p) = (p—3)(p—2) + 1
Jy(w)w N3

ma(N4) = 18¢4(w) log! N

(14 0(1)).

Theorem 3.1.91. py =p1 + 922 = p1+ 4T
(1) T =27, 5=0,1,---, we have

hw) = ] -2 #o.

3<p<p;

(2) T = 3.6.9, we have

Bw) =2 [ -2 +#0.
S<p<p;

A~

(3) T'= 5,10, we have

B =4 I] -2 #0.

7<p<p;

(4) T = 7,14, we have

hw) =18 T (-2 #0.
11<p<p;

A~

(5) T'= 11,22, we have

Jow) =150 ] (»p—2)#0.

13<p<p;

Since Jo(w) — 00 as w — oo, there exist infinitely many prime solutions. We have
the best asymptotic formula

Jo(w)w N

N =50 o N

(1+0(1)).
Theorem 3.1.92. py = p1 + 22, p3 =p1+ 42

(1) T =2/,§ =0,1,2, we have
Jow)= [ -3 #0

5<p<p;

A~

(2) T =3,6,9, we have

B =2 ] -3 #0.

5<p<p;
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(3) T = 5,10, we have
Jw)=4 ] (@-3)#0.

(4) T = 7,14, we have
Jow) =12 J] @-3)#0.

Since Jo(w) — o0 as w — oo, there exist infinitely many 3-tuples of primes.

have
_ Sww? N
m3(N,2) = Wlog?’]\f(l +0(1)).

Theorem 3.1.93. p, = p; + 22, p3=p1+ 42, P4 =p1+ 62

(1) T =2,j=0,1,2,---, we have
Bw)=2 [[ (-4 #0.

7<p<p;

N

(2) T =3,6,9, we have
Jow)=4 J[ (w—4)#0.

7<p<p;

(3) T = 5,10, we have
Bw) =4[] -4 #0.

7<p<p;

Since Jy(w) — 00 as w — oo, there exist infinitely many 4-tuples of primes.

have ) 5
Jo(w)w N
N,2)= —+—
(N, 2) Y (w) log? N

Theorem 3.1.94. py = p1 + 22, p3 = p1 + 42, py = p1 + 62, ps = p1 + 82

(1+0(1)).

()T =2,j=0,1,2,---, we have
Jow)=6 J] (p—5)#0.

11<p<p;
(2) T = 3,6,9, we have
Jo(w) =12 H (p—5) #0.

11<p<p;
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(3) T = 5,10, we have
Jo(w)=12 ] (»—-5)#0.

11<p<p;
Since Jy(w) — 00 as w — 00, there exist infinitely many 5-tuples of primes. We
have ) A
Jo(w)w N
m5(N,2) = 222 L (14 0(1)).
$(N,2) = TH e (1 0(1)
Theorem 3.1.95. po = p1 + 22, p3 = p1 + 4%, py = p1 + 62, ps = p1 + 82,

pe = p1 +10°

(1)T=2,j=0,1,2,---, we have

Jow)=6 J] (p—6)#0.

11<p<p;
(2) T = 3,6,9, we have

Jo(w)=12 [ (p—6)#0.

11<p<p;

A~

(3) T = 5,10, we have
Jw)=12 [ (-6)#0.

11<p<p;

Since Ja(w) — o0 as w — oo, there exist infinitely many 6-tuples of primes. We

have () 5 N
_J2 w)w
mo(N.2) = T Sy (L O)

Theorem 3.1.96. p; 11 = p1 + (25)%, j=1,2,---,n.

(1)T=2,j=0,1,2,---, we have
p—1
Jw)= ]] 5 II —n-1)#0.
3<p<pe Pmp<pi

where p. < 2n — 1, py, > 2n — 1.

A

(2) T =3,6,9, we have

B =2 T p%l I[I @w-n-1)+#0.

5<p<pe Pm<p<p;
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where p. < 2n —1,p,, > 2n — 1.
Since Ja(w) — 00 as w — 00, there exist infinitely many (n + 1)-tuples of primes.
We have the best asymptotic formula of the number for (n + 1)-tuples of primes.

Jo(w)w™ N

Tni1(N,2) = "1 (w) log" T N

(1+0(1)).

Theorem 3.1.97. p; 1 = p1 + (2]')‘17]‘ =1,---,6
For 7' =1, we have

Jo(w) = 4860 ] (»—7-x(p) #0.

19<p<p;

Where x(29) = x(37) = —1, x(61) = -2, x(p

= 0 otherwise

)
J2 w)wﬁ N

D =) o

(14+0(1)).

Theorem 3.1.98. p;.1 =p1 + (25)%,j=1,---,6
For T’ = 1, we have

Ja(w) =90000 I (»—7—x(p) #0.

23<p=<p;

Where x(31) = -2, x(37) = x(43) = x(61) = —1, x(p) = 0 otherwise.
Jo(w)w® N

¢"(w) log" N

Theorem 3.1.99. p; 1 =p; + (2j)é,j =1,---,6
For T' = 1, we have

m7(N,2) = (14 0(1)).

J2(w) =5670 J[ (»—7-x(p)#0.

19<p<p;
Where x(29) = x(37) = x(41) = —1, x(p) = 0, otherwise

Jy(ww N
¢T(w) log” N

Theorem 3.1.100. pj;1 = p1 + (2j)f0,j =1,---,6
For T = 1, we have

mr(N,2) = (1 +0()).

=54 I[ (07— x(p) #0.

13<p<p;
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Where x(31) = —3, x(41) = —1, x(p) = 0 otherwise
Jo(w)w® N
¢7(w) log" N
Theorem 3.1.101. p;y1 = p1 + (2j)12,j =1,---,6
For T = 1, we have

Jo(w) =148500 [ (»—7—x(p)) #0.

(N, 2) = (1+0(1)).

23<p<pi
Where x(37) = —3,x(29) = x(31) = x(43) = —1, x(p) = 0, otherwise.
Jo(w)w® N
m7(N,2) = ) 1Og7N(1—|—O(1)).

Theorem 3.1.102. p;i1 = p1 + (25)4,j=1,---,6
For T = 1, we have

Jow)=30 [ (»—7—x(p)#0.

13<p<p;
Where x(29) = x(43) = —4, x(p) = 0 otherwise.
Jo(w)w® wé N
m7(N,2) = o) 10g7N(1 + O(1)).

Theorem 3.1.103. pj;1 = p1 + (2j)f6,j =1,---,6
For T = 1, we have

Jo(w) =6075 [ (p—7-x(p)#0.
19<p<p;
Where x(29) = x(37) = —1, x(41) = =3, x(p) = 0, otherwise.
6 N
m(N,2) = 2N o),

¢7(w) log’ N

Theorem 3.1.104. p;;1 = p1 + (2]')1}37]' =1,---,6
For T = 1, we have

)=500 J] (»—7-x(p) #0.

17<p<p;
Where x(19) = —5, x(31) = —1, x(37) = —4, x(p) = 0 otherwise.
JQ( )wG N

mr(N,2) = (1 +0()).

¢7(w) log’ N
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Theorem 3.1.105. pji1 = p1 + (2]')?0,]' =1,---,6
For T = 1, we have

Jo(w) =8748 [ (»—7-x(p) #0.

19<p<p;

Where x(29) = —1, x(31) = x(37) = =2, x(41) = =3, x(p) = 0, otherwise.
Jo(w)w® wé N

¢7(w) log" N

Theorem 3.1.106. py = (p1 — 1)>" +1
Since Ja(w) # 0, there are infinitely may prime solutions.
We have

m7(N,2) = (1+0(1)).

R = T (-2 xm)#0.

3<p<p:
where "
[ 2"—1 if p= 1(mod 2"
x(p) = { -1 if p#£ 1(mod 27T1)
1 hww N
2" $2(w) log® N

plp—2—x(p) N
3§11:£p¢ (r—1) log? N(1 +0(1)).

Assume that N < 31 and n > 5, we have 73(31,2) = 0. Using the theorem 3.1.106,
we may prove that Fermat numbers:Fy = 3, F} = 5, Fy, = 17, F3 = 257, and
Fy = 65537 are all primes. Beyond F35 it has no further Fermat primes.

T (N,2) = {p1:p1 <N, (;1 — V¥ =m} |=

(1+0(1)).

1

n—1

Theorem 3.1.107. p3 = p; +2Xpa+b, 2| b
Since J3(w) # 0, there are infinitely many prime solutions.
For T' =1, we have

Jw)= ] ®*—3p+3—x(p)) #0.

3<p<p;

where x(p) = 11if p | b; x(p) = 0 otherwise..

We have
J(ww N?

2¢3( )log N

Theorem 3.1.108. p3 = N — p; — 2Xpo, 2| N
Since J3(w) # 0 there are infinitely many prime solutions as N — oc.

ma(N,3) = (14 0(1)).
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For T = 1 we have

Jsw)= T[] @*—3p+3—x(p)#0,

3<p<p;

where x(p) =1if p | N; x(p) = 0 otherwise..
We have
J3(w)w N2
N,3) = 1+ 0(1)).
ma(N.3) = S 1+ o)
Theorem 3.1.109. p3 = p; +3xpy +b, 2 /b
Since J3(w) # 0 there are infinitely many prime solutions.

For T = 1 we have

Jsw)= J[ @*-3p+3—x(»)+#0,

3<p<p;

where x(3) = 1if 3 fb; x(3) = —1,if 3 [b; x(p) =1ifp[b; x(p) =0if p fb
We have

_ J3(w)w N?
- 203 (w) log® N
Theorem 3.1.110. p3 = N — p; — 3Xpa, 2 [N

Since J3(w) # 0 there are infinitely many prime solutions as N — oo.
For T' =1 we have

7T2(N, 3)

(14 0(1)).

Jsw)= J[ @*-3p+3—x(»)+#0,

3<p=pi
where x(3) =11if 3 fN; x(3) =—1,if 3| N; x(p) =1ifp | N; x(p) =0if p /N
We have
J3(w)w N2
2¢3(w) log® N

Theorem 3.1.111. p3 = 2Xp; +3Xpa+b, 2| b
For T'=1 we have

(N, 3) = (1+0(1)).

Jsw)= J[ @*-3p+3—x(»)+#0,
3<p<p;

where x(3) = —1if 3| b; x(3) =11if 3 fb; x(p) =1,if p[b; x(p) =0if p b,
We have
J3(w)w N2

3 (w) log® N

(N, 3) = (1+0(1)).

[\J
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Theorem 3.1.112. p3 = N — 2xp; +3Xp2, 2| N
For T'=1 we have

Jsw)= [ #*=3p+3-xp)#0,
3<p<pi
where x(3) = —1if 3| N; x(3)=1if3 JN; x(p) =1ifp| N; x(p)=0ifp N

We have
J3(w)w N?

2¢3( ) log® N
Theorem 3.1.113. p3 = p; +5xpa+b, 2 /b
For T'=1 we have

mo(N,3) = ——(1+0(1)).

Jsw) =TI @"=3p+3-x()#0,
3<p<pi
where x(5) = =3 if 5| b; x(5) =1if5 fb; x(p) =1ifp|b; x(p) =0ifp fN

We have
J3(wjw N2

263(w) Tog® N( +O(1)).

Theorem 3.1.114. p3 = N —p; — 5xXpa, 2 JN
For T' =1 we have

ma(N,3) =

Jsw)= J[ @*-3p+3-x(»)+#0,

3<p<p;

where x(5) = =3 if 5| N; x(5) =1if5 JN; x(p) =1ifp| N; x(p)=0ifp N

We have
J3(w)w N2
2¢3(w) log® N
Theorem 3.1.115. p3 = p; +Txpa+b, 2 /b
For T =1 we have

7T2(N, 3) =

(14 0(1)).

Jsw) =TI @*=3p+3-xp)#0,
3<p<pi
where x(7) =1if 7 fb; x(7)=—-5if 7| b; x(p) =1ifp|b; x(p) =01ifp b

We have
J3(w)w N?

2¢3(w) log3 N
Theorem 3.1.116. p3 = N — p; — Txpa, 2 [N
For T'=1 we have

mo(N,3) = ——(14+0(1)).

Jsw)= T[] @*—3p+3—x(p)#0,
3<p<p;
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where x(7) =1if 7 fN; x(7) = -5if 7| N; x(p)=1ifp| N; x(p) =0if p /N
We have ) )
J3(w)w N
N,3) =3 T (14 0(1)).
7T2< ) 2¢3(w) 10g3N( ( ))
Theorem 3.1.117. p3 = p; + 15xpy +b, 2 b
For T'=1 we have

Jsw)= [[ @*-3p+3—x(»)+#0,
3<p<p;

where x(3) = 1if 3 /b; x(3) = —1if 3 | b; x(5) = 1if 5 /b; x(b) = —3 if

51b; x(p)=1ifp|b; x(p) =0ifp fb
We have @) )
J3(w)w N
N,3)= ———~——(1+0()).
7T2< ) 2¢3(w) log3N( ( ))
Theorem 3.1.118. p3 = N — p; — 15xpy, 2 /N
For T' =1 we have

Jsw)= J[ @*-3p+3—x(»)+#0,
3<p<p;

where x(3) = 1if 3 /JN; x(3) = —1if 3 | N; x(5) =1if 5 /JN; x(5) = =3 if
5|N; x(p)=1ifp|N; x(p) =0ifp N
We have ) )
J3(w)w N
N,3) = 14+ 0(1)).
7T2< ) 2¢3(W) 10g3N( ())
Theorem 3.1.119. py = p1 +3Xpa +5xp3 +b, 2| b
For T'=1 we have

_1)4 _
Jy(w) = H (M_

3<p<p; p

x(p)) # 0,

where x(3) = 1if 3 | b; x(3) = =1 if 3 /b; x(5) = 3 if 5| b; x(5) = -1 if
5 b x(p) =—1ifp|b; x(p) =0ifp b
We have
_ Ja(w)w N3
604 (w) log* N
Theorem 3.1.120. py = N — p; — 3Xpy — 5xp3, 2| N
For T = 1 we have

ma (N, 4)

(14 0(1)).

_1)4 _
nw = I =T ) 2o,

3<p<p; p
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where x(3) = 1if 3 | N; x(3) = —-1if 3 /JN; x(5) =3 i 5| N; x(5) = —1if
5 fN; x(p) = —1ifp[N; x(p) =0if p N
We have

Jy(w)w N3
6¢4(w) log* N
Theorem 3.1.121. py = p1 +5Xpa +5xp3 +b, 2| b

Since Jy(w) # 0 there are infinitely many prime solutions.
For T' =1 we have

—1)4 —
nw = I 2= #0
3<p=<p:

where x(5) = =13 if 5| b; x(5) =3 if 5 fb; x(p) = —1ifp|b; x(p) =0if p fb.
We have

mo(N,4) = (1+0(1)).

_ Jy(w)w N3

~ 6¢%(w) log* N
Theorem 3.1.122. py = N — p; — 5xpy — 5xp3, 2| N

Since J4(w) # 0 there are infinitely many prime solutions, as N — oo.
For T' =1 we have

_1)4 _
Ji(w) = H ((p?l_
3<p<p;

where x(5) = —13if 5| N; x(5) =31if 5 JN; x(p) = —-1ifp | N; x(p) =0if p JN;
We have

ma(N, 4)

(14 0(1)).

x(p)) # 0,

w W 3
(N, 4) = %@TN“ +0(1).

Theorem 3.1.123. p, = 2Xp1X - Xpp_1 £ 1.
For T'=1, we have

Jn(p) :| {QZqZ::l?7p_17Z:177n_]-7(2q1QTL—li17p):1}|7
Jaw) =02 w) I (-2 #0,
3<p<p;

Since J,,(w) — 00 as w — 00, there must exist infinitely many prime solutions.
We have the best asymptotic formula

In(w)w Nt

() = - Dl (w) log" N

(14 0(1)).

Remark. There exist infinitely many primes p for which w 41 is prime. There exist
infinitely many primes p for which w + p;41 is prime.
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Theorem 3.1.124. p, = (2Xp1X -+ Xpp_1)? + 1.

For T' = 1, we have
Jo(p) =|{gi-¢s=1,--,p—1i=1,,n—1,(2q - gu1)*+1,p) =1} |,

)= I[ [p—1)"" = Hp)] #0,
3<p<pi
where H(p) = 2(p — 1)" 2 if (_?1) =1; H(p)=0if (_?1) =-1.
We have Iy A=t
(N = S T D= Dign@) o N - T O

Remark. There exist infinitely many primes p for which w? 41 is prime. There exist

infinitely many primes p for which w? 4 p; ;1 is prime.
Theorem 3.1.125. p, = (2Xp1X -+ Xpn_1)® +b, b=3,5,7,11,13.

For T' = 1, we have

Jnw)= I] [p-1)""" = H@Pp)] #0,

3<p<pi
where H(p) = 3(p — 1) 2 if b = 1(mod p); H(p) = 0 if b5 # 1(mod p), and

p|b; H(p) = (p— 1)""2 otherwise.

We have () N
ma(Non) = 50— 1)(nn “ D) og v L T O

Theorem 3.1.126. p, = (2Xp1 X - Xpu_1)* + 1.

For T' = 1, we have
Jn(p) :’ {qZQ1:1aap—1a7f:1a7n_1?((2q1qn71)4+1ap):1} |a

Tuw)= I [e=1"" = H@)]#0,
3<p<pi
where H(p) = 4(p — 1) 2 if p = 1(mod 8); H(p) = 0 if p # 1(mod 8).
We have T o
m(Nn) = o T - Digr@) o v T O

Theorem 3.1.127. p, = (2Xp1X -+ Xpn_1)2 +b, b=3,5,7,9,11,13.

For T = 1, we have

II (p-1)"" = H@)]#0,

3<p<p;

In(w) =
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Wherej{(p) =Ap- D" 2ifbT = (-1)'T T
(—1)"7 (mod p); H(p) = 2(p — )2 if (3
(30)=-1,4 J(p—1) and p | b.

We have
In(w)w

7T2(N, TL) =

Theorem 3.1.128. p, = (2Xp1 X -+~
For T =1, we have

4(n—1)(n — 1)l¢p"(w)

= (mod p); H(p) = 0 if b7 %
by =1and 4 f(p—1); H(p) = 0 if

Nn—l

oy (1 OM):

Xpn_1)® +b, b=3,5,7,9,11,13.

Janw)= I lp—1""" = H(p)] #0,
3<p<pi
where H(p) = 5(p — 1)" 2 if b = 1(mod p); H(p) = 0if b'5 5 # 1(mod p) and
p|b; H(p) = (p— 1)"2 otherwise.
We have ) -
Jn(w)w N~
N = 1 1)).
m(Nn) = S T - @) g v T OW)
Theorem 3.1.129. p, = (2Xp1 X -+ Xpp_1)8 + 1.
For T'=1, we have
Jnw) =TI (p—1"" —H@]#0,
3<p<p;

where H(p) = 8(p — 1)"~2 if p = 1(mod 16);
We have the best asymptotic formula

(N, ) = In(w)w

H(p) =0if p # 1(mod 16).

n—1

Theorem 3.1.130. p, = (2Xpy X ---
For T' =1, we have

VAMES | RS
3<p=pi
where H(p) = 9(p — 1)" 2 if b = 1(mod p);
p|b; H(p) = (p—1)""2 otherwise.
We have

In(w)w

8(n—1)(n—1)l¢p"(w) log" N

(14 0(1)).

$pn_1)? +b, b=3.5.7.9.11.13.

— H(p)] #0,

()—Olfbg # 1(mod p) and

Nn—l

ma(N,n) =

9(n—1)(n —1)l¢p"(w) log" N

(14 0(1)).
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Remark. Taking n = 2, we have ps = (2p1)? + b. Since Ja(w) # 0, there must exist
infinitely many primes p; such that ps is also a prime.

Theorem 3.1.131. p, = (p1---pn_1)> — 2.

We have
Jaw)= I] [p—1)""" = Hp)] #0,
3<p<p;
where H(p) = 2(p —1)""2if (2) = 1; H(p) =0if (3) = —1.
We have
In(w)w Nl

(N, 2) = 14 0(1)).

2(n —1)(n — 1)l¢"(w) log™ N(
Theorem 3.1.132. p, = (p1---pn_1)® — 2.

We have
Jnw)= [ =D =H(p)] #0,
3<p<pi

where H(p) = 3(p—1)"2if 2" = 1(mod p); H(p) = 0if 2" % 1(mod p), H(p) =
(p — 1)"~2 otherwise.

We have
In(w)w Nl

mNn) = g T - 119 (@) log” N

(1+0(1)).

Theorem 3.1.133. p, = (p1---pn_1)* — 2.

We have
Jn(@)= I [p=1)""" = H(p) #0,
3<p<p;

where H (p ): 4(p—1)"2 if 257 = 1(mod p); H(p )—01f2 T # 1(mod p); H(p) =
2p— 1)"2if (2) = 1and 4 f(p— 1): H(p) = 0if (2) = —1 and 4 J(p— 1).
We have
In(w)w Nl
4(n—1)(n — 1)¢p"(w) log" N

Remark. Taking n = 2, we have ps = pf — 2. Since Jo(w) # 0, there must exist
infinitely many primes p; such that py is also a prime.

mo(N,n) = (14 0(1)).

Theorem 3.1.134. p, = (p1-- pn_1)® — 2.
We have
Jnw)= T[] [p=1)"" = H(p)] #0,
3<p<p;

where H(p) = 5(p—1)"2 if 255 = 1(mod p); H(p) =0 if 275 # 1(mod p); H(p) =
(p — 1)"~2 otherwise.
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We have
In(w)w Nl

mNm) = e T = 11(w) log” N

(14 0(1)).

Remark. Taking n = 2, we have py = p} — 2. Since Jo(w) # 0,there must exist
infinitely many primes p; such that po is also a prime.

Theorem 3.1.135. p, = M, where pg is an odd prime.

p1pp—1—1
We have
Jn(w) = [[ [p=1)"" = H(p)] #0,
3<p<pi
where H(p) = (po—1)(p—1)""?if p = 1(mod po); H(p) = 0if p # 1(mod po); H(po) =
(po —1)" 2.
We have
In(w)w Nt
N,2) = 1+ 0O(1)).
") = G e - Din— D@ g N O
Remark. Taking n = 2, we have py = & fo_—11. Since Ja(w) # 0,there must exist

1
infinitely many primes p; such that ps is afso a prime.

Theorem 3.1.136. 2p, = (p1---pn_1)? +1,
We have

To@) = ]I (e=D)"" = HPp)] #0,
3<p<pi
where H(p) = 2™ (p — 1)" 2 if p = 1(mod 2™T1); H(p) = 0 if p # 1(mod 2™T1).
We have
In(w)w Nt
2m(n —1)(n — 1)!¢"(w) log" N

ma(N,n) = (1+0(1)).

Remark. Taking n = 2, we have 2ps = p?~ + 1. Since Jo(w) # 0, there must exist
infinitely many primes p; such that po is also a prime.

Theorem 3.1.137. 4p, =3(p1---pn_1)?>+ 1,
We have
Jnw)= [ =D =H(p)] #0,

3<p<p;

where H(p) = 2(p —1)" 2 if (3}) = 1; H(p) = 0if (3}) = —1; H(3) =0.
We have

In(w)w Nt

TN = S ) (- 11 (w) Tog” N

(14 0(1)).
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Remark. We have 4py = 3p3 +1,4p3 = 3p3 + 1,4ps = 3p3 + 1. Since Jo(w) # 0 there
must exist infinitely many primes p; such that po, ps and py4 are primes.

Theorem 3.1.138. 3p, = (p1---pn_1)2 +2.

We have
o) = II l—-D""=H®)]#0,
3<p<pi
where H(p) = 2(p —1)" 2 if (32) = 1; H(p) = 0if (32) = —1; H(3) = 0.
We have
In(w)w Nl

2(n—1)(n — 1)l¢"(w) log" N

Remark. We have 3py = p? + 2, 3p3 = po? + 2,3py = p3? + 2. Since Ja(w) # 0 there
must exist infinitely many primes p; such that po, ps and py are primes.

(N, n) = (1+0(1)).

Theorem 3.1.139. 4p, = (p; -- -pn_1)4 + 3.
We have

where H(p) = 4(p—1)"2 if 35 = (—1)%(modp); H(p)=0 if 357 £ (—1)"7 (mod p);
H(p) = 2(p— )" 2 if () = Land 4 /(p = 1); H(p) = 0if (3}) = —1 and
4 f(p—1); H(3)=0.
We have the best asymptotic formula
In(w)w Nt
4(n—1)(n — 1)¢p*(w) log" N

ma(N,n) = (14 0(1)).
Remark. taking n = 2, we have 4ps = p} + 3. Since J(w) # 0, there must exist
infinitely many p; such that py is also a prime.

Theorem 3.1.140. 8p, = (p1---pn_1)* + 7.

We have
Jn(w)= T [p-1)"" = H(p)] #0,
3<p<pi

p—1

where H(p) = 4(p—1)"2if 757 = (—=1)"7 (mod p); H(p)
H(p) = 2(p - )" 2 if (37) = Land 4 /(p — 1); H(p)
4 f(p—1); H(T)=0.

We have
In(w)w Nt

4(n—1)(n —1)l¢"(w) log" N
Remark. Taking n = 2, we have 8py = pf + 7. Since Ja(w) # 0, there must exist
infinitely many primes p; such that py is also a prime.

7T2(N, n) =

(14 0(1)).
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Theorem 3.1.141. 5p, = (2p1---pn_1)* +9.

We have
Jnw) =TI [lp—1)""" = H(p)] #0,
3<p<p;

p—1

where H(p) = 4(p—1)""2 it 9" = (—1)*7 (mod p); H(p) = 0if 9" # (—1)*T (mod p);
H(p) = 2(p = )" if (35) = Land 4 /A(p — 1); H(p) = 0 if (5
1 fp—1); H(3)=0.
We have

In(w)w Nt
4(n—1)(n — 1)!¢"(w) log" N
Remark. Taking n = 2, we have 5ps = (2p1)* + 9. Since Ja(w) # 0 there must exist
infinitely many primes p; such that ps is also a prime.

WQ(Na n) =

(14 0(1)).

Theorem 3.1.142. 10p, = (p1-- pp_1)* + 9.

We have
Jn@)= T [p=1)""' = H(p)] #0,
3<p<pi

p—1

where H(p) = 4(p—1)"2 ifﬁ)p%1 = (—1)p4 (mod p); H(p)
H(p) = 2(p — )" 2 if (3}) = L and 4 /(p — 1); H(p)
4 f(p—1); H(3)=0.

We have

Il o
o

In(w)w Nnot
4(n—1)(n — 1™ (w) log" N
Remark. Taking n = 2, we have 10py = (p1)* + 9. Since Ja(w) # 0 there must exist
infinitely many primes p; such that py is also a prime.

ma(N,n) = (14+0(1)).

Theorem 3.1.143. 4p, = (p1-- pp—1)*"° + 3, po being a given odd prime.

We have
Jn(w)= T[] [p=1)""=H(p)] #0,
3<p<pi
wherg{-[(p) = 2po(p — 1)" 2 if 327?01 = (—1)% (mod p); H(p) = 0 if 3% #
(—=1)20 (mod p); H(p) = 2(p — )" 2 if (%3) = 1and 2py f(p—1); H(p) = 0 if
(=3) = —1 and 2py f(p—1); H(3) =0.

P
We have

B In(w)w Nl
TN = = D - Digr@) logr O

Remark. Taking n = 2, we have 4ps = (p1)?"° + 3. Since J2(w) # 0 there must exist
infinitely many primes p; such that ps is a prime.
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Theorem 3.1.144. po = pj — p? + 1.

We have
Sw) = [ ®—2-x()#0,
3<p<pi
where x(p) =3 if p = 1(mod 12); x(p) = —1 if p # 1(mod 12).
We have
m(N,2) = 2Ny o))

~ 4¢2(w) log® N

Theorem 3.1.145. p3 = 2p? — p3.

We have
Jw)= I =1 —Hp) #0,
3<p<pi
where H(p) =2(p—1) if (%) =1; H(p) =0if (%) =-1.

We have the best asymptotic formula

J3(w)w N2
4¢3 (w) log® N

(N, 3) = (1+0(1)).

Theorem 3.1.146. p3 = 4p? + p3.
We have

Jw) =TI lo—1)%-H®]#0,
3<p<p;
where H(p) =2(p—1) if (_71) =1; H(p) =0 if (_71) =—1.
We have the best asymptotic formula

J3(w)w N2

) = i) o' N

(14 0(1)).

Theorem 3.1.147. 2p3 = p? + p3.

We have
Jw)= T[] [p—1)*—H(p)] #0,
3<p<p;
where H(p) = 2(p — 1) if (') = 1; H(p) =0if (3}) = —1.
We have )
(N, 3) = BWW N7y,

4¢3 (w) log® N

Theorem 3.1.148. p3 = 2x(p; + p2) + 3.
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For T = 1, we have

Jsw)= J] > —3p+3—x(p)#0,
3<p<p;

where x(3) =1, x(p) = 0 otherwise.

We have the best asymptotic formula
J3(w)w N2
2¢3(w) log® N

(N, 3) = (1+0(1)).

Theorem 3.1.149. py = a%p? +bxp1+c, (a,b,c)=1, 2 fla+b+c), b*>—4ac
not a pgrfect square.
For T' =1, we have

Bw) = ] (p—2-x(p) #0,

3<p<p;

where x(p) = (2=1¢), x(p) = 0if p | (b — dac).
We have the best asymptotic formula

Jo(w)w N
N,2) = 1+ 0(1)).
Theorem 3.1.150. py = p‘;’ —l—p% —I—pg,
We have A
p—1)*—1
Jw) = ] <( ) —x(p)) #0,
3<p<p; p

where x(p) = —% if p # 1(mod 3); x(p) = —1if p # 1(mod 3).
We have the best asymptotic formula

_ Ji(w)w  N?

© 18¢4(w) log? N

mo(N,4) (1+0(1)).

Theorem 3.1.151. py = p$ + p3 + ps3,

We have A
nw = 1 ==

+ x(p)) # 0,
3<p<p; p

where x(p) = 2p — 1 if p = 1(mod 3); x(p) = 1 otherwise.



146 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

We have the best asymptotic formula

ww 3
(N, 4) = %M‘STNQ +0(1)).

Theorem 3.1.152. po = w +1

We have
Jw)= [ (p—2-x®) #0,
3<p<p;
where x(p) = (51), x(7) = 0.
We have B N
m(N,2) = Qjm) o2 (o).

Theorem 3.1.153. py = w -2

We have
Sw) = [ ®—2-x()#0,
3<p<pi
where x(p) = (1177), x(17) = 0.
We have
Jo(w)w N

(N, 2) = (1+0(1)).

2¢2(w) log? N
Theorem 3.1.154.[5] po = 10p1 + 1, p3 = 15p1 + 2, ps =6p1 + 1

We have
hw) =3 T w-4#0,

7<p<p;

Since Ja(w) # 0, then there must exist infinitely many integers p; such that ps, p3, ps

are primes.
We have ()
Ja(w)w N
my(N,2) = —————(1 + O(1)).
JN2) = T (1 0)
74(N, 2) denotes the number of triples of consecutive integers.

From above we have 3ps +1 = 30p1 +4 = 2p3, 3p2 +2 = 30p1 + 5 = 5py. So
3p2, 3p2 + 1,3p2 + 2 are product of two distinct primes. We prove that there must
exist infinitely many triples of consecutive integers, each being the product of two
distinct primes. For examples 213 = 3 x 71, 214 = 2 x 107, 215 = 5 x 43;393 =
3 x 131, 394 =2 x 197, 395 =5 x 79.

Theorem 3.1.155. py = 70p; + 1, p3 = 105p1 + 2, pa = 42p; + 1
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We have
R =18 [ -4#0.
11<p<p;
We have 5
N
ra(N,2) = 2@ N oy,

¢*(w) log* N
From above we have 3ps +1 = 210p; + 4 = 2p3, 3p2 + 2 = 210p; + 5 = 5p4. So
3p2, 3p2 + 1,3p2 + 2 are product of two distinct primes. We prove that there must
exist infinitely many triples of consecutive integers, each being the product of two
distinct primes. For examples 44313 = 3 x 14771, 44314 = 2 x 22157, 44315 =
5 x 8863. m4(N,2) denotes the number of triples of consecutive integers, p; < N.

Theorem 3.1.156. po = 2380p; + 1, p3 = 2310p1 + 1, ps = 2244p; + 1

We have
Bw)= ] (p—4—x() #0,
3<p<pi

where x(p) = —2if p=3,5,7,11,17; x(p) = 0 otherwise.
Since Ja(w) # 0, there must exist infinitely many integers p; such that ps, ps, ps
are primes.
We have 5
ma(N,2) = Liw)w 7117
pH(w) log* N

From above we have 33ps + 1 = 34ps, 33p2 + 2 = 35p4. So 33ps, 33p2 + 1, 33py +2
are product of three distinct primes. We have prove that there must exist infinitely
many triples of consecutive integers, each being the product of three distinct primes.
For example, 1727913 = 3 x 11 x 52361, 1727914 = 2 x 17 x 50821, 1727915 =
5 X 7x49369. m4(N, 2) denotes the number of triples of consecutive integers, p; < N.

(1+0(1)).

Theorem 3.1.157. Taking mj = 1727913 = 3 x 11 x 52361, mo =mq + 1 =
1727914 = 2 x 17 x 50821, mg = mq + 2 = 1727915 = 5 x 7 x 49369. m is least
common multiple of integers my, mg, ma, that is m = lem(my, me, m3) = 2 x 3 X
5 X7 x11x 17 x 49369 x 50821 x 52361 = mimams.

We define the Diophantine equations

2m

2m 2m
pi+1, p3=—p1+1, pp=—p +1
1 ma ms

P2 = —
m

We have the arithmetic function

Jw)= [ (p—4-x®) #0,

3<p<p;

where x(p) = —2 if p|m, x(p) = 0 otherwise.
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Since Ja(w) # 0, there must exist infinitely many integers p; such that pa, p3, p4
are primes.

We have
_ Shww? N

m(N,2) = Z ey 1+ 0().

From above we have mips+1 = 2mpi +mq1+1 = maps, mipas+2 =2mpi+m1+2 =
map4 S0 mipa, mipa+1, mips—+2 are product of four distinct primes. We have prove
that there must exist infinitely many triples of consecutive integers, each being the
product of four distinct primes. m4(V,2) denotes the number of triples of consecutive
integers, p1 < N.

Theorem 3.1.158. Suppose that mq, mgo = my + 1, mz = m1 + 2 are three
consecutive integers, each being the product of £ — 1 distinct primes. m is least
common multiple of the integers my, mo, mg, that is m = mimams

We define the Diophantine equations

2m 2m 2m
pp=—p1t+1l, p3=—p1+1, pa=—p1+1
ma mo ms

We have
Bw)= ] (p—4-x(p) #0,

3<p<p;

where x(p) = =2 if p | m, x(p) = 0 otherwise.

Since Ja(w) # 0, there must exist infinitely many integers p; such that ps, p3, p4
are primes.

We have ;

Jo(w)w® N
m4(N,2) = (W) log4N(1 +0(1)).
From above we have mips+1 = 2mpi +mq1+1 = maps, mipa+2 =2mpi+m1+2 =
msp4. SO mipa, mip2 + 1, mips + 2 are product of k distinct primes. We prove that
there exist infinitely many triples of consecutive integers, each being the product of
k distinct primes. 74(N,2) denotes the number of triples of consecutive integers, p;
such that p; < N.

Now we study the Carmichael numbers. By definition[5], the Carmichael numbers
are the composites n such that a”~! = 1(mod n) for every integer a, 1 < a < n,
such that a is relatively prime to n. In 1939, Chernick gave the following method to
obtain Carmichael numbers. Let m > 1 and M3(m) = (6m~+1)(12m+1)(18m+1). If
m is such that all three factors above are primes, then M3(m) is Carmichael number.
This yields Carmichael numbers with three prime factors. Hitherto it is not even
known if there exist infinitely many Carmichael numbers, which are product of three
primes.
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If k> 4,m>1, let
My(m) = (6m + 1)(12m + 1) H (9 x 2im + 1)

If m is such that all k& factors are primes, then My (m) is a Carmichael number with
k prime factors.

Theorem 3.1.159. p; =6m+1, po =12m+1, p3 = 18m + 1.
We have
hw) =2 [] -4 #0.

5<p<p;

Since Ja(w) # 0 ,there must exist infinitely many integers m such that pi, p2, ps
are primes.

We have
Jo(w)w® N

¢l(w) log' N

m4(N, 2) denotes the number of Carmichael numbers m such that m < N.

We have proved that there exist infinitely many Carmichael numbers, which are
product of exactly three primes.

ma(N,2) = (1+0(1)).

Theorem 3.1.160. p; =6m+1, po=12m+1, ps =18m + 1 py = 36m + 1.
We have
Jw)=2 [[ (-5 #0.

7<p<p;

Since Ja(w) # 0, there exist infinitely many integers m such that p1, pa, ps, ps are
primes.

We have
Jo(w)w? N

$5(w) log" N
75(N, 2) denotes the number of Carmichael numbers m such that m < N.

We have proved that there exist infinitely many Carmichael numbers, which are
product of exactly three primes.

m5(N,2) = (1+0(1)).

Theorem 3.1.161. p; = 6m+1, po = 12m+1, pg = 18m+1 pgy = 36m—+1, ps =
2m + 1.
We have

w) =12 H

13<p<p;

Since Ja(w) # 0, there must exist infinitely many integers m such that p1, pa, ps, p4, Ps
are primes.
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We have ()
Jo(w)w N
T6(NV,2) = =5 3 1oa
#%(w) log® N
76(N, 2) denotes the number of Carmichael numbers m such that m < N.
We have proved that there exist infinitely many Carmichael numbers, which are

product of exactly five primes.

(1+0(1)).

Theorem 3.1.162. p1+-- +Dpm =DPmg1+- - +Do2m, i <N, i =1, -+, 2m—
1,m > 1.
We have )
— 1) -1
@) =TI (MH) 20
3<p<p; p

We have
Jom (w)w N2l

mo(N, 2m) = Bm = 110" (@) log®" N(l +0(1))
2 1 N2m—1
- (2m —1)! H (1 + (p — 1)2m—1> longN(l +0(1)).

© 3<p<p;

Theorem 3.1.163. Every positive integer m may be written in finitely many
ways in the form[5]:
p2+1
m =

pl:|:17

where py, po are odd primes.
From above we have the Diophantine equation

p2 = mpy = (m —1).

Both have the same arithmetic function

he = I -2 I 2= +0

3<p<p; plm(m—1) p=2

Since Ja(w) # 0, there must exist infinitely many primes p; such that po is a prime
for every positive integer m.

We have
Jo(ww N

WQ(Na 2) = ¢2(w) 10g2N

(14 0(1)).

Theorem 3.1.164. Every positive integer m may be written in finitely many
ways in the form:
m— 2= 1
p1+1
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p1, p2 being odd primes.
From above we have the Diophantine equation

pa =mpy +m + 1.

We have 1
p_
hw =TI w-2 [T ——#0
3<p<p; plm(m+1) P

Since Ja(w) # 0, there must exist infinitely many primes p; such that po is a prime
for every positive integer m.

We have
Jo(w)w N

®*(w) log? N

Remark. Taking m = 1, we have py = p; + 2. It is the twin primes theorem.

ma(N,2) = (14 0(1)).

Theorem 3.1.165. Every positive integer m may be written in infinitely many
ways in the form:
p2+1
m=-5_
py—1
where py, ps are odd primes.
From above we have the Diophantine equation

pgzmp%—m—l.

We have
Lw) = ] (p—2-x(p) #0,

3<p<p;

where x(p) = ("2H); x(p) = —1if p [ m(m + 1).

Since Jo(w) # 0, there must exist infinitely many primes p; such that py is a
prime for every positive integer m.

We have
Jo(w)w N

202 (w) log? N

(N, 2) = (1+0(1)).

Theorem 3.1.166. FEvery positive integer m > 1 may be written in infinitely
many ways in the form:
p2—1
m=-5_71
py—1
p1, p2 being odd primes.
From above we have the Diophantine equation

pgzmp%—m—i-l.
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We have
Bw) = ] (p—2-x(p) #0,
3<p<p;
where x(p) = (™%=1); x(p) = ~1if p [ m(m — 1).
We have
m(N,2) = 2Ny o))

2¢2(w) log? N
Since Ja(w) # 0, there must exist infinitely many primes p; such that po is a prime

for every positive integer m > 1.

Theorem 3.1.167. Every positive integer m may be written in infinitely many

ways in the form:
_p2ptl

m = ’
piF1l

p1, p2 being odd primes.
We define The Diophantine equation

p2 =mp} F (m+1).

We have
Sw) = [ -1-x()#0,

3<p<p;

where x(p) = 3 if [m?(m + 1)]% = 1 (mod p); x(p) = 0 if [m?3(m + 1)]p—§1 e
1 (mod p); x(p) =0if p| m(m+1); x(p) = 1 otherwise.
Since Jo(w) # 0 there exist infinitely many primes p; such that ps is a prime for

every positive integer m.

We have
(N, 2) = ‘3{2(2“(’3:)’ ZO;ZN(l + o).

Remark. Let m = f3, we have x(p) = 3 if (m + 1)17_31 =1 (mod p).

Theorem 3.1.168. Every positive integer m > 1 may be written in infinitely
many ways in the form:
N 1
pi—1
where py, p2 are odd primes.
We define the Diophantine equation

p2 = mpi —m+1.
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We have
Jw)= ] (p—1-x®) #0,

3<p<p;

where x(p) = b = 2,4 if [m3(m — 1)]1)_;1 =1 (mod p); x(p) = 0 if [m3(m — 1)]p_;1 2
1 (mod p); x(p) =01if p | m(m — 1);

Since Jy(w) # 0 there exist infinitely many primes p; such that py is a prime for
every positive integer m > 1.

We have J N
m(N,2) = MWQ +0(1)).

Remark. Let m = f°, we have x(p) = b = 2,4, if (m — l)p_;1 =1 (mod p).

Theorem 3.1.169. Every positive integer m may be written in infinitely many

ways in the form:
_p2+1

m=—1—-r
pi—1
p1, p2 being odd primes.
We define the Diophantine equation

pgzmpzll—m—l.

We have
Jw) = [ ®-1-x()#0,

3<p<p;

where x(p) = b= 2.4 i [m¥(m + )T = 1 (mod p); x(p) = 0 if [m*(m + 1)'7" 2
1 (mod p); x(p) =01if p | m(m +1);
Since Jo(w) # 0 there exist infinitely many primes p; such that py is a prime for

every positive integer m.

We have J N
m(N,2) = MWQ +O(1)).

Remark. Let m = f°, we have x(p) = b = 2,4, if (m + l)p_;1 =1 (mod p).

Theorem 3.1.170. Every positive integer m may be written in infinitely many

ways in the form:
_ D2 +1

m=—-=—-:m-,
P F1
p1, p2 being odd primes.
We define the Diophantine equation

D2 :mp?:F(m—i-l).
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We have
Jw)= ][ (p—1-x®) #0,
3<p<p;

p—1

where x(p) = 5 if [m*(m + 1)]*5 = 1 (mod p); x(p) = 0 if [m*(m + 1)]*5 #
1 (mod p); x(p) =01if p| m(m+1), x(p) = 1 otherwise.

Since Jo(w) # 0 there must exist infinitely many primes p; such that ps is a prime
for every positive integer m.

We have

(N, 2) = %bgf]vu +0(1)).

Remark. Let m = f5, we have x(p) = 5, if (m + 1)pT_1 =1 (mod p).

Theorem 3.1.171. Every positive integer m may be written in infinitely many

ways in the form:
p2+1
m —

_p?—f

where p1, po are odd primes.
We define the Diophantine equation

pgzmp?—m—l.

We have
Jw) = [ ®-1-x()#0,

3<p<p;

where x(p) = b = 2,6 if [m5(m + 1)]1)_;l =1 (mod p); x(p) = 0if [m>(m + 1)]17_;1 2
1 (mod p); x(p) =0if p | m(m + 1).

Since J2(w) # 0 there are infinitely many primes p; such that ps is a prime for
every positive integer m.

We have J N
m(N,2) = %Wu +O(1)).

Remark. Let m = f°, we have x(p) = b = 2,6, if (m + 1)17_;1 =1 (mod p).

Theorem 3.1.172. Every integer m may be written in infinitely many ways in

the form:
_p2+1

m=—<—-5/
pi—1
p1, p2 being odd primes.
We define the Diophantine equation

pgzm]ﬁ—m—l.
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We have
Jw)= ] (p—1-x®) #0,

3<p<p;

where x(p) = b = 2,4,8if [m(m+ 1)]1%1 =1 (mod p); x(p) = 0if [m"(m+ 1)]%1 #
1 (mod p); x(p) =0if p[m(m+1).
Since J2(w) # 0 there are infinitely many primes p; such that ps is a prime for

every integer m.

We have (@) N
2(W)wW

Remark. Let m = f°, we have x(p) =b=2,4,8,if (m+1) & =1 (mod p).

Theorem 3.1.173. Every integer m may be written in finitely many ways in

the form:
ZES!

m=—-——
plF1
p1, p2 being odd primes.
We define the Diophantine equation

Do :mpsl):F(m—i-l).

We have
Bw) = ] (p—1-x(p) #0,

3<p<p;

where x(p) = b = 3,9 if [m®(m + 1)]p_;1 =1 (mod p); x(p) = 0 if [m¥(m + 1)]p_51 2
1 (mod p); x(p) =0if p| m(m +1); x(p) = 1 otherwise.

Since Jo(w) # 0 there must exist infinitely many primes p; such that ps is a prime
for every integer m.

We have J N
m(N,2) = MWQ +0(1)).

Remark. Let m = f°, we have x(p) = b= 3,9, if (m + 1)10_;1 =1 (mod p).

Theorem 3.1.174. Every integer m may be written in infinitely many ways in

the form:
_ p2t1

=T

p1, p2 being odd primes.
We define the Diophantine equation

pgzmp%z—m—l.
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We have the arithmetic function

Lw)= ] (p—1-x(p) #0,

3<p<p;

where x(p) = b = 2,4,6,12 if [m!(m + 1)]% =1 (mod p); x(p) = 0 if [m'(m +
—1
D7 #1 (mod p); x(p) = 0if p| m(m +1).
Since Jo(w) # 0 there exist infinitely many primes p; such that py is a prime for
every integer m.

We have () N
_ L\ IV
772(N7 2) - 12¢2(w) 10g2 N(l + 0(1))

b : p=1l
Remark. Let m = f°, we have x(p) =b=2,4,6,12, if (m+1) & =1 (mod p).

Theorem 3.1.175. Every integer m may be written in infinitely many ways in

the form:
_p2F1

m—= ———
pi®£17
p1, p2 being odd primes.
We define the Diophantine equation

P = mp%f’ + (m+1).
We have the arithmetic function

Jw)= J[ ®—1-x()#0,

3<p<p;

where x(p) = b = 3,5,15 if [m*(m + 1)) = 1 (mod p); x(p) = 0 if [m"4(m +
1)]1%1 # 1 (mod p); x(p) =0if p | m(m +1); x(p) =1 otherwise.

Since J2(w) # 0 there are infinitely many primes p; such that ps is a prime for
every integer m.

We have () N
_ Www IV
772(Na 2) = 15¢2(w) IOgQN(l + 0(1))

b - ol
Remark. Let m = f° we have x(p) =b=3,5,15,if (m+ 1) =1 (mod p).

Theorem 3.1.176. Every integer m can be written in infinitely many ways in

the form:
p2+1

pi° =1

p1, p2 being odd primes.
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We define the Diophantine equation
pgzmpiﬁ—m—l.
We have the arithmetic function

Bw)= ] (p—1-x(p) #0,

3<p<p;

where x(p) = b = 2,4,8,16 if [m!'°(m + 1)]% =1 (mod p); x(p) = 0 if [m*®(m +
-1
D] # 1 (mod p); x(p) = 0if p [ m(m+1).
Since Ja(w) # 0, there are infinitely many primes p; such that py is a prime for

every integer m.

We have 1o(w) N
2(W )W

Remark. Let m = f°, we have x(p) = b = 2,4,8,16, if (m + l)P_;1 =1 (mod p).

Theorem 3.1.177. Every integer m can be written in infinitely many ways in

the form:

m P2l
= ST
p1, p2 being odd primes.

We define the Diophantine equation
pgzmp%s—m—l.
We have the arithmetic function

Jw)= [ (p—1-x®) #0,

3<p<p;

where x(p) = b = 2,4,8,18 if [m!7(m + 1)]% =1 (mod p); x(p) = 0 if [m!'7(m +
—1
D7 #1 (mod p); x(p) = 0if p| m(m +1).
Since J2(w) # 0 there are infinitely many primes p; such that ps is a prime for
every integer m.

We have To(w) N
_ Www IV
772(Na 2) - 18¢2(W) 10g2 N(l + 0(1))

Remark. Let m = f°, we have x(p) = b = 2,6,18, if (m + 1)1%1 =1 (mod p).

Theorem 3.1.178. Every integer m can be written in infinitely many ways in

the form:
p2+1

pit =1
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We define the Diophantine equation
pgzmp%‘l—m—l.

We have the arithmetic function
Bw) = [ ®-1-x()#0,
3<p<p;

2,4,6,8,12,24 if [m>(m + 1)]*% = 1 (mod p); x(p) = 0 if

where x(p) = b =
1 .

[m(m+ 1) # 1 (mod p); x(p) = 0if p | m(m+1),

Since Jo(w) # 0 there must exist infinitely many primes p; such that ps is a prime
for every integer m.

We have @ N

2(W
= — - (1+0(1)).

(N2 = S () o N
=1 (mod p).

Remark. Let m = f°, we have x(p) = b = 2,4,6,8,12,24, if (m+1)

Theorem 3.1.179. Every integer m can be written in infinitely many ways in

the form:
p2F1
m = ,
p{E1

d being a given odd prime.
We define the Diophantine equation

Do :mpilj:(m—i-l).

We have the arithmetic function

Bw)= ] (p—1-x(p) #0,

3<p<p;

where x(p) = d if [m?~ 1(m—i—l)] f = (mod p); x(p) = 0 if [m9~ 1(m+1)]m1 %
1 (mod p); x(p) =0if p| m(m+1); x(p) = 1 otherwise.

Since Jay(w) # 0 there are infinitely many primes p; such that ps is a prime for

every integer m.
We have J ) N
2(w

m9(N,2) = 1+0(1)).
Remark. Taking m = f¢, we have x(p) = d, if (m + 1)%1 =1 (mod p).
Theorem 3.1.180. Every integer m can be written in infinitely many ways in
the form:

p2F1
m

= piclhdz e
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where d; and dy are the given odd primes.
We have the Diophantine equation

p2 = mp{*® £ (m + 1),
We have the arithmetic function

Bw) = ] (b—1-x(p) #0,

3<p<p;

where x(p) = b = di,ds,dids if [m¥%=1(m + 1)]p_gl =1 (mod p); x(p) = 0 if
—1
[m4%2=1(m +1)]"% # 1 (mod p); x(p) = 0if p | m(m+1); x(p) = 1 otherwise.
Since Ja(w) # 0, there are infinitely many primes p; such that py is a prime for

every integer m.

We have () ~
. 2(W )W
ma(N.2) = d1da¢? (w) log? N(1 +OW).

Remark. Taking m = f® we have x(p) = b = dy, da, d1dz, if (m+ 1)1%1 =1 (mod p).

Theorem 3.1.181. Every integer m can be written in infinitely many ways in

the form:
p2+1

Pt -1

where d is a given odd prime.
We have the Diophantine equation

pgzmp%d—m—l.
We have the arithmetic function

Bw)= ] (b—1-x(p) #0,

3<p<p;

where x(p) = b = 2,2d if [m?~(m + 1)]% =1 (mod p); x(p) = 0 if M2~ (m +
—1
1)]% #1 (mod p); x(p) =0if p | m(m+1) .
Since Ja(w) # 0, there must exist infinitely many primes p; such that py is a
prime for every integer m.
We have the best asymptotic formula

Jo(w)w N

m2(N,2) = 2d¢2(w) log? N

(1+0(1)).

An equation is correct but it does not convey the more precise information.
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Jo(ww N
2d¢2(w) 10g2 N°

Remark. Taking m = f°, we have x(p) = b= 2,2d, if (m + 1)1%1 =1 (mod p).

O(1) tells us that the asymptotic value of m3(IV,2) is

Theorem 3.1.182. The prime 3-tuples.
(1) p+a, a=0,2,4.
We have the arithmetic function

J2(3) = 0.

There are no prime 3-tuples if p £ 3
(2) p1+ap2--pn1.

We have
Jn(3) =0.
There are no prime 3-tuples if py, -+, pp_1 # 3
(3) p+ 3a.
We have

Jw)=2 [ (»-3)#0.
S5<p<p;
Since Jo(w) # 0, there exist the infinitely many prime 3-tuples. We have the best
asymptotic formula of the number of the prime 3-tuples
Jo(ww? N

TN~ ) o N

(4) p1+3apa-- pn_1.
We have

Tn(w) = ¢" 2 (w) J2(w) # 0.
Since J,(w) # 0, there exist the infinitely many prime 3-tuples. We have the best
asymptotic formula of the number of the prime 3-tuples
T (w)w? Nt
(n —1)l¢g" 1 (w) log"t ' N

m3(N,n) ~

Theorem 3.1.183. The prime 5-tuples.
(1) p+a, a=0,2,6,8,14.
We have the arithmetic function

Jo(5) = 0.

There are no prime 5-tuples if p # 5
(2) pr+apz2-po-1.
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We have
Jn(5) =0.
There are no prime 5-tuples if py,---,pp_1 #5
(3) p+ ba.
We have

Bw) =12 T (-5 #0.

11<p<p;

Since Ja(w) # 0, there exist the infinitely many prime 5-tuples. We have the best
asymptotic formula of the number of the prime 5-tuples

J 1 N
m(V.3) ~ I S

(4) p1+5apz---pp—1.
We have

Tn(w) = ¢" " (w)J2(w) # 0.
Since J,(w) # 0, there exist the infinitely many prime 5-tuples. We have the best
asymptotic formula of the number of the prime 5-tuples

In(w)w? Nt

m5(N,n) ~ (n — D)lpnt3(w) log" ™3 N~

Theorem 3.1.184. The prime 7-tuples.
(1) p+a, a=0,4,6,10,12,16, 22.
We have the arithmetic function

Jo(7) = 0.

There are no prime 7-tuples if p # 7
(2) p1+ap2-pp-i.

We have
Jn(7) = 0.
There are no prime 7-tuples if py, -+, pp_1 £ 7
(3) p+Ta.
We have

L@ =30 [ (-7 #0.

13<p<p;
Since Ja(w) # 0, there exist the infinitely many prime 7-tuples. We have the best
asymptotic formula of the number of the prime 7-tuples
Jo(w)w® N

(N2~ =) g N
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(4) p1+Taps- - Pp_1.
We have

Tn(w) = ¢" " (w)J2(w) # 0.
Since J,(w) # 0, there exist the infinitely many prime 7-tuples. We have the best
asymptotic formula of the number of the prime 7-tuples
Tn(w)wb Nt
(n—1)lgn+3(w) log" ™ N

7T7(N, ’I’L) ~

Theorem 3.1.185. The prime 11-tuples.
(1) p+a, a=0,2,6,8,12,18, 20, 26, 32, 36, 60.
We have the arithmetic function

Jo(11) = 0.

There are no prime 11-tuples if p # 11
(2) p1+ap2-- pn-1.

We have
Jo(11) = 0.
There are no prime 11-tuples if pq,---,pr—1 # 11
(3) p+ 1la.
We have

Jo(w) =400 ] (p—11)#0.

19<p<p;

Since Ja(w) # 0, there exist the infinitely many prime 11-tuples. We have the best
asymptotic formula of the number of the prime 11-tuples

Jo(w)w!® N

N,2) ~ )
7711( ) ) (bll(CU) lognN

(4) p1+ 1laps - pp_1.
We have

Tn(w) = ¢" % (w)Jo(w) # 0.
Since Jp,(w) # 0, there exist the infinitely many prime 11-tuples. We have the best
asymptotic formula of the number of the prime 11-tuples

Jn(w)wlo Nn—l
(n — D)lpnt9(w) log" ™ N~

7r11(N,n) ~

Theorem 3.1.186. The prime 13-tuples.
(1) p+a, a=0,4,6,10,16, 18,24, 28, 34, 40, 46, 48, 90.
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We have the arithmetic function
J2(13) = 0.

There are no prime 13-tuples if p #£ 13
(2) p1+ap2- - pn-1.

We have
Jn(13) = 0.
There are no prime 13-tuples if py,---,pp—1 # 13
(3) p+13a.
We have

Jo(w) =216 [ (p—13)#0.

19<p<p;
Since Jo(w) # 0, there exist the infinitely many prime 13-tuples. We have the best
asymptotic formula of the number of the prime 13-tuples
Jo(ww!? N
B (W) logB N’

m13(N,2) ~

(4) p1+ 13apa - pp—1.
We have

Tn(w) = ¢" (W) J2(w) # 0.
Since J,(w) # 0, there exist the infinitely many prime 13-tuples. We have the best
asymptotic formula of the number of the prime 13-tuples

Jn(w)wn Nn—l

7T13(N’ n) ~ (n _ 1)!g{)”+11(w) logn-i-ll N‘

Theorem 3.1.187. The prime k-tuples.
(1) p+a, a=0,2,6,12,14,20, 24, 26, 30, 42, 44, 50, 56, 62, 66, 72, 86.
We have the arithmetic function

Jo(17) = 0.

There are no prime 17-tuples if p # 17
(2) p+a, a=0,4,10,12,18,22,24, 28, 34,40, 52, 54,64, 70, 82,84, 112, 144,
172.
We have
J2(19) =0

There are no prime 19-tuples if p £ 19.
(3) p+a, a=0,6,8,14, 18,20, 24, 30, 36, 38, 44, 48, 50, 56, 74, 78, 80, 86, 104,
108,114,134, 210.
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We have
J2(23) =0
There are no prime 23-tuples if p # 23.
(4) p+a, a=0,2,8,12,14,18,24,30,, 32, 38,42,44, 50, 54, 68, 74,78, 80, 84,
98,110,120, 122,144,150, 152, 162, 164, 288.
We have
J2(29) = 0.

There are no prime 29-tuples if p # 29.

Theorem 3.1.188. p; =m/p+n?, (m,n)=1,2\mn, for j=1,---,k—1.
We have the arithmetic function

Bw) =TI (- x®).
3<p<p;
We now calculate x(p).The smallest positive integer S satisfies the congruence

n® =m®(mod p).

x(p) =kif k< S;x(p) =S+ 1if k> S;x(p) = 1if p|mn; Jo(p) =0if S =p—1.
We have the best asymptotic formula of the number of the prime 13-tuples

Jo(w)wbF=t N

¢F(w)  logh N’

ﬂ'k(N7 2) ~

Theorem 3.1.189. p; = m¥p+n?, (m,n)=1,2\mn, for j=1,--- k- 1.
We have the arithmetic function

JBow)= I @—x®)#0

3<p<p;
We now calculate x(p).The smallest positive integer S satisfies the congruence

n* = m?3(mod p).

x(p)=kif k< S;x(p)=S+1if k> S;x(p) =1if pjmn; Jo(p) =0if S=p— 1.
Since S < p%l, we have Jy(p) > L ;1. There exist infinitely many k-tuples of

primes for any k.

We have the best asymptotic formula

Tkt N
PF(w) logh N’

7T/€(Na n) ~

Theorem 3.1.190. p; =16'(p? —1)+1forj=1,---,k— 1.
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We define the smallest positive integer S such that
16° = 1(mod p).

We have the arithmetic function

16l -1
R =8 [ (-—n—- Y () #0.
T<p<pi =1 P
n=kif k< S;n=85if k> S.
We have the best asymptotic formula
Jo(w)w* 1 N

N,2) ~ .
7I'k;( ) ) 2]“_1({)’“((,0) logkN

Theorem 3.1.191. p3=p; +p2+1,ps=p1 +p2+3.
We have the arithmetic function

Jw)y= ] @*—4p+5) #0.
5<p<p;

We have the best asymptotic formula

Jo(w)w? N2

(N2~ =) g N

Theorem 3.1.192. p3s=pi +p2+1,ps=p1+p2+3,p5s =p1 +p2+7.
We have the arithmetic function

Jow) =140 [ (»*—5p+7) #0.

11<p<p;
We have the best asymptotic formula

J: 3 N2
ma(N,3) ~ %log5 N’

Theorem 3.1.193. p3 =p1 +p2+1,ps=p1+p2+3,p5 =p1 +p2+7,ps =
p1+p2 +9.
We have the arithmetic function

Jow)=60 J[ (p*>—6p+9)+#0.

11<p<p;



166 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

We have the best asymptotic formula

J 4 N2
Y 2) e

Theorem 3.1.194. p3s=pi+p2+1,ps =N —p; —p2,2 fN.
We have the arithmetic function

Jw)= T[] @*—3p+3—x(p)#0,
3<p<p;

where x(p) = 0 if p|(N +1);x(p) = p — 1 if p|N;x(p) =p — 2 ifp fN.
We have the best asymptotic formula
J3(w)w? N2

TN~ ) g N

4. A disproof of the Riemann’s hypothesis

Let s = o + ti, where o and t are real, ¢ = v/—1. We have the Riemann’s zeta

function )

) =1+ (4.1)
P p*
where p ranges over all primes.

In 1859 Riemann [7] stated that nontrivial zeros of ((s) all lie on the line o = 1/2
called the Riemann’s hypothesis. In 1990 Hilbert listed the problem of proving
or disproving the Riemann’s hypothesis as one of the most important problems
confronting twentieth century mathematicians. To this day it remains unsolved.
The arithmetic (sifting) function J,(w) is able to take the place of the Riemann’s

hypothesis and the generalized Riemann’s hypothesis.

Theorem 4.1.
C(s) #0,0 < Re(s). (4.2)
Proof . From (4.1) we have
1 1 ;
— =T[01 - =) =R, 4.3
-0 (13)
where
2 1 1
R=]] Ry Rp:\/l—COS(tgogp)+203 (4.4)
g p p
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. in(tlog p)
6=5"0, 0,=tan"t "2 . 45
; pr Up = tan p? — cos(tlogp) (4.5)
((s) =0 if and only if Re ((s) = 0 and Im ((s) = 0, that is R = co. From (4.4) we
have that if cos(tlogp) < 0 then R, > 1 and if cos(tlogp) > 0 then R, < 1.
If
cos(tlogpi) >0, ---, cos(tlogpa) > 0, (4.6)

we have py < e%pl and tlogps < tlogp; + 7.
If
cos(tlogp) <0, ---, cos(tlogpa) < 0, (4.7)

we have py < et p; and tlogps < tlogp; + .

cos(tlogp) is independent of the real part o, but may well depend on prime p and
imaginary part t. We write m4 (t) for the number of primes p satisfying cos(tlogp) >
0, m_(t) for the number of primes p satisfying cos(tlogp) < 0.

For cos(tlogp) > 0 we have

1> Ry(1+ti) > Ry(0.5 + ti). (4.8)

If m(t1) is much greater than m_(¢1) such that R(0.5 + ¢1i)=min. From (4.4),
(4.5) and (4.8) we have for given ¢;

minR(oy + t17) > minR(1 + ¢17) > minR(0.5 4 t13) > minR(o2 + t1i) — 0, (4.9)

0(01 + tli) = 9(1 + tli) = 9(0.5 + tli) = 9(02 + tl’i) = const, (4.10)

where 01 > 1 and 0 < 09 < 0.5.
Since [((s)| = % from (4.9) we have

max|( (o1 + t17)] < max|{(1 + ¢17)| < max|((0.5 + t17)| < max|((o2 + t17)| — 0.

(4.11)
For cos(tlogp) < 0 we have
1 < Rp(0.5+ ti) < Ry(0.4 + ti) < Ry(0.3 + ti). (4.12)
If m_(t1) is much greater than m, (¢1) such that R(0.5 4 t14) = max.
From (4.4), (4.5) and (4.12) we have for given ¢;
maxR (o1 + t17) < maxR(0.5 + t17) < maxR(0.4 + t1i)
< maxR(0.3 + t1i) < maxR(oy + t11) # 00, (4.13)

0(0‘1 + tli) = 9(0.5 + tli) = 9(0.4 + t1’i) = 9(0.3 + t1’i) = 9(0‘2 + tli) = const, (4.14)
where o1 > 0.5 and 0 < 09 < 0.3.
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Since [((s)| = % from (4.13) we have

min|( (o1 + t1¢)| > min|¢(0.5 + £13)| > min|¢(0.4 + ¢17)|

> min|¢(0.3 + ¢1¢)| > min|( (o2 + t17)| # 0. (4.15)

((s) satisfies the functional equation
(20 (5/2)¢(s) = #9201 — 5)/2)¢(1 — s). (4.16)

From (4.16) we have
¢(ti) # 0. (4.17)
We disprove again the Riemann’s hypothesis. We define the Riemann’s zeta function
—s\—1 — 1
() =Tla-p "= (418)
p n=1

where s = o + 7,4 = v/—1, 0 and t are real, p ranges over all primes. We have the
exponential formula of the Riemann’s zeta function

C(s) = Re®, (4.19)
where "
p
R=||R,, R,= . 4.20
1;[ v v VP2 + 1 — 2p° cos(tlog p) (420)
_ in(tlog p)
0=S"0. 6, —tan-t : 4.21
Zp: poP T os(tlogp) — p7 (4.21)
We define the beta function
>0\
s =TIa+pr o =3 2, (422
p n=1

where A(1) =1, A\(n) = (=1)@F T if n = p{* ... pik.
We have the exponential formula of the beta function

B(s) = Re'. (4.23)

where
ag

_ p
~V/p¥ 1+ 2p° cos(tlogp)

(4.24)

~ ~ - _ in(tlogp)
0= E 0, 60,=t 1 sin( . 4.25
- b P an cos(tlogp) + p° ( )
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From (4.18) and (4.22) we have
((2s) = ((s)B(s). (4.26)
¢(s) and [(s) have the same property, see (4.20) and (4.24).

Theorem 4.2 In 1896 J. Hadamard and C.J.de la Vallee Poussion proved inde-
pendently ¢(1 4+ ti) # 0. From (4.26) we have

€0+ 260)| = 0(5 + )85 + )| #0. (427
From (4.27) we have
G5 1) £0 and [3(5 + )] £ 0. (4.28)
We have [8]
IC(% + ti)] # oo. (4.29)
Therefore 1
16(5 + t)] # 0. (4.30)
¢(s) and [(s) are the dual functions. We have
!ﬁ(% + ti)| # oo. (4.31)
Therefore )
\C(§ +ti)| # 0. (4.32)

Theorem 4.3 For o0 > 1 we have

log((s) = Z Z m ™™™ exp(—itmlogp). (4.33)

p m=1

If ¢(s) had a zero at 3 + ti, then log [((o + ti)| would tend to —oo as o tends to %
from the right.
From (4.33) we have

log |¢(s)| = Z Z m ™ p™™ cos(tm log p) (4.34)
P

m=1
with ¢ replaced by 0,¢,2¢,---, Ht. It gives
H-1

2H N 1/ 2H 00 o
J;]( j )10%|C(0+(H—J)t2)|+2< e >1og<(a)=§p:7nzlm Lp=me 4 > 0,
(4.35)



170 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

where
H-1 o
1
A= jz:% ( 2;-5’ ) cos <(H—j)tmlogp) +§< 25 ) =2H~1 [1+cos(t'm logp)| >0.
(4.36)
H is an even number.
From (4.35) we have
2 HoL em
(c)™ I e+ -~ =1 (4.37)

=0

Since |¢(3 + eti)| # oo[8], where e = 1,2, -+, H, from (4.37) we have [{(5 +eti)| # 0
for sufficiently large even number H.

Min [¢(2 + ti) &~ 0 but # 0. The computation of all nontrivial zeros of {(3 -+ #i)

is an error, which satisfies the Riemann’s error hypothesis[9)].
From (4.36) we have

c0s20 +4cosf + 3 = 2(1 + cos )%

cos 40 + 8 cos 30 + 28 cos 20 + 56 cos § + 35 = 8(1 4 cos ).
c0s 60412 cos 50 -+ 66 cos 40 +220 cos 30 +495 cos 20+ 792 cos 4462 = 32(14-cos §)°.

In the same way we may prove |((o + ti)| # 0, where ¢ > 0. Since the Rie-
mann hypothesis is false, all theorems and all conjectures related to the Riemann
hypothesis are also false.

The Riemann hypothesis is a simple simple mathematical problem, which has
tantalized many famous mathematicians for 150 years.

5. Santilli’s Theory for a Table of Primes

Fundamental Theorem in a Table of Prime. If there exist infinitely many
primes p such that each of p + a;, where j = 1,2,---,k — 1, is simultaneously a
prime, then p + a; must satisfy two necessary and sufficient conditions:

(I) p+ a4, a; is an even number.

(IT) There exists an arithmetic function J2(w) # 0 which denotes the number of
k-tuples of subequations. It is also the number of k-tuples of solutions for

k—1

(Pasw) =1, ( H(pa + aj),w> =1,1<a<¢(w) (5.1)

j=1
From (5.1) defining Jo(w) can be written in the form

$(w) B
Jo(w) =Y [E’H bl ] = JI w-1-xW). (5.2)

amt L25=1 (Pa + a5, @) | 35,
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where x(p) is the number of solutions of congruence

k—1

H(q—i—aj)EO(mod p,qg=1,---,p—1. (5.3)
j=1

If Jo(w) # 0, there exist infinitely many k-tuples of primes. If Jo(w) = 0, there exist
finitely many k-tuples of primes. The arithmetic function Ja(w) is a generalization
of Euler function ¢(w). We shall obtain exact asymptotic formula by introducing
the Ja(w).

Jo(w)whk1

where . N gy
L) = [, gy

We not only prove the existence of infinitely many k-tuples of primes, but we give
that number of k-tuples of primes is very accurately calculated by (5.4).

Theorem 5.1. k-tuple: p, p+a;; where aj = pj—po, j = 1,2,---,k—1,po,p1," -, Pr—1
are the consecutive primes in a table of primes.

If Jo(po) = 0, there exists one k-tuple of primes. If Jo(w) # 0, there exist infinitely
many k-tuples of primes, where k is a finite number.

In order to be understandable, the author needs to have supplied many details
below.

Theorem 5.1.1. 2-tuples:
(1) p, p+a1, a1 =p1—po, po=3, p1 =5

We have
Jw)= ][] (p—2)#0.
3<p<p;

It is the first theorem in a table of primes. So far, no one has found a proof.

Since Ja(w) — o0 as w — 00, there exist infinitely many twin primes. It is the
simplest theorem. No one could ever find the “largest” twin prime.

(2) p, p+a1, a1 =p1—po, po =7, p1 = 11. We have

L) = [[ @-2)#0

3<p<p;

(3) p, p+ a1, a1 =p1 —po, po =23, p1 = 29. We have
Bw)=2 I -2 #0.

5<p<p;

Since Ja(w) — 00 as w — o0, there exist infinitely many prime solutions.
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We have the best asymptotic formula

Jo(ww .
~ () Liy(N)

the Theorem 5.1.1 is the subtable of prime numbers.

mo (V)

Theorem 5.1.2. 3-tuples:

(1) p, p+aj, aj =pj —po, po =3, p1 =5, p2 = 7. We have J5(3) = 0. There
does not exist any 3-tuple of primes except 3.5.7.

(2) p, p+aj, aj =pj —po, po =5, p1 =7, po =11. We have

Jhow)= I @-3) #0

5<p<p;

(3) p, p+aj, aj =pj —po, po =7, p1 =11, pa = 13. We have

Bw) = [ -3 #0.

5<p<p;
(4) p, p+a;, aj =pj —po, po =19, p1 = 23, p2 = 29. We have
Jow)=3 J[ (w—3)#0.
7<p<p;

Since Jy(w) — 00 as w — o0, there exist infinitely many 3-tuples of primes. We
have ()
Ja(w)w
m3(N) ~ ———Lig(N
(V) ~ “ Ly ()
The Theorem 5.1.2 is the subtable of prime numbers.
Theorem 5.1.3. 4-tuples:
(1) p, p+aj, aj =pj —po, po=>5, p1 =17, po =11, p3 = 13. We have

B = I w-4+#0.

7<p<p;

(2) p, p+ aj, a; =p;j —po, po =1, p1 = 11, ps = 13. p3 = 17. We have

Jow)=2 J[ (w—4)#0.

7<p<p;

(3) p, p+aj, aj =p; —po, po =11, p1 =13, po =17, p3 = 19. We have
Jow)= J[ (p—4) #0.

7<p<p;
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(4) p, p+aj, aj =p; —po, Po= 13, p1 =17, po =19, p3 = 23. We have

Jow)=2 J[ (p—4)#0.

7<p<p;

(5) p, p+aj, aj =p; —po, po =23, p1 =29, p2 =31, p3 = 37. We have

wy=4 [[ -4 #0.

11<p<p;

(6) p, p+aj, aj =pj —po, po =31, p1 =37, p2 =41, p3 = 43. We have

B =2 I (-9+0.

T<p<pi
Since Ja(w) — o0 as w — oo, there exist infinitely many 4-tuples of primes. We

have
Jo(w)w?
¢t (w)
The Theorem 5.1.3 is the subtable of prime numbers.

7T4(N) ~ L’L4(N)

Theorem 5.1.4. 5-tuples:
(1) b, p+aj) aj; = pPj —Po, Po = 57 p1 = 77 D2 = 117 p3 = 137 P4 = 17. We have

Jw)= [ (p—5)#0.

7<p<p;

(2) p, p+aj, aj =pj —po, po =7, pj =11,13,17,19. We have

Bw) = [ -5 #0.

7<p<p;

(3) p, p+aj, aj =p;j —po, po =13, p; =17,19,23,29. We have

Jow)=2 J[ (w—5)+#0.

7<p<p;

(4) p, p+aj, aj =pj —po, po =17, p; = 19,23,29,31. We have

wy=3 J[ (-5 #0.

11<p<p;

(5) p, p+aj, a; =p;j —po, po =31, pj =37,41,43,47. We have

wy=4 J[ (p-5)#0.

11<p<p;
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Since Jy(w) — o0 as w — oo, there exist infinitely many 5-tuples of primes. We

have

Jo(w)w?
¢°(w)
The Theorem 5.1.4 is the subtable of prime numbers.

7T5(N) LZ5(N)

Theorem 5.1.5. 6-tuples:

(1) p, p+aj, aj =p; —po, po =5, p; =7,11,13,17,19. We have J5(3) # 0 and
J2(5) = 0. There does not exist any 6-tuple of primes except one 6-tuple of primes:
5,7,11,13,17,19.

(2) p, p+aj, aj =p; —po, po="T7, pj =11,---,23. We have

Bw)= T[ (@—6)#0.

7<p<p;

(3) p, p+aj, aj =pj —po, po =11, p; =13,---,29. We have
B = I b-6) 0.

7<p<p;

(4)p’p+a]’ a; = pj — Po, po =13, pj:177"'a31'wehave
)=2 J[ (p-6)#0.

11<p<p;

(5) p, p+aj, aj =pj —po, po =17, pj =19,---,37. We have
)=3 ][ (@-6)#o0.

11<p<p;

(6) p, p+aj, aj =p;j —po, po =19, pj =23,---,41. We have

)=12 J] (»-6)#0.

13<p<p;
Since Jy(w) — 00 as w — 00, there exist infinitely many 6-tuples of primes. We

have
Jo(w)wd
¢%(w)
The Theorem 5.1.5 is the subtable of prime numbers.

7T6(N) ~ L’LG(N)

Theorem 5.1.6. 7-tuples:

(1) p, p+aj, aj = pj —po, po = 7, pj = 11,---,29. We have J»(3) # 0,
J2(5) # 0 and Jo(7) = 0. It has no 7-tuples of primes except one 7-tuples of primes:
7,11,13,17,19,23,29.
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(2) p, p+aj, aj =pj —po, po =11, p; =13,---,31. We have

wy=2 [[ (-7 #0.

11<p<p;

(3) p, p+aj, aj =pj —po, po =13, pj =17,---,37. We have

wy=2 [[ (-7 #0.

11<p<p;

(4) p, p+aj, a; =pj —po, po =17, pj =19,---,41. We have

)=10 [ (-7 #0.

13<p<p;

(5) p, p+aj, aj =pj —po, po =19, pj = 23,---,43. We have

)=10 J] (-7 #0.

13<p<p;

(6) p, p+aj, aj =pj —po, po =23, pj =29,---,47. We have

wy=2 [[ -7 #0.

11<p<p;

(7) p, p+aj, aj =pj—po, po =29, pj =31,---,53. We have

wy=5 [ (-7 #0.

13<p<p;

(8) p, p+aj, aj =p; —po, po =31, pj =37,---,59. We have

wy=6 J[ (-7 #0.

13<p<p;

Since Jy(w) — 00 as w — oo, there exist infinitely many 7-tuples of primes.

have
Jo(w)w®

777(N) ~ ¢7(w)

Liz(N)

Theorem 5.1.7. 8-tuples:
(1) p, p+a;, aj =pj —po, po =11, p; = 13,---,37. We have

)=18 [ (»—38)#0.

17<p<p;
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(2) p, p+a;, aj =pj —po, po =13, p; =17,---,41. We have

wy=8 [] (p-8)#0.

13<p<p;

(3) p, p+aj, aj =pj —po, po =17, pj =19,---,43. We have

)=48 [ (»—38)#0.

17<p<p;

(4) p, p+aj, a; =pj —po, po =19, pj =23,---,47. We have

wy=8 [] (»p-8)#0.

13<p<p;

(5) p, p+aj, aj =pj —po, po =23, pj =29,---,53. We have

wy=4 J[ (-8)#0.

13<p<p;

(6) p, p+aj, aj =pj—po, po =29, pj =31,---,59. We have

wy=5 [ (-8)#0.

13<p<p;

Since Ja(w) — o0 as w — o0, there exist infinitely many 8-tuples of primes. We

have
Jo(w)w”

7r8(]\7) ~ ¢8(w)

Lig(N)

Theorem 5.1.8. 9-tuples:
(1) p, p+aj, aj =pj —po, po =11, pj =13,---,41. We have

)=15 ] (-9 #o0.

17<p<p;

(2) p, p+aj, aj =pj —po, po =13, pj =17,---,43. We have

)=30 ] (-9 #o0.

17<p<p;

(3) p, p+aj, a; =pj —po, po =17, pj =19,---,47. We have

Jo(w) =30 [ (»—9)#0.

17<p<p;
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(4) p, p+aj, aj =pj —po, po =19, pj =23,---,53. We have

)=144 J[ (-9 #0.

19<p<p;

(5) p, p+aj, a; =pj —po, po =23, pj =29,---,59. We have

wy=4 J[ (-9 #0.

13<p<p;

(6) p, p+aj, aj =pj —po, po =29, pj =31,---,61. We have

wy=4 J[ (-9 #0.

13<p<p;

(7) p, p+aj, aj =pj —po, po =31, pj =37,---,67. We have

Jow)=20 J[ (p—9)#0.

17<p<p;

Since Jo(w) — o0 as w — oo, there exist infinitely many 9-tuples of primes.

have
Jo(w)wd

m() ~ 5

Lig(N)

Theorem 5.1.9. 10-tuples:
(1) p, p+a;, aj =pj —po, po =11, p; =13,---,43. We have

)=10 J[ (»p—10)#0.

17<p<p;

(2) p, p+aj, aj =pj —po, po =13, pj =17,---,47. We have

)=128 [ (p—10)#0.

19<p<p;

(3) p, p+aj, aj =pj —po, po=17,---,53. We have

) =96 H p—10) # 0.

19<p<p;

(4) p, p+a;, aj =pj —po, po =19, pj = 23,---,59. We have

)=96 ] (»—10)#0.

19<p<p;
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(5) p, p+aj, a; =pj —po, po =23, pj =29,---,61. We have

Jow) =630 [ (p—10)#0.

23<p<p;

(6) p, p+aj, aj =pj —po, po =29, pj =31,---,67. We have

)=2840 J] (»—10)#0.

23<p<p;

Since Ja(w) — 00 as w — oo, there exist infinitely many 10-tuples of primes. We

have
Jo(w)w?

o)~ iy

Liyp(N)

Theorem 5.1.10. 11-tuples:
(1) p, p+aj, aj =pj —po, po =11, pj = 13,---,47. We have

Jw)=28 J[ (p—11)#0.

19<p<p;

(2) p, p+aj, aj =p; — po, po =13, p; = 17,---,53. We have

(3) p, p+aj, aj =pj —po, po =17, pj =19,---,59. We have

(4) D, p+aj, aj :pj—po, p0:19, p]’:23,"',61. We have

)=378 [ (»p—11)#0.

23<p<p;

(5) p, p+aj, aj =pj —po, po =23, pj =29,---,67. We have

)=540 [ (»p—11)#0.

23<p<p;

(6) p, p+aj, aj =pj —po, po =29, pj =31,---,71. We have

)=3718 ] (»—11)#0.

23<p<p;
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(7) p, p+aj, aj =pj—po, po =31, pj =37,---,73. We have

)=3718 ] (»—11)#0.

23<p<p;

Since Ja(w) — 00 as w — 00, there exist infinitely many 11-tuples of primes.

have
Jo(w)w!®

) gy

Liy (N)

Theorem 5.1.11. 12-tuples:
(1) p, p+aj, aj =pj —po, po =11, p; = 13,---,53. We have

Jw)=21 [ (p—12)#0.

19<p<p;

(2) p, p+aj, aj =pj —po, po =13, pj =17,---,59. We have

Jo(w)=2352 [ (p—12)#0.
29<p<p;

(3) b, p+a’j’ aj; = pPj — Po, p():]-?a p]:197a61 We have

Jo(w) =288 J[ (p—12)#0.

23<p<p;

(4) b, p+a’j7 a; = p; — Po, pO:197 p]:237’67 We have

)=324 ] (»—12)#0.

23<p<p;

(5) D, p+aj, aj :pj—po, p0:23, p]’:29,"',71. We have

Jo(w)=216 [ (p—12)

23<p<p;

(6) p, p+aj, aj =pj —po, po =29, pj =31,---,73. We have

Jo(w)=288 [ (p—12)#0.

23<p<p;

(7) p, p+aj, aj =p; — po, po =31, pj = 37,---,79. We have

)=192 ] (»—12)#0.

23<p<p;

179
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Since Ja(w) — 00 as w — 00, there exist infinitely many 12-tuples of primes. We

have
Jo(w)w!!

T~ )

Liya(N)

Theorem 5.1.12. 13-tuples:
(1) p, p+aj, aj =pj —po, po =11, p; =13,---,59. We have

)=792 ] (»—13)#0.

29<p<p;

(2) p, p+aj, aj =pj —po, po =13, pj =17,---,61. We have

)=924 ] (»—13)#0.

29<p<p;

(3) p, p+aj, aj =pj —po, po =17, pj =19,---,67. We have

Jow) =240 J] (p—13)#0.

23<p<p;

(4) p, p+aj, aj =pj —po, po =19, pj =23,---,71. We have

)=192 ] (»—13)#0.

23<p<p;

(5) p, p+aj, aj =pj —po, po =23, pj =29,---,73. We have

)=160 ] (»p—13)#0.

23<p<p;

(6) p, p+aj, aj =pj —po, po =29, pj =31,---,79. We have

)=120 [ (»p—13)#0.

23<p<p;

(7) p, p+ aj, aj =p; — po, po =31, p; = 37,---,83. We have

Jo(w) =1540 J] (p—13)#0.
29<p<p;

Since Ja(w) — 00 as w — oo, there exist infinitely many 13-tuples of primes. We

have
Jo(w)w!?

)~ nay

Liy3(N)

Theorem 5.1.13. 14-tuples:
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(1) p, p+a;, aj =pj —po, po =11, p; =13,---,61. We have

)=300 J] (»—14) 0.

29<p<p;

(2) p, p+aj, aj =pj —po, po =13, pj =17,---,67. We have

)=700 J] (»—14)#0.

29<p<p;

(3) p, p+aj, aj =pj —po, po =17, pj =19,---,71. We have

)=140 J] (»—14)#0.

23<p<p;

4) p, p+aj, aj =pj —po, po =19, p; = 23,---,73. We have

)=140 J] (»—14)#0.

23<p<p;

(5) p, p+aj, aj =pj—po, po =23, pj =29,---,79. We have

)=64 ] (»p—14)#0.

23<p<p;

(6) p, p+aj, aj =pj—po, po =29, pj =31,---,83. We have

)=2840 J] (»—14)#0.

29<p<p;

(7) p, p+aj, aj =pj —po, po =31, pj =37,---,89. We have

Jo(w) =16896 [ (»p—14) #0.

31<p<p;

Since Ja(w) — 00 as w — 00, there exist infinitely many 14-tuples of primes.

have
Jo(w)w!?

i~ gy

Liy4(N)

Theorem 5.1.14. 15-tuples:
(1) p, p+aj, aj =pj —po, po =11, p; =13,---,67. We have

Jow) =216 ] (p—15)#0.

29<p<p;
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(2) p, p+aj, aj =pj —po, po =13, pj =17,---,71. We have
Ja(w) =4050 [[ (p—15)#0.

31<p<p,b

(3) p, p+aj, aj =pj —po, po =17, pj =19,---,73. We have
)=96 [ (»p—15)#0.

23<p<p;

(4) p, p+aj, aj =pj —po, po =19, pj =23,---,79. We have
)=56 [ (»p—15)#0.

23<p<p;
(5) p, p+aj, aj =pj —po, po =23, pj =29, --,83. We have
=318 [[ (»-15) #0.
29<p<pz
(6) p, p+aj, aj =pj —po, po =29, pj = 31,---,89. We have
Jo(w) =8100 [[ (p—15)#0.
31<p<p;
(7) p, p+aj, aj =pj —po, po =31, pj =37,---,97. We have
Jao(w) =10800 [ (»p—15) #0.
31<p<p;

Since Ja(w) — 00 as w — 00, there exist infinitely many 15-tuples of primes. We

have
Jo(w)w'

7T15(N)NW

Liy5(N)

Theorem 5.1.15. 16-tuples:
(1) D, p+a/j7 Gj - pj_p07 Po = 117 pj - 137 te 771 We have JQ(p) 7& 07 p= 3757 7
and J2(11) = 0, there is no 16-tuples of primes except one 16-tuples of primes:
-, 71
(2) p, p+aj, aj =p; —po, po =13, p; = 17,---,73. We have

Jo(w) =2240 ] (p—16) #0.

31<p<p;

(3) p, p+aj, aj =pj —po, po =17, pj =19,---,79. We have
Jo(w) =52416 [ (»—16) #0.

37<p<p;
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(4) p, p+a;, aj =pj —po, po =19, p; = 23,---,83. We have

Jow) =288 J[ (p—16)#0.
29<p<p;

(5) p, p+aj, a; =pj —po, po =23, pj =29,---,89. We have

Jo(w) =3024 [ (p—16)#0.
31<p<p;

(6) p, p+aj, aj =pj —po, po =29, pj =31,---,97. We have

Jo(w) =6804 ] (p—16)#0.
31<p<p;

(7) p, p+aj, aj = pj —po, po = 31, pj = 37,---,101. We have

Jo(w) =6075 J[ (p—16) #0.

31<p<p;

Since Ja(w) — o0 as w — oo, there exist infinitely many 16-tuples of primes. We

have

w w15
7T16(N) ~ %Lzm(]\f)

Theorem 5.1.16. 17-tuples:
(1) D, p+aj, aj =pj—po, po= 13, pj = 17,---,79. We have

Jo(w) =20475 [ (p—17) #0.

37<p<p;

(2) D, p+aj, aj :pj—po, p0:17, pjzlg,"',83. We have

Jo(w) =25200 [ (p—17)#0.

37<p<p;

(3) p, p+aj, aj =pj —po, po =19, p; = 23,---,89. We have

Jo(w) =27040 [ (p—17)#0.

37<p<p;

(4) p, p+aj, aj =pj —po, po =23, pj =29,---,97. We have

Jo(w) =34944 [[ (»p—17) #0.

37<p<p;
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(5) p, p+aj, a; =p;j —po, po =29, pj =31,---,101. We have

Jo(w) =47040 [[ (»—17) #0.

37<p<p;

(6) p, p+aj, aj =pj —po, po =31, p; = 37,---,103. We have

Jo(w) =26880 [[ (»p—17) #0.
37<p<p;

Since Ja(w) — o0 as w — oo, there exist infinitely many 17-tuples of primes. We

have

w w16
m17(N) ~ %Lm(N)

Theorem 5.1.17. 18-tuples:
(1) p, p+aj, aj =pj —po, po =13, pj =17,---,83. We have

Jo(w) =9408 ] (p—18) #0.
37<p<p;

(2) b, p+a’j’ aj; = pPj — Po, pO:17a p]:197a89 We have

Jo(w) =28224 [ (p—18) #0.
37<p<p;

(3) b, p+a’j7 a; = p;j — Po, pO:197 p]:237’97 We have

Ja(w) = 436800 [[ (p—18) #0.
41<p<p;

(4) p, p+aj, a; =pj —po, po =23, pj =29,---,101. We have

Jo(w)=1820 ] (p—18)#0.

31<p<p;

(5) p, p+aj, a; =p;j —po, po =29, pj =31,---,103. We have

Jo(w) =203840 [[ (p—18) #0.

41<p<p;

(6) p, p+aj, aj =pj —po, po =31, pj =37,---,107. We have

Jo(w) =11648 [ (p—18) #0.

37<p<p;
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Since Ja(w) — 00 as w — 00, there exist infinitely many 18-tuples of primes.

Jg(w)w17 )
m18(N) ~ ————Li5(N)
(N) o (2) (

Theorem 5.1.18. 22-tuple: p, p+aj;, aj = p; —po, po = 13, p; =17, ---, 103.
We have Jo(p) # 0, p=3,5,7,11 and J2(13) = J2(17) = 0, there is no 22-tuples of
primes except one 22-tuple of primes: 13, ---, 103.

Theorem 5.1.19. 21-tuple: p, p+aj, aj = p; —po, po = 17, p; =19, ---, 103.
We have Jo(p) # 0, p=3,5,7,11,13 and J2(17) = 0, there is no 21-tuples of primes
except one 21-tuples of prime: 17, ---, 103.

Theorem 5.1.20. 19-tuple: p, p+aj, a; = p; —po, po =19, p; =23, ---, 101
Since Jo(p) > 1, where p = 3, ---, 19, we have Ja(w) # 0. There exist infinitely
many 19-tuples of primes. We have

Jo(w)w'®
719 N) ~ 7.[/219 N).
(V) ~ L L)
Theorem 5.1.21. 36-tuple: p, p+aj, aj = p; —po, po =19, p; =23, ---, 191

We have Ja(p) # 0, p = 3,5,7,11,13,17 and J2(19) = 0, there is no 36-tuples of
primes except one: 19, ---, 191.

Theorem 5.1.22. 23-tuple: p, p+a;, a; = p; —po, po = 23, p; =29, ---, 127.
Since Jo(p) > 1, where p = 23, -+, 127, we have Jy(w) # 0 There exist infinitely
many 23-tuples of primes. We have

Jo(w)w??
7T23(N) ~ LZQg(N)
¢*3(w)

Theorem 5.1.23. 43-tuple: p, p+aj, aj = p; —po, po = 23, p; =29, ---, 233.
We have Jy(p) #0, p=3, ---, 19 and J5(23) = 0, there are no 43-tuples of primes
except one 43-tuples of primes: 23, ---, 233.

Theorem 5.1.24. 29-tuple: p, p+aj, aj = p; —po, po = 29, p; =31, ---, 163.
Since Ja(p) > 1, where p = 3, -+, 29, we have Jo(w) # 0 There exist infinitely
many 29-tuples of primes. We have

Jo(w)w?
TI'QQ(N) ~ LZQQ(N)
¢*(w)

Theorem 5.1.25. 57-tuple: p, p+aj, aj = p; —po, po = 29, p; =31, ---, 317.
We have Jy(p) #0, p=3, ---, 23 and J2(29) = 0, there are no 57-tuples of primes

except one 57-tuples of primes: 29, ---, 317.
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Theorem 5.1.26. 31-tuple: p, p+a;, aj = p; —po, po =31, p; =37, ---, 179.
Since Ja(p) > 1, where p = 3, ---, 31, we have Jy(w) # 0 There exist infinitely
many 31-tuples of primes. We have

Jo(w)w30
N) ~ —————Liz1(N).
m31(NV) 1(0) i1 (V)

Theorem 5.1.27. 75-tuple: p, p+aj, aj = p; —po, po = 31, p; =37, ---, 439.
We have Ja(p) #0, p=3, -+, 31 and J2(37) = 0, there are no 75-tuples of primes
except one 75-tuples of primes: 31, ---, 439.

Theorem 5.1.28. 37-tuple: p, p+aj, a; = p; —po, po = 37, pj =41, ---, 223.
Since Ja(p) > 1, where p = 3, ---, 37, we have Ja(w) # 0 There exist infinitely
many 37-tuples of primes. We have

Jo(w)w?6
m37(N) ~ Lisg7(N)
¢37(w)
Theorem 5.1.29. 74-tuple: p, p+aj, a; = pj —po, po = 37, p; = 41, ---, 439.

We have J5(37) = 0, there are no 74-tuples of primes except one 74-tuples of primes:
37, -+, 439.

Theorem 5.1.30. 79-tuple: p, p+aj, aj = p; —po, po = 41, p; =43, ---, 467.
We have J(43) = 0, there are no 79-tuples of primes except one: 41, ---, 467.
Theorem 5.1.31. 78-tuple: p, p+aj, a; = p;j —po, po = 43, p; = 47, ---, 467.
We have J2(43) = 0, there are no 78-tuples of primes except one: 43, ---, 467.
Theorem 5.1.32. 106-tuple: p, p+a;, a; = p;—po, po = 47, p; =53, ---, 659.
We have J3(53) = 0, there are no 106-tuples of primes except one: 47, ---, 659.
Theorem 5.1.33. 105-tuple: p, p+a;, a; = p;—po, po = 53, p; =959, ---, 639.
We have J(53) = 0, there are no 105-tuples of primes except one: 53, ---, 659.
Theorem 5.1.34. 111-tuple: p, p+a;, a; = pj—po, po = 59, p; =61, ---, 709.
We have J5(59) = 0, there are no 111-tuples of primes except one: 59, ---, 709.
Theorem 5.1.35. 133-tuple: p, p+a;, aj = pj—po, po = 61, p; =67, ---, 863.
We have J(71) = 0, there are no 153-tuples of primes except one: 61, ---, 863.
Theorem 5.1.36. 152-tuple: p, p+aj, a; = pj—po, po = 67, pj =71, ---, 1013.
We have J2(67) = 0, there are no 152-tuples of primes except one: 67, ---, 1013.
Theorem 5.1.37. 197-tuple: p, p+aj, a; = pj—po, po = 71, p; =73, ---, 1321.

We have J(71) = 0, there are no 197-tuples of primes except one: 71, ---, 1321.
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Theorem 5.1.38. 195-tuple: p, p+aj, a; = pj—po, po =73, pj =79, ---, 1319.
We have J5(79) = 0, there are no 195-tuples of primes except one: 73, ---, 1319.

Theorem 5.1.39. 194-tuple: p, p+aj, a; = pj—po, po = 79, p; = 83, ---, 1319.
We have Jo(79) = 0, there are no 194-tuples of primes except one: 79, ---, 1319.

Theorem 5.1.40. 239-tuple: p, p+aj, a; = pj—po, po = 83, pj = 89, ---, 1663.
We have J3(83) = 0, there are no 239-tuples of primes except one: 89, ---, 1663.

Theorem 5.1.41. 216-tuple: p, p+aj, a; = pj—po, po =89, pj = 97, ---, 1499.
We have J5(97) = 0, there are no 216-tuples of primes except one: 89, ---, 1499.

Theorem 5.1.42. 215-tuple: p, p+a;, a; = pj—po, po = 97, p; = 103, ---, 1499.
We have J2(97) = 0, there are no 215-tuples of primes except one: 97, ---, 1499.

Theorem 5.1.43. 273-tuple: p, p +aj, a;j = p; — po, po = 101, p; =
103, ---, 1973. We have J2(103) = 0, there are no 273-tuples of primes except
one: 101, ---, 1973.

Theorem 5.1.44. 272-tuple: p, p + aj, a;j = pj — po, po = 103, p; =
107, ---, 1973. We have J5(103) = 0, there are no 272-tuples of primes except
one: 103, ---, 1973.

Theorem 5.1.45. 10%-tuple: p, p+a;, j=1, .-+, 9999, a; = pj — po, Po =
9973, p; = 10007, ---.

Since Ja(p) > 1, where p = 3, ---, 9973, we have Jy(w) # 0. There exist infinitely

many 10*-tuples of primes. We have

Jg(w)w104*1

T10¢(N) ~ 5107 () Liyge(N).
Theorem 5.1.46. 10°-tuple: p, p+ aj, 3 =1, -+, 99999, a; = p; —po, po =
99971, p; = 99989, - -
Since Ja(p) > 1, where p = 3, -+, 99989, we have Jo(w) # 0. There exist infinitely

many 10°-tuples of primes.
The best asymptotic formula for the number of 10°-tuples of primes is

JQ(w)me—l

¢ (w)

Just as theorem 5.1.1(twin prime) is the simplest theorem, so theorem 5.1.46 is
the simplest theorem. It is simple to prove and hard to calculate.

If mp5(N) > 0, then dy > 103, where dy is a long gap between primes. one
should restudy the theory of prime numbers, because the now theory is finite and
surmisable. There exist many great prime clusters in a table of primes.

105 (N) ~ Liyo5(N).
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Theorem 5.2. k-tuple: p, p + b;, where b; = p; +po. j = 1,2, ---, k —
1, po,p1, -+, pr—1 are the consecutive primes in a table of primes.

If Jo(w) = 0, there exist finitely many k-tuples of primes. If Jo(w) # 0, there exist
infinitely many k-tuples of primes,where k is a finite integer.

In order to be understandable,we need to have supplied many details below.

Theorem 5.2.1. 2-tuples:
(1) p, p+ b1, b1 = p1 +po, po =3, p1 = 5. We have

Jw)= [ (p—2)#0.

3<p<p;

(2) p, p+b1, b1 =p1+po, po =11, p1 = 13. We have

B =2 I] -2 #0.

5<p<p;

(3) p, p+ b1, b1 =p1 + po, po =19, p1 = 23. We have

Jo(w) = 36 H (p—2) #0.

11<p<p;
Since J(w) — 00 as w — 00, there exist infinitely many primes solations.We have

N Jo(w)w

N~ )

Liy(N).

Theorem 5.2.2. 3-tuples:

(1) p, p+bj, bj =p; +po, po =3, pj =5,7. We have J5(3) = 0 There does not
exist any 3-tuples of primes except one:3,11,13.

(2) p, p+bj, bj =pj +po, po =5, pj =7,11. We have

Bw) = JI ®-3)#0.

5<p<p;

(3) p, p+bj, bj =pj +po, po =11, p; = 11,13. We have

Jow)=3 J[ (»—3)#0.

7<p<p;

(4) p, p+ bj, bj = p; +po, po =11, p; = 13,17. We have

Jo(w)=10 [ (p—3)#0.

11<p<p;
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Since Ja(w) # 0, there exist infinitely many 3-tuples of primes. We have

Jo(w)w?

maN) ~ )

Lig(N)

Theorem 5.2.3. 4-tuples:
(1) p, p+bj, bj =pj +po, po =5, pj =7,11,13. We have

Jw)= ][] (p—4) #0.

5<p<p;

(2) p, p+bj, bj =pj +p0o, po =7, pj =11,13,17. We have

B =2 T] (-4 #0

7<p<p;

(3) p, p+bj, bj =pj+po, po=11, p; =13,17,19. We have

wy=8 [ (-4 #0.

11<p<p;

(4) p, p+bj, bj =pj+po, po =13, pj =17,19,23. We have

Bw) =2 [] w-4#0.

7<p<p;

Since Jo(w) — 00 as w — oo, there exist infinitely many 4-tuples of primes.

have
Jo(w)w?

TN~ i)

Lig(N).

Theorem 5.2.4. 5-tuples:
(1) p, p+bj, bj =p;j +p0o, Po =5, pj =7,11,13,17. We have

)=14 [ (»p—5)#0.

13<p<p;

(2) p, p+bj, bj =pj+po, po="7, pj =11,13,17,19. We have

)=108 J] (»—5)#0.

17<p<p;

(3) p, p+bj, bj =pj+po, po=11, p; =13,17,19,23. We have

)=6 [ (-5 xp)#0.

11<p<p;

189
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where x(17) = —1, x(p) = 0 otherwise.
(4) p, p+bj, bj =p; +po, po =13, p; =17,19,23,29. We have

wy=6 [] (-5)#0.

11<p<p;

Since Jy(w) — 00 as w — oo, there exist infinitely many 5-tuples of primes. We

have
Jo(w)w?

TN~ )

Lis(N).

Theorem 5.2.5. 6-tuples:

(1) p, p+bj, bj =pj+po, po =5, pj =7,11,13,17,19. We have J»(5) = 0, there
does not exist any 6-tuples of primes.

(2) p, p+bj, bj =pj +p0o, po =7, pj =11,13,17,19,23. We have

)=40 ] (»-6)#0.

17<p<p;

3)p, p+ bj, bj =p;j +po, po =11, p; = 13,17,19,23,29. We have

)=4 J[ (»—6—x(p)#0.

11<p<p;

where x(17) = —1, x(p) = 0 otherwise.
(4) p, p+bj, bj =pj +po, po =13, p; =17,19,23,29,31. We have

)=18 ] (»—6)#0.

13<p<p;

Since Ja(w) # 0, there exist infinitely many 6-tuples of primes. We have

Jo(w)w?

Wﬁ(N) ~ ¢6(w)

Lig(N).

Theorem 5.2.6. 7-tuples:

(1) p, p+bj, bj =pj +po, po =T, pj = 11,13,17,19,23,29. We have J»(7) = 0,
there does not exist any 7-tuple of primes.

(2) p, p+bj, bj =p;j+po, po=11, pj =13,---,31. We have

Jow)=528 [ (»—7)#0.

19<p<p;

(3) p, p+0bj, bj =p; +po, po =13, pj =17,---,37. We have

)=15 J[ (-7 #0.

13<p<p;
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(4) p, p+bj, bj =pj+po, po=17, p; =19,---,41. We have
=5 J[ -7-xv) #0,

13<p<p;

where x(23) = x(29) = —1, x(p) = 0 otherwise.
Since Ja(w) # 0, there exist infinitely many 7-tuples of primes. We have

Jo(w)w®

()~ o)

Li+(N).

Theorem 5.2.7. 8-tuples:
(1) b, p+ij bj =DPj + po, po = 117 b; = 137 : 737 We have

Jow) =300 J] (p—38)#0.

19<p<p;
(2) p, p+bj, bj =p; +po, po=13, pj =17,---,41. We have

)=10 J] (»-38)#0.

13<p<p;

(3) p, p+bj, bj =p; +po, po =17, pj =19,---,43. We have
)=4 J[ (—8-x(p)#0.

13<p<p;

where x(23) = x(29) = —1, x(p) = 0 otherwise.
(4) p, p+bj, bj =p; +po, po =19, pj =23,---,47. We have
=8 J[ -8 #0.

13<p<p;
Since Jo(w) — o0 as w — o0, there exist infinitely many 8-tuples of primes. We

have
Jo(w)w?

WB(N) ~ ¢8(w)

Lig(N)
Theorem 5.2.8. 9-tuples:
(1) p, p+bj, bj =pj +po, po =11, p; = 13,---,41. We have

Jow) =270 [ (p—9)#0.

19<p<p;
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(2) p, p+bj, bj =p; +po, po =13, pj =17,---,43. We have
=40 J[ (-9 #0.
17<p<p;
(3) D, p+bj, bj =pj +Po, Po = 17, pj = 19,...,47. We have
=3 J[ @-9-x()#o0.
13<p<p;
where x(23) = x(29) = —1, x(p) = 0 otherwise.
(4) p, p+bj, bj =p; +po, po=19, pj =23,---,53. We have
=4 [ ®-9 #0.
13<p<p;

Since Ja(w) — 0o as w — oo, there exist infinitely many 9-tuples of primes. We

have
Jo(w)w®

WQ(N) ~ ¢9(w)

Lig(N)
Theorem 5.2.9. 10-tuples:
(1) p, p+bj, bj =p;j +po, po=11, p; =13,---,43. We have

)=160 J] (»p—10)#0.

19<p<p;

(2) p, p+bj, bj =pj +po, po =13, p; =17,---,47. We have

Jow)=24 J[ (p—10)#0.

17<p<p;
(3) D, p—l—bj, bj =p; +po, Po = 17, D = 19,--.,53. We have

Jo(w) = 181440 [ (»—10) #0.
31<p<p;

(4) p, p+bj, bj =pj +po, po =19, p; =23,---,59. We have
=16 ] (»—10)#0.
17<p<p2
Since Jo(w) — o0 as w — 00, there exist infinitely many 10-tuples of primes.We
have
Jo(w)w?

mo(N) ~ iy

Liyp(N)
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Theorem 5.2.10. 11-tuples:

(1) D, p+bj, bj =pj —+ po, pgzll, pj:137"'747' We have

Jo(w) =116736 [ (»p—11) #0.
31<p<p;

(2)p,p+bj, bj = pj +po, po =13, p; =17,---,53. We have
)=63 [] (»p—11)#0.

19<p<p;

(3) p, p+bj, bj =pj +po, po =17, pj =19,---,59. We have

Jo(w) =93366 [ (»p—11) #0.

31<p<p;

(4) p, p+bj, bj =p; +Dpo, po=19, pj =23,---,61. We have

)=486 ] (»p—11)#0.

23<p<p;

Since Jo(w) — 00 as w — 0o, there exist infinitely many 11-tuples of primes. We

have
Jo(w)wt®

gy

Lii (N)

Theorem 5.2.11. 12-tuples:

(1) p, p+bj, bj =p; +po, po =11, pj = 13,---,53. We have
Jo(w) =33264 [ (p—12)#0.

31<p<p;

(2) p, p+bj, bj =pj +po, po =13, pj =17,---,59. We have

Jow) =36 [ (p—12)#0.

19<p<p;

(3)p, p+bj, bj =pj+po, po=17, pj =19,---,61. We have

Ja(w) = 46656 [ (»p—12) #0.

31<p<p;

4) p, p+0bj, bj =p;+po, po =19, pj =23,---,67. We have

)=405 ] (»—12)#0.

23<p<p;
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Since Ja(w) # 0, there exist infinitely many 12—tuples of primes. We have

Jo(w)w!!

mel)~ iy

Liyo(N)
Theorem 5.2.12. 13-tuples:

(1) D, p—l—bj, bjzpj+p0, po = 11, pj:13,~--,59. We have

Jo(w) =15708 [ (p—13)

31<p<p;

(2) p, p+bj, bj =p; +po, po =13, p; =17,---,61. We have

w)=105 J[ (p—13—x(p)) #0.

23<p<p;

where x(37) = —1, x(p) = 0 otherwise.
(3) p, p+bj, bj =pj +po, po =17, pj =19,---,67. We have

Jo(w) =33660 [[ (»p—13)#0.

31<p<p;

(4) p, p+bj, bj =p; +Dpo, po=19, pj =23,---,71. We have

)=160 [ (»p—13)#0.

23<p<p;

Since Ja(w) # 0, there exist infinitely many 13-tuples of primes. We have

Jo(w)w!?

T

Liy3(N).
Theorem 5.2.13. 14-tuples:

(1) p, p+bj, bj =p; +po, po =11, p; =13,---,61. We have

Jo(w) =5760 [ (p—14)
31<p<p;

(2) p, p+bj, bj =p;+po, po =13, pj =17,---,67. We have

w)=84 [ (p—14—x(p)) #0.

23<p<p;

where x(37) = —1, x(p) = 0 otherwise.
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(3) p, p+bj, bj =pj+po, po=17, p; =19,---,71. We have

Jo(w) =25600 [ (»—14) #0.

31<p<p;

4) p, p+0bj, bj =p;+po, po =19, pj =23,---,73. We have

Jo(w) =1120 J] (p—14) #0.

29<p<p:
Since Ja(w) # 0, there exist infinitely many 14-tuples of primes. We have

Jo(w)w!3

I

Lii4(N).
Theorem 5.2.14. 15-tuples:

(1) p, p+bj, bj =pj +po, po =11, pj =13,---,67. We have

Jo(w) =4050 [ (p—15)
31<p<p;

(2) p, p+bj, bj =p; +po, po =13, pj =17,---,71. We have

w)=48 [ (»—15—x(p)) #0.

23<p<p;
where x(37) = —1, x(p) = 0 otherwise.
(3) p, p+bj, bj =pj +po, po =17, pj =23,---,73. We have

Jo(w) =15120 J[ (»p—15) #0.

31<p<p;

(4) p, p+bj, bj =p; +po, po=19, p; =23,---,79. We have

)=378 ] (»—15)#0.

29<p<p;

Since Jo(w) # 0, there exist infinitely many 15-tuples of primes. We have

Jo(w)wt?

e~ oy

Liys(N).

Theorem 5.2.15. 16-tuples:

195

(1) p, p+bj, bj =pj +po, po =11, pj =13,---,71. We have J(11) = 0, there

does not exist any 16-tuple of primes.
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(2) p, p+bj, bj =p; +po, po=13, pj =17,---,73. We have
)=30 J[ (»—16-x(p) #0.

23<p<p;
where x(37) = x(43) = —1, x(p) = 0 otherwise.
(3) p, p+bj, bj =p; +po, po=17, pj =23,---,79. We have

Jo(w) =4704 J[ (p—16)
31<p<p;

(4) p, p+b;, bj =pj +po, po =19, pj =23,---,83. We have
Jow) =324 [ (p—16)#0.

29<p<p;
Since Ja(w) # 0, there exist infinitely many 16-tuples of primes. We have

Jo(w)wt®

R

Liyg(N).
Theorem 5.2.16. 17-tuples:

(1)p,p+bj, bj = pj +po, po =13, p; =17,---,79. We have
)=70 J[ (»—-17—x(p)) #0.

29<p<p;
where x(31) = x(37) = x(43) = —1, x(p) = 0 otherwise.
(2) p, p+bj, bj =p;j +po, po=17, pj =19,---,83. We have

Jo(w)=2496 [ (p—17)
31<p<p;

(3) p, p+bj, bj =p; + D0, po=19, pj =23,--,89. We have

Jo(w)=2340 [ (p—17)
31<p<p;

(4) p, p+bj, bj =pj+po, po =23, pj =29,---,97. We have
Jo(w) =5616 [ (p—17)
31<p<pl
Since Ja(w) # 0, there exist infinitely many 17-tuples of primes. We have

Jo(w)w'6

™

Liy=(N).
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Theorem 5.2.17. 18-tuples:

(1) p, p+bj, bj =pj+po, po =13, p; =17,---,83. We have
Jw)=28 [ (p—18—x(p) #0.
29<p<p;
where x(31) = x(37) = x(43) = —1, x(p) = 0 otherwise.
(2) p, p+bj, bj =pj+po, po=17, pj =19,---,89. We have

Jo(w)=1040 J[ (p—18)
31<p<p;

(3) p, p+0bj, bj =p; +po, po =19, pj =23,---,97. We have

Jo(w) =2080 [ (»—18—x(p)) #0.
31<p<p;
where x(37) = —1, x(p) = 0 otherwise.
(4) p, p+b;, bj =pj+po, po =23, pj =29,---,101. We have

Jo(w) =2730 [ (p—18) #0.
31<p<p;

Since Jo(w) # 0, there exist infinitely many 18-tuples of primes. We have

Jo(w)w'”

s~ ()

Liys(N).

Theorem 5.2.18. 22-tuple: p, p+b;, b; = pj +po, po = 13, p; = 17,---

We have J2(13) = J2(17) = 0, there does not exist any 22-tuple of primes.

Theorem 5.2.19. 21-tuple: p, p+ b;, bj = pj +po, po = 17, p; = 19,---

We have J2(17) = 0, there does not exist any 21-tuple of primes.

Theorem 5.2.20. 36-tuple: p, p+b;, b; = pj +po, po =19, p; = 23,---

We have J5(19) = 0, there does not exist any 36-tuple of primes.

Theorem 5.2.21. 43-tuple: p, p+ b;, bj = pj +po, po = 23, p; = 29,---

We have J2(23) = 0, there does not exist any 43-tuple of primes.

Theorem 5.2.22. 57-tuple: p, p+b;, b; = pj +po, po =29, p; = 31,---

We have J2(29) = 0.

Theorem 5.2.23. 75-tuple: p, p+b;, b; = pj +po, po = 31, p; = 37,---

We have J5(37) = 0.

Theorem 5.2.24. 74-tuple: p, p+b;, b; = pj +po, po = 37, p; = 41,---

We have J(37) = 0.

197

,103.

,103.

,191.

,233.

,317.

,439.

,439.
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Theorem 5.2.25.
We have J5(43) = 0.

Theorem 5.2.26.
We have J(43) = 0.

Theorem 5.2.27.
We have J2(53) = 0.

Theorem 5.2.28.
We have J2(53) = 0.

Theorem 5.2.29.
We have J2(59) = 0.

Theorem 5.2.30.
We have J(71) = 0.

Theorem 5.2.31.
We have J2(67) = 0.

Theorem 5.2.32.
We have J(71) = 0.

Theorem 5.2.33.
We have J(79) = 0.

Theorem 5.2.34.
We have J2(79) = 0.

Theorem 5.2.35.
We have J5(83) = 0.

Theorem 5.2.36.
We have J5(97) = 0.

Theorem 5.2.37.
We have J2(97) = 0.

Theorem 5.2.38.
We have J2(103) = 0.

Theorem 5.2.39.
We have J5(103) = 0.
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79-tuple: p, p+bj, bj = pj +po, po =41, p; =43,---,467.

78-tuple: p, p+bj, bj = pj +po, po =43, p; =47,

106-tuple: p, p+ b;,

105-tuple: p, p+b;,

111-tuple: p, p+b;,

133-tuple: p, p+b;,

152-tuple: p, p+b;, bj = p;j+po, po =67, p; =71,---
197-tuple: p, p+bj, bj = pj+po, po =71, pj =73,---
195-tuple: p, p+b;, bj =p;j+po, po =73, p; =79, --
194-tuple: p, p+b;, bj = p;+po, po =79, p; =83,---
239-tuple: p, p+bj, bj = pj+po, po =383, pj =89,
216-tuple: p, p+b;, bj = pj+po, po =97, p; = 101,---

215-tuple: p, p+bj, b; = pj+po, po = 97, p; = 101, --

273-tuple: p, p+b;, bj = pj+po, po = 101, p; = 103, ---

272-tuple: p, p+b;, bj = pj+po, po = 103, p; = 107,---

bj = pj +po, po =47, p;j =53,

bj = pj +po, po =53, pj =59,

bj = pj +po, po =59, p; =61,

bj = pj + po, po = 61, p; =67,---

,467.

,659.

,659.

, 709.

,863.

,1013.

,1321.

,1319.

,1319.

,1663.

,1499.

-, 1499.

,1973.

,1973.

Theorem 5.2.40. 10%*-tuple: p, p + b;,7 = 1,---,9999, b; = p; + po, po =

9973, p; = 10007, - --
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Since Ja(p) > 1, where p =3, ---, 9973, we have Ja(w) # 0. There exist infinitely
many 10*tuples of primes. We have

Jg(w)w104_1
P10 (w)

Theorem 5.2.41. 10°-tuple: p, p + bj, bj = pj +po,j = 1,---,99999, po =
99971, p; = 99989, ---.

Since Ja(p) > 1, where p = 3, -+, 99989, we have Jy(w) # 0. There exist
infinitely many 10°-tuples of primes. The best asymptotic formula for the number
of 10°-tuples of primes is

104 (N) ~ Liypa(N).

Jo(w)w!0"=1
10 (w)

Theorem 5.3. k-tuple: p, a;p+1, a;j =pj—po, j=1,---,k—1,p0,p1," -, Dk—1
are the consecutive primes in a table of primes. If Ja(w) = 0, there does not exist
any k-tuple of primes. If Jo(w) # 0, there exist infinitely many k-tuples of primes,
where k is a finite number.

105 (N) ~ Liy5(N).

Theorem 5.3.1. 3-tuple: p, a;p+1, aj = pj —po, po =3, pj =5,7.
We have J3(3) = 0, there does not exist any 3-tuple of primes except one: 3.17.13.

Theorem 5.3.2. 6-tuple: p, a;p+1, a; = p; —po, po =5, pj = 7,11,13,17,19.
We have J3(5) = 0, there does not exist any 6-tuple of primes.

Theorem 5.3.3. 7-tuple: p, ajp+1, aj = pj —po, po = 5, pj =7, pj =
11,---,29. We have J2(7) = 0, there does not exist any 7-tuple of primes.

Theorem 5.4. k'tuple: b, b]p+17 b] = p]—i_p()a ] = 17 Tty k_lv bo, P1, P2, * s Pk—1
are the consecutive primes in a table of primes. If Jo(w) = 0, there does not exist
any k-tuple of primes. If Jo(w) # 0, there exist infinitely many k-tuples of primes,
where k is a finite number.

Theorem 5.4.1. 3-tuple: p, bjp+1, b; = p; + po, po = 3, p; = 5,7. We have
J2(3) = 0, there does not exist any 3-tuple of primes.

Theorem 5.4.2. 6-tuple: p, bjp+1, bj = p; +po, po =5, p; =7,11,13,17,19.
We have J3(5) = 0, there does not exist any 6-tuple of primes.

Theorem 5.4.3. 7-tuple: p, bjp+1, b; = pj+po, po =7, p; = 11,13,17,19, 23, 29.
We have J(7) = 0, there does not exist any 7-tuple of primes.
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Theorem 5.5. 6-tuple: p, p+a;, a; = p;j —po, po = 3, p; = 5,11,17,23,29.
We have J2(5) = 0.

Theorem 5.6. 9-tuple: p, p+aj, a; =p; —po, po =3, pj =7, 13, 19, 31,
37, 43, 61, 67. We have Jo(7) = 0.

Theorem 5.7. 14-tuple: p, p+aj, a; = pj —po, po =3, p; = 11, 17, 23, 29,
41, 53, 59, 71, 83, 101, 107, 113, 131. We have J2(11) = 0.

Theorem 5.8. 9-tuple: p, p+aj, a; = p; —po, po =5, p; =11, 13, 17, 23,
31, 37, 41, 43. We have J2(7) = 0.

Theorem 5.9. 15-tuple: p, p+aj, a; = p;j —po, po =5, p; = 11,---,73 without
19,29, 59. We have J(11) = 0.

The DNA in all normal human cells is in 23 pairs of pieces, neatly packaged into 46
chromosomes. The 23 is the prime principle, and the 46 is the symmetric principle.

Theorem 5.10.1. 3-tuples: p,p + aj*,a; = p; £ po,po = 3,p; =5, 7.
(1) Let m be an even number. We have Ja(w) # 0,
Jo(w)w?
¢3(w)
(2) Let m be an odd number. We have J(3) = 0.
Theorem 5.10.2. 6-tuples: p,p + a*,a; = p; £ po,po = 5,p; = 7,11,13,17,19.
(1) Let m be an even number. We have Jw) # 0,

w3 (V) Liz(N).

Jo(w)wd
¢5(w)
(2) Let m be an odd number. We have J2(5) = 0.

m6(N) Lig(N).

Theorem 5.10.3. 7-tuples: p,p + a*,a; = p; £ po,po = 7,p; = 11,---,29.
(1) Let m be an even number. We have Ja(w) # 0,

Jo(w)wb
¢’ (w)
(2) Let m be an odd number, 3|m. We have Ja(w) # 0,

77 (V) Liz(N).

w wﬁ
w7 (N) ~ %LMN).
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(3) Let m be an odd number, 3 fm. We have J5(7) = 0. There does not exist
any 7-tuple of primes.
Theorem 5.10.4. 16-tuples: p,p + a3’ a; = pj £ po,po = 11,p; =13,..., 7L
(1) Let m be an even number. We have J(w) # 0,

(2) Let m be an odd number, 5/m. We have Ja(w) # 0,

W u}15
m16(N) ~ %Lim(N).

(3) Let m be an odd number, 5 fm. We have J2(11) = 0. There does not exist
any 16-tuple of primes.

Theorem 5.10.5. 22-tuples: p,p +a’",a; = p; £ po,po = 13, p; = 17,...,103.
(1) Let m be an even number. We have Ja(w) # 0,

(2) Let m be an odd number. We have J2(17) = 0. There does not exist any
22-tuple of primes.

Theorem 5.10.6. 21-tuples: p,p + a7", a; = pj £ po,po = 17,p; = 19,...,103.
(1) Let m be an even number. We have Ja(w) # 0,

Jo(w)w?®
mo1(N) ~ —————Lio1(N).
¢*(w)
(2) Let m be an odd number. We have J2(17) = 0. There does not exist any
21-tuple of primes.
Theorem 5.10.7. 36-tuples: p,p + a7’ a; = pj £ po,po = 19,p; = 23,...,191.

(1) Let m be an even number. We have Ja(w) # 0,
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(3) Let m be an odd number, 3 fm. We have J3(19) = 0. There does not exist
any 36-tuple of primes.

Theorem 5.10.8. 43-tuples: p,p + aj", a; = pj £ po,po = 23,p; = 29,...,233.
(1) Let m be an even number. We have Ja(w) # 0,

Jo(w)w??
7T43(N) e WLZ43(N).
(2) Let m be an odd number, 11|m. We have Ja(w) # 0,

Jo(w)w??
m43(N) ~ ————Liy3(N).
(V) ~ S Lia(V)
(3) Let m be an odd number, 11 fm. We have J2(23) = 0. There does not exist
any 43-tuple of primes.
Theorem 5.10.9. 57-tuples: p,p + a7", a; = pj £ po,po = 29,p; = 31,..., 317,

(1) Let m be an even number. We have Ja(w) # 0,

Jo(w)w
7['57(N) ~ WLZS?(N).
(2) Let m be an odd number, 7|m. We have Ja(w) # 0,

Jo(w)w6
57 N) ~ 711257 N).
(V) ~ L L (V)
(3) Let m be an odd number, 7 fm. We have J2(29) = 0. There does not exist
any 57-tuple of primes.
Theorem 5.10.10. 75-tuples: p,p +a*,a; = p; £ po,po = 31, p; = 37, ..., 439.

(1) Let m be an even number. We have Ja(w) # 0,

Jo(w)w™
N) ~ ————Lirs(N).
m75(N) 5T (@) i75(N)
(2) Let m be an old number, 3|m or 5/m. We have Ja(w) # 0,
Jo (w)w74 )
N) ~ ——=——Lir(N).
7T75( ) ¢75(W) 275( )
(3) Let m be an odd number, 3,5 fm. We have J2(37) = 0. There does not exist
any 75-tuple of primes.

Theorem 5.10.11. 74-tuples: p,p + aj", a; = pj = po, po = 37,p; = 41, ...,439.
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(1) Let m be an even number. We have Ja(w) # 0,

(2) Let m be an odd number, 3|m. We have Ja(w) # 0,

Jo(w)w™
7T74(N) ~ 7L274(N).
¢ (w)
(3) Let m be an odd number, 3 fm. We have J5(37) = 0. There does not exist
any 74-tuple of primes.
Theorem 5.10.12. 79-tuples: p,p + a;”, aj = p; £ po,po = 41,p; =43, ...,467.

(1) Let m be an even number. We have Ja(w) # 0,

Jo(w)w™
7['79(N) ~ WLZ’YQ(N)‘
(2) Let m be an old number, 5/m. We have Jy(w) # 0,

Jo(w)w™
7T79(N) ~ WLZ’?Q(N).
(3) Let m be an odd number 5 fm. We have J2(43) = 0. There does not exist
any 79-tuple of primes.
Theorem 5.10.13. 78-tuples: p,p +a’,a; = p; £ po,po = 43, p; = 47, ..., 467.

(1) Let m be an even number. We have Ja(w) # 0,

T78(IN) ~ %Limu\”-
(2) Let m be an odd number, 3|m or 7|m. We have Js(w) # 0,
m78(N) ~ %th(]\f).
(3) Let m be an odd number, 3,7 fm. We have J5(47) = 0. There does not exist
any 78-tuple of primes.
Theorem 5.10.14. 106-tuples: p,p + aj',aj = pj £ po,po = 47,p; = 53, ..., 659.

(1) Let m be an even number. We have Jo(w) # 0,

w w105
7T106(N) ~ Jjb(l()(ﬁ)(w)LilOG(N)'
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(2) Let m be an old number, 23|m. We have Ja(w) # 0,

Jo(w)w'®
N)~—>—1 N).
m106(IN) H106 () i106(NV)
(3) Let m be an odd number, 23 fm. We have J2(53) = 0. There does not exist
any 106-tuple of primes.
Theorem 5.10.15. 105-tuples: p,p + a7", a; = p; £ po, po = 53,p; = 59, ..., 659.

(1) Let m be an even number. We have Ja(w) # 0,

Jg(w)w104 )
N)~ —"F——1L N).
m105(IV) 5105 () i105(IV)
(2) Let m be an odd number, 3|m or 13|m. We have Ja(w) # 0,

Jg(w)w104 ‘
N) ~ ——————Lij05(N).
7105 (V) 5105(0) i105(INV)
(3) Let m be an odd number, 3,13 fm. We have J2(53) = 0. There does not
exist any 105-tuple of primes.
Theorem 5.10.16. 111-tuples: p,p + aj',aj = pj £ po,po = 59,p; = 61,...,709.

(1) Let m be an even number. We have Ja(w) # 0,

w111 (V) ~ MLilll(N)~
(2) Let m be an odd number, 29|m. We have Ja(w) # 0,
w111 (V) ~ %Lilll(]v)-
(3) Let m be an odd number, 29 fm. We have J3(59) = 0. There does not exist
any 111-tuple of primes.
Theorem 5.10.17. 133-tuples: p,p + a}“, aj = p;j £ po,po = 61,p; = 67, ...,863.

(1) Let m be an even number. We have Ja(w) # 0,

w w132
7T133(N) ~ %Lilgg,(]v).

(2) Let m be an odd number, 3|m or 5|/m. We have Jy(w) # 0,

w w132
7T133(N) ~ Jjb(lg??(w)[/i]gg(]v).
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(3) Let m be an odd number, 3,5 fm. We have J(71) = 0. There does not exist
any 133-tuple of primes.
Theorem 5.10.18. 152-tuples: p,p+a’*,a; = p; £po, po = 67,p; = 71, ...,1013.
(1) Let m be an even number. We have Ja(w) # 0,

Jg(w)w151 )
N)~ —Z—L N).
mi52(IN) 32 (0) i152(INV)
(2) Let m be an odd number, 3|m or 11|m. We have Ja(w) # 0,

151
7T152(N) ~ %Limg@\[).

(3) Let m be an odd number, 3,11 fm. We have J2(67) = 0. There does not
exist any 152-tuple of primes.

Theorem 5.10.19. 197-tuples: p,p+a’*,a; = p; £po,po = 71,p; =73, ..., 1321
(1) Let m be an even number. We have Ja(w) # 0,

Jg(w)wl% )
77197(N) ~ WLZlQ’?(N).
(2) Let m be an odd number, 5|m or 7|m. We have Ja(w) # 0,

196
7T197(N) ~ %Li197u\7).

(3) Let m be an odd number, 5,7 fm. We have Jo(71) = 0. There does not exist
any 197-tuple of primes.

Theorem 5.10.20. 195-tuples: p,p—l—a’j", aj =pjLpo,po="73,p; =79,...,1319.
(1) Let m be an even number. We have Ja(w) # 0,

mT195(N) ~

(2) Let m be an old number, 3|m. We have Ja(w) # 0,

Jo(w)w'%t
T195(N) ~ — 55— Li1g5(N).
()
(3) Let m be an odd number, 3 fm. We have J5(79) = 0. There does not exist
any 195-tuple of primes.

Theorem 5.10.21. 194-tuples: p,p+a’’,a; = pj£po,po = 79,p; = 83, ...,1319.
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(1) Let m be an even number. We have Ja(w) # 0,

Jo(w)w'93
194 (w)
(2) Let m be an odd number, 3|m or 13|m. We have Jy(w) # 0,

T194(IN) ~ Lijgs(N).

193
7T194(N) ~ %LHWI(N)

(3) Let m be an odd number, 3,13 Jm. We have J2(79) = 0. There does not
exist any 194-tuple of primes.

Theorem 5.10.22. 239-tuples: p,p—l—a}”, aj = p;j£po,po = 83,p; = 89,...,1663.

(1) Let m be an even number. We have Ja(w) # 0,

Jg(w)w238
()

(2) Let m be an odd number, 41|m. We have Ja(w) # 0,

mag9(IN) ~ Liazg(N).

Jo (w)w238
¢239 (w)

(3) Let m be an odd number, 41 fm. We have J2(83) = 0. There does not exist
any 239-tuple of primes.

Theorem 5.10.23. 216-tuples: p,p+a’’, a; = p; £po, po = 89, p; = 97, ..., 1499.
(1) Let m be an even number. We have Ja(w) # 0,

ma39(IN) ~ Ligzg(N).

m216(IN) ~ %Ligm(N).
(2) Let m be an odd number, 11|m. We have Ja(w) # 0,
21
mo16(IN) ~ %Ligm(]\f).
(3) Let m be an odd number, 11 fm. We have J2(97) = 0. There does not exist
any 216-tuple of primes.
Theorem 5.10.24. 215-tuples: p, p+a’*,a; = pjxpo,po = 97, p; = 101, ..., 1499.

(1) Let m be an even number. We have Ja(w) # 0,

w w214
7T215(N) ~ Jjb(Zlf?(w)LinE’(N)'
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(2) Let m be an odd number, 3|m. We have Ja(w) # 0,
Jg(w)w214
$215(w)

(3) Let m be an odd number, 3 fm. We have J3(97) = 0. There does not exist
any 215-tuple of primes.

Theorem 5.10.25. 273-tuples: p,p—i—a;”,aj = pj=£po,po = 101, p; = 103, ..., 1973.
(1) Let m be an even number. We have Ja(w) # 0,

Jg(w)w272
)
(2) Let m be an odd number, 5|/m. We have Jy(w) # 0,
Jg(w)w272
23 (w)

(3) Let m be an odd number, 5 fm. We have J2(103) = 0. There does not exist
any 273-tuple of primes.

Theorem 5.10.26. 272-tuples: p,p+a}’, aj = pj£po,po = 103, p; = 107, ..., 1973.
(1) Let m be an even number. We have Ja(w) # 0,

JQ(w)wzn
P22 (w)
(2) Let m be an odd number, 3|m or 17|m. We have J(w) # 0,
Jg(w)w271
572()

(3) Let m be an odd number, 3 fm or 17 fm. We have J3(103) = 0. There does
not exist any 272-tuple of primes.

77215(N) ~ Li215(N).

77273(N) ~ Li273(N).

mor3(IN) ~ Ligz3(N).

mora(IN) ~ Liga(N).

272 (N) ~ Lizm(N).

Theorem 5.10.27.  k-tuples: p,p +al',j = 1,...k — 1;a; = p;j £po,p; =
D1, D2, - Pk—_1- Suppose that m = 1, we have Jo(w) = 0.

(1) Let m be an even number. We have Ja(w) # 0,
Jo(w)wk=1
)

(2) Let m be an odd number, m|(po — 1). If Ja(po) # 0, J2(p1) = 0 We have
JQ(w) 75 0,

mp(N) ~ Lij(N).

1

k .
(w) ———————Lip(N).
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(3) Let m be an odd number, m > 1,m Af(po —1). We have Jy(w) = 0. There
does not exist any k-tuple of primes.

Theorem 5.10.28. 16-tuples: p,p + a?,aj =pj £ po,po="7,p; = 11,...,67.

We have Ja(w) # 0,

Jo(w)wtd
¢ (w)

Since Ja(w) — 00 as w — o0, there exist infinitely many 16-tuples of primes.

7r16(N) ~ Li16(N).

Theorem 5.10.29. 17-tuples: p,p + a?,aj =p; £po,po="7,p; =11,...,71.

We have J(11) = 0. There does not exist any 17-tuple of primes.

Theorem 5.10.30. 21-tuples: p,p + a?,aj =p; £ po,po = 11,p; =13, ..., 101.

We have Ja(w) # 0,

Jo(w)w?
¢*!(w)

Since Jo(w) — 0o as w — 00, there exist infinitely many 21-tuples of primes.

Theorem 5.10.31. 22-tuples: p,p + a?,aj =p; £po,po = 11,p; =13, ...,103.
We have J3(13) = 0. There does not exist any 22-tuple of primes.

7['21(N) ~ Ligl(N).

One of the oldest problems in the theory of numbers, and indeed in the whole
of mathematics, is the so-called prime twins. It asserts that ”there exist infinitely
many primes p such that p + 2 is a prime”. It is the first theorem in a table of
primes. Now we prove k-tuples of prime twins.

Theorem 5.11.1. 3-tuples of prime twins:
(1) p,p+aj,a; = pj —po,po = 11,p; = 13;17,19;29,31. We have
=2 [ (p—6)#0.
11<p<p;
(2) p,p+aj,a; = pj —po,po = 17,p; = 19;29,31;41,43. We have
=144 J] (»p-06)#0.

17<p<p;

(3) p,p+ aj,a; = pj — po, po = 29, p; = 31;41,43;59,61. We have

wy=6 [] (p—6)#0.

11<p<p;

We have the best asymptotic formula of the number of 3-tuples of prime twins

Jo(w)w®

o)~ o)

Lig(N).
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Since Ja(w) — 00 as w — 00, there exist infinitely many 3-tuples of prime twins.

Theorem 5.11.2. 4-tuples of prime twins:
(1) p,p+aj,a; =pj —po,po = 11, p; = 13;17,19;29, 31; 41, 43. We have
=48 J[ (-8 #0.

17<p<p;

(2) p,p+aj,a; =pj —po,po = 17,p; = 19;29,31;41,43;59,61. We have
=90 J] (»-8)#0.
17<p<p;
(3) p,p+aj,a; = p;j — po,po = 29,p; = 31;41,43;59,61; 71, 73. We have
Jow)=24 [ (p—8)#0.
13<p<p:

Since Ja(w) — 00 as w — oo, there exist infinitely many 4-tuples of prime twins.
We have the best asymptotic formula of the number of 4-tuples of prime twins.
Jo(w)w”

)~ )

Lis(N).

Theorem 5.11.3. 5-tuples of prime twins:
(1) p,p+aj,a; = pj — po,po = 11,p; = 13;17,19;29, 31;41,43;59,61. We have
Jo(w) =21168 [[ (p—10) #0.
29<p<p;
(2) p,p+aj,a; = p;j —po,po = 17,p; = 19529, 31;41,43;59,61; 71, 73. We have
=60 [ (»—10)#0.

17<p<pz
(3) p,p+aj,a; = pj —po,po = 29,p; = 31;41,43;59,61;71,73; 101, 103. We have

Jo(w) = 19459440 [ (p—10) #0.
37<p<p;

Since Ja(w) — 00 as w — oo, there exist infinitely many 5-tuples of prime twins.
We have the best asymptotic formula of the number of 5-tuples of prime twins.

Jo(w)w?

mo(N) ~ iy

Lio(N).
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Theorem 5.11.4. 6-tuples of prime twins:

(1) p,p+ aj,a; = pj — po,po = 11,p; = 13;17,19; 29, 31;41,43;59,61;71,73. We
have
Jow) =90720 [[ (»p—12) #0.
31<p<p;
(2) p,p+ aj,a; = pj —po,po = 17,p; = 19;29,31;41,43;59,61;71,73;101, 103.
We have
Jo(w) = 3742200 J[ (»—12) #0.
37<p<p;
(3) p,p+ aj,a; = pj — po,po = 29,p; = 31;41,43;59,61;71,73;101, 103; 107, 109.
We have
Jo(w) =2449440 [ (»—12) #0.
37<p<p;
Since Ja(w) — 00 as w — oo, there exist infinitely many 6-tuples of prime twins.

We have () I
w )W .
T12(N) ~ jbmi(w)Lm(N).

Theorem 5.11.5. 7-tuples of prime twins:

(1) p,p+aj,a; = p; — po,po = 11, p; = 13;17,19; 29, 31; 41,43; 59, 61; 71, 73;

101,103. We have
Jo(w) =10200 [ (p—14) #0.
31<p<p;

(2) p,p+aj,a; = p; — po,po = 17, pj = 19;29,31;41,43;59,61; 71,73; 101, 103;

107,109. We have
Jo(w) = 1555200 [ (»—14) #0.
37<p<pi

(3) p,p+aj,a; = pj — po, po = 29, p; = 31;41,43;59,61; 71,73;101, 103;

107,109; 137,139. We have

Jo(w) =1399680 [ (»—14) #0.
37<p<pi
We have ) 3
Jo(w)w )

Theorem 5.11.6. 8-tuples of prime twins:
(1) p,p+aj,a; = pj —po,po = 11, p; = 13;17,19;29, 31;41, 43;59,61; 71, 73;
101,103;107,109. We have

Jo(w) =2700 ] (p—16)#0.

31<p<p;
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(2) p,p+aj,a; =pj —po,po = 17,p; = 19;29,31;41,43;59,61; 71, 73; 101,
103;107,109; 137,139. We have

Jo(w) = 967680 [ (»—16) # 0.
37<p<p;

(3) p,p+ a;,a; = pj — po, po = 29, p; = 31;41,43:59, 61; 71, 73; 101, 103; 107,
109; 137, 139; 149, 151. We have

Jo(w) =1036800 [ (»p—16) #0.
37<p<p;

We have @) 5
J .
T6(N) ~ %Lm(m.

Theorem 5.11.7. 13-tuples of prime twins: p,p+a;,a; = pj —po,po = 11,p; =
13;...;197,199. We have Jo(11) = 0. There does not exist any 13-tuple of prime
twins except one 13-tuple of prime twins: 11,13; ... ; 197,199.

Theorem 5.11.8. 11-tuples of prime twins: p,p+a;,a; = p; —po,po = 17,p; =
19;...;191,193. We have J5(17) = 0. There does not exist any 11-tuple of prime
twins except one 11-tuple of prime twins: 17,19; ... ; 191,193.

Theorem 5.11.9. 27-tuples of prime twins: p,p+a;,a; = pj —po,po = 29,p; =
31;...;821,823. We have J5(29) = 0. There does not exist any 27-tuple of prime
twins except one 27-tuple of prime twins: 29,31; ... ; 821,823.

Remark. The Santilli’s theory of a table of primes is the queen of number theory.
Everything is stable number. The table of primes hints at the inner laws of nature,
for example, the law of the genebank of biology. We conjectured that there would be
internal relations between the sunspot active cycle of 11 years and the Homo-sapiens
on earth.

6. Forbes Theorem

Forbes defines a prime k-tuplet as a sequence of consecutive primes p1,---, Pk ,
such that py, — p1 = s(k) and p; — p1 = b;;i = 2,- -+, k. The difference between the
first and the last is as small as possible [10]. Forbes conjectures that the prime
k-tuplets occur infinitely often for each k and each admissible set called the Forbes
Theorem.

Theorem 6.1. 3-tuplets: s(3) = 6.
(1) p+b:6=0,2,6.
(2) p+b:b=0,4,6.
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They have the same arithmetic function

Bw) = [ w-3)#0.

5<p<p;

Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

Jo(w)w?

m3(N,2) ~ ()

Lis(N).

Theorem 6.2. 4-tuplets:s(4) = 8.
(1) p+b:6=0,2,6,8.
We have the arithmetic function

Jow)= ] @-4#0

5<p<p;

Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

Jo(w)w?

m4(N,2) =~ ()

Lig(N).

Theorem 6.3. 5-tuplets: s(5) = 12.
(1) p+b:6=0,2,6,8,12.

(2) p+b:6=0,4,6,10,12.

They have the same arithmetic function

Jw)= [ (p—5)#0.

7<p<p;

Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

Jo(w)w?

7T5(N, 2) ~ ¢5(w)

Lis(N).

Theorem 6.4. 6-tuplets: s(6) = 16.
(1) p+b:b=0,4,6,10,12,16.
We have the arithmetic function

hw) = I (-6 #o.

7<p<p;
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Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

Jo(w)w®

(N, 2) ~ 25(0)

Lig(N).

Theorem 6.5. 7-tuplets: s(7) = 20.
(1) p+b:b=0,2,6,8,12,18,20.

(2) p+b:b=0,2,8,12,14,18,20.
They have the same arithmetic function

Ja(w) = H (p—T7)#0.

11<p<p;

Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

Jo(w)w®

m7(N,2) ~ 57(0)

Liz(N).

Theorem 6.6. 8-tuplets: s(8) = 26.
(1) p+b:6=0,2,6,8,12,18, 20, 26.
(2) p+b:6=0,6,8,14,18,20,24, 26.
They have the arithmetic function

Jo(w) =18 [ (p—8)#0.
17<p<p;

(3) p+b:b=0,2612,14,20,24,26.
We have the arithmetic function

J(w)=48 J[ (»—8)#0.

17<p<pi

Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

Jo(w)w?

7g(N,2) ~ ()

Lis(N).

Theorem 6.7. 9-tuplets: s(9) = 30.
(1) p+b:b=0,4,6,10,16,18, 24,28, 30.
(2) p+b:b=0,2,6,12,14,20,24,26,30.
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They have the same arithmetic function

Jow) =30 J[ (p—9)#0.
17<p<pi
(3) p+b:b=0,4,10,12,18,22, 24,28, 30.
(4) p+b:6=0,2,6,8,12,18, 20,26, 30.
They have the same arithmetic function

Jow)=15 T[] (-9 #0.

17<p<p;

Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

Jo(w)w®

m9(N,2) ~ ()

Lig(N).

Theorem 6.8. 10-tuplets: s(10) = 32.

(1) p+b:06=0,2,6,8,12,18,20, 26, 30, 32.
(2) p+b:0=0,2,6,12,14,20, 24,26, 30, 32.
They have the same arithmetic function

Ja(w)=10 ] (p—10)#0.

17<p<p;

Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

T10(N,2) ~ %uw(m.

Theorem 6.9 11-tuplets: s(11) = 36.

(1) p+b:6=0,4,6,10,16, 18,24, 28, 30, 34, 36.
(2) p+b:6=0,2,6,8,12,18,20, 26,30, 32, 36.
They have the same arithmetic function

Jw)=28 J[ (p—11)#0.

19<p<p;

Since Ja(w) # 0, there exist infinitely many primes p such that p+ b is also a prime.
We have the best asymptotic formula

77'11(]\7, 2) ~ MLZ’H(N).
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Theorem 6.10. 12-tuplets: s(12) = 42.

(1) p+b:6=0,2,6,8,12,18, 20,26, 30, 32, 36, 42.
(2) p+b:b=0,6,10,12,16,22,24,30, 34, 36, 40, 42.
They have the same arithmetic function

Jw)=21 [ (p—12)#0.

19<p<p;

Since Jo(w) # 0, there exist infinitely many 12-tuplets of primes. We have the best
asymptotic formula

Jo(w)wlt

m12(N,2) &~ W

Li1a(N).

Theorem 6.11. 13-tuplets: s(13) = 48

(1) p+b:b=0,6,12,16,18,22,28,30,36, 40, 42, 46, 43.
(2) p+b:6=0,2,6,8,12,18, 20,26, 30, 32, 36,42, 48.
They have the same arithmetic function

)=792 [[ (»-13)
29<p<p;

(3) p+b:b=0,4,6,10,16, 18,24, 28, 30, 34, 36, 46, 48.
(4) p+b:b=0,2,12,14,18,20, 24, 30, 32, 38,42, 44, 48.
They have the same arithmetic function

)=770 J[ (»—13)
29<p<p;

(5) p+b:06=0,2,8,14,18,20,24,30,32, 38,42, 44, 48.
(6) p+b:6=0,4,6,10,16,18,24,28, 30, 34, 40, 46, 48.
They have the same arithmetic function

)=924 ] (»p—13)
29<p<p;

Since Ja(w) # 0, there exist infinitely many 13-tuplets of primes. We have the best
asymptotic formula

Theorem 6.12. 14-tuplets: s(14) = 50
(1) p+b:06=0,2,6,8,12,18,20, 26, 30, 32, 36, 42, 48, 50.
(2) p+b:b6=0,2,8,14,18,20,24,30, 32,38, 42, 44, 48, 50.
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They have the same arithmetic function

)=300 [ (»—14)

29<p<p;

Since Jo(w) # 0, there exist infinitely many 14-tuplets of primes. We have the best
asymptotic formula

Jo(w)w'3
P (w)

Theorem 6.13. 15-tuplets: s(15) = 56.

(1) p+b:6=0,2,6,8,12,18, 20,26, 30, 32, 36,42, 48, 50, 56.
(2) p+b:b6=0,6,8,14,20,24,26,30, 36,38, 44, 48, 50, 54, 56.
They have the same arithmetic function

Jow) =216 ] (p—15)#0.

29<p<p;

7T14(N, 2) ~ Li14(N).

(3) p+b:6=0,2,6,12,14,20,24,26, 30, 36,42, 44, 50, 54, 56.
(4) p+b:6=0,2,6,12,14,20,26, 30,32, 36,42, 44, 50, 54, 56.
They have the same arithmetic function

)=96 ] (»p—15)

29<p<p;

Since Ja(w) # 0, there are infinitely many 15-tuplets of primes. We have the best
asymptotic formula

Jo(w)w'?
7T15(N, 2) ~ %le(]\[).

¢ (w)

Theorem 6.14. 16-tuplets: s(16) = 60.
(1) p+b:6=0,2,6,12,14,20,26, 30,32, 36,42, 44, 50, 54, 56, 60.
(2) p+b:b=0,4,6,10,16,18,24,28, 30, 34, 40, 46, 48, 54, 58, 60.
Both have the same arithmetic function

Jo(w)=2240 J[ (p—16)

31<p<p;

Since Ja(w) # 0, there are infinitely many 16-tuplets of primes. We have the best
asymptotic formula

Jo(w)wt?
¢ (w)

Theorem 6.15. 17-tuplets: s(17) = 66.

m16(IV, 2) ~ Lig(N).
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(1) p+b:b6=0,4,10,12,16, 22,24, 30, 36,40, 42, 46, 52, 54, 60, 64, 66.
(2) p+b:b=0,2,6,12,14,20,24,26,30,36,42, 44, 50, 54, 56, 62, 66.
Both have the same arithmetic function

Jo(w) =25200 [[ (»p—17) #0.
37<p<p;
(3) p+b:b=0,4,6,10,16, 18,24, 28, 30, 34, 40, 46, 48, 54, 58, 60, 66.
(4) p+b:6=0,6,8,12,18,20,26,32,36,38,42, 48, 50, 56, 60, 62, 66.
Both have the same arithmetic function

Jo(w) =20475 J[ (»p—17) #0.

37<p<p;

Since Jay(w) # 0, there are infinitely many 17-tuplets of primes. We have the best
asymptotic formula

Theorem 6.16. 18-tuplets: s(18) = 70.

(1) p+b:b6=0,4,10,12,16,22, 24,30, 36,40, 42, 46,52, 54, 60, 64, 66, 70.
(2) p+b:b6=0,4,6,10,16,18,24,28, 30, 34, 40, 46, 48, 54, 58, 60, 66, 70.
Both have the same arithmetic function

Jo(w) =9408 [ (p—18)
37<p<p;

Since J2(w) # 0, there are infinitely many 18-tuplets of primes. We have the best
asymptotic formula

Jo(w)w!7
¢1%(w)

Theorem 6.17. 19-tuplets: s(19) = 76.

(1) p+b:b6=0,6,10,16,18,22, 28,30, 36,42, 46, 48, 52, 58, 60, 66, 70, 72, 76.
(2) p+b:b=0,4.6,10,16,18,24,28,30, 34,40, 46, 48, 54, 58, 60, 66, 70, 76.
Both have the same arithmetic function

Jo(w) =4368 [ (p—19)
37<p<p1
(3) p+b:b=0,4,6,10,16,22,24, 30,34, 36,42, 46,52, 60, 64, 66, 70, 72, 76.

(4) p+b:6=0,4,6,10,12, 16,24, 30, 34,40, 42, 46, 52, 54, 60, 66, 70, 72, 76.
Both have the same arithmetic function

Jo(w) =14784 [[ (»p—19) #0.

37<p<p;

m18(IV,2) ~ Lig(N).
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Since Ja(w) # 0, there exist infinitely many 19-tuplets of primes. We have the best
asymptotic formula

Jo(w)w!®
7T19(N, 2) ~ WLZN(N).
Theorem 6.18. 20-tuplets: s(20) = 80.
(1) p+b:6=0,2,6,8,12,20,26,30, 36,38, 42,48, 50, 56, 62, 66, 68, 72, 78, 80.
(2) p+b:0=0,2,8,12,14,18,24,30,32, 38,42, 44,50, 54, 60, 68, 72, 74, 78, 80.
Both have the same arithmetic function

Ja(w) =123552  [[ (p—20)#0.

41<p<p;

Since Ja(w) # 0, there are infinitely many 20-tuplets of primes. We have the best
asymptotic formula

Jo(w)wt?
N,2) ~ ——=——Ligy(N).
m20(NV, 2) peT i20(IN)
Theorem 6.19. 21-tuplets: s(21) = 84.

(1) p+bi:bi=pi—p1,p1 =29, - ,pa =113
We have the arithmetic function

Bw) =TI @-x@)#o0

17<p<p;

where x(p) = 15,15,17,19,19,20, 20, if p = 17,19, 23,29,31,37,41;
X(p) = 21 otherwise.

Since Ja(w) # 0, there are infinitely many 21-tuplets of primes. We have the best
asymptotic formula

Theorem 6.20. 22-tuplets: s(22) = 90.

(1) p+bi:b;=p;i—p1,p1 =23, - ,pap =113
We have the arithmetic function

Bw) = I @-x@)#o.

17<p<p;

where x(p) = 15,15,17,20,20, 21,21, 21, if p = 17,19,23,29, 31, 37, 41, 43;
X(p) = 22 otherwise.

(2) p+bi:bj=pi—p1,pi =19, -+, paa =109
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We have the arithmetic function

hw) = [[ @-x®)#0

19<p<p;

where x(p) = 16,19, 20,20, 20, 21, if p = 19, 23,29, 31, 37, 41;
X(p) = 22 otherwise.
Since Ja(w) # 0, there are infinitely many 22-tuplets of primes. We have the best

asymptotic formula
Jo(w)w?!

¢ (w)

Theorem 6.21. 23-tuplets: s(23) = 94.

(1) p+bi:bi=pi—p1,p1 =19, - ,pa3 =113
We have the arithmetic function

hw = [ —x®) #o0.

19<p<p;

WQQ(N, 2) ~ Lng(N).

where x(p) = 16,19, 21,21, 21,22, 22,22, if p = 19, 23,29, 31, 37, 41, 43, 47;
X(p) = 23 otherwise.
Since Ja(w) # 0, there are infinitely many 23-tuplets of primes. We have the best

asymptotic formula

ma3(NV,2) & %me)‘

Theorem 6.22. 24-tuplets: s(24) = 108.

(1) p+bi:bij=pi—p1,p1 =19, -, pag = 127
We have the arithmetic function

hw) = [ —x®) #o0.

19<p<p;

where x(p) = 16, 20, 22, 22, 20, 22,22, 23, if p = 19, 23,29, 31, 37,41, 43, 47;
X(p) = 24 otherwise.
(2) p+bi:b;j=p;i—p1,p1 =23, -, pay = 131
We have the arithmetic function

Bw = T[ —-x®)#o0.

13<p<p;

where x(p) = 11, 16, 16, 19, 21, 22, 21, 24, 22, 25, if p = 13,17, 19, 23,29, 31, 37, 41, 43, 47;
X(p) = 24 otherwise.
(3) p40bi:bi=p;—p1,p1 =29, ,pa = 137
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We have the arithmetic function

Bw) = [T @-xm)#o0

17<p<p;

where x(p) = 15, 15,20, 21, 22, 22, 23, 23, 22, 23, if p = 17, 19, 23, 29, 31, 37, 41,43, 47, 53;
X(p) = 24 otherwise.
(4) p+bi:bij=pi—p1,p1 =31, -, pag =139
We have the arithmetic function

Bw) =TI @-x®)#o0

17<p<p;

where x(p) = 15,16, 19, 20, 22, 23,23, 22,22, 23, if p = 17,19, 23, 29, 31, 37,41, 43, 47, 53;
X(p) = 24 otherwise.
Since Ja(w) # 0, there are infinitely many 24-tuplets of primes. We have the best
asymptotic formula
Jo(w)w?
Toa(N,2) ~ 222 Lo ().
24(NV,2) 5710 24(IV)
Note: s(k) is an important parameter in a table of prime numbers. It can apply to
the study of the stable structure of DNA and the stable genomic sequences.

Theorem 6.23. Euler showed that there must exist infinitely many primes be-
cause a certain expression formed with all the primes is infinitive. We have

n —1 00

H<1_1> LI o

i=1 pi ¢w) on
The series Y oo % is divergent; being a series of positive terms, the order of summa-
tion is irrelevant, so the right-hand side is infinite, while the left-hand side is clearly
finite. This is absurd. It is equivalent to ¢(w) — oo as w — oo. Along this line
one suggests the Riemann’s hypothesis and other conjectures, but they are useless
in the study of the distribution of prime numbers.

By Euler’s idea we prove that there must exist infinitely many twin primes: ps =

p1 + 2. We have

n -1 [e%¢]
X(Z%‘)) w (n) 12 1 2 2 2
g( ” > = totgt tEteta o

where x(2) =1, x(p) =2 if p; > 2.
The series Zzozl(@) is divergent; being a series of positive terms, the order of
summation is irrelevant, so the right-hand side is infinite, while the left-hand side is

clearly finite. This is absurd. It is equivalent to Ja(w) — oo as w — 0.
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Now we prove that there must exist infinitely many 3-tuplets of primes: ps =
p1 + 2,p3 = p1 + 6. We have

- X(pi)>_1 w > x(n) 12 1 3 2 3
Zl_[1< Di Ja(emega) Z n +2+3+4+5+6+7+ ’
where x(2) =1, x(3) = 2, x(p;) = 3 if p; > 3.

The series Zle(@) is divergent; being a series of positive terms, the order of

summation is irrelevant, so the right-hand side is infinite, while the left-hand side is
clearly finite. This is absurd. It is equivalent to J2(w) — oo as w — 0.

Theorem 6.24 We have the following equations

log [] (1 — E) ~ —K;SN S. (6.1)

k<p<N p
1
- Y =~ —loglogN. (6.2)
k<p<N

From (6.1) and (6.2) we have

From (6.3) we have

o) _ 11 (1 - 1) ~ 1021N‘ (64)

2<p<N p

From (6.4) we have the prime number theorem

N
N) = . .
")~ o (65)
m(N) denotes the number of primes < N.
We have the arithmetic function for prime k-tuplets
Jw)=B [ (—k). (6.6)

k<p<N

From (6.3) and (6.6) we have

Jow) B I (1 _ k) o B2 (6.7)

w
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From (6.7) we have the prime k-tuplets theorem

N

(6.8)
7 (IN) denotes the number of the prime k-tuplets < N.

If Aj, = 0, then there exist finite prime k-tuplets. If A # 0, then there must exist
infinitely many prime k-tuplets.
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Chapter 3

FERMAT’S LAST THEOREM
AND ITS APPLICATIONS

A theory is the more impressive, the simpler are its
premises, the more distinct are the things it connects, and
the broader is its range of applicability.

Albert Einstein

1. Introduction

As reviewed in preceding chapters, in the seminal works [1, 2] Santilli has in-
troduced a generalization of real, complex and quaternionic numbers a = n,c¢,q,
based on the lifting of the unit 1 of conventional numbers into an invertible and well
behaved quantity with arbitrary functional dependence on local variables

1— I(t,z,&,--), (1.1)
while jointly lifting the product ab = a x b of conventional numbers into the form
ab — axb = aTb, (1.2)
under which I = (T')~! is the correct left and right new unit
Ixa=(T)'Ta=axI=all=a, (1.3)

for all possible a = n, ¢, q.
Since the new multiplication axb is associative, Santilli has then proved that
the new numbers verify all axioms of a field. The above liftings were then called

225



226 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

isotopic in the Greek sense of being axiom-preserving. Again, the prefix iso will be
used whenever the original axioms are preserved.

Let FF = F(a,+, x) be a conventional field with numbers a = n, ¢, q equipped
with the conventional sum (a + b) € F, product ab = a x b € F, additive unit 0 € F’
and their multiplicative unit 1 € F.

Definition 1.1. Santilli’s isofields of the first kind F' = F(d, +, X) are rings with
elements
a=al, (1.4)

called isonumbers, where a = n,c,q € F, I = 1/T is a well behaved, invertible
and Hermitean quantity outside the original field, I = 1/T ¢ F and al is the
multiplication in F equipped with the isosum

i+b=(a+b), (1.5)

with conventional additive unit 0 =0-7=0,a4+0=0+a = a, Va € F, and the

isoproduct

axb = aTb = (ab)l, (1.6)

under which I = 1/7 is the correct left and right new unit (Ixa = axI = a, Va € F)
called isounit.

Lemma 1.1. Isofields F' (@, +, x) of Definition 1.1 verify all axioms of a field.
The lifting /' — F' is then an isotopy. All operations depending on the product
must then be lifted in F' for consistency.

Lemma 1.2. Santilli’s isofields of the second kind F' = F(a, +, x) (that is, when
a € F is not lifted to @ = al) also verify all axioms of a field, if and only if the
isounit is an element of the original field
~ 1
I=—¢F (1.7)
T

In the latter case the isoproduct is defined by
axb=aTbeF. (1.8)

In this Chapter by using the Santilli’s isonumber theory, we obtain the Fermat-
Santilli isotheorem. By using Euler’s and Fermat’s methods we prove it.

We establish the Fermat’s mathematics. From the Fermat’s mathematics, we
suggest the chaotic mathematics.
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2. Class I Fermat-Santilli Isotheorems

Let b = n, where n is an odd. From (8.5) we have the complex hyperbolic functions
S; of order n with (n — 1) variables [3]-[8],

S = A+2(n§/2( 1)1 eBs (9-+( 1)j(i_1)j”> (2.1)
i= e 2 e’ cos | 04 o ) .
where i =1,---,n;
n—1 n—1 ) aj7r
A= ty, Bi= to(—1)Y ,
. 17171 ' ajm (n—1)/2
0; = (—1)" ta(—1)% si A+2 B; =0. 2.2
]<>;<>smn,+jz_jljo (2:2)

(2.1) may be written in the matrix form

Sy 1 1 0 e 0
Sy 1 —cos™ —sinZ ... —sin(";—mT
S |11 cosZ sin 2 ... _gip 22lm
n n n n
S (n—1)m . (n—)7 . (n—1)%7
n | 1 cos—; sin ~— —sin = — |
_ oA i
2¢P1 cos 6,
2e¢P1 5in 0,

anl .
2¢ "7 sinfn-1
L 2 .

where (n — 1)/2 is an even. From (2.3) we have its inverse transformation
_ oA -
eB1 cos 6,
eB1 gin 64

B
e( 2zt) sin(fn-1)
2
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1 1 1 R 1 ] Sl
1 — CoS % cos 27” .. cos nZlT S

_ |0 —sinZ sin2X ... gin U7 S3 | (2.4)
| 0 —sin (";)” —sin w —sin (n;i)% ] Sn

From (2.4) we have

n n—1

e = Z S;, eBIcos 0; =51+ Z SHZ-(—l)ij cos @’
i=1 i=1 n
. ol Y
ePsing; = (1)1 " S (—1)Y sin = (2.5)
; n
=1

(2.2) and (2.5) have the same form.
Assume in (2.5), S1 # 0,52 # 0,5; = 0, where i = 3,---,n. S; = 0 are (n — 2)
indeterminate equations with (n — 1) variables [9,10]. From (2.5) we have
et =514 8y, ¥ =52 4521 25,5,(—1) cos ‘%T (2.6)

Theorem 2.1. Let n = []p;, where p; ranges over all odd primes. From (2.6)
we have

n—1
=N
exp|A+2) B;|=5"+57, (2.7)
j=1
pi—1
2
exp | A+2 Z Bnj| =50+ S5 (2.8)
Py
j=1
From (2.2) we have
n—1
N
exp | A+2) B;| =1, (2.9)
j=1
pi—1 n_q Pi
2 Py
exp | A+2 Z Bnj| = |exp Z tpia . (2.10)
Py
j=1 a=1

From (2.7), (2.8), (2.9) and (2.10) we have the Fermat’s equations
SP 4 Sy =1, (2.11)
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no_q pi
SV +SY = lexp | D tpa : (2.12)

Note. If S; #0,i =1,2,---,n, then (2.11) and (2.12) have infinitely many rational
solutions.

Euler [11] proved (2.11), therefore (2.12) has no rational solutions for any prime
p; > 3. Using this method we proved Fermat’s last theorem in 1991 [3]-[8] and the
Fermat’s last theorem was proved second in 1994 by A. Wiles [12].

Theorem 2.2. By lifting F(a,+, xX) — F(d, +, x) we have the Fermat-Santilli
equations of the first kind from (2.11) and (2.12)
S 48" =1, (2.13)
n_q Di
~ A ~ B Pi ~
7 4+ 8" = |exp (Z e (2.14)
a=1

Euler [11] proved (2.13), therefore (2.14) has not isorational solutions for any
isoprime p; > 3.

Theorem 2.3. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli
equations of the second kind from (2.11) and (2.12)
St 4 Sy =1, (2.15)
ﬂ_,l Di

Py
ST+ S5 = lexp [ D tpa : (2.16)
a=1

Euler [11] proved (2.15) for p; = 3, therefore (2.16) has no rational solutions for

any odd isonumber n > 3.
From (2.2), (2.5) and (8.6) we have the cyclic determinant

S S, ... S
(n—=1)/2 Sy S ... Ss
exp(A+2 Y Bj)=|S8 S» ... Si|=L (2.17)
7=1
Sy Sp1 ... S

Theorem 2.4. Let n = p, where p is an odd prime. Suppose all S; = 0 except
Se # 0 and S, # 0,a # b. S; = 0 are (p — 2) Diophantine equations with (p — 1)
variables [9, 10].
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From (2.17) we have p(p — 1)/2 Fermat’s equations:
SP4+SP = 1. (2.18)

It is sufficient to prove the theorem 2.4, but the proof has great difficulty [9, 10].
In the following theorems we consider n is the composite number.

Theorem 2.5. Let n = 3p, where p is an odd prime. Suppose all S; = 0 except
Se #0and Sy #0, a #b. S; =0 are (3p — 2) Diophantine equations with (3p — 1)
variables [9]. From (2.17) we have 3p(3p —1)/2 Fermat’s equations. Every Fermat’s
equation has no rational solutions.

Proof. If (a — b,3p) = p, from (2.17) we have 3p Fermat’s equations:

(83 + 8P =1. (2.19)

From (2.19) we have
S3 483 =1. (2.20)
If (a —b,3p) =3, from (2.17) we have 3p(p — 1)/2 Fermat’s equations:
(5P 4+ 5Py = 1. (2.21)
From (2.21) we have
SP 4+ 5P = 1. (2.22)

(2.20) and (2.22) are twin Fermat’s equations. Both equations have no rational
solutions.
If (a —b,3p) =1, from (2.17) we have 3p(p — 1) Fermat’s equations:

S3P 4 5P = 1. (2.23)
From (2.2) and (2.5) we have
p-l 3
exp(A +2B,) = S+ Sp = {exp(z tga):| ) (2.24)
a=1
(p-1)/2
exp (A +2 Z ng) = 5P + SV = [exp(t, + top)P. (2.25)
j=1

(2.24) and (2.25) are twin Fermat’s equations. Both equations have no rational
solutions.

Euler [11] proved (2.20), therefore (2.22)-(2.25) have no rational solutions for any
prime p > 3. Using the theorem 2.5 we proved the theorem 2.4, because (2.18) and
(2.22) are the same Fermat’s equation.
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Theorem 2.6. Let n = 5p, where p is an odd prime. Suppose all S; = 0 except
Se #0and Sy #0, a #b. S; =0 are (5p — 2) Diophantine equations with (5p — 1)
variables. From (2.17) we have 5p(5p — 1)/2 Fermat’s equations. Every Fermat’s
equation has no rational solutions.

Proof. If (a — b,5p) = p, from (2.17) we have 10p Fermat’s equations:

(S5 + 8Py =1. (2.26)
From (2.26) we have
S5+ Sp=1. (2.27)
If (a — b,5p) = 5, from (2.17) we have 5p(p — 1)/2 Fermat’s equations:
(SP + 8P = 1. (2.28)
From (2.28) we have
SP 4 8P =1, (2.29)

(2.27) and (2.29) are twin Fermat’s equations. Both equations have no rational
solutions.
If (a—b,5p) =1, from (2.17) we have 10p(p — 1) Fermat’s equations:

SPP 4 SPP = 1. (2.30)
From (2.2) and (2.5) we have

p—1
exp(A + 2B, + 2By,) = So + Sy = [exp( ) _ t5a)]°. (2.31)

a=1

(p-1)/2 4

exp(A+2 Y Bsj) =50+ 80 = lexp( Y )] (2.32)

j=1 a=1

(2.31) and (2.32) are twin Fermat’s equations. Both equations have no rational
solutions.

Dirichlet and Legendre [11] proved (2.27), therefore (2.29)—(2.32) have no rational
solutions for any prime p > 5. If (2.29) has a rational solution, then it contradicts
(2.30). Using the theorem 2.6, we prove the theorem 2.4, because (2.18) and (2.29)
are the same Fermat’s equation.

Theorem 2.7. Let n = T7Tp, where p is an odd prime. Suppose all S; = 0
except S, # 0 and Sy # 0, a # b. S; = 0 are (7p — 2) Diophantine equations with
(7p — 1) variables [9-10]. From (2.17) we have 7p(7p — 1)/2 Fermat’s equations.
Every Fermat’s equation has no rational solutions.

Proof. If (a — b,7p) = p, from (2.17) we have 21p Fermat’s equations:

(ST + S7)P = 1. (2.33)
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From (2.33) we have

ST+ 87 =1. (2.34)
If (a —b,7p) =7, from (2.17) we have 7p(p — 1)/2 Fermat’s equations:
(S +SP)" = 1. (2.35)
From (2.35) we have
SP4+SP=1. (2.36)

(2.34) and (2.36) are twin Fermat’s equations. Both equations have no rational
solutions.
If (a —b,7p) =1, from (2.17) we have

STP 4 5P =1. (2.37)
From (2.2) and (2.5) we have

3 p—1
exp(A+2)_ Byj) = S; + 8 = [exp()_ tra)]", (2.38)

j=1 a=1

(p—1)/2 6
exp(A+2 > Brj) =50+ = [exp(D_ tpa)]’ (2.39)

j=1 a=1

(2.38) and (2.39) are twin Fermat’s equations. Both equations have no rational
solutions.

Lame[11] proved (2.34), therefore (2.36) — (2.39) have no rational solutions for
any prime p > 7. If (2.36)has a rational solution, then it contradicts (2.37). Using
the theorem 2.7, we prove the theorem 2.4, because (2.18) and (2.36) are the same
Fermat’s equation.

Theorem 2.8. Let n = [[p, where p ranges over all odd primes. Suppose all
S; = 0 except S, # 0 and S, # 0, a # b. S; = 0 are (n — 2) Diophantine equations
with (n — 1) variables [9-10]. From (2.17) we have n(n — 1)/2 Fermat’s equations.
Every Fermat’s equation has no rational solutions.

Proof. If (a — b,n) = n/3, from (2.17) we have n Fermat’s equations:

(83 4+ SH"/3 =1. (2.40)

From (2.40) we have
S3 48P =1. (2.41)

If (a — b,n) =n/5, from (2.17) we have 2n Fermat’s equations:

(82 4+ S5 =1. (2.42)
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From (2.42) we have
S5+ Sp=1. (2.43)

If (a —b,n) =n/7, from (2.17) we have 3n Fermat’s equations:
(ST 4+ ST =1. (2.44)

From (2.44) we have
ST+ 87 =1. (2.45)

If (a —b,n) =n/f, where f is a factor of n, from (2.17) we have n¢(f)/2, where
¢(f) is Euler function, Fermat’s equations:

(S +sHyf = 1. (2.46)

From (2.46) we have
St+5/=1. (2.47)

If (a —b,n) =n/p, from (2.17) we have n(p — 1)/2 Fermat’s equations:
(SP + 8PP = 1. (2.48)

From (2.48) we have
SP 4 SP=1. (2.49)

If (a —b,n) =1, from (2.17) we have n¢(n)/2 Fermat’s equations:

S 4 S =1. (2.50)
From (2.2) and (2.5) we have
(p—1)/2 n/p—1
exp(A + 2 Z B[(n/p)]}) =SP4+ Sf = [exp( Z tpa)]p. (2.51)
j=1 a=1

Euler proved (2.41), therefore (2.43), (2.45), (2.47), (2.49), (2.50) and (2.51) have
no rational solutions, that is all Fermat’s equations in (2.17) have no rational solu-
tions. Using the theorem 2.8, we prove the theorem 2.4, because (2.18) and (2.49)
are the same Fermat’s equation.

By lifting F(a,+, x) — F(a,+, x) and F(a,+, x) — F(a,+, X) theorems 2.4 to
2.8 are the Fermat-Santilli isotheorems.
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3. Class II Fermat-Santilli Isotheorems

Let b = 2n, where n is an odd. From (8.5) we have the complex hyperbolic
functions S; of order 2n with (2n — 1) variables.

n—1
1 2 ) ) i .
Si=— |et +2 Z(—l)(lfl)JeBﬂ' cos (Gj + (—1)7W)
i=1

2n n
(=1)¢-1
+2)7n AQ—}—QZ 1)=VieDi cos (¢4
1)
iz Bimy] o
where i =1,---,2n;

2n—1 2n—1 Oéj?T 2n—1 Oéj7T
Ay = ta, Bj = ta(=1)% cos ——, 0, DU ST ¢, (1) sin ——
1 az::l « 7 az::l a( ) COS n Z sin n )

2n—1 2n—1

« i—1)a Oéjﬂ
A2 - Z toz(_l) ; Dj = Z toz(_l)(] b COSTa
a=1 a=1

nfl
2n—1 .
. ™
_1)32 ta(—1)0~ 1)asm%, A1+A2+23§1 i+ D;) =0. (3.2)

In the same way as in (2.3) and (2.4), from (3.1) we have its inverse transformation
2n 2n )
e =38, et =3 S(-n,
i=1 i=1

2n—1 ..
ePi cos 0; = S1+ Z Sl+i(—1)ij cos @,
n
i=1
] 2n—1 - Z]ﬂ’
eBising; = (=1)U+D) Z S14i(—1)" sin o

2n—1

ePi cos $;j =51+ Z SlH(—l)(j_l)i cos %,
i=1
2n—1

ePising; = (1) 3 Sipi(—1)0 Digin 2T

- (3.3)
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(3.2) and (3.3) have the same form.
Assume in (3.3) S1 # 0,52 #0,5; =0, where ¢ = 3,---,2n. S; = 0 are (2n — 2)
indeterminate equations with (2n — 1) variables. From (3.3) we have
K

e = S1+ 52, e? = S1— S, e*Pi = S% + 522 + 25152(_1)j cos
n
¢2Di = 7 4 82 4 281 S5(—1)7+ cos . (34)
n

Theorem 3.1. Let n = []p;, where p; ranges over all odd primes. From (3.4)

we have .
2
exp |A1 + Ay + 2 Z(Bj + D]) = S%n — 52n7 (35)
j=1
pi—l
2
exp | A1 +2 Z Bﬁj = Sfl + ng (36)
=1

From (3.2) we have

n—1

=
exp |A1 + As +2 Z(B] + Dj) =1, (37)
j=1
pi=1 2n_q b
2 Py
exp [ A1 +2 Z Bp%j = | exp Z tpia . (3.8)
j=1 a=1
From (3.5), (3.6), (3.7) and (3.8) we have the Fermat’s equations
S §2n — 1, (3.9)
27@71 pi
(3.10)

Py
SV S = lexp [ Y tpa
a=1

Euler [11] proved (3.9), therefore (3.10) has no rational solutions for any prime

pi > 3.
Theorem 3.2. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli

equations of the first kind from (3.9) and (3.10)
5 2n

§12n—52 :j, (3.11)



236 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY
2n_ g Di
A~ D ~ D Pi ~
S+ 8" = lesp | Y || - (3.12)
a=1
Euler [11] proved (3.11), therefore (3.12) has no isorational solutions for any

isoprime p; > 3.

Theorem 3.3. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli
equations of the second kind from (3.9) and (3.10)

S22 — 1, (3.13)
%71 Di
SPr S = lexp | Y tpa || - (3.14)
a=1

Euler [11] proved (3.14) for p; = 3, therefore (3.13) has no rational solutions for
any isonumber 2n.
From (3.2), (3.3) and (8.6) we have the cyclic determinant

S Son ... S
(n—1)/2 So S oS3

eXp[Al + Ay +2 Z (Bj + D])] =| S3 Sy oS =1 (3.15)
Son Sop—1 ... 51

Theorem 3.4. Let n = p, where p is an odd prime. Suppose all S; = 0 except
Se #0and Sy #0, a #b. S; =0 are (2p — 2) Diophantine equations with (2p — 1)
variables. From (3.15) we have 2p(p — 1) Fermat’s equations. Every real Fermat’s
equation has no rational solutions.

If (a — b,2p) = 2, from (3.15) we have p(p — 1) Fermat’s equations:

(SP + SP)? = +1. (3.16)
The — sign can be rejected. From (3.16) we have p(p —1)/2 real Fermat’s equations:
SP+ S =1. (3.17)

If (a —b,2p) =1, from (3.15) we have p(p — 1) Fermat’s equations:
S 5P = 1. (3.18)

It is sufficient to prove the theorem 3.4, but the proof has great difficulty. In the
following theorems we consider n is the composite number.
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Theorem 3.5. Let n = 3p, where p is an odd prime. Suppose all S; = 0 except
Sqe #0and Sy #0, a #b. S; =0 are (6p — 2) Diophantine equations with (6p — 1)
variables. From (3.15) we have 6p(3p — 1) Fermat’s equations. Every real Fermat’s
equation has no rational solutions.

Proof. If (a — b,6p) = 2p, from (3.15) we have 6p Fermat’s equations:

(S2+ 8% = +1. (3.19)
The — sign can be rejected. From (3.19) we have 3p real Fermat’s equations:
S3+ 8P =1. (3.20)
If (a — b,6p) = 6, from (3.15) we have 3p(p — 1) Fermat’s equations:
(SP + SP)° = +1. (3.21)
The — sign can be rejected. From (3.21) we have 3p(p—1)/2 real Fermat’s equations:
SP+ S =1. (3.22)

(3.20) and (3.22) are twin Fermat’s equations. Both equations have no rational
solutions.
If (a — b,6p) = 3, from (3.15) we have 3p(p — 1) Fermat’s equations:

(S2 — S7P)% = +1. (3.23)
From (3.23) we have 3p(p — 1)/2 Fermat’s equations:
S 5P =1. (3.24)
If (a — b,6p) =2, from (3.15) we have 6p(p — 1) Fermat’s equations:
(S 4+ 57)2 = +1. (3.25)
From (3.25) we have 3p(p — 1) real Fermat’s equations:
S3p 4 8P =1. (3.26)
If (a — b,6p) =1, from (3.15) we have 6p(p — 1) Fermat’s equations:
SO — 5P = 1. (3.27)

From (3.2) and (3.3) we have

2p—1
exp(A; +2B,) = 52 + S = [exp( Z t30)]°. (3.28)
a=1



238 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

(p=1)/2 5
exp(A; + 2 Z Bs;) =SP4+ S = [exp(z tpa)]P. (3.29)
j=1 a=1

Egs. (3.28) and (3.29) are twin Fermat’s equations. Both equations have no
rational solutions.

Euler proved (3.20), therefore (3.22), (3.24) and (3.26) — (3.29) have no rational
solutions. Using the theorem 3.5 we prove the theorem 3.4, because (3.17) and (3.22)
are the same Fermat’s equation.

Theorem 3.6. Let n = 5p, where p is an odd prime. Suppose all S; = 0 except
Se #0and S, #0, a #b. S; =0 are (10p — 2) Diophantine equations with (10p—1)
variables. From (3.15) we have 10p(5p — 1) Fermat’s equations. Every real Fermat’s
equation has no rational solutions.

Proof. If (a — b,10p) = 2p, from (3.15) we have 20p Fermat’s equations:

(S5 +Sp)% = +1. (3.30)
From (3.30) we have 10p real Fermat’s equations:
S5+ S =1. (3.31)
If (a — b,10p) = 10, from (3.15) we have 5p(p — 1) Fermat’s equations:
(S? + S0 = +1. (3.32)
From (3.32) we have 5p(p — 1)/2 real Fermat’s equations:
SP+SY=1. (3.33)

(3.31) and (3.33) are twin Fermat’s equations. Both equations have no rational
solutions.
If (a — b,10p) = 5, from (3.15) we have 5p(p — 1) Fermat’s equations:

(S2P — S7P)> = +1. (3.34)
From (3.34) we have 5p(p — 1)/2 Fermat’s equations:
S _ S 1. (3.35)
If (a — b,10p) = 2, from (3.15) we have 20p(p — 1) Fermat’s equations:
(S%P + 5.P)2 = +1. (3.36)
From (3.36) we have 10p(p — 1) real Fermat’s equations:

S2P 4 §P =1. (3.37)
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If (a —b,10p) =1, from (3.15) we have 20p(p — 1) Fermat’s equations:

S0P _ g1 — 1. (3.38)
From (3.2) and (3.3) we have
2p—1
exp(A1 + By + Bop) = Sg + S’g = [exp( Z ts50)]°. (3.39)
a=1
(p—1)/2 9
exp(A1 +2 Y Bsj) =S+ 5] = [exp(D_ tpa)]’- (3.40)
j=1 a=1

(3.39) and (3.40) are twin Fermat’s equations. Both equations have no rational
solutions.

Dirichlet and Legendre proved (3.31), therefore (3.33), (3.35) and (3.37) — (3.40)
have no rational solutions. Using the theorem 3.6, we prove the theorem 3.4, because
(3.17) and (3.33) are the same Fermat’s equation.

Theorem 3.7. Let n = 7p, where p is an odd prime. Suppose all S; = 0 except
Se #0and Sy # 0, a #b. S; =0 are (14p — 2) Diophantine equations with (14p—1)
variables. From (3.15) we have 14p(7p — 1) Fermat’s equations. Every real Fermat’s
equation has no rational solutions.

Proof. If (a — b,14p) = 2p, from (3.15) we have 42p Fermat’s equations:

(ST + S)% = +1. (3.41)
From (3.41) we have 21p real Fermat’s equations:
ST+ 57 =1. (3.42)
If (a — b,14p) = 14, from (3.15) we have 7p(p — 1) Fermat’s equations:
(SE 4 SPYM = £1. (3.43)
From (3.43) we have 7p(p — 1)/2 real Fermat’s equations:
SP 4 SP =1, (3.44)

(3.42) and (3.44) are twin Fermat’s equations. Both equations have no rational
solutions.
If (a — b,14p) = 7, from (3.15) we have Tp(p — 1) Fermat’s equations:

(S2 — SPP)T = +1. (3.45)
From (3.45) we have 7p(p — 1)/2 Fermat’s equations:
S 5P = 1. (3.46)
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If (a —b,14p) = 2, from (3.15) we have 42p(p — 1) Fermat’s equations:
(STP + 5/7)% = +1. (3.47)
From (3.47) we have 21p(p — 1) real Fermat’s equations:
STP 4+ S/ = 1. (3.48)

If (a —b,14p) = 1, from (3.15) we have 42p(p — 1) Fermat’s equations:

e A (3.49)
From (3.2) and (3.3) we have
2p—1 7

exp(A; + 2B, + 2Ba, + 2B3,) = ST + S = {exp ( Z tmﬂ . (3.50)

a=1

(p—1)/2 13
exp(A1+2 Y Br) =S+ 5} = [exp ( > tpa)lP- (3.51)

j=1 a=1

(3.50) and (3.51) are twin Fermat’s equations. Both equations have no rational
solutions.

Lame proved (3.42), therefore (3.44), (3.46) and (3.48) — (3.51) have no rational
solutions. Using the theorem 3.7, we prove the theorem 3.4, because (3.17) and
(3.44) are the same Fermat’s equation.

Theorem 3.8. Let n = [[p, where p ranges over all odd primes. Suppose all
S; =0 except S, #0 and S, #0, a #b. S; =0 are (2n — 2) Diophantine equations
with (2n — 1) variables. From (3.15) we have 2n(n — 1) Fermat’s equations. Every
real Fermat’s equation has no rational solutions.

Proof. If (a — b,2n) = 2n/3, from (3.15) we have 2n Fermat’s equations:

(83 4+ §3)2n/3 = 41. (3.52)
From (3.52) we have n real Fermat’s equations:
S3 48 =1. (3.53)
If (a — b,2n) = 2n/5, from (3.15) we have 4n Fermat’s equations:
(82 4 Sp)2/5 = +1. (3.54)
From (3.54) we have 2n real Fermat’s equations:

S5+ 8P =1. (3.55)
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If (a —b,2n) = 2n/7, from (3.15) we have 6n Fermat’s equations:
(ST 4 S7)#7T = 41. (3.56)
From (3.56) we have 3n real Fermat’s equations:
ST+ 57 =1. (3.57)
If (a — b,2n) = 2n/p, from (3.15) we have n(p — 1) Fermat’s equations:
(SP + SP)*M/P = +1. (3.58)
From (3.58) we have n(p — 1)/2 real Fermat’s equations:
SP+ S =1. (3.59)

If (a — b,2n) = 1, from (3.15) we have n¢(n) Fermat’s equations:

S2n g2 — 1 (3.60)
From (3.2) and (3.3) we have
(p—1)/2 2n/p—1
exp(A; + 2 Z Byjp) = Sh+ Sp = [exp( Z tpa)]. (3.61)

Euler proved (3.53), therefore (3.55), (3.57) and (3.59) - (3.61) have no rational
solutions, that is all real Fermat’s equations in (3.15) have no rational solutions.

By lifting F(a, +, X) — F(a,+, X) and F(a,+, x) — F(a,+, X) the theorem 3.4
to 3.8 are the Fermat-Santilli isotheorems.

4. Class II1 Fermat-Santilli Isotheorems

Let b = 4m,m = 1,2,---. From (8.5) we have the complex hyperbolic functions
S; of order 4m with (4m — 1) variables,

A H (i—Dm B, (i —1)jm
e+ 2e cos(ﬁ—i— )—i-QZe Jcos(ﬁj—i-i)
j=1

‘T dam 2 2m
G Nl TPy (i —1)jm
—i—T 62+2jzle 7 cos ¢j_T , (4.1)

where i =1, --,4m;
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4m—1 4m—1
Ap= D ta, Ag= > ta(-1)7,
a=1 a=1
2m—1 2m
H= > tau(-1)% 8= ta1(-1)"
a=1 a=1
dm—1 T 4m—1 o
B; = Z tacosi, 0; = — Z tasmi,
a=1 a=1
PR SENESICT LA, SN
= a(—1)% cos —, = a(—1)%sin —,
J = 2m J = 2m
m—1
Ay + Ay +2H +2 ) (Bj+ Dj) = 0. (4.2)
j=1

In the same way as in (2.3) and (2.4), from (4.1) we have its inverse transformation
4m 4m ]
=3 s =S (1),
i=1 i=1

2m 2m
efl cos 8 = ZSQi_l(—1)1+i, eflsing = ZSgi(—l)i,

dm—1 Zj?T 4m—1
Jcos@ =51+ 12:1 Slﬂcosz— Jsm& = Z SHZsm—
4m—1 Z]ﬂ' 4m—1 ]7‘(‘
D, i
e’icosp; =51+ Z S14i(—1)" cos =—, D; sin ¢; = Z S14i(— i gin 2.
= 2m 27r(L |
4.3

(4.2) and (4.3) have the same form.
Assume in (4.3) S1 # 0,52 #0,5; =0, where i = 3,---,4m. S; = 0 are (4m — 2)
indeterminate equations with (4m — 1) variables. From (4.3) we have

e =814+ 8,, et2=8 -5, M =52152

2Bi — 62 4+ 82 425,85 cos ‘27—;, e*Pi = 8% 4+ 52 — 25,8, cos ‘27—; (4.4)

Theorem 4.1. Let m = [] p;, where p; ranges over all odd primes.
From (4.4) we have

m— 1
exp[A; + As +2H + 2 = §ym — §gm, (4.5)
j= 1
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eXp(Al +2D2m + 2Bam +2Dsm + 2Bsm + ) = S{H —&—Sg"” (4.6)

24 Pi pg Py

From (4.2) we have

m=1
exp A1+ Ay +2H +2 ) (Bj+Dj)| =1, (4.7)
j=1
Am g Pi
Py
exp (Al +2D2m + 2Bam + -- ) = |exp Z tpia , (4.8)
bi bi a=1
From (4.5)—(4.8) we have the Fermat’s equations
Sim — 5™ =1, (4.9)
4m ¢ pi
P
SV + SY = lexp [ Y tpa : (4.10)
a=1

Fermat [11] proved (4.9), therefore (4.10) has no rational solutions for any prime
p; > 3. It is a Fermat’s marvellous proof and can fit in the margin[5].

Theorem 4.2. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli
equations of the first kind from (4.9) and (4.10)

—

~ dm ~ 4dm

S =8y =1, (4.11)
am _q Di
5 Di 5 Di . pi ;
ST+ S = |exp Z tp;a . (4.12)
a=1

Fermat [11] proved (4.11), therefore (4.12) has no isorational solutions for any
isoprime p; > 3

Theorem 4.3. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli
equations of the second kind from (4.9) and (4.10)

Sdm _ gdm _ (4.13)
am g Di

P
SV + S = lexp [ Y tpa : (4.14)
a=1
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Euler [11] proved (4.14) for isoprime p; = 3, therefore (4.13) has no rational
solutions for any isonumber 4m.
From (4.2), (4.3) and (8.6) we have the circular determinant

S1 Sim ... S
m—1 52 Sl 5'3

exp[Ay + A +2H +2 ) (Bj+Dj)l=| S3 S ... Si|=1 (4.15)
7j=1 . e e e
Sam  Sam—1 ... 51

Theorem 4.4. Let m = 16. Suppose all S; = 0 except S, # 0 and Sy # 0, a # b.
S; = 0 are 62 Diophantine equations with 63 variables. From (4.15) we have 1984
Fermat’s equations. Every real Fermat’s equation has no rational solutions.

Proof. If (a —b,64) = 16, from (4.15) we have 64 Fermat’s equations:

(83— 5hH16 = +1. (4.16)
The — sign can be rejected. From (4.16) we have 32 real Fermat’s equations:
St gt =1. (4.17)
If (a —b,64) = 8, from (4.15) we have 120 Fermat’s equations:
(S8 — 55)8 = +1. (4.18)
From (4.18) we have 60 real Fermat’s equations:
S8 88 =1. (4.19)
If (a — b,64) = 4, from (4.15) we have 240 Fermat’s equations:
(S16 — 56yt = 41, (4.20)
From (4.20) we have 120 real Fermat’s equations:
Sl6_gl6 —1. (4.21)
If (a —b,64) = 2, from (4.15) we have 480 Fermat’s equations:
(832 — §32)% = £1. (4.22)
From (4.22) we have 240 real Fermat’s equations:
S32 532 = 1. (4.23)
If (a — b,64) =1, from (4.15) we have 960 Fermat’s equations:
S84 58t — 1. (4.24)
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Fermat proved (4.17), therefore (4.19), (4.21) and (4.23) — (4.24) have no rational
solutions.

From the theorem 3.4 we follow that all real Fermat’s equations in (4.15) have no
rational solutions.

Theorem 4.5. Let m = p, where p is an odd prime. Suppose all S; = 0 except
Se #0 and Sy #0, a #b. S; =0 are (4p — 2) Diophantine equations with (4p — 1)
variables. From (4.15) we have 4p(2p — 1) Fermat’s equations. Every real Fermat’s
equation has no rational solutions.

Proof. If (a — b,4p) = p, from (4.15) we have 4p Fermat’s equations:

(83— ShP = +1. (4.25)

From (4.25) we have
St S =1. (4.26)

If (a — b,4p) = 4, from (4.15) we have 2p(p — 1) Fermat’s equations:
(SP + SP)* = +1. (4.27)
From (4.27) we have p(p — 1) real Fermat’s equations:
SP 4+ SP =1, (4.28)
If (a — b,4p) = 2, from (4.15) we have 2p(p — 1) Fermat’s equations:
(S% — §27)2 = +1. (4.29)
From (4.29) we have p(p — 1) Fermat’s equations:
S 5P =1. (4.30)
If (a — b,4p) = 1, from (4.15) we have 4p(p — 1) Fermat’s equations:
Sip g —1. (4.31)

From (4.2) and (4.3) we have
3
exp(A1 +2D2 + 2By +...) = S+ S = [exp( D tpa)]P- (4.32)
a=1

Fermat proved (4.26), therefore (4.28), (4.3), (4.31) and (4.32) have no rational
solutions.

Theorem 4.6. Let m = 3p, where p is an odd prime. Suppose all S; = 0 except
Se #0and S, # 0, a # b. S; =0 are (12p—2) Diophantine equations with (12p—1)
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variables. From (4.15) we have 12p(6p — 1) Fermat’s equations. Every real Fermat’s
equation has no rational solutions.
Proof. If (a — b,12p) = 3p, from (4.15) we have 12p Fermat’s equations:

(S — 53 = +1. (4.33)

From (4.33) we have
St gt =1. (4.34)

If (a — b,12p) = 4p, from (4.15) we have 12p Fermat’s equations:
(83 + S = +1. (4.35)
From (4.35) we have 6p real Fermat’s equations:
S3 48P =1. (4.36)
If (a — b,12p) = 12, from (4.15) we have 6p(p — 1) Fermat’s equations:
(SP + SH)? = £1. (4.37)
From (4.37) we have 3p(p — 1) Fermat’s equations:
SP 4 SP =1, (4.38)
If (a — b,12p) = 6, from (4.15) we have 6p(p — 1) Fermat’s equations:
(S2P — S7P)0 = +1. (4.39)
From (4.39) we have 3p(p — 1) real Fermat’s equations:
S _ 82 1. (4.40)
If (a —b,12p) = 4, from (4.15) we have 12p(p — 1) Fermat’s equations:
(S%P 4+ 5774 = +1. (4.41)
From (4.41) we have 6p(p — 1) real Fermat’s equations:
S3p 4 8P =1. (4.42)
If (a — b,12p) = 3, from (4.15) we have 12p(p — 1) Fermat’s equations:
(S2P — SpP)3 = +1. (4.43)
From (4.43) we have 6p(p — 1) real Fermat’s equations:

St 5P = 1. (4.44)
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If (a — b,12p) = 2, from (4.15) we have 12p(p — 1) Fermat’s equations:
(SO — SPP)2 = +1. (4.45)
From (4.45) we have 6p(p — 1) real Fermat’s equations:
SO — 5P — 1. (4.46)

If (a —b,12p) = 1 from (4.15) we have 24p(p — 1) Fermat’s equations:

S _ g1 — 1. (4.47)
From (4.2) and (4.3) we have
11
exp(A1 +2Dg + 2B12 + .. ) = Sg + pr = [exp(z tpa)]p (4.48)
a=1

Fermat proved (4.34), therefore (4.36), (4.38), (4.4) and (4.46) — (4.48) have no
rational solutions.

Theorem 4.7. Let m = [[p, where p ranges over all odd primes. Suppose all
S; = 0 except S, # 0 and S # 0, a #b. S; = 0 are (4m — 2) Diophantine equations
with (4m—1) variables. From (4.15) we have 4m(2m —1) Fermat’s equations. Every
real Fermat’s equation has no rational solutions.

Proof. If (a — b,4m) = m, from (4.15) we have 4m Fermat’s equations:

(83— shym = £1. (4.49)

From (4.49) we have
St Sy =1. (4.50)

If (a — b,4m) = 4m/3, from (4.15) we have 4m Fermat’s equations:
(83 + §3)4m/3 = 41, (4.51)
From (4.51) we have 2m real Fermat’s equations:
S3 48 =1. (4.52)
If (a — b,4m) = 4m/5, from (4.15) we have 8m Fermat’s equations:
(S5 4 Spytm/5 = 41, (4.53)
From (4.53) we have 4m real Fermat’s equations:

S2+Sp =1. (4.54)
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If (a — b,4m) = 4m/p, from (4.15) we have 2m(p — 1) Fermat’s equations:
(SP + SPy*m/P = 41. (4.55)
From (4.55) we have m(p — 1) real Fermat’s equations:
SP 4+ SP=1. (4.56)
If (a —b,4m) = 2, from (4.15) we have 2m¢(m) Fermat’s equations:
(§2m — §2my2 = 41, (4.57)
From (4.57) we have m¢(m) real Fermat’s equations:
S2m _ gEm — 1, (4.58)
If (a — b,4m) = 1, from (4.15) we have 2m¢@(4m) real Fermat’s equations:
Sim _ glm — 1. (4.59)

Fermat proved (4.50), therefore (4.52), (4.54), (4.56), (4.58) and (4.59) have no
rational solutions, that is all real Fermat’s equations in (4.15) have no rational
solutions.

By lifting F(a, +, X) — F(a,+, x) and F(a,+, x) — F(a,+, x) the theorems 4.4
to 4.7 are the Fermat-Santilli isotheorems.

5. Class IV Fermat-Santilli Isotheorems

Let b = n, where n is an odd. From (8.13) we have the complex trigonometric
functions S; of order n with (n — 1) variables,

n—1
-1 i—1 2 ] ) (i —1)7
S — ( 73 At 2;(_1)(11)363j cOS (Hj +(=1) (i n)]”) 7 (5.1)
where ¢ =1, -+, n;
n—1 n—1 ( ) jﬂ'
A= "t (1) B;= ty (-1 D

n—1
0; = (=17 > ta(~1) "D sin —=, A+23 B;=0. (5.2)

a=1 j=1
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In the same way as in (2.3) and (2.4), we have its inverse transformation from
(5.1)

- nil ..
e = Z Sj(_l)iJrl, eBi cos 0; = S1 + Z Sl-&-i(—l)(]’*l)i cos %’
=1 =
1 1y . T
e sinf; = (—1)7* ; S14i(~1)V " sin ‘77 (5.3)

(5.2) and (5.3) have the same form.
Assume in (5.3) S1 # 0,52 # 0,5; = 0, where i = 3,---,n. S; = 0 are (n — 2)
indeterminate equations with (n — 1) variables. From (5.3) we have

e =81 — S, 2Bi =824+ 524288 (—1)" cos % (5.4)

Theorem 5.1. Let n = []p;, where p; ranges over all odd primes. From (5.4)
we have

n—1
=
exp | A+2) B;|=5]-57, (5.5)
j=1
pi—1
2
exp | A+2 ) Baj| = Shi . §he, (5.6)
j=1
From (5.2) we have
n—1
N
exp[A+2) B;| =1, (5.7)
j=1
pi—1 no_q Pi
2 Pq
exp [ A+2 Z Bﬁj = |exp Z tpia(—1) . (5.8)
j=1 a=1

From (5.5)—(5.8) we have the Fermat’s equations
ST — Sy =1, (5.9)

no_q pi
pg

S — 8P = lexp [ > ty, alpha(—1)* . (5.10)
a=1
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Euler [11] proved (5.9),therefore (5.10) has no rational solutions for any prime
pi > 3.

~

Theorem 5.2. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli
equations of the first kind from (5.9) and (5.10)

~ 8" =1, (5.11)
n_q Di
pz pz A o

S =8 = |exp [ D tpa(-1) : (5.12)

Euler [11] proved (5.11), therefore (5.12) has no isorational solutions for any
isoprime p; > 3.

Theorem 5.3. By lifting F(a,+, x) — F(a,+, X) we have the Fermat-Santilli
equations of the second kind from (5 9) and (5.10)
SP— s =1, (5.13)
n_q Di
A, A, pl
SPE— S5 = lexp | D tpal-1)" : (5.14)
a=1

Euler [11] proved (5.14) for isoprime p; = 3, therefore (5.13) has no rational solutions
for any odd isonumber 7 > 3.
From (5.2), (5.3) and (8.14) we have the cyclic determinant

S1 =S, ... =S
(n—1)/2 Sy S1 ... =S
exp(A+2 Y Bj)=|S3 S ... =Si|=1 (5.15)
7j=1 . e e .
S Spe1 .. S

Theorem 5.4. Let n = p, where p is an odd prime. Suppose all S; = 0 except
Se # 0 and S, # 0, a # b. S; = 0 are (p — 2) Diophantine equations with (p — 1)
variables.

From (5.15) we have (p? — 1)/8 Fermat’s equations:

SP+S) =1. (5.16)
2(p? — 1)/8 Fermat’s equations:
SP—SP =1, (5.17)
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(p—1)(p — 3)/8 Fermat’s equations:
SP+ S =—1. (5.18)

It is sufficient to prove the theorem 5.4, but the proof has great difficulty. In the
following theorems we consider n is the composite number.

Theorem 5.5. Let n = 3p, where p is an odd prime. Suppose all S; = 0 except
Se #0and Sy #0, a #b. S; =0 are (3p — 2) Diophantine equations with (3p — 1)
variables. From (5.15) we have 3p(3p — 1)/2 Fermat’s equations. Every Fermat’s
equation has no rational solutions.

Proof. If (a — b,3p) = p, from (5.15) we have 2p Fermat’s equations:

(83 — Sy =1. (5.19)
From (5.19) we have
S3 -8 =1. (5.20)
We have (p + 1)/2 Fermat’s equations:
(S3 + 8Py =1. (5.21)
From (5.21) we have
S3 48 =1. (5.22)
We have (p — 1)/2 Fermat’s equations:
(83 4+ 8P = —1. (5.23)
From (5.23) we have
S3 48 =—1. (5.24)
If (a — b,3p) = 3, from (5.15) we have 3(p? — 1)/4 Fermat’s equations:
(SP — SP)? = 1. (5.25)
From (5.25) we have
SP— S =1. (5.26)
We have (p — 1)(p — 3)/8 Fermat’s equations:
(S +SP)? = 1. (5.27)
From (5.27) we have
SP+ S =1. (5.28)

We have (3p? — 8p + 5)/8 Fermat’s equations:
(S +SP)? = —1. (5.29)
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From (5.29) we have

SP4+ 5P = —1. (5.30)
If (a —b,3p) =1, from (5.15) we have (p — 1)(3p — 1)/2 Fermat’s equations:
S3p 8P =1. (5.31)
3(p? — 1)/4 Fermat’s equations:
S3P 4 5P = 1. (5.32)

(p —1)(3p — 1)/4 Fermat’s equations:
S35 = 1. (5.33)

Euler proved (5.20), (5.22) and (5.24), therefore (5.26) — (5.33) have no rational
solutions, that is all Fermat’s equations in (5.15) have no rational solutions.

By lifting F(a, +, xX) — F(a,+, x) and F(a,+, x) — F(a,+, ) the theorems 5.4
and 5.5 are both Fermat-Santilli isotheorems.

6. Class V Fermat-Santilli Isotheorems

Let b = 2n, where n is an odd. From (8.13) we have the complex trigonometric
functions S; of order 2n with (2n — 1) variables,

Si:ﬂ el cos <ﬁ+< >+ZGJCOS< (i_l)(2j+1)7f>

n 2n

n—3
1 & p. (i —1)(2j + 1)
— J P — 6.1
—l—nze cos(@ o ), (6.1)
7=0
where i =1,---,2n;
H ZtQQ 1 Oz’ ﬂ: ZtQOz 1 1+a7
2n—1 2n—1
2j + Do 2741
Zta COS(32n Zta 1+a (J2n) 7
2n—1 2n—1
27+ 1)ar 27+ 1)ar
DJ:ZtaCOS(]2n) , qb]:Ztasm(an) ,
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n—3
=
2H +2> (Bj+ D;) =0. (6.2)
j=0
In the same way as in (2.3) and (2.4), from (6.1) we have its inverse transformation

eeos =2 So1(—1)', esing =3 Su(-1)'",

i=1 =1
eBi cos 9]- =5+ 2:2:_; 5’1+i(_1)i CcoS W’
ePisin 0; = 2:2:_; 5’1+i(—1)1+i sin 7(% —2|—n1)i7r’
ePi cos ¢j =51+ 2;2:_; S14i cos W,
ePising; = 2:22_;1 S144sin (23_2'_% (6.3)

(6.2) and (6.3) have the same form.
Assume in (6.3) S; # 0,52 # 0,5; = 0, where ¢ = 3,---,2n. S; = 0 are (2n — 2)
indeterminate equations with (2n — 1) variables. From (6.3) we have

2;+1
M =62 4 62 2Bi = 62 1 62 _ 95,5, cos (2j+ r ]; )W,
27+1
e?Pi = 8% 4+ S5 1+ 25,55 cos % (6.4)
Let n =1. We have H =0 and 3 = ¢;. From (6.4) we have
S?+S3=1, (6.5)

where S1 = cost; and Sy = sinty.

(6.5) is Pythagorean theorem. It has infinitely many rational solutions. (6.5) in-
spired Fermat to write his last theorem. From (6.5) Jiang [3] introduces \S; functions
and proves Fermat’s last theorem.

Theorem 6.1. Let n = [[p;, where p; ranges over all odd primes. From (6.4)
we have

n—3

2
exp [2H +2 ) (B;j+ Dj)| = S7" + S5, (6.6)
j=0



254 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

pi—3
N
2p; 2p;
exp |2H + 2 Z(B§.+%+D£.+%) = S + SPi. (6.7)
j=0 i 7 i i
From (6.2) we have
nT_S
exp [2H +2) (B +D;)| =1, (6.8)
j=0
p;—3 n_q 2p;
2 Pq
_ _1\o
exp [2H + 2 Z (B;.anfi +D§.j+"2p’.”) = |exp Z top;a(—1)
j=0 i i @ @ a=1
(6.9)
From (6.6)—(6.9) we have the Fermat’s equations
S 4 Gan = 1, (6.10)
n_q 2p;
by
S+ 5P = lexp | Y topia(—1)* . (6.11)
a=1

Euler [11] proved (6.10), therefore (6.11) has no rational solutions for any prime
pi > 3.

Theorem 6.2. By lifting F(a,+, x) — F(d, +, X) we have the Fermat-Santilli
equations of the first kind from (6.10) and (6.11)

S+ 8 =1, (6.12)
g 2p;
. A 3. p’L A
ST+ 5T = Jegp | 3 fopia(—1)" . (6.13)
a=1

Euler [11] proved (6.12), therefore (6.13) has no isorational solutions for any
isonumber 2p;.

Theorem 6.3. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli
equations of the second kind from (6.10) and (6.11)

Son 4 g2 _ q 6.14
1 2
S+ 5 = lexp | Y topia(—1)* . (6.15)
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Euler [11] proved (6.15) for isonumber 2p = 6, therefore (6.14) has no rational
solutions for any isonumber 2n.
From (6.2), (6.3) and (8.14) we have the cyclic determinant

S; —So ... =8
(n=3)/2 Sy S ... —S3
expRH+2 > (Bj+Dj)]=| S5 Sy ... =S |=1 (6.16)
7=0 Ce R . e
Son Sop—1 ... Si

Theorem 6.4. Let n = p, where p is an odd prime. Suppose all S; = 0 except
Se #0and Sy #0, a #b. S; =0 are (2p — 2) Diophantine equations with (2p — 1)
variables. From (6.16) we have 2p(p — 1) Fermat’s equations.

If (a — b,2p) = 2, from (6.16) we have p(p — 1) Fermat’s equations:

(SP £ 80)? = 1. (6.17)

From (6.17) we have
SP+SP=1. (6.18)

If (a — b,2p) =1, from (6.16) we have p(p — 1) Fermat’s equations:
S% 4 5P =1. (6.19)

It is sufficient to prove the theorem 6.4, but the proof has great difficulty. In the
following theorems we consider n is the composite number.

Theorem 6.5. Let n = 3p, where p is an odd prime. Suppose all S; = 0 except
Sq #0 and Sy #0, a #b. S; =0 are (6p — 2) Diophantine equations with (6p — 1)
variables. From (6.16) we have 6p(3p — 1) Fermat’s equations. Every Fermat’s
equation has no rational solutions.

Proof. If (a — b,6p) = 2p, from (6.16) we have 6p Fermat’s equations:

(83 4+ 53)% =1. (6.20)

From (6.20) we have
S3+5p =1. (6.21)

If (a — b,6p) = p, from (6.16) we have 6p Fermat’s equations:
(S8 4 SpyP = 1. (6.22)

From (6.22) we have
S8+ S =1. (6.23)
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If (a — b,6p) = 6, from (6.16) we have 3p(p — 1) Fermat’s equations:

(SP £ 800 =1. (6.24)
From (6.24) we have
SP 4 SP=1. (6.25)
If (a — b,6p) = 3, from (6.16) we have 3p(p — 1) Fermat’s equations:
(S%P + S7P)% =1. (6.26)
From (6.26) we have
S 4 S =1. (6.27)
If (a — b,6p) = 2, from (6.16) we have 6p(p — 1) Fermat’s equations:
(S 4+ 5;7)2 = 1. (6.28)
From (6.28) we have
S 4 8P =1. (6.29)

If (a —b,6p) =1, from (6.16) we have 6p(p — 1) Fermat’s equations:
SOP 4 5P = 1. (6.30
Euler proved (6.21), therefore (6.23) — (6.30) have no rational solutions.

Theorem 6.6. Let n = 5p, where p is an odd prime. Suppose all S; = 0 except
Se #0and S, #0, a #b. S; =0 are (10p — 2) Diophantine equations with (10p—1)
variables. From (6.16) we have 10p(5p — 1) Fermat’s equations. Every Fermat’s
equation has no rational solutions.

Proof. If (a — b,10p) = 2p, from (6.16) we have 20p Fermat’s equations:

(S2 £ 8P)%P =1, (6.31)
From (6.31) we have
S2+5p =1. (6.32)
If (a — b,10p) = p, from (6.16) we have 20p Fermat’s equations:
(S10 4 510y — 1. (6.33)
From (6.33) we have
S10 L g0 —1. (6.34)

If (a — b,10p) = 10, from (6.16) we have 5p(p — 1) Fermat’s equations:
(SP £ SHW =1. (6.35)
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From (6.35) we have

SP 4 SP=1. (6.36)
If (a — b,10p) = 5, from (6.16) we have 5p(p — 1) Fermat’s equations:
(S + S7P)° = 1. (6.37)
From (6.37) we have
S% 4 5P =1. (6.38)
If (a — b,10p) = 2, from (6.16) we have 20p(p — 1) Fermat’s equations:
(S + §P)2 = 1. (6.39)
From (6.39) we have
S2P 4 §P = 1. (6.40)

If (a — b,10p) = 1, from (6.16) we have 20p(p — 1) Fermat’s equations:
10
S0P 4 8P = 1. (6.41)

Dirichlet and Legendre proved (6.32), therefore (6.34) — (6.41) have no rational
solutions.

Theorem 6.7. Let n = [[p, where p ranges over all odd primes. Suppose all
S; = 0 except S, # 0 and S, # 0, a # b. S; = 0 are (2n — 2) Diophantine equations
with (2n — 1) variables. From (6.16) we have 2n(n — 1) Fermat’s equations. Every
Fermat’s equation has no rational solutions.

Proof. If (a — b,2n) = 2n/3, from (6.16) we have 2n Fermat’s equations:

(83 +83)2/3 = 1. (6.42)
From (6.42) we have r
S3+8=1. (6.43)
If (a — b,2n) = 2n/5, from (6.16) we have 4n Fermat’s equations:
(85 +.89)2/5 = 1. (6.44)
From (6.44) we have
S5+ Sp =1. (6.45)

If (a — b,2n) = 2n/7, from (6.16) we have 6n Fermat’s equations:
(ST 4+ 87)*/7 =1. (6.46)

From (6.46) we have
ST+S =1. (6.47)
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If (a — b,2n) = 2n/p, from (6.16) we have n(p — 1) Fermat’s equations:

(SP + SP)2/P = 1. (6.48)
From (6.48) we have
SP£SP=1. (6.49)
If (a — b,2n) = 2, from (6.16) we have n¢(n) Fermat’s equations:
(8" + SP)? = 1. (6.50)
From (6.50) we have
ST S = 1. (6.51)

If (a —b,2n) =1, from (6.16) we have n¢(n) Fermat’s equations:
S2n 4 S = 1. (6.52)

Euler proved (6.43), therefore (6.45) - (6.52) have no rational solutions, that is
all Fermat’s equations in (6.16) have no rational solutions.

By lifting F(a, +, X) — F(a,+, x) and F(a,+, x) — F(a,+, ) the theorems 6.4
to 6.7 are Fermat-Santilli isotheorems.

7. Class VI Fermat-Santilli Isotheorems

Let b =4m,m = 1,2,---. From (8.13) we have the complex trigonometric func-
tions S; of order 4m with (4m — 1) variables,

-1

m—1 . . m
S; = L |:(—1)i_1 Z eBi cos (Hj + (Z — 1)i2] + 1)7T> -+ Z eli

2m = m o’

(i—1)(25 + l)w)]
L 7.1
cos (4 L , (7.1)
where i =1,---,4m;
4m—1 . 4Adm—1 .
27+ Dam . (29+ Dar
Bj = Z ta(—l)“cos%, 6; = Z to(—1)"sin %,
a=1 a=1
4m—1 4m—1
+ 1)ar + 1l)ar
D; = Ztacos(]4m) . 5= Zta81n(‘74m) ,
a=1 a=1
m—1
2 (Bj + Dj) =0. (72)
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In the same way as in (2.3) and (2.4), from (7.1) we have its inverse transformation

4m—1 . .
: 2 1
eBi cos 0; = S1 + Z S14i(—1)" cos ﬁim,
i=1 m
4m—1 . .
; 2 1
ePising; = Z S1i(—1) i sin (‘72—7”#,
i=1 m
4m—1 . .
2 1
eli cos ¢j = 51 + Z S14i cos (‘72_)”,
i=1 m

Di sin¢; = Z Si4i sm (7.3)

4m
(7.2) and (7.3) have the same form.

Assume in (7.3) S1 # 0,52 # 0, and S; = 0, where i = 3,---,4m. S; = 0 are
(4m — 2) indeterminate equations with (4m — 1) variables. From (7.3) we have

(2j+ 1)

2741
2Bj = 62 462 25,5, cos im0 e*Pi = 52 162125, 85 cos 2j+ U

T (14)

Theorem 7.1. Let m = []p;, where p; ranges over all odd primes. From (7.4)
we have

m— 1
exp |2 = §{m 4 sgm, (7.5)
3:0
pi—1
exp |2 Z e —1—Dm jHIr pl) = 5P 4 SoPi (7.6)
From (7.2) we have
m—1
exp [2 ) ( =1, (7.7)
7=0
m _q 4p;
pi—1 P4
eXp [2 Z (B m + *Pz + D7n]+ i )‘| = eXp Z t4pi&(71)a . (78)
Jj=0 2p alpha=1

From (7.5)—(7.8) we have the Fermat’s equations

Sim o Sam =1, (7.9)
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m_q 4p;
by
S+ 87 = lexp | Y tapia(—1)* . (7.10)
a=1
Fermat [11] proved (7.9), therefore (7.10) has no rational solutions for any prime
Di-

Theorem 7.2. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli
equations of the first kind from (7.9) and (7.10)

4m ~ 4dm

51 + S5 = f, (7.11)
m_q 4p;
~ ~ by
S 15" = lesp | 3 upra(—1)° . (7.12)
a=1

Fermat [1}] proved (7.11), therefore (7.12) has no isorational solutions for any
isonumber 4p;.

Theorem 7.3. By lifting F(a,+, x) — F(a,+, x) we have the Fermat-Santilli
equations of the second kind from (7.9) and (7.10)

Sdm 4 gdm _ (7.13)
) ) pﬂi_l 41;)2
S+ 8" = Jexp [ D7 tapa(-DT || (7.14)
a=1

Fermat [11] proved (7.14), therefore (7.13) has no rational solutions for any isonum-
ber 4m. From (7.2), (7.3) and (8.14) we have the cyclic determinant

ST —=Sum ... =59
m—1 SQ Sl e —53
exp2Y (Bj+Dj)=| S Sy ... =Si|=1 (7.15)
=0 .. cee
Sam  Sam—1 ... 51

Theorem 7.4. Let m = 16. Suppose all S; = 0 except S, # 0 and Sp # 0, a # b.
S; = 0 are 62 Diophantine equations with 63 variables. From (7.15) we have 1984
Fermat’s equations. Every Fermat’s equation has no rational solutions.

Proof. If (a —b,64) = 16, from (7.15) we have 64 Fermat’s equations:

(S 5H16 =1. (7.16)
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From (7.16) we have

S+ Sp=1. (7.17)
If (a —b,64) =8, from (7.15) we have 128 Fermat’s equations:
(SB+Sp)% =1. (7.18)
From (7.18) we have
S8+ S =1. (7.19)
If (a —b,64) = 4, from (7.15) we have 256 Fermat’s equations:
(S16 4 56t = 1. (7.20)
From (7.20) we have
S 4510 =1. (7.21)

If (a —b,64) = 2, from (7.15) we have 512 Fermat’s equations:
(832 4+ 5332 = 1. (7.22)
From (7.22) we have
S22 4532 =1. (7.23)
If (a—b,64) =1, from (7.15 ) we have 1024 Fermat’s equations:
S84 1 g8t — 1. (7.24)

Fermat proved (7.17), therefore (7.19), (7.21), (7.23) and (7.24) have no rational
solutions.

From the theorem 7.4, we follow that all Fermat’s equations in (7.15) have no
rational solutions.

Theorem 7.5. Let m = p, where p is an odd prime. Suppose all S; = 0 except
Se #0 and Sy #0, a #b. S; =0 are (4p — 2) Diophantine equations with (4p — 1)
variables. From (7.15) we have 4p(2p — 1) Fermat’s equations. Every Fermat’s
equation has no rational solutions.

Proof. If (a — b,4p) = p, from (7.15) we have 4p Fermat’s equations:

(St+ShHr =1. (7.25)

From (7.25) we have
Sty st=1. (7.26)

If (a — b,4p) = 4, from (7.15) we have 2p(p — 1) Fermat’s equations:
(SP + SP)* = 1. (7.27)
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From (7.27) we have

SP 4 SP=1. (7.28)
If (a — b,4p) = 2, from (7.15) we have 2p(p — 1) Fermat’s equations:
(S + 57P)2 =1. (7.29)
From (7.29) we have
S 4 S =1. (7.30)

If (a — b,4p) = 1, from (7.15) we have 4p(p — 1) Fermat’s equations:
SIS = 1. (7.31)

Fermat proved (7.26), therefore (7.28), (7.30) and (7.31) have no rational solu-
tions.

Theorem 7.6. Let m = [[p, where p ranges over all odd primes. Suppose all
S; = 0 except Sy # 0 and Sy # 0, a # b. S; = 0 are (4m — 2) Diophantine equations
with (4m—1) variables. From (7.15) we have 4m(2m —1) Fermat’s equations. Every
Fermat’s equation has no rational solutions.

Proof. If (a — b,4m) = m, from (7.15) we have 4m Fermat’s equations:

(S24+8Hm =1. (7.32)
From (7.32) we have
Sty St=1. (7.33)
If (a — b,4m) = 4m/3, from (7.15) we have 4m Fermat’s equations:
(83 + §3)Im/3 = 1, (7.34)
From (7.34) we have
S3+5p =1. (7.35)
If (a — b,4m) = 4m/5, from (7.15) we have 8m Fermat’s equations:
(82 4+ Sp)4m/5 = 1. (7.36)
From (7.36) we have
S5+S) =1. (7.37)

If (a — b,4m) = 4m/7, from (7.15) we have 12m Fermat’s equations:
(ST 4+ SPy4™/T =1, (7.38)

From (7.38) we have
ST+S =1. (7.39)
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If (a — b,4m) = 4m/p, from (7.15) we have 2m(p — 1) Fermat’s equations:

(SP + SPy+m/p = 1. (7.40)
From (7.40) we have
SP+ S =1. (7.41)
If (a — b,4m) =1, from (7.15) we have 4m¢@(m) Fermat’s equations:
Sdm . gpm — 1. (7.42)

Fermat proved (7.33), therefore (7.35), (7.37), (7.39), (7.41) and (7.42) have no
rational solutions, that is all Fermat’s equations in (7.15) have no rational solutions.

By lifting F(a, +, X) — F(a,+, x) and F(a,+, x) — F(a,+, ) the theorems 7.4
to 7.6 are the Fermat-Santilli isotheorems.

8.  Fermat’s Mathematics
Definition 8.1. We define the hyperbolic functions of order b: J h%(tl)[?)}

exp(ti i) =S TR () i (8.1)

where J, denotes a b-th root of positive unity, JZI; =1,

> t’” b i . 2mj
Jh 0 7 { Z_: exp(t cos T])] cos(t; sin bj)}, (8.2)
1= 7j=1
b . .
(1) d (0) 1 27y 2y 2wy
Jhyy(t1) = %Jh1 b (t1) b{; exp(t1 cos T)] cos(t1 sin e + T) , (8.3)
; de 1[ 27 2mj | 2mej
Jhg.g(t ) = %Jh(o) t1) g{; exp(t; cos %)] cos(t; sin % + 726] )}, (8.4)
Jh(b)( t) = Jh(o)( t1)
If b= 1, then JA\%)(t) = et1.
If b = 2, then JA\%)(t1) = cht.
If b = n, where n is an odd, then
nfl
1 m K
Jhg(?z(tl) - [ 42 Z exp(t1(—1) cos ‘%) cos(t1 sin %) .

7j=1
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If b = 2n, where n is an odd,

n—l

1
Jhgn(tl) {Chtl +2 Z ch(t cos %) cos(t1 sin f)} )
j=1
Ifb:4m7m:]~;2’-.~7

] m—1 : ]
Jhg?im(tl) =5 [cos t; + cht; + 2 ]Z::I cos(t1 sin —m)ch(t1 cos %)] )

Definition 8.2. We define the Euler’s formula of the positive hypercomplex
numbers similar to the Euler’s formula in the complex numbers [3],

b—1 b
exp (Z w,ﬁ) = ZSiJg_l, (8.5)
i=1 i=1

where S; is called the complex hyperbolic functions of order b with (b— 1) variables.
Substituting (8.1)-(8.4) into (8.5) we can obtain S;. Let b = 1, we have S; = e'1.
Let b = 2, we have exp(t1.J2) = chty 4 shtyJ5. S; have an identity

S1 S o S St (S1)r o (S1)e—1
Soy S - S Sa (S2)1 -+ (S2)p-1
Sy S o Sa =] 83 (S3)1 o (Sa)e-1 | =1, (8.6)
Sy Sp—1 - S1 Se (Se)1 - (Sp)p—1

where (5;); = ‘gf’;. From (8.6) we have the S; Cauchy-Riemann equations

Sy S, S,
| [ |
(S2 ‘)1 (51 H)l (S?‘)h
(53 ‘)2 (S|2|) (54‘1)2 (8.7)
l \'| H
(Sp)o-1 (Sp—1)p—1 (S1)p—1
Let S; = Rb’ where
I Ty T2
Rb _ X9 T T3

I Tp—1 - T1
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b! by b b
- 201 b2 o0
= 2 bilbal- - byl L T2
>y dbj=i—1(mod b)
b
bj=0b
j=1
If z1,---,xp are integers, then S; are rational numbers. We prove that (8.6) has

infinitely many rational solutions. Let b = 2. We have
R2 = .’L'% - l'%, 1= .’E% + :U%, Y2 = 2z 9.

Let =3. We have
RS = J}Zf + .CL‘% + x% — 3x1:):2x3,

Yy = x‘rf + ﬂsg + azg + 6x12273,
Yo = 3(x3xy + xix3 + 231y),
y3 = 3(x3x3 + iz + xins).

We have the following formulas [3]

gsxj) - =
where
S -1 Sy1) Sa(1)
S(1)] = Sa(1) 51(1:) -1 S3(1) |
S Sya(D) Si(1) -1

Slén) —1 SSb(n) gg(n)

1 1)—1 1

Sl = jsimy -1y = | 2D S ) st
Sb(l) Sb,l(l) Sl(l) -1
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g2(n) ?(n) -1 - gs(n)

1 1)—1 1

1Sa(n)| = ( )l ) 3( :
Sp(1)  Sp-1(1) -0 Si(1) -1

Sb(n), Sb,l(n), s ,Sl(n) —-1— Sl(l) — 1, Sb(l), Tt SQ(l),

gb(n) SSb_l(n) <o Si(n)—1

1 n-1 --- Sa(1

1Sy(n)] = 2:( )l ) 3
Sp(1)  Sp-a(1) -+ Si(1) -1

We have the following formulas [3]

where
S +1  Sy(1) S5(1)
s =0 51(1:) +1 S5(1)
S(1)  Spa(1) Si(1)+ 1

(=)™ 1S (n) + 1, (=) 1Sy(n), - -+, (=1)" 1S9 (n) — S1(1) +1,S,(1),- - -, Sa(1).

()" Si(n)] = [(=1)" 181 (n) + 1]

(=1 1Si(n) +1 (=1 'Sy(n) -+ (=1)""'Sa(n)
_ Sa(1) Si(1)+1 S3(1)
Sbkl) Sb—'l(l) 51(1') + 1

(=1)"" 1Sy (n), (=) 1S (n) + 1, -+, (=1)""1S3(n) — S1(1) + 1, S,(1).---, Sa(1),
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(=)™ 1Sa(n) (=1)"'Si(n)+1 -+ (=1)""'S3(n)
o= AL B0
Sp(1) Sp-1(1) e S+

(=)™ 1Sy(n), (=1)" ' Sp_1(n), -+, (=1)" 7' S1(n) + 1 — S1(1) + 1, 8p(1), -+, Sa(1),
(=D 1Sy(n) (=1 'Spa(n) -+ (=1)"S1(n) +1
- Sa(1) Si(1) +1 S3(1)
(=) Sy () : | | ,
Sp(1) Sp—1(1) Si(1)+1
Si(1) = Si(t1, -+, tp—1) and Sj(n) = S;(n) = Si(nty, -, ntp_1).
S; have the recurrent formula similar to De Moivre formula
b
> Simt) = <ZS )i 1> : (8.8)
i=1
where m =0,+1,4+2,---, (t) = t(t1,t2, -, tp—1), (mt)= (mt1,mta, -, mtp_1).

Example 8.1. Let b = 3. From (8.5) we have

exp(tiJs +taJ3) = Sy + SoJ3 + S3.J3,

where 1
S1 = g(e‘4 + 2¢8 cos §)
1
Sy = g[eA — 2e8 cos( — g)]
1 2
Sy = ~[e? +2¢P cos( — —W)]
3 3
t t
A=t +to, B:—%, 0= ?(m—tl)

1 2 \/g(—Sg + Sg)
1 B H(Sl + 52 -+ 53) \/g an 251 Sg Sg N
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1 2 - V3(—Sy + 53)]
t22[1n(51+52+53)+\/§ 25, — 55— 55 |
From (8.6) we have

Sy Sz S2 S1 (S1)1 (S1)2
Sy S1 S3 Sy (S2)1 (S2)2 | =1
S3 S2 S Sz (S3)1 (S3)2
From (8.7) we have
St Ss So
I I I
(S2)1 (1)1 (S3)
I I I
(S3)2 (S2)2 (S1)2
From (8.8) we have the recurrent formula
3 . 3 .
> Si(mty,mta) i = (Y Sty t2) J5H™.
i=1 i=1

If m = 2, we have

S1 (2t1, 2t2) = S% (tl, tg) + 252(t1, tQ)Sg(tl, tQ),

52(2t1, 2t2) = Sg) (tl, tg) + 251 (tl, tg)Sg (tl, tQ),
53(2751, 2t2) = S%(tl, tg) + 2S(t1, t2>53(t1, tg).

Definition 8.3. We define the trigonometric functions of order b : J h(z)( t1).[3]

exp(ti1,) = Jh¥ (1)) Zjh% (t)IE, (8.9)
where I, denotes a b-th root of negative unity, [ g = —1.
> tbz 27 +1 27 +1
Jho 27 {z::exp t1 cos W)] cos(t; sin@)}
(8.10)
Wy D 50
Jhy (t1) = %Jh p(t1)

b : ] ]
= ll){ Z[exp(tl cos (2]—21)”)} cos(t1 sin (2] 41; Dl + (2] —Z l)w)}’ (8.11)
j=1
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e d°
Thi(h) = ﬁjhgog(tl)
ty
b , . .
= 1{ [exp(t1 cos M)} cos(t1 sin (2j + U + (2 + 1)%)},
bl b b b

ThP) (1) = =T (#1)
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(8.12)

If b =1, then JA\)(t1) = e~t'. If b = 2, then Jh{)(t,) = cost;. If b = n is an

odd,

n—1

0 17 _ 2 - jm . g
Jhg,,)l(h) = {e 49 Z exp(ty(—1)7 cos ;) cos(ty sin n)] )

=1

If b = 2n, where n is an odd, then

n—3
© y_ 1 ’ (2j + m (2 + D7
Jhs o, (t1) = - {cos t1 4+ 2 Jz% ch(t; cos T) cos(t1 sin o
Ifb=4m,m=1,2,...,
m—1 . .
(0) _ L (27 + D7 . (2j+Dr ]
Jhy jm(t1) = - [ Z ch(ty cos P ) cos(ty sin B )|

J=0

Definition 8.4. We define the Euler's formula of the negative hypercomplex

numbers similar to the Euler‘s formula in the complex numbers.[3]

b—1 b
exp {z tiIg} S i
=1 =1

(8.13)

where S; is called the complex trigonometric functions of order b with (b — 1) vari-
ables. Substituting (8.1)—(8.4) and (8.9)—(8.12) into (8.13) we can obtain S;. Let
b =1, we have S; = e . Let b = 2, we have exp(t1ls) = cost; + sint1 5. S; have

an identity

S -5 ... —8
S; Slb . _52 S1 (S1)1 - (S1)poq
Sy Sy oo =S, | _ 5"2 (S?)1 (53?17—1 .

- s s e G
Sy Syq - Sy b (S (Sp)p—1
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where (S;); = %—%. From (8.14) we have the S; Cauchy-Riemann equations
S1 —-Sp . —So
I I I
(S2)1 (S - —(Ssh
I I I
(93)2  (S2)2 -+ —(Sa)z2 |, (8.15)
| | |
| | I
(So)o-1 (Sp-1)p-1 -+ (S1)p-1
Let S; = £, where
L e )
Rb _ :'U2 "L’l o .. _:L'3
Ty Tp—1 0 T1
Yi = Z 7& aPah2 ~-avb”(—1)m
! \ bylbg! byl 1t 72 b ’
ijljbj:i—l(mod b)
b
> bj=b.
j=1

b
m=> (j—1)b;—i+L1.
j=1

If z1,---,xp are integers, then S; are rational numbers. We prove that (8.14) has
infinitely many rational solutions.Let b = 2. We have R? = 22 + 23, vy = 2% —
23, y2 = 2x122. Let b = 3. We have R® = 2§ — 23 + 23 + 3z120m3, y1 = 25 — 23 +
T3 — 6211073,y0 = (2312 — 23w3 — 2371), Y3 = 3(ziws + 23721 — 23w2). We have
the following formulas[3]

o Sin)]
where
S1(1) =1  —=S,(1) —S5(1)
Sp(1)  Si(1) -1 —S3(1)
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Sl(n) - 17 _Sb(n)’ Ty _SQ(n) - Sl(l) - 1a _Sb(l)? Ty _52(1)
Sl‘g’n) -1 S—Sb(n) e —gg(n)
1 =1 - —S3(1
[S1(n)] = |S1(n) — 1] = ( b ) 3( )
Sp(1) Sp-1(1) -+ S1)—1
SQ(n),Sl(n) — 1, ey —53(??,) — 51(1) — 1, —Sb(l), ey —52(1),
SQ n) Sl(n) -1 —Sg(n)
Ss(1) S1(1) -1 —S53(1
safmy = | 1 ) .
Sp(1)  Sp-1(1) Si(1) -1

gb n) SSb_l(n) S1 (;L) -1

1 1)—-1 —53(1

sl =| 17 .
Sp(1)  Sp-a(1) -+ Si(1) -1

We have the following formulas [3]

j:i:(‘” i) = (sl
where
S 41 —S(1) _S,(1)
sy =| O S S0
Sp(1)  Spa(1) Si(1) + 1
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(=D 1S (n) +1 —(=1)""'S(n) -+ —(=1)""'Sz(n)
s S0 S s
Sp(1) Sp-1(1) Si(1) +1
(=1)" 1 S2(n), (1)1 S1(n)+1, -, = (=1)""1S3(n) — Si(1)+1,=Sp(1), - -, —Sa(1),
(=1)"1Sa(n) (=1)""'Si(n) +1 -+ —(=1)""'S3(n)
Ss(1 S +1 —Sa2(1
’(_1)71—152(”)’ _ 2( ) 1( ) 3( ) :
Sp(1) Sp-1(1) S1(1) +1
(=1)" 1 Sy(n), (=1)" " 1Sp_1(n), -+, (=1)"1S1(n)+1 — S1(1)+1, =Sp(1), -+, —=Sa(1),
(—1);7151)(”) (—1!71517—1(”) (—1)"7;51(”) +1
1 1 1 _ 1
(=)™ Sy(n)| = 2 o e
S(1) Sp-1(1) S1(1) +1

Sl(l) = Si(tl, cee ,tb_l) and Sz(n) = S’i(ntl, s ,ntb_l)
S; have the recurrent formula similar to De Moivre formula

b

> Si(mt) 1! (ZS 1 1) : (8.16)
i=1
where m = 0,+1,4£2,---, (t) = (t1,t2, -, tp—1), (mt) = (mty,mta, -, mtp_1).
Example 8.2. Let b=3. From (8.13) we have
exp(t1l3 + t213) = S1 + Sol3 + S313,
where

1
S = g[eA + 2eP cos ),
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Sy = %[CA — 2e8B cos( — g)],
S3 = %[EA + 2¢8 cos(h — 2?77)],
A=ty —t, B="1 ;tz, 0= ?(tl—i-tg),
17 2 -1 \/§(82 + 53) :|
=—|— — " ] - S
ty Q[ﬁtan 55, 1 Sy — S n(S1 — Sz + S3) |,
to=—|—%=t —— 41 - S3)|.
5 2[\/§ an 251+S2_S3+ n(S; — Se + S3)
From (8.14) we have the identity
S1 =83 =52 S (S (Sh)2
SQ Sl —Sg = SQ (Sg)l (52)2 =1.
Sz S22 S Sz (S3)1 (S3)2
From (8.15) we have the Cauchy-Riemann equations
S1 =S5 =5
I I I
(S2)1 (S1)r —(S3h
I I I
(53)2 (S2)2  (S1)2
From (8.16) we have the recurrent formula
3 ‘ 3 o \m
ZSi(mtl,th)Ig_l = (ZSi(tl,t2)1§_1> .
i=1 i=1

Let m = 2, we have
S1(2ty,2t0) = Si(t1,ta) — 2S2(t1, t2)S3(t1, t2),

Sa(2t1,2t9) = =S5 (t1, t2) + 251 (t1, 2) Sa(t1, ta),
S3<2t1, 2t2) = S% (tl, tQ) + 25 (tl, tg)Sg(tl, tg).

Definition 8.5. We define the positive hypercomplex numbers [3]

T2 T s X3 n
r=| I3 ) e Ty | = Zl‘igﬁfl,
.- =1

Tp Tp—1 -+ T1
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(8.17)
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where

0 O 1

1 0 0

J.=1 0 1 0 |,...Jn=1,

O 0 --- 0

Jny J2, ..., J7 L are called the bases of the positive hypercomplex numbers.
From (8.17) we have
d S da Jit =
/; =logz = ﬁ =logR+ Y tiJ}, (8.18)
i=11i i=1

where R is called the modulus, t; is called i-th argument,

dry dz, -+ dzg dry dxp -+ dxs
1 X9 1 . T3 1 ) X1 . T3
logR:/ﬁ T3 T o T4 ,tlz/ﬁ r3 Ty - X4 |,
Tn Tp—-1 - X1 Tp Tp—1 -~ X1
dl’g dxg cee da:4 da:n dIL’x_1 s da:l
1 i) I cee I3 1 i) I I3
t2:/ﬁ T3 9 T4 7"'7tn71:/ﬁ T3 9 T4 ,
Tp Tp—-1 -+ X1 T, Tp—1 -+ T1
X1 Ty S )
x2 xl ... x3
Rn = | X3 ) e X4 . (8.19)
Tn Tp—1 - T1

Let n = 2. From (8.19) we have

‘ dl’Q d.%'l

T2 z —1 T2

t1 = ———————— —tanh 1 —.
1 T2 Z1
T2 I

Let n = 3. From (8.19) we have
1 diL‘Q dl‘l dl’g
t1 2/*3 r2 w1 I3
R I3 T2 T1

2 VBt xg))

1(1 xr1 + 22 + 3 2
0 _
& R \/§ 2$1*ZE2*IE3
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1
= [ m

Let n = 4. From (8.19) we have

275

drs dzxro dxq
€2 T T
I3 xI9 I

1 2 3(—
= —(logigv1 + T2t T3 + —tan~! —\/_( x2+x3>>,
2 R V3 2x1 — T2 — X3

dl‘g da:l da:4 d.%’g

1 1 1+ 29+ 23+ 1 —xo+x
tlz/ﬁ To Tl T4 T3 :2(10g 1 2 3 4 _ a1l 222 4>’

€3 €2 T X4 T — T2+ T3 — T4 xr1 — T3
X4 x3 x2 T

dafg d$2 da:l dl’4

tg _ / i 9 Tl T4 T3 _ llog ($1 + .%'3)2 — (%2 + 1'4)2
RY| w3 @®2 x4 2 Rs ’
X4 x3 €2 x1
dry dzxrs dxo dxq
ty _/i T2 T Ty T3 | _ l(log $1+$2+$3+«T4+tan_1 (_1724‘1'4)).
R*| xz3 ® 11 X4 2 X1 — To+ T3 — x4 T1 — X3
T4 x3 X2 x1

Let n = 5. From (8.19) we have

t _1( BlcOS%-f—BQCOSQ% leing—9251n2§>
ta 2 v0.325 1.25 ’
t3 _1( Blcos2gr+Bgcos7g101sin2gr+92sing>
ty 2 v0.325 1.25 ’

where

B 1 . [(—z2 + z5) sin 4+ (z3 — 74) sin 2?” 2+ [z1 — (z2 + @5) cos T + (w3 + z4) cos 2—"}2
1= ;log

5 5
2 R2 ’
00— tan-l (—wg 4 x5)sin T + (w3 — 24) sin &F
1= s 27 )
71 — (w2 + x5) cos § + (w3 + w4) cos T
B 1 log [(—z2 + z5) sin 2?“ + (—x3 + x4) sin %]2 + [z1 + (z2 + x5) cos 2?" — (3 + x4) cos %]2
2= = )
2 R2
0 — tan- (=2 + x5)sin ZZ + (—z3 + 24) sin 2
2 =

z1 + (w2 + x5) cos & — (w3 + x4) cos T
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Let n = 6. From (8.19) we have

1
t3 = 6(2B1 —2D1 + A2 — Al),

1 01 —
to :<—B1—D1:t 1 ¢1)
t4 2 V3
ts 1<—B1+D1+A1—A2 91+¢1)
== +
i1 2 3 \/g
where 6 6 -
G 6 2i(—1)
A =1 i=1Ti Ao =1 szl l(
1 og R og R )
1 [361—1—304—%($2+$3+$5+9€6)]2+%(—9624-563—955-&-966)2
By = -log
2 R?
0, — tan~! V3(—x2 + 23 — 5 + 76)
201+ 2x4 — o — T3 — T5 — X
1 [xl—:134—1—%(;102—953—:65—1-366)}24-%(—x2—$3+x5—|—a}6)2
D1 = = log )
2 R?
b = tan_l \/5(—352 —x3+ x5 + xﬁ)

221 — 224 + 9 — X3 — X5 + X6
We can immediately translate many concepts from complex variables into the pos-

itive hypercomplex notation. From (8.18) we have the exponential formula of the
positive hypercomplex numbers

n—1

z = Rexp ( > tiJ;) =R SiJ; " (8.20)
=1

=1

If z; # 0 and R = 0, then there are zero divisors in the positive hypercomplex
numbers. Therefore the positive hypercomplex numbers H form a ring.
Let A C H be an open set and let f: A — H be a given function

Yi. Yn Y2
Y2 n Y3 n -
f@y=1{ v w2 - oy | =D wl " (8.21)
“ee e “ e o =1
Yn Yn-1 -~ N

Theorem 8.1. Let f: A C H — H be a given function, with A an open set.
Then f’(z¢) exists if and only if f is differentiable in the sense of real variables and
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at (z10, -, Tno) = o, y; satisfy
[ (i) (et o (Y2)1 ]
e G
(y!):a (y!):a - (y!):a ’ (8.22)
oD G |

where (y;); = a%]-yi’ called the Cauchy-Riemann equations.

Thus, if (y;); exist, are continuous on A, and satisfy the Cauchy-Riemann equa-
tions, then f is analytic on A. Since f’(zg) exists and has the same value regardless
of how x approaches x.

Let n = 2. From (8.22) we have the Cauchy-Riemann equations

Oy Jy2 Oy _ Oy

8.%1 N 85827 89:2 - al’l‘
Let n = 3. From (8.22) we have the Cauchy-Riemann equations

Oy _Oya _Oys Oys _Oy1 _ Oya Oy2 _ Oys _ Oy

8.7}1 N 8.1‘2 N 8.%37 8%1 N 61’2 N 61’3’ 6901 N 6$2 N 81’3'
Any function satisfying (8.22) is said to be analytic. y; are n-times continuously
differentiable functions and differentiating the Cauchy-Riemann equations (8.22).
We obtain the differential equation of hyperbolic type

0 ) ... 0
oo o1 oz3
0 0 0 _
0 o ... O
8xn axn_l 82?1
Any function satisfying (8.23) is said to be harmonic. In a similar fashion ya, - -, yn

are also harmonic.
Let n = 2. From (8.23) we have

y1 _ &y _
82$1 821‘2 N
Let n = 3. From (8.23) we have

Py Py Py, Py
83951 331'2 83.%'3 83:189528373 -
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From the above analysis we come to a conclusion that the above equations are
isomorphic to the matrix in (8.17).

We discover a relation between the differential equation and the hypercomplex
number.

Definition 8.6. We define the negative hypercomplex numbers

1 —Tp —Tp—-1 - T2
T2 I —In e —X3 n )
T = xs T2 X cee =Xy | = Z SUZ'IZL_l, (8.24)
Tn Tp—1 Tp—2 e X
where
0 0 -1
1 0 0
L,=1] 0 1 0 |,..I)=-1,
0O 0 --- 0
L, -+, I"" ! are called the bases of the negative hypercomplex numbers.

From (8.24) we have

dx S da I =
/7 —loga = [ LA —log R+ Y4, (8.25)
z i=1Liln i=1
where R is called the modulus, t; is called i-th argument,
dry —dx, --- —dxo
1 T2 I Tt TI3
logR:/ﬁ T3 To s —xg |,
Tn Tp—-1 - 1
d.%'g dl‘l cee —d(l?g
1 T2 £y ot T3
tlz/ﬁ T3 T2 o T4 |,
Tpn Tp—-1 - x1
dxg dl‘g tee —d.%'4
1 T2 L
t2:/ﬁ r3 X2 v —Tg |,
Tpn Tp—-1 - Tl
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dr, drp,—1 --- dxi
1 T2 T ce —X3
tn—lz/ﬁ T3 2 e Ty |,
In Tpn—-1 =+ T1
$1 7$n DY 7‘%‘2
T2 X1 o —X3
R'=| 23 x9 -+ —x4|. (8.26)
Tn ITp—1 -~ 1
Let n = 2. From (8.26) we have
’ d.l‘g d$1
€2 €1 _1 22
tlz/iztan Lty
T1 —T2 1
T2 T1

Let n = 3. From (8.26) we have
1 dl’Q d.%'l —dl’g
tl :/73 T2 1 —XI3
R r3 T2 T

1( 2 1 \/§($2+£B3) $1—:L‘2+:L‘3>
—= tan og ,
2 \/§ 2r1 + 10 — x3 R

e [ drg dra - dn 1( 1 V32 + o) +logx1—x2+x3>
2= | 553 2 1 —T3 | =5\ 7= o E——
R 3 o 1 2 \/5 2x1 + 19 — x3 R

Let n = 4. From (8.26) we have

t2 — ltan_l _;g% * '2421 + 2x1x2,
2 ] — T5 + 2x914
t1 _1 V2(2172 — 20T + 1374 + T174)
tn tan 2 _ .2, .2_ .2
3 2V/2 T — TH + x5 — x°0y
3+ 2+ 23+ 23— V2(x129 + 2073 + T324 — T124)
Flog 72 .

Let n =5 From (8.26) we have

ty 1(Glsing+egsin25”iBlcos’g—kBgcongr)
t4 2 ’

- 1.25 0.3125
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5 5

to 1(Glsin27r—928in7r Blcos2gr—|—Bgcosg>

= T
t3 2 1.25 0.3125
where
1 [¢1 + (2 — x5) cos T 4 (@3 — x4) cos 2Z]2 + [(x2 + x5) sin T + (z3 + x4) sin 2X]2
Bi = - log 5 5 5 5
2 R2 )
6, — tan~! (z2 4 x5) sin T + (23 + z4) sin 2
z1 + (w2 — m5) cos T + (z3 — x4) cos 2’
1, [w1+ (—22 +x5)cos 2F + (—a3 + m4) cos ]2 + [(x2 + x5) sin ZX — (23 + 24) sin T]?
B2 — log 5 5 5 5
2 R? ’
i 21 T
1 (w2 4 w5) sin 3 — (w3 + x4) sin T

92 = tan

x1 + (—x2 + x5) cos 2 + (—w3 + w4) cos F

Let n = 6. From (8.26) we have

oo otd—0F :1(90+¢0+25$30—D0) ta :1<¢0—90$H)
3 3 s ts 2 \/g \/g "ty 92 \/g :
where
_1 T2 — T4 + Tg 1, (z1—23+25)% + (22 — 24 + 76)?
—tan 1 =" 2 H=_]

b a $1—J}3+.€U57 2 8 R2 ’

1 [z1 4+ (—x2 + x6)§ + E82512 4 [y — (23 + x5)§ + £2f26]2

Bozilog R2 )

1 2z4+ 72+ T6 — \/§($3 + x5)
21+ x3 — x5 + \/g(—m’g + x(;)7

0y = tan

Do — 1 o [z1 + (22 — :I:G)@ + —x3515]2 + [z4 + (23 + 1‘5)@ + _x2;m6]2
0=75 g R2 ’
124 + 22+ 26 + \/§(x3 +x5)
21 + a3 — x5 + V3(22 — 6)
We can immediately translate many concepts from complex variables into the
negative hypercomplex notation. From (8.25) we have the exponential formula of
the negative hypercomplex numbers

¢p = tan

n—1

= Rexp ( > tiI};) =R S, (8.27)
=1

i=1
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If z; # 0 and R = 0, then there are zero divisors in the negative hypercomplex
numbers. Therefore the negative hypercomplex numbers H form a ring.
Let A C H be an open set and let f: A — H be a given function

I —Yn o~
Y2 oy o U3 nooo

f@y=1{wy - -y | = wlih (8.28)
Yn Yn—1 - Y1

Theorem 8.2. Let f: A C H — H be a given function, with A an open set.
Then f’(xq) exists if and only if f is differentiable in the sense of real variables and
at (210, "+, Tno) = To, y; satisfy

[ ()1~ o —(y2)1 ]

(y!)z (y|1|)2 e —(?Us)z

(y!)g (y!)3 . (24)3 ) (8.29)
_(yL’)n (yn[)n » (y’1|)n

where (y;); = %yi, called the Cauchy Riemann equations.

Thus, if y; exist, are continuous on A, and satisfy the Cauchy Riemann equations,
then f is analytic on A. Since f/(xg) exists and has the same value regardless of
how z approaches .

Let n = 2. From (8.29) we have the Cauchy-Riemann equations

Oy _ Oya Oy2 _ Oy1

8.%'1 - 8902’ 6951 N axg.
Let n = 3. From (8.29) we have the Cauchy Riemann equations

Oy _Oy2 _Oys Oys Oy1 _Oyr Op _ Oys _ O

8%1 N 8%2 N 83337 8$1 N axg N a$37 (‘91:1 a _8$2 B 8x3’

Any function satisfying (8.29) is said to be analytic. y; are n-times continuously
differentiable functions and differentiating the Cauchy-Riemann equations (8.29).
We obtain the differential equation of elliptic type

o0 _9 ... _9
0x1 Oxn Ox2
o o ... _0
0z o1 0x3
0 0 _
9oz Oez 0 “om |1=0 (8.30)
o _9 ... 0
O0rn  OTp_1 oz




282 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

Any function satisfying (8.30) is said to be harmonic. In a similar fashion ya, - -, yp
are also harmonic.
Let n = 2. From (8.30) we have

Py Py 0
82$1 821'2 -
Let n = 3. From (8.30) we have
Py Py Py Oy

83.%'1 B 83$2 63563 8.21718%’26.%3 =0

From the above analysis we come to a conclusion that the above equations are
isomorphic to the matrix in (8.24).

We discover a relation between the differential equation and the hypercomplex
number.

Definition 8.7. We define the negative-positive hypercomplex numbers

r]p —T2 T3 —T4
To T T4 X3

T = =x1 + x2ly + x3Jo + 24k =
r3 —T4 T —IT2

T4 z3 Z2 z1

= Rexp(t1ls + taJs + tsk) = R(S1 + Sala + S3Jo + Sik), (8.31)
where
0 -1 0 O
|10 0 0| o
=19 o o -1 2770
0 0 1 O
0010
looo1] ,
L2=1100 0|20
0100
0 0 0 -1
00 1 0 | 4
k=Dla=1q4 1 ¢ o [F=7L
1 0 0 O
dl’Q d.%'l d$4 dl‘3
RY| w3 —my x1 —22 2 x§+a% — 23 — 2§

Tq T3 T2 I
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T3 —dac4 dacl —d.%'Q

T4 T3 1 1 2x173 + 27074
= 5 tanh ™" ———o——5=—,
R4 96'3 —1‘4 T —x2 2 rf + x5 + w3 +
Ty I3 T2 X1
da:4 d:l?g d:EQ dl‘l
ts = / Al o m owg | _ ltan 1 *2$2SE3 +2$1$427
R4 56’3 —ZE4 ZE1 — 2 2?2 + 2% — 23 — 22
X1
1 —t
=3 e cos(ty +t3) + e cos(t; —t3) ),
L7y
=5l 2sin(ty 4 t3) + e 2 sin(t; —t3) ),
L(y —t
S3 = G 2cos(t +t3) —e 2 cos(ty — ts) |,
1 —t
=5l e sin(ty 4 t3) — e 2 sin(t; —t3) ).
We have S; an identity
S1 =S S3 =954 St (S (S1)2 (S1)3
Sy S1 Sy Sz | _| S2 (S2)1 (S2)2 (S2)3 | _ 1 (8.32)
S3 =Sy S1 =5 Sz (S3)1 (S3)2 (S3)3 ' ’
Sy Sz S 51 Sy (S1)1 (Sa)2 (Sa)3

From (8.31) we have De Moivre formula
Sl(m)+52(m)12+53(m)J2+5’4(m)/€ = [51(1)—I—Sg(1)]2—{—53(1)J2+S4(1)/€]m. (8.33)

Where Sl(l) = Si(tl,tz,tg), Sl(m) = S’i(mtl,mtg,mtg).
Let n = 2. From (8.33) we have

S1(2) = SF(1) — S5(1) + 55(1) — S7(1), Sa2(2) = 251(1)S2(1) + 253(1)S4(1),
S3(2) = 251(1)S5(1) — 252(1)S4(1), S4(2) = 251(1)S4(1) + 252(1)S5(1).
From (8.33) we have

(n) —S4(n)

(1) S3(1)
D=1 =S(1) |’

S3(1) Sa(1 Si(1) =
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ST
280 =] s0) s S0 -1 —S1) |
Su(1)  S3(1) Sy(1)  Si(1)—1
. S3(n)  —=Si(n) Si(n)—1 —=S3(n)
nz:S(i):i Se(1) Si(1)—1  Sa(1) S3(1)
S PTAT] Sa(1) —Sa(1) Si(h) =1 =Sy(1) |
Su(1)  S3(1) Sy(1)  Si(1) -1
ST 0 Iy
. 1 1)-1 1 1
Z{SA‘(”:W 52(1) i54(1) Slé)_l —5%2(1) ’
Sa(1) - S3(1) Sa(1)  Si(1) -1
where
S1(1) =1 =5(1) S3(1)  —=Sa(-1)
Al = Sy(1)  Si(1)—1  Sy(1) Ss(1)
S3(1) =S4(1)  Si(1) -1 =Sx(1) |

Sa(1) S3(1) Sy (1 51(1) -1

If x; # 0 and R = 0, then there are zero divisors in it. Therefore the negative-positive
hypercomplex numbers H form a ring.
Let A C H be an open set and let f: A — H be a given function

Y —Y2 Y3 —Ya

Y2 Y1 Y4 Y3
T) = =y1 + yolo + y3Jo + ysk 8.34
f(z) Vs —us 1 — Y1+ y2lo + y3Jo + ya (8.34)

Y4+ Y3 Y2 U1

Theorem 8.3. Let f : A ¢ H — H be a given function, with A an open set.
Then f’(z¢) exists if and only if f is differentiable in the sense of real variables and

at (x10, 20, T30, T40) = To, Y; satisfy

Oy _ Oy Oys _ Oy
3%1 8952 8333 8$4,

Oy _ Oy _ Oy _ Oys
0x1  Oxy Oxs Ox4’
Oys _Oys _ Oy1 _ O
81‘1 81‘2 a:Eg 8$47

_Oys _Oys _ Oy _ O
81'1 81‘2 63;3 63347

called the Cauchy Riemann equations.

(8.35)
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Thus, if 72£,4,5 = 1,2, 3,4 exist, are continuous on A, and satisfy the Cauchy
J
Riemann equations, then f is analytic on A. Since f’(xg) exists and has the same
value regardless of how x approaches xg.
y; are 4-times continuously differentiable functions. From (8.35) we have the

partial differential equation of mixed type

9y;
ox

o _ 98 98 _ 9
832 850(;9 854 8375 Yi = 0 (836)
8x4 8(23 81’2 axl

There are hyperbolic type and elliptic type in (8.36). We discover a relation between
differential equation and hypercomplex number.
From (8.35) we have

Py Py 0
82$1 8233‘2 -
Py Py 0
82$1 82:103 7
Py | Py 0
82371 82x4 S
Pyy  ya 0
82$2 821'3 -
O%ys | Pys _ 0
821‘3 82$4 ’
Py2  yr _ 0.

82.%’2 821:4

Definition 8.8. We define the positive-positive hypercomplex numbers

[ r1 T2 T4 T3 Te I 1
T2 I1 Tg Iy T4 I3
r3 Ts T1 T4 T2 T 2 2

T = =1x1 + x9Js + x3J3 + 145 + 5003 + 160

T4 Te T3 T Ts o 1 2J2 3J3 4J3 5243 6J2J3,

T5 T3 T2 Tg T1 T4

Te T4 Ty T2 T3 T1

(8.37)
where Jo, J3,J3, JoJs, JoJ3 are called bases, J3 = 1 and J§ = 1. From (8.37) we
have the exponential formula

x = Rexp(t1Jo + toJs + tgjg? +tyJoJ3 + t5J2J§)
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= R(S1 + SaJy + S3J3 + S4J3 + S5.J2J3 + SeJ2J3),

where )
S, = 6 e 4 2¢B1 cos 01+ e2 +2¢P2 cos 62},
1
Sy = 6 e 4 2¢B1 cos 01 — eA2 — 2¢P2 cos 92},
1
Sz = 6 et — 2¢B1 cos(0) — g) + e2 — 2eP2 cos(6, + g)},
1 2 2
Sy = G et 4+ 2eP1 cos(, — %) + 42 4 2P cos(fy + g)],
1

S5 = 6 et — 2¢B1 cos(0) — g) — 2 4 2eP2 cos (0 + g)},

1 2 2

S = G et 4 2eP1 cos(, — ?ﬂ) — 2 — 2eP2 cos(6, + %)]
with
5
Ay =) ti, Ay=—ti+ty+t3—ty—ts,
i=1
to+t3+tg+1 3
By=t; — 22 5 115 g = g(—t2+t3—t4+t5),
to+tg—ty—t V3

By = —t) — = 32 2 9227(752—753—&1%—755)'

From (8.39) we have its inverse transformation

6
et =>"8;, e’ =58 +95+ 85— S5 — S,
i=1

B cosfh = 51+ Sy — %(Sg + 544 S5+ 56)7
eBlsin ) = ?(53 + 84— S5+ S6),
1
eP? coshy = Sy — Sy + 5(—53 — Sy + S5 + Se),

eB2 sin @y = ?(53 -S4 — S5+ SG)

(8.38)

(8.39)

(8.40)

(8.41)

(8.40) and (8.41) have the same form, ty) =0 — S1,t; — So,ta — S3,t3 — S4,t4 —

Ss,t5 — Sg. Let S; = x;/R. From (8.40) and (8.41) we have

1
t1 = 6(231 — 2B2 + A1 — Az),
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to 1 (A1 +A Oy —92)
= — 8.42
ty 1(141—142—314-32 :':91+92>
ts 2 3 V3 )
where
1+ T2+ T3+ 24+ 25+ T Tl — T2+ T3+ T4 —T5 — T
Ay =log , As =log ,
R R
1 (21 + 22 — WM]Q + %(—303 + 24 — x5 + T6)*
Blzilog 22 )

L V3(—m3+ 24 — x5 + T6)
2201 + 229 — T3 — T4 — T5 — Tg

01 = tan™

B, — 11 (21 — @ 4 —Zameakmatee)? 4 3 gy g 4 3)?
2*§Og R2 )

1 V3(z3 — 24 — 25 + 26)

b2 = tan™ 221 — 209 — w3 — T4 + X5 + L6
RS = det |z].
From (8.39) we have S; an identity

1 24365 I (1 (2 ()3 (L)a (1)s
2 16 5 4 3 2 (271 (22 (23 21 (2)s
351 4 2 6 _ 3 3)1 B2 B)s B)a (3)s 1 (8.43)
4 6 315 2 4 (41 42 (43 @1 D5 ' '
53 2 6 1 4 5 (5)1 (5)2 (5)3 (5)a (5)s
6 4 5231 6 (6)1 (6)2 (6)3 (6)s (6)5

where j = Sj; j =1,2,3,4,5,6; (j); = 300 =1,2,3,4,5.

Definition 8.9. We define the positive-positive hypercomplex function
f(@) =y +y2da + ysJs + yaJi + ysJoJs + ysJo I3 (8.44)

From (8.44) we have the Cauchy-Riemann equations

(D1 =(2)2=03)3=(4)a=(5)5 = (6)s
2)1=(1)2=05)3=(6)a=(3)5s = (4)s
(4)1=(6)2=(1)3=(3)2=(2)5=(5)6
(3)1=(5)2=4)s=(1)a=(6)5 = (2)s
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(5)1=3)2=(6)3=(2)a=(4)5 = (1)s (8.45)
where (i); = g%u =1,2,3,4,5,6.

If y; are 6-times differentiable functions. From (8.45) we have the partial differ-
ential equation

1 24365
216 5 4 3
351 4 2 6
16315 2|%=0 (8.46)
532 6 1 4
6 45 2 3 1

where j = 2-,j =1,2,3,4,5,6.
J

Definition 8.10. We define the negative-negative hypercomplex numbers

r1 —Tp2 —T4 —X3 Te I5

T2 Tl —Tg —T5 —T4 —I3
r3 —I5 T1 —X4 —T2 e 2 9

T = = x1+xolotaxslst+xali+xslols+x6lal.
Ty X3 Ty —Tg X1 —4

T6 T4 xIs ) I3 T

(8.47)
where Iy, I, I2, I 13, I I3 are called bases, 2 = —1 and I3 = —1. From (8.47) we
have the exponential formula

Tr = Rexp(t1]2 + tols + t3[32 + tylol5 + t5[2]§)

= R(S1 + Sals + SsI3 + S4I§ + S5lol3 + 86]2_[32), (8.48)
where .
S| = g[eBO cos By + P cos Oy + eP2 cos 0],

B>

1
Sy = g[eBO sin Oy — eP1sin6; — eP2sin 02],

1

S3 = 3 [ — P cos b + P cos(6; — g) + eP2 cos (0 + g)},
1 2 2

Sy = 3 [eBO cos By + B cos(f; — %) + eP2 cos(6, + ;)},
1

S5 = 3 { — eBosinfy — eP1sin(6; — g) — eP2sin(0y + g)],
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1 2 2
So = 5 [ sinf — e sin(é - g) — B2 sin(6, + ?”) . (8.49)
with
By = —to +1t3, Og=t1 —ta+ts5,
to —1 3 3 —ta +1
B=2_"34 i(u tts), Oy =—t + £(tg hg) + —
2 2 2 2
to —1 3 3 —t t
By= 23 —i(t4+t5)7 egz—tl—i(t2+t3)+ﬂ. (8.50)
2 2 2 2
From (8.49) we have its inverse transformation
eP0 cos 0o = S1 — S5+ 5y, eP0 sin fp = S9 — S5 + Sg,
Sz — S, 3
eBrcosy = Sy + % + %(55 + S6),
3 —S5+ S
eBrsing, = -9y + g(&g + S4) + %,
Sz — S, 3
P2 cosfy = S + 22 5 i \g_(Ss + S6),
3 —S5+ S
eB2sinhy == — S, — \g_(Sg + S4) + % (8.51)

(8.50) and (8.51) have the same form, tg = 0 — Si1,t; — So,ty — S3,t3 — Sy, t4 —
Ss,t5 — Sg. Let S; = x;/R. From (8.50) and (851) we have

0p — 01 — 0
th=—7—"—,
3
t 1(01—92 )
= — + (B B
ts 2\ "3 (B1+ Ba) |,
ty 1 /By — By 290+91+92)
= — . 8.52
o =5 e (8.52)
where n
0y = tan"! T2 75T 6 mﬁ,
Tl — X3+ 24
1, o1+ 285250 4 Bz + 26)]* + [ — 22 + %2 (23 + 34) — E55%6)2
Blzilog R2 5

1 —2x9 + \/5(333 + $4) — X5+ Tg

01 = tan )
271 + 23 — 4 + V3(25 + 76)
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B :110 [xl""%_@(%"‘%)]z‘f‘[—@—@(%4-%)4—%]2
2 2 & R2 )
1 —229 —\/3(333-1-364) — 5+ Tg
221 + 23 — x4 — V3(25 + 6)
R% = det |x|.

From (8.49) we have S; an identity

92 = tan

1 -2 -4 -3 6 5 L (D (Do (s (s (Ls

2 1 6 -5 —4 -3 2 (21 (22 (s (21 (2

35 1 4 =2 6| 3 () Bp B B Oh|_; (g
4 -6 3 1 -5 -2 4 (@ 42 M) e (s |
53 2 6 1 —4| |5 (5)1 (52 (B)3 (B5)1 (5)s

6 4 5 2 3 1 6 (6)1 (6)2 (6)s (6)a (6)s

where j = Sj:j = 1,2,3,4,5,6; (j); = 52,0 = 1,2,3,4,5.
Definition 8.11. We define the negative-negative hypercomplex function
f@) =91 +yolo +ysls + y4I§ + yslols + yg[gfg. (8.54)

From (8.54) we have the Cauchy-Riemann equations

(5)1=—)2=(6)3 = —(2)a=—(4)5 = (1)s, (8.55)
where (i); = 9% i, j =1,2,3,4,5,6.

ox;’
Ify; are 6-tirn]es differentiable functions, from (8.55) we have the partial differential
equation
-2 -4 -3 6 5
1 -6 -5 —4 -3
-5 1 -4 -2 6 _0
6 3 1 -5 —2|¥7%
3 2 -6 1 -4
4 5 2 3 1

(8.56)

S T W N+~

where j = %j =1,2,3,4,5,6.
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Definition 8.12. We define the negative-positive hypercomplex numbers

[ r1 —T2 T4 T3 —Teg —Ts i
x2 T g Ts T4 €3

T = ii _iz i; i;l _ii _ig =x1+xolo+x3J3 +.%'4J§+375IQJ3+{L'6IQJ§,

T5 z3 T2 Te T T4

Ze T4 5 T2 3 €1

(8.57)
where Iy, J3, J2, I J3, IJ2 are called bases, I3 = —1 and J§ = 1.
From (8.57) we have the exponential formula

Tr = Rexp(t1[2 + toJ3 + L‘3J§ +t4loJs + t5IQJ§) =

R(Sl + Soly + S3J3 + S4J§ + S515J3 + SGIQJ??), (8.58)

where

1
Sl_§

eP1 cos by + eP? cos By + 3 cos 03],

1
Sy = 3 [eBl sin 01 — €52 sin 0y — €73 sin 93} ;

1
S = = [eBl cos B1 — P2 cos(fy — z) — eP3 cos(05 + W)],
3 3 3
1 2 2
Sy = 3 [eBl cos 1 + P2 cos(fy — I) + eP5 cos(63 + ;)} ,
1
S5 = 3 ePrsinhy + P2 sin(fy — g)

+ eP3 sin(63 + 731 ;

2

S = eBrgin g, — P2 sin(fy — 2%) — B3 sin(f3 + ?)] (8.59)

Wl =

with
By =ty +1ts, 01 ==11 +1t4+ 15,
Ctatt3 V3 V3 ty +ts

By = —(—t t Oy = —t —(—t t
2 5 +2(4+5),2 1+2(2+3)+ 5

to+ty V3 V3 ty+t
—22 3+7(t4—t5), 63 = —t1 + - (t2 — ta) + = 5

From (8.59) we have its inverse transformation

Bs =

(8.60)

ePlcosh = S1 + S5+ Sy, ePrsinby =S5 + S5+ S,

eB2coshy = 5 — 53 —; 5 + ?(—55 + Sg),
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eP2 sin 0y = —Sy + ?(—53 + 54) + 55 ;— 56,
eBs cosfl3 = 51 — 53 —; 51 + ?(55 — S6),
3 S
B3 sinfy = — Sy + \5(53 — S+ 2 ;L 5. (8.61)

(8.60) and (8.61) have the same form, tg = 0 — S1,t; — So,ty — S3,t3 — Sy, t4 —
S5, t5 — Sg. Let S; = x;/R. From (8.60) and (861) we have

01— 02— 03 ty 1( 92—93) t4 1<291+92+93 By — Bs
tHH=——— =—(B = — .
1 3 P ts 2 1F ( \/g ) ts 2 3 + \/g )

(8.62)
where ( )2 ( )2
1 Tr1+ X3+ 24)° + (T2 + 25 + T
B1 = § log R2 )

1+ 23+ 24

1 [.%'1—‘T?’—;LL+?(—1'5“!‘.@6)]24‘[_x2+§(—1’3+x4)+%]2
By = Elog R2 )

1 222+ x5 + 26 + \/g(—xzs + x4)

0> = tan )
2:61 — X3 — T4 + \/g(—$5 + wG)
1, 2 — 232 4 (s — 26))? + [—wa + L3 (w3 — xg) + 2F2e)?
B3 = § 1Og R2 )

1 —2x9 + 25 + 76 + V3(23 — T4)

s = tan 2w — x3 — x4 + V3(25 — 26)
RS = det |z].
From (8.59) we have S; an identity

1 =243 =6 —5| |1 (1 (1 (s (s (s

21 65 4 3| 2@ (2 @5 @4 (s

35 14 -2 =6| |3 (h (G G GO0 Ok | g
4 -6 3 1 -5 -2 4 (41 42 W3 1 4)s '
5.3 26 1 4 5 (51 ()2 (5)3 (B)a (5)s

6 4 52 3 1 6 (6)1 (6)2 (6)3 (6)a (6)s

where j = 8j,j = 1,2,3,4,5,6;(j); = 52,1 =1,2,3,4,5.
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Definition 8.13. We define the negative-positive hypercomplex function

f(@) = vy1 +yolo + ysJs + yaJs + ysIoJs + yel2 3. (8.64)

From (8.64) we have the Cauchy-Riemann equations

—(2)1=1)2=—(5)3=—(6)4s=(3)5 = (4)6
(4)1=(6)2=(1)3=(3)a=(2)5 = (5)6
(3)1=05)2=4)s=1)s=(6)s=(2)s

—(6)1=(4)2=—(2)3=—(5)a=(1)5 = (3

—(5)1=B)2=—(6)3=—(2)a=(4)5 = (1)s

where (i); = 9% ,i,j =1,2,3,4,5,6.

J

(8.65)

If y; are 6-times differentiable functions, from (8.65) we have the partial differential

equation
1 -2 4 3 -6 -5
2 1 65 4 3
3 =5 1 4 -2 -6
4 631 -5 2 ¥u=0 (8.66)
5 3 26 1 4
6 4 5 2 3 1
where j = a%,j =1,2,3,4,5,6.
Definition 8.14. We define the positive-negative hypercomplex numbers
[ r1 T2 —T4 —T3 —Tg —Xj ]
T2 1 —Tg —T5 —T4 —X3
|3 w5 w1 —m w2 x| _ f 2 T2
L= T4 Te T3 21 s o = +I2J2—|—.’E3I3+g§4]3 +I5J2[3—|—.’E6J213,
rs XT3 T2 —Tg Tl —T4
| T6 T4 x5 o xrs3 I |
(8.67)
where JQ,Ig,Ig, Jols, ngg are called bases, J2 =1 and Ig’ =—1.
From (8.67) we have the exponential formula
xr = Rexp(t1J2 + tol3 + tgfg + tgJols + t5J2[§)
= R(S1 + SoJa + S3I3 + Syl + SsJols + SeJ2I3), (8.68)

where 1
S1 = 3 eP1 cosh 0 + P2 cos 2 + e cos 03],
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1
Sy = 3 {eBl sinh 6, — e cos 0 — 73 cos 93] )

1
Sy = 3|~ eB1 cosh 0, + P2 cos (b2 + g) + B3 cos(f3 — g)},
1 2 2
Sy = 3 ePrcosh 6y + P2 cos(fy + ?ﬁ) + P cos(f3 — %)}
1
S = 3 [ — ePrginh g, — P2 cos(fs + %) + P cos(f3 — g):la
1 2 2
Se = 3 [eBl sinh 6, — eP2 cos(6 + %) + eP3 cos(fs — ;)} . (8.69)
with
By = —ty+1t3, 01 =1t —ts4+1ts,
to—tg—t—4+t 3
Bgz—tl-i— 2 3 B 5, 92:\2_(_t2_t3+t4+t5)7
to —ts+ts—1 3
By =1t + 2 32 1 5, 93—%(t2+t3+t4+t5). (8.70)

From (8.69) we have its inverse transformation

€Bl coshf = 51 — S3 + 5y, eBl sinh 6, = Sy — S5 + Sg,

eP2 coshy = Sy — Sy +
Ss — Sy + S5 — Sg

2 )
(8.70) and (8.71) have the same form, tg = 0 — S1,t1 — So,ty — S3,t3 — Sy, t4 —
Ss,t5 — Sg. Let S; = x;/R. From (8.70) and (8.71) we have

eB3 cos 03 = S1+ S+

€B3 sin 93 = ?(534—54—}—55—1—56). (8.71)

_Bs—Ba+01 ta _1(93—92

ta 1(6>+0605 __ By— Bs+26;
t1 = = + (B B = — .
1 3 — D) 73 (B2 + 3)>7 ( )

ts 2\ V3 3

(8.72)
where
Ll T9 — T5 + Tg

f1 = tan ,
T1 — T3+ x4

B~ 1 8(—x5 — x4 + x5 + x6)% + [11 — 2o + WTTATTHT)2
2 = 2 Og R2 9
6y — tan—! V3(—x3 — 24 + x5 + 26)

221 — 229 + 23 — x4 — X5 + X6
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T3—T4+x5—T612
Bgzllog[x1+x2+%] +%(903+x4+x5—|—a:6)2,
2 R?
05 = tan~! \/§(x3+334+:c5+x6) ,
201 + 220+ x3 — x4 + T5 — T
RS = det |z].
From (6.69) we have S; an identity
12 -4 -3 -6 -5 1 (1)1 (12 M)z a2 (D)5
21 -6 -5 -4 -3 2 (21 (2)2 (2)3 (21 (2)s
35 1 4 2 6| |3 Bh () B Bl (k| _y (g
46 3 1 5 2 4 (41 (4)2 )3 Ds (4)s ‘
53 2 -6 1 -4 5 (51 (5)2 (5)3 (5)1 (5)s
64 5 2 3 1 6 (6)1 (6)2 (6)3 (6)1 (6)s

o5}

where j = S;, j=1,2,3,4,5,6; (j); = 52,0 =1,2,3,4,5.

Definition 8.15. We define the positive-negative hypercomplex function
F(@) = g1+ y2Ja + ysls + yuli + ysJols + ys Jo 13 (8.74)

From (8.74) we have the Cauchy-Riemann equations

(D1=1(2)2=03)3=(4)s=(5)5 = (6)6
(2)1=(1)2=(5)3=(6)a=(3)5 = (4)6
—(4)1=—=(6)2=(1)3=(3)a=(2)5 = (B)s
—B)1=—0)2=—(4)3=(1)a =—(6)s = (2)s
—(6)1=-(4)2=(2)3=(5)a=(1)5s =(3)s
—(B5)1==3)2=—(6)3 = (2)a=—(4)5 = (1), (8.75)

where (i); = g—g] i,j=1,2,3,4,5,6.
If y; are 6-times differentiable functions, from (8.75) we have the partial differential
equation

1 2 -4 -3 -6 -5
21 -6 -5 —4 -3
35 1 —4 2 —6
16 3 1 5 2 |4=0 (8.76)
53 2 —6 1 -4
6 4 5 2 3 1
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where j = %g =1,2,3,4,5,6.

Definition 8.16. We define the generalised positive hypercomplex numbers

X rTy Tp—-1 -+ TXI9
To T T, - T3 n

r=| 23 T9 1 ceeorxy | = Zazﬂffl, (8.77)
Tpn Ip—1 Tp—2 -+ X1

where r is a real number,

0 0 r
1 0 0

Jp = 0 1 0 |,...J,=m,
0O 0 --- 0

Jry ey J271 are called the bases of the generalised positive hypercomplex numbers.
From (8.77) we have

d n L dg Ji! L
z die1 Tidn i=1

where R is called the modulus, ¢; is called i-th argument,

dry rdxr, --- rdrs dry dxi -+ rdxs
1 i) I cee rxs 1 X9 T cee rrs
10gR=/ﬁ 3 T2 o T4 ,tlz/ﬁ 3 To o TT4 |,
Tn Tp—-1 - X1 Tn Tp—-1 -*°° 1
drs dxy -+ rdxy dr, dr,—1 -+ dr
1 T2 I e ras 1 X9 X1 e TI3
tQZ/ﬁ x3  Tg v T4 7"'7tn—1:/ﬁ x3 Ty v T4 |,
Tn Tp-—-1 - X1 Tn Ip—-1 -+ T1
R" = det |z|. (8.79)
Let n = 2. From (8.79) we have
’ dajg da:l
x T 1 rT
t1 = / 2 LI tanh ™! Q
1 TXo Nia 1
X9 X1
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Let n = 3. From (8.79) we have

1
h=[

1 (1 x1+r%x2+r%x3 2 1 ﬁ(—réxg—krgxg))
(0] 9

dre dry rdrs
T2 T rrs
€3 T2 T

— —tan
R V3 2xq —7’%([72—7’%1‘3
1 d.%'g dxg d.’L‘l

tgz/ﬁ To X1 TT3
T3 T2 T

1 2 1 2

1 X1+ 7r3:0 +1r3x3 2 1 V3(=r33y +r3a3)
2 log + —=tan 1 2 ’

2r3 R V3 2x1 —r3x9 —r3xs

From (8.79) we have the exponential formula

n—1 n
x = Rexp ( Z tﬂi) = RZSiJffl7
i—1 i—1

S; is called the generalized complex hyperbolic functions.
Let n = 2. From (8.80) we have

eltl2 — S1 + SaJs,

where S7 = cosh(y/rt1), Sz = % sinh(y/7t1).
Let n = 3. From (8.80) we have

1—1
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(8.80)

. 1
S =" i (—1)"12e® cos(6 — u) ,
3 3
where
1 2
3t 3t 3
i:1’2’3’ A:T%tl‘i"l“%tg, B:_%’ 0:\2_(_7"3t1+7'3t2)
From (8.80) we have S; an identity
S1 rS, - 1S St (S o (S1)n-1
Sy 51 - 1S3 So (S2)1 -+ (S2)n-1

53 SQ TS4 = Sg (53)1 (S3)n71 =1.

Sn Snfl Sl Sn (Sn)l (Sn)nfl

(8.81)
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where (82)322227121777%]:1,,n—l

Definition 8.17. We define the generalized positive hypercomplex functions

1 Yn o TY2
Y2 n e TY3 n -

f@)=1 v v - rys | =D vyl (8.81)
Yn Y1 Y1

From (8.81) we have the Cauchy-Riemann equations

(y’1‘)1 T(Zﬁz)l 7”(1’/‘2)1

(yi)z (y‘1|)2 T(?ﬁ)h

(yﬁ)s (yﬁ)3 7“(1’/‘4)3 7 (8.82)
.|.|. .|.|. .’.|.

(yn)n (ynfl)n c (yl)n

oy, .
where (y;); = 8;’;, ,j=1,--+,n.

Let n = 2. From (8.82) we have

Oy _ Oy2
8:61 &EQ
POv2 _ Oy
8%1 8%2

Let n = 3. From (8.82) we have

Oy _ Oy2 _ Oys
6901 6902 ax3’

LOys _ Oy _ Oyz
3$1 8:1:2 8$37

L0y Oys Oy
8951 83;2 8.733.
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If y; are n-times differentiable functions, from (8.82) we have the generalized partial
differential equation of hyperbolic type
0 o ... _0

ox1 r0Tn rozTa
0 o .. 0
6%:2 651 7“%963
e ae e |Bi=0. (8.83)
o _9 ... _0
Oxn  Oxp_1 oz
Let n = 2. From (8.83) we have
Py Py 0
Px;  rd?xe
Let n = 3. From (8.83) we have
Py | Py Py Py
03z rO3x:y  r203x3 rdr,0xe0xs

Definition 8.18. We define the generalized negative hypercomplex numbers

T1 —TTy —TTp_1 -+ —TT9
T T —rT, - —TI3 n

r=| T3 X9 1 cee o —rmy | = Z :):,'Ifb_l, (8.84)
Tp  Tp—1 Tn—2 tet X1

where r is a real number,

o 0 - —r
1 0 --- 0

I,=] 0 1 o |,..,Iy=—nr
0O 0 --- 0

I, ..., I 1 are called the bases of the generalised negative hypercomplex numbers.
From (8.84) we have

d v da I =
/ 2= logz = % =logR+ Y _ I}, (8.85)
x i=1 Tiln i=1
where R is called the modulus, ¢; is called i-th argument,
dry —rdr, --- -—rdzxs dry dxi1 -+ —rdxs
1 T2 I e —Trx3 1 i) I —Trxs
logR:/ﬁ 3 T2 T Ty 77512/@ 3 To o —TI4

Tn Tn—1 ce €1 Tn Tp—-1 - Tl

)
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drs dxo -+ —rdxy dx,
1 xI9 X1 cee —Trxrs 1
tQZ/R" x3 X2 v TTX4 ,"',tnf1=/ﬁ
Typ Tp—1 - xr1 Tn
R" = det |x|.
Let n = 2. From (8.86) we have
‘ dxo dxl
1
= —tan"! 7\/7_%2
—Tx2 VT T1
T

Let n = 3. From (8.86) we have

dry dxrp —rdzs
tl_/R3 ) Il —Td{L'3 =
I3 xI9 T

1

dx,—
x1
€2

Tp—1

1

1 2 1 \/_(r3x2+r3x3) 1:1—7‘%1’24-7"%%3
= — tan — log 7

2r3

V3 2171—1-7”3352—7’3503
dl’g dIEQ d:l?l
xT9 il —Tx3

1
t2 = / R3
I3 T2 T

1 2
X1 —Tr3xg + 1323

1 2
= 1 (itam_1 \/§(r3m2+r3x3) + log

2r§ V3 21 + T%$2 — r%wg
From (8.85) we have the exponential formula

n—1

x = Rexp ( Z th) = RZ 51;];_17
i—1

i=1

S; is called the generalised complex trigonometric functions.
Let n = 2. From (8.87) we have

eftf2 = §) 4+ Soly,
where S7 = cos(y/rt), S2= sm(\/_tl)

R

(8.88) is the foundations of the generalised complex theory.

Let n = 3. From (8.87) we have

. 1—3
S = ()" rs [ 4

+ (=1)"12eB cos(h — = Ur

3

)|

)

)
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da:l
—Trrs

I

(8.86)

(8.87)

(8.88)

)
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where
i=1,2,3, A= —r5t, +rity, B= w o — ‘f( Sty 4 rity).
From (8.87) we have S; an identity
S1 —rS, -+ —rS St (S - (S1)n—1
Sy S - —rS3 Sy (S2)1 -+ (S2)n—1
Sg SQ cee —’f'S4 = 53 <S3)1 ce (Sg)n_l =1. (8.89)
Sn S’n—l te Sl Sn (Sn)l e (Sn)n—l

where (Si)j:gi?,i:1,--~,n;j:1,---,n—1.

Definition 8.19. We define the generalised negative hypercomplex functions

yl —T‘yn PPN _T'yQ
Y20 oy e T3 nooo

fl@)=1ys vy2 - —rys|= Zyiljf . (8.90)
Yn Yn-1 - Y1

From (8.90) we have the Cauchy-Riemann equations

[ (y’1’)1 _7'<ﬁ/n)1 —7’(’3‘/2)1 1
(yﬁ)z (y’1‘)2 o —T(’?‘J3)2
(y3)s  (y2)3 - —r(ya)s |, (8.91)
| ol
| | |
L Wndn Wn-1)n -+ (Wi)n |
where (y;); = gTy;’ i,j=1,---,n.
Let n = 2. From (8.91) we have
oy _ Oy2
81‘1 81‘2’
Oy2 _ Oy

_ra.%'l N 8902’
Let n = 3. From (8.91) we have

Oy1 _ Oy2 _ Oys

8951 - 6952 N 6903’
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O3 _ Oy _ O
8aa, 81@ 613’
dya ~ Odys  On
= = =T = .
a$1 a$2 a$3

If y; are n-times differentiable functions, from (8.91) we have the generalised partial
differential equation of elliptic type

o0 __9 .. __90
o1 rOTn T%§2
0 o) 9
0rn  OTn_1 0x1
Let n = 2. From (8.91) we have
Py Py 0
82x1 T82$2-_ '
Let n = 3. From (8.91) we have
Py Py &y Py 0
Ozy  rd3xy 120323 ror,0x20xs
From (8.77) and ((8.84) we have
T1 TT4 TT3 TIT x1 —(—=r)zy —(—r)rs —(—r)xs
xg x1 TT4 TXT3 | | T2 1 —(=r)xy —(—r)xs (8.93)
T3 T2 x1 rxa | | x3 o 1 —(—=r)xy )
Tyg I3 T2 I Tyg I3 xI9 I

From the generalised negative hypercomplex numbers we can obtain all results of
the generalised positive hypercomplex numbers and vice versa. They are the dual
hypercomplex numbers.

Definition 8.20. We define the generalised positive-negative hypercomplex

numbers
T1 —2x3 —2T9 —I4
T2 X1 —Ty4 —T3
T = = x1 + x2e1 + x3e2 + x4€ 8.94
3 24 o1 Zo 1 2€1 3€2 4€3, ( )
Ty 2%2 ——2%3 I
where

€1 —

SO = O
N O OO

S O O
o= OO
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0 -2 0 0

ey — 0 0 0 -1
1 0 0 0 |’
0 0 -2 0
00 0 -1

o5 — 00 -1 0
o1 0 0 |
10 0 O
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where eq, e9, e3 are the mixed bases, e1 = Iy + Jo,e0 = Iy — Jy,e3 = Ing,IQ2 =

—1,J2 =1.
From (8.94) we have the exponential formula

r = Rexp(tie) + taex +tzez) = R(S1 + Saer + Szea + Sses),

where
dl’g de‘l —dﬂj’4 —dl’g

P 1| 290 =1 —2z4 —x3
YR a1y 1 T2

T4 2x9 —2x3 T

(8.95)

(xl + 9 — 1’3)2 + (.1‘2 + x3 + x4)2

+ log

B 1(tan_1 2(x122 + X123 — TaT4 + T3T4)
:1;% — 23;% — 2a:§ + :ci

dl’g dl‘4 dl’l dl‘z
o — 1 X9 I —X4 —XI3
*T ) RY s wy w1

T4 20 —2x3 I

R2

9

_ 1 (tan_l 2(z122 + 123 — oy + T3T4) “log

2 2 24 2
] — 2x5 — 2r5 + 1]

dl’4 2d.7}2 —2d.1‘3 d$1

ty = / Al e = —ry -
RY| z3 T4 T T
T4 20 —2x3 T
_ ltan_l —2x§ + 2x§ + 2z124
2 23 — 23 + dwoxs
R* = det |z|

1
Sy = 5(631 cos 0y + eP2 cos 62),

1
So=7 (631 (cos By + sin 1) + €72 (— cos 6y + sin 92))

R2

(xl + 9 — .%’3)2 + (1‘2 + x5 + .%'4)2)
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1
S3 = 1 (eBl (—cos 1 + sin 1) + €72 (cos By + sin 92))

1
Sy = 5(eBl sinf; — €52 sin ), (8.96)

with
By =t —t2, 01 =11+ 12+,
By = —t1 +ta, O3 =t1 +1t2 —t3.
From (8.96) we have \S; an identity

So Si Sy =853 _ So (52)1 (52)2 (52)3 =1 (897)
Sz Sy S1 Sy || S3 (S3)1 (S3)2 (S3)3 | '
Sy 25y =283 5 Sy (S4)1 (Si)2 (S4)s

where (S;); = %z =1,2,3,4;5=1,2,3.
Definition 8.21. We define the mixed positive-negative hypercomplex functions

Y1 —2y3 —2y3 —Ya

Y2 Al —Ys Y3
x) = = y1 + yse1 + yszes + yses3. 8.98
f(x) v s n Y1 + y2e1 + ysez + yaes (8.98)

Yo 2y2 —2y3 oy
From (8.98) we have the Cauchy-Riemann equations

Oy1 _ Oya _ Oys _ Oya
81'1 81‘2 81’3 81’47

_50ys _ Oyr _ Oya _ 20y
8.%'1 8.%'2 8953 81’4 ’
G0y2 _ Oys _ Oy 0y
81‘1 axg 8953 8334 ’
_Oys Oy _Oy2 Oy
8331 81‘2 81‘3 8564 ’
If y; are 4-times continuously differentiable functions, from (8.99) we have the mixed
partial differential equation

(8.99)

0 90 _90 _ 9
852 831 0z grs y1 =0 (8.100)
Oxy Oxo Oxs ox1
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Definition 8.22. We define the generalised negative-positive hypercomplex
numbers

Ty —Trix2 T2¥3 —TiT2d4

_ | T2 1 224 23 _
T= oy w1y —rqm | Lol syt aak, (8.101)
T4 x3 T2 T
where r1 and r9 are real numbers
0O — 0 0
|1 0 0 0 >
L=V o o - |27
0O 0 1 0
0 0 rn O
10 0 0 m 9
=110 0 02T
01 0 0
0 0 0 —rire
o 10 0 m 0 2 _
k= IQJQ = 0 —ry 0 0 ,k‘ = —Triro.
1 0 0 0

From (8.101) we have the exponential formula
x = Rexp(til2 + toJo + t3/€) = R(S1 + Saly + S3J2 + S4k), (8.102)

where

1
S = 3 (e‘/’gt2 cos(y/T1t1 + /Tirats) + € V72 cos(\/rit — \/7”17“2753))7

1
SZ = 9 /7 <€\/6t2 Sin(\/rltl + \/Tl’l“gtg) + 6_\/772152 Sil’l(\/Tltl — \/Tlrgtg)),
AValt
1
SS = ﬁ (6\/ﬁt2 COS(\/Tltl + \/T1T2t3) - efﬁtz COS(\/Tltl — \/7‘17“2153)),
vI2

1
Sy = (eﬁt? sin(y/r1t1 ++/r1rats) — e~ VT2t sin(y/r1t1 — \/r1r2t3)> . (8.103)
2./r1719

with

1 1 2yri(zize — x33472)
t1 = tan 5 5 5 55
2./7m1 T{ — x5 — roTsy + r1raTy

1 1 2y/ra(zixs + xawaT)
to = —— tanh 3 3 3 35
2./19 TT + 115 + roxs + rrox
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1 1 21/T1T2(—$21‘3 + $1:E4)

t3 = tan .
2,/rire x% + rlxg - T2x§ — rlrgxi

From (8.103) we have S; an identity

S1
Sa
S3
Sy

where (.5;)

—r1S2 1283 —r11254 St (S1)1 (S1)2 (S1)3

St rema 1283 | _ | S22 (S2)1 (S2)2 (S2)s | _ 1 (8.104)
Sy w1 —rSe || Sz (S3)1 (S3)2 (S3)3 ' '

S3 Sa S1 Sy (Sa)1 (Sa)2 (Sa)3

j= G i=1,2,3,4,j=1,2,3.

Definition 8.23. We define the generalised negative positive hypercomplex

function

f(z)

Y1 —Triya2 T2Yys —Triray4
Y2 N T2Y4 r2Y3

- =y1 + y2lo + y3J2 + yak. (8.105)

Yys —T"ys Y1 —T1Yy2
Y4 Y3 Y2 Y1

From (8.105) we have the Cauchy-Riemann equations

Oy _ Oy2 _ Oys _ Oys
Ory  Oxg Oxs Oxy’
Oy2 _ Oy Oys _ Oys

_rlaxl - 8%2 - 18:1:3 - ax4’
Oys _ Oys _ Oy _ Oy

From (8.106) we have

T289:1 - r28$2 - 8%3 - 8(124’
Oya 0ys3 Jy2 Oy

_ 2T L2 = 22— T 8.106
e 8:51 "2 81‘2 n 61’3 81'4 ( )

32?/1 4 82y1 —0

82331 T182:L‘2 ’

Py Py _0

82I1 7‘282$3 ’

9’y 9%y ~0

0%x1  rire02xy

If y; are 4-times continuously differentiable functions, from (8.106) we have the
generalised partial differential equation of mixed type

9 0 o) _ o]
852 8xé 7"2(3I4 1"2833 Y = 0 (8.107)
853 rbax4 69801 rbaxg

BEN Oz3 Oxzo Oz
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9. Chaotic Isomathematics

Over the past decade chaos has become a very lively subject of scientific study.
While chaos was known already to Poincaré, the study of chaos found a renaissance
after the publication of the Lorenz model of turbulence [15]. There is yet another
way to study chaos, one may use difference equations [16, 17].

The prime principle, mostly written after 1979 [19-26], a few ideas dating back to
the sixties, all have one central idea: affinity between the prime principle and chaos
(nonlinear dynamics). The idea must have been at the back of my mind for many
years, but only recently did I fully realize its importance.

It is suggested that the prime principle: a prime number is irreducible in the
integers. It seems therefore natural to associate it with most stable system and
the symmetrical system: the most stable configuration of two prime numbers is the
stable symmetric system [20-24]. The two principles may be applied to the natural
and the social sciences [18-24]. The two principles are only to study the stable
state of many-body problems. The dynamics of the two principles are to study the
nonlinear equations which are classical and quantum chaos.

Now we study the dynamics of prime principle. The p-nonlinear equations are
derived from the prime principle. It defines the p—chaotic functions and studies the
local solutions and global stability for the nonlinear equations.

It suggests a new method for studying nonlinear equations that studying the sta-
bility and instability of the nonlinear equations is transformed into studying stability
and instability for the nonlinear terms of

dA dN;
dat 2. dt

in the chaotic equations.

Now we study a relationship between the prime principle and the p—nonlinear
equation. In the previous papers [18, 14] we are able to draw the commutative
diagram with a weak map g; by using theory of stable group and unstable group for
p=>5 and 1 to be a stable point.

2]— 3
— g3
1] —1| 1 1 <—lg5 951
9 a1
g3
5/ 4
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s CL11N1N1

1 |<]| 2 a12N1Na

1 |<]| 3 +can be represented as 3 q3/N; N3

1 ~—| 4 CL14N1N4

L =5 “a15N1N5

where a11,a12,a13,a14 and a5 denote interaction (competition) coefficients. The
equation of Ny growth rate is represented by using a differential equation of first
order

le/dt = Nl(l — a11N1 - CL12N2 - a13N3 - a14N4 - (115N5) (91)

If we define 2 to be a stable point, then (1,2,3,4,5) — (2,3,4,5,1). We are able
to draw the commutative diagram with a weak map go by using the theory of stable
group and unstable group.

39— 4
— g4
2 | «—1| 9 2 | — 191 911
g2 g2
g4
11— 5
9 -—| 92 FGQQNQNQ
2 |«~| 3 az3 N2 N3

2 |<| 4 | -can be represented as 3 a9, NoNy

2 |+ b CLQ5NQN5

2 |~ 1 “ a1 NaNy

where agg, ags, agy, azs and ag; denote interaction (competition) coefficients. The
equation of Ny growth rate is represented by using a differential equation of first
order

ng/dt = N2(1 — a91 N1 — a9oNo — a3 N3 — aga N4y — a25N5) (92)
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If we define 3 to be a stable point, then (1,2,3,4,5) — (3,4,5,1,2). We are able to
draw the commutative diagram with a weak map g3 by using theory of stable group
and unstable group.

4|—> 5
— G5 _
3 |+—1 3 3 | ~— 192 Qzl
g3 g3
gs
2 1
3 — 3 ra33N3N3
3 |« 4 a34 N3Ny

3 |+| 5 | kcan be represented as 3 g35N35N5

3 |+~ 1 a31 N3Ny

3 || 2 Ca3zaN3No

where ass, asq, ass,as; and age denote interaction (competition) coefficients. The
equation of N3 growth rate is represented by using a differential equation of first
order

dN3/dt = Ng(l — CL31N1 — a32N2 — a33N3 — a34N4 — CL35N5) (9.3)

If we define 4 to be a stable point, then (1,2,3,4,5) — (4,5, 1,2,3). We are able to
draw the commutative diagram with a weak map g4 by using theory of stable group
and unstable group.

59— 1
— g —

4 | <—| 4 4 | — 193 931
94 g4

g1
3|/ 2
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s CL44N4N4

4 |<+| 5 as5 N4 N5

4 |+ 1 +can be represented as 3 a4 NyN;

4 |<| 2 a42 N4 N2

41— 3 “ay3N4N3

where ay4, a45, a41,a42 and ay3 denote interaction (competition) coefficients. The
equation of Ny growth rate is represented by using a differential equation of first
order

dN4/dt = N4(1 — (I41N1 — (142N2 — CL43N3 — a44N4 — a45N5) (94)

If we define 5 to be a stable point, then (1,2,3,4,5) — (5,1,2,3,4). We are able
to draw the commutative diagram with a weak map g5 by using theory of stable
group and unstable group.

1|— 2
L/ R—
5 | —| 5§ 5 | — 194 941
95 95
92
41— 3
5 |« 5 r as55N5 N5
5 |«—| 1 a1 N5 N1

5 |<| 2 | can be represented as 3 a5yN5No

5 |<+| 3 CL53N5N3

5 |~ 4 “as54 N5 Ny
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where ass, as1, as2,a53 and asq denote interaction (competition) coefficients. The
equation of N5 growth rate is represented by using a differential equation of first

order
dN5/dt = N5(1 — a51N1 — a52N2 — a53N3 — a54N4 — a55N5) (95)

From the above analysis we can obtain the p—nonlinear equations

dN;/dt = Z aijN (9.6)
where : =1,2,---,p,p = prime number
ail a2 - alp
(CL' ) _ az;p a2 --- G2p
v e
Gp1 Gp2 -+ dpp

(a;j) denotes the matrix of interaction (competition) coefficients. The equation (9.6)
is defined to be the dynamics of the prime principle which produces the classical and
quantum chaos.

9.1. p—Nonlinear Dynamics
In order to study solutions of the p—nonlinear equation (9.6) first from (2.1) we
define the p—chaotic function

(r—1)/2
{ M) : (9.7)

A+2 Z 1)1 B; cos(8; + (—1)? p

where ¢t = 1,2,---,p.
From the equation (9.7) we obtain its inverse transformation

p
A=)"N;,
i=1
B _ S ij ym
i cost; = Ny + Z(— ) N1 cos R (9.8)
i=1
p—1

Bjsin; = (—1)71 3" (=1)Y Ny sin gLy
. p

The equations (9.7) and (9.8) are a nonlinear transformation group. From the
equation (9.8) we obtain

dA & dN;
@
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= ; o (-1) cos (9] +(-1) B >, (9.9)
dg; i ji—=1)jm
Bj—= a ]HZ 1)V sin <9 + (1) p>7

where j =1,2,---,(p—1)/2.

We study the nonlinear equation (9.6) and other nonlinear equations by using the
equations (9.7) and (9.9).

We study the analytic study of the equation (9.6) on the assumption that it is a
cyclical matrix. The equation (9.6) may be written into

dN;/dt = (1 — Z aij N ) (9.10)
where
1 al e ap_l
_ ap-1 1 -+ ap
(ai;) =
a/]. a2 “ e 1

The fixed point solutions of the equation (9.10) may be expressed as points in the
p—dimensional space: they are the point (0,0, ---,0); p single-point solutions of the
form (1,0,---,0); a nontrivial fixed point (1,1,---,1)/A\g, where

p—1
=1 + Z CLJ‘.
7=1

Now we study the local solutions of the equation (9.10) at the fixed point (1,1,...,1)/Ao.
The equation (9.10) may be written into

dlnN

p
Z (9.11)
dln N;

g - is the average growth rate of i-th species. Setting A\gN; = €%, the equation
(9.11) is transformed into

dy;
y = Zaw—ef (9.12)

We study the linear solutions of the equation (9.12). Setting e% = 1+ y;, the
equation (9.12) is transformed into

p

dy; 1 _
h— N 9.13
dt )\0 j:1a]y.7 ( )
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The equation (9.13) has the following exact solutions

(p—1)/2 X . .
1 |: ¢ (-_1)' _J¢ (77] -('L — 1)]77):|
i =—le "+ 2 -1 e o “cos | =t + (1) —— )|, 9.14
=1 S By capls (9.14)

wherei:1,2,...,p,)\0:1—|—Z§;iaj,

p—1 ..

Aj=1+ Z(—l)”ai cos @,
i p
=1

p—1 ..
n; = (=1)711 E (—1)Ya;sin YT
i p
=1

A necessary and sufficient condition for stability of the equation (9.14) is A; > 0.
If A; <0, then their solutions are unstable.

Now we study the global stability of the equation (9.10) by using the p-chaotic
functions. By substituting the equations (9.7) and (9.10) into the % of the equation
(9.9). We obtain the p-chaotic equation

JA 1 (r—1)/2
o =A-- {AOAQ +2 ), AjBﬂ (9.15)

The A\ and A; in both equations (9.14) and (9.15) are the same. We will discuss
stability and instability of the nonlinear terms of the equation (9.15)

dA 1
<dt>A2 = —EAOAZ. (9.16)
For A\g > 0, it is stable,
dA) 2 9
(— = —=\;Bj. (9.17)

If \; > 0, it is stable. If A\; < 0, it is unstable. The results obtained from the
equations (9.14) and (9.17) are the same. From the above analysis we come to a con-
clusion that studying stability and instability of the equation (9.10) is transformed
into studying stability and instability of the nonlinear terms of

dA dN;
D S

in the equation (9.15). The solutions of the nonlinear equations are simplified by
the above method. It provides a useful tool for studying the nonlinear equations.
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For p = 3 from the equation (9.10) we obtain

dN; 5.
dtZ =N; (1 - Z:aiij), (9.18)
7j=1
1 ar ag
i=1,2,3; (a;)=|a 1 a
al a 1

where N;(t) is the number of individuals of the i-th species and a; and ag denote
interaction coefficients. The fixed point solutions may be expressed as points in
the 3-dimensional space: they are point (0,0,0); 3 single-point solutions of the
form (1,0,0); a nontrivial fixed point (1,1,1)/Ag where A\g = 1 4 a; + a2. The
equation (9.18) has been studied by Busse in turbulence [27], May and Leonard in
the population [28] and Roy and Splimano in biology [29].

We study the local solutions of the equation (9.18) at the fixed point (1,1,1)/Ao.
The equation (9.18) may be written into

dln N
nov :1—N1—a1N2—a2N3,
dt
dln N,
I;t 2 = 1—asN; — Ny — a1 N, (9.19)
dln N.
I;t 3 —1—a;N; —ayNy — Ns.

Setting A\ogN; = e¥, the equation (9.19) is transformed into

d 1

% =1- )\—O(eyl + a1e¥? 4 aze”®),

d 1

% =1- /\—O(agey1 + e + a1e”?), (9.20)
dys

1
pra 1- )\—O(aley1 + age¥? 4+ e¥3).

We study the linear solutions of the equation (9.20). Setting e¥ = 1+ y;, the
equation (9.20)is transformed into

dy1 . 1
DY (y1 + a1y2 + a2ys3),
dy2

1
= —— 9.21
0t N (agy1 + y2 + a1y3), ( )
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dy3 1
— = —+v(a1y1 + az2y2 + y3).
B gl )
The equation (9.21) has the following exact solutions
1 M
v =3 [e_t +2e70 ' cos <Z;t)],
1 ¢ ;Mt (771 7T>:|
=gle —2? ~t—% | 9.22
n 3 {6 e 20 Ccos " 3 ( )
A 2
Y1 = 3 {e_t + 2e *o " cos <7)7\;t — ;)}
Where )\0 = 1 + al + G,Q’ Al g 1 — _(a1+a‘2) — \/§

2 = 7(01 — ag).
A necessary and sufficient condition for stability of the equation (9.22) is Ay > 0,
namely a1 + as < 2. If Ay < 0, namely a1 + a9 > 2, it is unstable.

We study the global stability of the equation (9.18) by using the 3-chaotic function.
From the equation (9.7) we obtain

1
Ny = g[A—i-QBCOSQ]

Ny = % [A — 2B cos (0 — g)}, (9.23)],

1 2
Ny =—-|A+2B —— ).
3 3[ + cos(é? 3)]

From the equation (9.23) we obtain

dA — dNy N dN, N dNs
dt  dt dt dt’

dB dN; 7. dNa 27, dN3
7 cosp L B e Bl 24
g cos 6 g cos(6 3) 7 T cos(6 3 ) pr (9.24)
g . dN; . ., dNy ) 2w dNs

Ba = —sm@w + sin(f — g)ﬁ — sin(6 — 3 )——.

dt

By substituting the equations (9.18) and (9.23) into the equation (9.24) we obtain
3-chaotic equation

dA 1 9 9
dB 1 9 :
o B — g[()\o + A\1)AB + B“(A1 cos 30 + 1 sin 30)], (9.25)
01

o = 3[mAB — B*(= i sin 30 + 1 cos 30)],
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Ao, A1 and 7 in the equation (9.22) and (9.25) are the same. If a; = ay = 1, then
)\0 :3,/\1 =m =0.
From the equation (9.25) we obtain a special solution as follows

A(0)

A:Amyu1—mmk4'

(9.26)

We now discuss stability and instability of the nonlinear terms of % in the equa-

tion (9.25)
— = ——A". 2
< dt >A2 3 (9-27)
For A\g > 0, it is stable.
dA 2
— ) =--\B% 9.28
(ﬁ)y 371 (9:28)

If A1 > 0, namely a; + a2 < 2, it is stable. If A1 < 0, namely a1 + as > 2, it is
unstable. The results obtained from the equations (9.22) and (9.28) are the same.
Studying stability and instability of the equation (9.18) is transformed into studying
stability and instability of the nonlinear terms of

dA _ dNy N dN, N dNy
dt — dt dt dt

at the equation (9.25). This method allows us to study general nonlinear equations
including the Lorenz equation which produces the chaotic manifolds and nonlinear
dynamics.

A mechanism of the spiral chaos. By using the above idea we study the
following equation

3
dNMﬁzﬁW(l—E:%ﬂW% (9.29)
j=1

where
aip a2 a3
(aij) = | a21 a22 a23
azy azz ass
(a;j) denotes interaction coefficients.

The fixed point solutions may be expressed as points in the 3-dimensional space:
they are (0,0,0) and (N9, Nag, N3p). By substituting the equations (9.29) and (9.23)
into the equation (9.24) we obtain

dA

o =A— é{ﬂoAQ + BQ[ﬂ{g — Bs+ (B2 — B3 — P4) cos 20 — (2 + n3 + n4) sin 26]

+[(B1 + B3 + B4) cos @ — (1 + n3 + n4) sin 9] ABY,
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as
dt
(g — 13 — ma) sin @ + (B3 — Ba) cos 30 + (13 — n4) sin 30) B + [B5 + fs
+(B5 — B¢) cos 20 — (ns + ng) sin 20| AB}, (9.30)

— B— Tlé%{[ﬁl cos @ — ny sin 0] A% + [(By + (3 + B4) cos 6

do

1

PR

—(n2 —n3 —na) cos @ + (B3 — B4) sin 30 + (—n3 + n4) cos 30]32
+[(=n5 +n6) + (85 — B6) sin 26 + (15 + 16) cos 20| AB }

(Brsin @ + 11 cos 0) A? + [(B2 — B3 — fa) sin 6

where
Bo = a1 + aze + asz + aro + as + aiz + asy + azz + ass,

B1 = 2a11 + 2a12 + 2a13 — a1 — agy — a3 — as; — asy — ass,
m = V3(ag1 + ag + as3z — az; — azs — az3),
B2 = 4a11 — 2a12 — 2a13 + a1 — 2a22 + a3 + az1 + azz — 2as3,

2 = \/§(a21 — 2a92 + a3 — az1 — asz + 2a33),

1
B3 = 5(4&11 —2a12 — 2a13 + a1 + ax — 2a23 + as1 — 2a32 + asz),

n = 7(%1 +aze — 2az3 — a1 + 2a32 — ag),

3
Ba = §(a21 — agy + as; — ass),

V3
Ny = 7(2@2 — 2a13 — az + az2 + a1 — ass),

1
Bs = 5(8a11 + 2a12 + 2a13 — a21 + 2a22 + 2a23 — asy + 2asz + 2as3),

V3

N5 = 7(2@2 — 2a13 — ag1 — 2a2 + as; + 2a33),

3
B = 5(021 + 2a92 + a3 + 2as3),
V3

N6 = 7(@1 — 2a92 — 2a23 — a31 + 2asz2 + 2as33).

Now we discuss stability and instability of the nonlinear terms of % in the equa-
tion (9.30)

(‘Z‘)AZ _ _égofp (9.31).
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For £y > 0, (dt Ja2 < 0, it is stable.

dA 1 .
<dt> - {53 — Ba+ (B2 — B3 — Ba) cos 20 — (g + 13 + m4) sin 20| B2, (9.32)
B
If [Bs — Ba+ (B2 — B3 — 1) c0s20 — (n2 + 13 + na) 5in 20] > 0, then (%) 52 < 0. It is
stable.
If [B3 — Ba+ (B2 — B3 — B1) c08 20 — (2 + 13 + 14) sin 20] < 0, then (%) 52 > 0. It
is unstable.

(i;;l) = —é[(ﬁl + B3+ B4) cos — (m +n3 + n4) sin 0] AB. (9.33)
AB

If [(B1+ B3+ Ba) cos @ — (1 +n3 +1n4) sin 0] AB > 0, then ( ) 4B < 0. It is stable.
If [(B1 + B3+ Ba) cos @ — (1 +n3 +14) sin ] AB < 0, then ( )AB > 0. It is unstable.

From the above analysis we come to a conclusion that the sign changes of sin 6,
cos 6, sin26 and cos 26 of the nonlinear terms of ‘fl’? in the equation (9.30) lead to
the unstable manifolds (sources) and stable manifolds (sinks) at the fixed points in
space (A, B, ). It is a mechanism for producing the spiral chaos.

We consider the Lorenz equation

dNy
—— =o(N; — .
dt O-( 1 2)7
dN:
d7t2 = pN1 — N2 - N1N3, (934)
dN:
7; = *ﬂNl + N1 Ns.

It contains three constants: o (the Prandtl number), p (the Rayleigh number),
and [ (an aspect ratio).

For p > 1, there are two nontrivial fixed points, at

(N1, Na, N3) = (£4/B(p — 1), £4/8(p — 1), (0 — 1)) (9.35))
For p < 1, there is one trivial fixed point, at
(N17N27N3) = (07070) (936)

From (9.23), (9.24) and (9.34) we obtain a chaotic equation

dA:}[(p_1_5)A+(30+2p—25—|—1)BC089

dt 3
(2f)

+V3(0 +1)sin 6] — [ABsin 6 4+ B?sin 26), (9.37).
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We now discuss the stability and instability of nonlinear terms in (9.37). We have

dA 2V/3 dA C2V3
(E>AB = _TAB sin 6, (E)Bz =— —— B~ sin 26. (9.38).

For p > 1, we have two nontrivial fixed points, at

(4,B,0) = (£2y/B(p — 1)+ p = 1. (£/B(p — 1) = (p = 1)) —5)-

For p < 1, we have one nontrivial fixed point, at
(A, B,0) = (0,0,0)

For p = 1, we have one nontrivial fixed point, at

(A, B,6) = (0,0, —§>-

If( )AB < 0, it is stable. If( )AB > 0, it is unstable. If( )32 < 0, it
is stable If ( ) g2 > 0, it is unstable Chaos occurs when stable and unstable
manifolds cross at nontrivial fixed points.

For p =5 from the equation (9.10) we obtain

dN; /dt = 25: i (9.39)

1 al; ay a3 aq
ag 1 a; ag as
((_Il'j) =|laz as 1 a1 ao
a2 az a4 1 al
a; az a3z aq 1

where N; is the number of individuals of the i-th species.

The fixed points solutions may be expressed as points in the 5-dimensional space:
they are the point (0,0,0,0,0); 5 single-point solutions of the form (1,0,0,0,0); a
nontrivial fixed point (1,1,1,1,1)/Ag, where

)\o=1+a1+a2+a3+a4

Now we study the local solutions of the equation (9.39) at fixed point (1,1,1,1,1)/Xo.
The equation (9.39) may be written into

dlnN

25: i (9.40)
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Setting A\g/N; = e¥, then the equation (9.40) is transformed into

dy‘ - Z ijeYi . (9.41).

We study the linear solutions of the equation (9.41). Setting e¥ = 1 + y;, the

equation (9.41) is transformed into

dyz
- Z o (9.42)
The equation (9.42) has the following exact solutions
1 = S
Y1 = = {et + 2e ot cos <Z; ) + 2e A0 cos (ZE ﬂ,
1 i 2
Y = 5 [e_t — 2e AOltcos <Z—(1)t1 — g) + 2e A0 1tcos (/\_ot + ?ﬂ)]
= l{et + 2e ot cos (ﬂt — 2—7T) + 2e ot cos (Et + 47T>} (9.43)
575 YR YR ‘

61

1 | 3 -
ys = 5[6 _9e o)t COS(Z—;t— %) + 2e o cos(Z—it—i— 3 ﬂ
1 = 4 o 8
Y5 = S[et F2e0 cos(%t— g) 42l COS(Z—zt—F ;)}
where
A =14a1+as+ a3+ aq,

AM=1— (a1 —I—ag)cosg + (a2 + as) cos %,

= (a1 — ayq) sin% — (a2 — as) sin =

m
2 4
Ay = 1+(a1+a2)cos€+(a2+a3)cosg
2w 41
72 = (a1 — a4) sin 3 + (a2 — as) sin =

A necessary and sufficient condition for stability of the equation (9.43) is Ay > 0
and Ao > 0. If Ay < 0 and Ay < 0; A1 <0 and Ay > 0; and A1 > 0 and Ay < 0, then

it is unstable.
Now we study the global stability of the equation (9.39) by using the 5-chaotic
function. From the equation (9.7) we obtain

1
Ny = [A+2B) cos 01 + 25 cos ],
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1 2
Ny = g[A — 2By cos(61 — %) + 2B cos(f2 + =

)l

1 2 4
N3 = B[A + 2By cos(fy — g) + 2By cos(62 + g)], (9.44)

1
Ny = 5[A — 2By cos(; — 3%) + 2By cos(f2 + 6%)],

1 4
N5 = 5[14 + 2By cos(0; — g) + 2Bj cos(f2 + 8%)]

From the equation (9.44) we obtain

4 . '
D1 _ S (1) cos(ly — 1y HNitt

at = 5/ dt
do, & i, dNiq1
B— = 1) sin(6 9.45
1 g( )" sin(0) — 5) T (9.45)
dBy & 2mi dNiiq

- g, + 22
dt ;COS(QJF 5) a0

d9 2 sz

By substituting the equation (9.39) and (9.44) into the equation (9.45), we obtain
the 5-chaotic equation

4B,

dt

4B,
dt

% = A— é[/\OAQ +2)\ B 4+ 2)\2 B3],
—B - é{()\o +ADAB) + B2[Ag cos(205 — 1) + n sin(260 — 01)]
+B1Ba[(A1 + A2) cos(261 + 02) + (1 + n2) sin(261 + 62)]},
Bldd—etl = %{mABl — B3[Aysin(2605 — 01) — nz cos(205 — 61)]
+B1Ba[(A1 + A2) sin(2601 + 62) — (m + 12) cos(261 + 62)]}, (9.46)
= By — %{()\0 + \o)ABy + B[\ cos(261 + 0) + ny sin(20; + 65)]

+B1Bs[( A + Ag) cos(205 — 1) + (—n1 + n2) sin(2605 — 61)]},
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do 1 .
ditQ = g{??QABQ + B%[)\l Sln(201 + 92) —-m COS(201 + 92)]

+B1 Ba[(M + A2)sin(202 — 61) + (n1 — n2) cos(202 — 61)]}.
A0, A1, A2, m1 and 72 in both equations (9.43) and (9.46) are same. If a; = 1, where
1 =1,2,3,4 and 5, then \g = 5, and A\; = A2 = 11 = 12 = 0. From the equation
(9.46) we obtain a special solution

By

A(0)
A0) + (1— A(0))et"

A= (9.47)

Now we discuss stability and instability of the nonlinear terms of % in the equa-
tion (9.46).

dA 1
— ) =—X4% 9.48
( dt )AQ 5 0 ( )
It is stable for Ag > 0.
dA 2
—) =-Z\Bi 4
( dt >B2 5 172 (9 9)

If Ay > 0, then (d—A)Bz < 0. It is stable. If A\; < 0, then (d—A)B% > 0. It is unstable.

dA 2
— ) =-ZX\B3. .
(dt>B§ A8} (9:50)

If A2 > 0, then ( )32 < 0. It is stable. If Ay < 0, then (42 7 )Bz > 0. It is unstable.

The results obtalned from the equations (9.43) and (9.44) and (9.30) are the same.
Studying stability and instability of the equation (9.39) is transformed into study-
ing stability and instability of the nonlinear terms of % in the equation (9.46).

9.2. 2p-Nonlinear Dynamics

In order to study solutions of the 2p-nonlinear equation from (3.1) we define the
2p-chaotic function

(p—1)/2
N; = {A1+2 ,,Z (=i B cos(6; + (1) %)
(r—1)/2 .
( )( )A2+2 Z 1)VID; cos(pj + (— )J“(pl)”)]. (9.51)

where i =1,2,---,2p.
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From the equation (9.51) we obtain its inverse transformation

2p 2p '
Ay =) Ni,Ay =Y Ny(-1)'",
=1 =1

2p—1 ..
Bjcosf; = N1 + Z (—1)”N1+¢ cos ”—W,
i=1 p
2p—1 ..
Bj sian = (—1)j+1 Z Nl_:,_i(—l)ij sin m,
i=1 p
2p—1 ..
Djcosgj =N+ Y Niyi(—1)U=Yicos %,
i=1
2p—1

s

Djsing; = (—=1)7 37 Nypi(—1)0Digin =~
i=1 p

323

(9.52)

The equations (9.51) and (9.52) are a nonlinear transformation group. From the

equation (9.52) we obtain

dAy _§n N
dt &= dt’
B, 5 A ) s 4 (-1 T
dt = dt ! p
B'% _ (_1)j+1 % %(_1)@' sin(ﬂ + (_1)j (Z - 1)j7r)
Tdt — dt J P ’

2p . .
dD; _1yiee1) ENG (e —1)jm
= S D (g 4 (-t LT

a5 p
db;: . 2P . dN; (i — 1)
D (1)d _G-Ditt C () R
I (1) ;( ) dt sin(¢; + (—1) D )

We define the 2p-nonlinear equations

2p
dN;/dt = N;(1 =" ai;Ny),
j=1

(9.53)

(9.54)
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where
1 (1/1 .« o . a]2p71
iy azgp—1 1 -+ agy_o
(a'’) . .
ai as o 1

The fixed point solutions of the equation (9.54) may be expressed as points in the
2p—dimensional space: they are the point (0,0, --,0) ; 2p single-point solutions of
the form (1,0,---,0); a nontrivial fixed point (1,1,---,1)/\4,, where

2p—1
A, =14 aj
j=1
Now we study the local solutions of Eq. (9.54) at the fixed point (1,1,---,1)/A4,.

The equation (9.54) may be written into

dlnN

=1- Z aijNi, (9.55)

dlgtN" is the average growth rate of i-th species. Setting A4, IN; = e¥, the equation

(9.55) is transformed into

%—1—2%]

We study the linear solutions of the equation (9.56). Setting e% = 1+ y;, the
equation (9.56) is transformed into

evi (9.56)

Ay

p

dy;
= Z aijy;. (9.57)
=1

The equation (9.57) has the following exact solutions

Lp L, e e
= — e "4+ 2 DU ex < Jt)
y QP[ J; (1) Pl
xcos( It 4 (1) U 1)”77T>}
Aq p
_ (p—-1)/2
A )2 8
_ 9 1)1
S (A 42"
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xexp< iAlt) (Ziﬂlw( 1)]'“%)}, (9.58)

where
2p—1 2p—1

_1+Zaz,)\A2—1+Z )'ai,

2p—1 i
AB; :1—{—2 1)Ya, Cos‘]—,
p

2p—1
ne; = (—1)7*1 Z ai(—1)% smﬂ
i=1 p
2p—1 ..
Ap; =1+ Z a;(—1)0=1i COSU—W,
i=1 p
2p—1 ..
Mg, = (—1) Z a;(—1)UVigin %
i=1

A necessary and sufficient condition for stability of the equation (9.58) is Ap; > 0,
A4, > 0,and Ap, > 0, where j = 1,2,---,(p—1)/2.If A\p; <0,Aa, <0, and Ap, <0,
then their solutions are unstable.

Now we study the global stability of the equation (9.54) by using the 2p—chaotic
function. By substituting both equations (9.52) and (9.54) into (9.53) we obtain the
2p— chaotic function

dA, (»-1)/2 (p—-1)/2
TS = A — {AA1A1+)\A2A2+2 > Ap,Bi+2 > Ap, Dﬂ (9.59)
Jj=1 J=1

The Aa,, Aay; A, and Ap, in both equations (9.58) and (9.59) are identical.
We will discuss stability and instability of the nonlinear equation (9.59). We have

dA, 1 2

For Ay, >0, then (dA;/dt) 42 <0, so it is stable. Also

dA, 1 )
— = ——Aa,45. 9.61
(dt >Ag 2p” (61

If A, > 0, then (dAl/dt)Ag < 0, so it is stable; if A4, < 0, then (dAl/dt)Ag > 0,

so it is unstable. Also A )
<_1> — " \p. B2 (9.62)



326 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

If Ap; > 0, then (dA;/dt) g2 < 0, so it is stable; if A, <0, then (dA;/dt)g2 >0,
J J
so it is unstable

dA; 1 )

If Ap, > 0, then (dAl/dt)D? < 0, so it is stable; if Ap, < 0, then (dAl/dt)Djz_ >0,
so it is unstable.

From the above analysis we come to the conclusion that studying the stability and
instability of the nonlinear equation (9.54) is transformed into studying the stability
and instability of the nonlinear terms of dA;/dt in the equation (9.59). The study
of the nonlinear equations are greatly simplified by using this method. It provides
a useful tool for studying the nonlinear equations.

For 2p = 6, from the equation (9.54) we obtain

dN; o
dt = Nz(l — jz::laiij), (964)

where 1 =1,2,3,4,5,6,5 =1,2,3,4,5,6, and
[ 1 a1 a2 a3 a4 as |

as 1 a1 as ag a4
_ ag a5 1 a1 as as
(ai;) =

az a4 as 1 a1 as

az a3 a4 a; 1 aq
a]; a a3 a4 as 1

N;(t) is the number of individuals of the i-th species, and (a;;) denotes the interaction
matrix. The fixed-point solutions may be expressed as points in the 6-dimensional
space: they are the point (0, 0, 0, 0, 0, 0); six single-point solutions of the form
(1, 0, 0, 0, 0, 0); and a nontrivial fixed point (1,1,1,1,1,1)/A4,, where A4, =
1+a1+a2+a3+a4+a5.

We study the local solutions of Eq. (9.64) at the fixed point (1,1,1,1,1,1)/A4,.
The equation (9.64) may be written as

dlnN

=1- Z aijN;. (9.65)

Setting A4, V; = e¥, the equation (9.65) is transformed into

dy; vi
_ Z . 9.66
dt )\A1 4ij€ (9.66)
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We study the linear solutions of the equation (9.66). Setting e¥% = 1+ y;, it is
transformed into

dyi 1 -

—L = > aijy;- (9.67)

J=1

dt A4,

The equation (9.67) has the following exact solutions

Ay )\Al 3
S on (s o3 (5]
F—"—exp | ———t |+2(—1)" "exp | — t | cos t+——— ||, (9.68
5o (32 e e (<2 eos (P50 ) | o)
A, =14+a1+az+ a3+ as+ as,

)\A2:1—a1+a2—a3+a4—a5,
ay +az + a4+ as

Ap=1+az—

5 .
Mo = ?(—a1+a2—a4+a5),
)\Dzl—a3+a1_a2_a4+a5,

2
Ny = ?(—al—a2+a4+a5).

A necessary and sufficient condition for stability of the equation (9.68) is A4, > 0,
)‘Az >0, Ag >0, and A\p > 0. If)\A2 <0, A <0, and A\p < 0; )\A2 >0, Ag >0,
and A\p < 0; Ag, >0, Ap <0, and Ap > 0; or Ay, <0, Agp >0, and Ap > 0, their
solutions are unstable.

We study the global stability of the equation (9.64) by using the 6-chaotic function.
From the equation (9.51) we obtain the chaotic functions

1
N, = E[Al + 2B cosf + Az + 2D cos ¢),

Ny = =[A; — 2B cos(0 — éﬂ') — Ay + 2D cos(¢ + %7?)],

1
6
1 2 2
= 6[A1 + 2B cos(0 — gﬂ') + Az + 2D cos(¢ + §7r)],

1
Ny = E[Al + 2B cosf — Ay — 2D cos ¢),

1 1 1
N5 = E[Al — 2B cos(0 — §7T) + As — 2D cos(¢ + gﬂ')],
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1
G
From the equation (9.69) we obtain

2 2
Ns [A1 + 2B cos(f — gﬂ') — Ay — 2D cos(¢ + gﬂ')] (9.69)

dA dN;
N
7j=1
dB & . jm. dNjy1  dNag;
— = -1y g — 2= J+ +J
i = 2 eosld =) x (T T,
do 2 ; jﬂ' de+1 dN4+j

BE = Z(—1)3+1sin(0 — 3) X ( o + 7 ),

dds O dN;
el S VA )
dt jz::l( ) dt ’
dD g dNji1  dNyyj
di _§C08(¢+ 3) < (T4 a )
do 2 jm.  dNji1  dNay,
D2 — J g+l iy '
o jz:%sm(qwr 3 ) % ( 7 7 ) (9.70)

By substituting both equations (9.64) and (9.69) into the equation (9.70) we obtain
the 6-chaotic equations
dA; 1

it S U
dt 17 %

dB 1
o B — 6{(AA1 + AB)A1B + [(Aa, + Ap) cos(0 + ¢) + ngsin(0 + ¢)| A2 D

+(Ap cos 30 + ng sin 30) B + [Ap cos(6 — 2¢) — ngsin(6 — 2¢)|D?},
g 1
BE = 6{7701413 + [(Aa, + Ap)sin(0 + ¢) — ng cos(0 + ¢)]As D+

(Ap sin 30 — ng cos 30) B2 + [Ap sin(f — 2¢) + 1, cos(0 — 26)| D?},

(Aa, AT 4+ X4, A3 +2)\pB? + 2ApD?),

A
A Ao O+ A0 A1 A (s + Ap) cos(0+ ) — (g 1) sin(0-+ 9] BDY,
% —D- é{(m + AD)ALD + [(Aay + AB) cos(0 + ¢) + 1 sin(6 + ¢)] A2 B

+[(AB + Ap) cos(0 — 2¢) — (1g — np) sin(0 — 2¢)|BD},



Fermat’s Last Theorem and Its Applications 329

D% - é{%AlD +[(Aa, + Ap)sin(@ + ¢) —np cos(6 + ¢)] A2 B

+[(AB + Ap) sin(0 — 2¢) + (g — ny) cos(0 — 2¢)|BD}. (9.71)

The Aa,,Aa,, Ap and Ap in both equations (9.68) and (9.71) are identical. If
a1:a2:a3:a4:a5:1,then)\Al :6,/\,42:AB:AD:no:n¢:0.From
the equation (9.71) we obtain a special solution

A1(0)

A= A1(0) + (1= A (0))et

(9.72)

We now discuss the stability and instability of the nonlinear terms of dA;/dt in the
equation (9.71). We have

dA, 1,
— = ——A4,A7. 9.73
() o= gt (973
If Aq, > 0, then (%)A% < 0, so it is stable.
Next,
dA; 1
— = —— A, A3 .74
() =gt (974

If Aa, > 0, then (dAy/dt) p2 <0, so it is stable. If Ax, <0, then (dAy/dt) 52 > 0, so
it is unstable.
Next,

—1) =_—Z)\gB% 9.75
( dt )BQ 3 B ( )
If Ag > 0, then (41)p, < 0, so it is stable. If Ag < 0, then (%), > 0, so it is
unstable.

Finally,

80— D2 9.76
( dt )D2 3°P (9.76)

If Ap > 0, then (dA;/dt)p2 <0, so it is stable. If A\p < 0, then (dA;/dt)p2 > 0, so
it is unstable.

9.3. 4m-Nonlinear Dynamics

In order to study solutions of the 4m-nonlinear equation from (4.1) we define the
4m-chaotic function

{Al + 2H cos <ﬁ+ i~ 1)7T) + 2mz_:lBj (ej + (’_1)‘7”)]
j=1

N;
2 2m

1
~ 4m
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+(—1)i71 [A2 + sz—:l Dj cos <¢j - (Z_l)‘mﬂ (9.77)

4m ‘ 2m
7j=1

330

where i =1,2,---,4m.
From the equation (9.77) we obtain its inverse transformation

4m
— ZNH A2 ZN ’L+1
i=1

2m 2m
Hcos3 = ZNQZ'_l(— ) Hsin = E:NQZ 1),
i=1 i=1
Im—1 Z]ﬂ' 4m—1 Z]T('
Bjcosf; = Ny + ; Ni4jcos — e ,Bjsinf; = — ; NHisin%,
dm—1 dm—1 2]7T
Djcos¢j = Ny + ; Niyi(—=1) cos D sin ¢; = ; Niti(—1) sm%
(9.78)

The equations (9.77) and (9.78) constitute a nonlinear transformation group. From
the equation (9.78) we obtain

dA; X dN; dA, 42”5 i AN
= =) (=D —=

At Z=dt At & dt’
4m .
(1 — 1)7r> dN; ( — 1)\ dN;
:ZCos<ﬁ+ Zsln ﬁ—|— ) ,
—~ 2 dt’ dt
4am . .
dB; ' (z—l)j7r>dN ( z—l) )dNi
- ;COS <93 Yo ) a ™ dt Zsm b+ dt
dD; & (i —1)jn\dN; _ dp; &
_—J — —1)* A A L N § P
dt ;( )" cos <¢” om ) dt 0 dt ;
i (i—l)jw) dN;
(—1)"sin (gb] - e (9.79)

We define the 4m-nonlinear equations

dNi _ ( Zam ) (9.80)

dt
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where
1 ay v Qam—1
- agm—1 1 -+ Qam—2
(a;j) = ) . .
ay as - 1

The fixed point solutions of the equation (9.80) may be expressed as points in the
4m-dimensional space: they are the point (0,0,---,0) ;4m single-point solutions of
the form (1,0, ---,0); a nontrivial fixed point (1,1,---,1)/A4, where

dm—1
)\Al =1+ Z as.
j=1

Now we study the local solutions of Eq. (9.80) at the fixed point (1,1,---,1)/A4,.
The equation (9.80) may be written as

dIn N; X
dt =1- JZI aiij, (981)

where d1ln N;/dt is the average growth rate of the i-th species. Setting A, N; = eV,
the equation (9.81) is transformed into

dy; am 1
It 1 = T Yj 9.82
dt j;alj >‘A16 ( )

We study the linear solutions of the equation (9.82). Setting e¥ = 1+ y;, the
equation (9.82) is transformed into

dyi 1 4m_
= S A 9.83
dt AA1 j:1a]y] ( )

The equation (9.83) has the following exact solutions

1 —t At Nt (z — 1)7r>
) _ RS
— {e + 2exp ( M, ) cos (/\A1 + 5

m—1 . .
AB.t )\Q.t (’L — 1)]71'
9 o J J
+ ]21 exp ( )\Al > cos < + o )]

AA,

+(_417);1 {exp ( — i’% t) + 221 exp(—)\Djt)cos <)\¢jt — (- ij)]. (9.84)

Ay A4, A4, 2m

Yi =
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h
where dm—1 4dm—1
)\A1:1+ Z Gy, _1+ Z ah
=1
2m—1 ) 2m )
=1+ Z (—1)16121‘, Ag = Z(—l)la%_l,
=1 =1
Im—1 Z]Tl' dm—1 Z -
A, =1+ ;aicos%, )\gj:— Zalsln—
4m—1 ) Z]T( 4m—1 Zj’iT
Ap, =1+ Z a;(—1)" cos o Ap; = Z a;i(—1)"sin 2

i=1 i=1
A necessary and sufficient condition for stability of the equation (9.84) is Ay >
0,AB; > 0,and Ap; >0, where j =1,2,--- m—1.1f Ay <0, Ag; <0, and Ap, <0,
then thelr solutlons are unstable.
Now we study the global stability of the equation (9.80) by using the 4m-chaotic
function. By substituting both equations (9.77) and (9.80) into (9.79) we obtain the
4m-chaotic function

dA 1 m—1 m—1
—r =M {AAlAf F A AZ A H? +2 Y A BE+2 ) AD].DJ?]. (9.85)
j=1 j=1

The Aay, Aay; Am, Ap; and Ap; in both equations (9.84) and (9.85) are identical.
We will discuss stability and instability of the nonlinear equation (9.85). We have

(E) 5 == _RAAlAl' (986)

For A4, > 0, then ( )Az < 0, so it is stable.Also

dA; 9

)\ As. .

(% ) " (9.87)

If A, > 0, then (dAl)A2 < 0, so it is stable; if A4, < 0, then (cﬁl) > 0, so it
A2

is unstable. Also,

(W) = 4m>\HH (9.88)

If Ay > 0, then (dAl)Hz < 0, so it is stable; if Ay < 0, then (dA1>H2 > 0, so it

is unstable. Also,
_— = ——)\p. B%. )
( 4 )B? A, B (9.89)
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If Ap, > 0, then (%) g2 < 0, 50 it is stable; if \p, <0, then <;j;) > 0, so it
B2
J

dA, 1 )

is unstable.

If Ap, > 0, then ( )D2 < 0, so it is stable; if Ap, < 0, then ( C’?tl)Dz > 0, so it
is unstable.

From the above analysis we come to the conclusion that chaos occurs when stable
and unstable manifolds cross at nontrivial fixed points.

For 4m = 4, from the equation (9.80) we obtain

dN; o
o =N (1 - Zaiij), (9.91)

J=1

where i1 =1,2,3,4, j =1,2,3,4 and

1 ay ag as
as 1 al a
a2 as 1 al
a]; ag asg 1

(aij) =

where N; is the number of individuals of the i-th species.

The fixed-point solutions may be expressed as points in the 4-dimensional space:
they are the point (0, 0, 0, 0); 4 single-point solutions of the form (1, 0, 0, 0); and
a nontrivial fixed point (1,1,1,1)/A4,, where

A4, =1+ a1 + a2+ as.

Now we study the local solutions of Eq. (9.91) at the fixed point (1,1,1,1)/A4,.

The equation (9.91) may be written into

dlnN

i aj; (9.92)

Setting A4, N; = €%, the equation (9.92) is transformed into

dyi 1 4 _ .
— =1-— aijeyf. (993)
dt A, e
We study the linear solutions of the equation (9.93). Setting e% = 1+ y;, the
equation (9.93) is transformed into

4

dyl
= E iU 9.94
)\ | = Ai5Y; ( )
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—1{6_t+26X <—>\Htt) cos( >+ex ( )]
n 1 p M, M, p M,
e 2o (= 30 (3) e (=552
—le" —2ex — t | sin t
4 { P AA, )\A1
i ) eos () o - AZ)
= — —92 — t t
Y3 1 [e exp ( /\A1 CcoS /\A1 + exp

e 2o (=30 )om (0e) —ew (- 520) |
=—-le "+ 2ex — sin t] —ex t
Ya 1 p M, M, p M,

where Ay, =1+a1+az+az, Ag, =1—a1+az—a3, Ay =1—az, \g = —a1 +as.
A necessary and sufficient condition for stability of the equation (9.95) is Ay > 0
and Ag, > 0. If Ay < 0 and Ay, > 0, then the solutions are unstable.
For 4m = 4 from (9.77) we have

The equation (9.94) has the following exact solutions

Yo =

(9.95)

N 1 1 1 0 Aq
Ny | 1]1 -1 0 -1 Ay
Ny | 4|1 1 -1 0 2H cos f3 (9.96)
Ny 1 -1 0 1 2H sin 3
From (9.96) we have
dA, /dt 1 1 1 1 ANy /dt
dAsfdt | | 1 -1 1 -1 dN»/dt 0.97)
dH/dt | | cosf —sinf3 —cosf sinp dNs/dt |- ‘
Hdp/dt —sinf8 —cosB sinf3 cosf ANy /dt

By substituting (9.91) and (9.96) into (9.97) we obtain the 4-chaotic equations

dA
dtl = A — (AAlAf + A4, A2 + 22 H?),
dA2 . 2
dt = Ay — *[()\Al + )\A2)A1A2 + 2()\H cos 20 + )\ﬁ sin Q,B)H ],
dH
H—dt ()\A2 + )\H)Al + - [()\A2 + )\H) COS Qﬁ )\ﬁ sin 25]142,
d
d—f = —)\ﬁAl + - [()\A2 + Amr) cos 23 — Agsin 23] Ay (9.98)

The A, , Aa,, A and Ag in the equations (9.95) and (9.98) are the same. We will
discuss the stability and instability of the nonlinear terms of dA; /dt in the equation
(9.98). We have

(W) ) - _ZAAlAl' (999)
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For Ay, > 0, it is stable.

== ) 1

(% >A2 W (9.100)
2

If A4, > 0, it is stable. If A4, <0, it is unstable.

() - wll
dt - 2

(9.101).

If (dA1 )2 > 0, it is stable; if (4L o) 2 < 0, it is unstable.
For 4m = 4, we have

%Z ( E:mj ) (9.102)

where
a1l G21 a3l Q41
al2 G2 G32 Q42
a13 Q23 a33 (43
ai4 Aa24 az4 G44

a,-j =

In the same way we have a 4-chaotic equation

a4y Aa + a4 ass + au +a
— = a
gt 1~ 7l 22 33 44 12
+ai3 + a4 + az1 + ags + a4 + as; + asz + asq + aq1 + aq2 + aq3)
2

—E(an + a22 + az3 + a44 + a13 + a31 + a4 + a42

A1 As
8

—Q12 — G21 — A14 — 41 — Q23 — Q32 — A34 — a43) -
(@11 + azz + a13 + az1 — g2 — a4 — a24 — a42)
H2
—?[an + ag2 + az3 + a44 — A13 — G31 — G244 — Q42

+cos2f(ai1 + ags — age — aqq — a13 — az1 + a4 + a42)]

3 “[cos B(2a11 — 2ass + ar2 + az + arg +an

—ag3 — azp — az4 — a43) + sin f(—2az + 2a44 + a12 + a1

+a14 + aq1 — agz — aszy — agq — a43)]
HA,

[cos B(2a11 — 2a33 + a12 + a21 + a4 + @41 — a3 — a3z — az4 — Q43)



336 FOUNDATIONS OF SANTILLI’S ISONUMBER THEORY

+sin B(2a22 — 2a44 — a12 — a1 + a14 + a41 — a3 — azz + azq + a43)]

H?sin2p3
—T(—alg — a9g1 + a14 + aq1 + as3 + azo — asq — a43). (9.103)

If % < 0, it is stable; if d:;% > 0, it is unstable. Chaos occurs when stable and

unstable manifolds cross at nontrivial fixed points.
For 4m = 8, we have

dN; 5
p L = Nz(l — ZC_LZ'ij). (9104)
t =
where
1 a1 ay -+ ay
a; 1 a1 -+ ag
a@,j — ag ar 1 et ap
a; ay ag --- 1

In the same way we have a 8-chaotic equation

dA A?
d—tl :Al—§1(1+a1+a2+a3+a4+a5+a6+a7)
A2
2
—g(l—al—i—ag—a3+a4—a5—|—a6—a7)
H2
—T(]. —ag + a4 — aﬁ)
B2
—g 2t V2(a1 + a7) — 2as — V2(a3 + as)]
D2
—§[2 —V2(a1 + a7) — 2a4 + V2(az + as)). (9.105)

If % < 0, it is stable; if % > 0, it is unstable. Chaos occurs when stable and

unstable manifolds cross at nontrivial fixed points.
In the same way we may introduce the chaotic functions of the second kind from

(5.1), (6.1) and (7.1).
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Chapter 4

THE PROOFS OF BINARY GOLDBACH’S
THEOREM USING ONLY PARTIAL PRIMES

When the answers to a mathematical problem cannot be
found, then the reason is frequently the fact that we have
not recognized the general idea, from which the given
problem appears only as a single link in a chain of related
problems.

Dawvid Hilbert

In 1994 we discovered the new arithmetic function J2(w). Using it we proved the
binary Goldbach’s theorem [1]. In this chapter we yield the more detailed proofs of
the binary Goldbach’s theorem using only partial primes.

Definition. We define the arithmetic progressions [1-4]
Epa(K) ZWK+pa7 (1)

Where K = 07 1727 "'70‘) = HZSPSPZ’ p7 (pouw) - 17pl < pa = p17p27 7p¢(w) =w +
L, ¢(w) = [la<p<p,(p — 1) being Euler totient function.

E,,(K) can constitute all the primes and composites except the numbers of fac-
tors: 2,3, ..., p;. We define the primes and the composites by K below.

Theorem 1. If there exist the infinitely many primes p such that ap + b is also
a prime, then ap + b must satisfy three necessary and sufficient conditions:
(I) Let ap + b be an irreducible polynomial satisfying ab # 0, (a,b) = 1, 2|ab.

339
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(IT) There exists an arithmetic function J2(w) which denotes the number of sube-
quations. It is also the number of solutions for

(G’Epa (K) + b7w) - (a/pa + b,W) = 1. (2)
From (2) defining J(w) can be written in the form

w

:Z[%Mw)}: [T 01— x() ®)

a=1 3<p<p;

(III) t, is independent of p, [5], where ¢, denotes the number of primes K, less
than n in aE, (Kp)+b=p”. Taking t; = to, where o = 1, ..., Jo(w).to seem to be
equally distributed among the J2(w). We have

Ja(w)
m(N,2) ={p:p < Nyap+b=p} = DY ta ~ Jo(w)t1. (4)

a=1
First we deal with a subequation aE,, (K)+ b= p”. We define the sequence
K=0,1,2,...,n. (5)
We take the average value

2
m1(wn
= Ky : Ky < mals (K) + b=} ~ T ©)
where 71 (wn) denotes the number of primes K, less than n in E, (K). We show
that ¢; is independent of p;, because m1(wn) is independent of p; [5].
Let N = wn and 71 (N) ~ ————. Substituting it into (6) and then (6) into (4)

¢(w)log N
we have )
Jo(w)w N
7T2(N,2):|{p:p§N,ap—|—b:pl}’N ¢2(w) 10g2N‘ (7)
From (2) we have
aps +b =0 (mod p). (8)
Every p, > p can be expressed in the form
Pa =pm+q, (9)

where ¢ =1,2,...,p — 1.
Substituting (9) into (8) we have

ag+b=0 (mod p). (10)
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If plab, then (10) has no solutions. We define x(p) = 0. If p fab, then (10) has a
solution. We define x(p) = 1. Substituting it into (3) we have

p—1
hw = 1] -2 I o # 0, (11)
3<p<p: plab3<p<p; P

Since Jo(w) — 00 as w — oo, there exist the infinitely many primes p such that
ap + b is also a prime. It is a generalization of Euler proof of the existence of the
infinitely many primes [1-4].

Substituting (11) into (7) we have

1 -1 N
m(N,2) = [{p:p < Noaptb=p'}| ~2 [] (*ﬁ) I :

—1)2 _ 2 AT”
3<p<p; ( ) plab,3<p<p; p—2 log” N
(12)
The Prime Twins Theorem. Let a =1 and b = 2. From (11) we have
Bw) =[] -2 #0, (13)

3<p<p;

Since Ja(w) — 00 as w — 00, there exist the infinitely many primes p such that p+2
is also a prime.
From (12) we have

1 N
mo(N,2) ={p:p< N,p+2=p} ~2 (1— ) : (14)
{ H 3S1p_£}7i —172) 0N

(14) is the best asymptotic formula conjectured by Hardy and Littlewood [6].
The Binary Goldbach’s Theorem [1-4]. Let a = —1 and b = N. From (11)

we have

W= 11 -2 I Z=5#0 (15)

3<p<pi pIN,3<p<p;

Since Ja(w) — 00 as w — 00, every even number N greater than 4 is the sum of two
primes.
From (12) we have

(.2 = [pip< NN —p=p)~2 [ (1-

1 ) p—1 N
3<p<pi (p—1)?

_ 2N
DN p—2log®* N
(16)
(16) is the best asymptotic formula conjectured by Hardy and Littlewood [6].

To understand the binary Goldbach’s theorem, we yield the more detailed proofs
below.
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Corollary 1. Let p; =5 and w = 30. From (1) we have [1-2]
Ep, (K) = 30K + pa, (17)

where K =0,1,2,---;po = 7,11,13,17,19, 23, 29, 31.
All the even numbers N greater than 16 can be expressed as

N = 30m + h, (18)

where m = 0,1,2,---; h = 18, 20, 22, 24, 26, 28, 30, 32, 34, 36, 38, 40, 42, 44, 46.
From (17) and (18) we have

N =30m+ h = E, (K1) + Ep, (K>?). (19)
From (19) we have
m=Ki+ Ky, h=p+ps (mod 30) (20)

m = Kj + K> is called Yu’s mathematical problem, namely, integer m greater than
1 is the sum of primes K7 and K5. To prove m = K; + K» is transformed into
studying N = E,, (K1) + Ep, (K?2).

If 3| N from (15) we have J2(30) = 6. From (17) and (19) we have six subequations:
6=2+2+2

N =30m + 18 = E7(K1) + Ell(Kg) = E17(K1) + E31(K2)

= E19<K1) + EQQ(KQ), (21)
N =30m + 24 = E7(K1) + E17(K2) = EH(Kl) + E13(K2)

= E23<K1) + F31 (KQ), (22)
N =30m+ 36 = E7(K1) + EQQ(KQ) = Elg(Kl) + E23(K2)

= E17(Kq) + Er9(K2), (23)
N =30m +42 = EH(Kl) + Egl(KQ) = Elg(K1> + EQQ(KQ)

= E1g(K1) + E23(K3). (24)

If 5|N from (15) we have J3(30) = 4. From (17) and (19) we have four subequa-
tions: 4 =2+ 2

N =30m + 20 = E7(K1) + Elg(Kg) = Elg(Kl) + E31(K2), (25)

N =30m +40 = EH(Kl) + EQQ(KQ) = E17(K1) + E23(K2). (26)

If 3,5 /N from (15) we have J3(30) = 3. From (17) and (19) we have three
subequations: 3 =2+ 1

N =30m + 22 = E23(K1) + EQQ(KQ) = Ell(Kl) + Ell(KQ), (27)

N =30m + 26 = E7(K1) + Elg(KQ) = E13(K1) + Elg(Kg), (28)

N =30m+ 28 = E11(K1) + E17(K2) = Ea9(K1) + Fa9(K2), (29)

N =30m+ 32 = E13(K1) + E19(K2) = E31(K1) + E31(K2), (30)

N =30m+ 34 = E11(K1) + Eo3(K2) = E17(K1) + E17(K2), (31)
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N =30m + 38 = E7(K1) + Egl(Kg) = Elg(Kl) + Elg(Kz), (32)
N =30m + 44 = E13(K1) + Es1(K2) = E7 (K1) + E7(K2), (33)
N =30m + 46 = E17(K1) + Eo9(K2) = Ea3(K1) + Fa3(K2). (34)

If 3,5|N from (15) we have J2(30) = 8. From (17) and (19) we have eight
subequations: 8 =242+ 2 + 2

N =30m + 30 = E7(K1) + E23(K2) = EH(Kl) + Elg(Kg)

= F13(K1) 4+ Ev7(K2) = Eog(K1) + E31(K2). (35)
We can prove the binary Goldbach’s theorem using only thirty subequations:
N =30m+ 18 = E7(Ky) + E11(K2), N =30m+20= E;(K;)+ E13(K2),
N:30m+22:E23(K1)+E29(K2), N:30m+24:E7( 1) )
N =30m + 26 = E7(K1) + Elg(Kg), N =30m + 28 = Ell(Kl) + E17(K2),
N =30m+ 30 = E7(K1) + E23(K2), N =30m + 32 = Elg(Kl) + Elg(Kz),
N =30m+ 34 = E11(K1) + Eo3(K2), N =30m+ 36 = FE7(K1)+ Fy(K>),
N =30m + 38 = E7(K1) + E31(K2), N =30m + 40 = Ell(Kl) + EQQ(KQ)
N =30m+42 = Elg(Kl) + E23(K2), N =30m +44 = E13(K1) + E31(K2
N =30m + 46 = E17(K1) + Ezg(Kg). (36)
For every equation we have the arithmetic function

Lw>30= ] -2 ] Pl (37)

-2
7<p<p; p|N,7<p<p; p

Since Jo(w > 30) — oo as w — 0o, we prove Yu’s mathematical problem. We prove
also the binary Goldbach’s theorem using the partial primes.
Substituting (37) into (7) we have the best asymptotic formula

ma(N,2) = Z 1= Z 1~

m=K1+K> N=Ep, (K1)+Ep, (K2)

15 1 -1 N
52 1l (1‘( —1)2) PRI (38)
7<p<p; p p\Np 08

Corollary 2. Let p; = 7 and w = 210. From (1) we have
Ep,, (K) = 210K + pa, (39)

where K =0,1,2,---,(210,po) = 1,po = 11,41,71,101, 131, 191;
13,43,73,103,163,193;17,47,107,137,167,197; 19,79, 109, 139, 169, 199;
23,53,83,113,143,173;29, 59, 89, 149,179, 209; 31,61, 121,151, 181, 211;
37,67,97,127,157,187.

All the even numbers N greater than 38 can be expressed as

N =210m + h, (40)
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where m =0,1,2,---,h = 40,42, ---,248.
From (39) and (40) we have

N =210m + h = E, (K1) + E,,(K>). (41)
From (41) we have
m=K + Ky, h=p —|—p2(mod 210) (42)

From (39), (41) and (42) we have the 2304 subequations as follows.

40=11+29=41+209=191+59 =71+ 179 = 101 + 149;
40=17+23 =197+ 53 = 167 + 83 = 107 + 143 = 137 + 113.
42=11431=414+211=1914+61 =714 181 =101 4+ 151 = 131 + 121;
42=13+29=43+209=193+59="73+ 179 = 103 + 149 = 163 + 89;
42=19+4+23=199+53=79+ 173 = 169 + 83 = 109 + 143 = 139 + 113.
44=13+31=43+211=193+61 =73+ 181 = 103 + 151;

44 = 67+ 187 =97 4+ 157 = 127 + 127.

46 =17+ 29 =47+ 209 = 197 + 59 = 167 + 89 = 107 + 149;

46 =23+23 =83+ 173 =113 4 143.
48=11+37=191+67 =71+ 187 = 101 + 157 = 131 + 127,

48 =17T+31 =47+ 211 =197+ 61 = 107 + 151 = 137 + 121;
48=194+29=199+59=T79+ 179 = 169 + 89 = 109 + 149.
50=134+37=193+ 67 =73+ 187 = 163 + 97 = 103 + 157;
50=19+31 =199+ 61 =79+ 181 = 109 + 151 = 139 + 121.
52=23+29=53+209=83+179 =173 + 89 = 113 + 149.
52=11+41=71+191 =131 + 131.
54=114+43=41+13=71+193 =191+ 73 = 101 + 163;

54 =17+ 37 =197+ 67 = 167 + 97 = 107 + 157 = 137 + 127,

54 =23+4+31=53+4+211 =83+ 181 = 113 + 151 = 143 + 121.

56 =13+4+43 =734 193 = 103 + 163;

56 =19+ 37=199 467 =79 4+ 187 = 169 + 97 = 109 + 157 = 139 + 127.
58 =114+47=41+17=71+4197 = 101 + 167 = 131 + 137;

58 =29 429 =594 209 =89+ 179.
60=134+47=434+17=734197 =103+ 167 = 163 + 107;
60=194+41=199+ 71 =79+ 191 = 169 + 101 = 139 + 131;

60 =23+4+37=83+4187=173+97 = 113 + 157 = 143 + 127;

60 =29+ 31 =59+ 211 =209 + 61 =89 + 181 = 149 + 121.
62=194+43=199+ 73 =79+ 193 = 169 + 103 = 109 + 163;

62 =31+31=61+ 211 =121+ 151.
64=114+53=41+23=191483 =101+ 173 = 131 + 143;

64 =174+ 47 = 107 + 167 = 137 + 137.

66 =13+53=43+4+23=193+83 =103+ 173 = 163 + 113;

66 =19+ 47 =79+ 197 = 169 + 107 = 109 + 167 = 139 + 137;

66 =29 4+ 37 =209 + 67 =89 + 187 = 179 + 97 = 149 + 127.

68 =31+ 37=211+67= 181497 = 121 + 157 = 151 + 127;

68 =79+ 199 = 109 + 169 = 139 + 139.
70=114+59=41+29=71+209 =191 489 = 101 + 179 = 131 + 149;
0=174+53=474+23=1974+83 =107+ 173 = 167 + 113 = 137 + 143.
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72=114+61=41+4+31=71+211 =101+ 181 = 131 + 151;
72=134+59=43+29="73+4+209 =103 4+ 179 = 193 + 89;
72=19+4+53=109+ 173 =169 + 113 = 139 + 143 = 199 + 83.
74=134+61=43+4+31=734+211=103+181 =163 + 121;

74 =37+ 37=97+ 187 = 127 + 157.

76 =174+59=47+29 =197+ 89 = 107 + 179 = 137 + 149;

76 =23+53=113+173 = 143 + 143.
8=114+67=41+4+37=191497 = 101 + 187 = 131 + 157;

78 =17+4+61 =47+ 31 =107+ 181 = 167 + 121 = 137 + 151;

78 =19+4+59=79+ 209 =199 +89 =109 4+ 179 = 139 + 149.
80=134+67=43+37=193497 = 103 + 187 = 163 + 127;
80=19+61=79+211=109+ 181 =169 + 121 = 139 + 151.

82 =11+ 71 = 41 + 41 = 101 4 191.
82=234+59=53+29=83+209 =113+ 179 = 143 4 149.
84=11+73=T1+13=41+43 =109 + 193 = 191 + 103 = 131 + 163;
84 =17+ 67=47+37=107+ 187 = 167 + 127 = 137 + 157 = 197 + 97.
84=23+61=53+31=83+211=113+181 =173+ 121 = 143 + 151.
86 =19+ 67 =109 + 187 = 139 + 157 = 169 + 127 = 199 + 97;

86 =13+ 73 =43+ 43 = 103 4 193.

88 =17+ 71 =47+ 41 =107+ 191 = 167 + 131 = 197 + 101;

88 =29 + 59 = 89 + 209 = 149 + 149.
90=114+79=71+19 =101+ 199 = 131 + 169 = 191 + 109;
V=17+73=47+43 =107+ 193 = 137 4+ 163 = 197 + 103;
90=23+67=53+37=113+ 187 =143 + 157 = 173 + 127;
90=29+4+61 =59+ 31 =89+ 211 =149 + 151 = 179 + 121.
92=134+79=73+19 =103+ 199 = 163 + 139 = 193 + 109;

92 =31+61 =121+ 181 = 151 + 151.
94=114+83=71+23=414+53=1314+173 =191 + 113;

94 = 47 + 47 = 107 4+ 197 = 137 + 167.
96=134+83=43+53=73+23 =163 + 143 =193 + 113;

96 =17+79=107+ 199 = 137+ 169 = 167 + 139 = 197 4+ 109;

96 =29+ 67=59+37=149+ 157 =179 + 127 = 209 + 97.

98 =314+67=61+4+37=1214 187 = 151 + 157 = 181 + 127 = 211 4+ 97;
98 =19+ 79 =109 + 199 = 139 + 169.

100 =114+89=41+59="71+29 =101 + 209 = 131 + 179;
100=17+83=47+53 =137+ 173 = 167 4+ 143 = 197 + 113.
102=134+89 =73+ 29 =43 + 59 = 103 + 209 = 163 + 149;
102=19+4+83=79+23=139+ 173 = 169 4 143 = 199 + 113;
102=31+71=61+41=121+191 =181 + 131 = 211 + 101.

104 =31+73=61+43 =121+ 193 = 151 + 163 = 211 + 103;

104 = 37+ 67 = 127 4+ 187 = 157 + 157.

106 =17+ 89 =47+ 59 = 107 4 209 = 137 4+ 179 = 167 + 149;

106 =234+ 83=53+53 =143+ 173.
108=11497=71437=414+67 =131+ 187 = 191 + 127;
108=19+4+89 =79+ 29 =109 + 209 = 139 + 179 = 169 + 149;

108 =47+ 61 =107+ 211 = 137+ 181 = 167 + 151 = 197 + 121.
110=134+97=73+37=43 + 67 = 163 + 157 = 193 + 127;
110=31+4+79 =121 + 199 = 151 + 169 = 181 + 139 = 211 + 109.
112=234+89=83+29=53+59=113+209 =143 + 179 = 173 + 149;
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112=114101 =414+ 71 = 131 4+ 191.
114=114+103=414+73=71+43 = 101 + 13 = 131 4 193;

114 =174 97 =47+ 67 = 137 4+ 187 = 167 + 157 = 197 + 127;

114 =314+83=61+4+53=151+173 = 181 + 143 = 211 4 113.

116 =194+ 97 =79 + 37 = 139 + 187 = 169 + 157 = 199 + 127;

116 =13+ 103 =43 4+ 73 = 163 + 163.

118 =114107=71+47=101 417 = 131 4+ 197 = 191 4 137;

118 =29 + 89 = 59 + 59 = 149 + 179.

120=11+4+109 =41 + 79 = 101 + 19 = 131 + 199 = 191 + 139;
120=134+107=734+47 =103 + 17 = 163 + 167 = 193 + 137;

120 =31489 =61 4 59 = 121 + 209 = 151 4+ 179 = 181 + 149;
120=23+97=53+67 =83+ 37 = 143 + 187 = 173 + 157.

122 =13+109 =43 + 79 = 103 + 19 = 163 + 169 = 193 + 139;

122 = 61 + 61 = 121 4 211 = 151 + 181.
124=114+113=41483 =71+ 53 = 101 4 23 = 191 4 143;

124 =174 107 = 137 + 197 = 167 4 167.

126 =134+113=434+83=73+53 =103+ 23 =163 4+ 173 = 193 + 143;
126 = 174109 =47+ 79 = 107 + 19 = 137 4+ 199 = 167 4 169 = 197 4 139;
126 =29497 =594 67 =894 37 =149 4+ 187 = 179 4 157 = 209 + 127.
128 = 31497 =61+ 67 = 151 + 187 = 181 4+ 157 = 211 + 127;

128 =19 + 109 = 139 + 199 = 169 + 169.

130 =17+ 113 =47+ 83 = 107 + 23 = 167 + 173 = 197 + 143;

130 =29 + 101 = 59 + 71 = 89 + 41 = 149 + 191 = 209 + 131.
132=114121=71461 = 101 4+ 31 = 131 4+ 211 = 191 + 151;

132 =19+ 113 =79+ 53 = 109 + 23 = 169 + 173 = 199 + 143;
132=294+103 =594 73 =89+ 43 = 149 + 193 = 179 + 163.

134 =13+121 =73+ 61 =103 + 31 = 163 + 181 = 193 + 151.

134 =37+ 97 = 67 + 67 = 157 + 187.

136 =29 4 107 =89 4+ 47 = 149 4+ 197 = 179 + 167 = 209 + 137,

136 =23+ 113 =53+83 =173+ 173.
138=114127=41497 =71+ 67 = 101 4 37 = 191 4 157,

138 =17+ 121 = 107 + 31 = 137 + 211 = 167 + 181 = 197 + 151;

138 =29+ 109 = 59 + 79 = 149 + 199 = 179 + 169 = 209 + 139.

140 =134+ 127=434+97 =73+ 67 = 103 + 37 = 163 + 187 = 193 + 157;
140 =194 121 =79 4 61 = 109 4 31 = 139 4 211 = 169 + 151 = 199 4 151.
142 =29+ 113 =59+ 83 =89+ 53 =179+ 173 = 209 + 143;
142=114131=414101 =714 T71.
144=134+131=434+101 =73+ 71 =103 + 41 = 163 + 191;

144 = 17+ 127 = 47 + 97 = 107 + 37 = 167 + 187 = 197 + 157;

144 =234121=834+61 =113+ 31 =143 + 211 = 173 + 181.

146 =19+ 127 =79 + 67 = 109 + 37 = 169 + 187 = 199 + 157;

146 =43 4+ 103 = 73 4+ 73 = 163 + 193.

148 =114 137 =41+ 107 =101 + 47 =131 + 17 = 191 4 167;

148 = 59 4 89 = 149 4209 = 179 + 179.
150=11+139=41+109 =71 + 79 = 131 + 19 = 191 + 169;

150 =13 + 137 =43 + 107 = 103 + 47 = 163 + 197 = 193 + 167,
150=234+127=534+97=83+67 =113+ 37 = 173 4 187,

150 =294 121 =89+ 61 = 149+ 211 = 179 + 181 = 209 + 151.

1562 =13+ 139 =43+ 109 = 93 + 79 = 163 + 199 = 193 + 169;
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152 =31+ 121 = 151 + 211 = 181 4 181.

154 =114143=41+113=T71+4+83 =101+ 53 = 131 +23 = 191 4+ 173;
154 =17+ 137 =47 4 107 = 167 + 197.

156 =134+ 143 =43+ 113 =734+83 =103 + 53 = 193 + 173;

156 =174+ 139 =47+ 109 = 137+ 19 = 167 + 199 = 197 + 169;

156 =294 127 =59497 =89+ 67 = 179 + 187 = 209 + 157.

158 =31 + 127 =97+ 61 = 121 + 37 = 181 + 187 = 211 + 157,

158 =194 139 =794 79 = 169 + 199.
160=114+149=71489=101+59 =131 + 29 = 191 4+ 179;

160 =174 143 =47+ 113 = 107 + 53 = 137 + 23 = 197 4+ 173.

162 =11+ 151 =41 4+ 121 = 101 + 61 = 131 + 31 = 191 + 181;
162=134+149=73+89 =103+ 59 = 163 + 209 = 193 + 179;
162=19+4143=79+83=109+53 =139+ 23 =199 + 173.

164 =134+ 151 =43+ 121 =103 + 61 = 163 + 211 = 193 + 181;

164 = 37+ 127 = 67+ 97 = 187 4 187.

166 = 174 149 = 107 4+ 59 = 137+ 29 = 167 + 209 = 197 + 179;

166 =23+ 143 =53 + 113 = 83 4 83.

168 =114+ 157=41+127=71+497 = 101 + 67 = 131 + 37 = 191 4 187;
168 =174 151 =47+ 121 =107+ 61 = 137+ 31 = 167 4+ 211 = 197 + 181;
168 =194 149 =79+ 89 =109 + 59 = 139 + 29 = 169 + 209 = 199 + 179.
170 =134+ 157=43+ 127 =734+ 97 = 103 + 67 = 193 + 181;

170 =19+ 151 =109 + 61 = 139 + 31 = 169 + 211 = 199 + 181.
172=23+149=83+4+89 =113 + 59 = 143 + 29 = 173 + 209;

172 =41+ 131 =71+ 101 = 191 + 191.

174=114+163 =714 103 = 101 + 73 = 131 + 43 = 191 + 193;

174 = 174+ 157 =47 + 127 = 107 + 67 = 137 + 37 = 197 + 187;

174 =23+ 151 =534+ 121 =113 + 61 = 143 + 31 = 173 + 211.

176 =19+ 157 =794 97 = 109 + 67 = 139 + 37 = 199 + 187;

176 = 134163 = 73 + 103 = 193 + 193.

178 =114+ 167 =41+ 137 =107+ 71 = 131 + 47 = 191 + 197,

178 =29 4+ 149 = 89 4+ 89 = 179 + 209.
180=114+169=41+139=71+109 = 101 + 79 = 191 + 199;

180 =13+4167=43+ 137 =73+ 107 = 163 + 17 = 193 + 197;

180 =234+ 157=53+ 127 =83+ 97 =113 + 67 = 143 + 37;

180 =29+ 151 =59+ 121 = 149 + 31 = 179 + 211 = 209 + 181.
182=134169=43+139=73+109 =103+ 79 = 163 + 19 = 193 + 199;
182 =31+ 151 =61 + 121 = 181 + 211.

184 =114+173=414143=71+113=101 483 = 131 + 53;

184 =17+ 167 =47+ 137 = 197 + 197.

186 =134+ 173 =43+ 143 =73+ 113 =103 + 83 = 163 + 23;

186 = 17+ 169 = 47+ 139 = 107 + 79 = 167 + 19 = 197 + 199;

186 =29 4+ 157 =59 4 127 = 89 + 97 = 149 + 37 = 209 + 187.

188 =31 + 157 =61 + 127 = 121 + 67 = 151 + 37 = 211 + 187;

188 =194 169 = 79 + 109 = 199 + 199.

190 =114179 =41+ 149 = 101 + 89 = 131 + 59 = 191 + 209;

190 =174+ 173 =47+ 143 = 107 + 83 = 137 + 53 = 167 + 23.
192=11+181 =41+ 151 =71+ 121 = 131 + 61 = 191 + 211;

192 =134+ 179 =43 + 149 = 103 + 89 = 163 + 29 = 193 + 209;

192 =23+4169=53+139=83+4+109=113+4+79 =173 + 19.
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194 =13+ 181 =434+ 151 =73 + 121 = 163 + 31 = 193 + 211;

194 = 37 + 157 = 69 4+ 127 = 97 + 97.

196 = 17+ 179 = 47 4 149 = 107 + 89 = 167 + 29 = 197 + 209 = 137 + 59;
196 =23 4+ 173 =53 4+ 143 = 83 + 113.

198 =114+ 187=414157=71+ 127 =101 4+ 97 = 131 + 67;

198 =17+ 181 =47+ 151 = 137+ 61 = 167 + 31 = 197 + 211;

198 =19+ 179 = 109 + 89 = 139 + 59 = 169 + 29 = 199 + 209.

200 =13+ 187 =43 + 157 =73 + 127 = 103 + 97 = 163 + 37;

200=194+ 181 =79+ 121 = 139+ 61 = 169 + 31 = 199 + 211.
202=23+179=53+149 =113+ 89 = 143 + 59 = 173 + 29;
202=11+191 =71+ 131 = 101 + 101.
204=114193=41+163=1014+103 =131+ 73 =191 + 13;

204 = 174 187 =47 + 157 = 107 4+ 97 = 137 + 67 = 167 + 37,

204 =23+ 181 =53+ 151 =83+ 121 =143 + 61 = 173 + 31.

206 =19+ 187 =79 + 127 = 109 4+ 97 = 139 + 67 = 169 + 37,

206 =134+ 193 =43 + 163 = 103 + 103.

208 =114+197=41+167=71+ 137 =101 + 107 = 191 + 17;

208 =29+ 179 = 59 + 149 = 209 + 209.
210=114199=41+169 =71+ 139 =101 + 109 = 131 + 79 = 191 + 19;
210 =13+ 197 =43 + 167 =73 + 137 =103 + 107 = 163 + 47 = 193 + 17;
210=23+187=534+157=83+ 127 =113+ 97 =143+ 67 = 173 + 37;
210=29+181 =59+ 151 =89+ 121 =149+ 61 = 179 + 31 = 209 + 211.
212=134+199 =43+ 169 = 73 + 139 = 103 + 109 = 193 + 19;

212 =31+ 181 =61 + 151 = 211 + 211.
214=23+191=83+131=1134103 =143+ 71 =173 + 41;

214 =17+ 197 = 47 + 167 = 107 + 107.

216 = 17+ 199 =47 + 169 = 107+ 109 = 137 + 79 = 197 + 19;

216 =23+193=53+163 =113+ 103 =143+ 73 = 173 + 43;

216 =29+ 187 =59+ 157 =89 + 127 = 149 4+ 67 = 179 + 37.

218 =31+ 187 =61+ 157 = 121 + 97 = 151 + 67 = 181 + 37;

218 =19+ 199 = 79 + 139 = 109 + 109.

220 =114209 =41+ 179 =71 + 149 = 131 + 89 = 191 + 29;

220 =23+ 197 =53+ 167 =83 + 137 =113 + 107 = 173 + 47.
222=114211=41+ 181 =71+ 151 =101 + 121 = 191 + 31;

222 =134+209 =43+ 179 =73 + 149 = 163 + 59 = 193 + 29;

222 =234+199 =53+ 169 =83+ 139 = 113 + 109 = 143 4+ 79.

224 =13+4+211=43+ 181 =73+ 151 =103 + 121 = 163 4+ 61 = 193 + 31;
224 =37+ 187 =67+ 157 = 97 + 127.

226 = 17+ 209 =47 + 179 = 137 4+ 89 = 167 + 59 = 197 + 29;

226 =53+ 173 =83 + 143 = 113 4+ 113.

228 =17+ 211 =47+ 181 = 107+ 121 = 167 + 61 = 197 + 31;

228 =19+ 209 = 79 + 149 = 139 4+ 89 = 169 + 59 = 199 + 29;

228 =37+ 191 =97+ 131 =127+ 101 = 157 + 71 = 187 + 41.

230 =19+ 211 =79 + 151 = 109 + 121 = 169 + 61 = 199 + 31;

230 =37+ 193 =67 + 163 = 127 4+ 103 = 157 + 73 = 187 + 43.

232 =234+209=53+179 =83+ 149 =143 +89 = 173 + 59;

232 =41+191=101+131 =11+ 11.

234 =23+211=53+181=83+ 151 =113+ 121 =173 + 61;

234 =374 197 =67 + 167 = 97 + 137 = 127 + 107 = 187 + 47;



The Proofs of Binary Goldbach’s Theorem Using Only Partial Primes 349

234=41+193=191+43=71+163 = 131 + 103 = 11 + 23.
236 =37+ 199 =67+ 169 = 97 + 139 = 127 4 109 = 157 + 79;
236 =43 +193 =73+ 163 = 13 + 13.
238=41+197=714+167=101+137=131+ 107 =191 +47 = 11 4+ 17;
238 = 29 + 209 = 59 + 179 = 89 + 149.

240 =29+ 211 =59+ 181 = 89 + 151 = 179 + 61 = 209 + 31;
240 =41+199 =71+ 169 = 101 + 139 = 131 + 109 = 11 + 19;
240 =43+197 =73+ 167 =103 4+ 137 =193 + 47 = 13 + 1T,
240 =23+ 187 =173+ 67 = 83 + 157 = 143 + 87 = 113 + 127.
242 =43 +199 =73+ 169 = 163 + 97 = 103 + 139 = 13 + 19;
242 =31+ 211 =61+ 181 =121 4+ 121.

244 =53 +191 =173+ 71 =143+ 101 = 113 + 131 = 11 + 13;
244 =47+ 197 =107+ 137 = 17+ 17.

246 = 37+ 209 = 181 + 59 = 67 + 179 = 157 + 89 = 97 + 149;
246 =47 +199 =167+ 79 =107+ 139 =137+ 109 = 17 + 19;
246 =53+ 193 =173+ 73 =83+ 163 = 143 + 103 = 13 + 23.
248 = 37+ 211 = 187+ 61 = 67 + 181 = 97 + 151 = 127 + 121;
248 =79+ 169 = 109 4 139 = 19 4 19.

For studying the binary Goldbach’s theorem we discuss only 210 subequations:

N =210m +40 = Ell(Kl) +E29(K2), -, N =210m + 248 = E79(K1) + E169(K2).
(43)
For every equation we have the arithmetic function

Jo(w > 210) = Il(p—m1135é¢o. (44)
11<p<p; pin P

Since Ja(w > 210) — 0o as w — oo every even number N from some point onward
can be expressed as the sum of two primes using only partial primes.
Substituting (44) into (7) we have the best asymptotic formula

ma(N,2) = Z 1= Z 1~

m=K1+Ka N=Ep, (K1)+Ep, (K2)
5 H (1_( _1)2)1—[]7_21 TN (45)
11<p<p; P piv P 2008

Corollary 3. Let p; = 11 and w = 2310. From (1) we have
E,, (K) = 2310K + P,, (46)
where K = 0,1,2,..; (2310,pa) = 1;  pa = 13,43,73, ..., 2263, 2293; 17, 47,107,

..., 2267,2273;19, 79,109, ..., 2239, 2269; 23, 53, 83, ..., 2243, 2273; 29, 59, 89, ..., 2279,
2309; 31,61, 151, ..., 2281, 2311; 37, 67, 97, ..., 2257, 2287; 41, 71, 101, ..., 2231, 2291.
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All the even numbers N greater than 126 can be expressed as
N = 2310m + h, (47)

where m =0,1,2,...; h = 128,130, ..., 2436.
From (46) and (47) we have

N =2310m + h = E, (K1) + E,, (K>). (48)
From (48) we have

m = K; + Ko, h = p;1 + p2(mod 2310). (49)
From (48) we have the (480)2 subequations as follows:

N =2310m + 128 = E31 (K1) + Eg97(K2) = Eg1(K1) + Egr(K2) = - -,
(50)
N = 2310m + 2436 = E13(K1) + E113(K2) = Ey3(K1) + Es3(Ka) =

For studying the binary Goldbach’s theorem we discuss only 2310 subequations:
N = 2310m+128 = E31(K1)+FEo7(K2), ..., N = 2310m+2436 = E13(K1)+E113(K2).

(51)
For every equation we have the arithmetic function

Jow>2310)= [] (»p—2) H— # 0. (52)
13<p<p; p\N

Since Ja(w > 210) — 0o as w — oo every even natural number N from some point
onward can be expressed as the sum of two primes using only partial primes.
Substituting (52) into (7) we have the best asymptotic formula

m(N,2)= > 1= > 1~

m=Ki+Ko N=Ep, (K1)+Ep,(K2)
7 < > H D —
U (53)
7650 it U (- 12) ip—2 log N

Corollary 4. Let p; = 13 and w = 30030. From (1) we have
E,.(K) = 30030K + Py, (54)

where K =0,1,2,...; (30030,ps) =1; po = 17,47,,...,29987; 19,79, ..., 29989;
23,53, ...,29993; 29,59, ...30029; 31, 61, ..., 30031; 37,67, ..., 30007; 41,71, ...,
30011; 43,73, ...,30013.
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All the even numbers N greater than 254 can be expressed as
N = 30030m + h, (55)

where m = 0,1,2, ... h = 256, 258, ..., 30284.
From (54) and (55) we have

N =30030m + h = E, (K1) + E,, (K>). (56)
From (56) we have
m = Kj + Ks, h=p;+ p2(mod 30030). (57)
From (56) we have the (5760)? subequations as follows:
N = 30030m + 256 = E17(K1) + Ea39(K2) =+ -+,
(58)
N = 30030m + 30284 = Fs31(K1) + Foo3(Kg) = ---.
For studying the binary Goldbach’s theorem we discuss only 30030 subequations:
N = 30030m + 256 = E17(K1) + Ea39(K2),
N = 30030m + 258 = E17(K1) 4+ E241(K2),
N = 30030m + 260 = F19(K1) + Faa1(K2),- -,
N = 30030m + 30282 = E19(K1) + Fa33(K2),
N = 30030m + 30284 = E31 (K1) + Fas3(Ka2).

For every equation we have the arithmetic function
p—1
J: = -2 - .
5(w > 30030) 1 I & )Hp_Q;éO (59)
7<p<p; p|N

Since J2(w > 30030) — oo as w — oo every even number N from some point onward
can be expressed as the sum of two primes using only partial primes.
Substituting (59) into (7) we have the best asymptotic formula

m(N,2)= > 1= > 1~

m=Ki+K> N=Ey, (K1)+Ep, (K2)
1001 1 -1 N
1105920 11 (1_( —1)2)Hp—21 2N’ (60)
17<p<pi p plv P =108
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Corollary 5. Let p; = 17 and w = 510510. From (1) we have
E,, (K) = 510510K + P,, (61)

where K =0,1,2,..; (510510, pa) = i pa = 19, ..., 510469; 23, ..., 510473;
29, ...,510509; 31, ..., 510511; 37, ..., 510487; 41, ..., 510491; 43, ..., 510463;
47, ...,510467.

All the even numbers N greater than 510 can be expressed as

N = 510510m + h, (62)

where m = 0,1,2, ... h = 512,514, ..., 511020.
From (61) and (62) we have

N = 510510m + h = By, (K1) + E,, (K2). (63)
From (63) we have
m = K; + K3, h=pj+ p2(mod 510510). (64)
From (63) we have the (92160)? subequations as follows:
N =510510m + 512 = E73(K1) + Ei39(K2) = F103(K1) + Ego9(Ka) = - -+,

(65)
N =510510m + 511020 = E19( K1) + E491(K2) = E79(K1) + Ey31(K2) = - -.
For studying the binary Goldbach’s theorem we discuss only 510510 subequations:

N =510510m + 512 = E73(K1) + E439(K2), ey

N = 510510m + 511020 = F19(K1) + E91(K2). (66)
For every equation we have the arithmetic function
p—1
J: 10510) = -2 — :
o= ow50) = [ -2 ][ 7= #0 (67)
9<p<p; p|N

Since Jy(w > 510510) — 0o as w — oo every even natural number N from some
point onward can be expressed as the sum of two primes using only partial primes.
Substituting (67) into (7) we have the best asymptotic formula

m(N,2)= > 1= > 1~

m=K1+Ks N=Ep, (K1)+Ep, (K2)
17017 1 1 N
283115520 11 (1 C(p— 1)2) 11 . T 010l N (68)
19<p<p; p NP 0g
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Corollary 6. Let p; = py and wg = [[5<,<p, p- From (1) we have
Ep.(K) = wgK + P, (69)

where K = 0,1,2,...;(wg,Pa) = 1, g < Pa = D1, P(w,) = Wy + 1. All the even
numbers N greater than H can be expressed as

N =wym + h, (70)

where m =0,1,2,..;h=H+2,H +4,---,wy + H, H being an even number.
From (69) and (70) we have

N = g+ b = By, (K1) + Bpy(K). (71)
From (71) we have
m = K1 + Ka, h=p1+p2(mod wy). (72)

From (71) we have the ¢?(w,) subequations. For studying the binary Goldbach’s
theorem we discuss only w, subequations among them. For every equation we have
the arithmetic function

Jo(w > wy) = H (p—2 Hp—;é (73)
Pg<p<pi pIN P

Since Ja(w > wy) — 00 as w — 00 every even natural number N from some point
onward can be expressed as the sum of two primes using only partial primes.
Substituting (73) into (7) we have the best asymptotic formula

m(N,2)= > 1= > 1~

m=Ki1+ K> NZEpl (K1)+Ep2 (K2)
L0 I ™
¢2 e (p— NPT 2 log N

From wy = 6 and (74) we have

B 3vch(wy)logw, — w, log 6
mg = exp ( wgg— 3 \/EZ (wg)g ), (75)

where )
T ()
3<p<py (p—1)

From (75) we have w, = 30,mg = 42;w, = 210, mo = 141;w, = 2310, my = 946.
The integer m greater than mg is the sum of primes K; and Ks, that is every even
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number N greater than wymg can be expressed as the sum of two primes using only
partial primes. It is wy/¢?(wy) of the the total primes. In the same way we can
prove the prime twins theorem and other problems using only partial primes. We
will establish the additive prime theory with partial primes.

Theorem 2. p; =p+6, po=N —p.
We have the arithmetic function

Bow)=TIe-1) I ¢-3) S A0, (76)

3|N 5<p<p; pIN.pl(N+6) P

Since J2(w) — 00 as w — oo every even number N from some point onward can be
expressed as the sum of two primes satisfying that p 4+ 6 is a prime.
We have exact asymptotic formula

Jo(w)w? N

) o N

(77)

Theorem 3. p; =p+6, po=p+12, p3 =N —p.
We have the arithmetic function

-3
B =TIe-1 I ¢-4) I1 E=st0. (1)
3N 5<p<pi PIN pl (N+6).pl(N+12) P

Since J2(w) — 00 as w — oo every even number N from some point onward can be
expressed as the sum of two primes satisfying that p + 6 and p + 12 are primes.
We have exact asymptotic formula

Jo(w)w® N
N,2) ~ ———— . 79
ma ) d*(w) log* N (79)
Theorem 4. p; =p+2, po=N —p.
We have that Ja(w) #0if 3 J(N —2); J2(3) =0 if 3|(N —2).
Theorem 5. py=p+4, po=N —p.
We have that Ja(w) #0if 3 J(N —1); J2(3) =0if 3|(N —1).
Theorem 6. p; =p+ 30, po = N —p.
We have the arithmetic function
p—2
L=l e-0]le-2 II @-3 I ~—5#0 (0
3,5|N 5N 7<p<p; pIN.pl (N+30) P

Since Jo(w) — 00 as w — o0, there exist primes p such that p + 30 and N — p are
primes for every even number N from some point onward.
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We have exact asymptotic formula

Jo(ww? N
¢*(w) log’ N’

m3(N,2) ~ (81)

Theorem 7. p; =p+30, po=p+60, ps =N —p.
We have the arithmetic function

p@=Te-0IIe-2 I e-o I  2=2#0

3,5|N 5N T<p<pi pIN,pl(N+30),p|(N+60) P

Since Ja(w) — 00 as w — 00, there exist primes p such that p+ 30, p+60 and N —p
are primes for every even number N from some point onward.
We have exact asymptotic formula

Jo(w)w? N
N,2) ~ ——F— . 83
m(N.2) ~ (53)
Theorem 8. p; =p?>+30, pp =N —p.
We have the arithmetic function
-30
ne) = M- I e-2 I (p-3- (0 -x@) 0. 6
351N 3,5V T<p<pi P
where x(p) = —1if p|N; x(p) =0if p /N.
We have exact asymptotic formula
J 2 N
ra(V,2) ~ 2L (55)

2¢3(w) log® N

Theorem 9. p; = p?> + 210, ps = N —p.
We have the arithmetic function

)= I o-0 T -2 TI (p-3-

357N 357N 11<p<p; p

=5 ) 0. (50

where x(p) = —1if p|N; x(p) =0if p fN.
We have exact asymptotic formula
Jo(w)w? N

m3(N,2) ~ 263(@) o N

(87)

Theorem 10. p; =p? +p+41, po =N —p.
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We have the arithmetic function

B = T 0-3- (2 o) #0,

3<p<p; p

where x(p) = ~1if p|N; x(p) =0if p JN; (755’) =0.
We have exact asymptotic formula
Jo(ww? N

T ) e

(88)
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Chapter 5

SANTILLI’S ISOCRYPTOGRAPHIC THEORY

Fundamental open problems in science, such as biological
structures, irreversibility, classical treatment of antimatter,
grand-unification, constituents of hadrons definable in our
spacetime, and others, can only be solved via basically
new mathematics which, in turn, can only be really new if
based on new numbers.

Ruggero Maria Santilli

1. Introduction

In Appendix 2C of the second edition of monograph [1] written in 1995, Santilli
introduced a basically new class of cryptograms. The main idea is that of lifting any
existing numerical cryptogram based on the trivial unit +1 and the trivial associative
product ab initio a form based on isonumbers of the first kind with isounit 7 = 1 / T
and isoproduct axb = aTb where I is an arbitrary non-zero number generally outside
the original set.

This lifting produces the new cryptograms, today known as Santilli’s isocryp-
tograms, whose evident advantages are the following:

1) The availability of an infinite number of basic units, with consequential evident
increase of the difficulties for the resolution of the cryptogram, assuming that it can

359
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be resolved in a finite period of time, particularly when using a series of cryptograms
all with different isounits.

2) The capability of computerizing the change of the isounit on a periodical if not
continuous basis without any need to alter the basic cryptograms themselves, with
additional dramatic increase of security; and

3) A significant decrease of costs while increasing security, since Santilli’s isotopic
lifting can dramatically increase the security of simple cryptograms, while today a
lesser security is achieved via extreme complex cryptograms with consequential high
costs.

The reader should be aware that Santilli also proposed the much more complex
genocryptograms and hypercryptograms based on ordered units and products which
are single-valued and multi-valued, respectively. The consequential increase of com-
plexity as compared to isocryptograms is evident and so are the difficulties for their
resolution and the increased security.

In this final chapter we shall mainly outline the foundations of Santilli’s isocryp-
tographic theory and provide only a few comments on the more complex geno- and
hyper-cryptograms.

2. Secret-Key Isocryptography

There are essentially two different types of isocryptograms: secret-key isocrypto-
graphic system and public-key isocryptographic system.

Before discussing these two types of different isocryptosystems, we present the
following notations:

The message space M is a set of strings (plaintext messages) over some alphabet,
that needs using a series of isocryptograms all with different isounits. Ciphertext
space C: a set of strings (ciphertext messages) over some alphabet, that has been
encrypted.

Key space K: a set of strings (keys) over some alphabet, which includes the
encryption key I and the decryption key T.

The encryption process (algorithm) E : IM = C.

The decryption process (algorithm) D : TC =M.

The algorithms E and D must have the property that

TC =TIM = M. (2.1)
The sender uses an invertible transformation f defined by
f:M-Lc (2.2)

to produce the ciphertext R
C=1IM, (2.3)
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and transmits it over the public insecure channel to the receiver. The key I should
also be transmitted to the legitimate receiver for decryption but via a secure channel.
Since the receiver knows the key 7', he can decrypt C by a transformation f~! defined
by

o Lom (2.4)

and obtain 7C' = TIM = M the original plaintext message.

(1) Character ciphers. Let us define the numerical equivalents of the 26 English
letters, since our operations will be on the numerical equivalents of letters, rather
than the letters themselves. We have encryption

C = Im + b(mod 26) (2.5)

with I,b € Z the key, 0 < I,b,m < 26 and ged([,26) = 1
We have decryption A
m = T(C — b)(mod 26), (2.6)

where 7" is the multiplicative inverse of I(mod 26).

(2) Block ciphers. Block ciphers can be made more secure by splitting the
plaintext into groups of letters (rather than a single letter) and then performing the
encryption and decryption on these groups of letters. This block technique is called
block ciphering. Translate the letters into their numerical equivalents and form the
ciphertext

C; = IM;(mod 26), (2.7)
where
C1 my
C; = , M; =
Cn My,

and I is an invertible n x n matrix which is called isounit matrix.
For decryption we have

M; = TC; = TIM;(mod 26). (2.8)

We have .
TI(mod 26) = Ej, (2.9)

where F is a unit matrix.
Remark: Santilli’s isomatrix theory. Suppose that

A0 =], (2.10)

where A is an invertible n X n matrix, 0 is an isozero and [ is an invertible n x n
matrix which is called isounit matrix.
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~ ~

From (2.10) we define the matrix isomultiplication (x = 7'x) and matrix isodivi-
sion + = I +. We have

AXB=ATB,ASB=AIB Y I" =I,IT = F,

where A, B, I , and T are the invertible n x n matrices and Ej is unit matrix.

One important problem is to find the better isounit matrix. Using isounit matrix
I the Santilli’s isomatrix theory may be established. It has a wide application in
various fields.

(3) Exponentiation ciphers. The exponentiation cipher may be described as
follows. Let p be a prime number, M the numerical equivalent of the plaintext,
where each letter of the plaintext is replaced its two digit equivalents. Subdivide
M into block M; such that 0 < M; < p. Let I be an integer with 0 < I< p and
ged(I,p — 1) = 1. Then the encryption transformation for M; is defined by

C; = Mii(mod D), (2.11)
and the decryption transformation by
M; = CiT = MZIT = M;(mod p). (2.12)

where IT = 1(mod p — 1).
(4) The encryption process E :

IiM=C. (2.13)
The decryption process D :
T;C = TyI;M = M. (2.14)

If j = 1,2, then (2.13) and (2.14) are the Santilli’s genocryptographic theory in
secret-key isocryptography. If j = 1,2,3,..., then (2.13) and (2.14) are the San-
tilli’s hypercryptographic theory in secret-key isocryptography.

Public-Key Isocryptography.
Let A and B be finite sets. A one-way function

f:A—B (2.15)

is an invertible function satisfying (i) f is easy to compute, that is, given x € A,y =
f(z) is easy to compute; (ii) f~!, the inverse function of f, is difficult to compute,
that is y € B,x = f~!(y) is difficult to compute; (iii) f~! is easy to compute when
a trapdoor (i.e., a secret string of information associated with the function) become
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available. A function f satisfying only first two conditions is also a one-way function.
If f satisfies further the third condition, it is called a trapdoor one-way function.

(1) The RSA scheme. The idea is to use a product of two primes, n = pq
as the modulus. We choose an integer I such that ged(1, ¢(n)) = 1, where ¢(n) =
(p —1)(¢ — 1). The enciphering process is

C= mf(mod n). (2.16)
To determine the decryption process, we compute T such that

IT = 1(mode(n)). (2.17)
Then the decryption operation is given

m = CT(mod n). (2.18)

We assume that I and n are publicly known but p, ¢ and ¢(n) are not. It is hard to
compute m = CT(mod n) without knowing T. The knowledge of p, g makes it easy
to compute T. For public-key isocryptography, one needs large composite numbers of
the form pq, where p, g are in turn large prime numbers. Since integer factorization
is a computationally intractable problem.

(2) Three primes system. Let n = pipops and ¢(n) = (p1 —1)(p2 —1)(ps —1).
We have ged(I, ¢(n)) = 1. The enciphering process is

C= mf(mod n). (2.19)
To determine the decryption process, we compute T such that

IT = 1(mod n). (2.20)
The decryption process is given

m = CT (mod n). (2.21)

We assume that I and n are publicly known but pi,pe,ps and ¢(n) are not. It
is hard to compute m = CT(mod n) without knowing T. The knowledge of p1,po
and p3 makes it easy to compute T. For public-key isocryptography,one needs large
composite numbers of the form pipops, where p1, po and ps are large prime numbers.
Since integer factorization is a computationally intractable problem.

(3) Two primes system. Let n = pg and ¢(n) = (p — 1)(¢ — 1). We have
gcd(.f ,¢(n)) = 1. The enciphering process is

C =mli (mod n). (2.22)
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To determine the decryption process, we compute Tj such that
I;T; = 1(mod ¢(n)). (2.23)
The decryption process is given
m = CT (mod n). (2.24)

We assume that fj and n are publicly known but p, ¢ and ¢(n) are not. If j = 1,2
then (2.22)-(2.24) are the Santilli’s genocryptographic theory in public-key isocryp-
tography. If j = 1,2,---, then (2.22)-(2.24) are the Santilli’s hypercryptographic
theory in public-key isocryptography.

(4) Large prime problem. In RSA one important point has to do with the
choice of the primes p and ¢. If they are small, then the system is easy to break.
We need better techniques to find much large prime numbers.

1) The fundamental prime problem. There exist the infinitely many primes. We
have the arithmetic function

Jw)= ] —-1-x0), (2.25)

3<p<pi
where x(p) is the number of solutions of congruence
(p — 1)! = 0(mod p) (2.26)
From (26) we have x(p) = 0. Substituting it into (2.25) we have

=TI -1 (2.27)

3<p<p;

Since Ja(w) — 0o as w — 0o, we prove that there exist the infinitely many prime
numbers. Using Ja(w) we proved many prime theorems and can find much large
prime numbers.

2) Suppose that

(p—1P -1
= 2.2
b1 p— 2 ) ( 8)
where pg is an odd prime.
We have the arithmetic function
B = [ ®-1-x@)#0, (2.29)
3<p<p;
where x(po) = 15 x(p) = po — 1 if p = 1(mod po); x(p) = 0 if p # 1(mod py).
We have the asymptotic formula of the number of primes p less than N
J N
ro(N,2) ~ L2 (2.30)

(po — 1)¢*(w) log? N~



Santilli’s Isocryptographic Theory 365

Since Ja(w) # 0, there exist the infinitely many primes p such that p; is a prime.
Therefore from (28) one may find the much large primes. When p = 3, numbers
p1 = 2P0 — 1 of this form are called Mersenne number, and primes of this form are
called Mersenne primes. From (2.30) we have m3(3,2) — 0 as pg — oo. We prove
that there exist the finite Mersenne primes. When p = 11, numbers p; = %
of this form are called repunits, and primes of this form are called prime repunits.
From (2.30) we have m3(11,2) — 0 as pg — oo. We prove that there exist the finite
prime repunits. We point out that Mersenne primes and prime repunits are useless
in finding much large primes.

3) Suppose that

p=20p—1)"—1, (2.31)

where n is an integer.

We have the arithmetic function

Jw)= [ (p—1-x) #0, (2.32)

3<p<pi
where x(p) is the number of solutions of congruence
2(g—1)" — 1 =0(mod p), (2.33)

where ¢ =1,2,---,p— 1.
We have the asymptotic formula of the number of primes p less than N

Jo(w)w N
ng?(w)log? N

Since Ja(w) # 0, there exist the infinitely many primes p such that p; is a prime.
Therefore from (31) one may find the much large primes. When p = 11, numbers
p1 = 2(10)™ — 1 of this form are called Santilli’s numbers, and primes of this form
are called Santilli’s primes. When n = 1,2, 3,p; = 19,199, 1999 are Santilli’s primes.
From (2.34) we have m2(11,2) — 0 as n — oco. We prove that there exist the finite
Santilli’s primes.

In the same way we prove that primes of these forms: 3x2"+1,5x2"+1,7x2"+
L, 3x107+1,6x10"+1,9x 10" +1,5%x 10" —1,8x 10" — 1,4 x 10" +1,7x 10" +1
are finite.

4) A Cunningham chains. A Cunningham chain of length k is a finite set of
primes p1, po, - - -, px such that p;41 =2p;+1or pip1 =2p;—1fori=1,2,--- k—1.
It can apply to generate the large primes. For example, given the primes p, ¢ and r,
where p = 2g+1 and ¢ = 2r+1. A public key infrastructure can be established. One
may find the large primes. We establish the Santilli’s isoprime m-chains: p;11 =
mp; +m — 1 or pjy1 = mp; —m+ 1 for ¢ = 1,2,--- k — 1. We consider that
Pi+1 = 16p; + 15 or p;y1 = 16p; — 15 can generate the large primes. In Chapter 2
we proved many prime theorems which can produce much large primes. This book
is the much large primebank in Santilli’s isocryptographic theory.

ma(N,2) ~ (34)
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