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PREFACE

the greatest men in the history of thought, the most notorious

of all priority disputes, I have not attempted to enter into the
«{technical details of the evolution of the differential and integral
calculus and have tried rather to trespass as little as may be into
the province of the professional historian of mathematics. My in-
terest has been in the course of the quarrel, rather than in the tech-
nical nature of its subject, in mathematicians rather than in mathe-
matics.

So far as I am aware, there is no earlier history of the calculus
dispute of any size, though it is discussed in general histories of
mathematics and in biographies of the participants, nor has there
been any reissue of the Commercium Epistolicum since that edited
by J-B. Biot and F. Lefort in 1856 (Paris: Mallet-Bachelier); a
Spanish version of its documents was published by J. Babini in
1972 (Gotifredo Guillermo Leibniz, Isaac Newton. El cilcula infinites-
imal. Origen. Polemica, Buenos Aires) and an Italian one by G.
Cantelli in 1958 (La disputa Leibniz-Newton sull’analysi, Turin and
Florence: P. Boringhieri). Older works such as F. Cajori’s History
of the Conceptions of Limits and Fluxions in Great Britain from Newton
to Woodhouse (Chicago and London: Open Court Publishing Co.,
1919) and J. M. Child’s Early Mathematical Manuscripts of Leibniz
(London: Open Court, 1920) are very out of date. As a guide to
the sources and to modern studies, the reader may consult the
works listed in the Notes, pursuing particularly the many addi-
tional references given in the books of J. E. Hofmann and D. T.
Whiteside (especially The Mathematical Papers of Isaac Newton, Vol.
VIIL, to appear shortly), including other writings by these schol-
ars. A number of contributions are noted in the Short Titles pre-
ceding the Notes section at the end of this book. The reader
should also refer to P. and R. Wallis, Newton and Newtoniana
1672-1975, a bibliography (Folkestone, Eng.: Dawson, 1977), where

IN TELLING THIS STORY of the bitter quarrel between two of
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PREFACE

modern publications on the origins of the calculus are listed in the
section devoted to “Fluxions.”

In quoting from letters and drafts originally composed in En-
glish I have often lightly modified the orthography, because it is
pointless to trouble the reader with the idiosyncrasies, invariably
inconsistent among themselves, that are to be found in the printed
sources I have used. Most translations from other languages are
my own.

I am necessarily greatly indebted to the historians of mathe-
matics, as will appear later. Among living colleagues I am particu-
larly indebted to Laura Tilling, who patiently explored the calcu-
lus dispute in our joint work on The Correspondence of Isaac
Newton, to Adolf Prag, who read and improved the whole manu-
script, and to Tom Whiteside for counsel and a generous sharing
of information, as in so many previous years, notably by allowing
me to read part of the manuscript of the eighth volume of his
Mathematical Papers of Isaac Newton. 1 thank my wife for forbear-
ance, encouragement, and constructive criticism, and both Mar-
jorie Downs and Celia Richards for producing the typescript.

At the end of the book I have reprinted from the Philosophical
Transactions of 1715 Newton’s anonymous “Account of the Book
entituled Commercium Epistolicum,” the only narrative of the whole
affair to come from the pen of either contestant.

A.R. H



CHRONOLOGICAL OUTLINE

1661

1664-6

1666

1669
1670

1671

1672

1673

1675

1676

1677

1682

Newton goes up to Cambridge; Leibniz enters the Uni-
versity of Leipzig.

Newton’s anni mirabiles: Cambridge and Lincolnshire.

Leibniz composes On the combinatory Art; Newton (Oc-
tober) his second tract on fluxions.

Newton’s On Analysis imparted to Barrow and Collins.
Leibniz opens correspondence with the Royal Society.

Newton writes On the Method of Series and Fluxions. His
telescope sent to London.

Leibniz moves from Mainz to Paris, forms acquaintance
with Huygens. Newton’s optical letters published.

Leibniz’s first visit to London (January-March); return-
ing to Paris, his mathematical skill develops rapidly.

(October) Leibniz conceives the first idea of his differen-
tial calculus.

(June) Newton writes his First Letter to Leibniz; followed
(October) by his Second Letter. (October) Leibmz briefly
returns to London on his way to Hanover.

(June) Leibniz receives the Second Letter and in reply out-
lines the differential method to Newton.

Leibniz publishes his arithmetical quadrature of the cir-
cle.
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1684

1687

1691

1695-9

1697

1699

1704

1705

1710

1711

1712

1713

1715

CHRONOLOGICAL OUTLINE

Leibniz publishes a brief outline of the differential calcu-
lus.

Newton in the Principia describes calculation by “mo-
ments,” mentioning the Second Letter and Leibniz’s reply
to it.

Newton writes “On the Quadrature of Curves.”

Newton’s calculus letters published, with amplifications,
in Wallis’s Works.

Johann Bernoulli issues the brachistochrone challenge
problem, solved anonymously by Newton.

Fatio de Duillier asserts the priority and superiority of
fluxions.

Newton publishes (with Opticks) “On the Quadrature of
Curves” and “On the Enumeration of Lines of the Third
Order.”

Leibniz reviews Opticks and the mathematical essays.

Leibniz in Theodicée attacks Newtonian attraction theory;
John Keill accuses Leibniz of plagiarism.

Leibniz unsuccessfully demands redress from the Royal
Society. Jones publishes Newton’s mathematical essays.

Newton prepares the Commercium Epistolicum, issued in
February 1713.

Second edition of Principia published. (Summer) Leibniz
prepares and circulates the Charta Volans, endorsing Ber-
noulli’s opinion that Newton had plagiarized Leibniz’s
calculus. Bernoulli publishes mathematical criticisms of
the Principia. Keill takes up the systematic defense of
Newton.

Conti and others fail to reconcile Newton and Leibniz.
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1716

1720

1721

1722

1727

CHRONOLOGICAL OUTLINE

Newton publishes (anonymously) his “Account” of the
Commercium Epistolicum (spring). Leibniz’s first letter
critical of the Newtonian philosophy is addressed to
Samuel Clarke.

(November) Death of Leibniz. The dispute continues be-
tween Bernoulli, Keill, and others.

Publication of Des Maizeaux’s Collection, and of the first
French edition of Opticks.

(August) Death of Keill.
Publication of the second edition of the Commercium Ep-
istolicum, with the “Account” and harsher comments

upon Leibniz.

(20 March) Death of Newton.
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1
INTRODUCTION

Newton’s correspondence during the years of his controversy

with Leibniz and Leibniz’s supporters. Although the outline
of its story has often been told, the great richness of materials
bearing upon it that has appeared during recent years made a more
detailed study seem worthwhile, and more than one scholar has
asked that it should be made. Moreover, a historian of today can
approach the calculus dispute with a more detached perspective
than his Victorian predecessors could do. He will not be shocked
to discover that even Leibniz and Newton could display human
faults. Again, the historian who (like myself) has no intention of
investigating in technical detail the origins, development, and ap-
plications of calculus methods in mathematics can safely rely on
modern work devoted to precisely these questions. Although he
will not overlook his debt to the pioneers, notably C. I. Gerhardt,
he must be particularly grateful for the interpretations and espe-
cially the documentation provided by J. E. Hofmann, H. W.
Turnbull, and D. T. Whiteside, not to mention other equally reli-
able scholars who have examined the lesser mathematicians con-
temporary with Leibniz, James Gregory, and Newton.! What hap-
pened, mathematically speaking, in the 1660s and 1670s is no
longer in doubt — as it certainly was to many a century ago and
perhaps to some more recently still — and therefore consideration
of the quarrel between the two great rivals need be clouded by no
hesitation as to the actual historical facts upon which the quarrel
turned. It was certainly Isaac Newton who first devised a new
infinitesimal calculus and elaborated it into a widely extensible al-
gorithm, whose potentialities he fully understood; of equal cer-
tainty, the differential and integral calculus, the fount of great de-
velopments flowing continuously from 1684 to the present day,
was created independently by Gottfried Wilhelm Leibniz. What-
ever we may feel of the relations between these two men, we can-

I BECAME interested in the theme of this book while editing
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PHILOSOPHERS AT WAR

not but admire their analogous creative achievements with as
much impartiality as our emotions will admit.

Although quarrels and rivalries between painters, poets, and
musicians have at best been taken to promote artistic skills or at
worst been treated as subjects for comedy, the altercations of the
learned have in the past, at any rate, been regarded as so reprehen-
sible that they should be dismissed in silence. It is not easy to see
why this should have been, because a philologist or a positivist is
no less human than an artist and certainly no less prone to embrace
absurd hypotheses with enthusiasm. Learning and science do not
necessarily improve a man’s judgment or his character. At all
events, it is clear that grave doctors have very, very frequently
taken the easy path from disagreement to dispute. Newton’s own
colleague (and opponent) in the Royal Society, John Woodward,
engaged in an unpremeditated public sword fight with another
distinguished physician, Richard Mead; if the unusual incidents of
Woodward’s life stamp him as a stormy petrel,? consider the battle-
scarred career of Richard Bentley, another friend of Newton’s,
Master of Trinity, one of the most learned and one of the most
hated men of Newton’s era. Or recall — all within the same living
experience — the “Battle of the Books,” wherein Sir William Tem-
ple and his vitriolic protégé, Jonathan Swift, defended the ancients
against the pretensions of modern learning and science, a battle
that, of course, led Swift (like many lesser scribblers) to satirize
the Royal Society, of which Newton was president, in his Tale of
a Tub and Gulliver’s Travels. And though Newton took part in no
public conflict with any one but Leibniz, the German philosopher
fought (both directly and indirectly) in many scholarly skir-
mishes, and Newton’s own life was not free from struggles behind
the scenes. And if all this suggests, not unjustly, the intellectual
violence of the age in which the Newton-Leibniz dispute was set,
that picture 1s surely confirmed by the concomitant political and
religious excesses even of temperate England, where dissenters
were sentenced to the pillory and nonjurors to the Tower.

If folly, self-love, and aggression are by no means incompatible
with the highest intellectual powers (and few historians nowa-
days, perhaps, would claim a total exemption from such vices of
pedantry on behalf of Isaac Newton and G. W. Leibniz), one
should not forget either that, despite polite contrary conventions,
success in the scholarly or academic world depended far more on
a militant combativeness then than it does now. For most it began

2



INTRODUCTION

with the ability to put down opponents in university disputations
and was confirmed by excellence of wit. The dull scholar, how-
ever learned, was not likely to get beyond a rural rectory. Patron-
age helped a few shy men to live productive scholarly lives in
retirement, and some may see the secret of Newton’s early success
in Barrow’s patronage, though it would be a misreading, in my
view, to deny to the young man the toughness, energy, and deter-
mination so evident in the mature Newton; for most scholars,
however, the lighting of their own brilliance required the dowsing
of another’s flame. In so tiny an intellectual world, where the
highest rewards were so scarce (and often disposed of by those
who appreciated an epigram better than a monograph), competi-
tion was inevitably unrelenting, and the more so for those, like
Newton and Leibniz, endowed with no high social advantage in
the first place. To put it crudely, an achievement in scholarship,
science, mathematics, or medicine was a marketable commodity,
a highly personal property: The recognition it conferred might be
a first step toward attainment of a bishopric or an office of state.
And the rules of the marketplace were both capricious and very
different from those that now prevail. From the late nineteenth
century, peer evaluation has been the rule of science and learning
in the civilized world; and laymen have largely accepted the judg-
ment of the internal experts. In the lifetimes of Newton and Leib-
niz what counted most was not the opinion of one’s peers but the
direct impression made upon princes and ministers, prelates and
magnates, who exercised enormous personal powers of appoint-
ment.

Hence the competition, subtly weighted by all sorts of other
considerations of family connection and personal character, was
sharp between book and book, brain and brain, constituting (as
Leibniz himself was to remark) almost a gladiatorial spectacle for
the entertainment of the sophisticated. Philologists did not quite
fight duels with Latin hexameters, as their successors were to try
their skills on the Rosetta stone, but mathematicians fairly regu-
larly battled over challenge problems, from the rivalry of Cardan
and Tartaglia in the early sixteenth century through the celebrated
cycloid puzzles of Pascal to the series of such duellos associated
with the early development of Leibniz’s calculus in the pages of
the Acta Eruditorum of Leipzig. Peter Ramus’s Testamentum (1576)
had codified competition in the arrangements for the new chair of
mathematics that he founded at the College Royale in Paris: Pro-
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PHILOSOPHERS AT WAR

fessors were to be the winners of public competitions, and if any
mathematician should challenge and defeat an incumbent profes-
sor, he was to be allowed to take his post. A similar spirit of na-
ked, personal ascendancy permeated the Cambridge Mathematical
Tripos until after the middle of the nineteenth century.

I do not mean to suggest that the quarrel between Newton and
Leibniz was not shocking to contemporaries. Many clearly found
it so. Charges of intellectual theft and personal dishonesty ex-
changed between two eminent graybeards, both quite close to the
new Hanoverian crown of Britain, one the greatest of living phi-
losophers (and hardly less a mathematician), the other the greatest
living mathematician (whose philosophical views certainly com-
manded attention), could only reduce the dignity of learning. But
I think the sheer egoism of the dispute, to us, perhaps, its most
unpleasant characteristic, was less striking to contemporaries. In
terms of the Augustan age, when matters came to a certain pass,
it was right for a man to assert his intellectual property rights in a
manner that would now be thought disgracefully self-assertive or
self-regarding. Far from the development of scholarship, art, or
science being a social phenomenon — of which an Einstein or a
Picasso may be almost a passive vehicle — as some would have it
now, any originality, any creative success, was judged to be the
cause of uniquely personal merit, deserving personal reward, and
therefore it was natural, rather than egotistical, to defend both
merit and reward against rival claimants.

If the structure of society did not favor a sociological theory of
success, its rather primitive psychological conceptions neverthe-
less strengthened an individualistic attitude toward achievement.
For example, when ancients were compared with moderns, no
one attempted to measure the literacy of Aristotle’s Athens against
that of Queen Anne’s London; it was, rather, philosopher weighed
against philosopher, physician against physician. If one man suc-
ceeded better than another it was because he had better natural
endowments and a stronger character — though education (forma-
tion, as the French still significantly say) was not neglected as a
factor, being, of course, the education of the individual child by
an individual parent, not education as a social process. Our ten-
dency to speak of a certain discovery or solution of a learned dif-
ficulty as “inevitable” was alien to Newton’s era, still painfully
conscious of the long noninevitability of progress, intellectual or
material.



INTRODUCTION

“I stood upon the shoulders of giants” wrote Newton in an oft-
quoted phrase,?® carrying the implication that the ability to see far-
ther depended on one’s ability to scramble to the top of the human
pyramid created by our ancestors. Obviously Newton would
have understood, as we do, that the scramble was open to all, but
the intense individualism of his age prevented him, and his con-
temporaries generally, from understanding also the correlative, so
obvious to us, that many scramblers, more or less successful,
more or less sharp-sighted, must glimpse the same new prospect.
No one yet spoke of “movements” or “schools,” still less of “re-
search programs,” all concepts that link intellectual innovation
with a sociological interpretation of the evolution of learning or
art, and hence the idea that within a given context, and on the
basis of a common past experience, the thoughts and experiments
of several men must necessarily converge upon the same innova-
tion did not present itself; and it was the less likely to do so when
truly creative individuals were (in absolute, not relative, terms)
very few and, consequently, disparate in their environment — one
educated, let us say, by the Jesuits of La Fleche, another in Cam-
bridge and the Inns of Court, a third in Presbyterian St. Andrews.
The phenomenon of convergence, the independent solution by
more than one individual of the same problem in identical or
closely similar ways, is in historical fact extremely common in
seventeenth-century science: Galileo Galilei, Thomas Harriot, and
(very possibly) Simon Mayr all turned the newly popularized tele-
scope to the heavens in the same year, 1609; John Napier and Jost
Biirgi both invented the idea of calculating by the use of loga-
rithms; Galileo and Christiaan Huygens independently (and suc-
cessively) devised ways of regulating the mechanical clock by the
oscillations of a pendulum; Marcello Malpighi and Jan Swammer-
dam began the microscopic exploration of the same insects at
about the same time, and Malpighi and Nehemiah Grew indepen-
dently took up the microscopic histology of plants. Such ex-
amples are almost innumerable, and it is well known that New-
ton’s own work in mechanics converged closely with that of
Huygens and of Robert Hooke, older contemporaries who pub-
lished long before Newton. Because convergence occurred with-
out its being recognized as a necessary phenomenon of discovery,
priority squabbles like those studding Galileo’s career were far
from rare.

The fact that convergence went unrecognized as a necessary so-
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cial consequence of an active “research program” — a necessary
evil, perhaps, from the point of view of some researchers, like the
almost forgotten V. Hensen, who effected the second isolation of
glycogen from liver tissue — of course did not prevent some ex-
amples of it from being perceived. Newton, for example, ad-
mitted that Huygens had preceded him in the discovery of the
laws of centrifugal force, and it was well known that Wren and
Huygens had produced identical laws of collision. Convergence
was still more evident in the experimental study of pneumatics
during the late 1650s where, however, the individualism of the
age is clearly manifest in the universal and eponymous linking of
Robert Boyle’s name with the fruition of this line of research: not
that Boyle’s fame was unmerited or that anything much is to be
gained by renaming Boyle’s Law the Towneley-Power-Hooke-
Boyle Law. Because, rightly, it was believed (though perhaps not
always as a result of a very judicious examination) that one state-
ment only of a truth becoming manifest to several inquirers about
the same time was complete and general and richly based on ar-
gument and evidence, it was taken not to be unjust to assign credit
to this one superior enunciation. So Newton maintained the jus-
tice of his claiming the universal theory of gravitation for himself
against the pretensions of Robert Hooke.*

These various factors — the great value attached to personal
merit, the emphasis on innovation as the creation of an individual
talent, and the absence of a sociological theory of the growth of
knowledge, which are rightly regarded as of a social character —
may well suffice to account for the frequency and bitterness of
priority disputes in the past, especially when combined with the
lack of formalized conventions about behavior in the learned
world, conventions that only became settled (and enforced by os-
tracism) in the nineteenth century. Mathematics, because it readily
defines “research fronts,” because it offers the possibility of attain-
ing results equally rigorously by different means, and because its
logical character virtually necessitates the occurrence of conver-
gence, was peculiarly likely to be troubled by quarrels and priority
disputes, just as, at the opposite extreme, natural history was al-
most completely free of such disagreeable incidents. One might
almost venture the generalization that the life of no major mathe-
matician of the seventeenth century was wholly free of such wran-
gles, except that of John Napier, perhaps. Accordingly, though
the dispute between Newton and Leibniz was grander, more dra-
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INTRODUCTION

matic, and more interesting than most, it was far from unprece-
dented and is merely (as a sociologist might say) indicative in a
striking way of those faults in the “reward system” of the period,
which were almost every day manifested in lesser quarrels by
claim and counterclaim.

It is obvious in particular that the discovery of the methods of
the differential and integral calculus was a natural occasion for
strife. If we limit the formal honor of discovery to Newton first
and Leibniz later, we have to admit that (at the least) very close
approximations to discovery were made by Christiaan Huygens,
James Gregory, Nicolas Fatio de Duillier, and probably others.
Limited mastery of parts of the whole that was to be the calculus
had been attained not only by these but by others still — René
Francois de Sluse, Nikolaus Mercator, Isaac Barrow, and again
others. The discovery of the calculus was more than a synthesis of
previously distinct pieces of mathematical technique, but it was
certainly this in part; interest in special cases later subsumed under
the calculus — such as the general method of tangents and the
quadrature of particular curvilinear areas — had lasted for a genera-
tion. We can now see, although this was quite obscure at the time,
that what appeared in the 1650s and 1660s as a series of indepen-
dent problems actually constituted, in fact, a single “research
front,” and that those who succeeded in making an advance in the
solution of any one of these problems were converging upon the
concepts of the calculus. Although there were areas of pure
mathematics, like the projective geometry of Girard Desargues
(himself, incidentally, a victim of charges of plagiarism by one
Curabelle), that had no relation to the development of the calcu-
lus, one might guess that perhaps a half of all the mathematical
activity of the first seventy years of the seventeenth century was
more or less contributory to it. So much talent was devoted to
this research front that, in relation to particular successes, dupli-
cation was commonplace, as with Sluse’s and Newton’s methods
of tangents, Mercator’s, Gregory’s, and Newton’s methods of
quadrature by infinite series, the particular series for the circle ob-
tained by Gregory, Newton, and Leibniz, and Newton’s and
Gregory’s formulations of the binomial expansion. With so many
men doing similar things successfully, it was not easy for any one
mathematician to set his accomplishment apart from that of oth-
ers. In Hofmann’s words:

Infinitesimal problems were being hotly pursued simultane-
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ously in France, Italy and England; the improved concept of

indivisibles was being used as a guiding principle by Fermat,

Pascal and Huygens equally as well as by Torricelli, Ricci,

Angeli and Sluse . . . The characteristic triangle — to take up

a particular point — was known already [before Leibniz] to

Fermat, Torricelli, Huygens, Hudde, Heuraet, Wren, Neil,

Wallis and Gregory long before it was made public by Bar-

row. Each of these predecessors had used it, but nobody wanted

to expose the jealously guarded secret by which he had found his

results.> [My italics]
Even today, reevaluation by historians of the achievements of
these various mathematicians is occurring: James Gregory was not
recognized for the powerful innovator he was before Turnbull’s
researches of the 1930s, and yet more recently, Isaac Barrow’s rep-
utation, once so high (at least among English speakers), seems to
be descending toward the status of an elegant codifier. As Hof-
mann’s expressions also indicate, competitiveness produced se-
crecy and envy, obstructing the open and cumulative development
of new methods. Was it likely, therefore, that one man could stand
out from all others as “discoverer of a new infinitesimal calculus”
in that decade from 1660 to 1670 of enormously rapid progress on
the basis of the foundations laid by Cavalieri, Descartes, Wallis,
and so many more? Only if, like Boyle in pneumatics, he could
produce a powerful and persuasive treatise.

Of this, I think, Newton may have been conscious. He put his
new mathematical methods on paper clearly enough, but he
printed nothing, only circulating a part of his work to friends. In
1668 he found himself (as he judged) partly anticipated by Nico-
laus Mercator’s Logarithmotechnia. Three years later, and one year
after the writing of his 1671 treatise on fluxions, Newton received
— with respect to his novel ideas about light and color — a severe
lesson as to the trouble and annoyance springing from ill-consid-
ered and incomplete publication of his own work. He toyed at
this time with the idea of an extensive mathematical book, but it
made no progress and in the end was abandoned. If proper pub-
lication of one’s work required such a vast effort, and hasty pub-
lication caused such disasters to one’s time and temper, better give
it up altogether.

We cannot, in fact, be confident that the printing of one or more
of the tracts about fluxions and infinite series that Newton had
composed before he put mathematics aside would have guaran-
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INTRODUCTION

teed him a swift and easy immortality as “discoverer of the cal-
culus.” Newton’s friends then and later admired these tracts for
their wonderful originality, and they have remained as the public
basis of Newton’s achievement in the calculus since the early eigh-
teenth century. But who can say that, printed in 1673, they would
not have raised up for Newton again those dust devils of incom-
prehension, misunderstanding, skepticism, and hostility that
danced over the field of optics in the 1670s?

It is true that Leibniz in 1684, more than ten years after Newton
had renounced pure mathematics for other studies, set his seal
upon the differential calculus with only one short paper. But the
situation in which that appeared was quite different from that of
the early 1670s. Some of the mathematicans in whose shadow
Newton had worked were (like Collins and Gregory) dead, and
others were no longer interested. The threads so actively spinning
and intertwining then had broken off short; Leibniz’s own paper
was the exposition of ideas he had formed and tested nine years
before and then put on the shelf. In violent contrast to the turmoil
aroused by Newton’s optical paper of 1672, no one now in 1684
challenged Leibniz, or set his paper in its ten-year-old context, or
indeed in this flat calm commented at all (for several years) on this
contribution to a new and not well-known Leipzig periodical.
Several years passed before commentators and expositors ap-
peared, and then fortunately they were friendly and respectful.
Newton, when so many voices were shouting against him al-
ready, had kept silent; Leibniz had the luck to speak when all else
was quiet, to be heard, and to be marked. Hence these tears.



2
BEGINNINGS IN CAMBRIDGE

zeaux, a professional author, was putting the finishing

touches to a new book. It was to be a Collection of Various
Pieces on Philosophy, Natural Religion, History, Mathematics etc by
Messrs Leibniz, Clarke, Newton and other famous Authors and was
only to appear at Amsterdam two years later, in fact. The pieces
concerned aspects of the difference in outlook that had for anum-
ber of years divided British scholars from the scholars of the Con-
tinent. Among the Europeans, Gottfried Wilhelm Leibniz had,
throughout that period of division, stood out as the leading fig-
ure, whereas the creator of the ideas that had brought Britain into
conflict with Europe was Isaac Newton. Part of the difference in
ideas was wittily summarized some years later by Voltaire (for it
was to continue considerably longer):

A Frenchman, who arrives in London, will find philosophy
like every thing else very much changed there. He had left
the world a plenum, and he now finds it a vacuum. At Paris
the universe is seen composed of vortices of subtile matter;
but nothing like it is seen in London. In France it is the pres-
sure of the moon that causes the Tides; but in England it is
the sea that gravitates towards the moon; so that when you
think that the moon should make it flood with us, those
gentlemen fancy it should ebb, which, very unluckily, cannot
be proved . . . According to your Cartesians, everything is
performed by an impulsion, of which we have very little no-
tion; and according to Sir Isaac Newton, itis by an attraction,
the cause of which is as much unknown to us. At Paris you
imagine that the Earth is shaped like a melon, or of an oblong
figure; at London it is an oblate one. A Cartesian declares that
light exists in the air; but a Newtonian asserts that it comes
from the sun in six minutes and a half. The several operations
of your chymistry are performed by acid, alkalies, and subtile

IN 1718 a French Huguenot refugee in London, Pierre Des Mai-
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matter; but attraction prevails even in chymistry among the
English.!

Far more personally bitter, however, was the dispute between
Newton and Leibniz over the discovery of the new infinitesimal
calculus, what we now call the differential and integral calculus.
This was certainly the most important development in mathe-
matics that had taken place since the early seventeenth century
when Descartes had shown in analytical geometry how algebraic
equations could mirror geometrical reasoning; arguably — bearing
in mind potential future developments that were still unsuspected
in the early eighteenth century, including the applications of the
calculus in science and engineering — it was the greatest advance in
mathematics that had taken place since the time of Archimedes. It
was not in question that Leibniz had been the first to present a
sketch of the differential calculus in print, in 1684, at which time
none of Newton’s mathematical writings had been openly pub-
lished. Newton, however, made two claims against Leibniz’s ap-
parently impregnable priority: First, that he himself had made his
first discoveries in the calculus nearly twenty years before that
publication; and second, that he had shared these innovations with
Leibniz (as with other correspondents) during those intervening
years. Thus, Newton asserted, if Leibniz had been first in print, it
had been with knowledge of what Newton had done previously.

Des Maizeaux had been in touch with Newton about his collec-
tion of letters in the hope of securing additional material from him
or at least his goodwill toward the printing of what he had already
assembled. And Newton had actually paid Des Maizeaux’s Dutch
publisher to hold back the edition for a while: It had been Leibniz’s
death in 1716 that had provided the occasion for it. In August 1718
Newton, who had been sent proof copies of part of the proposed
book, drafted a long letter to Des Maizeaux about it and the whole
calculus dispute. Drafts of this letter, repeating much that Newton
had asserted on his own behalf on previous occasions, contain a
famous passage referring back to the days when Newton was
twenty-three or -four years old, that is, to 1665-6:

In the beginning of the year 1665 I found the method of ap-~
proximating series and the rule for reducing any dignity
[power] of any binomial into such a series. The same year in
May I found the method of tangents of Gregory and Slusius,
and in November had the direct method of fluxions and the
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next year [1666] in January had the theory of colours and in
May following 1 had entrance into the inverse method of
fluxions. And the same year I began to think of gravity ex-
tending to the orb of the moon . . . All this was in the two
plague years of 1665 and 1666, for in those days I was in the
prime of my age for invention and minded Mathematics and
Philosophy more than at any time since.

This autobiographical narrative intended for Des Maizeaux in
1718 (though afterward Newton put his pen through the drafts)
was far from being Newton’s first of the sort; for example, before
the violent outbreak of the calculus dispute but at a moment when
the date and character of Newton’s early work in mathematics was
already becoming a matter of national interest, he had written a
summary about his formation as a mathematician in one of his old
notebooks, on 4 July 1699:

By consulting an account of my expenses at Cambridge in
the years 1663 and 1664 1 find that in the year 1664 a little
before Christmas . . . I bought Van Schooten’s Miscellanies
and Descartes’ Geometry (having read this Geometry and
Oughtred’s Clavis above half a year before) and borrowed
Wallis’s works and by consequence made these annotations
out of Schooten and Wallis in winter between the years 1664
and 1665. At which time I found the method of infinite series.
And in summer 1665 being forced from Cambridge by the
plague, I computed the area of the Hyperbola at Boothby in
Lincolnshire to two and fifty figures by the same method.

The books mentioned by Newton in this note are all well-known
mathematical works of the period, though very advanced for the
day and as such not the kind of material that an ordinary under-
graduate would be expected to study. The fact that he could, with
only slight earlier preparation, work rapidly through such difficult
material and press on at once beyond it to innovations of his own,
seeing the next steps following from the work of Descartes and
Wallis, which those mathematicians had themselves failed to see,
is evidence of the power and originality of his mind. “Beyond
reasonable doubt,” in the opinion of the foremost contemporary
student of Newton’s mathematics, “he was self-taught . . ., de-
riving his factual knowledge from the books he bought or bor-
rowed, with little or no outside help . . . Very quickly he ad-
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vanced to the frontier of existing knowledge and cut a broad path
into new mathematical country.””?

The mass of Newton’s surviving papers is very large: Those
papers concerned with mathematics are being printed in eight
very solid volumes. Hence, it is easy to check on Newton’s auto-
biographical affirmations, though not in all cases easy to verify
the dates precisely. The student notes, with criticism and com-
ments, that Newton made on the writings of such earlier mathe-
matician$ as the Frenchmen Viéte and Descartes, the Dutchmen
Van Schooten, Hudde and Huygens, and the Englishmen Oughtred
and Wallis still exist and are now available in print; everything in
them confirms Newton’s later recollections in essentials and re-
veals his passage from study to discovery, for example in his read-
ing of Wallis’s work on infinite series, which led him to the series
by which the area under a hyperbola could be calculated (at his
first attempt he made two mistakes in the arithmetic) and the gen-
eral binomial theorem. The technical historian of mathematics can
follow the lines whereby, building on the treatment of the geome-
try of curves by Descartes and his immediate followers (mostly
Dutch), Newton came upon the general algebraic handling of cur-
vature, which is “the calculus.” An important early step was his
mastery of the binomial series expansion as early as the winter of
1664-5; a few months later he was already obtaining derivatives;
by the summer he understood that what was later to be called
integration was the inverse of differentiation; and by the autumn he
had begun to master the process of integration by means of infi-
nite series. Some of this work was clearly done at Trinity College,
Cambridge, where Newton had access to mathematical books; the
later and more original part was done in Lincolnshire during
1665-6.

Thus, by about the middle of the year 1665, Newton was able
to “set down the standard differential algorithms” — that is, the
standard procedures for differentiation — “in the generality with
which they were to be expounded by Leibniz two decades later.”
However, in the autumn of the same year, Newton rejected the
idea of differences, which he had been exploring in almost the same
manner that Leibniz was to adopt, in his turn, ten years later, in
favor of what he called fluxions, the fluxion being “a finite instan-
taneous speed defined with regard to the independent dimension
of time and on the geometrical model of the line-segment”; that is
to say, instead of imagining a variable quantity proceeding by

13
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many infinitely little steps from one value to another (the steps
being called differences), Newton now chose to think of the vari-
able as flowing from one value to another and to consider its rate
of flow, which is a motion or speed. On the last day of October
1665 he began to write — and rewrote the following week more
elegantly —a short memoir on “How to draw tangents to mechan-
ical lines” (lines of a more involved nature than the curves repre-
sented by algebraic equations in Descartes’s system), which opens
with a statement of this idea of curve formation, here (as it hap-
pens) rather too freely generalized in its development:

In the description of any mechanical line whatever there may
be found two such motions which compound or make up the
motions of the point describing it, and by those two motions
may the [resultant] motion of that point be found, whose de-
termination is in a tangent to the crooked line.

Newton is generalizing the Cartesian notion of coordinates so as
to make the x axis and the y axis both change through infinitesi-
mal intervals of time — electronically, this is just how a curve is
traced by a point of light on a television screen. Any curve can be
simulated by properly matching a changing flow of x to another
changing flow of y; and if at any instant we halt the double flow,
the two (now static) rates define a straight line, which is the tan-
gent to the curve at that point.

Two weeks later still, Newton is defining the general rules for
finding the fluxions relating to given equations:

An equation being given, expressing the relation of two or
more lines [that is, variables] x, y, z, etc. described in the
same time by two or more moving bodies A, B, C, etc. to
find the relation of their velocities p, ¢, r [that is, their flux-
ions].

The rule follows immediately; it is, of course, exactly the same
rule — taking equivalences into account — as was first printed by
Leibniz nineteen years later as the foundation of the differential
calculus.

This draft, bearing the date “November the 13th 1665” and the
title “To find the velocities of bodies by the lines they describe,”
might be called Newton’s first essay in the nascent calculus of
fluxions; although the word “fluxion” does not appear in it, the
word “velocity” always being used, the increment is symbolized
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by a lowercase letter o, and its use is clearly exemplified by ex-
amples.

After this there is a (relatively) long gap in the succession of
manuscripts; not until May 1666, apparently, did Newton return
to this particular technique, now substituting the word “motion”
for “velocity,” so that the nascent fluxional calculus becomes “the
method of solving problems by motion” — the essence is the same,
of course. Finally, all the earlier work was both condensed and
developed in an incipient treatise (of forty-eight pages in White-
side’s edition, and it remained incomplete), which at some stage
of its composition was dated by Newton “October 1666.” Still, as
yet, Newton writes of “velocities” and the term “fluxion” does
not appear.’

For all this, it is evident that (so far as his own early achieve-
ment is concerned) Newton’s claim to priority in discovering the
calculus, as against Leibniz’s, is perfectly justified by the ample
remaining documents. To quote Whiteside yet again, these show
Newton as possessing “a depth of mathematical genius which by
late 1666 had made him the peer of” the great Dutch master Chris-
tiaan Huygens and of the Scottish mathematician of surpassing
originality, James Gregory, whose work was just then starting to
appear before the world but of which (in 1666) Newton was nec-
essarily unaware. Newton was indeed probably already “the su-
perior of his other contemporaries,” among whom Leibniz, at the
age of twenty, still knew nothing of mathematics. To recognize
this is not to allow that all the claims made by Newton himself
after many years about this age of invention were true; he said
things that seem to be mistaken about his own intellectual inher-
itance and the influence of other mathematicians of note, like Bar-
row and Fermat, upon his own evolution, and more seriously
(perhaps more deliberately also) he made claims about his use of
symbols and even the very word “fluxion” that are far from being
wholly consistent with the evidence, though, on the other hand,
it might be argued that neither are they totally false. And because
Newton composed a number of autobiographical recollections at
different times, it is not surprising that discrepancies stand out
when they are compared. But all these matters are of little weight
in comparison with the central truth, which has indeed long been
universally recognized, that Newton was master of the essential
techniques of the calculus by the end of 1666, almost exactly nine
years before Leibniz.*
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What did Newton do with his mathematical discoveries? We
have every reason to believe that no one at this time was aware of
the content of his notebooks and papers, and in later life (though
publicly affirming in his own name from 1704 onward that his
discoveries had been made in the years 1665-6) he regarded
everything as private that fell before 1669, when he reckoned that
he first became known to others as a mathematician. (This, of
course, still left him very well ahead of Leibniz.) Isaac Barrow,
soon to become the Master of Trinity, Newton’s college, was the
first to take note of Newton’s unusual abilities, though there is no
evidence that he was ever Newton’s teacher, as was once sup-
posed; others soon formed an equally high opinion. Through Bar-
row, a general notion that Newton was an excellent mathemati-
cian, and information about his practical success with a novel
form of reflecting telescope, reached John Collins in London in
this same year, 1669, which was also the year in which Newton
succeeded Barrow as Lucasian professor of mathematics at Cam-
bridge, obviously through Barrow’s goodwill. Collins, a minor
civil servant, had a passionate though rather ill-informed interest
in mathematics; he corresponded energetically with mathemati-
cians in the British Isles and abroad in order to learn what was
going on and spread news of what was considerable. These two,
Barrow and Collins, were cited by Newton long after both were
dead in reference to their letters about himself as “these two an-
cient, knowing and credible witnesses” to his discovery of the cal-
culus in 1665-6. (It is not untypical that in a rejected draft New-
ton also cited the Oxford mathematician John Wallis as a third
witness, though in truth Wallis in the 1660s had no knowledge of
Newton’s existence.)

Collins lost little time in making direct contact with Newton,
now no longer a student but a teacher. He began to urge the
young Cambridge mathematician to publish — and it was sound
advice — for the benefit of the world of learning and the protection
of his fame; here, indeed, we may relate the story in the words
Newton used in telling it to Henry Oldenburg, the secretary of
the Royal Society, for the benefit of Leibniz in October 1676 (that
1s, just a year to the month after Leibniz’s own first discovery of
the calculus idea); Newton starts from a work entitled On Analysis
written in 1669, which he now describes to Oldenburg as  ~

a compendium of the method of these [infinite] series, in
which I let it be known that, from straight lines given, the
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areas and lengths of all the curves and the surfaces and vol-
umes of all the solids [formed] could be determined, and con-
versely with these [taken as] given the straight lines could be
determined, and I illustrated the method there outlined by
several series.

Despite the use of the words “method of series” rather than
“method of fluxions” (in the letter quoted Newton made no open
reference to “fluxions” at all), it is obvious from the inversion
(lines to areas, areas to lines) that differentiation and integration,
that is, the method of fluxions, is in question. When Collins
pressed him to go into print, Newton continues in the letter, he
thought of publishing both his mathematical and his optical dis-
coveries 1n the same volume:

When by the persuasion of my friends I took up the plan
some five years ago [that is, in 1671] of publishing the treatise
on the refraction of light and on colours which I then had
ready, I began again to ponder upon these [integration] series,
and I wrote a treatise on them also so that I could publish the
two together . . .

Now all this was written to Oldenburg for Leibniz (and certainly
read by the latter) eight years before Leibniz’s first published paper
on the calculus; there is not the least reason to believe that New-
ton’s report of his mathematical history speeded Leibniz’s own de-
velopment of the calculus or influenced it in any way whatever;
but Leibniz (as it is clear from his reply to Newton’s letter) under-
stood what Newton meant and saw in fact that Newton was mas-
ter of some technique akin to his own calculus. Thus Leibniz’s
own response partially confirms the existence of the method of
fluxions — though Leibniz was as yet unaware of Newton’s no-
menclature and algorithm — before October 1676, and indeed at
least as early as 1671, the earliest date positively claimed by New-
ton in the letter to Leibniz, though by implication even from that
the beginning of the work must have been several years earlier
still, as we have seen it was indeed.’

In the narrative Newton recorded two treatises, one a “com-
pendium of the method of these series” written at an unspecified
date (obviously, however, between 1666 and 1671) and the oth-
er, hinted at as a revision of the former, prepared in 1671. Both
still exist.
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The earlier treatise, entitled by its author “On Analysis by
means of equations having an infinite number of terms,” was in
fact the first of his mathematical papers communicated by New-
ton to Isaac Barrow and by him, shortly afterward, to John Col-
lins in London. Since Barrow first wrote of it to Collins in July
1669, On Analysis must have existed somewhat before that
month, though the exact date of its writing cannot be ascertained.
(The October 1666 treatise on fluxions was seen by no one.) After
reaching London, On Analysis was copied by Collins, who was
thus able (eight years later) to oblige John Wallis with a copy of
his own copy. It was first printed in 1711, more than forty years
after its composition, and was reissued by Newton himself in the
following year with the perfectly accurate claim that it was a text
that had been in Collins’s hands in 1669.

The later work is the first of Newton’s explicitly to state in its
title its concern with the calculus: It is a Treatise on the Methods of
Series and Fluxions. Not printed in Newton’s lifetime, it was first
made public in an English translation by John Colson in 1736. Its
nature and the (approximate) period of its writing (1671) are well
attested not only by Newton’s later affirmations but by contem-
porary correspondence; moreover, as Whiteside has shown, New-
ton borrowed from it materials he used in his 1676 letters to Leib-
niz, and in later years it was also examined in private by several
British mathematicians. Like so much of Newton’s work, the
Methods of Series and Fluxions was never completed, much less
thoroughly revised, and so, although originally intended as a pub-
lic exposition of the fluxional calculus, it never fulfilled its pur-
pose.

What is the content of these two mathematical studies, of which
the latter to a large extent subsumes the former? I have already
quoted Newton’s letter to Leibniz about them; here is his much
later (1712) claim for their originality and scope (Newton writes
of himself in the third person here):

. . it appears that in the year 1671, at the desire of his friends
he composed a larger treatise upon this same method [of se-
ries and fluxions], that it was very general and easy without
sticking at surds or mechanical curves and extended to the
finding tangents, areas, lengths, centres of gravity and cur-
vatures of curves, etc.; that in problems reducible to quadra-
tures it proceeded by the propositions since printed in the
Book of Quadratures . . . [On the Quadrature of Curves, first
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written in 1691, published (abbreviated) in 1704]; that it ex-

tended to the extracting of fluents out of equations involving

their fluxions and proceeded in difficulter cases by assuming

the terms of a series and determining them by the conditions

of the problem; that it determined the curve by the length

thereof and extended to inverse problems of tangents and

others more difficult, and was so general as to reach almost

all problems except numeral ones like those of Diophantus . . .6
All this is true; Newton’s exploration of new mathematical terri-
tory was indeed as far-ranging and thorough as he claimed. Out-
moded, a mere historical curiosity when Colson finally gave it to
the world, the Treatise on the Method of Series and Fluxions might
have effected a mathematical revolution in its own day, sixty years
before its belated publication. Its predecessor, On Analysis by
means of equations having an infinite number of terms, is, as its title
indicates, concerned much more with the usefulness of series than
with fluxions, a word that does not appear in its text. Neverthe-
less, though no one would claim that this little tract could serve as
an introduction to the calculus — whereas such a claim could be
made on behalf of the October 1666 tract — it does contain (near
the beginning) the basic algorithms for differentiation and integra-
tion, not of course qualified as such or indeed in any way singled
out as constituting a special mathematical technique. Later in On
Analysis, moreover, Newton explains integration procedures, that
is, quadratures or the calculation of the areas enclosed by curves,
by calculus methods, even employing a special symbol [], signi-
fying “quadrature,” that is, “the integral of,” or “the sum of,” as
indicated by Leibniz later by the long s f, standing for “summa.”
Newton in his defensive writings against Leibniz of subsequent
years was to cite this passage particularly as providing evidence of
his clear priority.

In fact, On Analysis was rather the less serviceable for Newton’s
anti-Lebnizian purposes in 1712 because, at the time of composi-
tion, the essay had been directed to the different object of proving
that Newton had obtained an independent mastery of the use of
infinite series in the solution of compound algebraic equations by
extending (with a hint from Viete) the technique used for the bi-
nomial expansion to which, in a very simple case, Nicolaus Mer-
cator had seemed to point the way in his Logarithmotechnia (1668).
Newton was indeed to explain to Oldenburg in 1676 (for Leibniz’s
benefit) how he had feared, after Mercator’s book appeared, that

19



PHILOSOPHERS AT WAR

others “would quickly discover the rest before I was mature
enough for writing.” Against this, On Analysis in Barrow’s hands
was a safeguard. But for that purpose (as a recent writer has
stressed), a treatment of series by “a method fully sanctioned by
tradition” was more appropriate than one that would have led
Newton “into a lengthier treatise embodying a unified — but radi-
cally different — approach to the whole problem complex of analy-
sis.” In other words, a fully developed matrix of fluxional ideas
for the specific nuggets of On Analysis would have only blurred
the issue for contemporary mathematicians in 1669 and rendered
the writing of the essay — hastily compiled — far more difticult.
Newton’s natural choice of the simpler course of action, however,
entailed the consequence that this most “public” of his early
mathematical papers was also the least explicit concerning the idea
of “analysis by motion,” whose significance Leibniz, for example,
in his later hasty examination of On Analysis, seems to have quite
missed. Moreover, the two great letters of 1676 would only con-
firm the impression that Newton’s forte was the study of series
and (as the opening of the Second Letter autobiographically reveals)
that his interest in series did not derive from infinitesimal ideas.’
On the Method of Series and Fluxions, on the other hand, ad-

dresses itself straightforwardly to “widen[ing] the boundaries of
the field of analysis and advanc[ing] the doctrine of curves”; after
describing what he calls “computational methods” for the extrac-
tion of the roots of equations, Newton plunges into the exposition
of his technique — first expressed, as we have seen, in 1665 - for
relating curves to the speed of motion of a point tracing them, and
then very rapidly to an account of fluxions, here openly and spe-
cifically treated. In illustration, here is his distinction between the
constants in an expression, the fluents (variables) and their fluxions
(or rates of change):

. . . to distinguish the quantities which I consider as just per-

ceptibly but indefinitely growing from others which in any

equation are to be looked on as known and determined and

are designated by the letters a, b, ¢ and so on, I will hereafter

call them [the former] fluents and designate them by the final

letters v, x, y, z. And the speeds with which they each flow

and are increased by their generating motion (which I might

more readily call fluxions or simply speeds) I will designate

by the letters I, m, n, and r. Namely for the speed of the
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[fluent] quantity v I shall put I and so for the speeds of the

other quantities I shall put m, n and r respectively.
It will be observed that Newton’s notation is awkward; much later
- not regularly until 1691 — he made the relationship of fluxion to
fluent more obvious by writing x as the fluxion of x, and so on.
It was then also possible to express the fluxion of a fluxion as %,
to any desired elaboration. Leibniz’s later comment that in the no-
tation of 1671 Newton could hardly express these higher fluxions
was justified, and it 1s a sign of Newton’s weakness that he would
neither concede the lateness of his own “dot” notation nor admit
the superiority of Leibniz’s invention in this single respect of no-
tation. Against Leibniz, Newton was apt to claim (as, once more,
in writing to Des Maizeaux in 1718):

And as the notation used in this book [On the Quadrature of
Curves] is the oldest, so it is the shortest and most expedite . . .
This claim was not true, in that the “dot” notation of 1691 was

certainly not older than Leibniz’s “d” of 1684.%

This set aside, Newton’s claim to have mastered the new infin~
itesimal calculus long before Leibniz, and even to have written —
or at least made a good start upon — a publishable exposition of it
as early as 1671, is certainly borne out by copious evidence, and
though Leibniz and some of his friends sought to belittle New-
ton’s case, the truth has not been seriously in doubt for the last
250 years. Of course, the fact of Newton’s historical priority in
the discovery, and perhaps especially in his very extensive explo-
ration of the method of integration (or quadrature) by infinite se-
ries, does not justify or authorize his second claim against Leibniz,
that Leibniz “must have” been aware of Newton’s prior work,
which we now know to be as false as the first claim was true.
Which means, of course, that it was unjust of Newton to attempt
to deprive Leibniz of the credit that was due him as an indepen-
dent discoverer of the calculus and the first in publication. New-
ton’s scornful assertion that “second inventors” deserve no fame
does not apply in a case where (as here) the “first inventor” has
maintained the privacy of his discovery.

Why did Newton ever put himself in the position where doubt
could arise? If his unpublished mathematical essays had been for-
mally deposited within the archives of the Royal Society (as was
done with the first sketch of his Principia years later) or in the
Cambridge University Library (as was done with his lectures on
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optics), his position vis-a-vis Leibniz would have been far
stronger. “If it be asked why I did not publish this book sooner
[again, On the Quadrature of Curves is meant],” Newton told Des
Maizeaux, “it was for the same reason that I did not publish the
Theory of Colours sooner, & I gave the reason” in the Second
Letter, that is the letter for Leibniz written in October 1676. There,
indeed, still addressing Oldenburg, Newton reminded him that

when I had sent to you a letter on the occasion of the reflect-

ing telescope, in which I briefly explained my ideas about the

nature of light, something unforeseen made me judge it nec=

essary to write in haste to you about the printing of that letter.

And then frequent interruptions at once were created by the

letters of various people filled with objections and other mat-

ters, which quite changed my mind, and caused me to call

myself imprudent because, in order to catch at a shadow, 1

had sacrificed my peace, a truly substantial thing.’
That was what Newton remembered, but his memory does not
quite accord with events as they can be reconstructed. It is true
that Oldenburg’s publication in the Philosophical Transactions for
March 1672 of Newton’s first “Optical Letter,” disclosing his
theory of light and colors, had caused him a great deal of labor in
replying to criticisms — whether Newton was right to think this
wasted labor is another question. But his first experience of publi-
cation did not, in fact, deter him from planning others in the
1670s, relating to both optics and mathematics, and part of the
reason for his plans not maturing successfully was not of New-
ton’s own volition: It was simply the reluctance of publishers to
undertake so serious a work of such small sale. Whether any book
of his that might have appeared in the 1670s — for, in fact, a geo-
graphical text of which Newton was, in a trivial capacity, editor
did come from the press — would have contained On the Method of
Series and Fluxions or any similar study is obviously impossible to
tell: The odds look much less than even in favor. Newton found
it almost impossible to regard any of his writings as finished and
ready for the reader’s eye and was only too eager to seize any
excuse for delaying or withholding publication. Had he really
wished to print, or deposit on open access, his mathematical dis-
coveries of the 1660s he could easily have found the way. At the
worst, the relatively small cost of printing a hundred copies of a
slender volume would have been trifling to him, for although not
yet rich, he was far from destitute or even dependent upon his
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professorial salary. The fact is that Newton preferred not to pub-
lish, for whatever assembly of reasons. He was, clearly, glad to
win private merit within the circle of competent mathematicians,
particularly those of Britain, and to deserve the admiration of such
men as Barrow, Collins, and James Gregory, but he had no wish
to contend in a broader field. It was, in a sense, the tragedy of this
whole dispute that Newton later, changing his mind and seeking
to undo the natural consequences of his earlier inactivity, tried to
make this private reputation equivalent to one fully established
and recognized by the public.
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3
NEWTON STATES HIS CLAIM: 1685

N THE SUMMER OF 1685, perhaps not long after the defeat of
Monmouth at Sedgemoor, Isaac Newton in his rooms by the
Great Gate of Trinity College, Cambridge, was absorbed in

writing the earliest version of his Mathematical Principles of Natural
Philosophy, a majestic work whose beginning was still only about
a year past.! In August 1684 Edmond Halley, one of the secretaries
of the Royal Society, a competent mathematician and an astrono-
mer with some years of practical experience, had ridden the fifty
miles from London to Cambridge expressly to put to the Lucasian
professor a technical question that London mathematicians had
failed to solve:

What he thought the curve would be that would be described
by the planets supposing the force of attraction towards the
Sun to be reciprocal to the square of their distance from it.

Newton at once answered — too precisely — that the orbit would
be an ellipse. Halley, “struck with joy and amazement, asked him
how he knew it; Why, saith he, I have calculated it; whereupon
Dr. Halley asked him for his calculation without any further de-
lay.”” But the paper could not be found then and there, and Halley
had to return to London with Newton’s promise, soon fulfilled,
that the demonstration would be sent to him there.

On 10 December 1684 Halley spoke of the work that Newton
was engaged upon to the Royal Society in London, and Newton
must by then have embarked already upon a large-scale treatment.
He worked incredibly intensely, writing the first draft of a large
and densely mathematical book in seventeen or eighteen months,
though it took longer to complete and perfect it. By the late sum-
mer of 1685 he had finished the first form of what was later to
become Book I of the Principia and also a great deal of what was
to be Book II — the division into Books as we now have it was not
yet established at this time. The early version, of which the larger
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part still survives, was (on some now unknown occasion in the
summer of 1685) read and annotated by Edmond Halley. Even if
Newton had died prematurely at this moment, the world would
have been able to recognize his immortal achievement.

The Lucasian professor was forty-two years old, and he had
occupied his professorial chair for sixteen years. Despite a lack of
students, he had performed his duties with diligence: Records of
his lectures already reposed (unread) in the Cambridge University
Library. He seems to have been patient and conscientious with the
few, students or seniors, who sought him out and wanted his ad-
vice. He was the only active mathematician in Cambridge at that
time and almost the only scientist. In this very year an attempt to
found a select scientific club in Cambridge had failed (in Newton’s
words) for “the want of persons willing to try experiments, he
whom we chiefly relied on refusing to concern hirmself in that
kind,” Newton himself being just as reluctant to promise “any
loss of my own time in those things.” The writer of the Mathe-
matical Principles of Natural Philosophy might well be forgiven his
unwillingness to desert his desk in favor of putting mice in an air
pump; yet Newton had certainly experimented not long before in
optics and in chemistry and would do so again in years to come;
below his rooms he had a little laboratory shed with chemical fur-
naces, and on the staircase above he sometimes stationed a tele-
scope. In 1685 Newton was an academic at ease in his world, com-
fortable in the sense of achievement, which, at his chosen
moment, he might one day lay before the world in proper form.
The accident of Halley’s question had released in Newton a crea-
tive torrent whose vigor must have been unsuspected even by
himself, sweeping him in a direction barely hinted at in all his
earlier concerns. That Newton’s intellectual relations were rather
with the outside world of London, the Royal Society, and the
Philosophical Transactions than with his Cambridge colleagues
troubled him not at all. What he had done — even what he was
now doing — was for his own satisfaction and not for applause.
Through all the past years, though ready enough to share his re-
sults when a rare opportunity (like Halley’s visit) offered itself, his
attempts to address the public at large had been highly tentative.
In 1685 none of Newton’s mathematical work (amounting in
modern form to four very stout volumes) had yet been printed,
and little enough was known to any one at all. Much remained
unknown, unsuspected, at the time of his death forty years later.?

25



PHILOSOPHERS AT WAR

Although he found a few friends when young and drank with
them sometimes at the tavern, and although when old he kept a
private wine cellar and gave occasional dinners, Newton was nei-
ther convivial nor frivolous. His own preferred use of his day was
for study, calculation, writing. His addiction to notes, transcripts,
and drafts was pathological. He copied extensively from books
standing on his own shelves. A young namesake, no relation, his
valet and copyist, described him as “very meek, sedate, and hum-
ble, never seemingly angry, of profound thought, his countenance
mild, pleasant and comely.” If never seemingly angry in the Cam-
bridge of 1685, the elderly Newton could be furious, petulant,
and even violent in his language — or so his critics report. The
Lucasian professor avoided exercise and cared not for food. He
was attentive neither to college chapel nor to private prayer and
was sometimes haphazard in his conduct and in his appearance.
But Humphrey Newton fails to show us Newton managing his
Lincolnshire estate with shrewd firmness or to present Newton’s
barristerlike mastery of detail in arguing a case. If some of Hum-
phrey’s account of Newton seems plausible, some exaggerated,
and some false, certainly he did not avoid hearsay; he could not
himself have observed that, at thirty (ten years before), Newton’s
gray hair was “very comely, and his smiling countenance made
him so much the more graceful.” When writing the Principia
Newton probably looked much as Godfrey Kneller depicted him
four years later — not smiling, indeed, but surprisingly youthful
(at forty-six now), spare, and intellectual. The head, seemingly
with his own long natural hair flowing to the shoulders on either
side and ruffled at the crown, appears large in proportion to the
body; the eyes are gray, the brows strongly marked and slightly
knit, the expression somewhat tense (perhaps from holding the
pose). Newton’s mouth is full and firm, the lines well marked, the
chin large and cleft. It is a powerful but not unkindly face. He
wears a loose gown, under which the shirt collar is open; the
hands, clasped, show long, delicate fingers like a woman’s. The
figure is in repose, but does not suggest calm; rather, quiet en-
forced by the mind on an active body. Indeed, Newton possessed
great physical strength and resilience; he worked constantly, he
was almost never ill, and he remained alert and active into his
eighties.*

Why this picture was painted remains so far a mystery. It is not
a portrait that would be demanded by vanity, pomposity, or os-
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tentation. His mother was dead ten years when it was painted; he
was a posthumous and only child. The portrait can hardly have
been intended for Newton’s family, and it seemingly remained
always in his own possession; it must, therefore, have been
painted for his own satisfaction — or Kneller’s. Of the man im-
mediately behind the portrait little is obvious either. Newton’s
lower-gentry origins and his ten years of apprenticeship and intro-
duction, from 1665 to 1675, are clear enough. In the latter year he
concluded a phase of communication of his optical researches to
the Royal Society and in the year following wrote his two great
mathematical letters to Leibniz (of which more later). Then, for
the next eight years, he withdrew to Cambridge and (it is facile if
not wholly accurate to add) alchemy. The protessor whom Halley
hastened to visit was a half-forgotten man, whose closest col-
league in the outside world at that moment was (ironically
enough) the Astronomer Royal, John Flamsteed, Halley’s own
former mentor and patron. Certainly Halley did not go to Cam-
bridge to seek advice from one of the greatest theoretical physi-
cists of all time; he went to consult a very able mathematical as-
tronomer.

After the stimulus of Halley’s visit, mathematical physics de-
manded all Newton’s strength and concentration. Like Sherlock
Holmes when summoned to a case, he abandoned (for a time) his
chemical experiments and his already declining interest in pure
mathematics. During the first period of writing the Principia
Newton’s only extant correspondence was devoted to digging the
astronomical data he needed out of Flamsteed; afterward he had
to exchange a number of letters with Halley about the printing of
the book. He left Cambridge for a couple of weeks between
March and April in 1685 and was absent again for a week in June.
Thereafter he settled down to his task without a break for nearly
two years. It is needless here to consider the Principia in order to
define Newton’s style and originality as a mathematician; this has
been most ably done by D. T. Whiteside. In outline, two seem-
ingly antithetical points need to be made. The book is cast very
much in the mold of a Greek geometrical treatise, notably in its
formal layout of definitions, axioms, propositions, lemmas, theo-
rems, and so on. The nearest ancient model, considering both
manner and content, might be found in Archimedes’ On the Equi-
librium of Planes and On Floating Bodies, but more immediately the
model for geometrical physics had been furnished to Newton’s
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generation by Galileo, Descartes, and their contemporaries. Yet
mathematically, the classicism of Newton’s Principia is illusory.
Not only was Newton’s familiarity with the great Greek mas-
ters of geometry like Archimedes and Apollonius limited, the es-
sence of his mathematical argument is entirely nonclassical. Does
it then reflect the essence of mathematical innovation associated
with Newton’s name, the method of fluxions? The answer again
is no. The method of fluxions is intrinsically algebraic rather than
geometrical, and there is not the slightest reason — in the historical
evidence or in logic — to suppose that the argument of the Principia
was ever cast in an algebraic rather than the geometric mode in
which it was published. It is true that Newton himself attempted
in later life (and with success) to confuse the issue by claiming that
he had employed analysis, specifically the method of fluxions, to
discover the propositions displayed in his Principia and then after-
ward worked out the synthetic geometrical demonstrations of
them, which he had incorporated into the book. Thus in 1712,
drafting a (rejected) prefatory note to its second edition, he wrote:
It has seemed advisable that I should now add the analysis by
which I investigated the proposition in this Book of Prin-
ciples, so that readers who have been instructed in the same
[analysis] may the more readily examine the propositions
considered in this book, and increase their number by discov-
ering new ones.
In fact, he never attached any account of his method of fluxions
to the Principia, nor was such a distinct method of analysis used
by Newton in writing the book. As Whiteside has said, it is an
inescapable fact that Newton wrote the book just as we have it, in
a geometrical form, but in accord with the letter rather than the
spirit of Greek geometry.>
A Greek geometer sought to express a mathematical problem
in its most appropriate (that is, simplest) geometrical form and to
solve it by establishing relations between such quantities as
lengths of lines or areas bounded by lines or even volumes. In
many problems the relations under investigation — for example,
between two areas ABCD and EFGH - are constant, though, of
course, the areas themselves are arbitrary and indeterminate; but
in some problems the Greeks had already dealt with changing
magnitudes. To give an instance, the Archimedean spiral is de-
fined as the curve traced by a point moving uniformly along a
straight line while that line rotates uniformly about one extremity.
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Thus the curve will end or begin at this center of rotation. In
general, however, the ancients had found great difficulty in con-
ceiving of relations between two changing quantities — hence their
extremely cumbersome understanding of what a “constant speed”
and a “changing speed” are, because speed depends upon both
change of time and change of place or distance. A Greek would
have found it still more difficult to conceive of a second-order
variable such as acceleration or change in speed or to cope mathe-
matically with the spiral produced in Archimedes’ manner but
with the difference (say) that the speed of the moving point along
the straight line is proportional to its distance from one end of the
line.

Now the essence of Newton’s mathematical argument in the
Principia 1s that he is all the time concerned with the relations be-
tween changing quantities. For example, the very first proposi-
tion of the book is concerned with a motion in which a body
traces an indeterminate curve — in other words, it changes its di-
rection at every instant as it proceeds along its path, but for the
purpose of the proposition that is no obstacle; it is not required
that the shape of the curve be defined. And - as in this proposition
— Newton is concerned with “instantaneous,” that is to say infini-
tesimally small, changes. In this case, and elsewhere, he “models”
a smoothly continuous curve by a succession of equal straight-line
segments — if these are sufficiently numerous and consequently
sufficiently minute, they constitute a line indistinguishable from
a smooth curve (note that Archimedes had precisely defined the
sizes of two polygons, each of ninety-six sides, one outside and
one inside a circle in determining limits for the magnitude of a
circle in terms of its radius — he had no method, and no impulse,
to consider polygons of so many sides as to be indistinguishable
from a circle). Whereas the Greeks had operated (in general) with
unvarying geometrical quantities, Newton, like Kepler and Huy-
gens before him, operated with varying quantities but handled
infinitesimal limit increments of the second order as well as the
first; that is, problems were to be solved not by considering
change in a quantity but rather the rate of change of different
quantities.

Newton’s techniques for solving such problems need not con-
cern us; in general they involved the use of the methods of series,
which he had discovered in the 1670s. What 1s important to ob-
serve here 1s that the advanced geometrical procedures involving
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infinitesimal line segments displayed by Newton in the Principia
are to be considered as equivalent to other procedures in the direct
and inverse method of fluxions and, accordingly, in the differential
and integral calculus of Leibniz. That the Principia was a book
founded on “the calculus” was a truth understood by Newton’s
contemporaries and successors, as well as by modern historians,
it being appreciated that “the calculus” in his sense means an in-
formal and general mathematical process, not the particular alge-
braic algorithms of Leibniz or of Newton himself. Indeed, a fa-
mous, and to Newton a deeply irritating, criticism (arising from
a mistake occurring in the treatment of Proposition 10 in the first
edition of Book II, where Newton is concerned with resisted mo-
tion) was precisely that in this place his mistake had arisen from a
failure to obtain second differentials (the differential of a differen-
tial) in the proper way — this (mistaken) accusation could have had
no force had it not been plausible to argue that Newton was rely-
ing on the calculus for his solution to the problem. There is thus
no question but that in the Principia — though not employing flux-
ions — Newton could formulate and resolve problems by the in-
tegration of differential equations, and, in fact, he anticipated in
his book many results that later exponents of the calculus regarded
as their own novel achievements.®

There was nothing in principle either strange or unprecedented
in Newton’s proceeding in this way rather than in developing the
science of motion by analytical algebraic methods, as was soon to
be done by other mathematicians including Leibniz, the Bernoul-
lis, and Pierre Varignon. Particular instances of differentiation and
integration had been handled by earlier mathematicians geomet-
rically as well as algebraically. Both older contemporaries, like the
Dutch nobleman Christiaan Huygens, and young ones, like New-
ton’s Swiss friend Fatio de Duillier, were familiar with analogous
geometrical procedures. To the few skilled mathematicians in Eu-
rope around 1685 who were capable of understanding Newton’s
mathematical arguments at all, however expressed, the form he
actually adopted in Principia was far more convenient and familiar
than either the method of fluxions — known to no one but Newton
— or the Leibnizian differential calculus first described, rather ob-
scurely, in print only in 1684 and equally as yet adopted by no
other mathematician. Leibniz’s calculus, indeed, was still too un-
developed to have served Newton.

Accordingly, one will look in vain in the earlier pages of the
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book for any apology for the use of mathematical methods unfa-
miliar to the reader or for a preliminary explanation of them. The
Principia was notoriously a book that only the expert could follow
on every point of its argument, but this was not because its argu-
ment depended on some wholly new branch of mathematics, such
as the calculus would have been. In the opinion of Whiteside,
“Newton did not set an impossibly high estimate on the mathe-
matical competence and technical expertise of his reader, who is
assumed to be familiar with the Euclidean Elements of the geome-
try of the straight line and circle but otherwise expected to know
only the simplest Apollonian properties of conics, the rest being
proved ab initio as needed in the progress of the argument or (in
rare instances) justified by an appeal to the general algebraic ‘qua-
drature of curves’ which Newton had expounded [but not yet
published] some fifteen years before.” The difficulty of the book
lay not in its technical novelty but rather in its concision and den-
sity. Only in Lemma II at the beginning of Book II does Newton
explain in elementary form a new mathematical idea, which, in
fact, we now name (after Leibniz) differentiation. Why Newton
chose to introduce the “fluxions lemma” at this point is a2 mystery;
it would have been at least as appropriate, or more so, for him to
have done so in Book I, where he had been happily differentiating
without troubling to give a particular explanation of his proce-
dure. A possible reason for the lemma will appear in 2 moment.”
Differentiation is simply a way of finding out how mathemati-
cal quantities change. Thus if one quantity y changes in some way
that is dependent upon change in a first variable x, differentiation
establishes the manner of the change. Or consider a geometric
curve, whose form is defined by an algebraic equation; the direc-
tion of the curve at any point is determined by the slope of the
tangent at that point and this in turn can be discovered after the
equation to the curve has been differentiated. Newton spoke of
flow (flux) rather than change in relation to mathematical quan-
tities, and accordingly he spoke not of finding the differential but
of finding the fluxion, or rate of flow. (Although there are impor-
tant differences between a differential and a fluxion, a statement in
differentials can be systematically rewritten in fluxions.) How-
ever, in the lemma in Book II of the Principia he uses still different
language again, though the content of the lemma is based on an
unfinished draft treatise, “On the Geometry of Curved Lines,”
written perhaps six years before, which was devoted to fluxions.

31



PHILOSOPHERS AT WAR

In the lemma the argument hinges on the notion of a moment,
which Newton defines as the instantaneous increase or decrease of
a changing quantity. It is not itself a very small finite quantity,
however (an “atom” of number-ness, as it were), for finite quan-
tities are the end products of moments: “We are to conceive them
[the moments, Newton adds obscurely] as the just nascent prin-
ciples of finite magnitudes,” that is, as the germ cells of finite
quantities. Here, as always, Newton finds it very difficult to ex-
press his conception: The moment is not nothing (zero), for if so
it could not be multiplied as he proceeds to do; it is a changing
thing, yet capable of being seized upon at an instant of time; it is
not a fixed minute quantity, for to allow this would be to deny
the perfectly smooth transition of a changing magnitude from one
value to another.

We can see (as Newton explains) that the moments of any num-
ber of related quantities are proportional to their fluxions, because
in any short length of time (during which these quantities are sup-
posed to change in value) the sum of the added or subtracted mo-
ments will be proportional to the rate of change, that is to the
fluxion of each quantity.

The upshot of the lemma is that Newton provides a highly un-
sound demonstration of the perfectly correct result that the mo-
ment of any quantity x" is proportional to nx"!; in Leibnizian
terms Newton is saying that the moment of x"1s d(x") = n . dx . x™'.
This is the beginning of the calculus that everyone learns, and the
fact that Newton’s demonstration in the lemma is self-nullifying
by no means negates its operational utility. Nor is it surprising
that, for all his profound intuitive grasp of the rightness and good
sense of what he was doing, Newton was unable to give complete
logical validity to an infinitesimal calculus, leaving cracks into
which Berkeley and other critics could insert powerful destructive
wedges; Leibniz was not very much more successful in this task,
and the problem was only settled in the nineteenth century. Mean-
while, the philosophical problems of allowing mathematicians to
handle quantities that were neither zero nor finite magnitudes did
not inhibit the development of the calculus, nor its application to
science and engineering. However, as we shall see, Newton’s un-
certainty as to the definition of his fundamental concept (was it
moment, or a fluxion, or something else?) and his diverse justifi-
cations for its usefulness in mathematics were to be made to ap-
pear as weaknesses later.?
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Moments make very little further appearance in the Principia,
and as Newton had decided to leave his readers in ignorance of his
methods of fluxions and of series and to allow them to take for
granted his use of limit increments, he might as well have omitted
this “Auxions lemma” also, but for one reason, that he followed it
with a scholium, or explanatory comment, of an autobiographical
character:

When, in letters exchanged between myself and that most

skilled geometer G. W. Leibniz ten years ago, I indicated that

I possessed a method of determining maxima and minima, of

drawing tangents and performing similar operations which

served for irrational terms just as well as for rational ones,

and concealed the same method in transposed letters [which,

when correctly arranged] expressed this sentence: “Given any

equation involving flowing quantities, to find the fluxions,

and vice-versa”; that famous person replied that he too had

come across a method of this kind, and imparted his method

to me, which hardly differed from mine except in words and

notation.’
One can hardly doubt that the lemma was written so that this
scholium could be added to it, or so that (not to mince words)
Newton could claim his mastery of a powerful new method in
mathematics as early as 1676 (and by an inference, which Newton
would not hesitate to make and substantiate by evidence, as long
a time again before 1676). The historical claims of the scholium
are clear and precise: Newton then already possessed a true
method of some generality — a method as we would say of differ-
entiating expressions — going beyond mere rules for determining
tangents or other ad hoc successes, and this method extended to
all algebraic expressions, not merely easy ones. This was a very
important claim because, as Newton well knew and was ready
when necessary to concede, there was a long story of partial suc-
cess in differentiation extending far beyond his own time; there-
fore, the only significant claim he could make at this stage was to
an unrestricted success in this procedure. At the same time, Newton
did not assert that he had informed Leibniz of his counterpart suc-
cess in integrating expressions or in obtaining quadratures (the
determination of curvilinear areas); integration, as Newton al-
ready knew and some of his mathematical contemporaries were
learning, is the inverse of differentiation; but this is only indicated
(by the two words “vice-versa”!) in the so-called anagram, which
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Leibniz could not, of course, have deciphered. Nor does Newton
in the scholium claim that Leibniz had learned anything from him-
self, or indeed deny that Leibniz’s discovery of his own method -
assuming that to be equally general and valid with his own -
might have antedated his own letters in which the method of
fluxions had been so darkly hinted at. And it positively concedes
that at the time of his reply in 1676 Leibniz possessed some-
thing — some art of differentiation — of considerable importance,
of which he had imparted examples to Newton.

It is easy enough to imagine why Newton, conscious of the
weight and extent of his innovations in mathematics, should not
wish to see his discoveries passed over as they were overtaken by
the subsequent discoveries of others. But why, after maintaining
silence through nearly twenty years, should Newton at last choose
this moment and this awkward manner of expression, in which
his methods were not allowed to stand alone but were put in chal-
lenging juxtaposition with some analogous accomplishment of a
German philosopher nowhere else mentioned in the Principia?
Why suddenly resurrect here a brief correspondence that had been
dead for ten years?

The reason, in fact, is clear: Leibniz’s own belated emergence in
print. We now are quite sure — though Newton never knew it —
that Leibniz had the beginnings of his differential calculus in Oc-
tober 1675, shortly before his correspondence episode with New-
ton. But his first account of it — when the method was very con-
siderably matured — was published in a Latin periodical produced
in Germany, the Acta Eruditorum (Transactions of the Learned), for
October 1684. The article was headed, in part, “A new method of
maxima and minima and also tangents, and a singular kind of cal-
culus for them”; as with Newton, Leibniz’s discovery had re-
mained almost unknown since its inception until this first an-
nouncement, which mathematical readers found quite difficult to
assimilate. Nevertheless, from this article (and others with which
Leibniz followed it) the whole history of the calculus has
stemmed. Newton at once realized its importance, and as soon as
he read it his mind flew back to Leibniz’s letters of 1676 and his
own to which those of Leibniz had been replies. There can have
been no doubt in Newton’s mind that the article represented the
fulfillment of the promise of Leibniz’s letters, whereas he himself
had nothing on record, save in letters to one or two friends. Hence
his eagerness to state his claim and to state it in a way that made
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his independence of — not so much yet his priority before — Leibniz
absolutely plain and solid. For, of course, Newton understood at
once that the differential calculus and the method of fluxions were
different expressions of the same mathematical idea. It is not sur-
prising, on reflection, though at first it may seem so, that Newton
waited a year to react to a paper put on sale in, say, November
1684 at Leipzig. The transmission of periodicals, of all postal
packages indeed, across Europe was at that time extremely slow.
Only if deliberately carried from Germany to Cambridge by a
friend could it have reached Newton’s hands in a few weeks; by
normal commercial means very few copies of the Acta Eruditorum
can have reached England at all. Nor had Newton any special rea-
son to look out for one; the Acta was not primarily a mathematical
or scientific periodical and was but recently begun. Finally, vir-
tually no one alive in 1685 could have foreseen Newton’s passion-
ate interest in Leibniz’s article. All these factors combining to-
gether, the delay of a year or less before Newton reacted is
explicable; and he may well have taken further time to decide how
he could decently react in a scholarly and gentlemanly fashion. In
the end we may well feel that what he chose to say was excessively
diffident.!

At this time Newton could so very easily have announced him-
self in the pages of Philosophical Transactions, for example, by
means of his new friend Edmond Halley, or afforded to issue a
small separate pamphlet of his own. The expense could not have
been a serious object to him, not so much as it had been in the
early 1670s when he came nearest to an early revelation of his
mathematical researches. Only in recent years has Whiteside put
into print the already almost finished treatises that Newton had to
hand, such as The Method of Fluxions and Infinite Series going back
to 1671. Or he could have issued an effective autobiographical
narrative. It is nowadays beyond all challenge that Newton had
begun to formulate original ideas in mathematics in 1665 and
1666, the time he had described as the “prime of my age for in-
vention,” and that he had then written his first account of his
method of fluxions, which he had perfected in 1671. And there
had been much more mathematics since, notably Newton’s so-
phisticated study of series, which was the key to the inverse
method of fluxions or integration. In the scholium, though ta-
bling his claim to consideration as the prime inventor of a new
brand of mathematics, Newton was too scrupulous (or too cau-
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tious?) to allude to this private record of achievement or to give
more than the barest and bleakest hint — not without its possible
chances of misleading the reader — of the vast intellectual apparatus
of which the mathematical arguments of his Principia are offshoots
or exemplars.

It really seems as though Newton — who could justly have writ-
ten so extensively and creatively in expressing his mathematical
thoughts since 1666 — was most eager not to make for himself the
maximum just claim (as any one may morally do) but the mini-
mum claim that would still leave him, as it were, in the game.
The language of the “fluxions lemma” is so stilted and inadequate
that (as Whiteside has remarked) the Leibnizians were deceived as
to the real quality of Newton’s achievement:

In hindsight we may see how a little more forthrightness on

Newton’s part when he first presented his fluxional method

to the world would have saved him a great deal of the bitter-

ness and sense of frustration he experienced twenty-five years

afterwards when he fought tenaciously to safeguard his prior-

ity of discovery.
Whatever one’s doubts about the appropriateness of the lemma,
and the related scholium referring to Leibniz, it is obvious that
Newton would have been well advised to elucidate their puzzling
obscurity and reinforce his position in major mathematical publi-
cations after 1687. He seems to have contemplated no such move,
and in fact his next major step toward a mathematical treatise —
this time not on differentiation at all but on integration, the “qua-
drature of curves” — was taken not in response to Leibniz’s mathe-
matical innovations, but to published work coming from the
Scottish mathematician David Gregory, who had sought New-
ton’s acquaintance and support not very long before.!!

This was the second time that Gregory, professor of mathe-
matics at Edinburgh, had seemed likely to step forward for a share
of the fame that Newton might expect to receive if his unpub-
lished work were ever to be appreciated. Starting from some old
private papers of his uncle, James Gregory, who had held the
Edinburgh chair before himself, David had advanced far in the
techniques of series, as could be seen in a fifty-page pamphlet, A
Geometrical Essay on the Measuring of Figures, published in 1684 and
sent by its author to Newton in June of that year. In an accompa-
nying letter David Gregory claimed (justly) that the treatise con-
tained “things new to the greatest part of the geometers,” though
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he recognized — from his late uncle’s correspondence - that New-
ton himself had “of a long time cultivate[d] this method and that
the World have long expected your discoveries therein.” Newton
would have gathered what Gregory was too cautious or modest
to state outright, that Gregory’s explorations came close to his
own. How close must have surprised him; the scene has been well
reconstructed by Whiteside:

Thus forewarned, Newton was well prepared for Gregory’s

following sketch of the principles of exact algebraic integra-

tion and their exemplification in problems of the quadrature

and rectification of curves and the mensuration of their solids

and surfaces of revolution. But, as he read on, a growing

feeling of the déja vu must have come over him, for Gregory

devoted the remainder of his tract to elaborating (with nu-

merous well-chosen examples) two of the three methods of

reducing quantities to series . . . which Newton himself had

set down in “Reg. III” of his De Analysi fifteen years before;

in addition, he gave, without proof, two instances (seemingly

taken from his uncle’s papers) of extracting the roots of a lit-

eral equation . . . and declared his intention of publishing a

full explanation of the method “on another occasion” unless

John Wallis, . . . should forestall him by printing his “enu-

cleation” of the equivalent Newtonian doctrine. The chal-

lenge thrown out to Newton himself was unspoken but no

less real: publish or be published. 2

Newton’s response was strange and typical. Although believing

himself (as he wrote 1n a draft paper) less able “to resist the entrea-
ties of my friends” that he should publish, and that he would be
“better advised to be swiftly acquiescent rather than have to sub-
mit to annoyance [!] at a later, lesser opportune time,” as Gregory
had already declared his hand, he decided, nevertheless, rather
than publish any systematic exposition of his own or write any
piece wholly new, that he would more oblige the public (“after
what Mr. Gregory has done”) by publishing his letters to Leibniz
of ten years before, “especially so since in them 1s contained Leib-
niz’s extremely elegant method, far different from mine, of attain-
ing the same series — one about which 1t would be dishonest to
remain silent while publishing my own.” And so a work — which
never left Newton’s hands - took shape under the title “Specimens
of a Universal System of Mathematics,” on which Newton must
have labored (perhaps quite briefly, for the sketch was never com-
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pleted) in June or July 1684, in any event shortly before Halley’s
trip to Cambridge, which plunged Newton into the composition
of the Mathematical Principles of Natural Philosophy, to the abandon-
ment of his interest in pure mathematics."

The choice of policy by Newton is really very extraordinary.
David Gregory, relying pretty heavily on his uncle James’s unpub-
lished ideas, had lifted the veil from one section of the Newtonian
edifice of mathematics. Was Newton’s reaction to say to himself
that the time had really come at last to put all his cards on the table
and set out properly that whole of which others might reveal parts
piecemeal? No; he was conscious of no debt to learning, no am-
bition for fame; publication was an “annoyance.” All he thought
it worthwhile to do was to prove that he had known all this (and
more) before Gregory. His reaction seems almost pathologically
historicist; he is not eager to get on with the business of adding
his searchlight to Gregory’s torch; he thinks only of citing docu-
ments ten years old to prove that he himself was first to shine the
light. It is hardly surprising, therefore, that many years later his
defense against Leibniz took an equally historicist form and indeed
had at its core exactly the same documents, the Newton-Leibniz
letters of 1676. It is true that as Newton went on with the prepa-
ration of the Specimens his native interest in the subject began to
take over; but in the end this dried up and he abandoned the mat-
ter altogether. The final outcome was that Newton allowed John
Wallis, the Oxford doyen of English mathematics, to wave the
Newtonian flag by summarizing Newton’s two letters to Leibniz
in his Algebra of 1685.

To complete this aspect of Newton’s relations with Gregory and
to introduce the last of Newton’s attempts to prepare a full expo-
sition of his fluxions, we must go forward again into the post-
Principia period. About two years after the last incident, in 1686,
Gregory succeeded in reconstructing, from information inno-
cently brought to him by another Scotch mathematician, John
Craige (of whom more in Chapter 5), Newton’s general theorem
for squaring curves which had already been imparted to Leibniz in
the Second Letter of 1676. Not long thereafter (despite Craige’s
showing Gregory that his result was identical with that obtained
by Newton long before) the theorem was obscurely published as
Gregory’s, without a word about Newton, by the former’s phy-
sician friend Archibald Pitcairne. Fortunately no report of this
came to Newton who, like everyone else, was soon deep in the
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excitement of the English Revolution. When that was done, Greg-
ory, who in 1691 was seeking the Savilian professorship of astron-
omy at Oxford (which he was to win), wrote asking for Newton’s
assistance in publishing “his” theorem with examples and a proper
acknowledgment of what Newton had previously accomplished.
Newton, starting to draft a formal letter of reply for Gregory to
print, passed rapidly into the composition of a regular treatise on
the quadrature of curves. De quadratura curvarum rapidly grew into
a work of considerable extent and by early 1692 greatly impressed
Fatio de Duillier. But alas, as always before, Newton’s enthusiasm
waned after a few months and it was never finished. Here, for the
first time, Newton used his dotted fluxional notation (which
thence, in extracts, went to Wallis and so appeared in print in Wal-
lis’s Latin Algebra of 1693). As Gregory’s theorem appeared in the
same book, the circle was now closed, and, indirectly, Gregory
had helped to bring to light at last the first effective statement of
the Newtonian calculus. As for the original De quadratura curva-
rum, it remained forgotten until Whiteside rediscovered it; the ver-
sion printed by Newton himself with Opticks in 1704 — too late
now to advance current mathematical knowledge — was a revised
and shortened text.!

Even under provocation, even when fully aware of others
pressing up behind him, Newton could not bring himself to pol-
ish and publish his own work in mathematics. Even his two great
books, the Principia and Opticks, were not (in their first published
versions at least) truly completed works. The Principia lacked in
1687 a vital theme, a dynamical theory of the moon’s motions,
which Newton could not yet supply. Newton went on rewriting
the book for the rest of his life. The Opticks breaks off in its third
book and turns into a series of Queries; there is evidence that New-
ton had intended to continue in due form but was defeated by the
nature of his remaining material and his ideas about it. Endless
drafts upon everything he wrote, numberless unfinished sketches
prove that Newton, a perfectionist, found it very difficult to take
his hand from any paper. In mathematics his foible was strongest
- may one guess, perhaps, both because his original powers were
here most strongly and intimately at work and because he was
most critically conscious of the weaknesses in what they wrought
for him - so that in all his long life no major publication in mathe-
matics came from Newton’s hands: What he did give out, as late
as 1704, were mere tidied extracts of larger books. But two fur-
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ther remarks, one biographical, one psychological, ought to be
made concerning Newton’s impotence in this respect. First, in
1684, when contemplating his response to Gregory, which was
almost Newton’s last chance to make his mathematical researches
public in a decent, noncontroversial way, he was still unaware of
Leibniz’s emergence in print, which was (fateful irony!) to happen
only two or three months later. Leibniz, at that moment, was
chiefly remarkable to Newton as someone who had made by no
means trivial criticisms of his own ideas, which ought to be an-
swered. For the rest, Leibniz had kept as quiet through ten years
as had Newton himself and had probably given up mathematics
— Newton thought he had become a politician or civil servant. As
for Gregory, his position vis-i-vis Newton was perfectly clean
and innocent, and he seemed to have said the proper things so far
as his uncle was concerned. Newton had no wish to stand 1in his
light. I think Newton’s modesty at this time, and his anxiety to
help Gregory and Leibniz get all the praise to which they were
entitled, were perfectly genuine and highly moral. It is true that
(as so often when people behave morally) Newton thought of
himself as master of the situation. He thought 1t was 1n his power
to let Gregory (or Leibniz) have just as much fame as he judged
really due to him, for he believed that he possessed the means
(through the drafts and letters of which he had copies) to cut other
mathematicians down to size if any one should claim too much.
Although one might have supposed that earlier experiences of the
truth, that all is not simple and rectilinear even in the realm of the
intellect, would have taught him otherwise, Newton seems still
to have believed that very simple and honest actions on his part
would always make the republic of learning perceive that what
he, Newton, understood to be right and true really was right and
true. Again, throughout a long life Newton seems always sur-
prised that the minds of men whom he knew to be able and intel-
ligent, and in every other respect just and moral, could be capable
on some point or other of fixing immovably upon ideas that in
Newton’s eyes were base and false.

And finally, as regards Gregory in 1684, Newton was the less
concerned because series were at stake, not the method of flux-
ions. Of course, Newton was aware that for all the great impor-
tance of his work on series — the binomial expansion, his “pre-
dlscovery of Taylor’s series and so forth — in this part of mathe-
matics he was in a continuing fertile tradition. In his own early

40



NEWTON STATES HIS CLAIM: 1685

working lifetime, the German-born London mathematician Ni-
colaus Mercator had published Logarithmotechnia (1668), covering
a great deal of new ground, and the study of series had also been
advanced by James Gregory, the uncle of David, by Christiaan
Huygens, and by young Leibniz, not to mention some other En-
glish contributions. It was almost inevitable that what Newton
had accomplished in this area would soon be repeated by others;
as long as he could make his own just priorities understood — and
note that these were unpublished priorities — Newton was quite
content to let others proceed with publication.

But in the spring or summer of 1685, as he was writing the first
draft of the Principia before placing it in Halley’s hands, Newton
must have discovered that Leibniz had published a description of
a new form of infinitesimal calculus. Whether Newton himself
read Leibniz’s Acta Eruditorum article at this stage with due care
and attention, or whether he had some indirect information about
it, we cannot tell. Newton always believed (rightly) that the prog-
ress he had made in the infinitesimal calculus, the method of flux-
ions, was far more important than the work he had done on series;
the former swelled from a profoundly original idea, the compari-
son of flowing quantities, of which previous anticipations were
remote and slight, and which, when developed in systematic form
(and here it must be remembered that notation, though signifi-
cant, is still a lesser element), proved of tremendous power and
potential. Hence the blow he received from Leibniz, though the
record of its impact in the scholium seems slight enough, was
more severe than the blow he had received two years before from
Gregory. Hence Leibniz became in time (he was not yet) an
enemy, whereas David Gregory, even though he had to be put
right twice as to Newton’s priority rights — in 1691 as well as in
1684 — remained always what one may call a “friend” of New-
ton’s. Nevertheless, and perhaps it is not surprising, Newton re-
acted to the challenge from Leibniz much as he had a year earlier
reacted to Gregory, that is to say that even so far as the calculus
was concerned he was prepared only to offer rudimentary evi-
dence of the nature of his progress with his own ideas and to fol-
low a laissez-faire policy: “Let Leibniz get on with it if he chooses,
for the historical evidence that I was first to gather this harvest is
irrefutable.” Perhaps one may see that the Gregory incident in-
duced Newton into a fundamental error in appreciation of his new
situation vis-a-vis Leibniz — he was himself, after all, plunged
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deeply into quite different work. As a rejoinder to Gregory’s
claims, publication of Newton’s 1676 letters to Leibniz (which
Wallis actually undertook), with their copious evidence of New-
ton’s mastery of the use of series, was good evidence of Newton’s
priority. But in response to Leibniz’s assertion of this discovery of
a unique and powerful new area of mathematics, the same letters
contained no similar abundant evidence of Newton’s mastery of
developed infinitesimal calculus expressed in a systematically for-
mulated system or algorithm. The “anagrammatic” sentences of
the Second Letter (of which one, “Given any equation involving
flowing quantities, to find the fluxions and vice-versa . . .” was
now quoted by Newton in plain language in the scholium) could
mean much or little. They could hardly be regarded by any dis-
passionate observer as testimony to their writer’s possession of a
great new mathematical system; there was nothing in the letter for
Leibniz’s eye but “bare enunciations” of the fluxional concept,
“which would have told him little.”®

If Newton in 1676 had gone on — as Whiteside conjectures he
had some notion of doing — to explain fluxions to Leibniz in some
detail, or even if now in the immediate post-Principia years New-
ton had produced even the work he had ailready by him, the whole
future agony might have been avoided. It appears to me that
Newton’s failure to perceive the frailty of his Prinucipia scholium is
the turning point of the whole story. Newton did not understand
that the historicist argument, which in 1684 had worked so well
in his own interest against David Gregory, was almost totally in-
effective when turned against Leibniz; not only because Leibniz
had no reason or inclination to be deferential toward Newton as
Gregory had, but because, as a sheer matter of fact, the evidence
of the 1676 anagrams offered by Newton was extremely thin.
Why should Leibniz be expected to take it seriously? Actually, for
a number of years Leibniz was perfectly happy to concede New-
ton possession of some procedure approximating to his own cal-
culus, thus accepting the assertions of the scholium at face value,
although neither he nor anyone else knew what the method of
fluxions entailed.

It is also possible that just as Newton overestimated the ease
with which he could dispose of any threat to his own prestige —
while surely greatly underestimating the psychological impor-
tance of that prestige to himself — so he may not at this time have
perceived the full magnitude of Leibniz’s own achievement. It
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was, he knew and he conceded, different from his own. Newton
was very properly eager that he should seem — while making the
historicist claims for his own priority set out in the Specimens and
the scholium - to allow full merit to the independent though pos-
terior researches of Gregory and Leibniz (here again, one might
think that Newton imagined the two cases to be more alike than
they really were); but he was well aware that he himself had done
much more in series than what Gregory had published as new and
interesting in 1684, and he must have believed that similarly he
had done much more in the methods of differentiation and inte-
gration by 1685 than had Leibniz. Indeed, Newton’s judgment to
this effect may well be historically just, but it is in any case irrele-
vant, and Newton should not (if this was his view) have relied
upon it. Newton knew that in 1676 he had been far ahead of Leib-
niz, who was in his eyes little more than a beginner in advanced
mathematics; was it not likely that even nine years later Leibniz
was still far behind him in the rich deployment and complex un-
folding of this new calculus of infinitesimals?

If Newton made any such judgments to the effect that Leibniz,
like Gregory, was a competitor whose challenges were still easily
in Newton’s power to control, by his own great resources and
historical evidence, he was making a bad mistake. And if he also
supposed that no fame won by Gregory or Leibniz could ever
disturb his own peace of mind, he made a worse mistake concern-
ing his own nature. For certainly he should have either brought
his own unpublished work into the light of day in the late 1680s
or remained silent thereafter — and enforced silence on his friends.
That is, if he wished to avoid a fight.
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LEIBNIZ ENCOUNTERS NEWTON:
1672-1676

to make a famous quarrel. If Newton is one of the half-dozen

mightiest figures in the history of science, Gottfried Wilhelm
Leibniz enjoys an equal eminence in the history of philosophy.
And though in the folk culture of the Germans Leibniz may stand
as a lesser man than Goethe, just as in Anglo-Saxon eyes Newton
must bow to Shakespeare, by more formal standards each appears
as the dominant figure of an aspect of European intellectual life. It
is perhaps not accidental that they were contemporaries, New-
ton’s life-span exceeding Leibniz’s by a few years at either end, for
this was the moment when European intellectual development to-
ward freedom and maturity offered the highest opportunity for
creativity. This was the point of flexure on its growth curve. Of
course, both Newton and Leibniz were men of transition, think-
ing for the future with minds conditioned by the past. It might be
imagined, perhaps, that Newton the scientist, the man of numbers
rather than words, belonged more decisively to the new age than
did Leibniz, of whom it has been written that “he is, in relation to
the new scientists [of the seventeenth century], a man sunk deep
in medieval conceptions, a weaver of metaphysical systems, a be-
liever in the necessary unity of theology, philosophy and science.”
What the writer of these words meant was that Leibniz was, like
Aristotle, Aquinas, and Descartes, a rationalist: He regarded the
essential truths of the physical (as well as the moral) universe as
being what the human intelligence must see as necessarily true.
Thus Leibniz assures us that because God aims at perfection, there
can be no gaps in his living creation that could possibly be filled
by any extra animal or plant; this is the basic law of natural his-
tory. Yet is this Leibnizian law so much more metaphysical, or so
much less accessible to proof or disproof, than Newton’s cele-
brated first law of motion:

IF IT TAKES two to make a quarrel, it takes two men of genius
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Every body continues in its state of rest, or of uniform mo-

tion in a straight line, unless it is compelled to change that

state by forces impressed upon it.
Who has examined “every body” in the universe? And where, in
this universe full of matter and of the forces associated with mat-
ter, is any one body found that is in even an instant of time free
from all force acting upon it?

There is, of course, a genuine contrast between scientist and
philosopher, which, in a broad way, the two individuals Newton
and Leibniz represent. The philosopher seeks to “reconstruct” the
universe (or history) by pure thought; the scientist acquires facts
and makes mathematical models. But it would be too simple to
suppose that Leibniz (professionally both a diplomat and a jurist,
a man who worked on both the mechanical calculator and the
clock and was much interested in the progress of German chem-
istry) was a mere dreamer, or that Newton (who spent thousands
of hours reading alchemical authors and elucidating the prophecies
of Daniel and John, who believed that to discourse of God did
certainly belong to natural philosophy, and who supposed that
only divine intervention saved the universe from fairly rapid dis-
integration into chaos) introduced some new epoch of hard-
headed, empiricist science in which ideas played no part.?

Anyone living since Darwin, Freud, and Marx might, in fact,
suppose that Leibniz and Newton had far more in common than
in dispute between them; that their differences in philosophy and
metaphysics are, after all, minute, sectarian distinctions compared
with the gulf that separates seventeenth-century thinkers from
those of the modern world. They were at one in seeing the prob-
lem of God’s relation to his creation as one of supreme importance
to men; the notion of an evolutionary universe would have been
as appalling to both of them as the Freudian concept of an uncon-
scious level of the mind filled with repressed emotions. Accord-
ingly, both viewed man as the centerpiece of the universe, the
climax of God’s enterprise in creation and redemption, the posses-
sor of a unique intellectual capability of apprehending the universe
like that of the divine mind itself, though infinitely inferior. In all
such ways Leibniz and Newton resembled each other because they
were men of the same age, just as they also resembled each other
in a variety of personal ways, in intense seriousness and wide
range of interest, in their never marrying, in their reluctance to
“dazzle the intellectual world, and perhaps acquire a personal fol-
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lowing, by publishing an apparently coherent and all-embracing
philosophical system.”® These words written of Leibniz are as true
of Newton. But for all that, in the fine-grain structure of the pro-
cess of change in thought to which they contributed so pro-
foundly, the differences between them cut deep. Leibniz was not
Newton’s equal as an experimental scientist, and he rebelled at
Newton’s instrumentalist attitude to gravitation; Newton was not
Leibniz’s equal as a philosopher, and he rebelled against Leibniz’s
metaphysics and theoretical mechanics; indeed, when the theo-
retical mechanics of Leibniz and Newton have been accurately
juxtaposed and compared, then it may be that the gulf between
them will be best defined.*

Although the most recent German student of Leibniz the mathe-
matician has taken the opposite point of view, there is really no
evidence at all to indicate that up to the time of writing the Prin-
cipia Newton felt any dislike or distrust of Gottfried Wilhelm
Leibniz. He knew very little of him; perhaps the most important
thing he knew was that during his longish visit to England in early
1673 Leibniz had favorably impressed Newton’s most intimate ac-
quaintances in the Royal Society, Henry Oldenburg and John Col-
lins. Both these men were half a generation older than Newton.
Oldenburg, like Leibniz, was of north German birth. He had lived
continuously in England since 1653 and had been the Royal Soci-
ety’s highly efficient secretary since the society’s formal founda-
tion in 1662. Particularly, Oldenburg conducted the society’s ex-
tensive correspondence at home and abroad, seeking to encourage
foreigners by making them aware of the society’s interest in their
researches; in fact, he brought most of the distinguished scientists
of the Continent into the society as Fellows: such men as Chris-
tiaan Huygens, Giovanni Domenico Cassini, Marcello Malpighi,
R. F. de Sluse, and Antoni van Leeuwenhoek. But to find men in
Germany who really shared the Royal Society’s vision of the ad-
vancement of science and worked actively in the same direction
had been very difficult. Oldenburg spotted such a man in Leibniz,
and it was natural that he should try to add Leibniz to his circle of
correspondents. In replying to Leibniz’s first letter introducing
himself to the Royal Society, Oldenburg praised him as revealing
“a degree of advancement in the physical sciences remarkable for
your years” and expressed interest in the new ideas Leibniz’s letter
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had hinted at. “You will prove yourself to be a true philosopher,”
he wrote, “if you bring a project of such importance to comple-
tion, and you will perform an act most welcome to the Royal
Society if you will take the trouble to explain the gist and foun-
dations of that hypothesis [of yours].” As the correspondence de-
veloped, Leibniz clearly found it highly rewarding, and it was this
that induced him to inspect the scientific milieu in England. If
Oldenburg had not died in 1677, the break between Leibniz and
England would not have occurred as soon as it did.®

Collins was a minor government servant, an accountant, his
acuity of vision fallible. His penchant was toward the study of
higher algebraic equations rather than toward advanced analysis
and geometry. Collins acted as Oldenburg’s mathematical adviser
but also maintained an active, independent correspondence with
mathematicians in England and abroad, including Newton at
Cambridge (from 1670 onward) and James Gregory at Edinburgh;
indeed Collins was the only man in the world who knew some-
thing of what both these highly original mathematicians were
doing and indirectly provided a weak link between them. Collins,
unlike Oldenburg, was inclined to be chauvinistic in his estima-
tions of mathematical merit. It is to the everlasting credit of these
two men of great industry but mediocre talent that they recog-
nized the great powers of Gregory, Leibniz, and Newton; and that
as regards the two younger mathematicians they gave them every
spur to further achievement and publication.

Leibniz’s third most important contact in England was Robert
Hooke, ten years older than himself, curator of experiments to
the Royal Society, who was unreasonably disagreeable about the
mechanical calculator that Leibniz had devised and brought with
him to London during this first visit. Hooke made Leibniz un-
happy, but as he had also made Newton very unhappy, his critical
opinion of the young German could hardly have affected Newton
himself.

Leibniz was in London for more than two months, from Janu-
ary to March 1673; as he visited neither Oxford nor Cambridge,
unlike most foreigners, he met neither Wallis nor Newton, nor, as
it happened, did he come across John Collins, who was in poor
health at that time. The chief point of interest to the English was
his calculator (which would multiply and divide as well as add and
subtract), and his interest in serious mathematics only emerged
rather slowly. He had been in correspondence with Oldenburg for

47



PHILOSOPHERS AT WAR

the best part of three years on matters of philosophy, without
mathematics cropping up as a theme; nor 1s this at all surprising,
because Leibniz had received little training in mathematics at
school or university. His occupation up to the age of twenty-five
or so had been with linguistics, theology, philosophy, and law —
he bade fair to become a polymath, but a literate rather than a
numerate polymath. It is true that he had some years before writ-
ten a piece, “On the Combinatory Art,” concerned with a (then)
unusual aspect of mathematics, but his most recent interest had
been in a “New Physical Hypothesis” of a highly speculative char-
acter in which, adopting an improved variant of Cartesian phys-
ics, Leibniz tried to find the origin of all effects of nature in a
highly active universal ether. The Hypothesis Physica Nova had
been received in London with only bare politeness, but Leibniz
did not know this.

He came to London having just spent nine months in Paris in
the service of the Elector-Archbishop of Mainz, and to Paris he
returned, remaining there until 1676. Then, in October, he spent
a week in London en route from that heavenly city of philoso-
phers to employment as librarian to the Duke of Hanover - the
best job he had been able to find. His time thereafter was much
committed to that Court, to its diplomacy, and to unraveling the
ancestry of his noble employers. Somehow he was also to find
time for an enormous correspondence with scholars in all parts of
Europe on a great variety of topics, for his own studies in philoso-
phy, and (still) for mathematics, which occupied him greatly in
his letters, though Leibniz’s mathematical publications continued
to be sparse and brief. The Paris sojourn had an enormous effect
on Leibniz’s intellectual life, and possibly (though not probably,
perhaps) he would have done nothing in mathematics without it.
For there he met Christiaan Huygens and plunged almost at once
into an exciting world of discovery - flashes of ingenious percep-
tion came to him so rapidly and brilliantly that he became proudly
conscious of powers of insight and innovation of which he had
been hitherto unaware.

Yet Leibniz was by no means a modest man. He was really dif-
ferent from Newton in this respect. Newton had intellectual ar-
rogance in that he knew the worth of his own work in both
mathematical and experimental science and, accordingly, had little
patience with those who offered blundering objections against it,
but he had no inclination to parade it before the world, to pick up
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patronage or (through all the first half of his life) do other than
what pleased him in his college rooms and laboratory. After the
publication of the Principia and his engagement in public affairs he
became tired of his professorship, but even then was so uncon-
vinced about the wisdom of his decision to become a principal
officer of the mint in London that he wrote to friends denying its
truth.® Although it is unlikely that the warden (nominally the chief
officer) of the Royal Mint in London would have been widely
regarded as lower in prestige than the Lucasian professor in Cam-
bridge, one may suppose that Newton’s doubts about his change
of career sprang from his own internal sense of values; he realized
that he was abandoning his free and whole commitment to intel-
lectual life in favor of the mundane world of the king’s business
where (as he once angrily retorted to Flamsteed) he ought not to
be thinking of mathematics.

So far as possible (no man who publishes anything can be ut-
terly without fault in this) he tried to avoid giving concrete au-
thority to ideas that were merely speculative, however tempting
and plausible. The metaphysics to which Leibniz (and Newton,
too, in a different way) subscribed required that these pictures and
explanations should be mechanical, that i1s to say that effects
should be produced by the motions of the particles of which ma-
terial bodies (like the sun, or a magnet, or the heart of a man) are
composed, and that these motions of the component material par-
ticles or, indeed, of whole bodies like planets should be produced
by some other cause, likewise mechanical, which in the last resort
was taken (though never by Newton) to be the ether filling all
space and the intervals between particles.’

Leibniz was confident that he understood all such philosophic
notions extremely competently and that his ideas were suitable for
“fanning the true philosophic blaze.” He believed that he had so
mastered the true theory of movement that he could disclose “the
true cause of the cohesion, bending and hardness of bodies, hith-
erto accounted for by none,” and also demonstrate that the laws
of motion as hitherto understood were “neither primary nor ab-
solute nor evident, but arise by accident from a certain state of the
globe [we inhabit],” which was, in fact, the occurrence every-
where of a restless ether. Thus he could, he goes on, “give the
theory of all the motions in bodies that puzzle us,” including the
phenomenon of light, and “you will be astonished, of the three
chemical principles . . . by means of a familiar and almost me-
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chanical way of reasoning.” Not only were Leibniz’s early intellec-
tual ambitions extremely far-reaching, but he was quite compla-
cent about his prospects of success in attaining them; not merely
in science alone, but in such matters as linguistics (he thought he
knew how to work out a perfect language and symbolism) and in
law also. Leibniz knew he possessed great gifts, and even the ref-
ormation of engineering seemed within his compass.®

At his first arrival in England the only name of an English
mathematician known to Leibniz was that of Thomas Hobbes,
whose mathematical arguments (unlike his philosophy) have
proved little more interesting to posterity than to his contempor-
aries. Probably, in fact, Leibniz had little acquaintance as yet with
Parisian mathematicians either, and one of the impressions he
picked up in London was of the vigorous new work being done
in both countries. On his return to Paris he was able to make new
learned friends and report their activities to Oldenburg. News of
the experimenter Mariotte, of the death of the Jesuit mathemati-
cian Pardies, and of the activities of others in summation of series
fills out the first letter he wrote to London on 16 April 1673, after
regaining Paris, and soon mathematics became the dominant
theme in the letters. Already too Leibniz had received from the
pen of John Collins (but translated by Oldenburg into the style of
a Latin letter) the first of a series of “mathematical reports” that
came to him from London - largely but not wholy devoted to
British activities. Here Newton’s name appeared three times, first
as promising a discourse on the formation of equations and their
construction, second as the inventor of graphical and mechanical
methods of solving equations, and third

As to solid or curvilinear geometry [Collins wrote] Mr New-
ton hath invented (before Mercator publish’t his Logarith-
motechnia) a general method of the same kind for the qua-
drature of all curvilinear figures, the straightening of curves,
the finding of the centres of gravity and solidity of all round
solids . . . with infinite series for the roots of affected equa-
tions, easily composed out of those for pure powers. Which
doctrine, I hope Mr. Newton is a publishing . . .°

Possibly this was Leibniz’s first acquaintance with Newton’s
name, but it is far more likely that he would have heard a good
deal of the wonderful Cambridge professor while he was in Lon-
don. Only eighteen months previously Leibniz had printed a tiny
four-page pamphlet on optics, which he sent to the Royal Society
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and about which he wrote Oldenburg a letter. The pamphlet (and
the letter) are concerned with the improvement of lenses for op-
tical instruments, so it is really inconceivable that in the winter of
1673 Leibniz would not have heard of (and indeed seen) Newton’s
remarkable little reflecting telescope, which had created such great
excitement and enthusiasm only a year before and was then in the
possession of the Royal Society. Indeed, it is quite possible too
that, indirectly and without Newton’s ever learning his name,

Leibniz’s pamphlet and letter caused Newton to send his little re-
flector up to London to show what he had already done - at least,
if we imagine that Leibniz had succeeded in starting some fresh
discussion of practical optics.

Unfortunately, a break in the surviving correspondence be-
tween Leibniz’s letter about applied optics of October 1671 (which
was certainly received by Oldenburg) and January 1673 conceals
from us all the exchanges between the two men during Leibniz’s
first period in Paris. Surely Oldenburg would have replied to
Leibniz’s October letter, in which specific questions had been put:

what is the state of optical science with you; how big does

the best of your telescopes make the moon without loss of

clarity; what is the extreme size of a louse seen through your

best microscope? These inquiries I was ordered to make by

his Eminence the Elector of Mainz, who is most deeply inter-

ested in optical matters; he is very well aware of your design,

as befits so markedly intelligent a Prince. Also, at what dis-

tance can the largest printed letters be read, like those of ser-

vice books? We also wish to learn what was the result of the

schemes of Wren and D’Esson, celebrated in the grinding of

conic sections. !
Whatever influence Leibniz may have had in bringing Newton’s
optical researches to light, we may be sure that Oldenburg would
have responded responsibly to such precise questions from such a
source, and equally that Leibniz would have informed Oldenburg
of his departure on mission to Paris (February-March 1672), at
which time too Oldenburg would have been most anxious to tell
Leibniz of Newton’s marvelous experimental work in optics. Fi-
nally, Leibniz must by letter or message have advised Oldenburg
of his impending visit to London before January 1673.

When so much is surely lost at a critical moment we cannot be
quite sure that the secretary of the Royal Society and his mathe-
matical friend Collins were totally ignorant of Leibniz’s delighted
plunge into mathematics under the guidance of Christiaan Huy-
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gens during the latter part of the year 1672. He could hardly have
had a2 more eminent or more intelligent mentor. The Huygens
family was rich, able, and noble. Christiaan’s father was one of
the most eminent literary and diplomatic figures in Netherlands
life and had been an intimate friend of the former Stadholder; after
the violent overthrow of the De Witts, Christiaan’s brother Con-
stantijn the younger was equally close to the new Stadholder, who
was to become William III of England. Christiaan, though Dutch,
was honored under the personal patronage of Louis XIV as the
leading member of the Royal Academy of Sciences in Paris. He
had made brilliant discoveries in astronomy and solved the prob-
lem of Saturn’s ring; he had introduced the pendulum clock and
thoroughly investigated the dynamics of the pendulum; he had
made many other important studies in mechanics, in optics, in
pneumatics, and he was above all a very fine pure mathematician.
He was master of the latest work of the mathematicians of Italy,
France, Britain, and the Netherlands; in 1687 he was one of the
half-dozen (or fewer) men in Europe who were fully qualified to
probe Newton’s arguments in the Principia. Moreover, Huygens,
a Fellow of the Royal Society of London, knew England well; he
deplored the xenophobia of the English but admired the institu-
tion of the Royal Society and trusted the men in it."

Early on, Leibniz convinced himself — and, typically, made
much of his idea ~ that it must be possible to obtain the sum of
any series of terms (each successive term, of course, being formed
by some stated rule), even if the series be infinite in number, pro-
vided that the terms decrease toward zero. To test his idea, Huy-
gens asked Leibniz to find the sum of the infinite series of terms

L4l +i+5+5+. ..

which he knew already to be equal to 2. And at the same time he
suggested that Leibniz study series in the recent work of the
French mathematician Grégoire de Saint-Vincent.!? Leibniz, not
worrying very much about the reading, not only came back with
the correct answer but with a general method for obtaining the
sums of series of fractional numbers of this sort, for example

l+4++4i+4+...=1

Elated by his successes and by his sense (too optimistic as it turned
out) that he had already probed far deeper into the nature of series
than earlier mathematicians, Leibniz pressed on with methods of
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summation. By the end of the year 1673 he had in all probability
discovered the equivalence

1—-++i-14+.. . =2

Thus, that long-sought quantity, the square equal in area to a cir-
cle, could be expressed as an infinite series (he was surely unaware
of Brouncker’s continued fraction for the same purpose and other
such anticipations).

Neither Leibniz nor Huygens nor any one else, of course, knew
how to bring this last infinite series to a sum, or even how to find
an algebraic expression for a finite partial number of terms. So the
problem of “squaring the circle” had only been rewritten. But
equally (at least in the opinion of Huygens, which was probably
shared by Leibniz) there was as yet no valid proof that the circle
series, or perhaps some other version of it, could not be brought
to a finite sum. True, the Scottish mathematician James Gregory
claimed that he had proved the impossibility of squaring the circle
algebraically, but Huygens and Leibniz thought they had found
fallacies in his demonstration. In any case, Leibniz’s new series for
the circle was far and away the most simple and elegant of its kind
yet produced; in a letter to Oldenburg he wrote of “that most
wonderful [theorem] by means of which the area of a circle or
some given sector of it may be exactly expressed 1n a certain infi-
nite series of rational numbers.” And Huygens praised it (in words
Leibniz never forgot) as “very beautiful and very successful. And
in my opinion it is no small thing to have discovered 1n this prob-
lem which has exercised so many minds a new approach which
seems to give some hope of arriving at its true solution.” For a
while, at least, Leibniz seemed to have his hand on the veil
shrouding one of the greatest mysteries of mathematics, beyond
which so many had despaired of seeing. For even Huygens went
on to comment (vainly, as we now know) that it “would not ap-
pear impossible to obtain the sum of this series and consequently
the quadrature of the circle, when you have shown that you have
determined the sums of many others that seem to be of the same
kind.” And, in any case, should this fail, Leibniz would have dis-
covered a very remarkable property of the circle, which would be
forever celebrated among geometers.'® No wonder Leibniz found
mathematics delightful and took immense pride in what seemed
to him (mistakenly) the original discovery that series were related
to curves. As Leibniz himself put it referring to the particular case

53



PHILOSOPHERS AT WAR

of the circle: The problem of quadrature, “which up to now has
been examined in vain, has now been transferred from geometry
to the arithmetic of infinitesimals. Therefore it only remains to
perfect the theory dealing with the sums of series or progressions
of numbers.”**

That was still nearly two years in the future when Leibniz dis-
covered the circle series. Meanwhile, he had much to learn. As
was made clear to him early in his acquaintance with Huygens, in
1672, Leibniz was still ill read even in those areas of mathematics
that interested him; he had no notion of how much had been done
in Italy on the handling of series, or in France (by Blaise Pascal,
for example) in the analysis of the method of differences, and
everywhere in the development of the infinitesimal calculus, to
which Leibniz had as yet hardly addressed himself. When he was
first in England, his lack of familiarity with the state of the art
caused him an uncomfortable moment. This happened at the
house of Robert Boyle’s sister, Lady Ranelagh, in Pall Mall, where
the great natural philosopher resided when in town; in Leibniz’s
own words

When I was yesterday at the very illustrious Mr. Boyle’s, I
met the famous Mr. Pell, a notable mathematician, and the
topic of numbers chanced to come up; I remarked, under the
stimulus of the conversation, that I possessed a method of
forming the terms of any continually increasing or decreasing
series whatever from a certain sort of differences that [ call
generative . . . [To explain: taking the series of numbers
given earlier, 1, 3, 7, 14, 25 . . . the third differences obtained
by subtraction of successive terms form a new series 2, 4, 7,
11. . . ; repeating the successive subtractions gives the second
differences 2, 3, 4, 5 . . . of which the first or common difference
is unity.] Mr. Pell answered that this was already in print,
reported by Mr. Mouton, Canon of Lyons, as the discovery
of the very noble Fran¢ois Regnaud of Lyons. As for myself
. I was unaware that the book had appeared, for which
reason picking it up at Mr. Oldenburg’s {who lived almost
next door to Lady Ranelagh] I ran through it hastily and
found that what Pell had said was perfectly true.'
He was deeply embarrassed and so wrote about the nature and
development of his idea of differences up to this time in order that
no suspicion might gain ground of his trying to claim “for myself
credit for the thoughts of others.” There is every reason to sym-
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pathize with the young man who found himself thus placed. John
Pell, a Puritan whose real achievements in mathematics never
matched the reputation built up around him by his friends, con-
siderably older than Leibniz and with a career permanently blasted
by the restoration of the monarchy in England in 1660, did not
have the generosity of spirit that Collins and Oldenburg consis-
tently displayed. And Leibniz was particularly sensitive to any
shadow upon his integrity. We may confidently believe that he
had never seen or heard of Mouton’s book, yet it was typical of
him that he strove to exaggerate the advance of his own ideas
beyond those of the French priest.

One need not imagine that this trivial incident did Leibniz any
harm in England. Yet, curiously enough, a copy of his letter de-
scribing it and made by Oldenburg exists among Newton’s pa-
pers. Did Oldenburg merely send it to Newton as evidence of his
young protégé’s temper of mind? As both Newton and Olden-
burg took much trouble to satisfy Leibniz’s desire for mathemati-
cal enlightenment in 1675 and 1676, we need place no 1ll construc-
tion upon Newton’s retention of his copy of the letter.

Enlightenment was certainly needed. Leibniz had still very
much to learn. It is needless to go into detail here, save perhapsto
indicate some likenesses and differences between Newton and
Leibniz, who was, after all, roughly ten years behind Newton in
his reading. Newton was far more influenced in his development
by older mathematicians such as Descartes (with all the improve-
ments and additions incorporated by Frans van Schooten in his
great edition of Descartes’s Geometry in 1659) and John Wallis ( The
Arithmetic of Infinites, 1656). Like Leibniz, Newton studied the
True Quadrature and the Universal Part of Geometry by James Greg-
ory, which were written during his stay in Italy (1664-8), from
which he returned to take up the chair of mathematics at St. An-
drews. The latter book especially was a very important synthesis
of the most modern work in infinitesimal analysis; Newton, more
mature, was far better qualified to appreciate the subtleties of such
a book than, as yet, was Leibniz. During his first visit to England
Leibniz also bought and cursorily examined the Geometrical Lec-
tures of Isaac Barrow, Newton’s predecessor in the Lucasian chair
of mathematics, but as he did not read it at all carefully till much
later, it had little effect on him, as is probably true of Newton
also. Leibniz was more influenced by the ideas of such Continental
mathematicians as Sluse, Pascal, and of course Huygens than was
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Newton. But what was crucially important for later events was
that Leibniz did not know what the two outstanding British
mathematicians, James Gregory and Newton, had accomplished
since 1668; indeed, it was impossible that he should know this at
the time of his first visit to England because nothing of it was in
print.

Instead, he had to find out the hard way. As soon as he was
back in Paris from the first London visit he began to learn of this
British work (and a good deal more, such as the Algebra of John
Kersey published in 1673—4, which did not prove to be a book of
permanent importance) from the mathematical reports and letters
sent him by Henry Oldenburg, who used information provided
by Collins and later directly by Newton; this phase ended with
Newton’s last great letter of October 1676. Collins was seemingly
incapable of writing a clear, systematic, logically ordered report;
certainly he could not take one interesting theme (like the use of
series for quadrature) and develop and illustrate it. He hopped
about in his sketches of British mathematics from this name to
that, from one topic to another. And although he staked a lot of
claims for this or that achievement, he rarely made it exactly clear
what the achievement was or how it had been effected. Hence, a
good deal less was to be learned from Collins’s letters than might
appear at first, but on the other hand “a word to the wise” is often
quite enough, and the slightest hint might give an acute mathe-
matician an entrance to a new investigation of major interest. We
know how James Gregory took (and “such was the acuity of his
mind,” as Newton said, developed) just such a hint from Collins
about Newton’s work on series. Of course Collins was not trying
to instruct Leibniz, only to show what had been done and to de-
fend British prior achievements. Leibniz, focusing on his own pri-
vate objectives, does not seem to have appreciated how much re-
lating to his own lines of mathematical research might be
contained in these documents — especially the two 1676 letters
from Newton; he realized after a time that Gregory and Newton
had pressed on far with series, but not how much they knew of
the processes of differentiation and integration in the infinitesimal
calculus (naturally, without the as yet unformulated Leibnizian al-
gorithm).

It was, indeed, at first with astonishment and chagrin that Leib-
niz learned from London that his discovery of the circle series had
been anticipated in Britain. Oldenburg’s letter commenting on his
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first announcement of this result (delayed until July 1674 by the
need to work out an adequate presentation of his result for publi-
cation) was lost, so Leibniz, after waiting a while, repeated the
news in October.!® Oldenburg made cautious answer in Decem-
ber, advising Leibniz that he was far from first in the field, and
that he should not press his hopes too far. The method and pro-
cedure for measuring curves had been extended by both Gregory
and Newton “to any curve whatever, even the circle itself,” and,
in relation to Leibniz’s claim that the area of the circle could be
exactly determined by the sum of an infinite series, he told him
that Gregory claimed to be able to prove that this could not be
done.

I do not mean this statement to be a check on your talent and

enthusiasm [Oldenburg concluded], but to express caution

out of my affection for you, so that indeed you may properly

reflect upon it and turn it over in your mind before you de-

liver it to the press.
This advice was surely given in good faith; if Leibniz rushed into
print with a half-developed and exaggerated discovery he would
make a fool of himself. Oldenburg was in a difficult situation; he
did not know at firsthand what Newton and Gregory had already
done, but he knew enough (and was obviously pressed by Col-
lins) to feel that he could not let their achievements go unstated.
On the other hand he was neither ethically at liberty nor in prac-
tice able to communicate them to Leibniz in order to make it clear
that he was not bluffing. The issue of national priorities had been
made more acute recently by a quarrel between Huygens and John
Wallis over the question: Who had first defined a curve whose
straight-line equivalent length could be stated (that is, rectified the
curve) — was it an Englishman or a Dutchman? Only a few
months before, Oldenburg had had to remonstrate with Huygens
for cutting himself off from the Royal Society because of this
quarrel. Huygens (who was, in spite of these incidents, the mild-
est of men) had also quarreled with James Gregory over the pos-
sibility of squaring the circle algebraically, which Gregory denied.
It was unfortunate that Leibniz’s chief mentor and patron in
mathematics was at odds with English mathematicians — and
therefore the more important that Oldenburg should record their
discoveries. "

This exchange was to provide much later the first item in the

list of accusations against Leibniz devised by Newton. Then New-
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ton claimed, rightly, that the circle series had been known to him
since 1669, and that Collins had imparted it to other mathemati-
clans soon thereafter. Leibniz, however, had known nothing
about such series when he came to London in 1673. It is in fact
true that Collins had written generally to Sluse at Liege about
Newton’s work in series and had passed on Newton’s circle series
to James Gregory. The implication of Newton’s later narrative is
clear enough: Leibniz could easily have learned of the circle series
through Collins, directly or indirectly; indeed, Newton empha-
sized the fact that though Leibniz claimed the series in the letter to
Oldenburg, he had not actually expressed it until after Oldenburg
had done so first. For, in the event, Leibniz let three months go
by without answering Oldenburg’s cautionary letter of December
1674, and then wrote much more modestly, asking if he might see
something of the English work on series in greater detail. Having
developed his arithmetical calculator to an almost perfect state, he
had gone on to more work in mechanics, this time an improved
clock. His request produced a long account from Oldenburg (pre-
pared as ever by Collins) reporting numerous series already dis-
covered by Gregory and Newton, including the same circle series
that Leibniz himself had found, but no hints as to methods (or
proofs of the various equivalences stated). Although some of this
work on series he could take as an extension of what was in Greg-
ory’s published books or in Mercator’s Logarithmotechnia, a good
deal must have been far from obvious to him. Some copying er-
rors in the paper that came to Leibniz’s hands did not help his
understanding of it, but, in fact, these bare results were a good
deal beyond his attainment. In methods of interpolation, in the
use of power series, and in expansions, he had still much to learn,
but he was learning fast. His rapid progress was indeed a contribu-
tory cause of the later tragedy, for Newton would never in later
life believe that Leibniz had, by his own unaided efforts and with-
out any improper “borrowing” from himself or others, by the end
of 1676 got so far ahead of his earlier rather elementary position. !

For the moment, Leibniz wrote back rather cheekily that he had
not yet examined “the series which you sent and compared them
with mine . . . For it is now a few years since I found mine, by a
route which is pretty unusual.” Again, Leibniz had laid himself
open to later Newtonian accusations, because in truth he was not
yet master of Gregory’s and Newton’s series, nor was his own
beginning in the field so very remote. Leibniz, no less than New-
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ton, was consistently guilty of underrating the opposition. And
again like Newton he could never quite accept the notion that his
own marvelous ideas, those tremendous illuminations, had been
shared separately by others. To the end of his life, Leibniz could
not reconcile himself to his loss of priority in the study of series.
At the height of the dispute over the first discovery of calculus,
after the publication of Newton’s Commercium Epistolicum (Corre-
spondence) in 1712, he wrote to his friend Johann Bernoulli:

I now hear for the first time that my discovery of the mag-

nitude of the circle is to be attributed to {James] Gregory also

. . . Newton himself praised my discovery at the time when

it was imparted to Oldenburg, and admitted that my own

way of discovering it was an original one. Therefore he did

not then know of Gregory’s discovery.
And shortly afterward, in drafting the notorious Charta Volans
(Flysheet), Leibniz attempted to rebut the false and unjust charge
that he himself had stolen the circle series from the British math-
ematicians with the allegation that the British themselves — Wallis,
Hooke, Newton, and the younger (David) Gregory, James’s
nephew — had remained ignorant for thirty-six years of what
James had achieved and had acknowledged Leibniz as the sole dis-
coverer of that series. Indeed, Leibniz went on, no doubt relying
upon memory’s blandishments, Newton himself had “admitted in
a letter that (so far as he knew) this method of series was not yet
employed by others.” Alas again for the elderly philosopher,
Newton had made no such admission in the letters of 1676, and
on the contrary had taken some trouble to display before Leibniz
at that time the rich accomplishments of the British."

To go back to 1675, what must be emphasized is that the story
has now almost reached the point where further contacts between
Leibniz and the British mathematicians could no longer affect the
development of his own mathematical ideas. Further letters were
exchanged in the early summer of 1675, but these are rather con-
cerned with algebra than with series or calculus. When Leibniz
asked in July whether the British mathematicians could determine
the length of arc of the ellipse or the hyperbola, Oldenburg waited
three months before sending a reply to the letter, when he ad-
mitted that this could only be done approximately, to “err by less
than any assigned quantity.” And he went on to say that another
German who had spent some time in England but had moved on
to Paris could inform him of Gregory’s method of rectifying any
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arc of a circle. The traveler here mentioned was Ehrenfried Walter
von Tschirnhaus, whose interest in mathematics was keen but
idiosyncratic; for a short time, before Tschirnhaus continued his
travels into Italy, he and Leibniz were close acquaintances in Paris.
Tschirnhaus remained always a mathematical amateur, rather no-
torious for his bad behavior than famous for any solid achieve-
ment, and Newton is hardly to be blamed for failing to guess that
Tschirnhaus and Leibniz were men of such very different weight
and temper. One important piece of work of a different sort
should, however, be recorded to Tschirnhaus’s credit: He had a
large share in the European rediscovery of the secret of the true
Chinese porcelain, and so with the start of its manufacture at
Meissen.

It was at one time supposed — probably Newton supposed —
that Tschirnhaus, after a stay of several weeks in England, had
conveyed a very useful picture of British mathematics to Leibniz.
The supposition was mistaken. Leibniz’s own notes indicated that
he had only casual conversations with Tschirnhaus early in Octo-
ber and discussed no mathematical topic with him in any detail
before the end of November 1675, when his own ideas on a new
infinitesimal calculus had crystallized. Moreover, in the opinion
of the best authority, J. E. Hofmann, Tschirnhaus was too opi-
nionated and too locked up within himself to have formed a useful
impression in England; thus he would “never have been capable
of transmitting accurate reports of English mathematical methods
to Leibniz; not even if he had in fact been told anything in detail.”
True, Leibniz’s conversations with Tschirnhaus, like their joint
study of the unpublished papers of Blaise Pascal, further advanced
his mathematical education; he began to see something of the use
of “imaginary” numbers - like V' (—1) - in algebra, for example.
All this contributed to the synthesis forming in Leibniz’s mind.
But again he borrowed nothing from Tschirnhaus.?

It was a gloomy summer and autumn for Leibniz, who saw his
stay amid the intellectual delights of Paris drawing to a close. His
appointment in the diplomatic service of the Archbishop-Elector
of Mainz had virtually run out and for a time he lived on such
commissions as he could pick up while postponing his acceptance
of a firm offer of employment from the Court of Hanover. His
friendly relations with Huygens seemed to cool. In any case, Huy-
gens, as a Netherlander uncomfortably placed in the French Acad-
emy of Sciences in the middle of a French invasion of the Low
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Countries and doing what he could to mitigate the atrocities of
war inflicted by French troops on his own country, could do little
to help Leibniz, who would have liked to join him as a salaried
foreign member of the academy. As there were already three influ-
ential foreigners so employed, his chances of being appointed
were never good. The final word rested with Louis XIV’s great
minister Colbert, to whom Leibniz desperately tried to make an
approach in order to awaken his interest in the calculating ma-
chine. He failed. Equally, the chair of mathematics in Paris, which
he would have liked, went to an “inside” candidate.

This check, and his consequent departure from Paris and un-
avoidable immersion in the affairs of Hanover, were the more un-
fortunate because this was the supreme creative moment in Leib-
niz’s life as a2 mathematician. The calculus came decisively within
his grasp. By early November he was talking of publishing his
latest mathematical work in the form of letters addressed to influ-
ential persons (to interest their patronage, of course); but, as he
said, “to produce something clear and elegant you must have a
free and uncluttered mind.” He would have been able to get on
rapidly had he remained as a scholar in Paris. A month later his
next letter to Oldenburg also hinted at great things: Promising to
send Oldenburg his mechanical device for constructing algebraic
equations geometrically and also his circle series, he went on, “I
have recently found a successful approach to another geometrical
problem whose solution hitherto has been almost despaired of,
about which I shall say more when there is leisure for perfecting
it. From which you will recognize, I think, not only that I have
solved some problems, but also that I have discovered new meth~
ods, and to this I attach a unique importance.” And Leibniz makes
it plain to Oldenburg that his recent successes are not merely tac-
tical victories; they have strengthened and clarified his conception
of the unity of knowledge and the possibility of proceeding to the
solution of all the deep problems that confront the human mind
by means of a superior science, a kind of metamathematics, which
itself (though he does not say so here) was to have a highly flexible
and general symbolic character:

This algebra (of which we deservedly make so much) is only
part of that general system. It is an outstanding part, in that
we cannot err even if we wish to, and in that truth is as it
were delineated for us as though with the aid of a sketching-
machine. But I am truly willing to recognise that whatever
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algebra furnishes to us of this sort is the fruit of a superior

science which I am accustomed to call either Combinatory or

Characteristic, a science very different from either of those

which might at once spring to one’s mind on hearing these

words. [ hope to explain the marvellous strength and power

of this science some time by means of rules and examples,

given health and leisure. I cannot here describe its nature in a

few words but I am emboldened to say that nothing can eas-

ily be imagined which is more effective for the perfection of

the human mind, and that after this way of philosophising

has been accepted the time will come, and come soon, when

we shall have no less certainty about God and the mind than

about figures and numbers, and when the invention of ma-

chines will be no more difficult than the construction of geo-

metrical problems.
In these words Leibniz places himself, and his work on the calcu-
lus, in the long and noble line of those who have devotedly
though vainly sought for some universal symbolic logic, an algo-
rithm of nature and ideas no less certain and formal than the al-
gorithms of mathematics. This was an ambition Newton did not
share with him; the algorithms of mathematics had no transcend-
ent significance for his mind as facets of some universal system.
The method of fluxions was a means to an end, a key to handling
some difficult problems of mathematics — which Newton was
often, however, equally happy to treat in alternative ways. The
differential calculus was, to Leibniz, an integral part of the uni-
verse of the mind. The fact that, in late 1675 and continuing right
through to the time of his departure for Hanover via London in
the autumn of 1676, this new mathematical insight continued to
yield him tactical successes was not so much significant in itself as
indicative (to Leibniz) that he now possessed the key to a far wider
realm of ideas.?

It was in 1676 that, after renewed exchanges with Oldenburg
and Collins, Leibniz at last came across mathematical products of
Newton’s mind. (Whether or not Leibniz was already familiar
with Newton’s thought on optics, as printed from time to time in
the Philosophical Transactions, it is impossible to know; probably
Huygens would not have thought it essential for Leibniz to read
these pieces.) It was again the English who took the initiative, for
Leibniz had been too busy to keep up his correspondence with
them. Collins and Oldenburg took advantage of the journey to
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Paris of a young Dane, who had spent some time in London, to
send Leibniz for the second time Newton’s pair of series for deter-
mining the arc from the sine and the sine from the arc; they had
been first communicated to him a year before, or less, but by May
1676 Leibniz seems to have forgotten all about that — which may
indicate that they did not seem significant to him or (more likely)
that they were mysterious to him, for in his reply Leibniz asked
for the proof of the two series to be sent to him. Presumably he
could not see how they could be obtained, even now. The two
Englishmen immediately did as Leibniz wished.?

If planning his future was a problem for Leibniz, in London the
situation was not altogether without difficulties either. Collins
was in danger of losing his job (which did happen in the summer
of 1676), and Oldenburg was caught in the controversy between
Newton and some Continental critics of his theory of light. More-
over, he had been under severe attack from Robert Hooke as one
far too partial to foreigners and negligent of the interests of En-
glishmen. It was a depressing time for English mathematics;
Gregory died in October 1675, and Newton (as Collins sadly re-
ported in his very last letter to the Scottish mathematician) now,
like his predecessor Isaac Barrow, found mathematics “dry and
barren”; he had taken to chemical studies and had failed to write
to Collins for nearly a year. In any case, the efforts of these and
other lesser English mathematicians seemed likely to be as sterile
as Newton feared, as none of their work was likely to be printed:
After burning their fingers on Barrow’s writings and others of the
like sort, the London publishers would not take mathematical
books without a dowry; when books that cost five shillings each
to publish were remaindered in Little Britain for ninepence, the
trade looked around for more lively goods.?

Nevertheless, Leibniz could get private information, and did. It
is really rather extraordinary that Leibmiz’s English correspon-
dents should have been portrayed as surly, suspicious, and reluc-
tant to give Leibniz what he wanted. On the contrary, they took
much trouble on behalf of this young foreigner; Oldenburg was
already praising him in most enthusiastic terms to his other cor-
respondents, and after he met him in the autumn, Collins wrote
to another mathematical friend that although illness had prevented
his seeing much of the “admirable Mr. Leibniz,” yet “I presume I
perceive him to have outtopped our mathematics as the moon’s
brightness dims that of a star.” This, in fact, was putting Leibniz
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(as yet) too high. As soon as Collins learned of Leibniz’s renewed
interest in May, he had begun assembling from the letters and
papers in his own possession an account of Gregory’s mathemati-
cal discoveries (later called the “Historiola”) through which Leib-
niz was to rummage while in London in October, and into an
“Abridgment” of this he brought (with Newton’s permission)
some allusions to Newton also. It was not Collins’s fault that he
was, as Hofmann rightly remarked, a pygmy between two giants;
he was neither an ignoramus nor a fool; he did his best, not fore-
seeing (how could he?) the crucial role that the infinitesimal cal-
culus, rather than half a dozen other topics in mathematics, would
assume in the future. Collins’s lack of judgment and occasional
mistakes had only a minuscule effect in creating the gulf between
Newton and Leibniz. The same is true of Oldenburg who, mean-
while, tackled Newton himself; not much more could be done to
enlighten Leibniz concerning Newton’s work without his direct
cooperation. Not only, as a result, did Leibniz receive in return a
great deal of material prepared for him in London, he also had a
copy of a letter specially written by Newton.? There were suffi-
cient riches here to last 2 mathematician half a lifetime.

The documents came to Leibniz’s hands on 16 August, having
been finally dispatched (again by hand) from London on 26 July,
and Leibniz at once, on the very next day, sent off a carefully
composed answer. Through one of those stupid historical acci-
dents that so often tend to exaggerate the logical trend of events,
this exchange of letters (which clearly caused Newton no offense
or alarm at the time) was to be erected by him into a cause of
complaint against Leibniz. When Newton’s First Letter was ini-
tially put before the world by John Wallis in the third volume of
his own Mathematical Works, the date of the dispatch — presumably
as given by Newton to Wallis — was mistakenly given as 6 July,
and Newton forever after perpetuated this error, making it appear
that Leibniz had mused over his First Letter for three weeks or
more before in turn putting pen to paper. To make matters worse,
when he came to reconsider these events years later, Newton also
convinced himself that the collection of mathematical memora-
bilia assembled by Collins from his correspondence (which in fact
never left London) had been sent to Leibniz in Paris on 26 July and
so had been available for Leibniz to study throughout the summer
before his arrival in England for the second time. All this slow
poring over other men’s work, so untypical of Leibniz, who ac-
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tually was more inclined to rediscover than to read, was in fact a
product of Newton’s imagination and an injustice to Leibniz’s
character and abilities.

The so-called First Letter from Newton is formally addressed to
Oldenburg; Newton immediately opens it with a compliment to
Leibniz:

Although Mr. Leibniz’s modesty in the extracts which you

lately sent me from his letter attributes to our countrymen a

great deal in connection with some views on infinite series

which have begun to be talked about, yet I have no doubt but

that he has not only come across a method of reducing any

quantities whatever to series of that sort (as he affirms) but

also speedy methods, perhaps like my own or better.
However, Newton went on, as Leibniz was eager for information
about what the English had done, and as he himself had entered
into the business a few years before, he was sending some of the
things that had occurred to him in order to satisfy Leibniz’s
wishes, at least in part. Nothing could be more cordial. It is, in
fact, a strange irony that the First and Second Letter to Leibniz — the
latter finished in October — were to constitute Newton’s final
communication on mathematical topics for several years. By then
(1684) Oldenburg and Collins were both dead. The First Letter,
eleven substantial pages of Latin, is no trivial document, even
though Leibniz had already heard in outline of everything con-
tained in it, and though only results (with explanatory examples)
were conveyed without demonstrations, and though Newton left
a great deal for his reader to explore by himself.

Leibniz’s historian, Joseph Hofmann, has complained of ob-
struction on Newton’s part: “Everything was done,” he writes,
“to prevent Leibniz from, as it were, improperly penetrating the
world of Newton’s thought” and in particular “nothing was said
of the central problems — nothing of [Newton’s] method of flux-
ions or the differential equations into whose solution by power
series Newton already possessed considerable insight.” One may
wonder, in the first place, whether Newton could have put so
much mathematics into the compass of a single letter, and whether
he would have been likely to write a complete treatise (in a few
weeks) for the benefit of a total stranger. In the second place,
Newton understood Leibniz to be interested in the sort of series
about which Collins had informed him slightly before; it was not
in the request that he should also give Leibniz an account of his
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own advances in the infinitesimal calculus (of which Oldenburg
indeed, who had written to Newton on Leibniz’s behalf, knew
nothing). And in the third place, though Newton could (as Hof-
mann indicates) have given Leibniz a fairly elaborate account of
the process of differentiation, he perhaps could not have given
Leibniz such a full view of integration by power series as Hof-
mann supposes; the treatise “On the Quadrature of Curves” was
only to be written by Newton much later. The implication that
Newton was ungenerous in his response to Leibniz seems there-
fore groundless; and it is even worth remembering that Leibniz,
who had made quite large claims for himself, had as yet sent far
less than this to England in the way of real mathematics.®

At any rate, Leibniz seems to have been well pleased with what
he received — which indeed included what (after Pythagoras’s
theorem) many nonmathematicians will recognize as a landmark:
the binomial theorem. This was one of the points on which, in
writing back and describing some of his own work, Leibniz de-
sired further explanation. Just as Newton’s First Letter seems genu-
inely open and honest, so too was this reply from Leibniz; he did
some fairly obvious masking of his methods, but Newton’s later
charges against Leibniz’s sincerity of conduct in thus maintaining
the correspondence with himself were quite unjustified, the
miasmic products of the evil atmosphere then existing. But it is
perhaps illuminating to note that the discussion of series — the
topic long before of letters between Leibniz and Oldenburg, now
enriched by Newton — went back to an earlier, pre-calculus stage
of Leibniz’s mathematical development. He had by now begun to
be master of the calculus. It was, in a curiously paradoxical way,
fatal that Leibniz should — could — see no sign of anything similar
in Newton’s First Letter or even in his Second. Newton’s July letter
spoke to his earlier, pre-calculus self. He was indeed interested in
what Newton told him, but it in no way seemed to him to relate
to his own recent great discovery. As Newton might have no-
ticed, and as he was perhaps originally aware until overcome by
jealous rage, Leibniz never asked a single question about the infin-
itesimal calculus, partly because he did not need to (doing so well
unaided) and partly because he had it fixed in his mind, all his life,
that Newton’s great expertise was in the manipulation of series —
and nothing else. And it must be said that the natural effect of
Newton’s First Letter — and to an overwhelming extent of his Sec-
ond also — would be to confirm him in that view.
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This great Second Letter, which Newton completed in October,
was a small treatise of nineteen pages. Again, it opens with a gen-
erous compliment that Leibniz was fond of quoting to his own
credit in later days:

Leibniz’s method of obtaining convergent series is certainly
extremely elegant, and would sufficiently display the writer’s
genius even if he should write nothing else. But there are
other things scattered through his letter most worthy of his
reputation which also arouse in us the highest hopes of him.
Most commentators on these exchanges have seen this attitude
toward Leibniz as permeating the whole of Newton’s letter, which
is very rich in technical content and merited immediate printing,
if Newton would have allowed such a thing. The most recent of
them, Dr. Whiteside, writes of Newton’s “friendly helpfulness”
to Leibniz. On the other hand, the leading student of Leibniz’s
mathematics has written of Newton’s evident impatience with
Leibniz, his haste to put a stop to their correspondence, and his
belief that Leibniz was an unworthy opponent. He reconstructs
Newton’s view of Leibniz’s last letter to Oldenburg as being:
“That there was here no independent invention, nor even a redis-
covery, but simply an attempt at plagiarism seemed certain to
Newton when Leibniz asked him to explain again more explicitly
the decisive points in his letter namely his methods of series-
expansion and series-inversion.” It is hard to understand Hof-
mann’s view. Certainly this was how Newton viewed Leibniz’s
conduct at a much later time, when his view of the German had
completely altered, but there is nothing explicit in the Second Letter
at all to justify the attribution of such an opinion to Newton in
1676. Nor is there anything implicit either. I myself cannot find a
word in it to upset the most tender recipient, unless it is Newton’s
reluctance to describe the content of a treatise he had begun to
write, not greatly concerned with infinite series but with other
things, such as a most general, natural, and perfect method of
drawing tangents, of determining maxima and minima, and other
topics “of which I am not now speaking” (that is, to Leibniz).
And then Newton concealed even the mention of fluxions and
fluents in the famous “anagram” (frequency table of letters) already
mentioned. Was this action merely grudging, mean-spirited?
Again, Whiteside comments that “What prevented Newton on
this occasion from being more explicit on the subject of his flux-
ional insights was, almost certainly, lack of self-confidence and the
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memory of the hail of criticism he had had to endure when he
made public his equally novel theory of light a few years before.”
And, in fact, there really was no occasion (or room) in this letter
for Newton to embark on a very different mathematical subject.?

Some historians of mathematics have tended to see the priority
dispute between Newton and Leibniz as beginning in 1676,
though remaining dormant for twenty years more. They assign
Newton the role of suspicious, distrustful, watchful opponent of
Leibniz’s mathematical evolution.? This seems to me a mistake. [
think that Newton was cordial to Leibniz in 1676 when he wrote
the two letters, though finding him a little obtuse and inexperi-
enced in certain areas, and I feel confident that if Newton had
discovered in Leibniz signs of ill behavior or a propensity to pla-
giarism he would have left his opinion on record at the time in no
uncertain terms. [ cannot believe that Newton would have written
his Second Letter for the benefit of 2 man he had judged as a poten-
tial criminal, and it would have been indeed extremely foolish of
him to do so. As for Newton’s silences in these letters, they were
reasonable and justifiable. No man is bound to pour out all his
developing ideas for the benefit of someone else’s friend. After
1676 Newton probably forgot about Leibniz for eight years. And
then, when the relationship between Leibniz and England revived
again, there was renewed cordiality. We have already seen that
Newton was eager to put his own case fairly forward by 1686, but
no less intent upon being fair to his old German correspondent.
Even in 1686 it is a gross anticipation of events to make Newton
an opponent of Leibniz; all the more so ten years before.

Even if it be granted that in the last years of his life, say from
1709 onward, Newton became proud, overbearing, and tortuous,
it by no means follows that he had always been so. It 1s difficult
to find more than perhaps the faintest signs of such characteristics
in all his early correspondence, down to the publication of the
Principia. The evidence that he did not make great public claims
for himself, did not rush to put each great idea on record, did not
seek to make a noise in the world, 1s overwhelming. He more
than once — as he does in his Second Letter for Leibniz — speaks of
his willingness to keep his work to himself when he sees that oth-
ers were making known things that he might have published first.
No doubt — as I have said — this was an unwise policy, one that
could bring troubles about his head; but it was genuinely his, a
product of his introverted desire not to have his peace of mind
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disturbed. There is no reason why this modest, reticent scholar,
who had patiently imparted his work to Collins and Oldenburg
(and, through the former, indirectly to James Gregory, whom
Newton must have perceived as a dangerous rival to himself if his
mind had been working that way), should suddenly develop vio-
lent suspicions of Leibniz’s motives in seeking further enlighten-
ment on technical matters of mathematics. And why, if he had
such suspicions, should he nevertheless prepare for Leibniz, draw-
ing once more upon his own storehouse of materials, another
nineteen pages of mathematical riches? The idea that Newton had
“rumbled” Leibniz at this time does not make sense.
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THE EMERGENCE OF THE
CALCULUS:
1677-1699

a safe means of conveyance until May 1677 and only

came to Leibniz’s hands in late June, eight months after
it was written and about as long after Leibniz had settled in Han-
over, in the new world where he had to make his career. It was,
he acknowledged to Oldenburg, a “truly excellent letter . . . [am
enormously pleased that he has described the path by which he
arrived at some of his very elegant theorems.” And he reiterated
his praise of Newton’s results throughout the letter — no evidence
here of a sense that anything had been begrudged him. Before
turning to series again, Leibniz took up Newton’s brief allusion to
the method of tangents, leading on to the anagram (which Leibniz
does not mention), and in doing so expressed “publicly” for the
first time (unless in informal private communications) his calculus
notation; dx, he said, is the difference between two closely related
values of any changing quantity x, and dy the corresponding
change produced in a second variable y, which is related to x by
some mathematical expression. Then if dx is constant, dy will de-
fine the slope of the tangent at x. Leibniz showed in rather detailed
steps how this could be worked out when applied to a curve
whose shape was defined by some algebraic expression, arguing
rather naively — as Newton also sometimes did — that though a
product such as x . dx was not negligible in quantity, the product
of two infinitesimals — that is, (dx)* or (dy)* — was too tiny to
count and could be ignored: Thus he could demonstrate that
d(x? = 2x . dx. Further, as he showed in his examples of this new
method and notation, they were “useful also at a time when irra-
tional quantities intervene, inasmuch as these do not in any way
impedeit. . . ” There was, in fact, a good deal more basic calculus

N EWTON'S Second Letter was retained in London for lack of
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in this letter of June 1677 than Newton was to make public in his
Principia lemma or anywhere else before 1704. It is indeed very
impressive, even though Leibniz’s exposition was quite elemen-
tary and naive in its basic idea of an infinitesimal. From its calcu-
lus, many of the special results in the geometrical analysis of
curves obtained during the last generation followed easily, and
Newton did not (like Huygens later) reject it as ungeometric but
rather was bound to perceive that Leibniz had hit upon a general
conception analogous to his own method of fluxions.!

In short, the significance of Leibniz’s mathematics must have
been crystal clear to Newton, even though the letter contained
some mistakes and incomprehensions that Newton (at any rate,
later) judged inexcusable. For he was never able to understand the
patchiness of Leibniz’s performance as a mathematician, which
puzzled Huygens also. Meticulous, thorough, methodical him-
self, Newton could not sympathize with Leibniz’s impatient and
pragmatic way of tackling problems or perceive how Leibniz’s
mind could be so penetrating in some contexts, so seemingly ob-
tuse in others.

Because we have no notes by Newton on Leibniz’s first “public”
essay on the calculus, we cannot tell how he reacted. In the Prin-
cipia scholium to the fluxions lemma (Chapter 3) — his first re-
corded comment — Newton recognized Leibniz impartially as
making an independent, though subsequent, discovery. Even
when his anger against Leibniz was fully aroused, in 1712, he
could still allow as much, writing anonymously (of Leibniz’s
argument that 2x . dx is the differential of x?) and generalizing
further:

That is, if the second term of a binomial is the difference of
the first term [e.g. (x + dx)], the second term of a power of
the binomial [(x + dx)} = x® + 3x%¥x + 3x(dx)? + (dx%)] will
be the difference of the power [3x%dx]. This is the foundation
of the differential method already laid down by Leibniz. And
Newton had in the year 1669 [in On Analysis] laid down this
same foundation of his method. By very similar calculations
Newton inferred moments and Leibniz differences, and they
differ only in the names they gave things.
All this 1s true, without accusation of plagiarism, and repeats the
Principia claim. But Newton was also in 1712 to say far harsher
things of Leibniz’s June letter; for example, in a bitterly ironical
passage Newton wrote of the help he had given to Leibniz in the
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understanding of reciprocal series consisting of fractional terms:
when he [Leibniz] received it in this year [1676] he had diffi-
culty in understanding it, and when he had understood it he
soon discovered from his old papers that he had formerly dis-
covered it himself . . . Thus he discovered first (or at least
independently, by his own efforts) the method which he had
long desired, had asked for and received and almost failed to
understand.
Newton now dismissed the idea that Leibniz had entered upon the
study of such series by an approach different from his own. He
made other comments such as “Even the calculus expounded in
these examples differs from Newton’s calculus only in the for-
mulae of notation, but is made more obscure by a less apt nota-
tion” to indicate the derivative nature of Leibniz’s achievement.
For by 1712 Newton was convinced that the Leibnizian calculus
was essentially not new, not an independent discovery but an im-
itation of his own method, and he imagined (falsely) a number of
stages through which, successively, Leibniz had followed in his
own footsteps. First, he had learned generally of Newton’s work
from the letters sent him by Collins and Oldenburg; second, he
had learned more from Tschirnhaus, who was (in this scenario)
supposed to have received a complete picture of British mathe-
matics while in London; then followed third, the benefit of the
First Letter; and fourth, Leibniz had had access to all the materials
in Collins’s possession during the summer and while making his
October visit of 1676. Finally, he had carefully picked the gold
from Newton’s Second Letter, and having studied all this, he
was — on the basis of the published work of Gregory and Bar-
row — able to “reconstruct” Newton’s method of fluxions in the
form of the differential calculus.?

However plausible this might seem to one wholly ignorant of
the other side of the story — as any criminal accusation presented
by a clever counsel may appear to be — we now judge from the
documents (and Newton himself helped to make these available)
that the intuition from them of the calculus would have been vir-
tually an independent discovery anyway. Further, because we now
know that the calculus was born in October 1675 — precisely nine
years after the method of fluxions — we also perceive that some of
the documentation that Leibniz had from England came too late
to affect the genesis of his ideas. There remains, however, the pos-
sibility that Leibniz could have gained important aid from New-
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ton’s work during his second visit to London or through New-
ton’s letters in a more subtle way. For the discovery of the calculus
was not a single act, like turning a key in a lock. When the first
principle of differentiation (or obtaining the fluxion of a quantity)
has been mastered, one has to find out how to differentiate pro-
gressively more complex algebraic expressions. Then the mathe-
matician has to discover what to do with derivatives, which are
not much use by themselves without further operations. Then
there is the problem of second differentials (a change in accelera-
tion is the second differential of a velocity). And most difficult of
all, there is the frequent necessity of reversing the business, that
is, integrating; it is very difficult to devise systematic procedures
for obtaining integrals, which indeed are commonly tabulated
from previous differentiation results. Now it is perfectly conceiv-
able that Leibniz could have taken the first independent steps to
differentiation, and then, on seeing Newton’s work and having
appreciated its value, gone on to “borrow” the development of
calculus in his own notation. This would have been a modified
theft, involving less than the whole cloth. And the most likely
source would have been in the Newtonian treatises that Leibniz
examined in October.

Unwittingly, Johann Bernoulli, who was Leibniz’s most emi-
nent pupil in the calculus, demonstrated how this might have
been. Bernoulli claimed, and he said that Leibniz had conceded
him as much, that the integral calculus as it was being developed
in the early eighteenth century was virtually his own independent
creation. Of course, he did not deny that Leibniz had properly
understood integration as the inverse of differentiation and had
given some examples of how it was to be done, but he maintained
that the development of this basic notion into a large algebraic
apparatus that made the calculus workable was his own. Could
not Leibniz, already blessed with his own insight, have in a similar
way taken over a developed apparatus from Newton?

There are difficulties in such a suggestion. The Newtonian
writings were not so elaborately developed as all that — and this
was particularly true (at that time) of the study of integrals. But
the best evidence that nothing like this happened is provided by
Leibniz’s own notes of his Newtonian reading, recently published
by Hofmann. This private record must, in Whiteside’s words, fi-
nally “clear Leibniz of any lingering suspicions still felt by any
ardent Newtonian supporter that he made good use of this chance
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to annex for his own purposes the fluxional method briefly ex-
posed there,” that 1s, in the Newtonian transcripts that were then
in Collins’s hands. Leibniz did indeed take quite long notes (thir-
teen printed pages) from Newton’s On Analysis by means of equa-
tions having an infinite number of terms, written in 1669, but his notes
deal exclusively with the formation of series, their use in quadra-
ture and in the extraction of roots. He made a brief annotation
also on Newton’s letter to Collins of 20 August 1672. In all this,
as in Leibniz’s notes on the Historiola (which in any case contains
very little mention of Newton’s work), there are no signs of flux-
ions or of infinitesimals of any kind; Leibniz passed without re-
mark over Newton’s brief and obscure allusions to what is tanta-
mount to differentiation at the opening of On Analysis, because
there was in them nothing new for him.?

Two obvious questions about Newton’s early opinion of Leib-
niz’s calculus — whose power he could not but acknowledge — can-
not be positively answered. Did he at any time accept Leibniz as
an honest independent discoverer? If so, when did he change his
mind? My own answers — clearly subjective — are that in all proba-
bility he did not at first judge Leibniz any more indebted to his
own discoveries than James Gregory had been; and like Gregory,
it 1s worth remembering, Leibniz had not yet made any open
claim to an exclusive discovery of the calculus. I think he re-
mained unchanged in his opinion until after the Principia was pub-
lished, that is until the 1690s. Then, as we shall see, things altered.

The lapse of correspondence between Leibniz and England
might seem to indicate a collapse of confidence, but it was largely
accidental. Writing to Leibniz in July 1677 Oldenburg still did not
know whether Newton’s “treasure” of a letter had reached Hano-
ver or not, but he sent a budget of scientific news. On the ninth
of August the secretary of the Royal Society addressed Leibniz for
the last time to tell him that his two letters announcing the arrival
of Newton’s Second Letter in Hanover had been safely received in
London; he advised Leibniz not to expect a speedy reply from
either Newton or Collins, as both were out of town and much
involved in other business. He sweetened this with an account of
recent observations of the great red spot in Jupiter made by the
astronomer Giovanni Domenico Cassini at Paris. It is a very
friendly letter, also informing Leibniz that Oldenburg had sent
him a parcel of books from London by a traveler. Oldenburg
could have had no reaction from Newton by this date, for Collins
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seems to have sent Newton a copy of what Leibniz had written to
Oldenburg only on the last day of August. By then Oldenburg
had gone to Kent for his summer holiday, and there both he and
his wife contracted a fever and died within a day or so of each
other. There was now no one left in England to correspond with
Leibniz. Even Collins, who lived a few years longer, did not at-
tempt the task, not possessing the contacts through whom Old-
enburg had sent his letters abroad in days when most of the Con-
tinent was beyond the reach of the public postal services. It is not
surprising that Newton made no further response to Leibniz.*
Lacking any contemporary word from Newton (who vanishes
from sight, practically, from the summer of 1677 to the spring of
the following year), it is worth quoting in full John Collins’s ap-
preciation of the situation, as related to the Oxford mathematician
John Wallis:
Concerning Leibniz, you say he fell into the method of Mr
Newtons infinite series which the said Mr Newton himself
grants, by a new method of transformation of curves by
which the extraction of roots of simple powers in species is
avoided; whether this was not learnt or may not be derived
from Dr Barrows Geometric Lectures is the question. Also
the said Leibniz avoids the extraction of the roots of adfected
equations in species by an improved method of tangents.
Collins was commenting upon a large narrative of British mathe-
matics drafted by Wallis, which was eventually to figure in Wallis’s
Algebra (1685); particularly, Collins corrected and added to what
Wallis had written of the recent advances made by Gregory and
Newton, with whom, of course, he had been intimately ac-
quainted during the last few years as Wallis had not. Now Wallis
was the last of Englishmen to play down the importance of his
countrymen’s work, and it was certainly not Collins’s intention in
his comments to do so either. He would not have spoken of Leib-
niz as “a most learned ingenious man” if he had thought there was
anything shady about his conduct, nor would he have gone on to
suggest that it “would not be unpleasing either to [Leibniz] him-
self or to the Royal Society” to explain Leibniz’s system of differ-
entials “more largely than himself could have leisure to do” and
that the Royal Society could quite properly publish as Leibniz’s
work the content of Leibniz’s private letters to Oldenburg, its sec-
retary. Clearly Collins felt (wrongly, as a matter of fact, but his
mistake was a natural one) that Leibniz belonged to the “English
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School” of mathematics because he had begun from the proce-
dures of Isaac Barrow. Virtually all Newton’s extant mathematical
work in the calculus had passed through Collins’s hands, and he
knew better than any man alive what Leibniz knew of it. Yet he
hinted at no indebtedness to Newton on Leibniz’s part.

James Gregory, however Collins went on to explain to Wallis,
had been a bit peevish with him because he had failed to publish
Gregory’s solution of Kepler’s Problem in the Philosophical Trans-
actions, “which I would not doe as knowing Mr. Newton’s series
were made use of therein and yet he [Gregory] had a good right
so to do for he really advanced the doctrine [of series].” If Collins
was obtuse so far as any possible grievance that Newton might
have against Leibniz was concerned, he was obviously sensitive in
general to the question of property in mathematical work.>

In fact, as nothing emerged at present from Wallis’s efforts to
create a perspective on English mathematics (including his own
innovations), Wallis did not become seriously involved in the re-
lations between Newton and Leibniz for several years more.

Nothing further is to be said about Newton and mathematics
for several years, and Leibniz too did little more. In 1678 he pub-
lished in the Parisian Journal des S¢avans the quadrature of a par-
ticular area of a cycloid, which he had found when working with
Huygens three or four years earlier; but as long a time again
passed before he printed in the Acta Eruditorum, the new journal
that German scholars had begun to publish from Leipzig, his
study of the quadrature of the circle by means of infinite series,
which also belonged to his work with Huygens. In this paper —
the nub of which is the series

I=1-4+44t-1+...

(Chapter 4) — although Leibniz mentions a number of earlier
mathematicians who had attempted to evaluate 7 (or else improp-~
erly “square the circle”), he refers nowhere to the various series of
Gregory and Newton also serving to evaluate 7, which he ought
to have believed were prior to his own. Certainly Leibniz was
entitled to publish what were indeed his independent discoveries,
whose significance he assessed in his own way, but it was discour-~
teous to make no mention of what he knew others had done in
the same direction; indeed, he could well have mentioned (as he
did not) those like James Gregory and Nicolaus Mercator, who
had dealt with such kinds of series in print before Leibniz touched
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on them at all. Finally, in October 1684, he sent to the Acta Eru-
ditorum his first published exposition of the calculus. Here there is
no historical introduction; without a word of the development of
methods of tangents and of determining the quadrature of curves
through the mid-seventeenth century, without naming any other
mathematician, Leibniz plunges directly into his own method.

This first calculus paper was restricted to differentiation and its
geometrical uses; Leibniz waited another two years before going
on to integration. Six pages long, it is pathologically compressed
and, as Boyer remarks, must have repelled most readers. Some
found it an enigma rather than an explanation of what Leibniz had
in mind. The second paper (1686) is rather longer.® It opens with
a curiously boastful apology:

As I gather that several things which I have published in these

[Leipzig] Transactions relating to the advancement of geome-

try have won no slight approval from certain learned men

and are gradually indeed being introduced into general use,

but that either through mistakes made in writing or for some

other cause certain points [in my papers] were not clearly

enough grasped, I have on that account thought it worth

while to add here some matters that can serve to illuminate

the former papers.
To whom could Leibniz have been referring? Who, before 1686,
had made his difficulties with the 1684 calculus paper — for that,
of course, was the one at issue — known to Leibniz? His next sen-
tence answers the question and explains his anxiety to put on rec-
ord his own investigations of integration and quadrature, when
he refers to the one mathematical publication in Europe that had
already given immediate and favorable recognition to Leibniz’s
differential calculus. But, gratifying as this must have been to its
inventor, the effect was marred by extensions of the calculus that
Leibniz, naturally, wished to retain for himself.

The new author was a Scot, John Craige, recently (in all proba-
bility) a pupil of David Gregory at Edinburgh but living in Cam-
bridge and in acquaintance with Newton when he wrote and pub-
lished Methodus figurarum . . . quadraturas determinandi (The method
of determining the quadratures of figures) in 1685. Craige is not
well known. Presumably he was still a young man at that time —
an older one, more set in his ways, might not have reacted so
positively to Leibniz’s ideas. He was to live until 1731. Very pos-
sibly he first heard of the mathematical papers coming out in the
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Acta Eruditorum from David Gregory, who certainly had some fa-
miliarity with recent mathematical work in Germany. Unlike
Gregory, Craige saw great possibilities in Leibniz’s new algorithm
and adopted it. Several years later, when he knew more of New-
ton’s discoveries and methods, he would still write in his second
little mathematical book of 1693:

In order not to seem to assign too much to myself or to de-

tract from others, I freely acknowledge that the differential

calculus of Leibniz has given me so much assistance in discov-

ering these things that without it I could hardly have pursued

the subject with the facility I desired; how greatly the very

celebrated discoverer of it has advanced the solid and sublime

art of geometry by this one most noble discovery cannot be

unknown to the most skilled geometers of this age, and this

treatise now following will sufficiently indicate how remark-

able its usefulness has been in discovering the quadratures of

figures.

To go back to 16845, Craige was interested in the quadrature
of figures, confident that in many cases it was only because of the
impotence of existing methods that areas defined by recalcitrant
curves were said to be not quadrable. He acknowledged the ex-
treme kindness of the distinguished Mr. Newton in permitting
him to examine his manuscripts (this is almost the first reappear-
ance of Newton in mathematical history since 1676) and was
skeptical of the value of what Tschirnhaus had recently printed on
the subject in the Acta Eruditorum. He felt far otherwise, however,
about what Leibniz had claimed in the same journal, about the
treatment of irrational terms in a mathematical expression:

For to this difficulty the outstanding geometer G. W. Leibniz

has furnished the best of remedies. For that very famous per-

son shows a neat way of finding tangents even though irra-

tional terms are as deeply involved as possible in the equation

expressing the nature of the curve, without removing the ir-

rationals. How that method is to be applied to our present

purpose I will show by one example . . .7
Clearly Craige had gathered — from the inversion implicit in the
two operations of integration and differentiation, or quadratures
and tangents — that if the tangent to a given curve can be defined
by any method, including Leibniz’s for the curves expressed by
more complex equations, then the mathematician might aim “to
invert this problem generally, that is, having the Tangent to find
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the Curve whose Tangent it is,” which process “would give us a
General Method of determining the Quadrature of any Curvilin-
ear space.” Of course Craige understood that in obtaining more
complex integrals mere inversion of differentiation would not suf-
fice; he understood the method of approximate quadrature by in-
finite series, and when tackling the hyperbola obtained the series
published long before by Mercator, and for the circle sector he
found the series discovered by Newton and first printed by David
Gregory.

No wonder Leibniz was eager to increase his stake in the game.
But to a modern reader, the amazing fact is the very slight allusion
to Newton’s work, even on the part of a mathematician who had
personally consulted him at Cambridge. It is true that in an “Ad-
dition” to the Philosophical Transactions review of his first book
(1686), Craige described an additional method of finding a curvi-
linear series by means of an arbitrary equation, and improves itby
a “little dodge” (observatiuncula), which Newton taught him, but
there is no sign of a major indebtedness, even in his second book
of 1693 after Craige had read the Principia with enthusiasm. As for
the reviewer of the Method of Quadratures in 1686, he simply (fol-
lowing Craige himself) lists those who had advanced the method
of tangents (differentiation) as being Descartes, Fermat, Sluse,
Barrow, Wallis, Tschirnhaus, and Leibniz. No mention of New-
ton (who had indeed, as yet, published nothing on mathematics).
The omission of Newton’s work as analogous to that of Leibniz
and antecedent to it is clearly the product of Newton’s silence and
the writers’ inevitable unawareness. Many years later (1718)
Craige issued yet a third tract, “On the Calculus of Fluents,” pur-
suing his old line but now, as the title shows, converted to New-
ton’s method of fluxions. In this tract he wrote that in Cambridge,
when he was working on the Method of Quadratures in 1685, he
had asked Newton to read through the tract; Newton, such was
his kindness, had done so and had even furnished Craige with
some ammunition to use on behalf of Leibniz against Tschirnhaus,
as well as other insights into integration by means of converging
series. (It was in this way, through Craige, that David Gregory
learned of Newton’s study of series, as mentioned in Chapter 3).
And yet, there is absolutely no indication that Newton dropped
any hint to Craige of his own work on differentiation and all that
went with it and still less on integration as the inverse of a method
of differentiation.?
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Thus by silent implication, Craige’s evidence also testifies to
Newton’s having no feelings of criticism toward Leibniz in 1685
or any desire to proclaim to the world that ke had been the first to
discover a general process of differentiation and exploit its appli-
cations. He left Craige’s warm feelings for Leibniz undisturbed.
Craige’s knowledge of Newton also led him to form — however
mistakenly — the same impression of Newton as a mathematician
that Leibniz had formed ten years before: He believed Newton to
be a great master of the use of infinite converging series for the
quadrature of curves — such as, classically, the circle and the hy-
perbola; he was as yet, and was to be into the 1690s, totally igno-
rant of Newton as a master of the process of differentiating func-
tions, as were also at this time, still, David Gregory and almost all
other British mathematicians. They saw no reason not to award
Leibniz’s discoveries the highest praise. Nor did Leibniz, for all
that he could have known of Newton.

Although Craige was first in the field, and Leibniz himself was
to praise the discoveries he had made by means of the calculus, he
was not to play a major role in the diffusion of the new calculus.
The real development of Leibniz’s initiative occurred on the Con-
tinent and centered upon the activities of two brother mathema-
ticians, Jakob and Johann Bernoulli. The family was one of pros-
perous merchants and bankers in Basel, Switzerland; the elder
brother Jakob (b. 1654), having studied science and mathematics
against his father’s wishes, spent a long period abroad during
which he made a visit to London and then settled as professor of
mathematics in the city of his birth. Johann, his father’s tenth
child, was thirteen years younger than Jakob (under whose direc-
tion he studied) and more ambitious. Perhaps the two facts help
to explain their subsequent fraternal quarrels. It is sometimes im-
plicitly assumed that the Newton-Leibniz dispute was unique of
its kind; it was only so in its duration and the majesty of its leading
participants. Throughout this period, intellectual life was punc-
tuated by bitter wrangles and struggles for supremacy, in which
nationalist sentiments also played no small part. Leibniz was in-
volved in other debates besides that with Newton, a relatively
friendly though serious debate with his former friend Tschirnhaus
over mathematical issues going back to their years in Paris to-
gether and another more rancorous dispute with the Dutch phi-
losopher and mathematician Nieuwentijt. The Royal Society itself
split into factions for a time under Newton’s presidency. The
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quarrel of the Bernoulli brothers was produced by the trouble-
provoking practice of the age whereby a complacent mathemati-
cian might challenge his fellows to produce the solution of some
problem which he had himself (supposedly) mastered; this had
once been done to great effect (and some damage to friendships)
by the great Pascal and was now revived again in the excitement
and personal rivalry accompanying the early development of cal-
culus.

Jakob, who worked on physics, logic, and probability theory
during the 1680s as well as algebra, came to the infinitesimal cal-
culus through his study of the writings of the English mathema-
ticians Wallis and Barrow. He did not reach Leibniz until 1687,
two years after Craige. Apparently from the first the brothers
Bernoulli worked at the calculus together, for despite the terseness
and obscurity of Leibniz’s 1684 paper, Johann reported, “It was
for us only a matter of a few days to unravel all its secrets” in his
Autobiography long after. It was Johann who soon coined the mod-
ern term “integration” to describe the process inverse to differen-
tiation, which had previously been generally known as “quadra-
ture.” Jakob first proved his mastery of the new calculus by his
solution (1690) of the problem posed as a challenge by Leibniz
three years earlier: to assign the curve along which a body would
descend (without friction) at the earth’s surface at a constant
speed, that is, without, as normally, accelerating in its fall. Huy-
gens had produced an immediate solution to this problem by con-
ventional means, and Leibniz published his own solution in 1689.
Shortly after Jakob’s success, in 1691, Johann too placed himself
in the top rank of mathematicians in his first independent work,
his study of the catenary (the curve formed by a loaded chain, like
that of a suspension bridge). Very soon too the brothers began
their correspondence with Leibniz, which went on for many
years; Jakob, however, died in 1705 before the open outbreak of
the dispute between Leibniz and Newton.®

Unlike Leibniz and Newton, neither of whom had direct pupils
to whom they taught the calculus in an organized way, the Ber-
noulli brothers were active and capable teachers who rapidly dif-
fused the new calculus and its notation. Their pupils included,
besides Germans and Swiss, the French, the Dutch, and even a
few young Englishmen. And, of course, they began to extend,
develop, and apply the calculus even more rapidly and spaciously
than Leibniz himself. The Bernoullis and their pupils, a consis-
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tently able group of men with a dozen major names among their
leaders, dominated European mathematics for a generation. They
were fertile, inventive, and close-knit in an association that was
familial in both a literal and a metaphorical sense; the group con-
trolled the university teaching of mathematics over Europe from
north Italy to north Holland. Such a group could not have come
into existence had not Leibniz originally given to mathematics a
new direction and a new power of great significance and had he
not himself (in active correspondence with its leading members)
continued to inspire and guide its work. But it was in a sense luck
that gave Leibniz such a brilliant team of partisans, luck that in the
true Napoleonic spirit he knew how to exploit to the best advan-
tage. Newton was less fortunate. None of his adherents was a
Bernoulli, though men like Roger Cotes, John Keill, and Brook
Taylor were more than ordinarily competent mathematicians.
Newton himself did nothing to advance his method of fluxions
after 1691 and hardly anything to make it publicly known before
1704. It would be meaningless to argue whether the Newtonian
notation was inherently superior or inferior to the Leibnizian or
whether the Newtonian concept of a fluxion was more logically
correct than the Leibnizian differential at a time when, as a matter
of simple historical fact, Leibniz’s calculus was firmly established,
widely taught, and proved highly successful in paper after paper
all over Europe, whereas even in England Newton’s fluxions were
still barely known. Not until after Newton’s death was the sys-
tematic teaching of the method of fluxions in England begun, by
indifferent mathematicians for the most part.

In France, possibly the most notable early convert to Leibniz’s
calculus was the Marquis de L’Hospital, an officer retired early
from the army, whose mathematical talents had been evident since
boyhood. He had figured for several years among the rather few
men in Paris who took a serious interest in mathematics and had
corresponded with Huygens since 1690. He first directed a highly
flattering letter to Leibniz at the end of 1692, indicating (as was to
remain the case) that although he had already mastered the differ-
ential calculus he was finding constant difficulties with the inverse
problem of integration. In a subsequent letter he told Leibniz how,
six years before, “when the Transactions of Leipzig came into my
hands, I found therein your method of tangents, which delighted
me so much that I have since that time composed some papers
wherein I explained the method at greater length, and provided
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proofs of all your rules.” This letter would put the Marquis’s be-
ginning in calculus to the year 1688.

Whether this date was correctly recollected or not, it is certain
that the Marquis had not proceeded entirely by his own unaided
efforts before making his first personal contact with Leibniz, who
was of course delighted to instruct and indeed flatter so notable,
not to say, influential a pupil. For Johann Bernoulli had arrived in
Paris in the autumn of 1691, where he was welcomed by the
group of intellectuals associated with the neo-Cartesian philoso-
pher Father Nicolas Malebranche, on whom he made a great im-
pression by his mathematical prowess in the manner of Leibniz,
particularly his treatment of the curvature of curves (actually bor-
rowed from his brother Jakob). In Paris Johann was engaged by
L’Hospital, in what has been called “the most extraordinary con-
tract in the history of mathematics,” to act as his salaried teacher
in the calculus, under a promise to impart his discoveries and writ-
ings to no one but L’Hospital, who for greater privacy had Ber-
noulli live with him for a time at his chiteau at Oucques. Before
leaving Paris, however, Bernoulli seems to have given Male-
branche and his close associate, Father L. R. L. Byzance, a first
introduction to the methods of calculus, which they extended in
subsequent years, so that, in the last decade of the century, all of
the French mathematicians trained in Leibnizian methods
(L’Hospital himself, who died in 1704, Malebranche, Byzance,
Charles René Reyneau, Pierre Rémond de Monmort, and Pierre
Varignon) were of Malebranche’s circle, and all of them were di-
rectly or indirectly pupils of Johann Bernoulli. The Swiss had con-
tinued his instruction to L’Hospital even after his departure from
France, by a kind of correspondence course, thereby enabling the
Marquis to compile (in French) the first textbook of differential
calculus, his Analysis by infinitely small quantities of 1696. This
book, which was rendered very successful by its own merits and
the considerable interest in its new branch of mathematics, was
reprinted for many years. It gave L’Hospital a high reputation,
which was partly merited and partly owed to his intimacy with
Bernoulli and Leibniz. Only in the present century has it become
clear that the Analysis by infinitely small quantities was based on a
text by Johann Bernoulli, now at Basel, and that even its Preface
originated with another ghost, in this case the great stylist and
recording angel of French science, Bernard de Fontenelle.

L’Hospital had intended to write a second book on the integral
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calculus, but this he never did, though again it is certain that he
and certain of the Malebranchists received instruction in it from
Johann Bernoulli, and in this case his material was published un-
der his own name - but only half a century later, in 1742. It is not
perhaps unnatural that Bernoulli, in later life, tended to feel that
he had never been given sufficient credit for naturalizing the cal-
culus in France."

The most notable expositor of calculus methods and their ap-
plications to physical science in the French Academy of Sciences,
though a relatively late convert — for he did not begin his studies
until about 1693 or 1694 — was Pierre Varignon, a Malebranchist.
Naturally, he used (after 1696) L’Hospital’s textbook and a few
years later was energetic in defending the Leibnizian calculus from
those within the Academy of Sciences who sought to attack its
logical foundations. Varignon was an older man who came late in
life to academic pursuits (his family were stonemasons), and it is
a further remarkable testimony to the power and excitement that
Leibniz’s work held for contemporaries that, at the age of forty,
Varignon set himself to master and teach these new methods and
later to embark upon his most considerable achievement, the set-
ting out of the whole of the science of mechanics up to that time
(including the work of Newton) in the new mathematical lan-
guage.

In the last years of his life Varignon became an admirer and
friend (by correspondence) of Newton’s, whose Opticks he helped
to popularize in a French edition issued at Paris. He was in these
years heavily courted by both sides — both the English and the
supporters of Leibniz — as one who could control the allegiance of
France to one party or the other.

Considering the slow acceptance of the theory of quanta and
relativity in the early years of the present century, not to mention
the earlier resistance to Darwin and Freud, the enthusiastic and
swift adoption of the differential calculus, and the complementary
evolution of the integral calculus in several quarters, appears as-
tonishing. For as critics asserted, its logical foundations were in-
secure. Geometry had prided itself through the centuries (with
illusory complacency, as the nineteenth century was to discover)
on its absolute certainty. A properly proved proposition in ge-
ometry was universally understood to be the most secure truth -
after those of religion — that the human mind could entertain.
About algebra, mathematicians felt less certain — among other
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things, the imaginary root and the imaginary number presented
conceptual problems not yet then fully resolved; nevertheless in-
sofar as much algebra could be verified by geometrical reasoning,
its sound logical status seemed assured. The essence of mathe-
matical proof, then, was that it should stand — through long chains
of reasoning via antecedent theorems — upon simple, self-evident
truths about number, space, and their relations.

However, since the early seventeenth century the calculus of
infinitesimals had presented logical difficulties. Geometrically
speaking, a line is continuous, not an infinite row of points, and
a surface cannot be exactly represented by a multitude of little rec-
tangles, however great. Yet its techniques could yield accurate re-
sults. Leibniz’s calculus seemed open to the same objection that in
logic — whatever the end product — it was approximate rather than
precise; moreover, the very concept of the infinitesimal or differ-
ential was vague. To get around the objections, Leibniz often
adopted a pragmatic or operationalist stance: The calculus was jus-
tified by its fruits. It worked. “There i1s no need,” he wrote, “to
make mathematical analysis depend upon metaphysical contro-
versies” — a rather curious statement, perhaps, from one who criti-
cized Newtonian physics for the inadequacy of its metaphysical
foundations. In order to avoid problems in discussing the near-
infinitely small and the near-infinitely large, it was sufficient, he
believed, “to explain the infinite by the incomparable,” that is to
say, one can always imagine a quantity incomparably smaller (or
larger) than any finite small (or large) quantity. Thus one can al-
ways argue that the error in dealing with infinitesimals can be
made less than any assigned arbitrary quantity. Or as he puts
it again, one could regard the differential as an “ideal notion”
or “well-founded fiction” (an operator, in modern terms) like
V/(—1). Leibniz was much impressed by such identities as

1+ V(=3)"+ (1= V(=3):= V6

where the sum of two incomprehensible quantities is readily in-
telligible. If the differential was as incomprehensible as V/(—1), it
could nevertheless be equally handled according to rigorous rules.
Accordingly, Leibniz provided no deep philosophical justification
for it, preferring to stress the algorithmic nature of the new
method." The calculus was a device, not a new philosophy of
quantity and number. Newton was far more concerned about the
concepts of the infinitesimal differential, or fluxion than was
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Leibniz and (as we shall see) judged his own fluxion to be the
concept far more securely rooted in logic.

It is true that considered as a language the calculus was, for Leib-
niz, an offshoot or branch of the universal philosophy of linguis-
tics and symbolism that he wished to develop, and in this way the
calculus related strongly to the whole body of learning and was
not merely a mechanical process. But, unfortunately, Leibniz’s ex-
plorations on these lines do not, of themselves, serve to clarify the
logical difficulties involved in operating mathematically with a
quantity that is sometimes finite, sometimes equated to zero.

It was largely because of this lack of rigor that Leibniz’s chief
mathematical mentor displayed indifference and resistance to the
calculus. Christiaan Huygens was by now elderly, in poor health,
and separated from the city and the Academy of Sciences to which
he had given his middle years. Illness had compelled him to return.
home to the Netherlands in 1681, and thereafter the anti-Dutch,
anti-Protestant policy of national aggrandisement pursued by
Louis XIV ensured that he was never invited to return to Paris or
even granted an honorable retirement. So Huygens spent his last
years at The Hague or in the family’s country house just outside
the capital. To him, the use of nonrigorous shortcuts in mathe-
matics in order to find an answer so that a formal proof of it might
be devised afterward was by no means new. Archimedes’ “Method”
(unknown at that time) had been an analytical process of this sort;
and the infinitesimal calculus had been generally regarded in the
same light during the seventeenth century. No one had supposed
its procedures to be rigorous. Indeed, in analyzing a problem,
anything went — up to a point — because analysis was concerned
with investigation, exploration, and discovery. For in the eyes of
sound mathematicians of the seventeenth century, analysis was
but the prelude to synthesis, to the rigorous proof of whatever
result analysis had disclosed. The so-called synthetic geometry of
the Ancients provided the highest standard of authenticity; it was
the standard claimed (rather curiously, really) by Newton, and the
standard demanded by Huygens of his own published work.
Analysis, therefore, and most particularly an approximating
method of analysis, was, in the judgment of a traditionalist, of
relatively less significance and weight than synthesis.

Although there had been a few trivial exchanges between the
now elderly Dutchman and the still young German during the
fourteen years since Leibniz had left Paris, the latter waited until
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July 1690 before writing directly to Huygens to set before him

briefly, in a private letter, the principles of his calculus.
1 do not know, Sir [he wrote] if you have seen in the Leipzig
Acta a method of calculation that I propose in order to subject
to analysis that which M. Descartes himself had excepted
from it. Instead of those exponents of quantities which have
hitherto been used in calculation being restricted to roots and
powers, I now employ sums and differences, such as dy, ddy,
dddy, that is to say the differences and increments or elements
of the quantity y, or else the differences of differences, or the
differences of differences of differences. And just as roots are
the reciprocals of powers, in the same way sums are recipro-
cals of differences. For example, as \/y? = y, and /y* = y,
so also fdy = y and [fddy = y. By means of this calculus I
presume to draw tangents and to solve problems of maxima
and minima, even when the equations are much complicated

with roots and fractions . . . and by the same method | make
the curves that M. Descartes called mechanical submit to
analysis . . .

Huygens’s reply began coolly: He had indeed seen Leibniz’s pa-
pers but had not gone into them deeply. He believed he had de-
veloped equivalent methods of his own and had found Leibniz’s
treatment very obscure. Leibniz’s letter, however, had led him to
suppose that the new calculus might be worth looking into fur-
ther, especially if Leibniz would explain its methods clearly; he set
Leibniz a problem to test its capabilities, which Leibniz easily
solved. Writing to him again, after devoting some weeks to the
new calculus, Huygens now reported that be understood it and
found it “good and useful,” though not going beyond his own
methods. These analytical procedures Huygens never formalized
into an algorithm, and he would never have dreamed of publish-
ing the analysis leading to a certain result in mathematics as a proof
of that result. And, therefore, he told Leibniz that one of his new
mathematical processes “admitted things which cannot be re-
garded as self-evident,” reminding him that “although such kinds
of reasoning might be allowed sometimes in the process of discov-
ery, the mathematician must make use of others afterwards to at-
tain more certain demonstrations.” Huygens seems to doubt
whether Leibniz was justified in making such large claims as he
did for his new calculus and the results he had obtained with its
aid, especially as Huygens was at this moment interested in the
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investigations of another young Swiss mathematician, Nicolas Fa-
tio de Duillier, who was to move on to England and become a
friend of Newton’s. Although Fatio was by no means of Leibniz’s
circle, he nevertheless seemed to have equally promising methods,
and at one time Huygens endeavored to promote what he ob-
viously thought would be a fertile exchange of secrets between
the Swiss and Leibniz.

In short, whereas Leibniz himself, the Bernoullis, and members
of their circle were confident that Leibniz had started a completely
new chapter in the history of mathematics — and their judgment
proved correct — to Huygens, Newton, Fatio, and others too, it
seemed rather that, though Leibniz’s invention of calculus was
highly important, it was only one among several promising new
developments. Although Leibniz could not wholly deny the
evaluation, he did retort against Newton, for example, that New-
ton’s notation as indicated in Principia was very imperfect; at the
same time, however, he did admit that in one respect he had been
forestalled by Fatio. It was, in fact, only after Huygens’s death in
1695 that Leibniz’s calculus emerged decisively as the outstanding
new method of analysis — partly, of course, because Newton’s
relevant mathematics was still unpublished and partly because of
the great amount of development effected by Leibniz and his dis-
ciples.

Because Fatio, like Craige, L’Hospital, Johann Bernoulli, and
others, was heav1ly engaged on the general theory of i integration,
for him and others, Huygens devised a number of expressions to
try their teeth in finding the integrals. Gradually Huygens became
convinced that Leibniz’s new calculus offered no infallible and
general method for the resolution of such problems, any more
than other processes did, although he admired generously the fa-
cility with which Leibniz himself employed the differential calcu-
lus. When his study of the catenary (suspension-bridge) curve
came out, and Huygens had painstakingly verified Leibniz’s re-
sults, he told Leibniz: “I went on to consider why several of your
discoveries had escaped me, and judged that this must be a con-
sequence of your new calculus which offers to you, as it seems,
truths which you have not even looked for . . . ” Nevertheless,
Huygens was still able, by his own means, to recapture what he
had formerly missed, once Leibniz had thus indicated the way,
and he still could not agree that Leibniz had invented a uniquely
miraculous key.'? Huygens’s letters, courteous despite some
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provocation by Leibniz, indicate a certain disappointment that
Leibniz did not somehow find time to set out fully and plainly his
own full achievement in the integral calculus, and when they fell
to the discussion of problems in physics, Huygens’s sympathies
were in many respects closer to Newton than to Leibniz. In what
was to be almost his last letter to Leibniz, Huygens paid him an
outstanding tribute:

When I received your letter with the solution of what I had

proposed to you . . . I saw that you had resolved the problem

very elegantly by an unusual approach, which I should be

very glad to learn one day. These are the master-strokes

which you keep in reserve for yourself, even though you

have modestly said that by the use I and others make of your

new calculus you have already received the reward you

sought. You could put together an excellent treatise on the

various uses of this calculus, and I exhort you to do so as the

work would be both fine and useful, and come better from

you than from anyone else.
Clearly, though Huygens would not agree that calculus opened a
new era in the history of mathematics, he would not either have
withheld from Leibniz the highest praise for his personal achieve-
ment. ?

In the very next sentence after those just quoted appears New-
ton’s name: “Mr. Wallis has sent me the new Latin edition of his
big book on Algebra, enlarged by something new in the way of
series from Mr. Newton, in which there are differential equations
very much like yours, apart from the symbols.” Newton is men-
tioned many times in the correspondence between Huygens and
Leibniz, nearly always as the physicist author of the Principia
rather than as a mathematician, though Huygens named him
(along with L’Hospital and Leibniz himself) as one who might be
supposed to be far advanced toward the general solution of prob-
lems of integration as Huygens saw them.™ On Huygens’s side
there is no allusion to any suggestion that Newton might have an
independent claim to be considered a discoverer of the calculus,
though Huygens was (as we shall see) made aware of a pro-New-
tonian case by Fatio, now in England and close to Newton; Huy-
gens could well allow Newton as much a mastery of an analogue
to the differential calculus as he possessed himself; indeed, to such
a profound student of the Principia as Huygens, it must have been
perfectly evident that Newton employed there geometrical ideas
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(at least) equivalent to differentiation — like others before him, of
course. And equally he could recognize (though he did not wish
to emulate) Newton’s integration procedures. But all this, pow-
erful as it might be — and non-calculus procedures had proved and
were still proving extremely powerful in Huygens’s own hands —
did not constitute a new branch of mathematics such as Leibniz
claimed to have begun, nor even evidence that Newton felt the
need for such a new branch of mathematics, any more than Huy-
gens himself did.

Perhaps it is worth stressing the point that the difference per-
ceived and to be examined here is not mathematical but historical.
Considering just these three principal figures, Huygens, Newton,
and Leibniz, all pure mathematicians of the first order, there were
no discrepancies in their technical understanding of the calculus.
It was by no means the case that there was some power, actual or
even potential, in the new Leibnizian method of analysis to which
Huygens and Newton were blind — except (and the reservation is
far from trivial) to the extent that Leibniz valued the notational
and (as it were) mechanical characteristics of his calculus far more
highly than the other mathematicians did, and rightly. The main
divergence between them occurred with respect to the evaluation
of the calculus: Was it (like the methods of Huygens and Newton
also) simply a continuous development from the methods of
analysis known before, a progressive step, or was it a mutation,
bringing into existence powerful methods of analysis of a quality
totally unlike any that had previously existed? Huygens did not
see either Leibniz’s calculus or Newton’s fluxions as such a muta-
tion; nor probably, did Newton, though he was more conscious,
naturally, of the innovatory character of his own achievements. It
is, one may be sure, no small ingredient in Leibniz’s contemporary
success and ultimate fame that he did perceive calculus as a muta-
tion, a progressive step so great, like the introduction of algebra,
that mathematics would never be the same again. If Leibniz could
not see that fluxions deserved an equivalent recognition, he is not
altogether to be blamed in the sense that Newton himself, seem-
ingly, did not appreciate the true historical significance of his own
mathematical concepts and powers until (in a sense) instructed by
Leibniz. He was always conscious of standing on the shoulders of
giants and often humble before the grandeur of historical conti-
nuity.

In later, far more bitter, years Leibniz was to claim that Huy-
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gens, the great acknowledged master in European mathematics at
the time of his death in 1695 (when Newton was over, and Leibniz
slightly under, fifty years of age), had virtually endorsed his own
claim to the discovery of the calculus and had known nothing of
any basis for a rival claim by Newton. By and large this is true.
Newton replied that Huygens’s testimony was irrelevant, because
Huygens possessed no such knowledge (as Leibniz, he claimed,
did) of what Newton himself had done long before. Newton’s
reasoning is not perhaps perfectly well founded, for with the ex-
ception of On Analysis Huygens could have seen in print in 1695
virtually all that Leibniz could have read before his departure to
Hanover in 1676. Huygens’s recognition of “differential equa-
tions” in the documents published by Wallis and of Newton’s ex-
cellent if heavy-going work on finding integrals by the use of se-
ries is (indirectly at least) contemporary testimony to Newton’s
priority in discovery, though Huygens is making no assertion to
that effect; certainly he understood Leibniz’s crucial role in intro-
ducing the calculus as a living and thriving technique in European
mathematics.

Thus, despite a slow start in part occasioned by his move to
Hanover and the historical work that occupied him there (and
caused him to travel restlessly about Europe in search of archival
material bearing on the history of the House of Brunswick), Leib-
niz had by 1695 established himself as the natural successor to
Huygens (who died in that year); he became the doyen of mathe-
matics on the Continent. In the eleven years since the publication
of his first paper the calculus had become a new branch of mathe-
matics, which almost every aspirant was bound to seek to master,
with its first textbook about to appear, with its vehicles of publi-
cation in the Acta Eruditorum, the Nouvelles de la Republique des
Lettres, and so on. By his tremendous energy, by his preeminent
mastery of the new mathematical methods devised by himself, by
the power, authority, and versatility displayed copiously in the
letters he had exchanged with leading colleagues like the Bernoul-
lis, L’Hospital, and Huygens, Leibniz enforced respect and per-
haps veneration — and he was not loathe to welcome such homage.
In 1695 a Continental mathematician not sensitive to the vibra-
tions of the geometrical spider’s web whose master was Leibniz
was simply out of date and out of context.

In England it was far otherwise, but not because Newton’s
glory eclipsed that of Leibniz. Indeed, as we have had occasion to
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see again and again, Newton’s work was hardly better known to
his countrymen than that of his German analogue. Leibniz’s work
was presumably not more widely appreciated because of English
insularity, in particular English lack of interest in foreign journals.
John Wallis of Oxford was to admit (and say he was not ashamed
to do so) that he really knew only the 1682 Leibniz paper, which
had been translated into English in Robert Hooke’s Philosophical
Collections (1682). There had been no book yet that could be im-
ported for the benefit of English mathematicians — and little profit
in such a trade anyway. Far more Englishmen read Latin than
French, which the Marquis de L’Hospital chose for his text. No
Collins or Oldenburg was active. And the number of Englishmen
capable of making a start (unaided) on Leibniz’s ideas was in any
case tiny. For a quarter of a century now Continental universities
had been modernizing, slowly perhaps, but at least adopting
Cartesian science, modern textbooks, and even, here and there,
experimental demonstration of scientific principles. Mathematical
courses were being taken far beyond Euclid and Ptolemy. New
mathematical chairs were founded, and lively young men were
seated in them. Of such an academic renaissance there was in Brit-
ain little manifestation, and Newton himself (though he had pu-
pils) trained no one to stand beside him. The single-handed effort
of Craige to interest his countrymen in Leibniz’s calculus proved
futile; the only sequel to his first tract of 1685 was published by
himself eight years later. When Wallis came to publish a collected
edition of his own mathematical works in the same year (1693),
he still knew virtually no more of Leibniz as a mathematician than
he had when first issuing his Algebra in 1685.
Wallis was by now seventy-seven years old; failure on his part
to keep up with the literature is readily excusable. Following the
attention to Newton’s work on infinite series (especially as used in
integration processes) in Chapters 85 and 91 to 95 of the 1685
Algebra (as mentioned earlier), Wallis had written simply of New-
ton’s 1676 letters from which his account had been derived:
There is a great deal more (in these papers [of Newton’s]) of
like nature, and somewhat of the same kind hath been done
by Leibnitius and Tschirnhaus abroad, and Mr. James Greg-
ory and Mr. Nicholas Mercator with us, which are most of
them but particular cases within the compass of Mr. New-
ton’s general rules.

He then very briefly describes Leibniz’s circle quadrature. Now
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this 1s already a quite unfair or uninformed remark. Mercator had
published (though less generally) on infinite series before New-
ton’s name had been heard outside Cambridge. And both Leibniz
and Tschirnhaus had published their particular cases, whereas
Newton’s “general rules” had remained unknown until Wallis
himself gave, as he admitted, only a sketch of them.

When Wallis reissued his Algebra in somewhat enlarged form
and in Latin as the second volume of his collected works (but the
first to appear) in 1693, he went even further and wrote of the
doctrine of infinite series as “long ago introduced by Mr. Isaac
Newton and pursued by Nicolas Mercator, Mr. Leibniz and oth-
ers” as though Newton had made his methods known and the
others had adopted them, which (for Mercator at any rate, and as
we now know for Leibniz also) is palpably false. s

This was not the only change made by Wallis in Newton’s fa-
vor. Once again, it must be reiterated that in the Algebra of 1685
there is no mention of fluxions or of differentiation or of any
equivalence between them. Nor was there allusion to a reciprocal
relationship between, for example, the method of tangents and-
the method of quadrature. Wallis had both of Newton’s 1676 let-
ters, “full of very ingenious discoveries,” to Leibniz in his hands
when writing his English Algebra, but he chose there to make use
largely of the First Letter alone, in the belief (as he was to explain
in 1693 in the revised, Latin version of the book) that Newton
meant to publish the material in the Second Letter himself:

.. . This [that is, the content of the immediately preceding

paragraphs] is what [ inserted in the English edition of 1685,

taken from the letters of Newton noted above. Many other

things there worthy of note were omitted, because I was

aware that [he] wished to publish this piece and that which he

had kept by him. However, as he has not yet done so, several

of these points may be touched on here, lest they be lost to

sight.
This indicates that Wallis’s discretion was responsible for his initial
silence, but one is bound to wonder whether fluxions (to which
the emphasis now shifts) had struck him as so very important in
1684, when he ignored them, even though the same letters were
later supposed by Newton to have been so readily instructive to
Leibniz.

However that may be, Wallis now (and for the first time in
history so far as print is concerned) embarked upon a brief essay
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on the calculus of fluxions, following initially the text of New-
ton’s Second Letter. But one soon sees that Wallis is working not
only with this letter but with material that must have been put on
paper by Newton since October 1676, and indeed must be quite
recent. Wallis knows what the sentences about fluxions were that
Newton had sent to Leibniz simply as strings of letters, and quotes
them. He refers to letters, now lost, from Newton dated 27 Au-
gust and 17 September 1692. And he launches into a comparison
of fluxions and differentials that can only have come from New-
ton’s own mind:

By fluents [the given functions] Newton understands indeter-

minate quantities which in the generation of a curve by the

local motion [of a point] are perpetually increased or dimin-

ished, and by their fluxions he understands the swiftness of

their increase or decrease. And although at first glance fluents

and their fluxions seem difficult to grasp, since it is usually a

hard matter to understand new ideas; yet he thinks the notion

of them quickly becomes more familiar than does the notion

of moments or least parts or infinitely little differences; . . .

Although he does not neglect the use of such [least] parts but

uses them only when by their means the work is to be done

more briefly and clearly, or leads to the discovery of the ratios

of the fluxions.
It is certain that these words or some very similar were written by
Newton himself, embodying as they do the apparently contradic-
tory double claim that Newton considered fluxions to be easier to
grasp than differentials but, not ignorant of the latter, used their
equivalents occasionally when it was advantageous to do so - thus
admitting that the differential method, if less “geometric,” was
certainly in some uses more convenient. !¢

Now it should be emphasized that Wallis’s narrative in the Latin

Algebra is perfectly fair and truthful. It is made plain (at least to a
properly attentive reader) that nothing of fluxions was openly or
intelligibly communicated to Leibniz in October 1676. Wallis here
uses the Newton dot notation for the first time in print (x is the
fluxion of x, y that of y, Z the second fluxion of z, etc.), and again
the reader would see that this and much of the explanation is being
given for the first time (though indeed and veritably taken from
Newton’s now very old mathematical drafts). Wallis made no hint
of a claim that Leibniz had taken anything from Newton or had
been helped by him in the least; he merely put it on record that
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Newton had long possessed and devised a notation for the differ-

ential and integral calculus recently emerging on the Continent.
So also, two years later still, in the Preface to Volume I of his

Mathematical Works (appearing second, in 1695) Wallis wrote:

Here [in Volume II, that is in the Latin Algebra] is set out
Newton’s method of fluxions, to give it his name, which is of
a similar nature with the differential calculus of Leibniz, to
use his name for it, as anyone comparing the two methods
will observe well enough though they employ different no-
tations . . .

But here Wallis now began slightly, probably innocently, to mis-
lead his reader, for he says he has taken Newton’s method from
the two famous letters of 1676 “which were then communicated
to Leibniz in almost the same words, where he explains this
method to Leibniz, having been worked out by him more than
ten years previously.” In no significant sense had Newton “com-
municated” the method of fluxions to Leibniz in 1676, even if we
omit the total concealment of the words fluents and fluxions in the
anagrammatic passages; and insofar as the method was explained
and exemplified by Wallis himself, this was done with authentic
material not in the Second Letter. Different senses of words are be-
coming confused in Wallis’s Preface: If a person declares, as New-
ton did in his Second Letter, “I have two methods of solving that
problem,” his words may afterward be taken as evidence that at
the time of his statement he did possess these methods, provided
that we believe the speaker to be trustworthy, but they give no
evidence as to the nature of the methods, nor do they communicate
anything (except perhaps inspiration, for one man may strive to
do what another has already done). Indeed, the Second Letter con-
tained many mathematical treasures, but not the concept of a flux-
ion, nor one example of an expression involving fluxions, nor any
hint as to how they might be used. Inadvertently, therefore, Wallis
was beginning a process of public deception, and it is not surpris-
ing that Leibniz was to write to Thomas Burnet: “I am very sat-
isfied with Mr. Newton, but not with Mr. Wallis who treats me a
little coldly in his last [volume of] works in Latin, through an
amusing affectation of attributing everything to his own nation.”

Almost throughout his life as a mathematician Wallis had
fought for the claims of Englishmen against foreigners. He had
asserted the merits of Thomas Harriot against Descartes, the
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priority of Neile against Heuraet. He had offended almost every
foreign mathematician with whom he came in contact by his ro-
bust, unabashed xenophobia - yet his candor, rugged charm, and
ability kept his friends faithful. Once he had begun to suspect that
Newton’s typically English inventiveness was likely — as in so
many earlier instances! — to be overlooked, he longed to take up
his case. As he was unembarrassedly to admit to Leibniz at the
end of 1696, he knew only two of Leibniz’s lesser publications,
nothing of his infinitesimal analysis, nothing of his differential cal-
culus save the bare name, which he had picked up just as the Pref-
ace to his first (1695) volume was being printed. But — and the
expression is unconsciously revealing — Wallis when he heard of it
“did not want it to be said that nothing was here [in the Algebra]
written of the differential calculus.” It almost seems as though
Wallis is saying, It really isn’t clear to me what Mr. Leibniz has
done but Mr. Newton certainly did it first! Surely, in fact, Wallis
must have known a little more of what was happening among
Continental mathematicians, especially since the arrival of Johann
Bernoulli in Paris, than he was willing to confess, pleading his
great age."’

Unfortunately, the letters exchanged between Wallis and New-
ton in the summer of 1692 are for the most part lost, but it is clear
that Wallis asked Newton if he might not amplify the account of
his work given in the English Algebra of 1685 as that work was to
be reissued in Latin in Wallis’s projected Opera Mathematica. The
reason for Wallis’s request had nothing to do with Leibniz at this
stage, but with David Gregory’s overwrought claims for his own
quadrature series; Wallis wished to assert that Newton had fore-
stalled him with a more general achievement. Newton’s answer
indicates that Wallis did also ask him about Leibniz’s work, or at
any rate about his circle quadrature published in 1682 (and
reprinted in England), for Newton in reply plunged at once into
a report of what was contained in his Second Letter (of which, as
we have seen, Wallis probably already possessed a copy), explain-
ing its enigmas and adding flesh to the very bare bones of the
fluxional calculus presented in the Second Letter (when decoded)
from the rich materials in De quadratura curvarum, which Newton
had begun to write in 1691. There is no doubt that what Wallis
published on fluxions in the revised Algebra of 1693 came from
Newton’s pen in this way, as indeed Wallis noted himself in his
own copy of the book.
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Finally, at the end of the few pages on fluxions, Wallis remarked

Analogous to this method is the differential method of Leib-
niz and that other method, older than either, which Barrow
expounded in his Geometrical Lectures; and this is acknowl-
edged in the Leipzig Transactions (January 1691) by a writer
making use of a method similar to that of Leibniz . . .

So much for the old man’s protestations of feeble ignorance until
the last leaf of the Preface was set up by the compositor! On page
396 of his 1693 volume he had already known of the Leibnizian
method and of the work employing it that was published in Leip-
zig in the Acta Eruditorum. And there 1s no reason why one should
suppose Wallis’s interest in recent Continental mathematics had
revived again only as late as 1691, the year cited from the Acta,
though that would be time enough to account for his approach to
Newton concerning the reprinted Algebra. Moreover, it is very
likely that he received a warm hint from Craige or David Gregory
that something more should be said to do justice to Newton’s
achievements.!®

For in May 1694, no doubt also at Craige’s instigation, David
Gregory had visited Newton at Cambridge and under his tolerant
eye had rummaged freely through Newton’s mathematical papers;
from the notes then made he put together a first sketch for a trea-
tise on “Isaac Newton’s Method of Fluxions, in which the Differ-
ential Calculus of Leibniz and the Method of Tangents of Barrow
are explained and illustrated by many examples of all kinds.”
Gregory’s draft, though never printed, was in turn examined and
copied by other mathematicians later; it was wholly derived from
Newton’s manuscripts, supplemented by the compiler’s study of
the published papers of Leibniz and Jakob Bernoulli. Though
Whiteside has qualified these as “feebly wrought endeavours” and
lamented Newton’s failure to “attract no more able and gifted a
disciple” than the younger Gregory, the point here is simply that
by this time outline knowledge of Newton’s discoveries was suf-
ficiently widespread for Wallis to have known of them.!

When the learned men of Leipzig came to review his book, par-
ticularly it would seem Volume I rather than the Latin Algebra,
which had appeared two years before, they were amazed to find
so much space and praise given to Newton’s mathematics, of
which nothing had yet appeared in prmt Admittedly Leibniz had
praised him in their own journal as “that geometer of most pro-
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found intelligence,” but that hardly justified Wallis’s making him
a precursor of Mercator or his calling Mercator an Englishman.
And an Algebra of 1693 should reasonably have given space to the
most modern improvements that were generally known and in
current use by many mathematicians. When Leibniz, with inde-
fatigable intellectual energy, sought through some intermediary to
sound Wallis out further on some mathematical point Wallis had
raised years before, the Oxford mathematician took the opportu-
nity to relieve himself, by pleas of ignorance, from any suggestion
that he had been actuated by prejudice. Not at all: He had wished
to print Leibniz’s letters to Newton along with the replies he had
used, if Newton had only been able to produce them. He made it
clear that (in his view) Leibniz had a perfect right to an indepen-
dent and distinct, though posterior, discovery and was worthy of
the highest esteem.

With this Leibniz seems to have been perfectly content, perhaps
not believing that any serious competition could come from the
(apparently) inactive and silent Newton, who (as Leibniz knew)
in 1696 gave up the academic life for government service in Lon-
don. At any rate, the correspondence between Wallis and Leibniz
begun in that year went on to almost the time of Wallis’s death,
and fills eighty printed pages. It is gravely cordial in the style of
the times and not by any means wholly mathematical, for Leibniz
asked Wallis about his early code-breaking activities and had him
do a number of small scholarly errands. When Wallis came to the
third volume of his Mathematical Works he decided to print there
not only Newton’s 1676 letters but those of Leibniz also, which
had by then come into his possession. Leibniz acceded to his re-
quest, and took in good part an elaborate commentary from Wallis
on his own mathematical accomplishments of twenty years be-
fore. In these exchanges of 1698 there is no word of Newton, no
allusion to any rivalry between him and Leibniz, between England
and Germany. All was peace and amity. Wallis could now see the
new infinitesimal calculus in perspective as a descendant of the
Greek geometers’ “method of exhaustion,” and tells Leibniz:

You readily profess — such is your fairness of outlook — that
your differential calculus has many things in common with
purport of others, even that of Archimedes, yet it is not for
that reason to be the less highly esteemed. For there are many
things of which the bases were not unknown to the Ancients
but which are so intricate and full of difficulties that they have

98



THE EMERGENCE OF THE CALCULUS: 1677-1699

been, in our own time, rendered far more plain and fit for use
(such as, to name only a few, the algorithm of the Indians
using numerical symbols and the analytic calculus or specious
arithmetic of the moderns, also the formation of conic sec-
tions by a plane and a cone and many other things which the
present century has added to the discoveries of the Ancients).
And thus, though I do not mean to deprive the Ancients of
their praise (for we have built much on their foundations) so
also I do not mean to flatter the moderns lest they cease to
make fresh progress, but rather to urge them farther on, and
yourself above the rest.?
Such passages and the whole tone of the correspondence, the def-
erence on one side of a mathematician whose powers have with-
ered to a younger master, on the other of present authority to a
living fossil, a survivor from the long past age of Cavalieri, Des-
cartes, and Fermat, indicate that there was nothing in these ex-
changes with a most patriotic Englishman to trouble Leibniz’s
self-esteem. Rather Wallis seems to have accepted (in these letters)
that very same estimate of Leibniz that the whole Continent, with
rare exceptions, accorded to him and which he now took for
granted. His service to the house of Hanover and above all the
charm and greatness of his personality had earned him the warm
respect and confidence of the Electress Sophia, heir apparent to
the throne of England in the probable event of the Princess Anne’s
failing to have children to survive her; and in 1700 (some three
years before Wallis’s death) Leibniz moved to Berlin at the behest
of the Electress’s daughter Sophia Charlotte, now herself Electress
of Brandenburg. There his plans for the Berlin Academy, the first
institution of its kind in northern Europe, were approved, and he
himself was appointed its first president. Eminent in history, law,
and philosophy as well as in mathematics and theoretical mechan-
ics, he could claim attention as Europe’s foremost intellectual.

It is pleasant to record that during these years of his increasing
fame and achievement Leibniz had one cordial correspondent in
England, besides John Wallis, whom he could regard as less of a
xenophobe than most of his nation seemed to be. This was
Thomas Burnet, son of the Royal Physician for Scotland and a
distant relative both of Gilbert Burnet, Bishop of Salisbury and
historian of his own times, and of his own namesake, who wrote
the Sacred History of the Earth. This Thomas Burnet took his M.D.
degree at Leiden in 1691 and in the course of extensive traveling
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made a considerable impression in 1695 at the Court of Hanover,
where he became acquainted with Leibniz, who used him as a
source of news about English intellectual life and also as a means
of conveying letters to Newton, Wallis, and Locke. Toward the
end of 1696 Burnet wrote to Leibniz that he had, during the sum-
mer, placed in Newton’s hands a note (now lost) from Leibniz:
“He told me to thank you on his behalf, because he honours your
merits extremely. He added that the new office of Warden of the
Mint conferred upon him by the King will compel him to retard
his thoughts upon colours, so that he does not know when he will
have leisure to resume that investigation; yet he had it almost fin-
ished, apart from some kinds of colours which he had not yet
enough experiments to examine.” In reply, Leibniz, while com-
mending Newton’s appointment to the Mint, very reasonably re-
gretted its diverting him from more important thinking. Leibniz
would have preferred Newton to continue the physical researches
that he had begun, and frequently returned to this point in subse-
quent letters — he could not, he said, accept Newton’s excuse for
dropping his intellectual task, and he wished him ten times the
£1,000 received by Dryden for his translation of Virgil so that he
might be free to work at it without distraction. From Burnet,
Leibniz also heard of Newton’s solving the brachistochrone prob-
lem in two hours “when he was quite overwhelmed by business
of a different kind,” and of Nicholas Fatio de Duillier’s return to
England in the summer of 1698.

The last ten years or more of this correspondence show more
interest in the discussion of books on religion, philosophy, and
politics and the problems they raised than in matters of science
and mathematics. There are few allusions to Newton after 1700,
but the letters from Leibniz are remarkable as containing several
kindly references to Nicolas Fatio affer he had characterized Leib-
niz as only the second inventor of the calculus, which speak well
for Leibniz’s humanity. When Burnet made a second European
tour (in the course of which Leibniz helped to secure his release
from the Bastille, where he had been imprisoned as a spy) Leibniz
reminded him that the two Fatio brothers were excellent mathe-
maticians residing at Basel, and when he learned some years later
(in 1708, in fact) of Nicholas Fatio’s involvement with the Cev-
ennois and the troubles thereby brought about his ears, he wrote
of this annoyance “because of my love for Mr. Fatio, for he is a
man excellent in mathematics, and I do not understand how he
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could have got involved in such an affair.” Was there not some
mistake, Leibniz asked, in his condemnation, for surely one could
not doubt of Fatio’s good faith??!

At the time of the incident, however, Leibniz was exceedingly
angry, and he wrote to John Wallis demanding an explanation of
Fatio’s discourtesy. Incapable as so aged a man as Wallis was of
appreciating the issues involved in the development of the calculus
during the 1690s, he nevertheless certainly understood that Leib-
niz was not a man to be attacked lightly. Like most academics in
that age as in our own, he felt a deep respect for authority and the
ranks of hierarchy and reward, all of which Leibniz might now
seem to represent. Receiving Leibniz’s account of a seemingly ma-
licious libel put about in a book bearing the imprimatur of the
Royal Society, Wallis responded with signals of distress and sym-
pathy.

In making his complaint, in a letter of August 1699, Leibniz was
particularly riled because his accuser, Huygens’s former acquaint-
ance Nicolas Fatio de Duillier, had been a Fellow of the Royal
Society since 1687 (soon after his arrival in England), whereas
Leibniz himself had been a Fellow far longer. Had Fatio’s attack
the backing of the Royal Society, Leibniz wanted to know, and
Wallis was able to reassure him: The attack on Leibniz had not
been sanctioned by the society (even though a vice-president had
inadvertently approved Fatio’s book for publication as a technical
geometrical treatise) and the society had no thought of putting
such a one as Fatio ahead of Leibniz in its esteem. Moreover, Wal-
lis added, Fatio was in any case not an Englishman but Swiss! The
burden of Fatio’s onslaught upon Leibniz, according to Leibniz
himself, was that Leibniz had no respect for any mathematician
who was not of his own school and thought that no others were
capable of resolving the more difficult questions of geometry then
widely under discussion. This the Swiss had resented, proclaim-
ing that there were others, like himself, just as capable, who owed
nothing to Leibniz and his calculus.?

This sounds remarkably trivial, and so from the Wallis-Leibniz
letters it appears. But there was a good deal more to Fatio’s Geo-
metrical Investigation of the Line of Quickest Descent (1699) than the
charge that Leibniz was an intellectual snob. Fatio had become an
ardent partisan of Newton’s, just as he had for a time been an
ardent partisan of Huygens’s, and the apparent slight against his
own talents that he had detected in not being considered (abroad)

101



PHILOSOPHERS AT WAR

one of Britain’s leading mathematicians gave him the opportunity
of firing off far more serious accusations.

The portrait of Nicolas Fatio conveys the impression of one
who is highly volatile and excitable rather than shrewd and steady.
Yet he made a strong impression on two men of genius, partly by
actual achievement of his own, partly by promise and receptivity.
Like the Bernoullis, Fatio was born in Basel (where his elder
brother, Jean Christophe, studied mathematics with Johann Ber-
noulli); he grew up in Geneva, however, where his father re-
moved the family. At first astronomy was his passion; he worked
for a time with G. D. Cassini at the Paris Observatory and even
hoped (like Leibniz before) for a place as pupil or assistant in the
Academy of Sciences. This failing, he went at the age of twenty-
two to the Netherlands, where in September 1686 he sought out
Huygens at The Hague, who took a liking to this active young
man and encouraged him in pure mathematics. They worked to-
gether on the demonstration of errors in a publication by Tschirn-
haus. How much of a mathematician Fatio was before he encoun-
tered Huygens, how far he advanced in association with Huygens,
is not clear. At this stage Huygens seemed to find Fatio’s mathe-
matical ideas more familiar and assimilable than those of Leibniz,
and (as mentioned earlier) endeavored to promote exchanges be-
tween them. Leibniz too was persuaded of Fatio’s abilities by
Huygens’s praise, though the two never met. Fatio’s major success
at this time was with a process for discovering the equation of an
unknown curve, given the slope of its tangent at some value of x;
in tackling this inverse tangent problem it appears that Fatio was
independently treading the path previously taken by Newton,
Huygens, Wallis, and others. This was at a moment when Leib-
niz’s calculus was barely known to, or studied by, anyone in Eu-
rope, and Fatio’s finished statement of his method, written to
Huygens from Oxford in October 1687, is no contemptible piece
of mathematics even if he did not get as far as Newton had some
fifteen years earlier.”

It i1s likely that Huygens’s well-meant efforts created the first
dislike of Leibniz in Fatio’s mind, for the older man made it clear
that (not unreasonably) he thought himself likely to be the loser
in any exchange of mathematical “secrets,” and that he was really
not at all keen on the idea. After all, Huygens had admitted that
he and Fatio had not yet mastered the calculus, and sometimes he
spoke of Leibniz rushing far ahead into realms of mathematics
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where he himself could not follow. Perhaps Huygens was a little
blind to the point that while Leibniz was very ready to extend the
deepest respect to his old Parisian mentor, one of the greatest Eu-
ropean figures, he did not feel at all the same about the great man’s
latest protégé. This is a situation that the protégé resents. In En-
gland, where he arrived in the spring of 1687, Fatio was soon
absorbed in the atmosphere of incipient triumph preceding the
publication of Newton’s Principia (of which the first book had
been received in manuscript in London almost a year before). The
English teased him, as a newcomer from the Continent, with
sticking to old-fashioned Cartesian principles. He quickly wrote
a letter to Huygens about the wonderful new physics of forces,
which the recipient, naturally, failed to understand, even though
Fatio expressed a tactful hesitation concerning Newton’s “princi-
ple of attraction” (gravitation) between the heavenly bodies. In
Newton (though he had not yet met him) Fatio was to find the
third, last, and greatest of his scientific heroes. (However, he was
to return and work with Huygens again for the greater part of the
year 1691.)

If Fatio had not already sought Newton out at an earlier date,
he must have first met him early in 1689 when Newton was at-
tending Parliament at Westminster. By October of the same year
Newton was writing to him in that tone of urgent familiarity and
concern that is found among his earlier letters to this young man
and nowhere else in Newton’s correspondence. The letter (from
which portions have been excised) is worth quoting in full:

I am extremely glad that you [have met with your] friend and
thank you most heartily for your kindness to me in designing
to bring me acquainted with him. I intend to be in London
the next week and should be very glad to be in the same lodg-
ings with you. I will bring my books and your letters with
me. Mr. Boyle has divers times offered to communicate and
correspond with me in these [chemical] matters but [ ever
declined it because of his [freedom] and conversing with all
sorts of people and being in my opinion too open and too
desirous of fame. Pray let me know by a line or two whether
you can have lodgings for us both in the same house at pres-
ent or whether you would have me take some other lodgings
for a time till [we can be together]. 1 am
Yours most affectionately to serve you
Is. Newton
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Similar letters follow. In 1692 Newton “cannot express how
much I was affected” to hear of Fatio’s being ill: “if you want any
money [ will supply you.” Soon after, Fatio went to pay Newton
a visit in Cambridge, and Newton would have liked to keep him
there in the college room next to his own in order to strengthen
his health. In 1693 he sent Fatio money for books and other things
left in Cambridge and once more offered to make him an allow-
ance to join Newton in residence there. This Fatio refused, though
he continued to treat Newton as his financial and medical adviser
until the correspondence was (apparently) broken off when Fatio
went on a visit to his home. It was in the autumn following that
Newton, fallen into a state of severe depression, wrote strange
letters to his friends and had a spell when he “had not slept an
hour a night for a fortnight together and for five nights together
not a wink.” Only in the late autumn of 1693 did he regain his
normal health and behavior. News of this severe illness reached
Huygens (and so Leibniz) from Fatio.

Was he its cause? Did he arouse in Newton, as Frank Manuel
has maintained, a powerful homosexual passion? It is certainly
true that Newton’s letters to Fatio contain a warmth unique in his
correspondence, but more than that is empty speculation. Strong
friendships between men attracted fewer suspicions then than
now, and that between Newton and Fatio was formally disrupted
not by psychological forces but by Fatio’s temporary departure to
Switzerland in pursuit of an inheritance. All that need be remarked
here is that at this point the history of Newton the mathematician
becomes firmly enmeshed with personal feelings. For a time Fatio
delighted to identify himself with Newton: absurdly, he assures
Huygens that Newton will certainly take his remarks in good part
or again writes (in a notably cold and upstage letter to a third
party intended for Leibniz’s eyes) of what “Mr. Newton and 1”
think on the subject of gravitation. Newton was so fond of him
(or so Fatio reported) as to endorse some of Fatio’s farfetched sci-
entific speculations. Despite the apparent break in 1693, Fatio con-
tinued all his life (or at least so long as he retained the full use of
his reason) to look up to Newton as an almost superhuman
being.?*

Thus, it is hardly surprising that in the 1690s Fatio’s feeling for
himself and Newton as injured parties fused together in detesta-
tion of Leibniz, in whom, unfortunately (perhaps because he
never met him), Fatio could not detect those real qualities obvious
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to Huygens, to Newton (for much of his life), and to so many
more.

In June 1696 Johann Bernoulli issued another of those futile and
strife-provoking mathematical challenges: to determine the curve
linking any two points, not in the same vertical line, along which
a body would most quickly descend from the higher to the lower
point. It was addressed to “the shrewdest mathematicians in the
world,” and copies were posted to Newton and to Wallis. Leibniz
had solved the problem on the day it was privately received by
him from Bernoulli, in the sense of giving a complete analysis of
it, but he failed to recognize that the curve was a cycloid until
Bernoulli informed him. Newton (according to his own story)
also solved it in a single evening, and one of the solutions that
arrived anonymously from England was recognized as his by Jo-
hann Bernoulli (it is a very elegant definition of the necessary cy-
cloid).? Later, reviewing the whole competition, Leibniz noted
that only five mathematicians had succeeded; besides himself and
the author of the problem, there were Newton, Jakob Bernoulli,
and L’Hospital (who received help from Johann, however). “It is
surely worthy of remark,” he commented, “that they only solved
the problem whom I had guessed would be capable of solving it,
as being those alone who had penetrated sufficiently deeply into
the mystery of our differential calculus.” The words may have
been carelessly written, for Leibniz commonly worked under
pressure, and perhaps he did not mean to imply that Newton was
indebted to the differential calculus for his solution. He also says
that Huygens would surely have solved the problem if he had
lived, and he would not have claimed Huygens as his pupil in
mathematical matters. But certainly the most obvious meaning of
Leibniz’s words was that Newton had learned the calculus from
Leibniz and Fatio resented both this and the insult to himself as
being a mathematician who could not solve the problem.*

It has been argued, and perhaps Newton himself imagined, that
this brachistochrone problem was designed specifically to test
Newton’s powers. As Newton’s last traditional biographer put it:

Newton suspected that the problem had been devised and
sent to him to prove, by his inability to solve it, that his fluxions
was [sic] not the general and powerful method he claimed it
to be. And by exerting his matchless powers, he routed his
adversaries and vindicated himself.?
Newton, we may suppose, was ignorant of the private wars
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waged by Johann Bernoulli with his brother Jakob and others, or
of Leibniz with the Dutch philosopher Nieuwentijt, who assailed
the title of the calculus to be called a branch of geometry, but there
is no evidence that he thought the problem particularly directed
against himself, though it obviously increased his prestige to solve
it (he published the solution at once in the Philosophical Transac-
tions). Nor is there any hint in the Bernoulli-Leibniz letters of a
desire to score off Newton; on the contrary (as we have just seen),
Leibniz specifically predicted that the problem was within New-
ton’s powers, which the Principia had already proved to be great.
It is quite illogical to charge Leibniz with the offenses of claiming
both that Newton was a master of his own calculus and would fail
to solve the problem. Leibniz could consistently have said only
one of these things at a time. Equally, how would Bernoulli have
guessed (without any air of surprise) that the English solution
came from Newton’s hand if he had previously believed that
Newton was incapable of solving the problem? In fact, Bernoulli’s
intention seems to have been merely to “sort out the men from
the boys,” and to show the ascendancy of the “Germans” (includ-
ing Swiss!) over the English and French, who had long disputed
the leadership in mathematics; thus he observed with pleasure
Varignon’s admission that the brachistochrone problem was quite
beyond him, even though Varignon was his friend and pupil, be-
cause he was outside the immediate charmed circle of Leibnizian
initiates.

Reading Leibniz’s words in the most naive way and reacting
with great emotion, Fatio inserted into a lengthy and long over-
due analysis of the brachistochrone a vehement and irrelevant (but
true) assertion of his own mathematical originality. He had, he
claimed, worked out his own mathematical processes during his
association with Huygens from 1687 onward, and the prooflay in
the letters they had exchanged. (That these statements might be
true does not, of course, justify Fatio’s complacent thoughts that
he was as able a mathematician as Leibniz or the Bernoulli broth-
ers — but Fatio’s vanity may be partially excused by his ignorance).
Then he went on

Yet I recognize that Newton was the first and by many years
the most senior inventor of the calculus, being driven thereto
by the factual evidence on this point; as to whether Leibniz,
its second inventor, borrowed anything from him, I prefer to
let those judge who have seen Newton’s letters and other
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manuscript papers, not myself. Neither the silence of the
more modest Newton nor the eager zeal of Leibniz in ubiqui-
tously attributing the invention of this calculus to himself will
impose on any who have perused those documents which 1
myself have examined.?

The unspoken cry here, “I am Newton’s best friend,” is almost as
loud as the direct charge against Leibniz, and the former is pro-
ductive of the latter. Probably no one ever, certainly no one living
at that moment, had explored Newton’s hoard of mathematics as
Fatio was permitted to do, and one may well believe that he pos-
sessed a seeing eye as he went through those treasures that were
already becoming historic. What is obscure is Newton’s state of
mind. The implication of Fatio’s words might seem to be that
Newton had himself made out a case for Fatio’s benefit against
Leibniz, pointing out this and that passage in his old papers and
letters, but this is not a strong implication. It is certainly possible
that Newton allowed or even encouraged Fatio’s flattering interest
in his own past without any such arriére-pensée, and that it was in
Fatio’s not Newton’s mind that the formidable case against Leibniz
began to assemble. Whether or not the case against Leibniz arose
spontaneously or was thrust into Fatio’s mind at the time of his
reading the documents, he was certainly convinced at a relatively
early stage of his friendship with Newton that Leibniz’s was the
second and inferior discovery of the calculus, for at the end of
December 1691 (not long after Fatio’s return from Holland on
a visit to Huygens) he not only assured his Dutch friend that
he understood the whole of the Leibnizian calculus very well but
also that

It appears to me by all that I have as yet been able to see (in
which I include papers written many years ago) that Mr
Newton is without difficulty the first inventor of the differ-
ential calculus and that he knew it as well as Mr. Leibniz does
now, or even more perfectly, before the latter had even the
least idea of it, which as it appears did not come to him before
the occasion when Mr. Newton wrote to him on this subject.
See if you please page 153 of Mr. Newton’s book. Therefore
I cannot cease to wonder that Mr. Leibniz takes no notice of
this in the Leipzig Acta.

This is a less forthright declaration than Fatio was to publish eight
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years later, but it already goes beyond the claim made by Newton
himself in the Principia scholium to which Fatio referred Huygens.

In response, Huygens was calm. He was not surprised, evi-
dently, to learn that Newton knew as much as Leibniz and more,
and merely expressed the hope that Newton would publish his
knowledge; as for the disagreeable inference in Fatio’s letter, he
was content to throw salt on it: Newton in the scholium (he
thought) allowed that Leibniz had hit upon the calculus about the
same time that he himself had. Fatio, obviously, would never ac-
cept this tactful view of the situation. He at once strengthened his
attack: Not only were the original letters of 1676 more positive in
their message than the recent Principia, but they were such as
would undoubtedly cause Leibniz pain should they ever come to
be published, for they would underline his lack of generosity in
failing to acknowledge Newton’s achievement. Moreover, Leib-
niz’s performance has been such that, in comparing it with New-
ton’s, Fatio could not but perceive, he says, the difference between
a spoiled and imperfect copy and the perfect original. Newton
knew as much as Leibniz and all that Fatio himself knew and Leib-
niz did not; he had mastered not fluxions alone but the fluxions of
fluxions of fluxions (a claim that Huygens did not understand,
though it would have been clear to Leibniz). After this fresh out-
burst, however, Fatio let the subject drop and, within a few
months, the closest period of his association with Newton (“a
guide beyond comparison more enlightened and more generous”
than Leibniz) came to an end. Perhaps the most interesting point
in Fatio’s last apologia for Newton 1s the criticism that Leibnizian
differentials were only a “spoiled copy” of fluxions, for Newton
made the same criticism later. Had Fatio already derived it from
him??

Officially, at any rate, all was smooth. In March 1693 Leibniz
wrote in his own hand to Newton, of whom he received continu-
ing news from Huygens and from at least one German visitor to
England. Probably his interest was stirred by the news (rather gar-
bled in transmission) of Newton’s work being published in the
new edition of Wallis’s Algebra (which, in March 1693, neither
Huygens nor Leibniz had yet seen). Leibniz’s letter is frank and
open. He praises Newton’s achievement with series and adds that
the Principia has proved also that “even what is not subject to the
received analysis is an open book to you.” Such compliments, be
it emphasized, are equally found in Leibniz’s letters to his friends.
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He alludes modestly to his own endeavor, by employing a con-
venient symbolism, to extend the range of analytical geometry
and then continues with an exhortation to Newton himself:
But it is from you that I still await some triumph, to provide
the finishing touches, both as to the best way of reducing to
quadratures those problems which seek to determine curves
from a given property of the tangents and of reducing the
quadratures themselves (as I greatly desire to do) to the rec-
tifications of curves, in all cases simpler than the measure-
ment of surfaces or volumes.

And above all things I desire you, who are a perfect geo-
meter, to continue as you have begun to treat Nature mathe-
matically, in which kind of investigation you have certainly,
along with a very few others, accomplished something very
worthwhile.®

If these phrases, generous but challenging, evoke any recollection
in the reader’s mind of any letter formerly addressed to Newton,
it may be of that letter which Robert Hooke had written to him
on 17 January 1680 containing the plea that Newton investigate
“by his excellent method” the curve described by a body moving
under an attractive force varying inversely as the square of the
distance; this letter had (in a2 manner of speaking) provoked the
Principia. Leibniz’s letter, however, inspired in Newton no similar
fury of creative work.
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to rejoin him in Cambridge at Newton’s expense, and on 11

April (apparently in reply to this invitation) Fatio wrote:

I could wish Sir to live all my life, or the greatest part of it,

with you, if it was possible, and shall allways be glad of any

such methods to bring that to pass as shall not be chargeable

to You and a burthen to Your estate or family.
Thereafter, the intimate and frequent correspondence between the
two men ceases; the following summer was that of Newton’s
mental illness. We have no evidence as to what passed when New-
ton admitted his friend, at Cambridge, to the privacy of his manu-
scripts, nor subsequently do we have any record of how he re-
acted to Fatio’s dramatic displays, first in private and finally in
public, of his admiration for Newton and his conviction that Leib-
niz had stolen the calculus from Newton. If letters were ex-
changed between the two men, or if (as is unlikely enough, in
fact) Newton disclosed his personal judgment of Fatio to others,
the documents have failed to survive. The frustration of Fatio’s
hopes so far as Newton was concerned — Newton’s decision not to
entrust a second edition of the Principia to Fatio’s hands (or at any
rate, his implicit letting the plan slide) and Newton’s ultimate im-
patience with Fatio’s pet idea of an etherial hypothesis of universal
gravitation — seems to indicate controlled revulsion against him
and his enthusiasm. If Newton covertly provided Fatio at any
time with ammunition against Leibniz, and there is no ‘evidence
that he ever did so, it must (in terms of the biographical relation-
ship between the two men) have been before 1693; for it is incon-
ceivable to me, at any rate, that the degree of intimacy such a
communication would imply was ever reestablished between
Newton and Fatio after the former’s breakdown in health. And
this is confirmed by Fatio’s evident belief (as early as February
1692) — not yet amounting to a direct accusation — that Leibniz’s

IN MARCH 1693 Fatio de Duillier had been invited by Newton
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procedure in the calculus was so very different from and far infe-
rior to that of Newton, that the latter might be recognized as the
finished original and the former perceived as a spoiled and imper-
fect copy. So impressive was Newton’s draft “On quadrature” in
Fatio’s eyes that he declared that Newton had gone far beyond
Leibniz and himself, whether with respect to quadratures or the
method of tangents. Of all this Newton had spoken positively
fifteen or sixteen years before, and it was only much later that
Leibniz had produced his differential calculus. In writing such
phrases to Huygens, Fatio may have been discreet; perhaps he al-
ready thought much worse of Leibniz than this letter admits, but
at least it is clear that it is but a step from the phrase about “origi-
nal” and “copy” to the downright accusation that the “copy” was
the fruit of plagiary.!

On the other hand, there is little evidence to indicate that any
inkling of impropriety on Leibniz’s part had entered Newton’s
mind before 1693. It is true that in a draft letter to David Gregory
of November 1691, in speaking of his description of his method
of series in the Second Letter to Leibniz of 1676, Newton writes
that this depended upon a “certain process of analysis which I
there touched on rather obscurely,” meaning of course the meth-
od of fluxions; Newton also wrote in drafting (but then struck
out) the words “which Leibniz is developing” (quamque Leibnitius
excolif). Read one way, the expression that Newton rejected on
second thought would indicate Leibniz’s development of Newton’s
method; read the other way, however, it means “which Leibniz is
independently developing though I had it first,” a statement both
true and inoffensive. Newton could not possibly, at least at this
time, have supposed Leibniz to be developing anything from the
unintelligible anagrams in the Second Letter. In contrast to this am-
biguous (but rejected) phrase, the triangular exchanges of letters
between Wallis, Leibniz, and Newton consistently suggest esteem
and amity. When Newton replied in October 1693 - belatedly, no
doubt because of his illness, though he gave another reason — to
Leibniz’s conciliatory letter described at the end of the last chapter,
he emphasized the value he attached to the friendship of one
whom he had “for many years past regarded as one of the chief
geometers of this century, as I have made known on every occa-
sion that presented itself.” And he hoped that Leibniz’s long si-
lence had not sprung from a lessening of friendship. Newton went
on to speak of the printing of parts of his 1676 letters to Leibniz in
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the projected reissue of Wallis’s Algebra, writing that
[Wallis had] asked me to disclose a certain double method
which I there concealed in transposed letters. On which ac-
count I was compelled to explain my method of fluxions as
briefly as I could, which I had concealed in this sentence: “To
find the fluxions in any given equation involving any fluent
quantities whatever, and vice-versa.” However, I hope I have
written nothing displeasing to you; if you judge anything
there worthy of reproof, do let me know by letter since 1
value my friends more than mathematical discoveries.
He then embarked on a number of technical points raised by Leib-
niz. Nothing could be more cordial, even deferential, and ob-
viously Newton felt embarrassed because he had not privately ex-
plained the full meaning of his letter to Leibniz before doing so in
public.?

Two years later, it is true, a letter from Wallis to Newton cries
alarm and regret because Newton’s work was still unknown to
the world, whereas the fame of Leibniz had increased. Why did
not Newton at once print his Opticks in English and let foreigners
learn our language to read it? Further, Wallis had heard from Hol-
land that Newton’s mathematical discoveries were being antici-
pated in publication:

because your Notions (of Fluxions) pass there with great ap-

plause, by the name of Leibniz’s Calculus Differentialis . . .

You are not so kind to your Reputation (& that of the Nation)

as you might be, when you let things of worth ly by you so

long, till others carry away the Reputation that is due to you.
And Wallis explained that he had endeavored to do justice to the
analogy between fluxions and calculus in the Preface to the first
volume of his works (printed second, in this year 1695), alluding to
the account of fluxions already given in the new Latin edition of
Wallis’s Algebra (printed in the 1693 volume of his works). I have
discussed these passages already.

Certainly it is not wholly clear what Wallis meant to say to
Newton in this letter. Was he hinting at bad faith on Leibniz’s part,
in the words “your Notions pass . . . ”? Not necessarily; Wallis
might simply mean that Leibniz’s ideas that were gaining circula-
tion were the same as Newton’s, as when in the printed Preface
referred to he writes of the “very similar nature” (consimilis naturae)
of the two methods. Nothing indicates that Newton took Wallis’s
words in a bad sense. What one does see in Wallis — in his
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1695 Preface explicitly and by implication in his Jetter to New-
ton — is a serious confusion between what Newton (in later expla-
nation to Wallis himself) said he was thinking about when he
wrote those letters and what he actually expressed in them. As
already noted, the 1693 version of Algebra contains a great deal
more about fluxions than anyone could have guessed from the
bare text of the 1676 letters; yet, in his 1695 Preface Wallis writes
of Newton’s “explaining this method [of fluxions]” to ILeibniz,
which of course he had never done. It is likely that Wallis’s his-
torical vagueness in grasping exactly what Newton had and had
not imparted to Leibniz in 1676 sprang initially from a lack of
clarity in Newton’s own mind, and that Wallis’s conviction that
Newton had shared something of his great discovery with Leibniz
had its effect upon the picture that Newton formed of what had
happened in that year; particularly, of course, when Leibniz’s ac-
cess to the manuscript copies in Collins’s hands was to crop up.?
As on many other occasions during his long and far from tran-

quil life, in correspondence with Henry Oldenburg and others
too, Wallis, ever conscious of Englishmen’s readiness to hide their
light under a bushel (though foreigners said they were apt to claim
every innovation for some obscure member of their own nation),
repeatedly urged Newton to publish his mathematical papers,
without definitely maintaining now (any more than he had done
on former occasions) that anything worse was at stake than prior
discovery unacknowledged and later discovery proclaimed and
famed. Nor was Wallis alone in urging Newton into print — Leib-
niz himself did so, more than once. When the douce exchanges of
1693 led to nothing — exceptionally so as Leibniz was usually so
diligent a correspondent — he wrote a letter in October 1694 urg-
ing the Royal Society to put pressure on Newton to publish an
improved second edition of the Principia: Rumor was widespread
that Newton had such a work in hand. And he was no less anxious
to see Newton’s other discoveries in mathematics and physics. As
this request also was without fruit, Leibniz made a new effort in
1697, this time writing through Wallis (presumably Leibniz would
not in any event have known how to address Newton since his
departure from Cambridge). Wallis quoted Leibniz’s words to
Newton verbatim (in Latin):

I would be so bold as to ask this favour of you [Leibniz had

written in May 1697]; should the occasion arise, perhaps

through some friend, offer my most humble greetings to Mr
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Newton, who is a man of the highest talents, and beg him on
my behalf not to allow himself to be diverted from publish-
ing his most excellent reflections. Further, I did not only ob-
serve, after the publication of his book [the Principia], that the
most profound Newton’s method of fluxions was cognate to
my differential calculus, but have also proclaimed the same
[belief] in the Acta Eruditorum and advised others of it. I
judged this [avowal] to conform to my honest nature no less
than to his merits. And so I generally call it by the common
name of infinitesimal analysis which is [a name] broader in
scope than the quadrature method. Meanwhile, just as the
methods of Vigte and Descartes both came under the name of
specious [i.e., algebraic] analysis, yet certain distinctions re-
main, so perhaps Newton’s method and mine differ in several
particulars.

Wallis himself reinforced Leibniz’s plea, informing Newton that
he meant now to give the full text of the 1676 letters in the final
volume of his works (which came out in 1699) and urging him to
publish his Opticks at once.* There is certainly no hint here of any-
one’s thinking of anything but parallelism between the two forms
of calculus, nor (what is, perhaps, most significant) did anyone
imagine that publication of the 1676 letters counted against Leib-
niz, though they certainly counted for Newton. And as Leibniz’s
final sentence hints, no one had as yet looked closely, technically,
at the likenesses and differences between the two methods.

Few signs of turbulence in this calm and amity that prevailed
through the decade 1689-99 are to be found either in the corre-
spondence of Leibniz and his friends, where politeness to oth-
ers did not always prevail. Newton 1s always referred to with re-
spect, as an intellectual figure of considerable importance (though
voicing strange ideas), and his great mathematical abilities were
always appreciated. It was known that Huygens had respected
Newton highly -~ though Huygens was far from sharing his physi-
cal theories and found much to amend in Newton’s publica-
tions — and roughly speaking the Leibnizians continued to think
of Newton with essentially the same sort of qualified esteem. But
Newton and his writings figure far less in their correspondence
than many other topics, not only of technical mathematics but of
philosophy (such as the nature of infinity) and physics (the prob-
lem of vis viva, for example) and even trivialities like a set of
elegant verses on Mme Scudéry’s clever parrot. If, from Johann
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Bernoulli, there are tart remarks about English mathematicians
other than Newton, he did not spare the French either, whom he
found insufficiently grateful for what they had learned from the
German-speaking school. He found it very shameful that a French
mathematician of the old school should be corrected in print by
one of the “weaker sex” — Mme de L’Hospital. When Leibniz and
the Bernoullis did refer to Newton, it was almost always in rela-
tion to the Principia — what else indeed was available for their ap-
praisal? Although (like Huygens) they found Newton’s concept of
gravitational attraction unintelligible, they readily admitted its
pragmatic usefulness and the sweep and power of the mathemati-
cal physics Newton had constructed with its aid. Thus Johann
Bernoulli found good sense in Newton’s idea that every particle in
the universe has a field of influence (sphaeram activitatis) embracing
every other particle, though he was puzzled by Newton’s intro-
duction of a discontinuity in gravitational action between space
outside a large mass (where the force it exerts is inversely propor-
tional to the square of the distance from its center) and inside the
large mass, where Newton makes the force from the center pro-
portional simply to the distance. (To us it may seem strange that
Bernoulli had not thought attentively enough about Newton’s
propositions to see that the statements for the different cases are
consistent and that the inverse-square law of force between the
constituent particles of large masses always holds.) Leibniz shared
Bernoulli’s opinions, and noted his own surprise that Newton had
not expressed the a priori argument (deriving, in fact, from Kep-
ler) in favor of the inverse-square law, that a central force could be
considered as acting on the surface of a sphere, like the intensity
of light radiation, whose “density” per unit area is therefore in-
versely proportional to the square of the radius of the sphere.> But
such comments are rare enough. Tschirnhaus, De Volder, Male-
branche, Nieuwentijt, Hermann, and others are mentioned more
often than Newton.

In fact, the contrast in this respect between Leibniz’s later cor-
respondence with the Bernoullis, when the calculus was moving
forward very rapidly, and the earlier letters exchanged with his
former mentor Huygens is marked, for during the period 1690-1
(when Leibniz’s first reading of the Principia was fresh in his mind)
Newton’s mathematics was frequently mentioned. For example,
Newton’s flat assertion that “there exists no oval whose area cut
off by appointed straight lines” can be represented by a finite
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equation was debated at length between Leibniz and Huygens,
both of whom thought they could offer counter-examples,
though neither was a true oval. Here too Fatio figured (in his cor-
respondence with Huygens) as the self-appointed champion of
Newton’s generalization, rather ineptly as Leibniz was able to pro-
duce a general quadrature in another particular case under discus-
sion that Fatio had declared to be impossible. Leibniz thought (as
it proved, rightly) that there was some error in Newton’s dem-
onstration of the ovals theorem, quoting Horace’s remark that an
author may well nod in the course of a long work, but his admi-
ration for Newton was undiminished.®

Inevitably, a more telling opportunity for the Leibnizians to as-
sess Newton’s contributions to the recent development of mathe-
matics was presented by the appearance, as already mentioned, of
something more than a bare account of fluxions in the second
(first published) volume of Wallis’s Mathematical Works in 1693. In
fact, long before copies of the book arrived on the Continent
(which, it seems, they did not speedily do — it is a large folio),
Leibniz received from Huygens, who had them from David Greg-
ory in 1694, copies taken from the relevant pages; Leibniz ex-
pressed in return his satisfaction at seeing the meaning of the enig-
mas in the Second Letter of long before and a strong preference for
his own algorithm and procedures, but also some disappointment
that Newton had not achieved greater perfection in the method of
quadrature or integration. When, after two more years, an ac-
count of Wallis’s volume appeared from Leibniz’s pen in the Leip-
zig Acta, he chose to pass over the material that Wallis had received
from Newton. As he had formerly remarked to Huygens after
first reading it, “Newton’s calculus agrees with mine,” so now he
quoted in the review Wallis’s phrase that Newton’s method of
fluxions was analogous to the calculus of Leibniz, that Barrow’s
method was older than both, and that all were based on Wallis’s
own Arithmetic of Infinites without making any comment on Wal-
lis’s historical interpretation, which (as we know) was wide of the
mark.’

Before he had seen Leibniz’s review, Johann Bernoulli men-
tioned the publication of the first two volumes of Wallis’s Works in
a letter to Leibniz of July 1696, noting that much in them con-
cerned Leibniz and that his calculus had not been praised as much
as it ought. In reply, Leibniz commented on the “Newtoniana” in
it (as formerly to Huygens), noting that he had hoped for more
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material bearing on integration; nevertheless, he added, “it must
be admitted that the man is outstanding.” Leibniz’s reluctance to
be much excited seems to have upset Bernoulli, ever ready to see
the worst side of everything and everybody (not least his own
elder brother), because in his next letter he broke out into a long
paragraph asserting that the method of fluxions differed in no way
from the differential calculus, save by change of name: Leibniz’s
differential was for Newton a fluxion, the former’s sum [integral]
the latter called a fluent, and so on. The actual operation was the
same in both cases (putting x for dx, etc.); “so that,” he went on,
“I do not know whether or not Newton contrived his own
method after having seen your calculus, especially as I see that you
imparted your calculus to him, before he had published his
method” (in the Principia). Bernoulli was equally cross with his
brother Jakob for putting the idea into Wallis’s head that Leibniz’s
calculus was founded on Barrow’s method of tangents — “You see
how much more honest a judge of your invention I am than my
brother 1s.”®

Here was an explosive suggestion. It was the first hint, in the
story of the calculus so far, that someone had cheated — a hint
made in private, it is true, and not to creep into print for another
seventeen years, by which time very bad things had been said
about Leibniz. There is nothing to lead one to believe that Ber-
noulli’s suggestion did not come as a complete and unwelcome
surprise to Leibniz, who seems to have lived calmly with the con-
viction that Newton had possessed a method similar to his own,
but presumably less perfect, at the time of writing the two great
letters in 1676. That Newton might have fashioned or refashioned
his fluxions only after Leibniz’s reply, which outlined his own al-
gorithm, or even after 1684 had surely not occurred to him — after
all, as he now told Bernoulli, he had not read Wallis’s pages very
carefully. Again, we should dissociate Leibniz from the technical
error committed by Bernoulli of saying that fluxions and differ-
entials were identical; as Newton could easily prove in due course
(for the benefit of any impartial reader), they were equivalent but
not identical in conception. (The fact that Newton himself later,
and in retaliation, was to claim that Leibnizian differentials were
merely fluxions spoiled does not exonerate Bernoulli from the
fault of basing so serious a charge as plagiarism on so ill-examined
an identity.)

Allowing that it was true that he had been the first to write
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openly about the new procedures, Leibniz felt (as he answered
Bernoulli) unable to judge whether Newton had profited from his
disclosure and would certainly not have dared to say so: “More-
over I could easily believe,” he went on, “that he possessed some
very remarkable knowledge at that time which, in his usual way,
he has greatly polished up in the subsequent period.” Leibniz was
clearly anxious to drop the uncomfortable subject; Bernoull,
still raging (at great length) against his brother Jakob, took the
hint, while the discovery (at the sale of books following Huy-
gens’s death) of an intriguing list of “errors” in Newton’s Prin-
cipia — nearly all of which, as we now know but the Leibnizians
did not, originated with Newton himself and had from him
passed through Fatio’s hands - provided another focus of scandal-
mongering excitement.’

Looking at the most private records of the history of mathe-
matics during the decade 1689-99, the historian seems to discern
a curious symmetry: Among the Newtonians, as among the Leib-
nizians, there was a natural ignorance of the genuine and highly
personal origins of the calculus in the mind of the “other” claimant
to the invention; partly for this reason, there was a tendency
among the followers of either side (far less noticeable in the prin-
cipals) to assume that there was a unique true calculus, which the
“other” inventor had not discovered; on either side, the principal
was supported by a chief lieutenant, who claimed to understand
the master and his calculus better than any other mathematician;
and before the end of the decade this lieutenant had in each case
formulated the possible (not, by any means, certain) interpretation
that the “other” claimant to the calculus was a fraud, a plagiarist,
or at best a highly imitative second inventor. It was Fatio’s tragedy
that he first voiced this possibility, in anger and scorn.

Just as Leibniz certainly sought from Bernoulli no accusation of
Newton, so Newton (to the best of our knowledge) has left no
indication of an earlier awareness of Fatio’s Investigation nor of in-
volvement in its nasty aftermath. Nothing in the behavior of the
two principals during the last decade of the seventeenth century
spoils the picture of a European community of scholars engaged
in the improvement of mathematics, within which the “British”
(Wallis, Newton, Gregory, Craige, and Fatio) were neither ig-
nored nor despised by their Continental colleagues. In public, ri-
valries were keen; in private, criticism of incompetence and pre-
tense might be sharp, but there is even now little indication of a
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possible buildup of tension, unless it is in the self-conscious suffi-
ciency of exclusive excellence that Johann Bernoulli attributed to
his (unacknowledged) epistolary partnership with Leibniz. He,
the master’s chief and most faithful disciple, was also (as he knew)
in his own right a mathematician of great power and invention.
Jakob, L’Hospital, Varignon — all such were 1n a measure outsiders
and bunglers, and the “British” (in Bernoulli’s eyes) really had
no share in the modern movement at all. Wallis was an antique,
xenophobic fuddy-duddy, the rest (except Newton) were mere
second-raters whose silly pride continually exposed their inade-
quacies, and Newton seemed to succeed by inexplicable flukes.
Bernoulli had a brilliant influence on the progress and diffusion of
the calculus, but he saw his work as that of a general organizing
subordinates in accordance with a strategy he (in privileged con-
sultation with Leibniz) should determine. Those outside the elite,
those who criticized its works, became increasingly his personal
enemies.

The “British,” too, were restive, as one may most clearly see in
Wallis, because Newton had failed to put himself forward as a
national leader. They could not but feel excluded from the renais-
sance of mathematics taking place in Germany, which Craige,
rather feebly, had tried to bring to England. Everything points to
Newton’s essential passivity, after renouncing academic life in fa-
vor of the King’s business; it is utterly out of character and proba-
bility that he would set Fatio on to create a scandal. Hence it is not
merely possible but highly probable that the evil construction of
Leibniz’s actions and publications first voiced by Fatio de Duillier
was devised by himself, not received readymade from Newton.
Of course, he received the facts about Newton’s early work on
fluxions, about his correspondence with Collins and Leibniz, and
about Leibniz’s remarkable ignorance of advanced analysis (as
Newton saw it) in 1676 from Newton’s lips and papers; also New-
ton may well have indicated that he thought Leibniz’s manner of
bringing the calculus to the world’s attention less than handsome.
But it is difficult to believe that he could have disclosed to Fatio,
and to no one else, a hint of Leibniz’s criminality; whereas Fatio is
just the person to have seized on this explanation of the events for
himself.

It may seem unfair to lay upon Fatio’s shoulders the responsi-
bility not only for beginning the calculus squabble (which is be-
yond doubt) but for inventing it in the first place. There 1s, how-
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ever, an inherent probability that he would not have published the
charge of plagiary against Leibniz in 1699 if he had received the
idea from Newton, who would surely have pledged him to si-
lence. Perhaps Fatio was made the more rash in his anger against
Leibniz because he doubted that Newton himself shared his belief
in Leibniz’s rascality. The psychological complexities here are in-
deed fascinating, but as they must remain purely speculative, un-
profitable.

In Fatio’s defense, however, one can see that he had jumped for
the only way out of the dilemma in which Newton found himself
after the successful emergence of the Leibnizian calculus that was
capable of salving Newton’s own pride. Having failed to publish
his early mathematical treatises, having failed again to lay his cards
on the table after staking his claim in the Principia in 1687, after
allowing a partial (in both senses of the word), if not false, picture
of his relations with Leibniz to appear in the first two volumes of
Wallis’s Works, after failing to issue “On the quadrature of curves”
in the 1690s, it was too late (in the face of the Continental achieve-
ment) for Newton simply to put himself up as a rival, or even as
antecessor, of Leibniz. For fluxions to be announced as an alter-
native, superior system to Leibniz’s calculus ten or fifteen years
after the former was first published would have been almost ab-
surd — and if Newton might have been content to leave the ulti-
mate recognition of his mathematical genius to posterity like
Thomas Harriot, that was not Fatio’s way. The only tactic by
which a “Newtonian” could (if he wished) at this late hour recover
the ground lost to Leibniz was by showing that Leibniz’s fame
was spurious: that historically the great discovery had been made
by Newton, and that in the highest tradition of technical mathe-
matics, Newton’s formulation of the calculus concepts had been
superior. The last claim 1s, of course, very significant, as it was
the only claim that raised the dispute above the purely personal
level. If, as I myself think likely, it was Fatio who saw, not that in
order to get Newton back into the fame it was essential to deni-
grate Leibniz, but rather the other way round, that by denigrating
Leibniz (which was his object) he would open the way to secure
for Newton the reward for his true merits, we must allow him
the compliment of looking at the situation logically. The only
other course open to Newton now was to maintain a complete
silence, and this I think he would have preferred.

For the moment, Fatio’s démarche seemed a damp squib. The
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calm that had lasted through so many years was to outward ap-
pearances barely fluttered. The first news of Fatio’s Investigation
reached Johann Bernoulli from Varignon in Paris, and he at once
passed on Varignon’s letter to Leibniz. Fatio was, he remarked, a
man of a dark and misanthropic disposition; possibly he might
have received some illicit mathematical help from papers formerly
studied by his brother Jean Christophe when he was Johann’s pu-
pil in Basel. (One accusation of misdealing easily breeds another
in rebuttal.) Whatever Fatio might boast about the Newtonian
calculus while depreciating that of Leibniz, Bernoulli hoped they
would be able to show him something into which he would not
easily penetrate. However, Leibniz had already received a copy of
the Investigation from L’Hospital, which he, in turn, soon shared
with his friend; Leibniz reacted a good deal less strongly, remark-
ing that he meant only to make a gentle rebuke by way of reply
rather than to treat Fatio as he deserved, “for it would be aridicu-
lous spectacle, I think, if learned men who profess higher stan-
dards than others should exchange insults like fishwives.” Nor did
he take the trouble to reply extensively to a very long letter from
Bernoulli written in August 1699 when he finally had the Investi-
gation in his hands, which is entirely concerned with Fatio’s mathe-
matical ‘merits (or otherwise) as shown by his handling of the
brachistochrone problem and the problem of the solid of least re-
sistance (as defined and solved by Newton in the Principia though
without demonstration of the solution). The latter, Bernoulli said,
he had himself solved by a more natural and easy approach while
lying in bed without pen or paper — so much for Fatio’s cumber-
some arguments.

Although Bernoulli was mistrustful of Wallis’s partiality toward
the English nation — which Leibniz was inclined to regard as no
more than laudable patriotism — Leibniz was by the autumn satis-
ifed that Fatio’s accusations only reflected a personal aberration.
He had received from Wallis the assurance (as courteous as could
be, he described it) given to Wallis by the secretary of the Royal
Society, Hans Sloane, that Fatio had only received the society’s
imprimatur for his Investigation by means of trickery and felt con-
fident — on what authority we do not know — that Newton himself
was annoyed by Fatio’s accusatory conduct. It was obvious, Leib-
niz thought, that Newton would not wish to be involved by Fatio
in a dispute with Leibniz and Bernoulli, nor have the theory of
gravitation “improved” by untried notions of Fatio’s, nor lastly
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would he have wished to be covered with praise by Fatio (how-
ever well deserved such praise might be) as a cloak for Fatio’s own
unworthy activities. In all these exchanges there is no sign that
either Bernoulli or Leibniz thought that the latter had actually
been calumniated by Fatio, and they seem to have treated the issue
as one of Fatio making a fool of himself.*

Of the three mathematicians who made public comment on Fa-
tio’s rare and trivial little publication (whose main ostensible topic
was “Fruit-Walls Improved” — by sloping them to receive perpen-
dicularly the oblique rays of the sun!), the Marquis de I'Hospital,
noting that the method of Fatio’s solution of the problem of the
solid of least resistance did not seem the same as Newton’s, went
on to publish his own investigation of this problem. Leibniz, writ-
ing as an anonymous reviewer in the Acta Eruditorum, gave a very
subdued account of it, entirely omitting those passages that were
rather excitedly directed against Bernoulli and himself and merely
indicating that no one had intended to insult Fatio by leaving him
out of a list of Europe’s most gifted mathematicians; the review
states Fatio’s personal grievances fairly, and if it allows him no
praise, the worst fault of which he is explicitly accused is that of
prolixity in his mathematical proofs. Finally, following immedi-
ately after this review, Leibniz also published extracts (in slightly
revised form) from the letter about Fatio’s Investigation that Johann
Bernoulli had written him in August 1699. (Afterward, Bernoulli
was surprised that his somewhat caustic expressions had gone into
print unsoftened, but he had indeed given Leibniz the freedom to
publish the letter as it stood.) Bernoulli also made no allusion here
to Fatio’s claim that Newton was the first inventor of the calculus,
confining himself to a defense of his own conduct in proposing
the brachistochrone problem and not failing to make some sca-
thing remarks about Fatio’s competence as a mathematician for
which, perhaps, he had never had so much respect as Leibniz had
shown. Fatio got a fairly rough handling, though in polite not
abusive terms, as for example for his claim that the solid of least
resistance problem (solved by Newton and himself) was more dif-
ficult than that of the brachistochrone proposed by Bernoulli as a
test, a claim that Bernoulli denounced as absurd, but nothing of
this touched Newton or the relative precedence (or merits) of
fluxions and calculus.!

Leibniz’s own rejoinder to Fatio had by then been completed
and approved by his friend Bernoulli, though it was to be pub-
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lished only after a long delay in May 1700. The reason for this
delay is not obvious — it may have some connection with Leibniz’s
engagement with the affairs of the newly founded Berlin Acad-
emy of which he was appointed president, a further manifestation
not only of Leibniz’s personal intimacy with the members of the
ruling houses of northern Germany but of his now assured posi-
tion as the most distinguished scholar and philosopher of the
whole Germanic world. Leibniz had previously been able to con-
gratulate Johann Bernoulli on his election as rector magnificus of
the University of Groningen for a year’s term; now Bernoulli
could not only compliment his honored friend in return, but (as
he said) congratulate the whole republic of letters on receiving
such support from so powerful a prince as the Elector of Branden-
burg, for the foundation of the Berlin Academy would bring
glory to the Elector’s name and to all Germany, “our common
fatherland”; this new society, he hoped, would soon exalt itself
over those of neighboring countries as the cypress above the vi-
burnum — even in lighter mood, Bernoulli could not avoid a stri-
dent note. While all these solemn matters were pending, perhaps
Leibniz had little time to finish his business with Fatio, though he
had indeed got it out of the way before announcing the great new
events to his friends and correspondents.

In his Reply to Fatio de Duillier, tardily published in the Acta
Eruditorum in May 1700, Leibniz, after explaining why the reply
was necessary, first defended the issuing of challenge problems,
then dealt with Fatio’s indignation at not being listed among those
judged capable of solving the brachistochrone problem. Had he
not, Leibniz wrote, also omitted from the list to which Fatio ob-
jected the names of Wallis, Hooke, Halley, and Craige, not to
mention Tschirnhaus, De La Hire, and Varignon? He had never
said that only those few mathematicians he had then named could
tackle the problem profitably, but only those who had mastered
his calculus, or something like it. If Fatio had achieved something
worthwhile when he at last came to publish, Leibniz would have
cried his praise; but, in fact, his claim to have solved the problem
of the solid of least resistance by a method more simple than New-
ton’s was false, because Newton’s method led to a construction by
hyperbola areas, that is by logarithms, whereas Fatio’s involved
second differentials.

What was the reason for Fatio’s hatred of himself, Leibniz asks?
It was, that he had innocently preempted Fatio’s mathematical dis-
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coveries of 1687 by his own publication, ignored by Fatio, of three
years before; in the ancient saying, perish all those who spoke our
words before we did. Such is the weakness of human nature that
it would be surprising if a young man ambitious of distinction and
fame should not have fallen for the temptations to which Fatio
had yielded. Continuing in this moral vein (which surely must
have seemed insufferably pompous to its victim), Leibniz wrote
some unwittingly prophetic phrases:

Few attain to such a state of virtue, that they can love that
virtue the more dearly which is damaging to themselves; so
much the less if (as Fatio does of me) they fabricate suspicions
that another person has won fame not by the straight road
but by devious practices, for surely mistrust is a feeling of
hostility. We can readily conceal under a zeal for justice sen-
timents which, plainly acknowledged, would disgust us.

Leibniz, when provocation really stung him, was to prove as hu-
man as Fatio or as Newton, and when he told Fatio again in the
next smug sentence, “In truth, the more I understand the defects
of the mind, the less I grow angry at any aspect of human behav-
iour,” he showed excessive confidence in the solidity of his own
character under severe pressure.

Next Leibniz took up Fatio’s appointing himself as the advocate
of Newton, with whom he had no quarrel. For it was certain that
Newton had several times conversed with Leibniz’s friends in such
a way as to reveal an unfailingly high opinion of him, with never
a sign of any complaint; and in public too Newton’s attitude to-
ward Leibniz had been such that to resent anything would be un-
just. As for himself, Leibniz went on, he had praised Newton’s
great merits at every opportunity:

and he himself knows best of all, and has sufficiently indi-
cated to the public when he published his Principia in 1687
that certain new geometrical discoveries which he possessed
in common with myself, were owed by each of us to his own
reflections without either receiving any enlightenment from
the other, and that they had been disclosed by me ten years
before. When I published the elements of my calculus in
1684, there was assuredly nothing known to me of Newton’s
discoveries in this area, beyond what he had formerly signi-
fied to me by letter, that he could determine tangents without
first removing irrational quantities (which Huygens informed
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me, later, he too could do — although still wholly ignorant of

that calculus) but as soon as I saw Newton’s Principia I per-

ceived that Newton had gone much further. However, I did

not know until recently that he practised a calculus so similar

to the differential calculus . . .
that is, when the first two volumes of Wallis’s complete Works
appeared, and Huygens promptly sent Leibniz a copy of the pas-
sages relating to Newton.

So Leibniz professed to take Newton’s declarations at their face
value — save that he seemed to pass silently over Newton’s claim
to have been master of the calculus of fluxions since 1666 — and to
accept gracefully the facts of independence and parallelism in their
mathematical development. Superficially, at least, all was perfect
harmony, and Leibniz was still secure (and on this point he was
always to be secure) that he had published the first outline of the
calculus in print in 1684. Behind this, as he had previously re-
minded Fatio, was his personal knowledge of keeping his discov-
ery to himself for the Horatian epoch of nine years. What of New-
ton? For how long had Ae been master of the fluxional calculus?
For eleven years before 1687, or twenty-one — or perhaps only
three? Leibniz did not say, though implicitly in his words runs the
admission that Newton must have had at least the beginnings of
his own method at the time of the correspondence of 1676. There
was nothing here to which Newton could make a reasonable ob-
jection, nor could he well resent Leibniz’s courteous request that
Newton should at last publish the work he had so long kept pri-
vate nor Leibniz’s explanation that the brachistochrone problem
had not been a challenge directed personally at Newton.

This was not yet the end of Leibniz’s paper; he was not yet done
with Fatio’s follies and meant also to add something to show that
he was by no means outworn as a mathematician. In the course of
this continuation, Leibniz invited Fatio to consider that what had
been at stake in the brachistochrone problem was not any particu-
lar line of descent but the method (of great importance and gen-
erality) by which problems of maxima and minima could be
handled. “No geometer that I know of,” he wrote, “before Mr
Newton and myself, had that method; just as no one before that
geometer of great fame had proved by any public example that he
possessed it; and before Mr Bernoulli and myself no one com-
municated it. And yet it is obvious that this is the higher part of
the method of maxima and minima, extremely valuable in the
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application of geometry to mechanics and physics, since by its
means the most apposite shape for accomplishing something may
be chosen from all possible shapes.”" If the language here is a trifle
compressed, the sense is obvious. Only within the calculus could
the higher problems of maxima and minima be tackled; Newton
and Leibniz first mastered this use of the calculus, while Newton
had first published the solution to a problem obtained by so using
the calculus — the solution in the Principia to the problem of the
solid of least resistance. And finally Bernoulli and Leibniz first
described this use of the calculus in print. The admission, and its
tribute to Newton, are handsome, and Newton later was to quote
it as such for his own ends. Though again conceding nothing to
Newton by way of chronological priority in the general conception
of the calculus, it certainly sets him and Leibniz on a level of equal-
ity and does allow Newton the priority of the first published so-
lution (even if it was without analysis or proof). Implicitly, as any
mathematician of the time would perceive, Leibniz’s words speak
a high — but by no means too high — esteem for Newton’s mathe-
matical prowess in 1687. Indeed, no mathematician then alive, un-
less it were Leibniz, could have tackled the solid of least resistance
problem as Newton had successfully done.

Newton was later to argue, on the basis of Leibniz’s Reply to
Fatio, his earlier letters to Wallis and Leibniz, and other documents
already discussed, that Leibniz before 1700 never made any claim
to have preceded Newton in the discovery of the calculus, and
suggested further that it was Wallis’s death in 1703 that removed
a restraint from Leibniz’s claims.' At least the first part of New-
ton’s assertion seems to be true, though not perhaps fully in the
sense Newton intended. Leibniz always remembered, correctly,
that he had laid the foundations of the calculus late in 1675; from
his point of view, the fact that Newton afterward claimed to have
been in possession of the method of fluxions in the following year,
a claim that seemed to be sufficiently borne out by supporting
evidence and therefore could be accepted by Leibniz himself, in-
dicated that the origins of Newton’s method must at least be
roughly contemporary with his own. If Newton further main-
tained that his first work in the calculus was actually older than
1675, this need not disturb Leibniz either, so long as Newton cor-
respondingly accepted Leibniz’s claim (which was, and is, also
supported by the evidence) that he had known nothing of this
antecedent discovery. For so far as the exchanges between New-

126



THE OUTBREAK: 1693-1700

ton and Leibniz of 1676 are concerned, it obviously made no dif-
ference, in respect to the state of Newton’s knowledge of fluxions
in 1676, whether that knowledge was a year old or ten years old.
Looking at the issue still from Leibniz’s point of view at this stage,
the threefold conjunction of his independent discovery of the cal-
culus in 1675, of his first publication of the calculus in 1684, and
of the development of the calculus by his school in the last decade
entitled him to an unassailably high position in the eyes of the
world. At this stage, therefore, the fact that Newton’s unpub-
lished papers, of which he and the public had been equally igno-
rant, anteceded his own was irrelevant. If he himself were what
Newton called the “second discoverer” of the new method, he
nevertheless (and justly, one might say) would stand before the
world in the first rank of discovery.

We may well attribute to Leibniz another reason for psycho-
logical assurance, which Newton did not yet understand nor per-
haps did he ever do so fully. For Leibniz knew that he possessed
the beginnings of a great system of mathematics, whose enor-
mous potential was only starting to appear. It may be doubted
whether he supposed Newton to be in an equally commanding
position. That Newton had a “method” (just as Descartes, Fer-
mat, Sluse, and others had formerly devised “methods” of tan-
gents) that was capable of handling problems of tangency, max-
ima and minima, and so forth generally, just as he had another
“method” for dealing with problems of quadrature by means of
infinite series, Leibniz could well believe. Others, like Huygens,
before they learned the calculus, had possessed similar “methods”
of great usefulness and scope, which nevertheless lacked the great
simplicity and generality of the calculus and did not for all their
ingenuity in application to particular problems constitute a new
system of mathematics. All these recent “methods” were, in fact,
extensions, refinements, developments of earlier mathematical
ideas — the ideas of Cavalieri, Descartes, Wallis, Fermat, and oth-
ers — not the opening of a door to a completely new realm of
mathematical invention, such as Leibniz believed his discovery of
the calculus to be. Newton could well (as Leibniz saw it) have
made enormous progress with such new methods without having
hit upon his own discovery in its full beauty. Leibniz seems to
have been really hurt by the voices of Newton’s friends only when
he at last realized that it was this claim, that is a claim for the full
majesty of his own discovery and not for the discovery of some
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inferior method or methods that was being thrust against him.
For a long time this assertion of Newton’s total equality with
Leibniz was merely impudent and foolish in the eyes of Leibniz
and his friends, to be at first ignored, then firmly rebutted.
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scene the last of the older mathematicians, permitted

Leibniz to paint an exaggerated picture of his priority in
the development of the calculus does not seem plausible. However
Newton might view Wallis, it is perfectly evident to us that in his
correspondence with Leibniz, Wallis was far from displaying
skepticism of Leibniz’s rights to the calculus. Moreover, it would
be evident to anyone having no more intimate source of infor-
mation than Wallis’s own Mathematical Works that Wallis had
known nothing of Newton’s mathematical development before
1676, nor of the Newton-Leibniz letters of that year, until long
afterward. Wallis might indeed have proved, as an Anglophile, an
ardent defender of Newton, but not on the basis of independent
personal knowledge or (one might add without disrespect to one
who had been a considerable mathematician in his own day) an
independent personal capacity to judge the mathematical subtle-
ties involved in the methods of differential calculus and fluxions.
In actuality Wallis’s own role in the slow warming up of the cal-
culus dispute had been to act as an uncritical mouthpiece for New-
ton. In his surreptitiously composed and anonymously published
Account of the Commercium Epistolicumn (Correspondence) Newton
was later to quote with emphasis Wallis’s declaration, in the Pref-
ace to the first volume of his Works (published in 1695), that in the
letters of 1676 “methodum hanc Leibnitio exponit” (He explains this
method to Leibniz), but, as already remarked, in any ordinary
sense of the word “explains,” Wallis was mistaken, for Newton
did not there explain the method of fluxions to Leibniz or even so
much as say in what it consisted.! And in any case, Wallis was
there writing — as so many Newtonians were to write — under
Newton’s instructions. The truth is, that just as there were no
witnesses to Leibniz’s development of the differential calculus be-

N EWTON’S claim that Wallis’s death, by removing from the

129



PHILOSOPHERS AT WAR

tween October 1675 and 1684, so equally there was no one living
who could speak from personal knowledge of Newton’s mathe-
matical discoveries between 1666 and 1685. The one man who
might have done so was John Collins, long dead.

It seems far more likely that just as the next incident in the de-
veloping quarrel between Newton and Leibniz was caused by
Newton’s publication of two mathematical treatises in 1704, so it
was the content of one of these treatises in particular that altered
Leibniz’s view of Newton’s evolution as a mathematician. Not yet
does he make any outrageous charge against Newton, such as Jo-
hann Bernoulli had privately proposed to him (chapter 6); the
words Leibniz was to print were of subtle meaning and were pos-
sibly defensible as not amounting to a charge of plagiarism. They
were words that Newton could and perhaps did silently tolerate
for a number of years. But they were words that definitely
claimed chronological priority for the Leibnizian calculus.

It 1s as though Leibniz at last discovered from Newton’s treatise
“On the Quadrature of Curves” just what the method of fluxions
was — that 1t was far too close to the differential calculus for com-
fort; that 1t was equivalent to his calculus, was indeed identical to
it in all but symbolism. Newton had not, after all, put together a
series of ad hoc mathematical devices by improving on the tools
that Sluse, James Gregory, and others had already used; he had
adopted (in a modified form) the basic idea of the calculus itself.
For Newton a varying quantity x increased or decreased (“flowed”)
through a moment of time denoted by o, the rate of flow being
written X . Then the product, ox, or “moment of x,” is the change
in the value of x occurring in the time 0. With o vanishingly small,
this is equivalent to Leibniz’s difference between two successive
values of the variable x, so we may (as Newton recognized) write
ox = dx. But whereas dx is a “moment” of the same nature there-
fore as Newton’s o, Newton’s fluxion X 1s a rate (or ratio), though
as Newton put it (referring to himself in the third person):

when he is not demonstrating but only investigating a propo-
sition, for making dispatch he supposes the moment o to be
infinitely little, and forbears to write it down . . .
That is, operationally x might stand for ox = dx, though con-
ceptually the fluxion cannot be put equal to Leibniz’s difference.

Leibniz, though a hurried reader, was a sharp thinker. He had
been acquainted with Newton now for nearly thirty years. It was
already fifteen years since he had seen what unconventional and
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difficult mathematical problems Newton could solve in the Prin-
cipia, without giving overt evidence of an unconventional method
of analysis. He had read nearly ten years before the narrative of
fluxions published by Wallis. Now at last, for the first time, he
had in his hands a pair of mathematical treatises by Newton him-
self, treatises that he had himself through the years begged New-
ton to complete and publish, treatises of whose immediate history
and appearance to the public in this form, however, he knew
nothing. Clearly, Leibniz, for all his great position in the world of
scholarship and diplomacy, would not regard Newton’s belated
emergence in print as a trivial event, all the more because it came
soon after an earlier shock to Leibnizian complacency.

This was the appearance, in the summer of 1703, of a book by
George Cheyne (1671-1743), a Scot who had settled in London
during the previous year. Cheyne was one of a group of ardent
Newtonians eager to extend quantitative hydraulic analysis to the
circulation of the blood in animals and man, and in his first book,
A New Theory of Fevers, he had attempted to supply a “Newton-
ian” explanation of the feverish heating of the blood. His second
book, however, was a treatise on the integral calculus based on
what Newton and David Gregory had already achieved in calculus
procedures. On the Inverse Method of Fluxions is not an important
book, nor did Cheyne make any claim to display great powers of
invention in it: His purpose was rather to expound and clarify.
Whether even in this lesser object he was successful may be
doubted, because both English and Germanic mathematicians de-
tected most grievous errors in the book, involving Cheyne in a
series of disputes. Yet such was the thin state of the mathematical
literature at this time that Johann Bernoulli could write of it, in
his initial comment to Leibniz, that it was “a most remarkable
little book, stuffed with very clever discoveries; I know of no one
in Britain since Newton who has penetrated so far into these
deeper levels of geometry,” though he also remarks on the many
mistakes it contained.?

Equally obvious to Bernoulli was Cheyne’s xenophobia. He
used the Newtonian method, and although he exploited the Con-
tinental discoveries, he made no acknowledgment of them.
Everything was attributed to the British, nothing was left to the
credit of foreigners; his praising of Newton to the skies (though
merited) placed all others in the shadow. This, Bernoulli told Leib-
niz, i1s how Cheyne finishes his book:
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When I turn over in my mind all these discoveries of the great
Newton, I cannot prevent myself declaring that all which has
been published by others during the last twenty four years,
roughly speaking, relating to these methods or to other not
dissimilar methods, is only a repetition or an easy corollary
of what Newton long ago communicated to his friends or the
public.

Twenty-four years, back to 1678, before the time when Cheyne
penned these words in 1702, would give Newton an unchallenge-
able priority in the calculus, if taken seriously; and the words “vel
publico” could all too easily be seen as carrying an evil meaning.
Not surprisingly, Bernoulli complained that Cheyne would make
all the rest of us “Newton’s apes, uselessly retracing his steps of
long before,” and he drew Leibniz’s astonished attention to a sen-
tence wherein Cheyne asserted that Newton’s “method coincided
with that published by Leibniz in 1693, that is at least 17 years
after it was discovered by Newton.” Bernoulli was at this moment
much perplexed to determine the course of his future career, or he
might have expatiated longer on this curious reading of history in
Newton’s still unpublished manuscripts, to the complete neglect
of all that Leibniz and his followers had set before the eyes of the
world. Well might Leibniz regret later that the English mathema-
ticians were reluctant to show their powers by tackling openly
posed problems.?

On this occasion Leibniz assumed a notably more Anglophobe
position than Bernoulli; he took Cheyne (whose book he too had
received) to be no more than a beginner with little understanding
of the nature of series: “Whoever has once understood our work,”
he wrote, “can easily put together such a book; he furnishes no
new series nor an elegant theorem.” Contempt for Cheyne in-
duced Leibniz to make for the first time in his correspondence a
comment that definitely belittles Newton’s mathematical achieve-
ments:

He tries ineptly to claim for Newton the method of series
employing assumed arbitrary coefficients, determined by
comparison of the terms, for I published that [in 1693], when
it was not apparent to me or to any one else (at least, in the
public domain) that Newton too possessed such a thing. Nor
did he attribute it to himself, rather than to me. Which of us
two had it first, I have not declared. I already displayed it in
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my ancient treatise on the arithmetic circle-quadrature, which
Huygens and Tschirnhaus read in Paris [in 1675].
And again Leibniz approved of Bernoulli’s rebuking Cheyne for
depreciating the discoveries of the Germanic school:

. it may be the case that just as Mr Newton discovered
some things before I did, so I discovered others before him.
Certainly I have encountered no indication that the differen-
tial calculus or an equivalent to it was known to him before it
was known to me. [Italics added]*

These last words, taken literally, contradict Leibniz’s earlier, more
complacent admission that, in 1676, when writing his own first
outline of the calculus process to Newton in reply to the Second
Letter, he was satisfied that Newton too was master of something
analogous. Leibniz was already, early in 1704, through his annoy-
ance with Cheyne, tending to dismiss from his mind the indirect
evidence of Newton’s equality with himself as a discoverer of the
calculus, which after all had always rested upon his conviction
that Newton was honest and truthful. If Newton allowed his dis-
ciples to put about highly unjust and damaging claims for his own
benefit, Leibniz may have reasoned — perhaps not quite con-
sciously — was it possible any longer to regard him as honest and
truthful? Was not the master brushed with the tar of his pupils’
incompetence and partiality?

That Cheyne meant to be partial to Newton seems quite ob-
vious. Early in 1702 he wrote a letter about the Inverse Method of
Fluxions to his mentor, David Gregory, explaining how he had
composed it for the benefit of the physician Archibald Pitcairne,
who obtained from Newton himself a grudging admission that it
might be worth printing (it would not have been in Newton’s
character to view such a cobbled-up piece of work with enthusi-
asm). Now, Cheyne ingenuously confessed, “Necessity which be-
gets so many bad authors has forced me to let it go and I am about
printing it.” In this letter he admits indebtedness only to Newton
and Gregory himself, but we are warned that Cheyne had studied
the Continental mathematical tradition in the Acta Eruditorum and
elsewhere — as indeed what shrewd student would not? — by the
inclusion of such names as:

I proceed to demonstrate Mr Newton’s second method of
finding the fluent [integral] of an equation which may express
the nature of a curve . . . I show how John Bernoulli found
out his universal canon for such equations.
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Because the sources of Cheyne’s Inverse Method have not yet been
determined, nor the extent of his indirect access to Newton’s
manuscripts, perhaps via David Gregory and other copyists, it is
impossible to determine whether he was (as he maintained)
wholly educated in the British school of mathematicians, or
whether (perhaps by sheer carelessness) he incorporated in his
book material that he had in fact derived from his reading of the
Continental mathematicians. To Leibniz and Bernoulli, it seemed
obvious that he had thus conflated the British and the Continental
work entirely to the credit of the former, and later Cheyne was
forced to acknowledge that he had not studied the British alone.
In any case, even if it could be proved that all that Cheyne claimed
for the British had been accomplished by them, it was wholly un-
fair to pass over the published achievement of Leibniz and his fol-
lowers in the terms that Cheyne now repeated to David Gregory:

all these are but a few examples of Mr Newton’s (excepting

yours) Methods, and . . . all found out within these 20 years

by these or not unlike Methods are but either repetitions of,

or easie corollaries from these things which he [Newton] has

either imparted to his friends or the publick . . .
This, Cheyne continued, was “the part which Mr Newton would
have altered but I am not for doing it unless you think other-
wise.”® As on later occasions, Newton was to show himself far
wiser and more emollient than his self-appointed champions.

It is curious that just as on the Continent the center of gravity
in mathematical interest shifted in the late seventeenth century
from France to Germany, a similar and contemporary northward
shift removed it within the British Isles into Scotland. Nearly all
the mathematicians of this time and a little later, nearly all the
ardent Newtonians, were Scots: David Gregory, Craige, Pit-
cairne, Cheyne, the Keill brothers, James Stirling, Mathew Stew-
art, Colin Maclaurin; a fact that no doubt provides ground for a
comment on the characteristics of education in the English and
Scottish universities. The Scots are a people who have prided
themselves upon their courage, their dogged pugnacity, and their
outspoken reluctance to compromise, all of which traits were in |
full measure manifested by the Newtonians, whereas the one Brit-
ish mathematician of this time who kept up ample and cordial
relations with his Continental colleagues, Brook Taylor, was a
Sassenach. One has heard of those who were “plus royalistes que le
roi”; the same remark might be made of these Scots advocates of
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Newton’s cause. Nor perhaps is it wholly creditable to the Scot-
tish training in logic that Cheyne should so plainly single out
Gregory’s own method (“excepting yours”), when he must or
should have known that this particular way of using series had
been first employed by Newton and was only rediscovered by
Gregory (chapter 3), and was, therefore, not “exceptional” at all,
being as much (or as little) to be credited to Newton as all else in
calculus that Cheyne was unwilling to allow to Leibniz. Gregory’s
method was in no different position, as regards priority, from
methods of Leibniz and Bernoulli. An instance of partiality could
hardly be more conspicuous.

Though Newton had been obliging to Dr. Pitcairne’s friend, he
was not pleased to be thus published despite himself by a hand
inferior to his own, an experience however that was to recur sev-
eral times in these eventful later years of his life. Presumably as a
consequence, David Gregory noted in his journal for November
1702 that Newton was now talking of a major program of publi-
cation: a2 new edition of the Principia, his long-dormant Opticks,
“On the Quadrature of Curves,” and “The Enumeration of Lines
of the Third Order.” After Cheyne’s Inverse Method had actually
come out, Gregory noted again:

Mr Newton was provoked by Dr Cheyne’s book to publish

his Quadratures [of Curves], and with it his Light & Colours,

&c.
There was also talk that he would publish his Algebra (which has
nothing to do with the calculus), but he did not.® Newton’s reac-
tion to Cheyne’s book seems too typical to be put down as mere
gossip.

It had always been, as it was always to be, in Newton’s nature
to vacillate over the production of his writings to the point that
whether, or when, they were ever printed becomes almost a ques-
tion of chance or whim. The Principia itself — the only book ever
written by Newton under the shadow of the printing press — was
not exempt from doubt and change as his pen moved on. Its sec-
ond edition slowly took shape over twenty years, through many
rumors of its imminence, till Cotes at last brought it out in 1713.
Opticks, the treatise on light and colors long famed by repute
among Newton’s acquaintances, was released only after the death
of Robert Hooke on 3 March 1703, for Newton had adhered to
his resolve to publish nothing more that Hooke could resent and
belittle. The tacking on to this (unfinished) book the two hastily
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revised mathematical treatises in the first edition of 1704 - a con-
junction not to be repeated in later issues — was a pure piece of
opportunism on Newton’s part. At last his dislike of printer’s ink
had been overcome when, to his long-standing awareness of the
need to do himself justice in mathematics, there was added his
particular dissatisfaction with Cheyne’s “prepublication” of New-
tonian fluxions.

The result is curious. The published On Quadrature is an abbre-
viated version of the incomplete treatise begun by Newton in 1691
when he had been stimulated by Gregory’s work on the quadra-
ture of curves by series; Gregory’s was not a work on the calculus,
whereas Newton’s On Quadrature, like Cheyne’s Inverse Method,
certainly was as it contained what Newton always claimed as the
fundamental enunciation of the method of fluxions. With the later
published On Analysis, it constituted the principal exposition of
this method to come from Newton’s hands. To the mathemati-
clan, it was, and 1s, a magnificent and fascinating piece of work,
manifesting (in its editor’s words) all the qualities of “originality,
insight, and penetration” possessed by Newton’s acute and fertile
mind. But On Quadrature and its exposition of fluxions was
twenty years out of date — far from the world waiting twenty
torpid years for Newton’s enlightenment, as Cheyne would have
his reader believe, the world, especially the German-speaking
world, had got on remarkably well in mathematics without New-
ton’s assistance. The quality of mind that would surely have
amazed the world in 1680 or 1690 was of course still evident, but
the ideas and procedures of the book were no longer new. To
quote Whiteside again:

Newton’s historical importance as author of the “De Quad-

ratura Curvarum” is the minimal one of a lone genius who

was able, somewhat uselessly in the long view, to duplicate

the combined expertise and output of his contemporaries in

the field of calculus.
In other words, Newton by at latest 1690 — and indeed we may
say, if I follow Whiteside’s assessments correctly, well before
1690 — had reached roughly the point in the development of the
calculus that Leibniz, the two Bernoullis, L'Hospital, Hermann,
and others had by joint efforts reached in print by the early 1700s.
They had nothing to teach him - but equally he had nothing to
teach them, or even their qualified readers, and they did not fail
to see that it was so. Far from being “Newton’s apes,” they had
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independently duplicated his hidden, single-handed achievement.
From some points of view this is the saddest moment in a long
tragic story, that Newton now, too late, brought to light the in-
trinsically superb work, which was only to draw fresh trouble
about his ears.”

Perhaps, indeed, it was tactless of Newton to add now at the
beginning of On Quadrature:

Accordingly, considering that quantities increasing through

equal times and generated by the increase do become greater

or less in proportion to the velocity with which they grow

and are generated, I cast about for a method of determining

the quantities from the velocities of the motions or incre-

ments by which they are generated; and by naming these ve-

locities of the motions or increments fluxions, and by naming

the generated quantities fluents, I gradually in the years 1665

and 1666 hit upon the method of fluxions, which I have here

employed in the quadrature of curves.
No such autobiographical assertion — the writing of which on a
number of occasions caused Newton much trouble — is to be
found in the early manuscript version of the treatise. Therefore
Newton intended by adding these phrases to make a precise prior-
ity claim. But it was not a new claim: Wallis had already taken the
origins of Newton’s method back to the 1660s. Is it perhaps pos-
sible that until he saw the method for which this antiquity was
claimed in On Quadrature, Leibniz did not appreciate the full sig-
nificance of the claim? For certainly in the tract Newton had pre-
sented a very considerable account of the employment of the cal-
culus to obtain quadratures.

As for its companion piece, the Enumeration of Lines of the Third
Order (that is, the cubic curves), which is a piece of mathematical
taxonomy involving very considerable insight and ingenuity,
written in 1695, it attracted little interest until James Stirling took
up the subject in 1717. It shows the “enduring quality and un-
dulled acuity of Newton’s mathematical mind in the middle of
his fifty-third year” — well after the supposed mental collapse,
which in the eyes of some permanently blunted his powers — but
it held no fascination for either British or Germanic mathemati-
cians. The Enumeration was the subject of a long but unperceptive
summary by Leibniz in the Acta Eruditorum; it was left unnoticed
in the rather moribund Philosophical Transactions; and it trapped the
generally accurate Roger Cotes into a notable blunder. Whiteside,
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in a slightly mixed culinary metaphor, has called the tract “a
boiled-downed puree of Newton’s lifetime of discovery in the
pure and analytical geometry of curves,” which fills the reader
with admiration “for the range and deftness of its techniques” but
proves over-rich in its “drily bottled intricacies . . . its intricacies
[that] were not to be absorbed into the common store of mathe-
matical knowledge for many years.”®
At Groningen in Holland, Bernoulli received the Opticks in De-
cember 1704; Leibniz, writing of the book from Berlin a few
weeks later, gave his first view of it as “profound.” But of the
mathematical.essays he had little good to say: The Enumeration
was, he thought, correct and to be accepted as no mean improve-
ment of geometry, whereas the Quadrature he dismissed as con-
taining nothing new nor (for them) difficult. Newton himself (the
phrase — “ipse Newtonus” is unconsciously revealing of Leibniz’s
respect!) — had relinquished the task of pushing integration pro-
cesses beyond the limits he and Bernoulli had reached, perhaps for
lack of fresh tricks. And Bernoulli agreed.®
Yet, because Leibniz devoted five full pages (anonymously) in

the Acta Eruditorum to the two 1704 treatises, he cannot have
judged them negligible, and if (despite many flattering references
to Newton as “highly celebrated for his great merits” and so forth)
Leibniz was to employ in the review a phrase that was to giye
Newton mortal offense, I am still not certain that the damage it
did was not accidental, rather than intended. The treatises are,
Leibniz writes, most distinguished (“praeclaros”); he then plunges
into an uninspired summary of the Enumeration, detailing New-
ton’s technical nomenclature. Turning to the Quadrature, he ex-
plains how differences are generated by the momentary flow of a
point tracing a line, which idea, with its inverse, the “calculus of
summation,” is the foundation of the differential calculus “dis-
cussed by its inventor Mr G. W. Leibniz in these Acta” and since
developed by him and others.

Accordingly [Leibniz goes on] instead of the Leibnizian dif-

ferences Mr Newton employs, and has always employed,

fuxions, which are almost the same as the increments of the fluents

generated in the least equal portions of time. He has made elegant

use of these both in his Principia Mathematica and in other pub-

lications since, just as Honoré Fabri in his Synopsis Geometrica

substituted the advance of movements for the method of

Cavalieri. [Italics in original]
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Leibniz then gives more detail about the operations of differentia-
tion and integration (using his usual symbols dx, dy, [), pointing
out that, because the inverse process to differentiation, that is in-
tegration, “from differences to quantities and from quantities to
sums, or fluxions to fluents, cannot always be effected algebrai-
cally,” it is necessary for the mathematician to know the cases in
which an algebraic integration can be carried through as well as
the auxiliary processes to employ where it cannot. Mr. Newton
(Leibniz continues) has laboured very usefully at both of these
tasks but (and the “but” is not without its sting) for further details
Leibniz refers the reader to the recent treatises of Cheyne and
Craige.!

The general tone of this review is one of modest approval.
Newton cannot have relished the implication that there was noth-
ing in On Quadrature that was not more readily available in the
books of the two Scots, but the puzzling passage is that in which
the names of the two Continental mathematicians are rather
pointedly introduced by Leibniz. To say that Newton “employs,
and has always employed,” fluxions instead of differences is a true
and harmless comment. It certainly does not signify that fluxions
were younger than differentials and modeled on them. (The state-
ment: “The Chinese employ, and have always employed, chop-
sticks instead of forks,” it is obvious, does not tell us that forks are
older than chopsticks; “instead of,” like the Latin pro, says nothing
about priorities.) For a number of years the passage was indeed
left without comment, and Newton himself declared that it had
remained unknown to him until John Keill brought it to his atten-
tion in 1711. Then, however, he interpreted it as a claim “that Mr
Leibniz was the first Inventor of the Method, and that Mr New-
ton had substituted Fluxions for Differences. And this Accusation
gave a Beginning to this present Controversy.” Newton protested
against Leibniz’s explanation of the notions of calculus in his re-
view in terms of differentials rather than fluxions and declared (of
the particular passage now in question):

The sense of the words is that Newton substituted fluxions
for the differences of Leibniz, just as Honoré Fabri substituted
the advance of movements for the method of Cavalieri. That
is, that Leibniz was the first author of this method and New-
ton had it from Leibniz, substituting fluxions for differ-
ences.!!
Is it possible that Newton, or rather in the first place Keill, was
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mistaken and that Leibniz (if tactless) did not mean to inflict a
silent and deadly wound to Newton’s pride? At first reading,
surely, Leibniz’s phrases seem innocent enough, and he could well
have regarded it as appropriate to explain fluxions in terms of dif-
ferences, as the differential calculus had so often appeared in the
Acta Eruditorum before. The general (if tepid) friendliness of the
review, the absence of any denunciation of Newton, make any
injury done seem inadvertent. The sharp thrust is in Leibniz’s
comparison of Cavalieri and himself, of Fabri and Newton, which
only those who knew something of the history of mathematics in
the seventeenth century could appreciate. For Bonaventura Cav-
alieri, who reintroduced the method of infinitesimals to Western
geometry, must be reckoned as one of the most conceptually in-
ventive of mathematicians; Fabri was a competent second-rater
who, through “the functional reinterpretation of Cavalieri’s con-
cept of indivisibles [infinitesimals] by means of a dynamically for-
mulated concept of fluxus [flow] approached [toward] similar
ideas put forth by Newton.”? All this was surely very well known
to Leibniz. He' must have been aware of the conceptual analogy
indivisible/differential, fluxus/fluxion. Nor could Newton have
reasonably objected to this indication of a duality in mathematical
thinking about changing quantity: on the one hand change by dis-
continuous, minute steps, on the other hand continuous change.
And perhaps this was what Leibniz chiefly had in mind. But surely
now in his mind also was the thought that Newton, like Fabri,
was not the first inventor of the concept. Perhaps he did not mean
to stress the matter of priority (or relative magnitude of inven-
tiveness). But, if only in the unconscious manner of a Freudian
slip, he had made an assertion, plain for all the well informed to
see, that he was the originator, Newton the adaptor.

I do not really think that Leibniz was expressing in this most sly
and secretive fashion a hot and nourished resentment against
Newton, as the latter came to suppose; Leibniz worked in great
haste. Indeed, he had by now a jealousy of the Newtonians (rather
than of Newton); he had (stimulated by Bernoulli) a suspicion,
which he was hardly yet willing to admit or recognize, that New-
ton had spent the years greatly improving his method of fluxions,
with the example of the differential calculus to follow as model.
But clearly in this review he did not mean to bare his inward
doubts and grievances; they slipped out, with fatal results, to
commit him to a position he had never meant to assume and from
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which at first (if it could be consistent with his dignity) he tried to
extricate himself. Was it not Leibniz who (near this same time)
wished for more humanity among the learned than among other
men: “For if our knowledge does not make us better, we shall
have done more for others than for ourselves”?** He was not natu-
rally quarrelsome or vindictive. The parallelism Leibniz/Cavali-
eri, Newton/Fabri held far more, more emotional meaning than
he had meant to express or would have expressed had he weighed
his words at leisure and deliberately. As wit wounds when laugh-
ter is intended, so did Leibniz’s too-clever historical analogy.
Despite ill omens and talebearers, the uneasy truce lasted for a
further five years. Leibniz paid no further attention to Cheyne,
and as for Fatio’s insinuations, he had become so wretched a figure
in London (condemned to stand in the pillory among other
things) that Johann Bernoulli admitted that even his pity was
aroused when he saw his suspicions confirmed that Fatio rather
deserved treatment with hellebore (for his unsoundness of mind)
than a serious refutation. The Leibnizian mathematicians were, in
fact, in possession of the field outside the British Isles, and as yet
no tough, clever, and persistent Newtonian champion had arisen
to dispute their rights. On his side, Newton himself either did not
read the Acta Eruditorum or failed to discover any malevolence in
Leibniz’s anonymous review of the two treatises. His own repu-
tation and dignity steadily increased; he became master of the
mint, president of the Royal Society, and a knight. He lived in
good style and was familiar with the leading British statesmen.
His authority as a master of mathematics and physical science was
at home unquestioned, and even the Dutch and the French were
beginning to court his favor, though, of course, Newton’s full
victory over foreign opinion only began to appear certain long
after Leibniz was dead. Another mathematical book was on the
way: This was his famous book on algebra, called Arithmetica
Universalis, a formalized transcript of the university lectures that
Newton had prepared, and at least sometimes delivered, over a
number of years and which he had deposited in the Cambridge
University Library in the manner required by statute as a record
of his performance of his duties. There the manuscript lay for
more than twenty years, consulted so far as anyone knows only
by Roger Cotes until Newton’s deputy and successor, William
Whiston, decided to publish it in 1707. It was only with misgiv-
ings that Newton accepted Whiston’s plan, because he was well
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aware of imperfections in his treatment, and he did not acknowl-
edge the book by placing his name upon it. Some years later New-
ton issued an amended version of his own. The Arithmetica Univ-
ersalis is indeed the least inspired of Newton’s major compositions,
and Leibniz at once correctly guessed the reason for the anonym-
ity of a work thirty years old. “It is one of the ironies of [New-
ton’s] posthumous reputation,” Whiteside has written, “that the
printed version of his Arithmetica was to become his most often
read and republished mathematical work, while his more ad-
vanced papers on calculus and analytical geometry were relatively
little studied or even ignored by the world at large till the present
day. Such is fame.”

Leibniz, after a hasty reading, made to Bernoulli the rather cool
comment that the book was not to be despised, especially because
of its examples, and sent Bernoulli a transcript of one passage in
particular for his consideration. Bernoulli in turn found the pas-
sage interesting and turned it over to his young nephew Nikolaus,
who as a result prepared a paper that Johann thought worthy of
publication. Leibniz too found one procedure of Newton’s so puz-
zling that he sought further help from Hermann. Not bad, one
might say, for the intellectual content of lectures intended for stu-
dents a whole generation ago! And to be fair to Leibniz, he gave
the Arithmetica Universalis a good showing in the Acta Eruditorum
for the benefit of non-English readers. Whiston, he declared, had
been right to publish Newton’s lectures, for the reader would find
in that one small book things that he would seek in vain in vast
tomes devoted to algebraic analysis. It was as yet far from true
that Leibniz had formed a settled dislike of Newton, or that he
was blind to Newton’s importance as a mathematician. Moreover,
he shared Newton’s preference, in terms of mathematical rigor,
for the classical geometrical analysis as compared with its modern
algebraic equivalent.!

We may well imagine indeed that Leibniz would have been
quite content to let the present ambiguous state of affairs last in-
definitely, and Newton by himself would have been unlikely to
disturb his tranquility. Leibniz had little if any reputation to gain
by forcing (if he could) the British to moderate their esteem of
Newton; as the progress of the future controversy makes plain,
he had little desire to institute a definitive historical inquiry into
the origins of the calculus (even though he believed it would clearly
vindicate his own priority) because the progress of the calculus in
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the public domain since 1684 had made the preeminence of him-
self and his pupils obvious. Similarly, in the scientific and philo-
sophical questions wherein Leibniz and Newton differed, the
Newtonians were an insular, idiosyncratic minority. All sound
thinkers in Europe were of the same opinion, broadly speaking,
as Leibniz and his friends; if Leibniz differed in certain ways from
Malebranche, the great power now in France for whom he felt no
great respect, they were nevertheless both neo-Cartesians, and it
was not until 1712 that Malebranche for the first time endorsed
Newton’s experimental study of light. Virtually no one on the
Continent could as yet view universal gravitation as more than a
perverse enigma or a reprehensible revival of occult powers in
inanimate matter. The image of Newton prevailing about 1710
was almost the opposite of what prevails today: A nonspecialist
will probably now think of Newton as one of the world’s great
scientists who happens also to have been a brilliant mathematician;
in 1710 Newton appeared rather as a mathematician of great
ability who was trying, mistakenly, to promulgate ill-conceived
ideas about the physical world based (according to rumor) on a
harebrained metaphysics. Leibniz had no reason to fear that New-
ton’s physical theories would add to his reputation. He had only
(it seemed) to sit tight to watch that reputation sink, as Fatio’s had
sunk.

Accordingly, a breach of the peace was intrinsically far more
likely to begin with the Newtonians, revolutionaries fighting for
recognition in a Cartesian universe. The creator of it was, in fact,
a man who had already launched attacks on the mechanical phi-
losophy of Descartes, charged with being conducive to atheism
and with intellectual arrogance. John Keill, like his younger
brother James, a physician, was an enthusiastic Newtonian and
one, too, of a dangerous type, because he was a fanatic for a par-
ticular philosophical and indeed theological interpretation of
Newtonian science. Moreover, he was a man with a reputation to
build who had chosen deliberately to make himself known by po-
lemics, 1n his attacks on the cosmogonic theories of Thomas Bur-
net and William Whiston. He was to prove a very different cham-
pion of Newton from any either Newton or Leibniz had
encountered hitherto, almost equally fearsome as a friend or an
enemy.

John Keill (1671-1721), born in Edinburgh and a pupil of David
Gregory’s in the university of that city, had followed his teacher
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to Oxford when the latter became Savilian professor of astronomy
in 1694. He first attracted notice at Oxford by giving experimental
demonstrations of modern physical science, probably for the first
time in any British university, though such teaching with dem-
onstrations had been started twenty years earlier in the Nether-
lands. Keill’s plan was later practiced with profit in London by
such professional teachers as Hauksbee and Desaguliers. He was
made a deputy to the professor of natural philosophy, Thomas
Millington (1699), and the two small books of lectures he pub-
lished early in the new century, on the True Physics and the True
Astronomy — by which of course he meant what Newton had es-
tablished — went through several editions. He was elected a Fellow
of the Royal Society in 1700 and Savilian professor of astronomy
(in succession to John Caswell, who had followed Gregory) in
1712. He had proved himself an active and forceful propagandist,
but not shown any preeminent scientific talent; Halley, it is said,
greatly contributed to the improvement of the later editions of the
True Astronomy. Keill’s first paper of an advanced mathematical
nature in the Philosophical Transactions was On the Laws of Centri-
petal Force (1708), which actually saw the light in 1710.

How did Keill come to play so large a part in Newton’s life and
affairs? It seems a plausible guess — and no more than guesses are
possible — that he had been introduced to Newton by lis former
teacher David Gregory, who remained on good terms with Keill
and consulted him on mathematical matters from time to time.
Newton possessed, apparently, only one of Keill’s books, the True
Physics of 1702, which does not suggest any great degree of inti-
macy between the two men; reading the correspondence of New-
ton with Keill and others in subsequent years prompts the feeling
that Newton did not wholly trust Keill and did not find his pow-
erful advocacy always welcome or appropriate. It is not likely to
be true, as has been suggested, that the Commercium Epistolicum of
1712 was edited by Keill, though Keill certainly drew Newton’s
attention to passages in print that Newton ultimately used in it.
The evidence is rather that Keill made himself Newton’s servant
(as it were) than that Newton besought him to act in this way.
One can only guess, then, that Newton had a slight acquaintance
with Keill and his writings before 1709 (when Keill briefly left
Oxford and England) and it is, again, more probable than not that
Keill, like Fatio de Duillier, wrote his first defense of Newton
without consulting Newton himself.
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Keill’s paper is based on a general theorem concerning central
forces, which he had from the Huguenot mathematician Abraham
de Moivre, but which was also (he points out) known to Newton
(see chapter 9). About two-thirds the way through, Keill explains
that, the law of centripetal force being given, the inverse method
of tangents (that is, an integration process) must be used to deter-
mine the curve traced by a body moving under the action of this
force. “All these things follow,”” Keill then went on quite unnec-
essarily after stating some results of the integration process, “from
the nowadays highly celebrated arithmetic of fluxions, which Mr
Newton beyond any shadow of doubt first discovered, as any one
reading his letters published by Wallis will readily ascertain, and
yet the same arithmetic was afterwards published by Mr Leibniz
in the Acta Eruditorum having changed the name and the symbol-
ism.”’> The assertion of Newton’s priority was here unnecessary
because de Moivre and other mathematicians had for some years
published papers in the Philosophical Transactions employing flux-
ions, without sounding Newton’s trumpet; it was offensive be-
cause Keill declared that Leibniz’s differential calculus was not
merely different in name and manner of notation from Newtonian
fluxions but was changed (mutatis), as though to disguise its origin.
Keill’s words are virtually an open accusation of plagiarism from
Newton’s 1676 letters, and it is not possible to understand them as
less than a deliberate provocation.

Why did Keill thus attack Leibniz? Many motives may be imag-
ined: Keill may have wished to impress Newton and gain merit as
Newton’s champion, or he may simply have felt that Newton had
been done an intolerable injustice to which he must at last and
forcibly call attention. But I think it is more than likely that Keill
had a stronger personal motive. Remembering that his article ap-
peared in the Philosophical Transactions for 1708, which only came
out in 1710, it is possible that the offending phrases were a late
insertion, added to the original text; whether this is so or not,
Keill would certainly have been aware, when writing them, of the
constant and increasingly biting criticism maintained in the Acta
Eruditorum against forces of attraction, which Keill and others
took to form the base of Newtonian physics. And of this criticism
Keill himself had been a principal target. Thus, by 1710, the En-
glish felt that they had two grievances against the Germans. Ishall
explore this matter further in the next chapter.
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within the context of his era, far more conventional than

that which Newton developed and regarded as alone con-
sistent with a mathematical science of mechanics. Newton con-
ceived upon the foundations laid by the Greek atomists one of the
grandest generalizations of modern science: the idea that all the
matter in the universe consists of particles, of which the smallest
are atoms, which are impelled or retained by the forces mutually
acting between them into a myriad of different configurations and
an endless variety of motions, from which by successive stages all
the observed manifestations of nature result. The idea of particles,
or atoms, was by no means new; the novelty lay in the idea of
fundamental forces, forces of attraction and repulsion, operating
directly between the atoms, or particles. The prevailing theory of
Leibniz and Newton’s time, originating with Descartes, was that
what we may ordinarily call a “force,” like magnetism or gravity,
was only apparent, a kind of optical illusion; the reality lay in the
movement of invisible, indetectable particles whose pressures on
bodies cause the movements we attribute to forces. To this New-
ton’s thoughts were completely opposed; forces, he thought, were
real and prior, though he recognized that there might be still
deeper explanations of the way the force worked. The first thing
was to find out the nature of the force itself, the laws it obeyed,
not to imagine hypotheses about streams of invisible particles. To
Descartes, the totality of effects in nature was to be traced back to
the ever-changing distribution of an invariant quantity of motion
in the universe; nineteenth-century physicists were to conclude
that it is the quantity of force (or more strictly, energy) that is
invariant. Gravity was the force of which Newton’s knowledge
was most complete, and for which his corresponding mathemati-
cal theory was most perfect; but it was only one of the fundamen-
tal forces, virtues, or powers that he believed to be active in

I EIBNIZ’S idea of the basic structure of the universe was,
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nature. “Would that we were able,” he wrote in his Preface to the
Principia, “to derive the rest of the phenomena of nature [that is,
the phenomena not connected with the universal force of gravity]
from mechanical principles by the same kind of reasoning. For
many considerations cause me to suspect that they may all depend
upon certain forces by which the particles of bodies are, by pro-
cesses not yet known to us, either impelled mutually together so
that they cohere into regular shapes, or repelled from each other
so that they become separated; because these forces are unknown,
natural philosophers have hitherto investigated Nature in vain.”

To Leibniz, the idea of appealing to unknown mysterious forces
was appalling, flying in the face of reason. To him, it seemed that
Newton was trying to explain nature by inventing processes more
inexplicable than the phenomena themselves. He, on the contrary,
believed it right to rationalize phenomena by making use only of
those effects that were known and clearly understood: when a
piece of matter at rest is observed to begin to move, it must be for
the reason that another piece of matter has struck it. In its simplest
essentials, we may call this billiard-ball physics, though it was
then known as the mechanical philosophy; if we watch any given
ball on the table and see it move, we know that ball must have
been struck by the cue or another ball; unless, more strangely, it
was struck by some chance projectile or shaken by an earthquake.
It is possible to complicate billiard-ball physics considerably by
inventing a special kind of subtle and invisible matter, constituting
an ether, whose particles are able to strike those of solid matter
and sweep them along. But the basic idea is the same.

In his Principles of Philosophy (1644) Descartes had provided the
first all-embracing, compelling model of a billiard-ball universe in
which effects are brought about by etherial mechanisms of consid-
erable complexity, and forces are made redundant. Newton
learned much from Descartes, but even as a young man he reacted
violently against Descartes’s naive idea of mechanism. His prin-
ciples, Newton thought, were not only far too imaginary: They
made the universe too simple and too atheistical. Leibniz agreed
with Newton in finding much to criticize in Descartes’s applica-
tion of his principles themselves. He was satisfied, however, that
the idea of nature underlying Cartesian physics was sound, only
its detailed working out was erroncous, and so he became (in
somewhat the same manner as Christiaan Huygens) a heretical
exponent of the orthodox philosophical creed, whereas Newton,
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by introducing quite a different model of scientific explanation,
dependent not on eternal motion and incessant impact but on
forces, began to establish a new philosophy of nature. Thus, for
example, Newton contemplated (as a straight induction from his
observations of capillary attraction, that is, the roundness of fluid
drops and so forth) the existence of a force of cohesion in matter,
distinct from the force of gravity, whereas Leibniz insisted (even
after he had read the Principia) that there was no rashness or incon-
gruity in imagining a kind of etherial pressure, which would ex-
plain both kinds of ‘attraction’ at once — a pressure making fluid
drops round and also making them heavy. If he could imagine
such a thing, why should it not be so?!

As a young man, shortly before he went to Paris, Leibniz pub-
lished (with a dedication to the Royal Society of London) a New
Physical Hypothesis, which is a Cartesian picture of the universe
rendered (in its author’s eyes) more logical and consistent, though
no less freely speculative than the original. For example, near the
beginning, rejecting Descartes’s idea of a universal matter orga-
nized into three kinds of particles, Leibniz declares — almost like
some moralists — that everything is made of bubbles (bullae sunt
semina rerum); water is a mass of bubbles, and air nothing but a
more subtle water. As for earth, it is not to be doubted (he says)
that it too consists of bubbles, because the basis of earth is glass,
glass in a thick bubble. Air, water, and earth are highly porous
and are freely penetrated by a very subtle ether, which swirls
around the globe in a vortex turning from east to west while the
globe of Earth itself rotates from west to east. This ether rotation
is the cause of gravity, for matter raised above the surface of the
Earth causes turbulence in the ether, increasing as the body is
higher up; and the vortex expels any cause of turbulence toward
its center.? There can be no doubt that the wide variety of imagi-
nary mechanical hypotheses of this kind, which the late-seven-
teenth-century reader found not only in Descartes himself and his
direct followers but among the large group of neo-Cartesians
(Huygens, Leibniz, Malebranche, Varignon, Villemont, etc.), was
what Newton meant to condemn in the famous phrase “Hypothe-
ses non fingo,” and more at length in his Opticks: ‘Hypotheses are
not to be regarded in experimental Philosophy.”

It need hardly be said that we now know, from his notebooks
and correspondence, that Newton himself was willing to enter-
tain, in his developing years, some equally strange mechanical hy-
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potheses (such as the hypothetical mechanical effect of imaginary
light-corpuscles) and ascribe many effects in nature to the om-
nipresence of ether. And in some of his later scientific speculations
he turned again (almost, as one may suppose, in desperation) to
the idea of an extremely rare, highly elastic Newtonian ether. But
what brought his celestial mechanics into existence — after many
gropings and after consideration of many tempting follies — was
his realization of an extraordinary mechanical truth: If a body
moves around some center of force toward which it is impelled
(or attracted, either formulation will do) by any law of force, it will
move around that center in the manner described by Kepler’s sec-
ond law of planetary motion. Now this was the law defining the
planet’s speed of motion in its orbit, an observational law that
Newton found — but not before about 1680 — to be thus explicable
on a most simple mechanical assumption. The proof of it was to
stand as the first proposition in his Principia. The science of celes-
tial mechanics starts with Newton as a mathematical science, not
as a fabric of imaginary models.

Leibniz, who was the most intelligently perceptive of men,
could not but be struck enormously by the contrast in style and
content between Newton’s Principia and his own little essay of
sixteen years before. He appreciated at once the power of such a
mathematical philosophy as Newton’s — and the sharpness of the
mathematical tools Newton was bringing into existence. Yet for
all that he would not abandon his philosophy for Newton’s. In-
stead, he tried to prove that his own philosophy could be no less
mathematical.

Leibniz first had knowledge of Newton’s book through a long
summary of it — twelve solid pages — published in the Acta Erudi-
torum for June 1688. It is a factual, neutral review: Newton is
praised as “a distinguished mathematician of our time,” his hope
for the future understanding of the universal role of forces in na-
ture is quoted; his mathematical refutation of the Cartesian kind
of celestial vortex is plainly noted; and his theory of the inverse-
square law of universal gravitation is described without overem-
phasis or adverse comment. There is in the review no criticism of
Newton as a proponent of mysterious “attractions.” Leibniz, then
pursuing historical researches in Italy on behalf of the House of
Hanover, wrote to his friend Mencke, who was the chief editor of
the Acta, that he had read the account of the Principia “eagerly and
with much enjoyment” and added that Newton was a remarkable
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man, “one of the few who have advanced the frontiers of the sci-
ences.” His more detailed comments are rather mathematical than
physical, as he went on to list a number of points where he
thought he himself had got as far as Newton. As for the “physical
cause of the celestial motions” (which was not, or at least the cause
of gravity was not, Newton’s concern), some meditations of his
own had all the appearances of truth, he thought, and so he had
now decided to bring them before the public.

They appeared in a strange paper called An Essay on the causes of
the heavenly motions.® It is a paper that has remained almost incom-
prehensible from that day to this; Keill qualified it as such, and
Huygens twenty years earlier had taken the same view. It was
certain that an inverse-square law of centripetal acceleration, taken
with the law of centrifugal force, which Huygens himself had first
enunciated, and assuming an inertial motion in the planet, would
produce Kepler’s planetary ellipses; how then, by substituting his
harmonic circulation in a vortex, Leibniz could deduce the same
elliptical orbits was something Huygens protested he could not
understand, “not comprehending how you can find room for
some sort of deferent vortex in Descartes’s manner, which you
wish to retain.” To Huygens, a deferent vortex was redundant,
and indeed Leibniz himself admitted that the planet (he imagined)
swam freely in the vortex; it was not driven around by it. We need
to have at least an outline idea of this speculative physical model
that Leibniz set up against Newton’s mathematical propositions
founded on the concept of a universal gravitational force. First,
Leibniz realized that Newton had killed the Cartesian celestial vor-
tex stone-dead; accordingly, he supposed his own to consist of
numberless layers concentric with the sun, each layer’s speed of
rotation being inversely proportional to its distance from the sun.
(This is equivalent to Kepler’s second law; but Leibniz did not
explain how these speeds could be so nicely arranged nor how a
discontinuous vortex could fit in with continuous variation of
speed in the planet.) To produce the elliptical shape of the orbit
and also the observed changes in the planet’s speed — fastest at
perihelion, slowest at aphelion ~ Leibniz endowed it with a recip-
rocating movement to and from the sun along the line connecting
the planet and the sun, much as Islamic astronomers had supposed
several centuries before. This reciprocating motion was the prod-
uct of a play between two forces, the one being the planet’s weight
of gravitation toward the sun, the second the centrifugal force of
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its revolution about the sun. We may presume that Leibniz had
silently borrowed the notion of universal gravitation from New-
ton via the Acta review, and (like Newton) he was willing to let it
be accounted for in any way possible; his own inclination was
toward an explanation in terms of another ether (not the matter of
the harmonic vortex) pushing the planets toward the sun.

The precise statement of Leibniz’s ideas is complex, and the
mathematical analysis of them that he provided was very involved
(and contained some actual mistakes, besides many confusing
misprints). Leibniz was to publish a revised version of it in 1706.
He never abandoned the ideas expressed in his Essay, which
throughout his life he always regarded as marking as great an
achievement in celestial dynamics as the Principia itself, and far
preferable from a philosophical point of view to Newton’s work,
because nothing in 1t was contrary to common sense and mechan-
istic principles. Yet in a long correspondence during 1690-2 Leib-
niz was quite unable to persuade his fellow neo-Cartesian, Huy-
gens, that his theory made good sense or that it furnished an
important contribution to the understanding of planetary motion,
even though Huygens himself rejected what he took to be New-
ton’s principle of attraction and thought it necessary to provide a
mechanistic explanation of gravity. Huygens simply could not fol-
low Leibniz in his arguments, his peculiar talk of “conspiring”
motions, or his vortex of matter that bore the planet around with-
out pressure and without resisting its radial oscillation. Leibniz,
however, yielded nothing under Huygens’s skepticism. He could
not see why “attractions” should not have a mechanical cause. As
between his own celestial mechanics and Newton’s, he replied, it
was necessary to investigate which account was better and if they
could be reconciled. He repeated his conviction that his own har-
monic vortex was as good a theory as Newton’s of universal grav-
itation. Although Huygens agreed with Leibniz in finding the idea
of “attraction” and its use by Newton to explain the tides of the
oceans quite impossible, he still regarded Leibniz’s vortex as re-
dundant, and in the end declared that it was useless to carry on
their discussion.

The most thorough recent student of Leibniz’s Essay has indeed
written of it that it is “regrettable” that Leibniz’s vortex theory
lacked influence, because it was “mathematically unexceptionable
and outstanding among attempts to explain the planetary motions
by the action of fluid vortices.” However, this judgment passes
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over the serious mathematical oversight that the Essay contained
(as the delighted Newtonians emphasized) before its revision in
1706 and the weaknesses and inconsistencies, which, in all fair-
ness, Dr. Aiton has pointed out on earlier pages of his book,
where he himself qualifies the harmonic vortex as (dynamically)
“superfluous.” Perhaps the best point to be made in its favor, as
Leibniz himself was fond of saying, was that it explained why all
the planets and satellites revolve in the same sense in their orbits,
which Newtonian mechanics cannot do, without the aid of extra
hypotheses about the origin of the solar system. However, what
matters here is not so much the conceptual or the mathematical
validity of the ideas about the structure of the universe advanced
by Leibniz in the Essay, though it is relevant that contemporaries
qualified to judge, like Huygens and Varignon, were far from sat-
isfied with its original version of 1689. What matters now is that
Leibniz’s notions were so very different in character from those of
Newton, and that he remained faithful to them. In later years,
before and after the revision of 1706, Leibniz always referred to
his essay on celestial mechanics with great satisfaction, largely be-
cause it seemed to him to deduce from sound physical principles
the inverse-square law of gravitation, which Newton had been
compelled to leave unexplained as a brute fact of nature justified
by induction from the phenomena. Thus the foundations of Leib-
niz’s later open criticism of the Principia were always present in his
mind.

In fact, Leibniz’s personal reaction to the concept of “attrac-
tion,” which he, like Huygens, found explicit in the Principia, was
from the first clear and critical. As early as October 1690 he told
Huygens that he could not imagine how Newton conceived of
weight or gravity. “It seems that according to him,” he wrote, “it
[gravity] is nothing but an incorporeal and inexplicable virtue,
whereas you have explained it very plausibly by the laws of me-
chanics.” (The allusion was to Huygens’ own neo-Cartesian Trea-
tise on Weight, published in that year though first written long be-
fore.) It surprised Leibniz that Newton omitted all physical cause
for the inverse-square law of gravitation, and he thought it a mis-
take on Newton’s part to have rejected vortices; yet he thought
the Principia was one of the books that most deserved being ren-
dered fully perfect.> An unpublished paper, presumably written
when Leibniz was first thinking about Newton’s force mechanics
in the Principia, reveals his deep (and unchanging) philosophical
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criticism:
The fundamental principle of reasoning is, nothing is with-
out cause . . . This principle disposes of all inexplicable occult

qualities and other figments. For whenever authors introduce
some primary occult quality, they breach this principle. For
example, if anyone posits in matter a certain primary attrac-
tive force that is not derivable from intelligible notions of
body (namely, size, shape and motion), and he means that by
this attractive force bodies tend without any impulse towards
some body, just as some conceive gravity to signify the at-
traction of bodies by the bulk of the Earth, or their entice-
ment towards it by a certain sympathy, so that they deny that
the final cause of the effect can be derived from the nature of
bodies, and that the process of attraction is beyond explana-
tion: he is admitting that no cause underlies the truth thata
stone falls towards the Earth. But if he posits that the effects
[of gravity] depend not on an occult quality in bodies but on
the will of God or a hidden divine law, thereby he provides
us with a cause, but a supernatural or miraculous one.

Such ideas were not new nor are they lacking in perpetual ap-
peal. They lay at the roots of the materialist philosophy of De-
mocritos and Epicuros and were to be given fresh currency in the
nineteenth century, when briefly, as in Descartes’s time, it ap-
peared that all phenomena might be reduced to kinetics. Leibniz
would certainly have approved of the suggestion of (among oth-
ers) Sir William Grove in 1843 that all things might be

effects of motion and matter. These two seem the most dis-

tinct, if not the only conceptions of the mind, with regard to

natural phenomena, and when we try to comprehend or ex-

plain affections [i.e., properties] of matter, we hypothetically

or theoretically reduce them to it [sic!]. The senses perceive

the different effects of sound, light, heat, electricity etc., but

the mind appears capable of distinctly conceiving them only

as modes of motion.’
The kinetic view of nature is indeed radically distinct from the force
view of nature to be associated with Newton, of which traces may
already be found in the writings of Aristotle and which Grove’s
contemporaries Faraday and Maxwell were to transform into the
field theory. Ultimately, the differences may be traced back to
ideas of what is “natural” or “simple” or “self-evident,” in other
words to metaphysics, where exponents of either view may well
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feel, like Grove, that only one set of related apprehensions is pos-
sible to a normal human mind. So, to Leibniz, the nineteenth-
century concept of “field” would have seemed as “unthinkable” as
the combination of atoms and void or as the idea of action at a
distance was to both Leibniz and Faraday. In the end, of course,
the Newtonian idea of force is no less and no more a priori plau-
sible than the Cartesian idea of the primacy of motion; the ques-
tion “What is force?” is no more and no less unanswerable than
the question “Where 1s motion?” But the Newtonian view has the
pragmatic advantages of being more flexible and of not requiring
the invention of imaginary bodies; for one cannot think of there
being motion in a void space (containing nothing that moves), but
one can certainly conceive of force in a void space.

The distinction of ideas is far from implying that Leibniz
avoided the word “force” or avoided giving it a2 mathematical sig-
nificance. Quite the contrary: He drew in his dynamics an impor-
tant and original distinction between what he called “dead force”
(our momentum, mv) and “living force” (almost the same as our
kinetic energy, + mv?), which he took to be the mathematical inte-
gral of the former. And Leibniz was even capable of writing “I
find nothing so readily intelligible as force.” Indeed, any differ-
ences between the mathematical treatment of force by Leibniz and
Newton are rather accidental than fundamental. It is solely in
Newton’s refusal to admit a priori that forces must necessarily be
resolved in particulate mechanisms that their serious difference
lay. Leibniz made this clear in another unpublished fragment in
which he wrote of the relapse into physical barbatism that oc-
curred when this ultimate existence of mechanical causation of
forces was denied:

It pleases some to return to occult qualities or scholastic fac-
ulties, but because these have become unrespectable they call
them forces, changing the name. But the true forces of bodies
are of one sort only, namely those effected by an impressed
impetus . . .

He who would show that the laws of astronomy can be
explained on the supposition of a mutual gravitation between
the planets will have done something very worth while, even
though giving no explanation of gravity. But if having
reached this fine discovery he thinks he has provided an ade-
quate cause so that nothing else remains to be found out, and
that gravity is a thing essential to matter, he relapses into
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physical barbarism and the occult qualities of the School-
men.8

Of course, one perceives a methodological difference also. For
Leibniz as for Descartes, there was a continuum between meta-
physics and science, and though the truths of the former and the
latter might be found out by distinct processes, those of meta-
physics were no less well founded than those of science. That any
particular mechanical hypothesis of gravity was true as well as
valid Leibniz would not have undertaken to prove, but he felt it
to be beyond doubt that some mechanical hypothesis must be true.
Newton did not believe this. Therefore he drew a distinction,
which Leibniz did not draw, between the scientific establishment
of the existence and laws of universal gravitation and the meta-
physical discussion of possible hypotheses to account for the exis-
tence of such laws. He never denied that a cause of gravitation
might be discovered; he merely claimed that the search for this
cause did not seem to be, at least at that stage, within the province
of scientific inquiry. In other words, Leibniz claimed that a propo-
sition about the mechanical cause of gravity was a perfectly proper
scientific proposition, because he believed all ultimate causes of
things to be mechanical; and this Newton denied, taking the view
that such propositions must be merely speculative. One can, per-
haps, with utter anachronism, apply the Popperian test of falsifi-
ability to these two positions; it is clear that no argument or fact
could possibly ever falsify a belief in the reality of mechanical
causations such as Leibniz held.

Not that imaginary configurations of bodies or particulate
mechanisms in the manner of Descartes greatly preoccupied Leib-
niz in his maturer years. What he did observe was the spread of
attraction among the British. With whatever justice or error Leib-
niz (like Huygens) had found an occult concept of gravity in New-
ton’s Principia — despite Newton’s protestations that attraction
could well be interpreted as the result of impulse, that is, kineti-
cally — Leibniz now noted in the 1690s that gravitation was ac-
counted for by the Newtonians not as an inherent or essential
property of matter (this view, on all the evidence, Newton always
rejected) but as a product of the divine will. The most eloquent
expositor of this interpretation of Newton’s discovery was Rich-
ard Bentley, chaplain to the Bishop of Worcester and soon to be
master of Trinity College, Cambridge. Bentley was one of the
great classical scholars: His proof that the Letters of Phalaris were
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forgeries was admired by Leibniz, who followed eagerly Bentley’s
subsequent controversy with Charles Boyle. In writing A Confu-
tation of Atheism from the Origin and Frame of the World (published in
English in 1693, in Latin at Berlin in 1696), Bentley was primed
by Newton himself, from whom he took the arguments that
gravity cannot be an essential attribute of matter and that action
at a distance is unthinkable, including the celebrated phrases from
Newton’s own pen:

‘Tis utterly unconceivable, that inanimate brute Matter

(without the mediation of some Immaterial Being) should

operate upon and affect other Matter without mutual Con-

tact; that distant Bodies should act upon each other through

a Vacuum without the intervention of something else by and

through which the action may be conveyed from one to the

other.
These refutations of opinions, which were attributed by Bentley
to the mysterious and, in fact, virtually nonexistent “Atheists,”
would not surprise or disgust Leibniz, who could not, however,
approve Bentley’s equal rejection of mechanical explanations of
gravity, nor his arguing that universal gravitation (which New-
ton, Bentley maintained, had proved to exist) was a “new and
positive proof, that an immaterial living Mind doth inform and
actuate the dead Matter, and support the Frame of the World.”
Mechanical explanations, according to Bentley, from their absurd
complexity and multiplicity must prove

repugnant to human reason; we have great reason to affirm,

That Universal Gravitation, a thing certainly existent in Na-

ture, is above all Mechanism and material Causes, and pro-

ceeds from a higher principle, a Divine Energy and im-

pression.
Leibniz read these words as meaning that since the cause of gravity
was “above all mechanism and material causes” it was above the
realm of ordinary physical explanation, or as we might say the
cause of gravity could not be understood scientifically or ration-
ally by the human intellect and was therefore (as he put it) a per-
petual miracle. He also, correctly, supposed that this “miraculous”
idea of gravity originated with Newton himself. By 1699 Leibniz
had learned that John Locke too was now of Newton and Ben-
tley’s opinion, revising the view that he had expressed in the first
edition of his Essay concerning Humane Understanding (1690) “that
bodies act by impulse alone . . . persuaded by the reading of the
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excellent Mr Newton’s [Principia] that there is an attraction in
matter even at any distance whatever. This [argument] is used by
the very learned Mr Bentley too . . .”

As Leibniz made clear in discussing these questions with
Thomas Burnet, he himself still adhered to the view he shared
with Huygens that “both gravity and elasticity are only in matter
by reason of the structure of the system [of the world] and can be
accounted for mechanically or by impulse,” and (as was ultimately
to become clear) he always firmly rejected Newtonian attraction
(taken as an attribute of the divine power) not only because he
thought it followed from a false scientific metaphysics — one in
which every difficult piece of explanation could be got over by
saying “God wills it so” — but also because in Leibniz’s eyes any
attribution of activity to matter was bound to lead to a host of
false conclusions in areas of thought having nothing to do with
natural science. However, though Leibniz’s concern from about
1699-1700 with this (to him) fresh development of Newtonian
philosophy appears from time to time in his correspondence and
private papers, he did not publicly criticize Newton for his views
until he came to publish his Essais de Théodicée in 1710. These es-
says have nothing to do with mathematics or science, and Leib-
niz’s main target in them was the skeptical philosopher Pierre
Bayle; nevertheless, Leibniz went somewhat out of his way to
insert a passage making his own opposition to even divinely in-
spired forces quite clear:

Several philosophers have thought that in the order of Nature
one body might act directly at a distance upon several other
bodies all at once . . . but, for some time, modern philoso-
phers have rejected the direct physical action of one body
upon another distant one, and I confess that I am of their
opinion. However, action at a distance has been recently re-
vived in England by the excellent Mr Newton who maintains
that it is in the nature of bodies to attract one another, in
proportion to their masses and the rays of attraction they re-
ceive; upon which the famous Mr Locke has declared in re-
sponse to Bishop Stillingfleet that having read Mr Newton’s
book he has retracted what he formerly wrote and recognises
that God could put just such properties in matter that it could
act at a distance.’

Was Leibniz deliberately malicious in thus misrepresenting
Newtonian ideas? One can hardly suppose that so subtle an intel-
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lect as Leibniz failed to perceive the difference between what Ben-
tley, for example, had written on the subject of God and gravity
and his own statements in private to Burnet and in public, ten
years later, in Théodicée. Again, Bentley and others were perfectly
and deeply serious; they really believed that one could perceive
God’s own design in the law of gravity, just as other philosophers
have seen it in the flower or (like Sir Charles Bell) in the human
hand. Leibniz, surely, was deliberate in trivializing their almost
reverent assurance by bantering words. He simply did not treat
the Newtonians’ metaphysical position as worthy of systematic
criticism, at least at this stage, and therefore did not hesitate to
distort it. Neither Newton nor any of his followers ever advo-
cated action at a distance as a purely material interaction, in the
manner foisted upon them by Leibniz; their view was that gravi-
tational interaction is providential. Because they —and indeed, one
supposes, Leibniz also — believed that God had providentially di-
rected the evolution of the cosmos as the scene for man’s creation,
fall, and redemption, and had directed all human history since the
birth of Adam, was it really so inconsistent in them also to believe
that God endowed matter with properties that as mere matter it
would not possess and sustained them by his perpetual intention?
Whether one views the Newtonian point of view as consistent
with a then normal Christian view of God’s purpose or (with
Leibniz) as merely naive; whether one regards Leibniz’s mechani-
cal philosophy as marking a necessary independence of secular
thought from theology or rather as a step toward excluding God
from the universe altogether, it must seem probable that Leibniz’s
refusal to examine seriously the Newtonian foundations of scien-
tific thought — the belief that to discourse of God does belong to
natural philosophy — inevitably gave extreme offense.

The Essais de Théodicée were still, however, some years ahead,
and meanwhile Leibniz continued to express the highest praise of
Newton himself. The following passage from the undated letter
(1699?) to Burnet in which Leibniz had commented upon Locke’s
change of opinion is remarkable in this respect:

It seems that the object of all humanity should principally be
knowledge and unfolding of God’s wonders and that it is for
this reason that God has given man the empire over nature.
And Mr Newton being one of those men in the world who
could contribute the most to this object, it would be almost
a crime in him to allow himself to be diverted from it by
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obstacles which are less than utterly insurmountable. The
greater his talent, the greater his responsibility. For to my
mind Archimedes, Galileo, Kepler, Descartes, Huygens and
Mr Newton are more important in considering the chief goal
of humanity than are great generals . . . Many can contribute
to it by experiments which amass the raw materials but those,
like Mr Newton, who can profit from them, in order to ad-
vance the grand fabric of Knowledge, and who can unravel
the inner secrets are as it were members of God’s privy coun-
cil, and all the others work only for them. Therefore when
one has such individuals (who are more uncommon than one
might think) we must receive the best advantage from them
that we can.

It is a majestic tribute; of himself Leibniz added that he saw his
role only as that of an entrepreneur on behalf of the public good,
urging others on to the task.!

From the beginning, then, Leibniz’s persistent and consistent
criticism of the metaphysical foundations of a system of scientific
thought, such as Newton’s, embracing the concept of attractive
and repulsive forces that defy mechanical explanation, was bal-
anced and indeed more than balanced by his admiration of New-
ton as a physicist and a mathematician. The Principia he could and
did take very seriously; Newton’s eccentricities about God and
gravitation he could, for the moment, disregard as irrelevant ab-
surdities. Accordingly, in public, he said nothing against Newton,
or against Locke and Bentley, all of whom he esteemed, nor
against John Keill, whose Introduction to the True Physics of 1702
was given six pages in the Acta Eruditorum in November of the
following year.!! Keill had not scrupled to denounce speculative
mechanical philosophy in the manner of Descartes, writing in his
Preface:

Although now-a-days the Mechanical Philosophy is in great
Repute, and in this Age has met with many who cultivate it;
yet in most of the Writings of the Philosophers, there is scarce
anything Mechanical to be found besides the Name. Instead
whereof, the Philosophers substitute the Figures, Ways, Po-
res, and Interstices of Corpuscles, which they never saw; the
intestine Motion of Particles, the Colluctations and Conflicts
of Acids and Alkalies, and the Events that thence arise, they
relate so exactly, that there is nothing but a belief wanting in
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the History of Nature, as often as they set forth the Miracles

of their subtile Matter . . .
and declaring that all the writing on mechanical philosophy from
time immemorial

does not amount to the tenth part of those Things, which Sir

Isaac Newton alone, through his vast Skill in Geometry, has

found out by his own sagacity.
All this a Leibnizian philosopher could assent to, and if he might
raise his eyebrows at Keill’s declaration that magnetic attraction
“must still be reckoned among the occult Qualities” he would
nevertheless applaud Keill’s arguments in favor of the infinite div-
isibility of matter. In any event, the Acta Eruditorum review, or
rather summary, was faithful but quite neutral.

The editors reacted similarly to a book of which Keill had writ-
ten that it would last as long as the sun and moon endure: the
Elements of Astronomy of David Gregory, initially published in
Latin in 1702, and the first exposition of Newtonian principles in
a technical work on astronomy, or as Leibniz put it in a letter to
Varignon, a new system of astronomy founded upon attractions.
Unfortunately for the author, his futile attack upon the brachis-
tochrone problem had by no means cast a flattering light upon his
mathematical powers, so that Leibniz and Johann Bernoulli wrote
his book down as no more than a piece of secondhand Newton,
from which little was to be expected. Such slight interest did the
book have for Leibniz that it was not until January 1705 that he
took in the fact that Gregory had included in it a refutation of his
own Essay of 1689 on celestial mechanics, though this fact had
been noted in the Acta Eruditorum review of October 1703. Greg-
ory’s handling of Leibniz is extremely delicate and respectful:
Leibniz is an acute philosopher and has a name celebrated among
geometers, no one could treat the vortex hypothesis better than
he, and so forth; but Gregory unerringly puts his finger on the
physical improbabilities of Leibniz’s theory: some comets clearly
could not be carried around the sun in any material vortex, be-
cause their motion does not match that of the planets, and the
velocity law appropriate for the changes of speed observed in any
one planet does not corespond to that to be used in comparing the
speeds of different planets. Therefore there could not be what
Leibniz called a harmonic circulation throughout the solar system.
To this, in a letter to Bernoulli, Leibniz could only feebly rejoin
that if the existence of the deferent vortices in his system might be
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denied, still the need for the gravitational vortex remained; nor
could any argument upset his own basic assumption that nothing
could be moved save by the contact of another moving body

and that solar attraction without the motion of matter around

the Sun, in which the planets swim, cannot be understood.
Bernoulli agreed that it was absurd to posit a centripetal attraction
without the circulation of matter, but he did not offer an answer
to the objections brought forward by Gregory. Nor indeed did
the reviewer of the Elements in the Acta Eruditorum, who praised it
as “a most excellent work” and “very elegant,” and who seems
persuaded of the merit of Gregory’s choosing the law of gravita-
tion as the primary law of nature:

Accordingly, the shameful criticism commonly heaped in

plenty upon mathematics will be brought to an end, that it

builds nothing but fictions in the heavens, by which the hu-

man mind is vainly exhausted; for the application to Astron-

omy of the principles of Newton, a most profound investi-

gator, has created a true physical astronomy.
And the reviewer goes on to desire a more detailed account of the
calculations involved in developing this application, begging
Gregory also to perfect the theory of the forces by which all the
bodies in the world are acted upon. This review was certainly not
written by Leibniz. !

A few vyears later, as Leibniz’s irritation against the Scottish
Newtonians (especially Cheyne and Craige) increased, reviews in
the Acta Eruditorum show a very different temper; and as in the
Essais de Théodicée, criticism of Newtonian philosophy becomes
outspoken. The first to suffer was the English physician John
Freind, whose Latin Chymical Lectures (1709) had been republished
at Amsterdam. Freind treated chemistry as an offshoot of the
natural law of attraction, that is, he supposed some bodies to be
disrupted in chemical reactions because their attraction for each
other was weak, whereas new substances formed because the at-
traction of their component parts was strong. For example, to
explain why salts dissolve in water but not in spirits of wine (al-
cohol), he wrote that:

Aqueous particles are more strongly attracted by the Saline
Corpuscles [of the salt] than they are by one another: Whereas
in Spirit of Wine, which is indeed much lighter than Water,
but more impregnated with Saline Particles, they continue
untouch’d . . .
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Freind’s attempt to create a chemical philosophy based on the idea
of attractions of varying strengths between particles had been an-
ticipated by John Keill, who had published a long paper on “The
Laws of Attraction” in the Philosophical Transactions during the
previous year (1708). Keill’s treatment was somewhat more for-
mal and mathematical than Freind’s, and he had based it upon such
general physicochemical laws as:

the particles of the solute are more strongly attracted by those

of the solvent than by each other; the solute has pores per-

meable by the solvent.
And both of these writers had been anticipated by Newton him-
self, who in Quaestio 23 of the Latin edition of Opticks in 1706 had
provided a short monograph on chemical forces and their opera-
tion in chemical reactions, beginning with the words:

Have not the small Particles of Bodies certain Powers, Vir-

tues, or Forces, by which they act at a distance, not only upon

the Rays of Light for reflecting, refracting and inflecting

them, but also upon one another for producing a great Part

of the Phaenomena of Nature? For it’s well known, that Bod-

ies act one upon another by the Attractions of Gravity, Mag-

netism, and Electricity; and these Instances shew the Tenor

and Course of Nature, and make it probable that there may

be more aftractive Powers than these. [Italics added]
Here Newton had not scrupled to use the language that came most
naturally to mind, giving his followers authority likewise to in-
voke action at a distance and forces operating at the microscopic
level that were not observable as such at the macroscopic level;
only Keill went beyond him in attempting to give Newton’s ideas
a mathematical dress."

The Acta Eruditorum set itself firmly against this tendency of
“Keill and his followers” to return to what it called “occult quali-
ties, such as sympathy and antipathy were in the schools of phi-
losophy.” It was a grave error, the reviews maintained, to invoke
“a certain attractive force which, if it be primary (as is his view)
and suffices of its own essence to impel all matter towards all mat-
ter, surely cannot be explained by mechanical causes, and so must
either be something absurd or must be reduced to a miracle or
some extraordinary will of God, to which however it is agreed
among those who understand the question one should not fly for
refuge without need.” Those who understand the question are, of
course, the mechanical philosophers, and it is now the reviewer’s

162



THE PHILOSOPHICAL DEBATE

expressed fear that the new attraction philosophy of Keill will, by
returning to “a certain fantastical scholastic quality or even enthu-
siasm such as that of [Robert] Fludd,” undo all the gains that the
mechanical philosophy had won. “The great scholastic monstros-
ities,” the dragons slain by the heroes of the scientific revolution,
like Bacon, Galileo, Descartes, Pascal, and Boyle, would rise
again in philosophy unless men like Keill were stopped short.
This blunt and forthright attack, amounting to the charge that

the Newtonian philosophy of nature was “occult,” reactionary,
and an unfortunately mistaken innovation, was repeated in the
Acta for the following month (October 1710) when George
Cheyne’s Philosophical Principles of Natural Religion was taken to
task. Cheyne is rebuked for reiterating Gregory’s refutation of
Leibniz’s vortex theory, and for holding the view that one particle
of matter can attract another particle, “as though God should put
laws in Nature, whose logic cannot be discovered from Nature
itself,” that is, as though God should legislate illogically. “To
prove the existence of God,” the reviewer states, harking back to
the argument stated long before by Richard Bentley, “there is no
need to have recourse to the occult qualities of the schools, such
as is our author’s [Cheyne’s] gravitation.” And in the following
year (1711) the naturalist Martin Lister was praised for resisting
the introduction into physiology of crude Newtonian specula-
tions, which, it is argued, cannot be defended by appeal to the
authority of Newton himself. For, the reviewer now maintains,
when Newton wrote in his Opticks of attractive forces, he did not
mean them to be primary, that is, occult qualities; he was employ-
ing the word “force” (as, indeed, Leibniz himself did) in a merely
descriptive or phenomenalistic sense “in the same way as we ad-
mit of gravity, and magnetic or electric virtues.” Here he quotes
Newton’s own caveat from Quaestio 23 in Opticks:

How these Attractions may be perform’d, I do not here con-

sider. What I call Actraction may be perform’d by impulse,

or by some other means unknown to me.
Thus his object was to make it appear that Newtonians like Keill,
Freind, and Cheyne were a good deal more foolishly incautious
and extravagant than Newton himself.!4

How much, if anything, of all this skepticism concerning New-

tonian philosophy can have been known to Keill when he wrote
the words that were to bring the calculus dispute to a crisis it is
impossible to say. Nor can one guess whether he already knew
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that the Acta Eruditorum in its anonymous reviews of books had,
in a sense, cast him in the role of chief, and most foolish, exponent
of a “Newtonian” philosophy of attraction, which was perhaps
not embraced by Newton himself. Seeing that Leibniz had main-
tained the same critical position for twenty years, although (so far
as I know) not allowing it to appear in print before 1710, it may
well be that it was known in Britain, not least, probably, to New-
ton himself, though again he never seems to have acknowledged
the fact. Newton, like Gregory and Keill, was to work up a strong
attack upon Leibniz’s original Essay on celestial dynamics of 1689,
but once more it cannot be established that he had even read this
paper before 1710. What is certain is the fusion in that year of the
philosophical difference between the two great protagonists and
their mathematical dispute into a single quarrel. This is already
clear from Keill’s first surviving letter addressed to Newton (dated
3 April 1711). In this letter, to justify the harsh words applied to
Leibniz in his Philosophical Transactions paper by a tu quoque, Keill
directed Newton’s attention to Leibniz’s account of Newton’s two
mathematical treatises printed with Opticks (chapter 7) and also to
the review of Freind’s Chymical Lectures: “From thence you may
gather how unfairly they deal with you,” he wrote. Of course, the
allusion to Freind’s book does not necessarily imply that Keill had
long been aware of Leibniz’s hostility to the philosophy of attrac-
tion; but it certainly ensured that from this time forward the two
issues were intermingled — to Newton’s disgust, in fact, for New-
ton always insisted that the question of priority in the discovery
of the calculus was a plain question of historical record, and he
again and again blamed Leibniz for dragging in extraneous philo-
sophical issues.

So far as my own examination of the Acta Eruditorum and of
Leibniz’s correspondence has extended — and the latter is so huge
that no one could claim to know it thoroughly - I seem to seea
change taking place after 1700 in Leibniz’s attitude to Newton, no
doubt produced by Fatio’s declaration of 1699 that Newton was
the first discoverer of the calculus and gradually hardening as
Leibniz read more books from England written in the Newtonian
spirit. Consider, for example, the opening sentence of a review by
Leibniz of a now forgotten mathematical text, Charles Hayes’s
Treatise of Fluxions (1704), published in October 1705:

The very noble author, thoroughly versed in the new infini-
tesimal calculus, like several other writers calls the quantitites
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which make up the infinitesimal part of a finite quantity,

whether they be infinitesimal or unassignable differences,

Auxions, in imitation of that accepted expression whereby we

say a line is formed by the flowing of a point, though this

does not truly signify anything other than that the line is de-

scribed by the motion of the point.
The reviewer does not so much state as hint that the word “flux-
ion” is an improper substitute for the word “difference,” but he
certainly tries to indicate — perhaps rather ineptly - that the whole
concept of the flow, rather than the motion, of a point is inappro-
priate. (Indeed, Newton himself had originally spoken of motion
rather than flow.)

The anti-Newtonian reviewer, after 1706, was possibly Chris-
tiaan Wolff (1679-1754), one of Leibniz’s disciples who took over
from that date most of the responsibility for reviewing mathe-
matical books for the Acta Eruditorum, though (according to his
bibliographer Ravier) Leibniz continued to read and edit Wolff’s
reviews before they went into print. Therefore, as Leibniz contin-
ued to take an active interest in the running of the Acta Eruditorum,
he must have known and presumably approved of its anti-New-
tonian attitude. The last mathematical review Leibniz wrote was
of Phoronomia (1716), a book by another disciple and correspon-
dent, Jakob Hermann (1678-1733), professor of mathematics at
the University of Padua. He owed much to Leibniz, but even dur-
ing the years when the calculus dispute was at its height, he re-
fused to deny that Newton possessed preeminent merits. Her-
mann’s book is dedicated to Leibniz; but in a set of adulatory Latin
verses also printed in it, a friend had written figuratively of Her-
mann’s researches into mechanics and the heavenly motions:

Newton, a dweller in the rich isle which yet contains nothing

more golden than him, was the first to follow this path, and

you perhaps have given the people nothing inferior.
Leibniz protested: Did not the poet’s sentiment do too much in-
jury to many others in favor of Newton? But Hermann defended
his friend: What he had meant, he replied to Leibniz, was that
Newton had first assembled into a system both the results of his
own thinking about the subject matter in his Principia and the
thoughts of other men, which again Newton had improved,
without detracting from the repute of others (like Galileo and
Kepler) who had earlier made particular discoveries subsumed in
Newton’s system. This apology failed to satisfy Leibniz who came
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back at Hermann — who thereafter, wisely, let the question drop
without a further word about it — with the accusation that Her-
mann was too pro-English: Unlike the Greeks (as Tacitus saw
them), the Germans were but too readily inclined to admire for-
eigners. The praise allowed by Hermann’s poetic friend to New-
ton could not be justified, save by one who “believed the void to
exist, and gravity to arise not from mechanical principles, but by
means of an occult quality; which two hypotheses I regard as ut-
terly false.”

These words come from almost the last letter Hermann re-
ceived- from Leibniz (the very last, in fact, contains some con-
temptuous comments from Leibniz upon the English mathemati-
cian Brook Taylor). They are, sadly, typical of the last years of
Leibniz’s life, deeply embittered by the calculus quarrel, when the
great philosopher could no longer find one good word to say
about any aspect of the work of the Englishman whom he had
once praised so highly.

As in Leibniz’s last letters to Hermann, so in the final extant
letter to Thomas Burnet — though still in a more mocking spirit —
Leibniz’s revulsion of feeling against Newton becomes plain. It
was many years since he had written anything to his British friend
on subjects other than European politics, the war, and moral phi-
losophy, but now, in a letter of August 1713, composed when he
already knew that Newton and the Royal Society had declared
openly against him, he went on from expressions of anxiety about
the Tory reaction in English religion and politics to touch on more
personal griefs:

It is curious to see a more than papistical theology revive in

England, and a thoroughly scholastic philosophy since Mr

Newton and his followers have resuscitated the occult quali-

ties of the Schools by their attractions. What you write to me,

Sir, is rather witty “that it seems as if my opponents in the

Rovyal Society have rather written against me lately as a

Whig, than as a member of their Society.”” I had thought that

Mr Newton was somewhat allied to the Whigs; and so I had

not imagined that the spirit of faction would extend itself to

the mathematical sciences.’
How little, after all, Leibniz understood Newton! And how vain
his later hopes that the installation of his own Hanoverian ruling
family upon the throne of England would bring about the collapse
of Newton’s party. Unlike Leibniz, Newton was never a courtier,
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and there is nothing to show that his own involvement in political
life was anything other than unavoidable tedium to him. Failing
to understand Newton, now his adversary, Leibniz made a series
of mistakes, of which he adumbrates the gravest when, in this
same letter to Burnet, he boasts a little of the Newtonians being
“a little taken aback by a word of reply from a friend of mine.”
Failing to understand him, he had consistently trivialized — and
ultimately before the public ridiculed — Newton’s thoughts as a
natural philosopher; whether or not Keill was brought to the
point of combustion in his “Laws of Attraction” article by this
incomprehension on Leibniz’s part cannot be proved, but it is vir-
tually certain that it determined Newton to give Keill his support.
Newton, always a Whig, now believed that Leibniz, a dishonor-
able man, had attacked his own honor and competence.
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per of (officially) 1708 were too much for Leibniz’s pa-

tience. He felt that the time had come to demand redress,
and so raised the dispute to the level of international diplomacy
by formally protesting, as a Fellow, to the Royal Society against
Keill’s conduct in a letter of 21 February 1711, in which he de-
manded that Keill should apologize for his libelous insinuations.!
Newton himself, Leibniz alleged, had discountenanced ssuch “mis-
placed zeal of certain persons on behalf of your nation and him-
self” when Fatio de Duillier had first attacked Leibniz as a plagiar-
ist; Fatio had then collapsed without support and clearly Leibniz
expected that Keill would do the same, especially under pressure
from the Royal Society, which would be conscious of Leibniz’s
dignity, distinction, and influence even if Keill himself were not.
Leibniz’s letter to Hans Sloane, the secretary of the Royal Society,
rings with a genuine note of injured innocence; he had, he wrote,
never heard “the name caleulus of fluxions spoken nor seen with
these eyes the symbolism that Mr Newton has employed before
they appeared in Wallis’s Works.” How then could he have possibly
plagiarized, more than ten years earlier, what was then unknown
to him? To Leibniz, wholly ignorant of On the Method of Series and
Fluxions, forgetful of his hurried inspection of On Analysis and of
the exact content of Newton’s 1676 letters to himself — where,
indeed, the word fluxions was not to be found — the British accu-
sations were manifestly absurd and contemptible.

The response to his demands in London must have surprised
him, though he can hardly have underestimated Newton’s power
and prestige as president of the Royal Society. He probably over-
looked the aspect of his own party (with the Acta Eruditorum as its
mouthpiece) as seen from England, constituting a deliberately
anti-British coalition. While Leibniz had a few friends in England,
among them the journalist Edward Chamberlayne and students

KEILL’S offensive remarks in his Philosophical Transactions pa-
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who had traveled abroad like Thomas Burnet, most Britons ral-
lied patriotically to Newton’s support against the criticisms voiced
by Cartesians in France and Leibnizians in Germany. Attacks upon
the Newtonian philosophy of attraction, whose origin was all too
obviously in Leipzig and Berlin, had (one may suppose) not made
smooth the way for Leibniz’s complaint against Keill, who had no
intention of submitting.

It seems that Sloane first sought Newton’s advice on the letter,
and Newton took it up personally with Keill, who quoted the
Acta Eruditorum in justification. “I had not seen those passages be-
fore,” Newton wrote, “but upon reading them I found that I have
more reason to complain of the collectors [editors] of the mathe-
matical papers in those Acta than Mr. Leibniz has to complain of
Mr. Keill.” For Newton agreed that he was there everywhere de-
prived of his discovery and (a particular insult) On the Quadrature
of Curves was treated as though it were a mere compilation from
earlier publications by Leibniz, Cheyne, and Craige. Thus swiftly
did Keill win over the president of the Royal Society. When the
society took up Leibniz’s letter of complaint for the second time
on 5 April 1711, Keill defended himself so successfully by refer-
ence to the unfair review in the Acta that far from the need to
apologize being pressed upon him, he was required to “vindicate
himself” by producing a written account of the dispute; and the
following week this clear hint was reinforced by reference to the
“President’s right” in the matter, after Newton himself had drawn
attention to his early correspondence with Collins.?

Preparation of his justification occupied Keill for two months;
to what extent he consulted Newton personally on the develop-
ment of his mathematical ideas, or was aided by Newton, is un-
known. Newton certainly possessed a copy of the letter Keill
wrote for Sloane to send on to Leibniz, and it is slightly altered in
Newton’s hand, but it may well be that Newton was glad to leave
Keill independent in stating the argument on Newton’s behalf. On
the other hand, it might be argued that Keill displays so intimate
a familiarity with Newton’s mathematical history, and prefigures
so exactly the lines of argument and selection of evidence to be
followed later by Newton himself, that it is difficult to exonerate
Newton from giving Keill assistance as his own champion. How-
ever, Keill refers to no document not already in the public domain
with the exception of Newton’s letter to Collins of 10 December
1672, which is quoted by Keill as the clearest piece of evidence for
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Newton’s mastery of the calculus before 1676. This letter, he says,
had been found among the papers of John Collins, which long
after his death had been acquired by the London teacher of mathe-
matics William Jones, who earlier in this same year 1711 had pub-
lished Analysis by the Series, Fluxions and Differences of Quantities as
another contribution to the Newtonian documentation. Keill
could, therefore, have obtained knowledge of it from Jones inde-
pendently of Newton, and we have no reason to suppose he did
not, nor that Jones would have been reluctant to reveal to New-
ton’s friends the evidence that Collins’s papers contained to his
favor; these things must have been talked of among British math-
ematicians. Thus Newton’s possible involvement at this stage in
the advocacy of Keill before the society over which Newton him-
self presided must remain doubtful, especially as we know noth-
ing of any earlier relationship between Keill and Newton (which
would have encouraged Newton to embrace him almost as a fel-
low conspirator), whereas the one document we do have shows
Keill actually trying to persuade Newton that a case against Leib-
niz did exist. It seems fairer to give Newton the benefit of the
doubt, the more so because he hated controversies and restrained
rather than incited Keill in subsequent years.

Although Keill’s letter asserts formally that he means to press
no “criminal” charge against Leibniz, it makes the factual claims
that Newton “discovered the method of fluxions at least eighteen
years before Leibniz had published anything on the differential
calculus” and that “as some specimens of it were revealed to Leib-
niz it is not contrary to reason that these gave him an entrance to
the differential calculus.”® And still more emphatically Keill writes
at the end of the letter “that the hints and examples of Newton”
(contained in his 1676 letters to Leibniz via Oldenburg) “were suf-
ficiently understood by Leibniz, [at least as to the first differences;
for as to the second differences it seems that Leibniz was rather
slow to comprehend the Newtonian method, as perhaps I will
show more clearly in a little while].” The words I have enclosed
in brackets were added to the manuscript by Newton himself,
probably so that they might be printed in the text of the letter he
gave to the world in the following year, 1712, where they appear
without distinction, of course. In the face of these statements, and
the whole burden of Keill’s exposition, Keill’s apology that he was
not charging Leibniz with “borrowing” from Newton becomes a
farce, made caustic by his sneer that “among Leibniz’s other out-
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standing merits in mathematics” was his “unwilling[ness] to leave
concealed . . . a discovery that was so noble and capable of exten-
sion to so many applications.” It is a queer compliment to a thief
to praise him for knowing the value of the thing stolen.

That part of Keill’s case concerning Newton’s absolute priority
in the discovery of the calculus (in 1665-6) need not long detain
us; it was valid, and more important, it was irrelevant. Leibniz
could only be charged with plagiary on the basis of his under-
standing (even imperfectly!) Newton’s work by 1676 (for again,
no one supposed Leibniz could have gleaned anything material
after 1676). Keill obviously did not mean to limit his defense to
the assertion that Leibniz had been an honest, independent “sec-
ond inventor,” though this had been Newton’s own, original view
at least as expressed in public avowals. What Keill meant to show,
and this is the heart of the matter, was that Leibniz was not an
independent discoverer and therefore necessarily not an honest
one, because of his unacknowledged obligation to Newton,
though Keill left this part of his case as an implicit insinuation.

Of course, Keill wrote, he did not mean that Leibniz derived
the differential calculus or indeed Newton’s method of fluxions
ready-made from the first discoverer, what he meant was that
Newton had

Given pretty plain indications to that man of most perceptive

intelligence, whence Leibniz derived the principles of that cal-

culus or at least could have derived them; but as that illus-

trious man did not need for his reasoning the form of speech

and notation which Newton had used, he imposed his own.
These words were ill<judged. The escape clause — implying that
despite the circumstantial evidence against him, Leibniz might not
have followed Newton’s deeper mathematical processes — was not
pursued; it is pointless. And the suggestion that Newton pos-
sessed, let alone had communicated to Leibniz, a definite “form of
speaking and notation” was a tactical error, because Keill was un-
able to quote anything of the sort. Indeed, whereas a new and
serviceable notation was always a strong point on Leibniz’s behalf,
the inconsistency and imprecision of Newton’s language of flux-
ions before 1691 was a weakness on his side, which he tried to
conceal.

To strengthen the argument that “clear and obvious hints”
about new mathematical processes would be quite sufficient to
enable an intelligent mathematician to reconstruct those processes
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without the aid of a step-by-step explanation, Keill stressed the
continuity of mathematical development: The fluxional calculus
was an advance along an established path, not a revolutionary de-
parture from it:
if we substitute the x or y of Newton or the dx or dy of
Leibniz for the letter o0 which represents an infinitely small
quantity in James Gregory’s Pars Matheseos Universalis or for
the letters a or e which Barrow employs to designate the
same, we meet with the formulae of the fluxional or differ-
ential calculus. . . .

To correct any impression that Newton himself had continued
in the path thus struck out by Barrow and Gregory, however,
Keill insists (correctly) that he had begun his own way before their
books appeared; his point is that once they were available, it was
the more easy for anyone to improve infinitesimal methods fur-
ther. The obvious difficulty about this argument — and it still ex-
isted when the argument was used later by Newton — is that taken
at one extreme it is of no force at all (for if Newton had really
jumped a long way beyond Barrow and Gregory, the contents of
their books can be supposed really irrelevant to the main story of
the calculus, and this historians do now assume to be the case) or
else, if Newton’s jump is trivialized, what right had he to make a
fuss? One could hold that the solid content of Barrow’s and Greg-
ory’s improvements would be far more important and merito-
rious than any quantity of “hints” about the possibility of better
things still. Keill was on firmer ground in writing about On
Analysis (1669, and recently published by Jones) and its relation to
On the Quadrature of Curves (published by Newton himself in 1704
and always regarded by the Newtonians as his major systematic
exposition of calculus techniques). Nor is his assertion that by
1676 Newton had done more for the new infinitesimal calculus
than any one else unfair, whereas in his claim (historically incor-
rect) that no evidence existed to show that Leibniz had formulated
the differential calculus before that year — more specifically, before
receiving Newton’s two letters in that year — Keill was overlook-
ing no fact then accessible to him. There was at the time no evi-
dence of Leibniz’s invention before his reply to Newton of 11 June
1677.

Thus for the central issue, Leibniz’s indebtedness to Newton
before June 1677, Keill made everything turn on Newton’s First
and Second Letters.* He nowhere suggested that any valuable infor-
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mation might have reached Leibniz by a more circuitous corre-
spondence or through Collins’s open-handed attitude to the
mathematical material in his possession when Leibniz made his
second visit to London. Therefore Keill had to state a case for
believing that the two letters, though admittedly containing no
explicit “theory of fluxions,” or even the word itself, were rich in
hints so potent and direct that no mathematician as acute as Leib-
niz, following in the path of Barrow and Gregory, could miss
their meaning. Naturally, it never crossed Keill’s mind that Leib-
niz might not be (and indeed was not) searching for such hints.

Keill was, certainly, adopting a strong debating position in his
advocacy. What is a “hint”? How useful can a hint be? For ex-
ample, the mere hint that a problem has actually been solved by
A is certainly of value to B (assuming he knows in a precise way
the nature and significance of the solved problem), for he can pro-
ceed on the principle that what one man has done, another can
repeat. He is assured that his effort is not futile. In this vein Keill
quoted Newton’s allusion (in the Second Letter) to a general
method of tangents that avoided the simplification of compound
expressions, permitted the finding of maxima and minima, and so
forth; a method that (Newton had opined) was not very difficult
and yet would also assist in obtaining the quadrature of curves.
Keill saw these claims for achievements already effected by New-
ton as constituting “a beacon guiding him to the perception of
Newton’s method,” and in opposition Leibniz was powerless ex-
cept in the affirmation, or proof, if he could produce one, that his
own discovery had preceded Newton’s letters. How could anyone
possibly have proved that he was not inspired by a hint so vague
as that quoted by Keill or vindicate his denial that he had received
encouragement from it?

But clearly Keill could not be satisfied with this. He had to
show that Newton had instructed Leibniz in more specific ways,
and to achieve this end he unashamedly read history backward;
that is, according to Keill (and afterward according to Newton
himself), because we with hindsight see that Newton was able to
discuss certain mathematical procedures and specific examples
with Leibniz because he was master of an advanced infinitesimal
calculus, any competent person studying these procedures and ex-
amples could reconstruct that same calculus from which they were
descended. As a rough analogy, we trace in the appearance and
mannerisms of children attributes and traits already familiar to us
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in their parents; according to Keill’s implicit principle of reversa-
bility — that it is as possible to deduce the general rule from par-
ticular cases, as the particular cases from the general rule — we
ought to be able, by studying children, to reconstruct the appear-
ance, character, and mannerism of their two parents. Manifestly,
Keill’s rule is not wholly false, but neither is it wholly valid: In
particular, just as one could assign the characteristics of children
to the mother or father quite wrongly, so it is nearly always pos-
sible for any finite number of particulars to be embraced under
more than one general rule. This is the nontrivial possibility that
(with respect to Leibniz) the Newtonians never contemplated.
Thus, not only was Leibniz historically innocent of the process
of “reconstruction” of Newton’s method from hints given, in the
manner postulated by Keill, but it certainly makes no logical sense
to believe (as Keill and Newton alleged) that since Leibniz had
followed such a process, he would inevitably have come up with
a replica of Newton’s method. This is the basic fallacy of the
whole Newtonian argument against Leibniz. It was the fallacy
that led them into declaring both that Leibniz was clever enough
to have profited from Newton’s hints and that he had “imitated”
Newton’s method. For, obviously, if Leibniz ever knew enough
of Newton’s achievement to imitate it, he had no need of hints;
but if he only had hints, what was there for him to imitate and, as
Newton said, spoil? The two accusations against Leibniz are really
inconsistent, but they both had to be made because the weak hints
alone could be demonstrated, and therefore the equivalence be-
tween Leibniz’s calculus and the method of fluxions had to be ac-
counted for as an unspecific “imitation.” This argument was, as
will be seen later, a double-edged one for the Newtonians to em-
ploy.
To illustrate Keill’s conduct of his case more specifically: in the

First Letter of 1676, he declares, Newton

taught the method by which quantities may be reduced to

infinite series, that is by which the increments of flowing

quantities [variables| may be displayed . . .
Keill then continues, as though still with reference to the First
Letter, to show how by means of the binomial expansion a se-
quence of successive differences (or fluxions) of a quantity may be
found. His statement is remarkably disingenuous: Newton did in-
deed explain his binomial theorem to Leibniz in the First Letter,
that is, truly enough, “the method by which quantities may be

174



THRUST AND PARRY: 1710-1713

reduced to infinite series,” but nowhere did the Lester apply the
binomial expansion to finding differences (or fluxions) or, indeed,
to bringing flowing quantities into the discussion at all. Newton’s
whole emphasis was on series and excludes infinitesimals; so (later
in the Letter,) he wrote:

How the areas and lengths of curves, the volumes and sur-

faces of solids . . . and their centres of gravity are determined

from equations thus reduced to infinite series, and how all

mechanical curves may be thus reduced to similar equations

of infinite series . . . all this would take too long to describe.
This passage is then illustrated by several examples again wholly
without reference to infinitesimals. And, in fact, Keill’s own ex-
planation of the relation of Newton’s binomial expansion to the
successive differentials of an expression is adapted not from the
First Letter at all, as the nonalert reader might suppose, but from
On the Quadrature of Curves. Keill was correct in claiming that the
series and integrations laid before Leibniz by Newton in 1676 had
been known to him since 1666 (or thereabouts), and that Leibniz
did not at first follow Newton’s processes, but the whole mathe-
matical context of infinitesimal calculus introduced by Keill,
which he supposed Leibniz capable of reconstructing so easily, had
been absent from the First Letter that Leibniz received. But for the
fact that Keill puts the whole matter forward in so calm and mat-
ter-of-fact a manner, one would really find the suggestion that
mere inspection of the methods of binomial or Taylor expansion
could serve by itself as a sufficient introduction to the differential
and integral calculus quite ridiculous. Similarly, turning to the
Second Letter of 1676, Keill maintains (referring to Newton’s first
example in the letter) that Newton explained how quadrature of
curvilinear areas might be effected by proceeding from differen-
tials to integrals. Keill then shows how integration is the converse
of differentiation. But in the Second Letter, in fact, Newton himself
had done nothing of the sort, nor (let me repeat) employed such
words as “differential, integral” or “fluxion, fluent,” at all or any
equivalent or any such symbolism. He left the whole algorithm,
here disclosed by Keill, completely in the dark.

One cannot but suppose Keill (and Newton later) blindly sin-
cere. They were writing of things that they believed not merely
possible but actual. It may now seem astonishing to imagine that
the “hints” discussed by Keill in the 1676 letters could have fur-
nished a reader with the means to reconstruct Newton’s method
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of fluxions, not to say Leibniz’s differential calculus. The Newton-
ians, however, found the matrix among Newton’s mathematical
papers, from which the material for these letters had been taken,
so natural that they were wholly blind to the far different reaction
of an unprepared reader whose mathematical evolution had been
very different from Newton’s. Surely, they might have argued,
with so many pieces of the jigsaw puzzle in his hand, Leibniz must
have glimpsed the whole picture? Forgetting the difference be-
tween the open and the predisposed mind, ignoring Leibniz’s own
interest in (as it seemed to him) another and distinct puzzle pic-
ture, it was the more easy for the Newtonians to make their mis-
take because seventeenth-century mathematics was indeed con-
verging by several avenues upon the concepts of the calculus; they
could not conceive that Leibniz, in fact, came to them by a differ-
ent approach from Newton’s.

Keill’s letter of counterattack rather than apology was read at a
meeting of the Royal Society on 24 May 1711, where the decision
was taken to transmit it to Leibniz without the society’s officially
expressing any regret or disclaimer. Or so Sloane, as the society’s
secretary, wrote to Leibniz, prompted by Newton himself (it
seems) if one may judge by the drafts among Newton’s papers.
Considering Leibniz’s fame and eminence, Sloane’s curt note is
barely courteous, especially in view of the document to which it
served as a cover, so it is not surprising that Leibniz took his time
about acknowledging his receipt of it. His tone, in doing so in
December 1711, was dignified: Why should such a man as himself
be expected to apologize for his life, like a suitor before a court of
law, in order to refute a person who had neither knowledge of the
events in question nor the authority of him who was chiefly con-
cerned, Newton? As for Keill’s justifying himself by the plea that
false charges against Newton had been made in the Acta Erudito-
rum, this was worthless; for in that periodical, Leibniz thought,
everyone had received his due. He and his friends had always al-
lowed Newton the credit of “arriving by his own efforts at basic
principles similar to our own.” His own right to the discovery
was just as good, as Huygens had acknowledged, and as Leibniz
had kept it to himself a full nine years (that is, since 1675), no one
could claim to have forestalled him. Should not Newton, he ap-
pealed, be brought in to tell Keill, the upstart (homo novus), to
back down?

Here, perhaps, if matters had remained as they were for the

176



THRUST AND PARRY: 1710-1713

previous twenty years, the issue might have rested. Leibniz’s dec-
laration that he had not been forestalled in publication was unexcep-
tionable; there was no difficulty about the letter as long as Leibniz
was not asked to admit that he had been forestalled in the idea. But
the situation was not as it had been. Keill was a man not to be
suppressed, nor to admit Leibniz’s vindication of his own inde-
pendent discovery of the calculus. It must, in Keill’s view, be uni-
versally recognized that Newton had been first in the field, way
ahead of the Germans. And now Newton himself was beginning
to believe that, his honor having been touched, nothing but a full
disclosure of the cards in his hand could clear him. Moreover,
with both men, the two different anti-Leibniz issues were now
fused into one: It was not only necessary to prove that Newton’s
had been the first and original calculus (as Leibniz had since called
it) but that, because the calculus was unique, Leibniz had stolen it
from Newton. The security of Newton’s fame demanded that
Leibniz be made infamous: There could no longer be any question
of sharing honors.

We have no sign that Newton did anything more until Leibniz’s
second letter to Sloane reached London in January 1712. With
that, however, he embarked upon the manifestation of his own
historical right to the first discovery of the calculus, which had
been in his mind since April 1711 and for which he may already
have made quiet preparations. It is likely that he addressed the
Royal Society on the subject at its meeting on 14 February 1712;
at any rate notes for a speech survive. The controversy, Newton
reminded the Fellows, was not of his making, as the Acta Erudito-
rum articles had escaped his notice before “last summer.” Leibniz’s
right to demand an apology from Keill was no stronger than his
own right to receive an apology from the reviewer of the “book
of Quadratures” in the Acta who had “taxed me with borrowing
from other men.” It was possible, Newton admitted, that he and
Leibniz might both have independently discovered the same cal-
culus, “because the same thing is often invented by several men”;
his own creation of the infinitesimal method, however, had oc-
curred before 1669, whereas he had not heard of Leibniz’s before
1677. Thus far the speech is mild enough; Leibniz is not accused
of misconduct. A related draft by Newton, in contrast, returns to
his favorite emphasis on the unique right of the “first author” and
his doubt that Leibniz was such a “first author” of the calculus.
This draft recites with some indignation the offensive words
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about Newton’s employing fluxions in place of differences and
asserts that Leibniz learned from the 1676 letters that Newton had
written “a treatise of the methods of converging series and flux-
ions six years before I heard of his differential method.”®

Although Newton’s public reactions to Leibniz’s two letters to
the Royal Society are not precisely known, it is yet clear enough
that they were defensive rather than counteroffensive; he himself
was not willing to seem to go nearly so far as Keill had done in
his letter of self-justification. Newton justifiably claimed priority;
he did not unjustifiably deny independent invention to Leibniz.
Whether this was his own true belief, whether in his heart he did
not already believe what Keill had plainly written, is another ques-
tion; for Newton was now taking devious steps to improve his
position. Having (presumably) heard his side of the story, as well
as that of Leibniz, the Royal Society decided to appoint a com-
mittee to look into the questions in dispute and report back; in
subsequent weeks the committee was enlarged by other members
(including the King of Prussia’s minister in London), and on 24
April — just fifty days after the first nomination of the committee
— its report was ready.

One may wonder how such expedition was possible. Many let-
ters and papers, collected together at the offices of the Royal So-
ciety, had to be studied, and there were no copies for circulation.
Three of those who signed the report had only sat on the com-
mittee for a week before doing so — they can hardly have come
impartially to their decision. And, of course, nothing from Leib-
niz’s side was available to them at all, save some of his letters to
Oldenburg. The fact is that the report was drafted by Newton
himself — the draft, varying little from the subsequently printed
version, still exists in his own hand — and the committee (or those
of them competent to form any opinion) allowed themselves to
be used as men of straw. Some of them must have known that the
supposedly impartial report was their president’s own work; one
can only hope that they honestly believed all its findings to be
true. Someone, presumably, must have acted particularly as New-
ton’s stoolpigeon, but it is useless to try to guess his name; it was
not Keill, for he was not of the committee. However it was stage-
managed, the “Royal Society’s” report came out overwhelmingly
in Newton’s favor. It dragged out the old story of Leibniz’s unfor-
tunate attempt to claim for himself “another difference method
properly so called,” which had already been printed by Mouton;
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and declared that he had possessed no other differential calculus
before June 1677

which was a year after Mr Newton’s letter of 10 December

1672 had been sent to Paris to be communicated to him, . . .

In which Letter the Method of Fluxions was sufficiently de-

scribed to any intelligent person.
The conclusion that Newton was “the first inventor” of the cal-
culus was obvious, and Keill was absolved of doing any injury to
Leibniz in saying that this was the case. No formal accusation of
plagiarism against Leibniz features in the report. As Newton put
it later (1718):

whether Mr Leibnitz found the Method by himself or not is

not the Question. The Committee of the Royal Society did

not enter into this Question, but on the contrary said: We take

the proper Question to be, not who invented this or that Method but

who was the first inventor of the method. And we believe that those

who have reputed Mr Leibnitz the first Inventor, know little or

nothing of his correspondence with Mr Collins & Mr Oldenburg

long before, nor of Mr Newton’s having the Method above 15 years

before Mr Leibnitz began to publish it in the Acta eruditorum of

Leipsic. Here the Committee of the R. Society treat Mr Leib-

nitz as second Inventor . . . [Italics in original]
Not as a plagiarist pure and simple was Leibniz condemned, but
as one guilty of concealing his knowledge of the prior, relevant
achievements of others. This was the essence of Leibniz’s miscon-
duct and, if proved, it would defame him as effectively as the
worse crime of open theft: that he had first silently ignored, and
later explicitly denied, Newton’s genuine right (of which Leibniz
was necessarily aware) as “first inventor.” As Newton, and hence
the “committee,” saw it, Leibniz’s correspondence of the 1670s
had not only proved Leibniz’s moral turpitude but had been vitally
important for his later publication of the calculus. “Second inven-
tors have no right,” Newton declared harshly.”

The society accepted the report as correct and fair, ordering its
publication along with extracts from the relevant documents. The
whole, along with a number of pointedly anti-Leibnizian foot-
notes and comments, constitutes the Correspondence of John Collins
and others about the development of Analysis, invariably known by
its shortened Latin title as the Commercium Epistolicum, which
the Royal Society distributed free to suitable recipients in
January-February 1712-13. This was to remain the permanent ba-
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sis of Newton’s case against Leibniz; selection of the documents
and appropriately pointed annotation of them occupied Newton
throughout the latter part of 1712.

As to the exact form of this case, the report exhibits some un-
certainty in Newton’s mind. Keill had relied chiefly on the content
of the two Letters of 1676, treating these as sources of direct
“hints” to Leibniz about calculus procedures. Newton in the re-
port, however, ignores these Letters (though both were to be
printed in the Commercium Epistolicum) and relies instead on his
letter to Collins of December 1672. This letter had indeed been
quoted by Keill, too, but only as evidence of Newton’s early mas-
tery of calculus techniques; he quotes from it Newton’s statement
of the tangent rule and his general promise that

This [rule] is one particular [case] or rather a corollary of a
general method which extends itself without any trouble-
some calculation not only to the drawing of tangents . . . but
also to the resolving [of] other abstruser kinds of problems
about the crookedness, areas, lengths, centres of gravity of
curves.

It is a general affirmation very like others in the First and Second
Letter of 1676. Keill did not argue that Leibniz had seen the Collins
letter, as Newton does in the report, making now one of the great
historical blunders of the whole dispute, which was only corrected
in the nineteenth century.

The origin of this blunder was, one may suppose, Newton’s
discovery in the course of his documentary researches of the joint
intention of Collins and Oldenburg, after the death of James
Gregory in 1675, to send to Leibniz a collection of Gregory’s
mathematical letters to Collins to which some of Newton’s were
to be added. We may assume that Newton had previously known
nothing of this plan, because the documents were not in his pos-
session. In the Commercium Epistolium Newton printed (accu-
rately) Collins’s opening words to Oldenburg at the head of his
collection:

Forasmuch as you have much pressed me yourself, being
incited thereto by the earnest desires of Mr Leibniz and others
of the Royal Academy at Paris, to give an account of the great
pains and attainments of the late learned Mr James Greg-
ory . ..

And also Collins’s endorsement:

180



THRUST AND PARRY: 1710-1713

Extracts from Mr Gregory’s Letters, to be lent Monsieur
Leibniz to peruse; who is desired to return the same to you
[Henry Oldenburg]

This collection, not of Gregory’s original letters but of extracts
copied from them, does indeed contain a full statement of New-
ton’s tangent rule as he explained it in his letter to Collins of 10
December 1672. Therefore, when Newton saw this, he declared
in the Commercium that here

Newton says he has a general method of drawing tangents,
squaring cirved lines, and effecting similar things, and ex-
plains the method by the example of drawing tangents; which
method Mr Leibniz afterwards called “differential.”

Newton naturally concluded that the collection (known as the
“Historiola”) had been sent to Leibniz early in 1676, Gregory hav-
ing died in the previous October. This was an error, for the “His-
toriola,” being both bulky and precious — for it was of interest to
all mathematicians — was not sent to Paris at all. Instead, Leibniz
received (but this was not ready before the end of July 1676) a
short version called the “Abridgement,” in which Newton’s De-
cember 1672 letter to Collins was condensed to a few uninforma-
tive lines only. When this was first realized, more than a hundred
years ago, it seemed obvious that Newton had maligned Leibniz
fearfully, in a way that could have been avoided had he examined
more scrupulously what Oldenburg actually sent to Leibniz in
July 1676. Augustus De Morgan writing in 1852 of the “atrocious
unfairness” of Newton’s partisans and of the “gross suppression
of facts” in the Commercium Epistolicum did not realize, however,
that the complete text of the “Historiola” had been examined by
Leibniz during his visit to London in October 1676. There he duly
found Newton’s letter of December 1672 and carefully noted
down for himself the outline of Newton’s method of tangents.
Thus, though the Commercium Epistolicum was wrong as to the
facts of its statements about Newton’s tangent method, these
statements were correct in spirit. Leibniz did see the December
1672 letter, though many months later than Newton had sup-
posed. It was far too late to have any effect on his own mathe-
matical development, and what is even more to the point, Sluse’s
method of tangents, identical in all but language with Newton’s,
had been in print in the Philosophical Transactions since January
1673: There was no “secret” about it if we except the reciprocity
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of tangent finding and quadrature hinted at by Newton in his
letter.

Taking the equivalence of the Sluse-Newton methods into ac-
count, the importance that Newton attached to the December
1672 letter in the report and the Commercium Epistolicum becomes
hard to understand, and not least the assertion of the “judgement
of the Committee” at the end of the book that in this “letter the
method of fluxions was sufficiently described to any intelligent
person.” If this were so, why should not Sluse also be claimed as
an inventor of fluxions? De Morgan called this claim “the most
reckless assertion ever made on a mathematical subject,” whereas
Leibniz denoted it as merely “silly” — Newton’s 1672 ideas were
(he thought) worlds apart from the differential calculus. We can
only account (in part) for Newton’s paradoxical claim by suppos-
ing that in his own mind he confused the question of his own
priority in mathematical discovery (as to this, the 1672 letter could
fairly count as evidence) with different questions about the extent
of Leibniz’s infamy (in Newton’s eyes). The 1672 letter gave
some, if slight, measure of Newton’s mathematical progress —
Newton had far stronger documents at hand. To a demonstration
of what Newton had accomplished before 1672, the question of
Leibniz’s knowledge of Newton’s mathematics before 1677 was,
however, irrelevant. If Newton had wished to prove that Leibniz
knew that he had made great advances in the infinitesimal calculus
as well as the method of series (which latter point Leibniz never con-
tested) without being informed of the nature of these advances,
and therefore (when he had trod the same path by his own inde-
pendent efforts) ought to have admitted his awareness that New-
ton had been before him, then again Leibniz’s demonstrated early
knowledge of the 1672 letter and other materials would have been
to the point. But to prove Leibniz guilty of this lesser fault, of not
acknowledging that he must have come after Newton, was not by
any means the same thing (as Keill and Newton often seem in-
clined to suppose) as proving that he was guilty of the graver
charge of actual plagiarism of Newton’s methods.

It must, to go further, also be observed that when Newton in
the report descended to general insinuations that Leibniz must
have known of his work because Collins had imparted news of it
to his correspondents, he made disgraceful and irrefutable accu~
sations, rendered all the more unworthy by the underhand
method he adopted of giving currency to them.
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Another mistake in the report, never confessed nor corrected
by Newton, relates to the time lapse before Leibniz’s reply to the
Second Letter, which first conveyed news of the differential calcu-
lus to Newton. The latter always maintained that Leibniz had en-
joyed a long interval of leisure in which to work up his own
method as a variant of Newton’s after Newton’s method had been
brought to his knowledge; here Newton makes that interval at
least a year and perhaps four years. Once more, Newton’s opinion
was quite at variance with the facts (chapter 5), and though cir-
cumstances chanced to make the case against Leibniz in this re-
spect look worse than it was, some of the evidence for believing
that no such long period for “cooking” was available to Leibniz
was actually in Newton’s hands, if he had ever cared to look at the
question from Leibniz’s side.?

Curiously enough, just at the moment when Newton was mov-
ing toward an “impartial” presentation of the historical docu-
ments, telling in his own favor, the reviewer in the Acta Eruditorum
of William Jones’s Analysis (who was not Leibniz) was proposing
the very same thing — the publication of John Collins’s correspon-
dence; to this suggestion he was prompted by Jones’s moderate
allusions to the evidence in that correspondence of Newton’s
mathematical precocity. Otherwise, the reviewer seized the op-
portunity to enlarge upon the merits of Leibniz’s differential cal-
culus, which could even serve as a touchstone for the detection of
many mistakes in physical science, and to treat the Newtonian
method as a poor derivative of or substitute for the Leibnizian
algorithm while carefully denying that anything known to New-
ton had escaped Leibniz. Newton (perhaps prompted by Keill) did
not fail to examine the review of Jones’s book and drafted a letter
of protest about it to the editors of the Acta. He resented the omis-
sion of any reference to the early date of On Analysis (1669), the
continued ascription of the “first invention of the differential
method to Mr Leibnitz,” and the assertion of the identity between
his method and Leibniz’s; his own method, Newton claimed
(rather speciously), avoided the uncertainty of infinitesimals and
performed “the whole computation . . . in finite quantities by the
geometry of Euclid.” He was often to try to make out such a claim
but never succeeded to the satisfaction of independent contempo-
rary critics.’

While the Commercium Epistolicum was in preparation, the philo-
sophical dispute between Leibniz and Newton was not altogether
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without fresh incident. In May 1712 a London periodical called
Memoirs of Literature copied from the French reviews an open letter
to the Dutch philosopher Nicolaus Hartsoeker written by Leibniz
during the previous year, the two having been for some time in
dispute over the nature of infinitesimals (on this score and others
Hartsoeker was equally critical of Newton). Into this paper Leib-
niz gratuitously inserted a derogatory allusion to Newton, much
as he had done not very long before in his Essais de Théodicée:
Those who supposed God to have made it a law of nature that
every lump of matter should attract every other were invoking a
miracle in order to explain gravity, when what was necessary was
to find a natural physical explanation for it, not to appeal to the
supernatural. Leibniz’s words did not escape Newton, for he pre-
pared an undated draft of a letter of protest to the editor of the
Memoirs of Literature, which is interesting because he clearly takes
up a national cause. Because the English, having found out the
universal law of gravity:

do not explain gravity by a mechanical hypothesis, he [Leib-

niz] charges them with making it a supernatural thing, a mir-

acle and a fiction invented w support an ill-grounded opin-

ion. ..
But was the law less true for being unexplained, Newton asked,
and what of such other properties of matter as hardness, inertia,
duration, and mobility:

yet no man ever attempted to explain these qualities mechan-

ically, or took them for miracles or supernatural things or

fictions or occult qualities. They are the natural real reasona-

ble manifest qualities of all bodies seated in them by the will

of God from the beginning of the creation . . .
The defect of Newton’s argument is that it begs the vital question:
Is gravity a “real reasonable manifest quality of all bodies”? Let us
suppose that a logical analysis of our experience of the world con-
vinces us that all matter is made of particles, and that these parti-
cles must necessarily be hard, extended, movable, and so forth.
Let us agree that this is a common tenet of the mechanical philoso-
phy of nature. Does it also follow that these particles possess active
powers or forces? By no means: Mechanical philosophers before
Newton had taken precisely the opposite view, and like all their
predecessors back to remote antiquity, they had defined material
substance as naturally inert. Just as Aristotle had found the cause
of the motion of matter in psyche or pneuma, so the mechanical
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philosophers had reasoned that matter alone can never create, but
only conserve motion. Thus Newton was exceptional, not ordi-
nary, in seeking to include force within the ontology of matter —
if this is what he meant by saying that force was no more the
consequence of God’s will than extension and hardness. The me-
chanical philosophers had been especially prudent to avoid the at-
tribution of active powers to matter (which was Spinoza’s sin)
because to do so would open the path to atheism, for if mere mat-
ter were supposed active enough to organize itself into a universe,
no divine creation was required. Nor do “active powers” in mat-
ter overcome the problem of action at a distance; if gravity is, like
hardness, inherent in matter, how does its activity operate across
empty space? It is obvious enough that in seeking to find argu-
ments against the need for mechanical hypotheses to explain grav-
itation, such as Leibniz preferred, Newton was starting on a dif-
ficult task.

In the end he decided to leave it to others — to his young col-
laborator in preparing the second edition of the Principia, Roger
Cotes, and to his old friend Samuel Clarke. Newton’s own par-
ticipation was virtually restricted to the celebrated “Hypotheses non
fingo” of the new editions of his books (chapter 8). For his part
Cotes, vahantly arguing the Newtonian case in the Preface to the
new edition of the Principia (1713), did not hesitate to take the
same line as Newton himself in the draft just quoted, maintaining
that

if the nature of things is not correctly explained by the gravity

of bodies, it will not be rightly explained by their extension,

mobility and impenetrability.
This was indeed taking the war into the enemy camp, challenging
the Cartesians and Leibnizians to explain why, philosophically,
Newtonian forces were any less respectable than the accepted
“mechanical” properties of bodies.!?

In fact, the early years of the second decade of the eighteenth
century are marked by the Newtonian counterattack. With the
exception of his Opticks, and its companion mathematical trea-
tises, nothing of which was in the least controversial, Newton
himself had not published at all after 1687, and the Newtonian
literature since that day, the work of Wallis, Gregory, Keill,
Craige, and others, had been truly independent and in large part
nonpolemical. There had been little effective effort to rebut Con-
tinental criticism of Newton’s influence either in mathematics or
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in physics or even to interpret Newtonianism properly. With
Jones’s publication of Newton’s mathematical treatises in 1711,
followed by the Commercium Epistolicum (1712-13), and the second
edition of the Principia (1713), a decade of Newtonian publication
opened, which also saw a pirated Continental edition of the Prin-
cipia (Amsterdam, 1714), Joseph Raphson’s History of Fluxions
(1715), the Leibniz-Clarke Correspondence (1717), and in the same
year the second English edition of Opticks, Keill’s Introduction to the
True Astronomy (1718), and finally two books that signalize the
beginnings of Newton’s Continental influence — the first French
translation of Opticks (Amsterdam, 1720) and Willem ’sGravesande’s
Mathematical elements of Physics, confirmed by Experiments (Leyden,
1720), the first Newtonian text composed by a Continental au-
thor. The same years saw Keill’s robust invasion of the Continen-
tal journals on Newton’s behalf (aided by ’sGravesande in Hol-
land) and, with the death of Leibniz (1716), the disappearance of
the chief actor on the other side. This second decade of the century
was that in which Newton’s ideas no longer seemed absurd to
most Europeans, in which defenders of his physics - if not of his
fluxions — began to make themselves known here and there, and
the slow retreat of the neo-Cartesians began, though that was to
be far from final at the time of Newton’s death.

As he seemingly had no notice of the proceedings at the Royal
Society in the spring of 1712, Leibniz was taken aback by the ap-
pearance early in the next year of the Commercium Epistolicum,
with what amounted to an official censure of himself as a plagiar-
ist. It was some time before the copy sent to Hanover reached him
in Vienna, where he was at that time, so that his first information
came from friends who were no less amazed to find so dignified
and esteemed a scholar as Leibniz treated as a criminal, and worse,
an ignoramus. Pierre Varignon, for example, wrote of his distress
at the unjust trial “to which Mr. Keill has just subjected you in
England; we are the more astonished at it here because Mr. New-
ton himself has in the Principia recognised you also as a discoverer
of the calculus in question, and because for almost thirty years
you have peacefully enjoyed the fame which you have reciprocally
allowed to each other, with a courtesy edifying to all decent
people . . . ”; yet these phrases already indicate a pro-Newtonian
change of sentiment on Varignon’s part; only a few weeks before,
when he knew of the Commercium Epistolicum merely from Johann
Bernoulli’s report of it, he had been willing to agree with Ber-
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noulli (and Leibniz himself, of course) that Newton’s method of
fluxions — or at least his original, pre-1684 method of fluxions —
had not been an algorithm equivalent to Leibniz’s differential cal-
culus at all, but something of altogether lesser scope “as the an-
cients knew loci, but not their calculation in the way that algebra
has furnished it to us.” Presumably, actual examination of the
Commercium Epistolicum, together with recollection of what Leib-
niz and the authors in the Acta Eruditorum had previously credited
to Newton, made Varignon less inclined to take Bernoulli’s word
on the matter; and even Bernoulli was shaken by what he now
saw of Newton’s early letters and papers, if only momentarily.!

The Commercium Epistolicum, as first published in 1712-13, was
a selection of texts — some extracts, some complete — with brief
interlinking passages and annotations, ending with the report,
which the Royal Society had approved on 24 April 1712. The
documents are, within the ordinary limits of error, faithfully re-
produced and nothing obviously favorable to Leibniz’s side was
omitted; Leibniz hoped to be able to demonstrate cheating in the
presentation of the documents but never succeeded. The chief fac-
tual errors deliberately introduced by Newton relate to On the
Quadrature of Curves and are not profoundly significant: He wished
to make it appear both that this was an early treatise and that its
dot notation for fluxions was one of those he had employed from
the beginning. The basis of the fluxional calculus was, after all,
transferred to this treatise from early writings, and the question of
notation is not of the first importance. The collection opens with
a quotation from a letter of Isaac Barrow to John Collins dated 20
July 1669, referring to a “friend” who

brought me the other day some papers, wherein he has set
down methods of calculating the dimensions of magnitudes
like that of Mr Mercator for the hyperbola, but very general,
as also of resolving equations . . .

This was Newton’s On Analysis, which then follows complete,
within a couple of pages of the start of the Commercium Epistolicum.
It may at first seem strange that Newton chose to insert this essay
as his substantive evidence of early achievement, rather than the
slightly later Method of Fluxions, because On Analysis is not overtly
concerned with fluxions at all but, as its title states, with the
method of series. There were two reasons for his choice. First,
because this essay had been communicated to Barrow and Collins
—and, as Newton knew in 1712, copied by the latter — mentioned
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by Collins in his correspondence, and further made available by
him to Leibniz, Newton could claim that in some sense On Analy-
sis had become known to the inner mathematical world of the
1670s. Of course, he could make no analogous claim for the
Method of Fluxions, which had not left his own hands. Second, in
Newton’s eyes, the method of series was itself an indispensable
part of his new infinitesimal analysis. As a recent writer puts it:
It is quite clear that Newton’s usé of infinite series belongs to
analytical mathematics. These series had no meaning in tra-
ditional terms until Newton’s development of the method of
ratios [fluxions).
The calculus is, after all, differential and integral and it is the sec-
ond element of the pair that contains far more difficulty for the
mathematician, who has to discover appropriate methods of ap-
proximation where the obtaining of integrals by the simple pro-
cedure of reversing differentiation is impossible.

Newton had quickly realized that the methods of series expan-
sion that he had already used for solving algebraic equations had
a further utility in developing his method of fluxions; series ex-
pansion was, as it were, a mathematical tool of general usefulness
extending beyond this new method and prior to it, but one which
the new method required for its perfection. That is, the relation
between the two areas of mathematics was not quite reciprocal
because series could certainly be used without infinitesimals,
whereas the perfected infinitesimal method required series expan-
sions and, as Newton later maintained, the two constituted a
whole together.

There seems to have been a real difference between Newton and
Leibniz here. Taking their stand on Newton’s centering his discus-
sion in On Analysis upon series expansions and not upon the use
of infinitesimals, both Leibniz and Johann Bernoulli maintained,
as probably no modern historian of mathematics would do, that
Newton’s advancement there of the study of infinite series had
nothing to do with a knowledge of the “real” infinitesimal calcu-
lus, even though (as we have seen in Chapter 2) On Analysis does
contain explicit allusions to a new infinitesimal method. Their
blindness, as it may seem to us, was not simply the product of a
biased perversity but was historically conditioned by Leibniz’s ap-
proach to the calculus through the study of the “method of differ-
ences,” in contrast to Newton’s initial interest in problems of in~
terpolation and quadrature by means of series. Newton took a
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broad view embracing several lines of progress in mathematics of
which the fluxional method was only one, whereas Leibniz tended
to see every development in a role ancillary to the new concept of
algebraic differences. Certainly even in August 1676, nearly a year
after the idea of a differential calculus had first come to him, Leib-
niz was still far behind Newton in the mastery of series expansions
and integration procedures, writing frankly to Oldenburg:

I would very much like to know, for I cannot yet satisfy my-

self in this, how the roots of equations can be made known

by infinite series, and also how the tables of sines and loga-

rithms may serve for the resolution of equations.
He could, he goes on (perhaps with excessive assurance), obtain
any root approximately, but only in a very cumbersome way

however, I do not doubt that to your colleagues, who have

given so much effort to this business [of series], a certain brief

and subtle elegance is accessible.
Although by mid-1676 Leibniz had himself obtained interesting
results by the use of series — not least his circle quadrature — that
method did not occupy for him the central position it had occu-
pied in Newton’s mathematics.!?

As so often in collections of documents, the bite of the Com-
mercium Epistolicum is in the “editorial” comment from Newton’s
pen. He lost no opportunity of ramming his message home to
Leibniz’s disadvantage. Thus, in On Analysis, picking out the
place where he had referred to area moments (infinitesimal areas
generated in a geometrical figure by an infinitesimal change in x
producing a corresponding change in the area y), he adds

N.B. There is here described the method by fluents and their

moments. These moments were afterwards called differences

by Mr Leibniz: hence the name differential method.
In a sense the passage does indeed contain one of those “hints”
Keill insisted upon; but it certainly gives no “description” of a
new “method” in the ordinary sense of words. Yet Newton was
not here claiming that Leibniz had gleaned anything from a perusal
of On Analysis, so the invidious comparisons are really irrelevant
to his purpose of establishing priority. Newton’s comments also
insist that the Second Letter of 1676 had “explained the methods of
infinite series and of fluxions at the same time” to Leibniz, that he
had had no competence in geometry before the middle of 1674,
and had possessed no knowledge of quadrature series until those
of Gregory and Newton were imparted to him by Collins and
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Oldenburg (which Leibniz had then passed on to his friends in
France as if they were his own discovery), and that Leibniz had
not formulated his differential method until after his return to
Germany in the autumn of 1676 — that is, more than a year later
than, in historical fact, we now know that Leibniz had his first
notions of the differential calculus. It is surely needless to say that
all this poison poured by Newton into his readers’ ears was dis-
tilled from distortion and illusion. Take the last point, where
Newton constructs (out of almost nothing) a beautiful imaginary
chronology. Collins, he says, received from Gregory in 1671 his
arithmetic quadrature of the circle (this was, of course, in the form
of an infinite power series) which Oldenburg transmitted to Leib-
niz in 1675; this same series, Newton goes on, Leibniz then im-
parted to his friends as his own and began to prepare a short paper
about it; in the next year, 1676, he polished the paper in order to
send it to Oldenburg. In the third year, 1677, his return home
allowed Leibniz, according to Newton, no leisure to get on with
this task and he soon realized that his new analysis made a particu-
lar treatment of the circle series unnecessary. Accordingly (igitur),
this analysis must have been discovered only after Leibniz had put
his paper aside and become involved in public affairs, that is, after
his second visit to London and return to Germany. Newton’s “his-
torical reconstruction” here does not closely correspond to facts
accessible to him, and he simply made out of nothing the sup-
posed dates of Leibniz’s work on the circle-quadrature paper.

It should be needless to repeat that Leibniz discovered his arith-
metic quadrature of the circle in 1673, whereas the British series
to the same effect (though discovered much earlier, it is true) were
imparted to him only on 12 April 1675 (not 1671!). Equally, Hof-
mann has shown how false was Newton’s unshakable supposition
that Leibniz had obtained the Newton-Sluse tangent rule, as it
were sub rosa, from his own letter to Collins of December 1672,
making this typical of Leibniz’s whole procedure; Leibniz got the
rule, in 1673, from Sluse’s paper published in the Philosophical
Transactions. The point is not, of course, to blame Newton for
ignorance of Leibniz’s development as a mathematician, as knowl-
edge of it was necessarily inaccessible to him. What was reprehen-
sible in Newton was that he arrogantly believed (on the basis of
very few facts, distorted in his own mind) that he could follow that
development, thus fabricating in his own interest a chronology
for which he had no authority.?
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On the other hand, one should not overlook the provocation
Newton had received, not only on his own score. It was certainly
true that Gregory had sent the circle-quadrature series to Collins
in 1671, and if Leibniz had been completely candid he would not
have claimed to be the first to discover it, though he was certainly
an independent discoverer. Collins and Oldenburg had put him in
the picture, but in his August 1676 letter he (conveniently?) forgot
what they had told him, permanently it seems, for it came to Leib-
niz as a shock in reading the Commercium Epistolicum to discover
the British claim for Gregory’s priority, which he was at first in-
clined blusteringly to deny as a fabrication: Evidently Leibniz
(who, like most of us, hated to be forestalled in anything) closed
his mind to the truth of this matter. Moreover, Leibniz made mis-
takes, for surely Newton was correct in deducing that even in
1676, even after he had formed the idea of the differential calculus,
Leibniz was an ill-trained mathematician (who usually wrote his
letters in haste). The mistakes gave Newton grounds for asserting
in the Commercium Epistolicum that the discovery of the calculus
was beyond such a duffer. One of Leibniz’s more notable miscon-
ceptions was his doubt that the method of infinite series would be
capable of resolving certain intricate problems “such as neither
depend upon equations nor upon quadratures, such as problems
of the inverse method of tangents, which Descartes himself al-
lowed were beyond his powers.” How could the inventor of cal-
culus have written these words in August 1676, Newton scorn-
fully asked, when it is basically obvious in the calculus that
quadrature, the inverse method of tangents, and integration of
differential equations are all the same thing? The fact seems to be
that Leibniz, temporarily entangled in his integrals, mistakenly
thought they were not; which is as much as to say, what is true,
that in 1676 Newton was a far finer and more accomplished math-
ematician than Leibniz without the comparison bearing on the in-
dependence of Leibniz’s discovery.

The same point could be made concerning Leibniz’s relative lack
of development in the process of integration by means of series,
again pointedly noted by Newton in his comment on Leibniz’s
letter of August 1676: “Leibniz had already received the method
of arriving at these series from Newton at his own request . . .
and merely changed the sign for the hyperbola; for the circle he
subtracted [the series for] the versed sine received from Newton
in order to obtain the sine of the complement.” Leibniz seems not
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only to have been very casual in perceiving the parallelism be-
tween his own results and those of the British mathematicians but
slow to perceive the fact that Newton was telling him a good deal
about the way in which the second part of his calculus — integra-
tion — could be effected; though again one must qualify by re-
marking that the instruction hardly descended to step-by-step
procedures. This comment, of course, fits in with Bernoulli’s later
claim that having learned differentiation from Leibniz he himself
had virtually to construct the integral calculus independently: Jo-
hann Bernoulli had not had the convenience of studying Newton’s
letters. !

For all its mistakes, weaknesses, and special pleading, the Com-
mercium Epistolicum completely altered the state of the dispute be-
tween Newton and Leibniz. Before 1712 the case for Newton had
been untidy; apart from general assertions, and the letters to Leib-
niz printed by Wallis in 1699, only three of Newton’s mathemati-
cal treatises were (relatively recently) in print, and on the face of
it their authenticity as genuine early works might be uncertain.
After 1712 it could not be doubted that Newton had been a most
fertile mathematician since before 1669, and the sequence of his
achievement (so far as this affected Leibniz) could be followed,;
moreover, the book established effectively (and not, in my own
view, unreasonably) the junior status of Leibniz as compared with
Newton. Certainly the book improved the historicity of New-
ton’s position, even if it did not bury Leibniz’s reputation (as
Newton had hoped) under a weight of adverse testimony. In
Newton’s mind no one who worked through the documentation
he presented could fail to do him justice: Was it not simply obvious
that he had been years ahead of Leibniz? Although we may doubt
whether reading the Commercium Epistolicum actually changed any
one’s opinion, Newton always insisted that the root of the matter
lay in it, that, in other words, the matters in dispute between him-
self and Leibniz related uniquely to historical events of the 1670s
and could be reduced to two simple questions to be answered
from the published documents: (1) Had he not known the new
infinitesimal calculus before Leibniz, and (2) had he not-commu-
nicated this knowledge to Leibniz? All else was irrelevant to these
issues of historical matter of fact. But, as we shall soon see, the
original dispute was about to be extended to other, nonhistorical
disagreements.

Partly this regrettable and largely pointless diversification arose
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from the natural eagerness in combatants to use any weapon,
partly it sprang from the inability of Leibniz’s party to counter
Newton’s display of historical scholarship. Both Johann Bernoulli
and Christian Wolf urged Leibniz to issue a true historical narra-
tive of the evolution of the genuine calculus, urging that “most
people may deduce from silence that the English case is a2 good
one,” and Leibniz himself (who admitted the wisdom of this ad-
vice) also spoke often of printing a Commercium Epistolicum of his
own, in refutation of Newton’s. He did neither. The paper on The
History and Origin of the Differential Calculus, which he began in
1714, remained forever a fragment. Assuredly, Leibniz had not
Newton’s patience in combing through his juvenilia (which it
would have been difficult to interpret to the public); perhaps Leib-
niz felt that in bandying texts and dates with Newton he could
easily be the loser, because it would in any case have been impos-
sible for him to take his own knowledge of calculus more than
one year before Newton’s Second Letter; perhaps he felt that the
historical argument as Newton had opened it was really irrele-
vant, that rather questions of method, understanding and scope
were at stake. At any rate, Leibniz and his friends made no effort
to refute the Commercium Epistolicum historically, merely denying
(and in the most strict of literal senses this was true) that it con-
tained anything of the differential calculus; though even Leibniz
did not cease to admit, as from the beginning, that Newton had
been in possession of a “precursor” of the calculus. !

In the broadening quarrel, two main lines of development may
be detected. Along the first, Newton’s competence as a mathe-
matician — in his writings on pure mathematics, but above all in
the Principia — was assailed and every effort was made to convict
him of error and ignorance on the ground that so feeble a mathe-
matician could not conceivably have devised the calculus. The
leadership here was exercised by Johann Bernoulli, Leibniz’s lieu-
tenant and his junior by more than twenty years, who was most
anxious to hide his attacks behind Leibniz’s back. In the end, after
the philosopher’s death had removed the possibility of contradic-
tion, he amiably but pusillanimously made an outright declaration
that Leibniz had been quite mistaken in things he had said about
Bernoulli’s involvement in the quarrel, which we now know to
be true. He found a number of specious, though incorrect, reasons
for supposing that Newton had really made little progress with
the calculus, and that little by borrowing from the German
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school, and he extended this low view of Newton to the whole
group of English mathematicians, whom he proceeded to chal-
lenge in trials of expertise and insight. In this second decade of the
century Johann Bernoulli was beyond doubt Newton’s most ef-
fective and dangerous technical critic; if his criticisms of Newton
had been advanced in a constructive rather than a destructive man-
ner they would have been more useful to the advancement of
science.

Along the second line, under the direction of Leibniz in person,
his earlier objections to Newton’s theory of gravitation were de-
veloped, and Newton and his followers were charged with pro-
moting a dangerous counterrevolution. Just as they had held aloof
from the promising new mathematical wave on the Continent, so
(it was held) they wished to undo the success of the mechanical
philosophy. They were obscurantists. Newton’s whole effort in
mathematical physics had been misconceived, it was argued, and
the true route of advance lay with Leibniz’s dynamics. And, of
course, this view too had elements of truth in it, and again, if it
had been possible for Newton to accept some of Leibniz’s formu-
lations, notably his conception of “active force” (vis viva), as con-
structive suggestions, it would have been for the general benefit
of physics. But the quarrel in both mathematics and physics for-
bade, or rather postponed, what would have been a creative syn-
thesis of different ways of looking at things.

Johann Bernoulli’s debut as an informed and technically quali-
fied critic of Newton actually took place while the Commercium
Epistolicum was in preparation and had, directly, no relationship to
the outbreak of the row between Keill and Leibniz in 1711. It de-
veloped from Bernoulli’s continuing study of the more difficult
problems in mechanics, notably problems of the movement of
bodies in fluids resisting their passage, a topic opened up long
before by Christiaan Huygens and at one time of interest to James
Gregory as well as Leibniz. Newton had examined such problems
in a series of propositions in the second book of his Principia, al-
ready debated many years before between Huygens and himself
and between Huygens and Leibniz. To his surprise, Bernoulli dis-
covered that his own investigation of a special case yielded a result
not agreeing with a general one of Newton’s (by a numerical fac-
tor of 3 to 2) and, on further investigation, that Newton’s answer
to the problem entailed an absurd consequence that Newton had
failed to perceive but which made his error certain. He wrote an
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account of his discovery to Leibniz in 1710 and sent another to the
French Academy in the following year, which, however, did not
appear in print until 1714. Of this Newton learned through a visit
to London made by Johann’s nephew Nikolaus, a very promising
young mathematician (as indeed was Johann’s son, confusingly
also Nikolaus), in September 1712. The story of their meeting is
given by the Huguenot refugee mathematician Abraham de
Moivre, who was closely associated with Newton during the last
twenty years or so of Newton’s life, though we know all too little
of what passed between them; de Moivre served at this time as
one of several links between Newton and Continental scholars
(one must remember that Newton was now seventy and much
occupied in public business):

I have had the honour [de Moivre wrote to Johann Bernoulli

about Nikolaus] of introducing him to Mr Newton and to

Mr Halley . . . We have met Mr Newton three times and he

was so amiable as to invite us twice to dine with him . . .

your nephew told me that he [!] had an objection against a

result in Mr Newton’s book concerning the revolution of a

body in a circle within a resisting medium, and when he had

shown his objection to me I, on his behalf, showed it to Mr

Newton . .. Two or three days later when I went to his

house, he [Newton] told me that the objection was valid and

that he had corrected the result, which now proved to agree

with your nephew’s calculation. Thereupon he added that he

intended to see your nephew in order to thank him, and

begged me to bring him to his house, which I did. !

The unseen subtleties behind this story are intriguing. In the
first place, despite the reasonably amicable correspondence be-
tween his friend and Johann Bernoulli extending over some years,
Newton well knew that the Swiss mathematician (now reestab-
lished back home at Basel since the death of his elder brother Ja-
kob) was a vehement partisan of Leibniz’s, and therefore Newton
would guess that Johann and his friends would have crowed a
little over Newton’s technical slip, which as will be seen in a mo-
ment was not really so very dreadful. He presumably did not learn
from Nikolaus that Johann had already sent a paper off for publi-
cation, with some rather mean comments on Newton as a math-
ematician, but again he presumably foresaw the possibility of this.
Moreover, Newton was left a sort of loophole by which he could
redeem his credit, for although Johann had found Newton’s result
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to be impossible, he had not been able to fault Newton’s published
proof of this false result; this, laboriously, Newton had to do for
himself and then correction was relatively easy. So there was a
sense in which Newton was not “put right” by Johann Bernoulli,
merely warned that something must be amiss.!” Fortunately it was
still possible to correct this part of the second edition of the Prin-
cipia, which Roger Cotes was producing at Cambridge; as the
book was not yet complete, although the pages containing Book
I, Proposition 10 (the seat of the trouble) had been printed off,
the whole of that particular section could be reprinted, and this
was done as may be seen in all copies of this edition (1713). In the
new matter that he wrote for the reprinted pages Newton was less
than generous. He made no admission that neither he himself nor
Cotes had found anything amiss when revising the text for the
new edition, he made no graceful acknowledgment of the perspi-
cuity of the Bernoullis, and he passed over the whole incident in
silence, leaving any careful reader who might compare the old
edition and the new to make of the difference what he could. He
did put a grudging notice at the beginning of the new edition that
errors in the first had been corrected, but again no thanks to the
Bernoullis and no thanks to Roger Cotes (who had saved Newton
from many more serious slips). All this was remarkably ungener-
ous of Newton, who certainly never enjoyed admitting errors any
more than most people, but then he had had experience over the
years of his mistakes being thrown back against him: hence his
policy here of least said, soonest mended.

Perhaps, too, Newton’s handling of the business seems a little
less strangely arbitrary when one recalls that Bernoulli had treated
Newton and his friends in an equally offhand way only a few
years before. Writing to Bernoulh in July 1705, de Moivre had
told him of his discovery of an important theorem expressing the
centripetal force at any point in an orbit (which, however, he had
learned in conversation with Newton and which was already
noted in Newton’s Principia papers); Bernoulli soon hit upon the
proof of this theorem of de Moivre’s and published it in the Paris
Meémoires as his own, without acknowledgment to the British
(chapter 7). Though elsewhere he did confess that he had had the
theorem from de Moivre, this did not save him from a severe
rebuke administered by John Keill in 1716. And if Newton feared
already in the autumn of 1712 that Bernoulli would prove very
troublesome to him in the future, his fear was justified not only
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by Bernoulli’s subsequent meddling in the calculus dispute behind
the scenes but also by Bernoulli’s open criticisms of points of theo-
retical mechanics in the original Principia, which he published in
the Mémoires of the Paris Academy of Sciences and the Acta Eru-
ditorum, appearing in 1713 and 1714.%

In the present context the significance of Newton’s mistake lay
in the ingenious explanation of it furnished by Johann’s nephew,
Nikolaus, in a postscript to his uncle’s paper on mechanics in the
Paris Mémoires for 1711 which, mischievously, does Newton the
maximum of discredit. It was his “method of changing indeter-
minate, variable quantities into converging series, and making the
terms of these series serve as successive differentials, which has led
Mr Newton into error,” Nikolaus declared. He drew attention to
a rule for obtaining the first, second, third, and so on increments
(or differentials) of fluents, and the fluxions proportional to them,
stated by Newton in a Scholium at the close of the 1706 reissue of
On the Quadrature of Curves, where Newton had written that the
successive fluxions would be as (or in proportion to) the terms of
an infinite convering series — which was correct; but in the follow-
ing example, by an oversight, Newton gave the unmodified terms
as the derivatives. Putting 0 a very small increment of 2, so that
the fluent 2" becomes by flowing (2 + o), Newton expands this
last quantity into the converging series

n2—no*z"2 =32+ 2n03z" 3
2"+ nozt! + 5 + p + .. .etc;

the second term of this series, he says (without further explana-
tion), is the first increment or difference of the fluent to which its
first fluxion is proportional; the third term is the second-order
increment or difference proportional to the second fluxion, and so
on. His statement is true for the fluxions, but incorrect for the
increments and differences.

Properly speaking, of course, the numerical denominator of
each term should be removed. This done, the process would ac-
cord with the general rules for finding fluxions or differentials
outlined correctly by Newton at the beginning of the book. If
now, wrote Nikolaus, you modify the series reached by Newton
in proving his result in Proposition 10, so that instead of succes-
sive incorrect differentials you insert the correct ones, i.e., multi-
ply the successive terms as given by Newton by 1, 2, and 6 (the
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first term being correct, of course), and then proceed with the
argument as Newton has it, you come out with the right answer
as already found by Uncle Johann! Newton did not properly un-
derstand how to differentiate. Q.E.D.

Nikolaus was, in fact, mistaken, though that was hardly rele-
vant to the force of his criticism. The terms in the series employed
by Newton in Proposition 10 of Book II were not successive de-
rivatives of some quantity, as the great French mathematician La-
grange pointed out in 1797, and (in Whiteside’s words) the success
of Nikolaus’s “reconstruction” — which was no doubt fully as
malicious as Newton’s “reconstruction” of Leibniz’s route to the
circle-squaring series — was due to “the jesting hand of coincidence
at its most playful.” Newton told de Moivre that “this error is the
simple consequence of [my] having considered a tangent at the
wrong end,” and there is no doubt that it was indeed geometrical
and not in any way connected with the calculus technique. This
retort, though true, was neither strong nor readily provable, un-
fortunately, and Keill’s later excuse that the false statements about
successive differentiations of 2" in On the Quadrature of Curves were
due to the printer’s carelessness in omitting u¢ (“in proportion to”)
three times from the text was neither plausible nor true. Newton
— as elsewhere, as Johann Bernoulli delighted to emphasize — had
taken for granted what was trivial and obvious to him in a careless
formulation, not caring to dot i’s and cross £’s. Leibniz was guilty
of a similar informality (and was charged with it too by Newton’s
friends).?

Nikolaus’s discovery, inevitably adopted as his own by Johann,
was the explosive charge in the next grenade hurled back to En-
gland from the Continent. Just as the Bernoullis’ trenchant, tech-
nical criticisms of the Principia in the Mémoires of the Paris Acad-
emy of Sciences and the Acta Eruditorum were made known to
Newton only in late 1713, so the Commercium Epistolicum was slow
in making its main effect, though presumably copies reached Paris
in the first days of 1713. Only in the spring, returning from Paris,
was Nikolaus able to put a copy of the pamphlet into the hands of
his uncle, who at once sent off a report about it to Leibniz in
Vienna, not forgetting Newton’s ignorance of differentiation as
revealed by his nephew. Much was to turn on this letter. After
summarizing the background of the whole affair, including
frankly the British case that Leibniz had “stolen” the calculus from
Newton and published it under disguise in 1684, Bernoulli gave it
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as his own opinion that Newton “did not so much as dream of his
calculus of fluxions and fluents, or of its reduction to the general
operations of analysis in order to serve as an algorithm or in the
manner of the arithmetical and algebraic rules,” until after instruc-
tion from Leibniz. Here Bernoulli put his finger on one of the
weak spots in Newton’s defense, the lack of systematic develop-
ment and exploitation of calculus techniques, especially the ex-
plicit use of differential equations, in Newton’s writings, which
are really detailed and explicit only on integration and infinite se-
ries; even today capable historians have tended to misunderstand
or underestimate Newton’s handling of infinitesimal methods in
the Principia. Then Bernoulli made the rather feeble point that dot-
ted letters to denote fluxions appeared only in the last volume of
Wallis’s Works (1699) and elaborated the contention about higher
differentials derived from Nikolaus. “At any rate,” he assured
Leibniz, “it is clear that the true way of differentiating differentials
was not known to Newton until long after it was familiar to us.”
Despite all this confidence, at the end he begged Leibniz not to
involve him in the dispute, nor to make him “appear ungrateful
to Newton, who has heaped many testimonies of his goodwill
upon me.”?

Whatever one may think of that piece of diplomacy, Bernoulli
was well served in like manner by his friend Leibniz, now eager
to make a riposte to Newton but without giving himself too much
labor. Bernoulli’s letter filled him with fury against the vanity-
swollen English, who made a habit of appropriating German
work to themselves: Boyle’s investigation of niter had come from
Glauber, his famous air pump from von Guericke, and now they
meant to deprive Mercator of Holstein of the glory of the first
discovery of series, not to mention his own affair! Keill’s letter
about all that he had put aside unread in contempt for the man,
for Newton’s claim was quite absurd: “He knew fluxions, but not
the calculus of fluxions which,” he told Bernoulli, “he put to-
gether at a later stage after our own was already published.”
Nevertheless, with the Royal Society’s name involved, and New-
ton himself obviously active behind the scenes, Leibniz meant to
clear his reputation even though he knew so little of the basis of
Newton’s grievance against himself, which he never did carefully
examine.

The device he adopted was a strange one, evincing a certain
deviousness of character not inconsistent with those anonymous
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reviews in which he praised himself as another person might. He
decided to distribute widely a leaflet (or “flying paper” — flysheet
—as Newton called it, hence it is always known by the Latin label
Charta Volans) depreciating the Commercium Epistolicurn and in-
cluding the supposedly impartial opinion of a “leading mathema-
tician” on the book, taken of course from Bernoulli’s recent letter,
without revealing his identity. The printing and distribution of the
Charta Volans was entrusted to Christian Wolf, and it was soon
copied into various learned periodicals in several languages. Un-
fortunately, in editing Bernoulli’s letter, Leibniz (or Wolf) made
the “leading mathematician, highly skilled in these matters,” refer
to one of Johann Bernoulli’s Paris Mémoires papers as being by “a
very eminent mathematician” with the ridiculous result that when
Bernoulli’s identity as the “leading mathematician” who had taken
Leibniz’s part began to be guessed (it was pretty obvious), then
the joke went around that he had praised himself as the “very
eminent mathematician.” But all this took a few years to become
notorious.?

The Charta Volans, as it were in the words of a third person,
traces the gradual revulsion against Newton in Leibniz’s mind in
the face of the excessive claims made on Newton’s behalf by his
English partisans, who not only meant to gain glory for Newton
but to exclude Leibniz from any share in “the analytical discovery
or differential calculus first discovered by Leibniz in numbers and
then transferred (after having contrived the analysis of infinitesi-
mals) to Geometry.” This is one of the first indications in the con-
troversial writings of a truth to which Newton paid no attention,
that Leibniz, unlike himself, had come across his first independent
notions in mathematics — which led along a clear line to the cal-
culus — while studying the summation of numerical series.?2 The
paper then makes for the first time the open and blunt accusation
that Newton had stolen the calculus quite barefacedly from Leib-
niz — no mincing with “hints” here — “having undeservedly ob-
tained a partial share in this [discovery], through the kindness of
a stranger, he longed to be given credit for the whole — a sign of
a mind neither fair nor honest.” The claim that Newton’s earlier
work in mathematics, before he took advantage of Leibniz’s dis-
closure, was not the calculus, but was concerned rather with “ad-
vancing geometry synthetically or directly by infinitely small
quantities” was buttressed by the “independent” technical argu-
ments kindly furnished by Bernoulli; and Leibniz did not scruple
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to bring in the hearsay that had reached him about the grievances
of Hooke and Flamsteed against Newton to further bolster his
case.

The appearance of the Charta Volans advertised the fact that nei-
ther party was willing to seek a further reconciliation; each had
now claimed priority, each had accused the other of plain plagia-
rism. Newton had appealed to his private prehistory of the calcu-
lus to assert his primacy, Leibniz to the public history of its enor-
mously successful development in association with himself to
demonstrate his de facto possession of rights. In a sense, the future
determination of the dispute was already presaged. For all the
British could do, the Leibnizians were not to lose their strong
practical grip on the notation, the language and the articulation of
the calculus. Because Newton’s work of the sixties and seventies
of the last century was already archaic, and because even the able,
inventive men of his own party, like Cotes and Brook Taylor,
were unable to dispute Continental leadership in the growth of
mathematics, the best that Newton could now hope for was a
historical distinction. But naturally he did not see the situation in
this light nor could he perceive that the practical balance of usage
was already tilted against him. Newton, laboring to make the true
record of the past redress the inequity of the present, was a Canute
vainly trying to stem the rising tide. Fluxions were to be for no
more than a century the insular English language of English math-
ematicians, as little understood elsewhere as their spoken tongue.
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THE DOGS OF WAR:
1713-1715

ANY years later ‘Newton recollected for the benefit of
Pierre Varignon:

In autumn 1713 I received from Mr Chamberlain
(who then kept a correspondence with Mr Leibnitz) a flying
paper in Latin dated 29 July 1713 . . .

John Chamberlayne certainly had some acquaintance with New-
ton and had exchanged letters about political affairs with Leibniz
since 1710. He was a journalist, proprietor of an annual resem-
bling Whittaker’s Almanac, which had been begun by his father.
However, it was only at the end of February 1714 that Chamber-
layne wrote to Leibniz deploring the dispute between him and
Newton, as though he had recently learned of it, and offering his
services as a mediator “between two of the greatest Philosophers
& Mathematicians of Europe.” Chamberlayne was the first of sev-
eral aspirant mediators; but would he have waited four months or
so before reacting to the message of the Charta Volans that he had
passed on to Newton ~ even if it were the case that Leibniz (who
was of course not supposedly the writer of the “flying paper”) had
compromised his position by openly posting it to his friends?
However this may be, Newton as yet gave no outward sign of its
existence; he did not (so far as we can tell) acknowledge its exis-
tence before early April 1714, nor did he do so until he and John
Keill and many others were aware that Leibniz’s replies to the
Commercium Epistolicum were appearing in the Continental literary
periodicals.!

We need not be surprised at Newton’s inertia; after his burst of
personal activity in prosecuting the publication of that volume and
the “committee’s” censure of Leibniz, he returned to his former
policy of leaving his defense as far as possible to others; and he
may at first have felt that an anonymous “flying paper” deserved
no attention. How Newton had expected Leibniz to respond to
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the Commercium Epistolicum we shall never know; it was and it
remained (especially when the Account was added to it in 1722) the
supreme statement of Newton’s case. It was meant to establish
finally Newton’s right as first inventor of “the Method” (though
not, of course, specifically of the differential and integral calculus)
and in this, save among Newton’s irreconcilable enemies, it ulti-
mately succeeded. At the same time it left open to Leibniz the
possibility of quietly accepting for himself the role of second in-
ventor (not explicitly denied to him in the Commercium) of “the
Method” and inventor and exponent of his own, highly successful
calculus. Perhaps Newton expected Leibniz — whom he supposed,
wrongly, to be conscious in his soul that this was his utmost due
— to tolerate the ignominy of making no further retort against
Newton and the historicism of the Commercium Epistolicum. Did
he imagine, as the worst possible alternative, that Leibniz would,
on the contrary, reject Newton’s position absolutely and retort an
open charge of plagiarism against himself? Possibly not, as (from
Newton’s point of view) this would have placed Leibniz’s charac-
ter in the worst possible light. At any rate, Newton had now to
cope with the situation that his policy had failed in its immediate
object of forcing Leibniz to keep silent; indeed, his policy had
made the dispute worse by making it more public, by transferring
it from the decent obscurity of a learned language and the mem-
oirs of academies to the vernacular monthlies. Newton turned to
Keill — whether he had deliberately done so before or whether
Keill had presented himself as a self-chosen champion — but this
time Newton took the initiative. Now that his own side of the
story had been made so public by Leibniz, he told Keill, “I think
it requires an answer.” And he went on
If you please . . . to consider of what Answer you think
proper, I will within a Post or two send you my thoughts
upon the Subject, that you may compare them with your
own sentiments & then draw up such an Answer as you think
propetr.
How often and in what precise manner Newton had, both before
and after 1714, inspired the pens of other men we do not exactly
know: Here the facts are precise.?

In charging Leibniz with making the dispute public, Newton
was being rather less than fair, because Keill had already published
in the bimonthly Journal Literaire de la Haye for May—June 1713 a
long article relating the history of the discovery of the new infin-
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itesimal calculus from the Newtonian point of view, a sort of po-
pularization (in French) of the Commercium Epistolicum. Keill had
gone back to Fatio’s claims for Newton, considered his own pre-
vious intervention with the letter of protest from Leibniz and his
own reply to it, and, after describing the appointment of the Com-
mercium Epistolicum Committee by the Royal Society, had printed
its report in full. He also printed part of Newton’s first important
letter to Collins (10 December 1672) to buttress the documenta-
tion. Keill, who cannot have acted in this way without Newton’s
knowledge and approval, would no doubt have argued that his
article contained nothing that was not already a matter of public
record or contained in the Commercium, but it is hardly strange
that Leibniz sought to set the record more in his own favor in the
same journal.

The “Remarks on the Dispute,” the reply to Keill’s “Letter from
London,” was published by Leibniz at the end of 1713; it wasted
little politeness on the Newtonians. Leibniz, according to the Re-
marks, had known nothing of Newton’s pretended discovery of
the differential calculus before the publication of the Commercium
Epistolicum and had expected Newton to disavow what ill-in-
formed partisans had put forward on his behalf. Leibniz had never
submitted himself to the judgment of the Royal Society, which
had not heard his side of the story. It was evident from Wallis’s
published correspondence that what Newton had invented (and
had since tried to pass off as the calculus) he had concealed,
whereas Leibniz had openly communicated his method; it was ev-
ident from the Principia that Newton had not known the differ-
ential calculus in 1687, because he had avoided its use in circum-
stances that demanded it. Further, as an illustrious mathematician
(Johann Bernoulli) had pointed out, the mistakes in that work
would not have been committed by a mathematician competent
in the calculus. What Newton had first published as his method of
fluxions in Wallis’s Works was no more than Leibniz’s own discov-
ery dressed out in other names and symbols. Until now, Leibniz
had been content to believe that Newton, as he asserted, had dis-
covered something similar to the calculus, but the contrary now
appeared. And why had Newton so long kept silent in the face of
Leibniz’s possession of the discovery if not to wait for the deaths
of Huygens and Wallis, who would have spoken as knowledge-
able and impartial judges?

The Remarks were followed by a French version of the Charta
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Volans, with its declaration by the illustrious mathematician to
whom Leibniz had so often referred.

They point directly to the weaknesses in Newton’s position —
weaknesses, as we would now say, not relating to the brilliance
and real extent of his original mathematical ideas (the subject then
in dispute) but to Newton’s development and exploitation of them
during a long life. Neither the Remarks nor the Charta Volans ad-
dresses itself to the historic evidence of Newton’s early progress
in the calculus; and although it may be true that a thing (like the
gold at Fort Knox) that is hidden and unused is useless, conceal-
ment and disuse are nevertheless not evidence for nonexistence. If
Leibniz had been arguing that Newton had no moral right to the
discovery of the calculus, because he had failed to make it useful
to mathematicians, his arguments would have been valid; but as
arguments against the historicity of that discovery, they are in-
valid. Leibniz might analogously have argued that Columbus did
not discover the New World because he never ceased to believe he
had reached Cathay. The later observer sees again in these ex-
changes, as in the past and in the future, the essential mismatch
between the Leibnizian and Newtonian contentions: the latter al-
ways emphasizing the historical reality of the discovery of flux-
ions from Newton’s early papers, and later on the distinction of
this original discovery from Leibniz’s subsequent differential cal-
culus, the former steadfastly holding to the view that more recent
events (following Leibniz’s publication of 1684) proved that New-
ton could not have been master of a similar calculus before 1684;
or (as Newton wrote himself):

the Author of the Remarks has laid aside the Records of the

first seven years which make for Mr Newton & begins his

report with the years 1676 & 1677, & thereby confesses that

he has no way to defend Mr Leibnitz but by laying aside the

Records which make against him.
To which in turn the Leibnizians might have riposted that the
pre—1676 records making for Leibniz were wholly ignored by the
Newtonians. How could there by any rational resolution to a dis-
pute so ill-defined, and which was soon to ramble into yet less
relevant side issues?

Newton’s characteristic approach to the debate is strongly
manifest in a draft letter intended as a retort to the Remarks and
the Charta Volans, as published in the Journal Literaire de la Haye,
which is still extant in a French as well as an English version. It is
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not clear why Newton began these rather elaborate preparations,
later supplanted by Keill’s efforts. The draft letter is chiefly inter-
esting because it represents Newton’s first attempt to compose a
narrative based on the documents printed in the Commercium Epis-
tolicum and other sources. The effect of the comments of the “great
mathematician” (Johann Bernoulli) was to make Newton draft a
far fuller explanation than before of the history of his notation and
the ideas underlying it. His method, he claimed, could be used
with any symbolism, whereas

Mr Leibnitz confines his Method to the symbols dx & dy, so

that if you take away his symbols you take away the charac-

teristick of his method
And in any case, Newton asserted, his own “letters with pricks
[dots] must be allowed as old at least as the year 1676, & by con-
sequence older than the differential Notes of Mr Leibnitz” — an
assertion which (if it means anything) is untrue; but really New-
ton was right in saying that the question of the dotted fluxional
notation was quite trivial. He also considered at some length the
distinction between fluxions and differences, which were “not
quantities of the same kind.” Moments or differences, Newton
argued, are infinitely little quantities: They are “small parts of
things generated by fluxions in moments of time.” Fluxions, on
the other hand, are velocities and finite quantities. From this
Newton could contend that the method of fluxions was geomet-
rical, whereas Leibniz’s calculus was not: “For Geometry admits
not of approximations nor of lines & figures infinitely little.”*

Newton’s view that Leibniz “doth not understand the Method

of the first & last ratios,” by which the whole mathematical oper-
ation “is performed exactly in finite quantities by Euclides Ge-
ometry . . .” so that it is “throughout as evident exact & demon-
strative as any thing in Geometry,” was at least as old as his
reaction to Leibniz’s review of On Analysis, and Leibniz’s claim
there that fluxions — or the method of first and last ratios — differed
from the Leibnizian calculus “only in the manner of speaking.”
Thus before February 1713 — for the Commercium Epistolicum had
not yet been published when this draft was written — Newton
seems to have been concerned to develop the logical superiority
of his method over that of Leibniz (whom Newton does not even
yet, in these pre-Charta Volans days, accuse of plagiarism) rather
than its temporal priority. His discussion is, in effect, filling out
Fatio’s jibe of long before that Leibniz had not invented the new
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infinitesimal calculus, but merely spoiled it. The consistency with
which Newton adhered to this argument and the trouble he took
to make it effective prove that it was important to him; yet since
Newton recognized that a simple manipulation converts a fluxion
into a differential, and that it was often convenient to work with
fluxions as though they were infinitely little quantities rather than
ratios, his efforts can hardly have been considered successful.
Later commentators do not seem to have found that in their logi-
cal foundations the two methods differed; certainly Berkeley did
not. The fact is that Newton’s attempt, as it now becomes - for it
was not so originally — to answer Bernoulli’s contention about the
absence of notation from the early records of Newton’s mathe-
matics with the charge that, irrespective of notation, the founda-
tions of his own method were geometrical, whereas those of Leib-
niz’s calculus were not, is just as irrelevant to the basic historical
issue as the matter of notation. Considerations of mathematical
rigor had been, after all, as secondary to Newton as they had been
to Leibniz.

Newton was on firmer ground in his reply to Bernoulli’s asser-
tion of his ignorance of higher-order fluxions. He dismissed it by
saying it was “all one as to say that he then understood not how
to consider motion as a quantity increasing and decreasing” (for
acceleration is the second derivative, or fluxion, of distance) while
also adopting (like Keill) the low device of arguing that ut had
been omitted in the printing of On the Quadrature of Curves (Chap-
ter 9). The rest of Newton’s first abortive reply to the Charta Vo-
lans and Leibniz’s Remarks is pretty much a rehash of the docu-
mentary material already given in the Commercium Epistolicum,
what Johann Bernoulli rudely called “twice cooked cabbage.” But
it now led Newton to the downright declaration that Leibniz’s
method was “not demonstration, without the method of series is
not universal, nor has any advantages which are not to be found
in the method of Fluxions, nor has Mr Leibniz added anything to
it of his own besides a new name & a new notation.”¢

Before the end of April Keill was deep into his “Answer to the
Authors of the Remarks” (at whose name he did not yet guess,
though he thought that Christian Wolf was the “eminent mathe-
matician” who had written the Latin letter), which was to appear
in the Journal Literaire of The Hague in the summer of 1714. This
was to bring up particularly the question of higher-order fluxions
and the Bernoullis’ alleged “mistake” made by Newton, where
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Keill was very anxious to retort with a tu quoque argument,
though again it is hard to see how blackening the Leibnizians’ rep-
utation really advanced Newton’s. Keill maintained, and Newton
found his “Demonstration good,” that Newton had not and could
not possibly in geometry have taken the third term in his (mistak-
enly expressed) series given in Proposition 10 of Book II of the
original Principia to be a second-order fluxion. Indeed, only an
ignoramus would think such a mistake possible. Anxious to im-
prove the position further, however, Keill recalled that Newton
had pointed out to him geometrical errors in Leibniz’s “Tentamen
de motuum coelestium causis” (An Essay on the causes of the ce-
lestial motions) of 1689, amended in 1706; and evidently he turned
to Newton for assistance in furbishing a relation of this error on
Leibniz’s part, thus turning the tables.’

It may well be that until the calculus dispute became critical
(from 1711 onward) and until Keill pressed upon Newton the evi-
dence of Leibniz’s long-standing bad faith toward himself, New-
ton had remained unconscious of Leibniz’s “Principia” essays in the
Acta Eruditorum for 1689. Perhaps it was in the autumn of 1712
that Newton drew up a paper about them, which he later sent to
Keill. Passing through another, intermediate draft, Newton’s
comments were printed, much condensed, in the Commercium Ep-
istolicum in a note on Leibniz’s record of publication in the 1680s.
After Leibniz had read an epitome of the Principia in the Acta for
1688, Newton reports, he put together a letter on optical lines, a
sketch of the resistance of mediums and the motion of projectiles
in them, and the essay on the causes of the celestial motions:

and had them printed in the Acta of Leipsig at the beginning
of the year 1689, as though he too had discovered the princi-
pal propositions of Newton concerning these topics, and that
by a different method serving to open up new techniques in
geometry; and yet he had not seen Newton’s book.

And in a footnote to these lines Newton probed more deeply into
the nature of Leibniz’s misconduct:

If this liberty [of following too closely upon another’s heels)
be permitted, any innovator may easily be robbed of his dis-
covery. Leibniz had seen the epitome in the Acta. Through his
correspondence with scholars everywhere he could learn the
content of the propositions in that book [the Principia). If he
had not seen the book, he ought nevertheless to have seen it
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before he published his own papers on the same subjects writ-

ten on his travels.
It seems that Newton did not mean to urge any actual charge
against Leibniz that he had written the three “Principia” essays
with the book before him, but he did, and justly, accuse Leibniz
of bad manners — of greedily trying to steal fame for himself by
climbing a ladder that another man had prepared for him. Not
once only but in three essays — for all of them, Leibniz had found
his stimulus in the Principia. There are, of course, excuses and
exonerations to be offered on Leibniz’s side, not least the points
that published work is open to every man’s use and that Leibniz
had genuinely published original thoughts of his own, but New-
ton might reasonably feel that Leibniz had singled him out for an
attention he could easily have spared. Continuing, Newton adds
(a little mysteriously):

Some say that Propositions 11, 12 and 15 of the Tentamen are

false, and that Mr Leibniz by his calculus had deduced Propo-

sitions 19 and 20 of the same essay from them. However,

such a calculus could be adapted to propositions discovered

previously, without denominating the discoverer.

The purport of these sentences seems to be not so much that
Leibniz was incompetent in his own calculus as that he had really
taken from Newton the physical ideas that (by fudging argument)
he tried in the Tentamen to claim as original with himself.?

If the Bernoullis’ attack upon Newton in the matter of second-
order fluxions had been as malicious as ill-conceived, did Keill and
Newton not make themselves look foolish by picking up the same
weapon to use against Leibniz? That Leibniz had made errors in
the 1689 Tentamen is certain, as is the fact that he only corrected
them in 1706 after they had been pointed out by his friends. Keill
and Newton were confident that the errors arose from Leibniz’s
poor handling of second-order derivatives; indeed, in Keill’s view
Leibniz’s correction (in 1706) of his earlier mistake in the Tentamen
was itself a botch, because Leibniz had always failed to perceive
the true source of that first mistake. Whether there is any virtue at
all in such criticism of the Tentamen — which has been vehemently
doubted — its relevance to the main issue seems just as doubtful as
that of the Bernoullis’, already firmly rebutted by Keill in the
same long paper. To suppose that the true inventor of the calculus
made himself known by his miraculous inability to make mathe-
matical mistakes is an idea roughly equivalent to the medieval
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submission of supposed wrongdoers to the ordeal by fire. At least
Nikolaus Bernoulli had the justification of connecting Newton’s
supposed error in Principia, Book II, Proposition 10 with his care-
less general statement about fluxions and differentials in On the
Quadrature of Curves; Newton and Keill could allege nothing simi-
lar against Leibniz.

In my own view, Newton could well have strong reservations
about the physical speculations upon which the Tentamen was
founded - Keill called it “the most incomprehensible piece of phi-
losophy that had ever appeared” — for certainly nothing could be
more remote from his own notions of scientific methodology or
better exemplify the kind of extravagant, not to say redundant,
hypothesis that the mathematical physicist, in Newton’s view,
ought to avoid. More personally, Newton could very reasonably
feel that Leibniz had treated him less than honorably in the three
Acta essays. True, in the first of these, “On Optical Lines,” Leibniz
had praised Newton’s mathematical talents and admitted that it
was the Principia that had inspired him (“excitavit me”) to publish
his own work - all earlier, as he claimed, than his reading of the
epitome of the Principia. For example, the optical lines now dis-
covered by Newton had been known to (but not published by)
Huygens and to Leibniz himself. In the paper on resisted motion,
there is no mention of Newton at all; Leibniz claimed to have
presented his ideas to the Academy of Science when he was in
Paris. Again, he makes it appear that his thoughts on celestial
motion were mature ones, and in the Tentamen he wrote of the
inverse-square law that “it was already known to the celebrated
Isaac Newton, though how he got it I cannot tell.” Considering
that on the last two topics especially Newton had been first in the
field with ample and masterly discussions, richly orchestrated and
illustrated with empirical evidence, Newton might well feel that
this strident cry of “Me too,” accompanying rather unsatisfactory
technical discussions of the issues, was indicative of an envious
and greedy character. He was hardly likely to recall the evidence
(in his own possession) that Leibniz’s interest in “the matter of
reducing all mechanics to pure geometry” was at least as old as
1676.°

On the other hand, it was the feeblest possible comment to
make on the Tentamen that it showed Leibniz, in 1706, still igno-
rant of second differentials, for one matter surely beyond all doubt
was the healthy Continental development of the differential and
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integral calculus since 1684. And it was certain that Leibniz had
been throughout the guide and mentor of the Continental math-
ematicians. Only on the crassest ignorance of the mathematical
publications of the thirty years before 1714 could any denial of
these facts be based; what was in question — as Newton so often
and properly insisted on other occasions — was the first origins of
the calculus in the 1670s.

Although Newton’s support and encouragement of Keill was
kept wholly private, and although Newton’s Huguenot friend and
coadjutor Abraham de Moivre loyally indicated to Bernoulli that
Newton was leaving his defense entirely in Keill’s hands, as soon
as Keill’s “Answer” appeared, the conjecture was made that New-
ton himself had had a hand in it. Although he strove to maintain
an air of Olympian superiority and an assurance that the glory of
first discovering the calculus could not possibly be challenged,
Newton was never able to detach himself completely from the
battle nor confidently resign his generalship in it to others.!

Meanwhile, on the other side, matters were becoming embar-
rassing for Johann Bernoulli. He was not yet much concerned
about the use Leibniz had made of his letter in the Charta Volans,
for at this stage he seems to have combined a genuine respect for
Newton’s ability with the belief that Leibniz would easily over-
whelm him on the priority issue. His criticism of the Principia
(first edition) and proclamations of Newton’s “errors,” however,
obviously placed him in an exposed situation now that a battle
line had been drawn between British and Continental mathema-
ticians. (As we shall soon see, not all Continental mathematicians
were eager for the impending struggle.) It was Bernoulli who had
found that something was amiss in Proposition 10, and drawn an
unwelcome moral from it; it was he who had blamed Newton for
failing to demonstrate central forces inversely (that is, not only to
show that if the inverse-square law holds, the path of a body in
the force field must be a conic section, such as an ellipse, but that
if the elliptical orbit, for example, is given, it must necessarily be
produced by an inverse-square central force, and no other). And
it was Bernoullis’ “impudence,” of course, that had impelled him
to supply Newton’s “omission.” In the spring of 1714 he began to
be concerned that Newton had formed an ill opinion of him, for
he had received no copy of Newton’s revised Principia, and later
he thought Newton had had him expelled from the Royal Society.
Although these fears were baseless, as de Moivre tried to convince
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him, they were nevertheless, indicative of Johann Bernoulli’s state
of mind. He might in turn advise de Moivre that he was delighted
not to be supposed to have taken Leibniz’s part in the calculus
dispute, pointing out that his own papers critical of Newton’s me-
chanics must have been written months before the Commercium
Epistolicum was sent abroad, and thus before he knew “what was
at issue between Mr Newton and Mr Leibniz,” whereas his sug-
gestion about Newton’s error in higher-order fluxions (really an
accomplishment, Johann now explains, of his nephew!) had first
been put forward as much as two years before, “long before any-
one in England dreamed of putting Mr Leibniz on trial”; but he
must have seen how flimsy a screen this chronology provided,
because the English protests against Leibniz’s claims went back
fifteen years and his own known association with Leibniz’s calcu-
lus for more than twenty.!! Despite such protests, Johann Ber-
noulli in his private correspondence with Leibniz was urging his
friend to examine scrupulously the documents in the Commercium
Epistolicum and produce a counter-blast of his own. On a more
careful reading, evidently, he found the evidence of British mathe-
matical prowess as early as 1671 disturbing: Surely, therefore,
some of the documents must have been “if not wholly fabricated,
then at least altered and falsified.” He could not believe, for ex-
ample, that “Leibniz’s” arithmetical quadrature of the circle had
been so early anticipated by both James Gregory and Newton,
especially as the former’s nephew, David, had spoken of it as pub-
lished by Leibniz without comment. Might it not have been
fraudulently inserted in the Commercium? Leibniz complained
through the years — not completely without just cause — that the
historical record as set out in that book was erroneous in some
particulars unfavorable to himself, and he threatened to produce
a parallel documentary collection of his own concerning his rela-
tions with the British long before; he never matured this plan,
however, nor did he ever indicate more than trifling discrepancies
in the Commercium Epistolicum. In essence, and taking its brevity
into account, Newton had done his work of selection fairly and
the documents (though not his related comments upon them)
have stood unassailed to this day.'

Here, for the moment, the debate reached a temporary stale-
mate. Leibniz made no retort to Keill’'s “Answer,” and, equally,
Bernoulli let Keill's “Observations” (Philosophical Transactions,
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July-September 1714) upon his own treatment of the inverse
problem of central forces go by without immediate comment.
Keill’s energetic firmness and the (at least) passive support of the
Royal Society for its president seemed to have silenced Newton’s
opponents who — as it is now clear from their correspondence -
relished the public row no more than Newton did, and had begun
to fear Keill as a truculent polemicist. As regards the historical
discovery and nature of the calculus there was now little new that
could be said on either side, unless Leibniz were to tell his own
inner story (which, indeed, in 1715 he began to prepare). Leibniz
did permit a letter to be published in the autumn of 1714 in which
he tried once again on the one hand to confine Newton’s genuine
achievement in mathematics to the method of series, and on the
other to link Newton’s use of infinitesimals with that earlier em-
ployment of them by Fermat and others from which (as the Brit-
ish said) his own calculus had sprung. Newton, Leibniz argued,
had not taken the essential step of using “not zeros, nor [quan-
tities] infinitely little in the strict sense, but quantities which are
incomparably or indefinitely little, and greater than some given
magnitude . . . 7 As with Newton’s attempts to express the dis-
tinction between differentials and fluxions in verbal formulations,
Leibniz’s meaning is far from clear. In any case, as it went without
saying that the relationship between fluxions and differentials was
close, so close that either might be said to be imitated from the
other by a mathematician inferior to the first inventor, it was al-
most impossible that some logical distinction of conception
should exist to identify the first invention — and who could prove
that the second invention might not be logically superior to the
first, if less original, just as Brigg’s logarithms have many advan-
tages over Napier’s? As for Chamberlayne’s attempt to effect a
reconciliation, it dragged on without making progress, for the
Royal Society declined to reconsider the Commercium Epistolicum
or to encourage Leibniz to state a case.”

In Germany the Acta Eruditorum was inevitably upon Leibniz’s
side; in the Netherlands the periodicals would print manifestos
from either contestant (though one at least, the Journal Literaire de
la Haye, inclined to Newton’s party from the sympathy of one of
its editors, Willem Jacob ’sGravesande, who was soon to emerge
as one of the most effective Newtonians on the Continent);'* and
in France very little public attention was paid to the calculus dis-
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pute, perhaps because of the great war. Germany, the Nether-
lands, and Britain were all allied against France. The French Acad-
emy of Sciences inclined toward Leibniz, to the extent at any rate
that it permitted Johann Bernoulli to criticize Newton’s Principia
in its Mémoires without ever accepting a rejoinder from the other
side. Pierre Varignon, its leading mathematician, seemed safe
enough as a member of the Malebranchist group, which had sat
at Bernoulli’s feet long before. Fontenelle, its secretary, who was
to be (through longevity) the last living Cartesian, was no natural
friend to Newtonian theories, although, in the preface to
L’Hospital’s Analyse des infiniment petits, he had made a dissection
of reputations that Newton was prepared to accept without re-
sentment (though, obviously, Newton would have taken the
words to be L’Hospital’s own). Barrow, Fontenelle wrote, had
invented a proper but incomplete calculus for handling the prob-
lem of tangents, “whose deficiencies had been supplied by the cal-
culus of the famous Mr Leibniz who had begun where Barrow
and others left off . . . ” This was in the Newtonian spirit, even if
Fontenelle then went on to emphasize the enlargement of mathe-
matics effected by Leibniz’s calculus and the astonishment created
in other mathematicians by Leibniz’s discoveries, whereas New-
ton had only discovered “something similar” as might be seen in
the Principia. Obviously, in 1696 and without inside knowledge,
the writer of the Preface could not have said much more on New-
ton’s behalf.

In later years the academy in general and Fontenelle in particular
began to take Newton (from 1699, like Leibniz, a foreign associ-
ate) a good deal more seriously. A notable event was the attention
given to Newton’s Opticks (1704), of which a partial rendering
into French by Etienne-Francois Geoffroy was read at several
meetings of the French Academy of Sciences during the winter of
1706 —7. After the restoration of peace, scientific relations between
France and England warmed considerably: There was polite (if
not consequential) correspondence between members of the
Academy of Sciences and Newton’s circle — facilitated, perhaps,
by the presence in it of such Huguenots as Abraham de Moivre
and Pierre Coste; some Englishmen, of whom the most distin-
guished was the Earl of Bolingbroke, went to live in France; and
others, including Fellows of the Royal Society, went on visits,
while even more French came to explore London and the extraor-
dinary cultural life of England. Many of those who were distin-
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guished by noble birth or intellect sought an introduction to
Newton and his elegant niece, Catherine Barton, who in these
years was (presumably) at one and the same time the mistress of
Newton’s household, the intimate and admired friend of Jonathan
Swift, and a notable beauty in London society. Far from rejecting
Newtonian ideas about the operation of physical forces to produce
phenomena as philosophically absurd, these young French savants
were eager to learn more about them, just as they were also anx-
ious to witness the English experiments on the vacuum and on
light and color of which they had read.'® Whatever prestigious
authority belonged — and rightly belonged - to Leibniz and Johann
Bernoulli, formidable intellects both, Vienna and Basel lay at the
extremities of civilized Europe, remote from the cities of Paris,
London, and Amsterdam, cities whose geographical triangle con-
stituted the economic, intellectual, and military core of European
civilization. From Bernoulli’s letters one can sense his frustration
at being dependent on Parisian friends or chance travelers for
books and news, and Leibniz could (for the most part) act only
through the hands of Christian Wolf. Especially during the last
two years of Leibniz’s life these two were almost spectators, pas-
sionately interested in events that were occurring elsewhere
(above all in London) but scarcely able to influence them.
Although, in France, one Malebranchist mathematician (Var-
ignon) was almost overwhelmed by the honor of his election to
the Royal Society and another (Reyneau) was captivated by the
republished Principia and rebutted Bernoulli’s insinuations, politi-
cal events nevertheless suggested a possible change in Newton’s
rising fortunes. Or so Bernoulli thought, supposing that a Ger-
man king, for whose mother Leibniz had been a philosophical
confidant, would strongly tilt the balance against the “Tory”
Newton and cause the Royal Society to change its tune. Even
Keill speculated whether, as a consequence of the Hanoverian
succession, Leibniz might not “have the impudence to show his
face in England”; “if he does,” Keill continued stoutly, “I am per-
suaded he will find but few friends.” Though George’s “Court”
did play a minor part in subsequent events, there is no sign that
any pressure was put on Newton to do more than answer Leib-
niz’s counter-accusations; certainly there is no evidence of any of-
ficial interest in dismissing or disgracing Newton. The change of
regime, which brought some relief and revenge to Flamsteed for
the humiliation of the Historia coelestis edited by Halley, did Leib-
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niz’s cause little good. Newton, a permanent civil servant, re-
mained on as good terms with his new Whig masters as he had
been with the Earl of Oxford."

Seeing this hopeful opportunity, however, Johann Bernoulli
again urged Leibniz to push on with his exposure of the Commer-
cium Epistolicum in order to publicize the passages omitted by
“Newton’s toadies, or craftily suppressed, because they judged
them possibly less favourable and pleasing to Newton.” At the
same time he proposed a new expedient, the issuing of some chal-
lenge problems “where Newton would, as you know, find him-
self in difficulties.” The process was otherwise to become known
as “feeling the pulse of the English.” “Doubtless there are many
[topics] to hand,” Bernoullli wrote, “which were once discussed
between us, and which are not easily dealt with by the ordinary
method of differences, such as those we considered concerning the
passage from one curve into another, problems which are dealt
with by employing a certain particular [method of] differentia-
tion.”® The kind of problems Bernoulli had in mind are those that
are treated by what is now called the calculus of variations, in
which branch too (as it happens) Newton had made some notable
progress.' Bernoulli had relied on his skill in dealing with prob-
lems of this kind in his wrangles with his brother Jakob, as far
back as 1697. What he proposed was certainly a real test of mathe-
matical skill and ingenuity — and, not to mince matters, the British
did not in the next few years come out well from this contest —
not least because even when the right approach to the problem
had been found, serious difficulties of integration had to be
solved.

The details of this ill-regulated mathematical contest are not im-
portant, save possibly to the specialist historian of mathematics.
Its only effect was to enhance irritation and ill-feeling; it did noth-
ing to clear up the points at issue.

Leibniz’s problem of defining the normal to a family of curves
was expressed in its original form in a letter dated 25 November
1715 to the Abbé Antonio Conti, then visiting London, who put
Leibniz’s letter into Newton’s hands. Leibniz was clearly not very
enthusiastic about it and, in fact, used such terms in expressing it
to Conti that they seemed to limit the problem to the case where
the curves were byperbolas, and it was not until the following
January that, after perceiving the ambiguity of the letter to Conti,
he made it known that a completely general solution was re-
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quired. Clearly, the letter to Conti was written in response to
pressure from Wolf and Bernoulli that Leibniz should demolish
Keill’s defenses of Newton; Leibniz had urged in reply his reluc-
tance to dispute with a rude and ignoble bully (for Keill’s oppo-
nents were circulating apparently quite fictitious stories about his
morals) and his lack of leisure to search through old correspon-
dence; in fact, he begged Bernoulli to provide him with a suitable
problem from the mathematical wrangles of the late 1690s. And,
seemingly, the problem was only written on a note added to the
letter to Conti, which is mostly of interest for quite different rea-
sons. Leibniz’s mind, in fact, was not now on mathematics at all,
still less on the matter of the origins of the new calculus: He
wanted to attack Newton’s philosophy.?

The Abbé Conti plays in the calculus quarrel the role of an ad-
ventitious and slightly foolish figure. He was a Paduan by birth,
presumably of good family, who for the last two years had lived
in France. He too was an Oratorian and a great admirer of Male-
branche. It was his wish to win fame by an intimate acquaintance
with distinguished philosophers, though his own talents were not
remarkable. “He was devoured by a rather hollow intellectual fer-
vour,” it has been said, “his thought was tentative and woolly, as
is proved by his philosophical writings and his uneasy pilgrimage
amid ideas and men.” He sought in vain for a system to satisfy his
needs. From Malebranche he turned to Leibniz, to whom he
wrote in April 1715, just before his departure for England; proba-
bly the introduction was facilitated by one of Leibniz’s French cor-
respondents of Malebranche’s circle, Nicolas Rémond. In En-
gland, he wrote fulsomely, he would support Leibniz’s cause, just
as he had done at Paris. Leibniz was not at once able to reinforce
Conti’s loyalty while actually within the lion’s den because the
letter did not reach him for many months, and meanwhile Conti
found himself extremely happy in London. He got on friendly
terms with Leibniz’s friend Caroline, Princess of Wales, but, what
was far worse, found Newton very reasonable and cordial also.
Conti flattered himself on his philosophical conversations and din-
ners with Newton — who, despite a legend of taciturnity and in-
deed boorishness, could be a generous and affable host and was,
after all, thoroughly at home in the “great world” of politicians
and diplomats. And Newton, the oracle in public, in private
treated Conti as a distinguished visitor, setting before him his
opinion of Descartes (“I was myself when young a Cartesian”)
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and of Cartesian metaphysics (“a tissue of hypotheses”). He fa-
vored Conti with the story that the first book of mathematics he
had ever looked at dealt with astrology, and that, failing to under-
stand it, he had turned to trigonometry, of which also he under-
stood little. Then he had taken up Oughtred and Descartes’s Ge-
ometry. In short, Newton made a great impression on Conti, and
Conti (at first) won Newton’s trust as a sympathetic foreigner.

So much so that soon Leibniz in his letters to Caroline,
Rémond, and other friends lamented Conti’s faithlessness, which
he hoped Conti would repent on returning to the healthy air of
the Continent from the atoms and void of England, for he was a
chameleon taking up the color of his background.?

It was no doubt from a desire to remind Conti of the principles
to which he should adhere that Leibniz chose him as the recipient
of a renewed attack on Newton’s philosophy, together with the
challenge problem. Moreover, as one of the Princess’s friends,
Conti was the more suitable as she was already interested in the
same philosophical questions about which Leibniz was writing in
more detail to Dr. Samuel Clarke.

Leibniz left Newton to a postscript following his long-delayed
answer to Conti’s letter. After a sober statement of his confidence
that Newton had never been master of his own algorithm or no-
tation of the calculus, and his belief that the Commercium Epistoli-
cum might be the truth but not the whole truth, Leibniz turned to
Newton’s philosophy, which he thought strange. If every body is
weighty, then gravity is an occult or miraculous quality. To say
that God has created a law of nature does not make it natural if it
is contrary to the nature of the creation. God 1s not the soul of the
world, and he has no need (as Newton had seemed to suggest) of
the material creation as an organ of sensation. As for universal
gravitation, atoms, and the void, none of these beliefs was dem-
onstrated by the Newtonians nor maintainable on the basis of ex-
perimental science. Newton’s method of induction from the phe-
nomena (Leibniz went on) was an excellent one, but when the data
are defective it is permissible to frame hypotheses and to put pro-
visional trust in them until better facts are accessible. Newton,
however, when he abandoned experimental philosophy, had no
rational case to offer in favor of his extraordinary ideas. What a
pity too (Leibniz added, unkindly now) that Newton had no able
disciples, whereas he himself had been so much more fortunate!

Some of this had been in Leibniz’s mind for months and years,
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and indeed it was his Essais de Théodicée (1710, above) that indi-
rectly gave rise to the correspondence between Leibniz and New-
ton’s friend Samuel Clarke. The Princess of Wales had asked
Clarke to translate the Théodicée into English, which he refused to
do on the grounds that his own views were so very different.
When the Princess showed Clarke a letter from Leibniz to herself
expressing anxiety about the current Newtonian trends of thought
in Britain, Clarke composed a reply seeking to prove (but not to
the Princess’s satisfaction, who said that he was merely “gilding
the pill”) that Newton’s metaphysical conceptions were not what
Leibniz suppased them to be. Leibniz in turn replied to this paper,
and a correspondence ensued, amounting in all to five documents
from either party and terminating a year after it began with Leib-
niz’s death in November 1716. It was published (in English and
French) the following year.

It is unfortunate that Newton’s relations with Clarke are as ob-
scure as they are. Samuel Clarke was well known in his own day
as a classical scholar, philosopher, and theologian. As a clergyman
he became notorious for the Arian (or “Unitarian”) tendency of
his writings, and no doubt this prevented his advancement to the
highest posts in the Church (indeed, Voltaire reports the quip that
Clarke would be the best man in the Kingdom for the See of Can-
terbury if only he were a Christian). Like Newton, but unlike
William Whiston, another of Newton’s circle, Clarke managed by
a discreet formula to avoid expulsion from his offices. It is pos-
sible that Clarke sought out Newton at Cambridge after going up
to the university in 1691, for certainly he soon made his support
of Newtonian science evident. Later Clarke was Newton’s parish
priest at St. James’s, Piccadilly, where they were associated in vari-
ous charitable concerns. Clarke made an “official” translation of
Newton’s Opticks into Latin (1706) — though it is also reported that
Abraham de Moivre had a hand in the work - for which (accord-
ing to legend) Newton gave him the vast sum of £500. Thus it is
certain that Newton and Clarke were on terms of close acquaint-
ance and probably intimate friendship long before 1715. Because
they were neighbors, no correspondence between them is known
to survive.?

Moreover, so far as the Clarke-Leibniz letters are concerned,
there exist no drafts by Newton relating to them. It is certainly
the case that Clarke was very well informed upon Newton’s
thought, and that Newton was made aware of the letters that
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Leibniz was writing to him via the Princess of Wales; possibly also
Clarke saw papers that Newton was sketching out for other pur-
poses, as will be seen later. Thus in a very important sense New-
ton did assist Clarke indirectly in his defense of Newtonianism
against Leibniz, as Leibniz himself believed that he was doing, and
other contemporaries also supposed, Whiston for example writ-
ing that “Dr Clarke’s Philosophy was . . . generally no other than
Sir Isaac Newton’s Philosophy.” But to say this is not to say that
Newton actually guided Clarke’s pen or stood behind his shoulder
as he wrote; of this we have no evidence at all, and the declaration
of the two most recent students of the matter that “there is no
doubt that Newton took part in the fight between Leibniz and
Clarke,” literally read, goes beyond what was doubtless their in-
tention to express. Certainly Newton was in Clarke’s corner, but
he did not on more than an isolated occasion at most put lead in
Clarke’s gloves.”

We know, in fact, that Newton consistently regarded Leibniz’s
attack upon his philosophy, or supposed philosophy, as an irrele-
vancy. Of Leibniz’s letter to Conti, adumbrating the issues sol-
emnly debated between Leibniz and Clarke, Newton wrote that
it was “nothing but a piece of railery from the beginning to the
end,” and in writing to Conti himself (after declaring that Leibniz
had pretended not to have seen the Commercium Epistolicum in or-
der to avoid answering it), Newton protested that Leibniz was
still refusing to respond to the historical evidence against him and
instead was “endeavouring to engage me in dispute about Philoso-
phy & solving of Problems, both which are nothing to the Ques-
tion.” That Newton should see the situation in this light three
years after the publication of the Commercium is hardly surprising,
because no one had yet provided an analytical rebuttal of its docu-
ments, Leibniz and his friends having striven only to discredit
Newton as a mathematician or extend their quarrel in fresh
ways.?

Although the evidence indicates that Clarke was a far more in-
dependent champion of Newton than was Keill, Newton did have
to address himself to Leibniz’s criticism of his philosophy as ex-
pressed in Leibniz’s letter to Conti of November 1715. This was
as a consequence of court pressure; as Newton wrote in a later
draft:

When Mr ’Abbé Conti had received a letter from Mr Leib-
nitz with a large Postscript against me full of accusations
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forreign to the Question, & the Postscript was shewed to

the King, & I was Pressed for an answer to be also shewed to

his Majesty, . . . the same was afterwards sent to Mr Leib-

nitz . . .
Like Newton, one may see Leibniz’s court influence behind the
scenes here, gaining a small though Pyrrhic victory for Leibniz for
which Newton never forgave Conti, whom he considered to have
acted as Leibniz’s cat’s-paw. The letter Newton then had to pre-
pare (and which was later printed by Newton himself without the
knowledge of its addressee) is almost wholly concerned with the
mathematical history of the 1670s on lines already becoming fa-
miliar; only near the beginning — following the passage about the
irrelevancy of all this just mentioned — Newton wrote

As to Philosophy [Leibniz] colludes in the signification of

words, calling those things miracles which create no wonder

& those things occult qualities whose causes are occult

though the qualities themselves be manifest, & those things

the souls of men which do not animate their bodies[.] His

Harmonia praestabilita [preestablished harmony] is miracu-

lous & contradicts the daily experience of all mankind, every

man finding in himself a power of seeing with his eyes &

moving his body by his will. He prefers Hypotheses to Ar-

guments of Induction drawn from experiments, accuses me

of opinions which are not mine, & instead of proposing

Questions to be examined by Experiments before they are

admitted into Philosophy he proposes Hypotheses to be ad-

mitted & believed before they are examined. But all this is

nothing to the Commercium Epistolicum.
As indeed it was not, but Newton seems here to have forgotten
that it was he himself who had first in scientific works written of
God and nature and made a number of statements that certainly
could not “be examined by Experiments.”

No more is to be found in the published version of the letter to
Conti, but a rejected draft contains a much lengthier discussion
(of which the quotation above is a condensation) in which New-
ton also alludes to such matters as Leibniz’s notions of space and
time, and his calling “the world Gods Watch,” so that if the world
should not be able to last forever as it is without God’s providen-
tial interveption to keep it stable (a belief Newton had rejected in
his Opticks and elsewhere), then, in Leibniz’s view, this meant that
God like the watchmaker must be imperfect: “It would be Gods
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fault if his Watch should ever decay & want an amendment.” This,
retorted Newton, was like blaming God because matter cannot
think. It is by no means impossible, if rather unlikely, that Clarke
read such drafts before writing to Leibniz, or more probable that
Newton conveyed the same ideas to him in conversation.”

Only one more of the metaphysical questions, which Leibniz
used as a stick with which to belabor Newton, need be mentioned
now, because it had freshly come into Leibniz’s power as he told
Johann Bernoulli (with evident delight) in March 1715:

When I was told that Newton says something extraordinary

about God in the Latin edition of his Opticks, which until then

I had not seen, I examined it and laughed at the idea that space

is the sensorium of God, as if God from whom every thing

comes, should have need of a sensorium. . . . And so this man

has little success with metaphysics.
To the Princess of Wales, in fact, Leibniz wrote that “Sir Isaac
Newton says, that Space is an Organ, which God makes use of to
perceive things by,” so justifying his fear that in England some
men “make God himself a corporeal Being.” This Clarke subse-
quently denied, asserting Newton’s own opinion that God does
not need a sensorium, or organ of sensation (as we might say, a
nervous system), that Newton had only analogically compared
God’s perception of things with man’s, and that (in any case) sen-
sorium properly meant not the organ but the place of sensation.*

Two brief passages in Queries 28 and 31 in Newton’s Opticks
gave rise to Leibniz’s derision; in the first, to which Leibniz par-
ticularly referred, Newton had asked:

does it not appear from Phaenomena that there is a Being
incorporeal, living, intelligent, omnipresent, who in infinite
space, as it were in his Sensory, sees the things themselves
intimately, and throughly perceives them, and comprehends
them wholly by their immediate presence to himself: . . .
And in the second (using the Latin form now of the same word)
Newton asks whether the fitness of organic nature can be other
than the effect of
the Wisdom and Skill of a powerful ever-living Agent, who
being in all Places, is more able by his Will to move the Bod-
ies within his boundless uniform Sensorium . . . than we are
by our Will to move the Parts of our own Bodies.
In Leibniz’s justification it may be said that in these two passages
Newton pushes the analogy between the body-soul relationship
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in man and the infinite-space-God relationship rather hard and
crudely, relying a little too literally, perhaps, on the Genesis state-
ment (to which he refers) that Man was made in God’s image. We
may feel (with Leibniz) that any comparison at all between the
complex pathway by which man’s “soul” apprehends the material
world (sense organs, nervous system, brain, memory, etc.) and
God’s immediate apprehension of things by his omnipresent uni-
versality is so dangerous as to be actually misleading. On the other
hand Newton’s point that a providential God (to be distinguished
from Leibniz’s divine artificer, who by the very perfection of his
work renders himself redundant) must be both aware of events in
the world and influential upon them seems obvious. Of course,
Leibniz was entitled to argue that God the creator is not a provi-
dential God, or that in so far as God is providential he works
miracles, but he could not justly maintain that Newton’s alterna-
tive position necessarily led him into the fallacy that Leibniz pro-
claimed as Newton’s, which seems in fact to have resulted simply
from naivete or inadvertence on Newton’s part.”

While this metaphysical discussion with Clarke occupied the
last year of Leibniz’s life, evidently relished by him far more than
arebuttal of the historicism of the Commercium Epistolicum, further
steps had been taken in England to strengthen or at any rate to
publicize Newton’s case. Two publications resulted in 1715: The
first was Newton’s own “Account of the Book entitled Commer-
cium Epistolicum . . . published by order of the Royal Society,”
which appeared anonymously as a review article in the Philosophi-
cal Transactions for February 1715; the second, presumably, was
Joseph Raphson’s posthumous History of Fluxions, which I shall
consider first.®

Raphson is an enigmatic figure whose role, despite his little
book with its impressive title, was much less than that of other
men like William Jones and especially John Keill. He had been
elected to the Royal Society as far back as 1689, had published a
book on algebra in the next year, and went to Cambridge as a
Fellow-Commoner — clearly at an age beyond the normal — in
1692. From a statement of his own (see below) he met Newton in
Cambridge in 1691. Newton’s editor Roger Cotes certainly knew
him and knew of his intention to write about fluxions early in
1711. He then expressed the hope that Raphson would “dojustice
to Sir Isaac,” thus indicating that the inner circle of Newtonians
already saw Raphson’s book in the context of the calculus contro-
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versy, even though Leibniz’s letter to the Royal Society complain-
ing against Keill was still to be written. As Raphson lived in Lon-
don, the absence of correspondence with Newton is easily
explained; but Newton must surely have been acquainted with
him, as he was with Jones and others who never appear in any
distinct way in Newton’s own surviving papers. Raphson died
before his book appeared.

The History of Fluxions is both an apologia for Newton and an
exposition of the methods of the calculus; “history,” in the basic
sense of a narrative of events through time, it is not. Raphson
stated explicitly in his Preface that his object was “to assert the
Principal Inventions of this Method, to their First and Genuine
Authors; and especially those of Sir Isaac Newton, who has vastly
the Advantage of others, as well in respect of Priority of Time, as
the Great & Noble Nature of his Discoveries.” For knowledge of
these Raphson chiefly drew on the two mathematical treatises
published by Newton with his Opticks in 1704 and his correspon-
dence as published by Wallis; he also used the books of Craige and
Cheyne but does not seem to mention William Jones’s edition of
some of Newton’s mathematical work in 1711, so that perhaps
this appeared too late to be of service to him. Raphson did explain
that the Commercium Epistolicum had been published while his own
book was in the press; he added a conclusion dealing with this and
rehearsing from it the “Judgement of the Royal Society.”

Considered as history in the modern sense of the word, Raph-
son made a number of statements that are false or at least very
susceptible of criticism. For example, he asserted that Newton had
communicated his incomparable method of fluxions “(by several
Letters) . . . to some of the best Mathematicians of Europe”; no
doubt he would have instanced Collins and Leibniz, but in the
ordinary plain sense of words such a communication — so dam-
aging to Leibniz if true — never occurred, and Raphson failed to
make it clear that Leibniz was given no useful information about
the “method of tangents” and so forth about which Newton
wrote to him. Raphson indeed wrote, contrary to fact, that New-
ton “gave Notice” of fluxions to Leibniz. He further declared that
the Principia “shews almost innumerable Applications of [the Al-
gorithm of his Calculus] both to Geometry and Nature” a view
justified by only a limited and special kind of truth and erroneous
if taken as implying an open employment of the fluxional algorithm
in the Principia. Raphson does add, however, the interesting his-
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torical detail that Newton entrusted to himself and Halley in 1691
the original manuscript of Newton’s 1671 tract on fluxions “in
order to bring it up [to London?] to be prmted” it was already

“much worn by having been lent out” to Collins and others.
Later, Raphson wrote, Newton decided that the tract was too
much in need of revision to be printed.”

The writings of the Continental mathematicians were by no
means neglected by Raphson, who usually analyzed them in order
to make a point in favor of Newton. Thus he based an account of
Leibniz’s calculus upon his 1684 Acta Eruditorum paper “partly that
[the reader] may see [in] how less apt and more laborious a
Method of Notation, and far-fetch’d symbolizing insignificant
Novelties, (perhaps on purpose to distinguish it from the plain
and easy one it was communicated to him in) he has published it
to the World.” And again, when he describes the “exponential”
calculus of Johann Bernoulli, Raphson takes pains to point out
that the basic idea and its logarithmic equivalent had been familiar
to Newton. It is hardly surprising that his conclusion unre-
servedly declares Newton “the first Author of this Method” and
puts Leibniz far behind him “even upon supposition that he [Leib-
niz] had it not from his Correspondence with Sir Isaac, which
many suspect . . . "%

Raphson’s little book might well have made more stir had it not
been overshadowed by the Commercium Epistolicum. It is enve-
loped in mystery. Was it to have been Newton’s first covert retort
to Leibniz, begun before Keill’s return to England from America
and rendered redundant first by the Leibniz-Keill dispute and then
by Newton’s decision to prepare the Commercium? Was Newton
responsible for its coming out in Latin as well as English, ob-
viously for the benefit of Continental readers, because Newton
certainly saw and improved its Latin version? Why, as it was not
suppressed altogether, was the History of Fluxions so long delayed?
Newton later declared — with what degree of sincerity it is hard
now to tell — that he had known nothing of the book before it was
printed “& I stopt its coming abroad for three or four years,” in
fact until the publisher made a fuss about his unrecouped costs in
preparing it. Against Newton’s seeming noninvolvement, there is
the certain fact that after Leibniz’s death — probably in 1717 or
1718 — Newton had the History of Fluxions reissued, with the same
title page and date as before but with errata noted on the opening
pages and the last chapter (on the Commercium Epistolicum) added;
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to this he also appended the correspondence between Leibniz and
the Abbé Conti with his own “Observations” upon their letters.
All this, of course, without any indication of Newton’s hand or
indeed that there were two (or more) versions of Raphson’s His-
tory. Whatever the extent of Newton’s interest in this book, he
molded it firmly and secretly to his own ends.™

As for the “Account of the Book entituled Commercium Episto-
licum,” which appeared in the Philosophical Transactions for 1715 (to
be reissued with the book itself in 1722, now in Latin), it has been
widely believed since 1761 that Newton himself prepared it and
the fact is now beyond doubt. Originating in the abortive riposte
prepared by Newton in 1714 for the Journal Literaire of The Hague
and developed through many subsequent drafts during the latter
part of that year, it stands as Newton’s only long, coherent nar-
rative of his case against Leibniz and was given official status in
publications authorized by the Royal Society.

The “Account” is, of course, advocacy — Newton had given up
the hope that the documents he had printed would explain them-
selves. Its argument divides into five chief sections, along by now
familiar lines. The first proves that Newton’s method was already
in a finished state by 1669, as demonstrated by On Analysis and
his correspondence of immediately subsequent years; all that came
after had been the development of ideas that he had fully grasped
long before Leibniz had been heard of. This section of the argu-
ment is illustrated by examples of Newton’s mathematics taken
from On Analysis and elsewhere, but nowhere in the tract does
Newton enter into any detailed comparison or identification of his
method with that of Leibniz.

The second theme in the argument is that Leibniz did not devise
his calculus before 1677, so that when he wrote about it to Old-
enburg in June 1677 (in response to Newton’s Second Letter), it was
of fresh minting. Point after point is skillfully piled up by Newton
to Leibniz’s discredit, showing him (apparently) always limping
along behind, seeming not to understand what he had already
claimed to have discovered, continually begging for fresh enlight-
enment and so forth. What was Leibniz’s great discovery in nu-
merical series, Newton asks scornfully? “See the mystery!” It is
that if you subtract all the terms after the first from the series

(1) T+++4++4+4 . etc
so forming another
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@ (@-H+EHE-H+E-H+HE-H... =1

the terms can be rearranged to make yet another series
3) 144+ 5+4...=1

and so on.

As for the “geometrical” series boasted of by Leibniz in his let-
ters, they had all (in one form or another) been sent him from
Gregory or Newton himself, a fact he ever afterward conveniently
forgot to mention. In one and the same letter (27 August 1676),
Newton alleges, Leibniz “pretended to have found two series for
the number whose logarithm was given, and yet desired Mr.
Newton to explain to him the mcthod of finding these very two
series.” This same letter provides Newton with another piece of
chronological evidence; as Leibniz himself confessed later, he had
not “polished” his demonstration of the arithmetical quadrature
of the circle in 1675; he sent it “polished” to Oldenburg only in
August 1676. Then came his removal from Paris, when he did no
mathematical work. Then, again according to Leibniz himself, he
did not think it worthwhile to publish the demonstration because
his new Analysis would prove it more briefly (“Analysis nostra
paucis exhibet”). Accordingly, Newton reasoned, Leibniz could not
have found his new analysis before leaving Paris — because, seem-
ingly, he was still pleased with the demonstration in August 1676
— therefore he must have found it only after his resettlement in
Germany, that is in 1677.%

One must admire Newton’s ingenuity. This is just the kind of
argument that a literary scholar or historian might use (in the ab-
sence of more direct evidence) today in order to date a poem or
other document. The satisfaction of Leibniz in August 1676 with
a piece of mathematics that, he later says, the calculus taught him
to view as unsatisfactory seems neatly to make possession of that
analysis in August 1676 impossible. With hindsight one sees how
subtly perverse and misleading this plausible piece of logic is, but
Newton could not but view it as convincing. To the same effect,
he reasoned about some remarks made by Leibniz concerning the
method of tangents: How could he, so late as March 1677, have
shown knowledge of nothing more than the processes of Hudde
and Sluse and written of the desirability of constructing “an ana-
lytical table of tangents, of the greatest use both for many other
problems and for my resolution of equations by means of series”
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(again, the seeming grab!) if, at that time, he understood how
generally the differential calculus handled tangency? Indeed, the
discussion of tangents in terms of the calculus appears in Leibniz’s
letters to England only in June 1677, and Leibniz’s assertion of
“for a long time” dealing with them by this method Newton re-
garded with justifiable skepticism, because it seemed to be flatly
contradicted by the old-fashioned tone of the preceding letter.
And what, after all, in Newton’s eyes, was this new method of
tangents to which Leibniz came so tardily? It was, he says, Isaac
Barrow’s “Method of Tangents exactly, excepting that he has
changed the letters a and e of Dr Barrow into dx and dy . . . Well
therefore did the Marquis de I’Hospital observe that where Dr
Barrow left off Mr Leibniz began; for their methods of tangents
are exactly the same,” with the sole improvement that Leibniz
showed how to obtain Sluse’s tangent rule from his own.* The
facts that Leibniz had followed Barrow and that he had not seen
some potentialities of his own calculus, as swiftly as Newton had
done ten years before, could only be understood, Newton was
confident, if Leibniz had made no genuine discovery.

The third theme in the “Account” is the distinction between
fluxions and differentials, combined with the contention (against
Johann Bernoulli) that Newton had changed neither his concepts
nor his procedure since the 1660s; because this contention was not
completely accurate, it led Newton into an apparent skepticism
about the value of any particular notation for mathematical pro-
cesses:

Mr Newton doth not place his method in forms of symbols,

nor confine himself to any particular sort of symbols of

fluents or fluxions.
What Newton preferred to emphasize was the intrinsic superiority
of his fluxional method, as against Leibniz’s calculus, in avoiding
the use of infinitesimals as far as possible, employing moments in
a rigorous way rather than differences in an approximate way:

We have no ideas of infinitely little quantities, and therefore

Mr Newton introduced fluxions into his method, that it

might proceed by finite quantities as much as possible . . . ;
the basis of the fluxion being (as Newton rightly said) the “first
ratio of nascent quantities, which have a being in geometry”
rather than the “first nascent quantities” or Leibnizian differences,
“which have no being either in geometry or nature.” Moreover,
Newton argued, Leibniz’s calculus necessitated a “summing of in-
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divisibles to compose an area or solid . . . never yet admitted into
geometry” and hence was only suitable for analysis, whereas his
own method admitted of demonstration.

Not only was the calculus logically inferior to the method of
fluxions, it was incomplete and maimed without the method of
series to which Leibniz had no possible claim. Newton’s original
mathematical discovery was accordingly, he claimed, a dual one:
a method for the resolution of “finite equations into infinite ones,
and applying these equations, both finite and infinite, to the so-
lution of problems by the method of fluxions and moments.”
Newton’s method was thus “incomparably more universal than
that of Leibniz” — which had been limited to finite equations until
he imitated the technique of series from Newton — and besides
historically genuine because it had possessed this necessary duality
from its inception in the 1660s.

Once more one can only admire Newton’s forensic ingenuity,
highly appropriate to a patent suit or any issue depending on cir-
cumstantial evidence. The fairly transparent casuistry about infin-
itesimals — for, though the fluxion is indeed a ratio, the constant
variable or time-measure o has to be vanishingly small - did not
trouble him, and he never paused to reflect that, to account for
Leibniz’s not following his own path exactly there might be other
reasons than a desire to disguise a plagiarism, or still less that these
very differences of concept and development in the calculus
might, when regarded from a different point of view, be taken as
indicating the genuine originality of Leibniz’s discovery.

As a fourth argument, Newton insisted that from the first the
method of fluxions had extended to second- and higher-order
fluxions, thus implicity reacting to the Bernoullis’ criticisms, and
further that the method had never been modified:

This was Mr Newton’s way of working in those days, when

he wrote this compendium of his analysis (On Analysis). And

the same way of working he used in his Book of Quadra-

tures, and still uses to this day.
Amplifying his last sentence, Newton specifically declared that he
had never “changed o [the increment or moment of x] into x,” or
employed x as a substitute for dx, because “pricked letters never
signify moments”; furthermore, the method of fluxions had
proved its practical utility because it had served Newton in the
preparation of the Principia, as he declared in a famous and delu-
sive passage:
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By the help of the new analysis Mr Newton found out most

of the propositions in his Principia Philosophiae; but because

the Ancients for making things certain admitted nothing into

geometry before it was demonstrated synthetically, he dem-

onstrated the propositions synthetically, that the system of

the heavens might be founded upon good geometry. And this

makes it now difficult for unskilful men to see the analysis by

which those propositions were found out.
The claim is categorical, but it cannot literally be true, though it
has deceived many. The complete absence of a “fluxional Princi-
pia” from Newton’s work sheets, the straightforward evolution
of the book from Newton’s 1684 “Propositions on Motion” -
purely geometrical — and the inherent implausibility of the claim
to a “translation” of this sort have long puzzled scholars; we can
now — as indicated already — believe only that Newton resorted to
an analytical attack on a problem in one or two exceptional in-
stances.

Fifth and last, the “Account” concludes with a defense of New-
ton’s philosophy of nature: “We are not to fill this phllosophy with
opinions which cannot be proved by phenomena.” Honest confes-
sion of ignorance of causes best fits experimental science, Newton
argued, and therefore it was no “crime to content himself with
certainties and let uncertainties alone.” The seeming certainty of
the mechanical philosophy (as understood by Leibniz) was a mere
illusion, one leading directly to the very confusion of true
religion with which Leibniz had falsely charged Newton:

Must all the arguments for a God taken from the phenomena
of nature be exploded by new hard names? And must Ex-
perimental Philosophy be exploded as miraculous and absurd
because it asserts nothing more than can be proved by ex-
periments, and we cannot yet prove by experiments that all
the phenomena in nature can be solved by mere mechanical
causes?
Thus Newton ends on a solemn note in order to refute the “rail-
lery” of the Leibnizians who sought thereby to demonstrate that
Newton wanted “judgment, and was not able to invent the infin-
itesimal method.”

What was the effect of the “Account” on the public mind? It
seems likely that the original English version in the Philosophical
Transactions was read only in England, where it was soon accepted
and followed as the authoritative statement of the case for New-
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ton, even before Newton’s authorship of it was widely admitted.
But the English, barring a very few (John Flamsteed, the Astrono-
mer Royal, for example, and John Woodward, the physician, an-
tiquary, and “geologist,” another of Newton’s settled opponents),
were already parti pris on Newton’s side. The “Account” was a
sermon for the converted. In Europe it was known only by rumor
until a French version was published in the Journal Literaire of The
Hague, again with the willing aid of John Keill, Newton’s
“avowed champion in this quarrel.” That version appeared only
in November 1715; if in England Conti, “more in love with New-
ton than ever,” felt that it was now up to Leibniz, in face of so
strong a challenge, to present his own evidence of independent
discovery, in general the Continent was not greatly impressed.
The “Account” did not prove the blockbuster Newton had ex-
pected it to be. Leibniz dismissed it as a stale réchauffé and replied
to it in the rival journal, the Nouvelles Literaires, of the following
month in a few dismissive lines: It was not the case, he wrote, that
Leibniz was making any claim upon a discovery of Newton’s, but
that in the eyes of all the world Leibniz was already recognized as
the discoverer, and had been so recognized from 1684 without
dispute until the mathematicians of England surprised the world
by thinking otherwise. And he again quoted the judgment of Jo-
hann Bernoulli.**

The “Account” settled nothing. It defeated nobody. The dispute
went on, and Newton once more took the offensive.
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increase one’s admiration for some of the greatest of man-
kind. Leibniz never conceded an inch toward the recog-
nition of Newton’s mathematical precocity and remorselessly
continued to the end his attrition of Newton’s philosophical ab-
surdities, as he saw them. Newton pushed his pursuit of Leibniz
beyond the grave — for his death did not, as Conti once exclaimed,
end the quarrel — until at least 1722. And subsidiary warfare broke
out on no small scale which, however, I do not mean to explore
in detail here. What was written in these last years, at least so far
as the original point at 1ssue 1s concerned, was all passion and te-
dious repetition. Very little that was new in fact or argument was
made public after 1715 — for the essence even of the Clarke-Leibniz
exchanges had all been stated before — and the weapons of polemic
forged by either party seemed increasingly to be hurled, not at the
chief opponents, but at the men of straw who, by now, had firmly
assumed their places. It is no surprise to find the dispute conclud-
ing amid the futility of offensive wagers, or supposed wagers, and
childish abuse. Had Newton, or had he not, publicly called Johann
Bernoulli Leibniz’s “skirmisher” (enfant perdu)? Who can care?
During the interval of less than three years between Newton’s
first reading of the Charta Volans and the death of Leibniz, his
preoccupation with the demolition of Leibniz’s claim to the cal-
culus became obsessional, requiring hundreds of hours of paper
work. The “Account,” having failed in its effect, was to be fol-
lowed in the next year by Newton’s “Observations” upon Leib-
niz’s exculpatory letter to Conti of March 1716, both of which
Newton put into print in the second issue of Raphson’s History of
Fluxions (1717-18). This stage of the calculus dispute, with Conti
as its luckless pivot (whether agent-provocateur, lay figure, or
honest broker, think of him as one will, he won only the contempt

TO EXAMINE the last years of the calculus dispute does not
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of both the great contestants), was brought about by Leibniz’s
Court connections, which were, however, insufficiently strong to
effect a summons to England as a loyal servant of George I. Conti
at Newton’s request (so he claimed) brought together a group of
Hanoverian and other notables who were to verify with their own
eyes the documents brought in evidence by Newton. This done
satisfactorily, one of them, Baron von Kilmansegge, proclaimed
that this was not enough: What was needed was a direct challenge
from Newton to Leibniz, which must be answered. Conti went
to Newton who within a few days of February 1716 produced a
letter which George I much approved, saying it was difficult to
answer facts. As usual, Newton had spent many hours in drafting
this letter, even though he thought Leibniz had given him nothing
but “railery”; yet it contains nothing new. It is a short version of
the “Account,” which contains some good specimens of Newton’s
English prose, as when he complains of Leibniz’s “endeavouring
to engage me in dispute about philosophy & about solving of
problems, both which are nothing to the question.” Not only had
Leibniz thus failed to deal with the original documentary issue on
which Newton always harped, but he had gone back on his own
prior acknowledgments of Newton’s attainments, which he ought
“in candour to acknowledge still,” and now contradicted state-
ments of them made by Wallis and others, which formerly “he did
not contradict nor found fault with. And I expect that he still for-
bear to contradict.” But this iteration was to no purpose, except
to produce another retort from Leibniz. It is, on the whole, dig-
nified, denying the Newtonian charges and criticizing the Com-
mercium Epistolicum as quite missing its aim because the letters in it
were entirely concerned with series, the glosses upon the docu-
ments merely voicing “baseless suspicions which are sometimes
absurd, and sometimes feigned contrary to the conscience of some
of those” involved, and so not at all depreciating his own discov-
ery of the calculus. And here at last Leibniz told something of that
discovery, how he had come to London in 1673 almost innocent
of higher geometry, and remained then unacquainted with Col-
lins, how on his return to Paris he profited from reading Mercator
and conversing with Huygens and so found “his” arithmetical
quadrature of the circle, and how then, still largely innocent of the
methods of infinite series (here Newton was right!):
I entered at last into my calculus of differences, where the
things I had already noticed when very young on the differ-
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ences between series of numbers helped to open my eyes; be-
cause I came to it not by the flow of lines, but by the differ-
ences of numbers . . .
As for Barrow, he had nothing to do with it, and if anyone prof-
ited from him, it should surely be Newton who was his pupil.!

Concluding with the assurance that he had never charged New-
ton with plagiarism, blaming Newton’s adherents for poisoning
his mind, and trying to wriggle out of the accusation that the Acta
review of 1705 had accused Newton of playing a Fabri to his own
Cavalieri, Leibniz’s defense, although prevaricating on occasion,
is at least (as we know now) essentially accurate in describing his
own mathematical evolution. But far from mollifying Newton,
Leibniz’s smooth assurance only irritated him the more and he was
outraged at the suggestion that only a troublemaker would see
harm in the words of the Acta review of On Quadrature. The pro-
cess of drafting began again . . . The product appeared in the form
of “Observations upon the preceding Epistle” in the reissue of
Raphson’s book, which Newton “caused to be printed” as soon as
he heard that Leibniz was dead, “lest they [the letters and ‘Obser-
vations’] should at any time come abroad imperfectly in France.”
His reason for not writing privately to Leibniz or Conti was that
he had heard that Leibniz had sent to his friends in Paris copies of
his supposedly private letters to Conti — the fine lines of moral
conduct become very involved; thus, if the “Observations” were
written in the summer of 1716, they first became public (proba-
bly) in the following year.

Once again Newton covers the familiar ground: Leibniz had
been the aggressor, not only in the 1705 review but in demanding
an apology from Keill in 1711; the Royal Society had not con-
demned him unheard, but had left him liberty to state his case
historically, which he had always refused to do. Leibniz’s writings
against Newton had been nothing but defamation, whereas the
Commercium Epistolican had been nothing but facts, openly
printed, unlike the clandestine, unavowed Charta Volans. The
method of series and the method of fluxions were all one and
should not be artificially distinguished:

And if Mr Leibniz has been tearing this general method in
pieces, and taking from me first one part, and then another
part, whereby the rest is maimed, he has given a just occasion
to the Committee [of the Royal Society] to consider the
whole. It is also to be observed, that he is perpetually giving
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testimony for himself, and it’s allowed in all Courts of Justice

to speak to the credit of the witness.
As ever, Newton identifies Clio with the Goddess of Justice. Leib-
niz’s charges that the committee had omitted from the papers in
the Commercium Epistolicum passages that told against Newton’s
claim are dismissed; Leibniz had already withdrawn his first ex-
ample of such an omission as a mistake, and now Newton shows
that his second is no better

So you see that Mr Leibniz hath accused the Committee of

the Royal Society without knowing the truth of his accusa-

tion, and therefore is guilty of a misdemeanour.
The legal phraseology recurs. And so it goes on, Newton now
allowing no shred of independent discovery to cover the naked-
ness of Leibniz’s supposed theft, until he embarks on yet another
narrative of his own early mathematical writings, which (in
Whiteside’s words) “was to serve as the well-nigh unique locus
classicus for authentic information about the early stages of [New-
ton’s] development of fluxional calculus,” for all but the privileged
few who had knowledge of Newton’s manuscripts, until the nine-
teenth century.?

The “Observations” were still not Newton’s last words on the
calculus dispute, but before noting its final appearance and turning
(with relief now) to the last rosy glow of venerable respectability
that warmed the last years of Newton’s life after this cold, titanic
struggle, a little should be said about the last sharp snappings of
the dogs of war, Johann Bernoulli and John Keill.

While these thunderclouds had been reverberating about Conti’s
head, the English mathematicians had not neglected the “easy”
version of the mathematical problem that Leibniz had passed on
to them (from Bernoulli) in his letter to Conti of November 1715.
Their cries of triumph were cut short when Leibniz revised the
problem to increase its generality (or, as the English claimed, sent
a fresh, harder problem). This, effectively, beat them. Amid these
events Johann Bernoulli took notice of the attack made on him in
the Philosophical Transactions for the summer of 1714 by Keill, who
had written a paper on the inverse problem of central forces (the
problem of deriving the curve(s] from the force[s], rather than
vice versa). Bernoulli, as far back as the Mémoires of the French
Academy of Sciences for 1710, had claimed that Newton in the
Principia had not provided a satisfactory demonstration that, with
the inverse-square law assumed, only conic sections and no other
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curves could furnish the resulting orbits. Keill had rejoined in
Newton’s defense that Bernoulli’s own demonstration to this ef-
fect was, in fact, only a slightly reworked version of Newton’s
own Proposition 41 in Book I of the Principia: His criticism of
Newton, therefore, was out of place and his “improvement’” bo-
gus. To such a correction — given unsparingly — the Swiss mathe-
matician could not submit: Too proud (let us suppose) to speak
out openly against the derided Keill, he wrote a letter to Christian
Wolf, which the latter transposed into indirect speech and printed,
thus anonymously, in the Acta Eruditorum for July 1716. At least
anonymity was their intention; with the quality of farce, which
often attached itself to the stern and biting pen of Bernoully, a slip
in the printed text revealed all.

The “Letter on behalf of an eminent Mathematician” against
Keill containéd nothing fresh; it restated Bernoulli’s claim to be an
independent inventor of the integral calculus “if we mean to dis-
tinguish this calculus from the differential calculus which, even
according to Bernoulli himself, is beyond all controversy owed
entirely to the great Leibniz,” abused Keill, and in general was not
at all about the original question in the great debate but about
Newton’s and Keill’s incompetence in the mathematical science of
mechanics. As for the inverse problem of central forces, let any-
one examine how different Bernoulli’s approach to a solution was
from Newton’s

and let them afterwards declare whether anyone but [Keill]
himself can persuade himself that my formula [in the 1710
Mémoires] was derived from Newton’s.
An unnoticed “m” (meam for eam) revealed the author; denials
proved futile.

Keill retorted, Bernoulli primed one of his students to make a
reply under his own name, and much else went to and fro, which
may be passed over. Other mathematicians — Brook Taylor on the
English side, Rémond de Monmort on the French — were dragged
into the futile wrangling. What is more interesting is that Johann
Bernoulli was also at last revealed as the famous mathematician
quoted in the Charta Volans; this fact he refused publicly to confess
in Newton’s lifetime, but Newton had no doubt inwardly of its
truth, and never forgave Bernoulli for his conduct.?

The French version of the pro-Leibniz letter by the “eminent
mathematician” had first appeared in the Journal Literaire of De-
cember 1713, in the translated reprint there of the Charta Volans.
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It reappeared in the Nouvelles Literaires, just two years later, as part
of Leibniz’s protest against the Commercium Epistolicum addressed
to the journal’s editor, Du Sauzet. But this time, clearly from the
pen of Leibniz himself and against Bernoulli’s frequent insistence,
this same extract was blandly headed “Lettre de M. Jean Bernoulli
de Bile, du 7 de Juin 1713.” Probably Leibniz let the name out
deliberately, though it would be idle to speculate about his rea-
sons; certainly, with a little note of pleasure, he was able to tell
Bernoulli, in April of the following year (1716), that Newton now
knew him to be the “eminent mathematician,” and had referred to
him (in his reply to Conti, written at the abbé’s request in Febru-
ary) as a “mathematician (or pretended mathematician).” The in-
sult rankled with Bernoulli for many years, though how he could
logically assert — as he always untruthfully did — that he was not
that eminent mathematician, while at the same time objecting that
Newton should not have called the eminent mathematician “pre-
tended,” it is hard to understand. In fact, Newton in February
1716 probably did not know that Bernoulli was the man (and cer-
tainly did not mention his name to Conti), but Leibniz ensured
that he should not fail to know by again putting Bernoulli’s name
as the “eminent mathematician” in a letter he wrote to his friend
the Baroness von Kilmansegge in April, only a day or two after
telling Bernoulli of the predicament he was now in. That letter
was intended for Newton’s eyes; not surprisingly, in the “Obser-
vations” Newton for the first time makes Bernoulli the “eminent
mathematician.”

In parenthesis, Leibniz’s letter to the baroness contains a passage
that Newton could never have written, in a sense rather different
from that in which he could not have written the whole letter.
Leibniz tells the story of the Leiden shoemaker who was fond of
attending the public disputations of the university students. An
acquaintance asked him if he understood Latin: “No, I don’t
trouble to understand it.” Why then did he come so often to the
place? “Because I like to judge the strokes.” And how could he be
a judge of what was said? “I have another way to tell who is in the
right of it.” And what was that? said the acquaintance. “It is that
when I see from someone’s face that he is getting annoyed and
becoming angry, I conclude that he lacks arguments.” It is very
true that Newton gave far more time and attention to the calculus
dispute than Leibniz did, that it made him more angry, that he
could not attain in his writings about it the assured, slightly su-
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percilious, not wholly humorless tone that Leibniz achieved. One
can see Newton as the red-faced angry disputant, Leibniz as the
defendant calm and confident. Only an extraordinarily clever and
subtle liar would have told this story — which would have, and
was meant to have, more than one private reader — when con-
fronted with a justly irate opponent. Leibniz could tell it because
he did believe in the justice of his own cause. Unfortunately, two
rights can all too easily make a wrong.*

Leibniz’s death left Johann Bernoulli isolated and now, though
not very old, the senior mathematician of the Continental school.
He was willing to carry on the fight with Keill (and did so until
the latter’s death in August 1721), but he was eager to make peace
with Newton. He even nourished the ambition — never to be re-
alized - of receiving the gift of Newton’s portrait. Accordingly, in
the spring after Leibniz’s death, he approached one of the French
mathematicians, Rémond de Monmort, whom he knew to be in
touch with the Newtonians, in order to get Monmort to assure
Newton that his part in “testing the pulse of the English mathe-
maticians” had been purely passive, and that

I desire nothing so much as to live in good fellowship with

him, and to find an opportunity of showing him how much

I value his rare merits, indeed I never speak of him save with

much praise . . .
if only, too, Newton could persuade Keill to live and let live! And
in print a couple of years later, not having yet made a great deal of
progress in private, Bernoulli lamented Keill’s anger at Bernoulli’s
“correction” of Newton’s mistakes in the Principia (in 1713):

substituting the truth for what was false and supplying what

was absent. This I did, too, with such modesty and candour

that Newton himself (who at the end of his preface begs this

from his reader) was not only not offended by my notes but,

as I afterwards learned from a common friend who converses

familiarly with Newton [Abraham de Moivre], seemed not a

little obliged to me for them . . .
For, after all, the new edition of the Principia would have been
spoiled if these blemishes noted by Bernoullh had remained in it;
he is, of course, conveniently conflating Nikolaus Bernoulli’s dis-
creetly signifying a mistake privately to Newton with the imper-
fections once trumpeted in the Paris Mémoires. Keill, on the other
hand, still carrying on a guerrilla war with Bernoulli (who had
called him, among other things, “a certain person of Scottish ex-
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traction, who has become no less distinguished among his own
people for his immorality than odious to all foreigners”), was not
at all inclined to let Newton forget Bernoulli’s role as Leibniz’s
lieutenant; only after he was removed from the scene could a paci-
fication be effected.®
Its principal agent was Pierre Varignon, and it was in part a fruit
of the improved Anglo-French scientific relations that followed
upon the conclusion of peace in 1714 and the Hanoverian succes-
sion. Varignon, as an Academician, had distributed the three
copies of the second English edition of Opticks (1717) sent by
Newton to the Academy; one he sent to Johann Bernoulli with
the following explanation to Newton:
I add fresh gratitude to the thanks just offered because you
have correctly judged me wholly innocent of acting against
you in the Leibnizian controversy: quite the contrary, I have
taken so little part in it that I have rather always kept silent
about that controversy in my letters to Mr Leibniz and Mr
Bernoulli, only lamenting to myself and in private that such
great men are troubled by it, whom, if I had any influence, 1
would have restored to their former cordiality; and this was
the sole object that I had in mind when I sent to Johann Ber-
noulli from yourself the new edition of your book on col-
ours.
That was in November 1718, and Newton welcomed Varignon’s
action. Seven months later Bernoulli seized the opportunity to
write his thanks to Newton directly for “his” gift and regret his
own unwitting involvement in the dispute, which, against all his
own inclination, had brought about the loss of Newton’s good-
will. Even so, Bernoulli could not forbear to put a large share of
the blame on the Newtonians, expressing his anger at the flatterers
who abused all foreigners both innocent and guilty, out of a desire
to build monuments for themselves upon the ruined reputations
of others. Leibniz, Bernoulli wrote with remarkable disingenuity,
had surely been misled by someone into naming himself as the
author of the anonymous publications for which Newton had
since held him responsible; and again he proclaimed that he was
not. Although at this very moment Keill was once more busy
with a vigorous “answer to Mr Bernoulli and the Leipzig rogues”
who had introduced the new and barbarous practice of extending
their abuse of Newton and himself into the index of the Acta Eru-
ditorum, Newton was by now wearying of Keill’s ceaseless cham-
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pionship and he accepted Bernoulli’s olive branch without, surely,
changing his opinion of the man. In September 1719 he wrote to
Varignon that as Bernoulli had categorically denied anonymous
support of Leibniz, “I readily welcome and court his friendship,”
while in an enclosed letter to Bernoulli himself Newton took the
softest possible line; never had he stirred up quarrels with Ber-
noulli, whose esteem and friendship he greatly valued “on account
of his enormous merit in mathematical matters.”

Now that I am old [he went on] I take very little pleasure in

mathematical studies, nor have I ever taken the trouble of

spreading opinions through the world, but rather I take care

not to allow them to involve me in disputes.
Newton was also able (in due course) to assure Bernoulli that he
had not been expelled from the Royal Society, and behind the
scenes he delayed publication of Pierre Des Maizeaux’s book on
the calculus quarrel; yet he was not absolutely satisfied about Ber-
noulli (according to de Moivre), because the Swiss continually
harped on his old grievances, made new threats about publishing
things damaging to the British mathematicians, and demanded
that Newton restrain them from attacking him. So the correspon-
dences went on and on through 1720 and 1721 until Des Mai-
zeaux’s Collection at last appeared, and now again Bernoulli com-
plained that Newton had called him a “pretended mathematician,”
“Leibniz’s knight-errant,” and so forth, though in fact Newton
had only used such sarcasm in writing of the anonymous “emi-
nent mathematician.” And Newton on his side forbade Bernoulli
to print to his own advantage any expressions of cordiality or con-
viction of his innocence, though he allowed them to be circulated
privately. In the end, to conclude the business, Varignon drafted
a letter stating his understanding of Newton’s lack of animosity to
Bernoulli, which was to be sent to him, with freedom to print it,
if Newton approved, as, reluctantly and only through Abraham
de Moivre (for Newton had now fallen ill) he did. Varignon duly
passed the authorized statement to Bernoulli in June 1722.

That should have been the end of the matter. Keill was out of
the way and had no successor. But it was not, quite. To Varignon’s
distress, Bernoulli (difficult as ever, and on the whole the more
difficult as concessions were made to him) replied that he was not
satisfied; he had received no apology from Newton for the harsh
things said about him, and the attributions of things to him on
Leibniz’s word. Besides, Newton had not promised to put a leash

240



WAR BEYOND DEATH: 1715-1722

on Brook Taylor and other English mathematicians who might
try to offend him. This was too much even for the kindly, equable
Varignon: He told Bernoulli his demands were impossible and
washed his hands of the matter. He too died in the following De-
cember, possibly before receiving Newton’s latest, not wholly un-
prickly, literary gifts, that is to say the revised Commercium Epis-
tolicum, now enlarged by a Latin translation of the 1715 “Account”
(Recensio) and his Arithmetica Universalis, or algebra, written forty
years before. Consequently, Johann Bernoulli himself made one
last approach to Newton, having received (as Varignon’s last ges-
ture) copies of the French version of Opticks, published at Paris
that autumn. Again, though one may suppose in a rough way he
was trying to be pleasant, Bernoulli touched the comic, for after
assuring Newton of his admiration for Newton’s work “concern-
ing light and the system of colours . . . a discovery more enduring
than any bronze [monument], and one which will be even more
highly prized by posterity than it is now,” Bernoulli went on to
explain how Nicolas Hartsoeker, “a foolish man,” had claimed
priority in this discovery: “So that I am astonished that no one
comes forward from your fellow-countrymen to defend your rep-
utation.” And he could not let the matter of Des Maizeaux’s Col-
lection alone either. To this last letter Newton never replied, and it
marks the end of the calculus dispute in Newton’s Correspondence,
if not in his thoughts. Indeed, Newton seems to have written few
letters during the last four years of his life, apart from the neces-
sary minimum number on official business.

He was now very old, not in good health, and increasingly re-
liant upon trusted friends like de Moivre and his half nephew by
marriage, John Conduitt. Yet he was by no means lacking in the
mental power to control, almost up to his last months, the third
edition of his Principia, which was seen through the press by
Henry Pemberton, even if he had as long ago as 1718 ironically
written to Des Maizeaux

ever since I wrote that book I have been forgetting the meth-

ods by which I wrote it.°
He now excluded from that edition the mathematical additions he
had toyed with through the years since 1713 — a reimpression of
his treatises already in print, perhaps, with or without a historical
introduction, or some entirely new statement about the whole
business of fluxions and calculus — and left the book in essence as
it had been before. Because this project was abandoned as Newton
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moved on into his eighties, Des Maizeaux’s Collection remains the
last publication in the calculus dispute with which Newton him-
self was associated — excepting, of course, the reissued Commer-
cium Epistolicum two years later (1722), doctored — much to the
indignation of nineteenth-century students — by those same ca-
pable but anonymous hands that had prepared it in the first place.

Des Maizeaux’s Collection (Recueil de diverses piéces sur la philoso-
phie, la religion naturelle, Uhistoire, les mathématiques &c, Amsterdam
1720) was for long one of the most useful and convenient source
books for the philosophers’ war, reprinted in 1740 and again in
1759, and only recently supplanted by the publication of New-
ton’s letters and papers. Further, some of Newton’s most interest-
ing autobiographical statements were addressed (in draft) to Des
Maizeaux, who, like de Moivre, was a Huguenot refugee from
the revocation of the Edict of Nantes (1685), first in Switzerland,
then in England from 1699 onward. He was a professional writer,
who (like Newton himself) won the patronage of Charles Mon-
tagu, Earl of Halifax, and it was through him or through de
Moivre that he may first have met Newton. It is not impossible
that he encountered Leibniz also during his European travels, and
certain (because Leibniz himself tells us this) that the two men
were exchanging letters “both in Mr Bayle’s lifetime and after his
death” in 1706, for Des Maizeaux was desirous of publishing a
correspondence that had occurred between Pierre Bayle and Leib-
niz. Through his acquaintance with Conti in London, ten years
later, Des Maizeaux formed the similar idea of printing the letters
exchanged between Leibniz and Dr Samuel Clarke about New-
ton’s philosophy of nature and, having once more approached
Leibniz, had received from him copies of the first four letters and
their replies, by August 1716. His plan was, however, anticipated
by Clarke’s own edition (1717), leaving Des Maizeaux only the
option of arranging a Continental printing, which in fact forms
the first volume of his Collection. To bolster it, either he or Conti
thought of adding Leibniz’s other “English” correspondence of
the same period, including, besides the letters to Conti (now made
over to him), letters from Leibniz to the Baroness von Kilman-
segge and others, French correspondents and members of the Ger-
man Court of George I, together with whatever could be got to-
gether from Newton’s side. By July or August 1718 the texts had
been assembled, a long introduction written, and the whole set in
type in Amsterdam by the publisher of the Nouvelles Literaires, Du
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Sauzet. Des Maizeaux then submitted the proof sheets to New-
ton, who was to assure Varignon three years or so later that “I
knew nothing of the design of printing them [Leibniz’s letters] till
I saw them in print.” But this recollection may not have been
wholly accurate, because Des Maizeaux had probably already ob-
tained from Newton a French translation of his “Observations”
upon Leibniz’s second letter to Conti, which he was in due course
to publish (after getting this French version set in type in 1717 or
thereabouts, Newton had decided not to proceed with it at that
time). Moreover, the earliest extant letter from Newton to Des
Maizeaux, in which Newton reported his views of the “printed
papers” left with him, does not quite read like the first in a series.
To various correspondents, not least Johann Bernoulli, who were
ruffled by the tone of Des Maizeaux’s own prose in the Collection,
Newton was afterward to protest that he had had no hand in it,
and that Des Maizeaux had been Leibniz’s friend (though there
seems to be no independent evidence of this), who had spoiled
rather than improved his own case against Leibniz. He told Ber-
noulli that he “did not in the least wish” the publication of Des
Maizeaux’s book, then still standing in type — Newton paid the
‘bookseller — while in another draft (perhaps prepared for de
Moivre to communicate to Bernoulli) he wrote

Mr Leibniz kept a general correspondence & has friends in
England & France & other countries as well as Germany.
Some of those in England have been collecting his remains in
honour of his memory & the two letters above mentioned [in
which Bernoulli was revealed by Leibniz as the “eminent
mathematician” of the Charta Volans] are in this collection; &
I have no hand in what they do.”

As so often with Newton’s utterances of this sort, his assertion
was half true at best. Newton immediately organized Des Mai-
zeaux’s proposed book to his own advantage, reordering the
documents and correcting the editorial comments upon them. In
one draft of a letter to Des Maizeaux containing a list of errata in
the printed book — by which the editor corrected the copy he pre-
sented to the Royal Society — Newton actually wrote: “since you
have the originals I think it is right to let them come abroad”
though in other drafts he seems to blame Des Maizeaux for giv-
ing publicity to Leibniz’s side of the story in the many letters from
his pen:
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in some of those letters he tells his story at large; and though

I will not write an answer to those letters since he is dead,

yet, . . . I think I may be allowed to tell the story myself and

leave it to be compared with his narrations.
Of this clear threat to add to the Commercium Epistolicum, the “Ac-
count” and the “Observations” yet another version of his case
built around Leibniz’s correspondence, there are other signs such
as a draft headed “To the Reader” in which Newton speaks of
receiving the proof sheets of Des Maizeaux’s book “a few days
before” and finding the documents “put together in the wrong
order . . . I have caused them to be reprinted in due order of time
together with a paper published about the same time in the Acta
Lipsiensia by a nameless author who called a solution of Mr.John
Bernoulli’s solutionem meam.” Fortunately Newton changed his
mind, perhaps because he found Des Maizeaux compliant, but one
may readily link Newton’s abortive intention with the Commer-
cium Epistolicum reissue a few years later.

As always, pen in hand, putting words on paper that perhaps
would find no reader for three hundred years, Newton reverted
to his constant view of his quarrel with Leibniz:

The proper question is, Who was the first inventor? Let it be
proved that Mr Leibniz had the method before he had any
notice of it from England . . .
This was the question Leibniz had always refused to answer:
If Mr Leibniz could have made a good objection against the
Commercium Epistolicum, he might have done it in a short let-
ter without writing another book as big. But this book being
matter of fact and unanswerable he treated it with opprob-
rious language and avoided answering it by several excuses,
and then endeavoured to lay it aside by appealing to the
judgement of his friend Mr Bernoulli and by writing to his
friends at Court and by running the dispute into a squabble
about a Vacuum and Atoms, and universal gravity and occult
qualities, and miracles, and the sensorium of God, and the
perfection of the world, and the nature of time and space, and
the solving of problems, and the question whether he did not
find the differential method proprio marte [off his own bat]: all
of which are nothing to the purpose.
That was Newton’s view of Liebniz’s conduct of the calculus quar-
rel in 1718; and there we may leave it because there is no reason to
believe that Newton ever changed his mind during the last years
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of his life. Why should he? It was clear to him that the Commercium
Epistolicum was unshaken and unshakable, and that against its doc-
umentary evidence Leibniz had produced nothing but assertions
and irrelevancies. And though we now know Newton to have
been in error as to the fundamental justice of the case, were there
not grounds for his opinion? For it was indeed only in the nine-
teenth century that the documents supporting Leibniz’s indepen-
dent discovery became public property. Having said this, one
should not also forget Newton’s tergiversations and distortions,
as when he claimed (also to Des Maizeaux) that he had written the
“Book of Quadratures” as early as 1676, and found the “demon-
stration of Keplers Astronomical Proposition [the second law of
planetary motion] by the inverse method of fluxions in the year
1677”; we may forgive these lapses of memory — if such they were
— half a century after the events but so also we must forgive Leib-
niz’s refusal to fight the calculus battle with the weapons chosen
by Newton.?

At this point we may abandon the narrative - for there was never
any grand crisis in the philosophers’ war, still less a final resolu-
tion, but rather a decline into inanition — in order to compare the
public appearance of the two chief contestants toward its close.
Leibniz died in the full heat of battle, his last letter to Clarke un-
written. His friends, though numerous all over Europe, were scat-
tered and disunited; some, like Conti, perhaps disaffected. The
preeminence of his calculus had been gloriously vindicated by
many leading mathematicians despite the attacks of Keill and Tay-
lor, and was still to be upheld successfully in the next few years,
so that Leibniz never had cause to doubt for a moment that Eu-
ropean mathematics would bear his mark forever, but in the few
years after Leibniz’s death that same hand of Johann Bernoulli that
did so much for the calculus also helped to render the whole case
against Newton absurd. By the 1720s no intelligent Continental
could doubt that the great Leibniz really had devised his calculus
independently, but equally he could not but allow that in some
sense Newton had been first in that field. It was necessary — except
for the English who had no doubt about Leibniz’s utter guilt — to
award something of victory to either contestant. Thus, the result
of the calculus quarrel was that Leibniz certainly lost something,
and Newton gained a great deal. If this seems an opinion contrary
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to what may be a prevalent supposition that Newton in some
sense “lost” the calculus debate, both because (in the longer run)
the method of differentials triumphed over that of fluxions, so
that treatises on the fluxional calculus became mere antiquarian
curiosities even in England after about 1820, and because the hon-
est independence of Leibniz’s discovery was never doubted save in
England (and there, too, from early in Victoria’s reign opinion
began to alter), two points must be made in its defense. The first
is that though always asserting the superior merits of fluxions,
Newton recognized that there was really only one new infinitesi-
mal calculus: Which notation should be used was not an important
question, nor even the choice between moments and fluxions.
Therefore the preference of later generations for differentials —
made inevitable by the enormous development of Continental
mathematics during the eighteenth century — has no bearing on
the calculus quarrel as it went on between 1699 and 1720. It is
certainly not to be read as indicating a vote by subsequent math-
ematicians — English as well as Continental European — against
Newton’s case. Second, it has to be realized that Newton’s prog-
ress in the infinitesimal calculus would have been completely for-
gotten and obliterated had not he and his friends revived and as-
serted it. Until Wallis, in defense of Newton’s priority, extracted
elucidations from him, nothing of Newton’s work in the calculus
was available in print save the fluxions Lemma in the Principia;
until after Fatio de Duillier had made his protest in 1699, no early
mathematical paper by Newton was published. The growth of the
controversy and the emergence of Newton’s studies to the light of
day went along together; but for the controversy, stirred up by
Newton’s few partisans, no one would ever have conceived of an
alternative to Leibniz’s right as the unique founder of the calculus.
It would have remained for the nineteenth and twentieth centuries
to illuminate that obscure lemma from the mass of Newton’s pa-
pers (presuming their preservation) just as Leibniz’s own first
steps have been reconstructed. Even such men as Cheyne, Craige,
David Gregory, and Keill might never have learned anything of
the mathematical discoveries of Isaac Newton, and certainly there
would have been no systematic development and exposition of a
fluxional calculus such as occurred in Britain during the eighteenth
century.

Would it have mattered if Newton had remained in the language
of pure mathematics 2 mute Milton or a village Hampden? Is the
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fluxional calculus more than a closed loop, a huit clos, leading no-
where? No major book was ever written in it; it withered until
the “Cambridge Analysts” abandoned it with relief. The fluxional
calculus seems now to have been a product of intense youthful
brilliance, never fully finished, never matured into a ripe middle
age, not unlike the poetry of Keats or Rimbaud. When the trea-
tises of Newton’s early years belatedly saw print, they were al-
ready equaled or outstripped. Whiteside has drawn attention to
the “complex skein of discovery of the algorithmic mode of analy-
sis by limit-infinitesimals which Newton knew from the middle
1660s as the method of fluxions and which Leibniz a decade later
christened by its now standard name of differential calculus,” both
formulations drawing heavily on preceding tradition, both utiliz-
ing the “insights of so many who had gone before,” so that the
simultaneity and similarity between the two discoveries seems to
us more impressive than their difference in time and form: “The
priority in time of creation of his fluxional method which Newton
indubitably has must seem of mininal significance.” Here one en-
counters the paradox of history: That all personal human effort
seems, on the one hand, in terms of the moment, vital, crucial,
revolutionary and yet, on the other hand, in secular terms, ines-
sential, inevitable, a mere part of the ceaseless flux of events. If
one path of development had remained closed, another would
have opened: So Newton’s abortive discovery of fluxions seems
vain, and any discussion of it pointless.

Somewhat analogously, Clifford Truesdell — unlike Whiteside,
no sympathetic critic of Newton — has written of Book II of New-
ton’s Principia, containing a large fraction of the whole work and
some of its most difficult mathematical argument:

Almost all of the results are original, and but few correct.
Newton’s alternating regard of a fluid as a “rare medium,
consisting of equal particles freely disposed at equal distances
from each other”, or as “compressed”, while sometimes
praised as evidence of great physical insight, did not lead to
trustworthy conclusions.

It is certainly the case that in rational fluid mechanics much
sounder foundations were laid during the eighteenth century by
Continental mathematicians using the Leibnizian calculus — yet
through a dialogue with the Principia, which, again employing the
“insights of so many who had gone before,” first gave a coherent
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mathematical structure to the subject. It is surely a historical sim-
plification to see one man’s achievement as furnishing a unique
channel of continuity between past and future, because if that
channel had remained closed, others would have opened; but - as
with Newton’s work — the channel actually followed does condi-
tion future explorations.’

Thus, it seems to me, the Newtonian method of fluxions did
have a real importance, the importance of all singular historical
events. If Newton’s route was not unique, neither (because it ex-
isted) can it be negligible. If Newton had not been a great pure
mathematician, if he had not been a master of infinitesimal meth-
ods, he could not have written the Principia. To that considerable
extent, history would have been the less rich; and the particular
history of mathematics would have been poorer without the twin
conceptions of fluxion and differential. Nor can the historian iso-
late the philosophers’ war from the broader history of Newtonian
science. In a perhaps unexpected way, the emergence of Newton
as a pure mathematician seems to have enhanced his reputation in
applied mathematics. When the Principia was first published in
1687, Newton enjoyed only a very modest Continental reputation
as an optical experimenter with extraordinary theoretical notions,
whereas before he died, Continental Europe had largely accepted
Newton’s theory of light and color, was rapidly reconciling itself
to the mathematical theory of universal gravitation, and had reg-
istered as a historical monument his discoveries in the infinitesimal
calculus. The philosophers’ war was one aspect of the rising tide
of Newtonianism, which forever dimmed the scientific reputation
of Leibniz without touching his brilliance in philosophy and pure
mathematics.

Because the eighteenth century was to be, above all, the French
century in European and world history, we may (rather briefly)
consider the sunset glow of French recognition that warmed
Newton’s last years. Not that this was uniquely a French phe-
nomenon: The Dutch — as already noted — under the leadership of
'sGravesande, jettisoned Cartesianism rapidly from about 1720
onward, and the North Italians were not far behind. One of these
at a later date, Francesco Algarotti, was to become author of a
widely read popularization of Newtonian science, translated into
many languages, Il Newtonianismo per le Dame (Naples, 1737).
Only the German world of learning and philosophy, partly
through the lingering influence of Leibnizian ideas, never submit-
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ted entirely to the experimental charms and mathematical rigors
of Newtonian science; in time German criticism would find an
eloquent exponent in Goethe.

Although it was the Principia — despite the unacceptability of its
theory of gravitation — that brought Newton (along with Leibniz)
into the reorganized French Academy of Sciences in 1699, as a
foreign associate, the solid growth of Newton’s reputation in
France (especially among the intellectuals associated with the phi-
losopher of the Oratory, Nicole Malebranche) was nourished by
interest in his early experimental study of light and colors. This
work had been passed over in France during the later seventeenth
century, first because Huygens had found Newton’s theoretical
interpretation of his experiments unintelligible, and second be-
cause Edmé Mariotte, the chief authority on experimental physics
in the Academy of Sciences at that time, had found it impossible
to duplicate the results reported by Newton in the 1670s. In any
case, Newton seems to have failed to react warmly to the honor
done him by the French, and through the following years of war
nothing resulted from his election, nor did he present either the
English (1704) or Latin (1706) edition of Opticks to the academy.
Other men, despite the war between France and the Allies, main-
tained scientific relations between the two countries, notably
Etienne-Francois Geoffroy and Hans Sloane, secretary of the
Royal Society. Geoffroy had visited England during the brief in-
terval of peace between the wars of Louis XIV and understood the
language; during the autumn and winter of 1706—7 he read at
meetings of the Academy of Sciences a French version of Opticks,
having received a copy of the book from Sloane in 1705. Shortly
afterward the Malebranchistes accepted it as convincing, and the
first successful repetitions of Newton’s experiments were made,
overthrowing Mariotte’s earlier skepticism. !

The calculus dispute made Newton eager to win foreign
friends. In 1713 he sent the Abbé Jean-Paul Bignon, the great fac-
totum of French academic life at this time, some copies of the
Commercium Epistolicum for distribution, which were succeeded by
others of the second edition of the Principia. These gifts were the
occasion of Newton’s first extant letters from Fontenelle, the sec-
retary of the Academy of Sciences, who assured Newton (a little
formally) of his

admiration for all your works, which I have in common with
everyone in the world who possesses some hint of geometry,
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and I greatly regret that I am not skilful enough to admire
you as I ought.

Newton’s much warmer correspondence with Varignon began
about the same time — Varignon clearly had a real leaning toward
Newtonian physics, which Fontenelle did not share at all — and on
his side Newton recognized his own membership of the academy.
A number of Frenchmen also read the Principia at this time, and
one Academician at least, the Chevalier de Louville, was con-
verted to Newtonianism. Curiosity about intellectual life in En-
gland and the occurrence in 1715 of an eclipse visible at London
but not at Paris brought a party of Academicians on a visit:
Rémond de Monmort, Claude-Joseph Geoffroy (younger brother
of Etienne-Francois), and Louville. This party witnessed New-
ton’s optical experiments, were elected Fellows of the Royal So-
ciety, and found Newton a delightful host. They returned to Paris
the first Anglophiles of the Enlightenment. In due course Mon-
mort repaid Newton’s hospitality by sending him a present of fifty
bottles of champagne, to which Newton responded with gifts,
perhaps the second English Opticks, and ornaments for his wife
from Catherine Barton, who had won Monmort’s admiration,
and as for Newton himself “I confine myself at present to assure
you Sir that I have for you not only all the respect that your great
name inspires, but that nothing can equal the tender and perfect
attachment with which I have the honour tobe . . . (etc).” Having
been involved in the Conti affair from the beginning, Monmort
had been, and was to remain, neutral in the calculus dispute, play-
ing his part in the attempt to reconcile Newton and Johann Ber-
noulli after the death of Leibniz, and protesting against the con-
tinuing hostility against Bernoulli displayed by Keill and Brook
Taylor. He never was reconciled to Newtonian physics.

The greatest service to Newton’s reputation in France at this
time was performed by Pierre Varignon, who to his regret was
never able to visit Newton but received from him a present of
Newton’s portrait. In 1720 a Parisian bookseller wished to reprint
the French version of Newton’s Opticks (made by Pierre Coste,
another Huguenot refugee in London) recently published at Am-
sterdam; the task of giving an official “Approbation” to the book
was entrusted to Varignon, who thereupon volunteered to revise
the translation and see it through the press in Paris on Newton’s
behalf. The Paris Traité d’Optique (1722), though slow in emer-
gence, was to be far the most elegant edition of Newton’s book,
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embellished by a vignette of the celebrated “crucial experiment”
with two prisms based on a sketch from Newton’s pen. The text,
and the experiments of more than half a century before on which
it was based, aroused the enthusiasm of some of the greatest in
France, including the chancellor, Henri Francois Daguesseau;
Newton’s faithfulness as a reporter of the behavior of light was
vindicated at every test. Daguesseau in particular used his au-
thority to spur on the dilatory publisher

not for your sake [as he told Newton] but my own, or rather

to speak more truly not for my own sake but for that of all

France, who freely and with applause offers her tongue and

her speech to you; nor for the sake of France alone, but on

behalf of all philosophers and mathematicians of every nation

everywhere, who already look up to you as obvious master

of them all.
Did the French honey of these last years do something to sweeten
the recollection of the German gall, which had been so bitter in
the past? One can but hope so; and Newton was certainly full of
attention and courtesy to his French correspondents. He too, in
old age, had softened (to all but Johann Bernoulli) and now re-
lished letters of compliment that he would once have thrown aside
unanswered, and as president of the Royal Society found it pos-
sible — though such duties forced him to lay aside his still active
quill - to be properly deferential to foreign academicians and am-
bassadors.!!

Almost in the scriptural spirit, the meek had been exalted and
the rich sent hungry away. Twenty years before, the sometime
Cambridge professor, whom disillusionment had driven to take
up a civil-service post in London, had enjoyed an uncertain inter-
national reputation: His optical experiments discredited by many
as impossible, his Mathematical Principles of Natural Philosophy ac-
cused of making a return to occult qualities. Newton’s had been
the last name of those chosen to be Foreign Associates of the
French Academy of Sciences; and Fatio’s declaration of his mathe-
matical preeminence had been contemptuously silenced. Already
near the end of the sixth decade of his life, Newton (busy at the
Mint in pursuit of clippers and coiners, anxious lest he be thought
to waste time on mathematics that he ought to devote to the
King’s business) was not yet a great man. All the greatness came
after (though not on account of) the publication of Opticks in 1704
— presidency of the Royal Society, knighthood, unquestioned
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leadership of British science — and analogously it was the Paris
Traité d’Optique (1722) that brought him welcome symphonies of
international praise and prestige.

If the day of Newton the experimenter was already dawning
bright in Europe, the day of Newton the mathematical philoso-
pher was not far behind, though Newton did not live to see rec-
ognition of the Principia as the greatest achievement of the human
intellect in natural science. The first semipopular treatment of the
Newtonian philosophy of nature to appear on the Continent (and,
simultaneously, in English translation) was 'sGravesande’s Mathe-
matical Elements of Physics confirmed by Experiments in 1720. The
naturalization of this philosophy in France begun by Maupertuis’s
Discourse on the different shapes of the Stars (1732) was extended by
Voltaire’s Letters on the English two years later, followed by his
enormously successful Elements of Newton’s Philosophy (1738). Vol-
taire had spent three years in England (1726-9), where he wit-
nessed Newton’s burial in Westminster Abbey and met some of
Newton’s close friends, whence the celebrated story of Newton
and the apple, which Voltaire was the first to tell in print, and the
scandalous (though gallant) suggestion that Newton’s advance-
ment owed less to his intellect than to his niece’s bright eyes. Mau-
pertuis had also made a brief visit and become a Fellow of the
Royal Society in 1728 (Voltaire followed in 1743). In the 1730s the
official French geodesic expeditions to Lapland and Peru defini-
tively pronounced in favor of the Newtonian theory of the earth’s
shape. From that decade French mathematical science fully as-
similated Newtonianism and wedded it to the Continental tradi-
tion of mathematical science, even to the dynamics of Leibniz and
Bernoulli. Here at last, in the work of D’Alembert and others,
thesis and antithesis were reconciled in a new synthesis. !

Simultaneously, though the method of fluxions was never to
find a welcome outside England, Newton’s long-neglected
mathematical writings found publishers abroad. Rémond de
Monmort had privately circulated a small edition of On Quadrature
as early as 1708. After a long interval, Newton’s widely read al-
gebra, the Universal Arithmetic (first printed by Whiston in 1707),
was published in no fewer than three cities (Leiden, Milan, and
Paris) in 1732. But the most interesting of all these Continental
printings is the French version of the Method of Fluxions and Infinite
Series made by the Comte de Buffon in 1738 and printed in 1740.
Buffon, to be above all distinguished for his voluminous universal

252



WAR BEYOND DEATH: 1715-1722

natural history of later years, was at this time active in spreading
English science in France: He was also the translator of Stephen
Hales’s Vegetable Staticks. Now the Method of Fluxions had only just
seen the light of day in the English version produced by John Col-
son in 1736 and therefore could not possibly have appeared much
earlier in French. Buffon recognized, naturally, that Newton’s
treatise (whose origin he dates back to 1664) contained nothing
that was novel in 1740: Because its procedures were now familiar,
and in any case were developed with wonderful clarity, he thought
it needed none of the heavy commentary Colson had wrapped
around it. With complete frankness he gives priority in the discov-
ery to Newton:

It will be very agreeable to see the differential and integral

calculus with all their applications in a single small volume;

in the manner with which topics are treated the hand of the

great Master will be recognized, and the genius of the discov-

erer; and the conviction will persist that Newton alone is the

author of these marvellous modes of calculus, as he is also of

many other achievements which are quite as wonderful.
As for Leibniz, “who wished to share the glory of the discovery,”
many, says Buffon drily, still give him at least the right of second
inventor. How far Buffon’s partisanship could carry him in his-
torical narrative may be seen from the following quotations taken
from his Newtonian account of the origins of the calculus, based
probably on the Commercium Epistolicum and “Account” of 1722:

. . . thus as early as 1669 Newton had discovered infinite se-

ries, the differential calculus, and the integral calculus; all this

was sent by Barrow to Collins who took copies and com-~

municated it to Brouncker and Oldenburg, who sent it to

Sluse; moreover Collins had sent it in his letters to James

Gregory, Bertet, Borelli, Vernon, Strode and many other

geometers; these letters are printed in the Commercium Epis-

tolicum and from these letters one sees that Newton had dis-

covered all these things . . . as early as 1664 or 1665; in these

letters, too, it may be read that Newton meant to print the

work of which we now give the translation as early as 1671.
The misapprehensions or exaggerations of Buffon’s history may
be left unexplored, because they are of interest now only to dem-
onstrate how far the Commercium Epistolicum could succeed with a
French reader, and how far the genuine and the spurious might
blend together and reinforce each other in the rapid, and be it said
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thoroughly justified, increase of Newton’s reputation to heights
of eminence during the middle years of the eighteenth century.!

Thus the philosophers’ war did the cause of Newtonianism no
harm. Rather, it made Newton a more fascinating figure, almost
(one might say) in accord with the immoral maxim that bad pub-
licity is better than no publicity. Newton’s name had been widely
canvassed in the French-language journals issued from Amster-
dam and, not for the last time, denunciation of false ideas intro-
duced them to readers who would otherwise never have encoun-
tered them. The calculus dispute brought to light whole new
aspects of Newton’s achievement, which might have remained
concealed, while incidentally giving his natural philosophy also an
exposure to the public eye, which Newton unprovoked would
never have sought. Just as we can never understand Newton the
man if we forget that he was first and foremost a mathematician,
so we shall not understand Newtonianism if we overlook its gene-
sis in the philosophers’ war.

Simultaneous discovery is a phenomenon that has greatly inter-
ested sociologists of science: Some hundreds of cases have been
noted and such instances as Faraday and Henry, Darwin and Wal-
lace, are familiar. Effectively, the discoveries of the method of
fluxions and of the differential calculus were simultaneous, be-
cause Newton, first discoverer in order of time, did not publish.
The fact that so long a period of latency occurred (say, twenty
years from 1664 to 1684) added bitterness to the dispute, whereas
the fact that the first to publish (Leibniz) could never deny senior-
ity in the area to the rival claimant (Newton) gave an additional
twist, made the more acute by the irrefutable evidence of com-
munication between the two claimants before the first publica-
tion. How different the situation of Charles Darwin in Kent and
Alfred Russel Wallace safely in Borneo in 1858! But tension (at
least) is a common result of simultaneous discovery in the opinion
of the sociologist Robert K. Merton:

Two or more scientists quietly announce a discovery. Since it
is often the case that these are truly independent discoveries,
with each scientist having separately exhibited origi-
nality of mind, the process is sometimes stabilized at that
point . . .

This was briefly true of Newton and Leibniz, as we now know:
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But since the situation is often ambiguous with the role of
each not easy to demonstrate and since each knows that he had
himself arrived at the discovery, and since the institutional-
ized stakes of reputation are high and the joy of discovery
immense, this is often not a stable solution . . . Then begins
the familiar deterioration of standards . .. Reinforced by
group-loyalties and often by chauvinism, the controversy
gains force, mutual recriminations of plagiary abound, and
there develops an atmosphere of thorough-going hostility
and mutual distrust.!

Merton’s phrases here might have been specifically descriptive of

the dispute between Newton and Leibniz.

Yet this did not originate in simultaneous announcements, and
therefore it is in some ways more closely comparable to those
wrangles in which an author (like Leibniz, to his surprise) has
found himself accused of publishing as recent and original a dis-
covery that had been made long before, but lain hid. So, in New-
ton’s own lifetime, the English seized on the obscure physician
George Joyliffe as the true discoverer of the lymphatic system of
vessels, and in later times Lavoisier’s theory of the role of oxygen
in combustion was said to have been anticipated by John Mayow,
or Charles Darwin was accused of silently appropriating the ideas
of others, even his own grandfather. In some of these cases, of
course, what was said to be prior was already in the public do-
main, and the gravest charge to be laid at the door of Lavoisier or
Darwin was that of a careless inattention to the meritorious ideas
of their predecessors (though such a charge in either case now
seems totally unjustified, it did lead Darwin in later editions of
The Origin of Species to survey the history of the theory of bio-
logical evolution). It is when the accusation ceases to be one of
inadequate scholarship and begins to carry the implication of
moral guilt, of a criminal suppression of truth, that the affair be-
comes bitter: Even as late as 1699 the main grievance of Newton’s
friends against Leibniz was that he had been inattentive to New-
ton’s claims and the dispute worsened only after charges of “imi-
tation” were bandied about. In the end Newton seems to have set
almost no limit to his image of Leibniz’s turpitude, although Leib-
niz for his part seems to have restricted his charges of malicious
conduct and slander to Newton’s supporters.'

Simultaneous discovery is a historical “accident,” or rather the
product of convergence in research, and therefore disputes occa-
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sioned by it may be regarded (as by Merton) in much the same
light as simultaneous discovery itself, as phenomena of the soci-
ology of science. The philosophers’ war between Newton and
Leibniz may be seen in this light, but it must be also seen as the
outcome of the combination of a peculiar psychological character-
istic in a discoverer, with the sociological phenomenon of conver-
gence. If Newton had brought himself to publish his early mathe-
matical discoveries, the calculus dispute could hardly have occurred
(although Newton might well have thereby involved himself in
other polemics). Reluctance to publish before some possibly
never-to-be-attained perfection has been achieved, in accordance
with the Horatian precept and natural fear of criticism encoun-
tered unprepared, has been common enough: Copernicus worked
upon De revolutionibus orbium coelestium for thirty years, Darwin
on The Origin for twenty (and it would have been a longer period
still but for Wallace’s letter), though in both these instances the
object of ultimate publication was more purposefully held in mind
throughout the long years than it ever was by Newton. Clearly,
the longer a “first discoverer” holds his hand, the greater the
probability that the process of convergence will operate and (as
with Leibniz) the “second discovery” through the maturation of
the subject may well be made in a form more convincing and
assimilable than was the first. Contrary to Newton’s own asser-
tion of the plenary rights of the “first discoverer” — and one cannot
but wonder what his reaction would have been had Marcus
Marci’s claim to priority in the discovery of the constant refran-
gibility of light been asserted against him'® — one might almost
jump to an opposite ethical position that the “first discoverer”
who deliberately suppresses his work, who takes no “reasonable”
steps to make it known (however these might be defined!) loses
his right to immediate fame, and must be content with whatever
antiquarian priority subsequent generations may allow him. Of
course, Newton was cognizant of this weakness in his position,
which he attempted to defend by assertions that his discoveries
had been broadcast in correspondence (equivalent to the circu-
lation of preprints in our own day) and had actually been known
to Leibniz. And it is precisely here, in the claim to “prepublica-
tion” — not in the justified proclamations of his own genuine lead-
ership in the calculus discovery — that the greatest distortions of
the Newtonian record reside.

Newton, then, magnanimous (or idle?) at first in his response
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to Leibniz, then increasingly unscrupulous in his attempts to
strengthen his last feeble hold upon the calculus discovery, which
he had almost resigned by inertia, was inevitably ungenerous to
the rights of the “second discoverer.” What of Leibniz during the
years when he was willing to admit to Newton some carefully
unformulated “analogous method,” which admission in times of
stress was also to be disavowed? One may feel, perhaps, that Leib-
niz was less greathearted than Alfred Russel Wallace who, having
certainly known nothing of Darwin’s speculations and notebooks,
nevertheless accepted the Linnean Society’s actions in 1858 in
good part. Conscious always of his own great powers, driven by
the forces of his own inventiveness whenever some stimulus
brought them into play, Leibniz was little inclined toward any
critical self-analysis of his own creativity. A great intellectual
steamroller smoothing the way of the clear and distinct concept,
he had little enough respect for the under-laborers who had blazed
the trees and cleared the scrub. Some general acknowledgment of
their distinguished work should be enough — it was what he could
do in a very superior way that interested him. If Newton was
totally ignorant of the convergence of research and the way in
which it must affect the position of a dilatory “first discoverer,”
Leibniz no less ignored convergence as enforcing the need for
scholarship as a part of the process of discovery.

I end this story with a question: Did Newton and Leibniz dis-
cover the same thing? Obviously, in a straightforward mathe-
matical sense they did: Calculus and fluxions are not identical, but
they are certainly equivalent. Equally, we may say that the con-
servative Tycho Brahe and the revolutionary Kepler, if they could
watch the same sunset side by side, see the same thing: a glowing
red ball slowly approaching the rim of the horizon. Or do they?
My friend Norwood Russell Hanson raised that question long
ago: And, of course, “seeing” is always more than watching the
gap between sun and horizon-rim lessen, even though it is almost
impossible to see the horizon rising up to meet the motionless
sun.!” Believing, one may well say, is seeing. The mathematical
case of Newton and Leibniz is not at all the same, a mathematician
might argue, because a fluxional proposition can always be re-
written as a proposition in differential calculus by applying strict
and invariant rules of translation: There is no question of seeing
anything one way or the other. Yet one wonders whether some
more subtle element may not remain, concealed, for example, in
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that word “equivalent.” I hazard the guess that unless we obliter-
ate the distinction between “identity” and “equivalence,” then if
two sets of propositions are logically equivalent, but not identical,
there must be some distinction between them of a more than
trivial symbolic character. Perhaps this is in some sense metaphys-
ical rather than operational, of psychological interest rather than
cash value. So - in nineteenth-century chemistry — propositions in
terms of equivalent weights are not the same as propositions in
terms of elemental atoms, though operationally each does the
same work as the other. Calculus and the method of fluxions do
the same work, but they were products of very different minds,
adjuncts of unlike systems of thought. Let me release from this
Pandora’s box no more than the simplistic affirmation that Leib-
niz’s was a calculus of discontinuity, of monads, while Newton
was concerned with the continuity of flow, with time; or, one
might say, differentials belong to the relative, fluxions to the ab-
solute. Does not this involve seeing different things? In the world
of ideas, one term of a pair of equivalents has tended always to
prevail, for reasons not always easy to describe; Leibnizian differ-
entials prevailed. But may one not speculate that the development
of mathematics would have been different if the fluxional method
had swept the board of European mathematics in the 1670s and
1680s?

How deep the difference was between the minds of the two
philosophers, and how cogently their conceptions of infinitesi-
mals were related to this difference, may perhaps be best seen in
that piece of Newton’s metaphysical writing so distressing to
Leibniz, the Scholium on Space and Time in the Principia, and
especially the following lines in it, written long before Newton
had begun to insist upon the distinction between fluxion (abso-
lute) and differential (relative) but already foreshadowing it:

Accordingly, the relative quantities are not those actual quan-
tities whose names they bear but those physical quantifica-
tions of them (true or false) which people use instead of the
actual quantities, measured. But if the meaning of words is to
be defined from their uses, these [physical] quantifications
will be properly understood under the terms time, space,
place and motion and an expression will be unusual and
purely mathematical if the actual quantities, measured, are
intended by them. And hence they abuse language who un-
derstand these words as applying to the actual quantities,
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measured. Nor do they less defile mathematics and philoso-

phy who confuse the actual quantities with their relationships

and the customary quantifications of them.®
How ironical and how prescient that Newton should, by im-
plication, make the fluxion an unattainable Platonic ideal and
the differential the common currency among men that it was in
fact to be!
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P

I. An dccount of the Book entituled Commercium
Epiftolicum Collinii & aliorum, De Analyfi
promota 5 publifhed by order of the Royal-Society,
m relation to the Difpute between Mr. Leibnitz and
Dr. Keill, about the Right of - Invention of the
Method of Fluxions, by fome call'd the  Differen-
tial Method.

Everal Accounts: having been publitbed abroad of this
\ ¥ Commercium, all of them very imperfe@ : It has been
thoughe fit to publifh the Account which follows.

This €ommercium is compofed of feveral ancient Letters
and Papers, put together in order of Time, and either co-
pied or tranflated into Latin from fuch Originals as are de-
fcribed in che Title of every Letter and Paper; a numerous
Committee of the Royal-Society being appointed to examin
the Sincerity of the Originals, and compare therewith the
Copies taken from them.  Irrelatee rna general Method of
refolving finite Equations into infinite ones, and applying
thefe Equations, both finite and infinite, to the Solution of
Problems by the Method of Fluxions and Moments. We will
firt give an Account of that Part of the Method which con-
fifts in refolving finite Equations into infinite ones, and
fquaring curvilinear Figures thereby. By Infinite Equati.
ons are meant fuch as involve a Series of Terms con-
wergirg or approaching the Truth nearer and nearer i infini-
taw, {0 as at length to differ from the Truth lefs than by any
given Quantity, and if continued in infinitam, to leave no

Difference,
Gg Ds,

263



“ACCOUNT OF THE COMMERCIUM EPISTOLICUM”

(174)
Drt. Wallis in his Opus Arithmeticum publithed A4.C. 1657;
€. 33. Prop. 68. reduced the Fraction ;—_‘-‘3 by perpetual

Divifion into the Series 4 -+ AR+ AR AR~ AR+ ¢re.
Vifcount Brosnker {quared the Hyperbola by this Series
’,‘;‘,'!'?:T;‘FE':?E'}"“"!' ¢re. that is by this, T —1 -5~
ti4 L=+ conjoyning every two Terms into
one. And the Quadrature was publithed in the Philofophica!
Tranfaétions for April 1668, | .

Mr. Mercator {oon after publithed a- Demonftration of
this Quadrature by the Divifion of Drs Wallis; and foon af
ter that Mr. James.Gregory publilhed a Geometrical Demon-
ftration thereof. And thefe Books were a few Months after
fent by Mr. Fohn Collins vo-Dr., Barrow at Cambridge, and by
Dr: Barrow communicated to- Mr. Newton (now Sir /faac
Newton) in Fune 1669. Whereupon Dr. Barrow mutually fene
to Mr. Collins a Tra& of M. Newson's entituled dnalyfis per
aquationes numero terminorum infinitas. And this is the firlt
Piece publithed in the Commercium, and contains a general
Method of doing in all Figures, what my Lord Brounker and
Mr, Mercator did in the Hyperbola alone.  Mr, Mercator lived
aboveten Years longer witﬁout proceeding further thanto the
fingle Quadrature of the Hyperbola. The Progrefs made by
Mr. Newron thews that he wanted not Mr. Mercator’s Affiftance.
However, for avoiding Difputes, he fuppofes that my Lord
Brounker invented, and Mr. Mercator demonttrated, the Series
for the Hypetbola fome ¥ears before they publithed it, and,
by confequence, before he found his general Method.

The aforefaid Treatife of Analyfis Mr. Newton, in his Let-
ter to Mr. Oldenburgh, dated Oc#ob. 24.1676, mentions inthe
following Manner.  Eo ipfo tempore qus Mercatoris Logarithe
motechnia prodiit, communicatum cft per amicum D. Barrow (tunc
Mathefeos Profefforem Cantab. ).cam D. Collinio Comspendism
guoddam harwm Serierum, in quo fignificaveram Areas & Longie
swdines Curvarsms ompinm, & Solidorum [uperficies & mtmz ex

' 143,
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datis rectis 5 & wice verfs ex his datis veas determinari poff: :
& methodum  indicatam  illufiraveram  diverfis [ferickus,
Mr. Collins in the Years 1669, 1670, 1671 and 1672 gave
notice of this Compendium to Mr Fames Gregory in Scotland,
Mr. Bertet and Mr. Pernon then at Paris, Mr. Alphonfus Borells
in Italy, and Mr. Strode, Mr. Townfend, Mr. Oldenburgh,
Mr. Dary and others in England, as appears by his Leters.
And Mr. Oldenburg in a Letter, dated Sepr. 14. 1669. and
entred in the Letrer-Book of the Royal-Seciety, gave notice
of it to Mr. Francis Sluftus at Liege, and cited fcveral Senten-
ces out of it. And particularly Mr. Collins in a Letter to
Mr. James Gregory dated Novemb. 25. 1669. fpake thus of the
Method contained in ic. Barrovius Provinciam fuam publice
prelegendi remifit cuidam nomine Newtono Cantabrigienfi, cujus
tanguam viri acutiffimo ingenio prediti in Prafatione Preletionum
Opticarum, meminit : quippe antequam ederetur Mercatoris Lo-
garithmotechnia, eandem methodum adinvenerat, eamque ad ome
ues Curvas generaliter. ¢ ad Circulum diverfimode applicirat.
And in a Letter to Mr. David Gregory dated Auguft 11- 1676.
he mentions it in this manner.  Paucos poft menfes quam editi
funt hi Libri[viz. Mercatoris Logarithmotechnia & Exercita-
tiones Geometricz Gregorii) miffi funt ad Barrovium Cantabri-
giz. e autem refponfum dedit hanc infinitaram Serierum Dotri-
nam a Newtono biennium ante excogitatam fuifle quam ederetur
Mercatoris Logarithmotechnia ¢ generaliter omnibus figuris ap
Plicatam, fimulgue tranfmific D. Newtoni opus mawnfcriptum.
The laft of the faid two Books came out towards the End
of the Year 1668, and Dr. Barrow fent the faid Compendi-
um to Mr. Collins in Fuly following, as appears by three of
Dr.Barrow’s Letters. And in a Letter to Mr. Strode, dated
Fuly26. 1672, Mr. Collins wrote thus of it. Exemplar ¢jus
{ Logarithmotechniz] miff Barrovio Cantabrigiam, qui quafdum
Newtoni chartas extemplo remifit : E quibus ¢ aliis que prius ab
authore cum Batrovio communicata fuerant, pases illam methodum
a dicto Newrono aliquot annis antea excogitatsm & modo univers

Gga ‘ fali
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fali applicatam fuiffe : Ita ut ejus ope, in quavis Figura Curvilines
propo/lf;d, quawna vel plnriht: proprietatibus definitur, Luadratura
wel Area dicte figure, accurats fi poffibile fit, fin minus infinité ve-
ro propingua, Evolutio vel longitndo Linee Carve, Centrum gra-
witatis fignre, Solida ejus rotatione genita ¢ corum [uperficies ; fine
ulla radicum extractione obtineri queant. Poftquam éntellexerat
D. Gregorius hanc methodum & D, Mercatore in Logarithmotecha
niaufurpatam ¢ Hyperbole quadrande adhibitam, quamque adayx.-
erat ipfe Gregorius, jum univer[alem redditam effe, omnibufque
figuris applicatam; acri ffudio eandem acquifivit maltumque in es
enodanda defudavit.  TUterque D, Newtonus & Gregorius in
animo habet hanc methodum exormare : D. Gfegorius autem
D. Newtonum primum ejus inventorem anticipare haud integrum
ducit. And in another Letter written to Mr. Oldenburgh to be
communicated to Mr. Leibnitz, and dated Fune 14 1676.
Mr. Collins adds: Flujus autem methodi ea eft prefantia ut cum
tam late pateat ad nullam herear difficultatem.  Gregorium antem
aliofquc in ea fuiffe opinione arbitror, ut quicquid u/%iam antea de
hac re innotuit, quaft dubia dilucwli lux fuit fi cum meridiana
claritate conferatur. ‘

ThisTract was firlt printed by M William Fones being found
by him among the Papers and in the Hand-writing of Mr. Fobn
Collins, and collated with the Original which he afterwards
borrowed of Mr. Newton. [t contaias the above-mention'd
general Method of Analyfis, teaching how to refolve finite
Equations into infinite ones, and how by the method of
Moments to apply Equations both finite and infinite to
the Solution of alf Problems, It begins where Dr. Wallis left
off, and founds the method of Quadratures upon three Rules.

Dr. Wallis publithed his Arithmetica z‘nﬁgzitomm in the
Year 1655, and by the §9¢5 Propofition of that Book, if the
Abfciffa of any curvilinear Figure be called », and » and » be
Numbers, and the Ordinates ere@ed at right Angles be x»*
the Area of the Figure fhall be = » ':_.t‘ And this is aflumed

by
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by Me. Newton as the firft Rule upon which he founds his

uadrature of Curves. Dr. Wallis demonftrated this Pro-

ofition by Steps in many particular Propofitions, and then
colle@ed all the Propofitions into One by a Table of the Cafes.
Mt. Newton reduced all the Cafes into One, by a Dignity
with an indefinite Index, and at the End of his Compendium
demonftrated it at once by his method of Moments, he being
the firt who introduced indefinite Indices of Dignities into
the Operations of Analyfss.

By the 1o8¢h Propofition of the (aid Arithmetica Infinitorum,
and by feveral nther Propofitions which follow it; if the Or-
dinate be compofed of two or more Ordinates taken with
their Signes 4 and —, the Area fhall be compos’d of two or
more Areas taken with their Signes 4+ and — refpectively.
And this is affumed by Mr. Newson as the fecond Rule upon
which he founds his Method of Quadratures. v

And the third Rule is to reduce FraQions and Radicals,
and the affe¢ted Roots of Equations into converging Series,
when the Quadrature does not otherwife fucceed ; and by the
firft and fecond Rules to {quare the Figures, whofc Ordinates
are the fingle Terms of the Series Mr Newton, in his Let-
terto Mr. Oldenburgh dated Fwne 13- 1676. and communicated
to Mr. Leibnitz, taught how to reduce any Dignity of any
Binominal into a converging Series, and how by that Series to
fquare the Curve, whofe Ordinate is that Dignity. "And be-
ing defired by Mr. Leibnitz to explain the Original of this
Theoreme, he replied in his Letter dated O0:7ob. 24. 1676,
that a little before the Plague (which raged in London in the
Year 1665) upon reading the Arithmetica Infinitorum of
Dr. Wallis, and confidering how to interpole the Series x,
x— 3%, x—=3x4 340, x-=ix0 i 1¥, G

A R
he found the Area of a Circle to bex — el :
— Z— — ¢ And by puifuing the Method' of Interpolatie

Ggs on
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on he found the Theoreme abovemention'd, and by means of
this'Theoreme he found the Redu&ion of Fra@ions and Su:ds
into converging Series, by Divifion and Extraction of Roots ;
and then proceeded tothe Extra@ion of affe@ed Roots.  And
tiefe Reduions are his third Rule. ‘

When Mr. Newton had in this Compendium explained thefe
three Rules, and illuftrated them wich various Examplecs, he
laid down the Idea of deducing the Area from the Ordinate,
by confidering the Area asa Quantity, growing or increafing
by continual Flux, in proportion to the Length of the Ordi-
nate, fuppofing the Abfciffa to increafe uniformly in propor-
tion to Time. And from the Moments of Time he gave the
Name of Moments to the momentaneous Increales, or infinite-
ly {mall Parts of the Abftifla and Area, generated in Moments
of Time. The Moment of a Line he called a Point, in the
Senfe of Cavallerius, tho’ it be not a geometrical Point, but a
Line infinitely fhort, and the Moment of an Area or Superfi-
cies he called a Line, in the Senfe of Cavallerius, tho’ it be
not a geometrical Line, but a Superficies infinitely narrow.
And when he confider'd the Ordinate asthe Mometit of the
Area, he underftood by it the ReGangles under the geome-
trical Ordinate and a Moment of the Abfciffa, tho’ that Mo-
ment be not always exprefled. Sit 4BD, faith he, Corva

\ﬁ quevis, & AHKB reitangulum cijus
latus AH vel KB ¢ft unitas.  Etcogita
rectam DBK uniformitey ab AH motam
areas ABD ¢ AK deferiberes ¢ quod

B AN [rea) BA (1) fot momentum quo [ area]
] ]‘ AK (x), & [tc&a) BD (y) momentum
H quo [area curvilinea] ABD gradatim
angetny & qiod ex momento BD perpetim dato poffis, per prace-
dentes [tres] Regulas, arcam ABD ipfo deferiptam inveftigare,
frve cum area AK (x) momento 1 defcripta conferre. ‘This is his
Idea of the Work in {quaring of Curves, and how he ap-
plies this to other Problems, he expreffes in the next Words.
Jam qua ratione, faith he, [uperficies ABD ex momento fuo per-

petim

——
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etim dato per pracedentes [tresy Regulas elicitny, cidem queli-
bet alia quantitas ex momento [wo fic dato elicietur.  Excemplo res
fiet clarior. And after fome Examples he adds his Method
of Regreffion from the Area, Arc, or folid Content, to the
Abfciffa ; and fhews how the fame Method extends to M¢:
chanical Curve:, for determining their Ordinates, Tangents,
Arcas, Lengths, dre. -And that by affuming any Equation
exprefling the Relation betwcen the Area and Abfcitfa of a
Curve, you may find the Ordinate by this Method. And
this is the Foundation of the Method of Fluxions and Mo-
ments, Which Mr. Newron in his Letter dated Ocfob. 24,1676
comprehended in this Sentence. Data equatione quotcunque
fluentes quantitates involvente, invenire Fluxiones 5 ¢& vice verfa.
In this Compendium Mr. Newton reprefents the uniform
Fluxion of Time, or of any Exponent of Time by an Unic;
the Moment of Time or of its Exponent by the Letter o ; the'
Fluxions of other Quantities by any other Symbols3 the Mo-
monts of thofe Quantities by the Retangles under thofe
Symbols and the Letter o5 and the Area of a Curve by the
Ordinate inc'ofed in a Square, the Area being put for a Flu-
ent and the Ordinate for its Fluxion. When he is demon-
frating anyPropofition he ufes the Letter o fora finite Moment
of Time, or of its Exponent, or of any Quantity flowing
uniformly, and performs the whole Calculation by the Geo-
metry of the Ancients in finite Figures or Schemes without
any Approximation : and fo foon as the Calculation is atan
End, and the Equation is reduced, he fuppofes that the
Moment o decreafes in infinitum and vanifhes. But when he
isnot demontftrating but only inveftigating a Propofition, for
making Difpatch he fuppofes the Moment o to be infinitely
licele, and forbears to write it down, and ufes all manner of
Approximations which he conceives will produce no Error in
the Conclufion. An Example of the firft kind you have in
the End of this Compendium, in demonftrating the firft of
the three Rules laid down in the Beginning of the Book.
Gg 4 Exam-
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Examples of the fecond kind you have in_the fame Compen.
dium, in finding the Length of Curve Lines p.15. and iy
finding the Ordinates, Areas aud Lengths of Mechanica]
Curvesp. 18. 19. And he tells you, that by the fame Method,
‘Tangents may be drawn to mechanical Curves p. 19. And
in his Letter of Decemb. 10. 1672. he adds, that Problems
about the Curvature of Curves Geometrical or Mechanical are
refolv’d by the fame Method. Whence its manifeft, chat he
had then extended the Method to the fecond and third Mo.
ments. For when the Areas of Curves are confidered as
Fluents (as is ufual in this Asalyfis) the Ordinates exprefs the
firlt Fluxions, the Tangents are given by the fecond Fluxions,
and the Curvatures by the third, And even in this Analyss
p- 16. where Mr. Newton (aith, Momentum eft fuperficies cam de
folidis,&r Linea cum de [uperficiebus, &y Punitum cum de lineis agitur,
it is all one as if he had faid, that when Solids are confide-
red as Fluents, their Moments are Superficies, and the Mo-
ments of thofe Momeats (or fecond Moments) are Lines, and
the Moments of thofe Moments (or third Moments) are
Points, in the Senfe of Cavallerins. And in his Principia
Philofophie, where he frequently confiders Lines as Fluents
defcribed by Points, whofe Velocities increafe or decreafe,
the Velocities are the firft Fluxions, and their Increafe the
fecond. And the Probleme, Data equatione fluentes quantita-
tes involvente fluxiones invenire ¢ wvice verfs, extends to all
the Fluxions, as is manifeft by the Examples of the Solution
thereof, publithed by Dr. Wallis Tom. 2. p 391, 392, 396.
And in Lib. IL. Princip. Prop. x1v. he calls the fecond Diffe-
rence the Difference of Moments.

New that you may know what kind of Calculation
Mr. Newton uled in, or before the Year 1669. when he wrote
this Compendium of his Analyfis, 1 will here fet down his
Demonfiration of the firft Rule abovementioned. c Sit

wrve
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Sit Curve alicujus AD & Bufis AB
=x, perpendicnlariter applicata BD
=y, area ABD =g, ut prius. Item
fit BA=0,BK=v, & Reltun-
gulum BBHK -(o.v) equale fpatio \
BB&D. Ef ergo AB=x-to0, ¢ q ',
AdB=zvov, Hispramifis, ex $ B A
relatione inter X G 2 4 arbitrinm afflumpta, quero y ut fequitnr.

Pro lubits fumatur [2quatio] $x* =z, five X' =2z2. Tum
x+o(AR)prox, ¢ z+ov (ASB) pro z Jubflitutis, prodi-
bit 1inX* 43X 0+ 3% 00" = (ex maturs Curve) z*+
+2zovo'v. EffublatistXPcr 22 ¢qu41ibu:, reliquifque
pero divifis, reftat 5 in3 X+ 3 X040 =22V oV Si
j4m [upponamus BB in infinitum diminui & evanefeert, five o effe
#ibil, eruns v €y equales, & termini per o multiplicati eva-
m[a'nt ; ideoqnle re/lab{t TX3XXT22ZV, flueixx(zy)=
P XY, fluext (= ’i,_): Yo Ruare e contra, fix* =y, erit
by

3
X =2z,
,mz+‘.n na
Xax 8 ==2Z; fiveponepdo——
s five.p m+{n

Vel generaliter, 8i z
m-+4n

L4
=c,Omt+n=p, Sicx =2z Sfrve e xp = 2": Tum x+0
prox, & 2+t oV frve (quodptrindeeft) 240y pro z fusfti-
tatis, pradit ¢ in X*+-poxe~' ®e. = z*tnoyz— &e
reliquis .mempe {Sexictum] terminis, g tandem cvancfcerent,

omiffis.  Fam fublatis C'xP & 2* equalibus, religuifque per o di-

s . NyYZ: nvcxe
vifis, reflas CpR =ny 2 i(= Y ) five divi-
: ' z c X+

. . n p~n
Aenids per €ox®, erit px~' = '-.X-g flve pexn =any; velre
cXs
na

Pitnends - proc&m-nprop, bocef mprop—n, & na

2 Hh pro
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m : !H .
prope, fiet axi=y. Quare & contra,fi ax" ==y erit

=z Q.ED. .

By the fame way of working the fecond Rule may be al-
fo demonftrated. And if any Equation whatever be affu.
med expreffing the Relation between the Abfciffa and Area of
a Curve, theOrdinate may be found in the fame manner, as
is mentioned in the next Words of the Amalyfis.  And if
this Ordinate drawn into an Unit be put for the Area of a
new Curve, the Ordinate of this new Curve may be found
by the fame Method: And fo on perpetually. And thefe
Ordinates reprefent the firft, fecond, third, fourth and fol.
lowing Fluxions of the firlt Area.

This was Mr. Newzon’s Way of working in thofe Days,
when he wrote this Compendium of his Analyfis. And the
fame Way of working he ufed in his Book of Quadratures,
and ftill ufes to this Day. . '

Among the Examples with which he illuftrates the Method
of Series and Moments fet down in this Compendium, are
thefe. Lect the Radius of a Circle be 1, and the Arc z, and
the Sine x, the Equations for finding the Arc whofe
Sine is given, and the Sine whofe Arc is given, will be

2= x + a3 0 4 ] e+ &
x=z - ;& nd — Gd + oEmr® —&e

Mr. Collins gave Mr. Gregory notice of this Method
in Autumn 1669, and Mr. Gregory, by the Help of one of
Mr. Newton’s Series, after a Year's Study, found the Method
in December 1670 5 and two Months after, in a Letter dated
Feb. 15. 1671. fent feveral Theorems, found thereby, to
Mr. Collins, with leave to communicate them freely. And
Mr. Collins was very free in communicating what he had re-
ccived both from Mr. Newton and from Mr. Gregory, as ap-
pears by his Letters printed in. the Commercium. . Amonglt
the Series which Mr Gregory fent in the faid:-Letter, were

thefs
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thefe two.  Let the Radius of a Circle be », the Arc 4, and
the Tangent ¢, the Equations for finding the Arc whole
Tangent is given, and the Tangent whole Arc is given,
will be thefe.

13 ts t7 t9
8=t — o4 5 =7 T &o.
— 1 zas 737 62
’—4+s—:—‘+7r4+#+ﬁ;%ﬁ+ é‘(.".-

In this Year (1671) Mr. Leibnitz publithed two Tra&@s at
London, the One dedicated to the Royal-Society, the Ocher
dedicated to the Academy of Sciences at Paris ; and in the
Dedication of the Firft he mentioned his Correfpondence with
M. Oldenburgh.

In February 1?{7} meeting Dr. Pell at Mr. Boyle’s, he pre-
tended to the differential Method of Mouton. "And notwithe
ftanding that he was fhewnby Dr. Pe/l that it was Monton's
Method, he perfifted in maintaining it to be his own Inventi-
on, by reafon that he had found it himfelf without knowing
what Mouton had done before, and had much improved it.

When one of Mr. Newton's Series was fent to Mr. Gregory,
he tried to deduce it from his own Series combined together,
as he mentiosds in his Letter dated December 19.1670. And
by fome fuch Method Mr. Leibnit z, before he left London, feems
to have found the Sum of a Series of Fraétions decrealing in
Infinitum, whofe Numerator is a given Number and Deno-
minators are triangular or pyramidal or triangulo-triangular
Numbers, ¢rc. See the Myftery ! From the Scries £ -I- £ 4+
o+ + £+ e fubduc all the Terms but the firlt (viz -
s} &+ & &) and there will remain 1=1—;4 1
ti—id it b )= i;—\—;—;;—l-“’?_l.é:.
And from this Series take all the Terms bur the firft, and
there will remain ¢ = —— 4+ =5+ o0+ 5o -+ 9%
And from the fitft Series take all the Tcrms but the rwo firft,
and there will remain 2 = 5 45+ o+ 5=+ &

Hh 2 In
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In the End of Februsry or begining of Mirch 1652,
Mz. Leibnitz went from London to taris, and continuing lng
Correfpondence with Mr. Oldenburg and Mr. €ollini, wrote in
July 1674. that he had a wonderful Theoreme, which gave
the Area of a Cirele orany Sector chereof exaltly in a scries
of rational Numbers; and in Offober following, that he had
found the Circumference of a Circle ina Serigs of very fimple
Numbers, and that by the fame Method (fo he calls the faid
Theoreme) any Are whofe Jine was given might be found
in a like Series; though the Proportion to the whele Circum.-
ference be not known. s Theoreine therefore was for find-
ing any Se@or o¢ Arc whofe Sine was given. If the Pro-
portion of the Arc to the whole Circumferencé was not
known, the Theoteme or Method gave him only the Arc;
if it was Known it gave him alfo the whele Circumference
and thereforé it was the firlt of Mr. Newton’s two Theoremes
above-mention'd. Bué the Derionftration of this Theereme
Mt Leibnitz wanted. For in his Letter of May 12. 1676,
he defired Mt. Oldenbuigh to procure the Demonttration from
Mr Collins, meaning the Method by which Mr. Newton had
invented it. | o

~ In a Letter compos’d by Mr. Collins and dated April 15,
1675. Mr. Oldenburgh {ént to Mr. Ledbnitz Eight of
Mr Newton's and Mr. Gregory’s Scries, amongft which were
Mr. Newton's two Series above-mention’d for finding the Arc
whofe Sine is given, and the Sine whofe Arc is given; and
Mt. Gregory’s two Series above mentioned for finding the
Arc whofe Tangent is given, and the Tangent whofe Are
is given. And M. Leibnitz in his Anfwer, dated May 20.
1675.acknowledged the Receipt of this Letter in.thefe Words.
Literas tuas malta fruge Algebraica refertas acceps, pro quibus ti-
bi ¢ doctiffimo Collinio gratias ago. ~ Cum ninc prater ordinari-
as curas Mechanicis imprimis. negotiis diftrabar, non potwi exa-
minare Series quas mififtis ac cum meis comparare. Ubi fecero
perferibam 1ibi fententiam meam: nam aliquot jam anni fant quod
inveni meas via quadam fic [atisfingularia Buz
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But yet Mr. Leibnitz never took any further notice of his
having received thefe Series, nor how his own differed from
them, nor ever produced any other Series then thofe which
he received from Mr Oldenburgh, or numeral Series deduced
from them in particular Cafes. And what he did with
M. Gregory’s Serics for finding the Arc whofe Tangent is
given, he has told us in the 4é%a Eraditorum menfis Aprilis
169t.pag. 178.  Famanno 1675, faith he, compofitunms habe-
bam opsfcnlum Quadratare Arithmetice ab amicis ab illo tempore
leétum, &c. By a Theoreme for tranfmuting of Figures,
like thofe of Dr. Barrow and Mr.Gregory, he had now found
a Demonttration of this Series, and this was the Subje@ of
his Opufeslum. Bur he ftill wanted a Demonftration of the
reft : and meeting with a Pretence to ask for what he wanted,
he wrote to Mr. Oldenburg the following Letter, daced at
Paris May 12. 1676. _

Cum Georgius Mohr Danus nobis attulerit communicatam fili
2 Doétiffimo Collinio weftro expreffionem rationis inter arcum &~
finum per infinitas Scries fequentes 5 pofito finu x, arcu 2, radio 1,

z=x Jix} 4+ x t+ ¥ + 2y 4+ &
x=z — ;2" + 20 «— 57 + w7 - &e.

Hac, INQUAM, cum nobis attulerit ille, que mihi valde
ingeniofa videntur, & pofberior imprimis Series elegantiam quan-
dam fingularem babeat : ideo rem gratam mibi feceris, Vir clas
riflime, (i demonflrationem tranfmiferis. Habebis viciffim mea
ab his longe diver[a circa hanc rem meditata, de quibns jam aliguot
abhinc annis ad te perferipfiffe credo, demonfiratione tamen non
addita, guam nunc polio.  Oro ut Clariffimo Collinio multam 4 me
falutems dicas: is fucile tibi materiam [uppeditabit [asisfaciendi
dcfideriomeo. Here, by the Word INQU A M, one would
think that he had never f{een thefe two Series before, and
that his diver(a circa hanc rem mditata were fomething elfe
than onc of the Series which he had reecived from

H h\ 3 Me.
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M. Qldenburgh the Y ear before,. and a Demonfiration thereof
which he was now polifhing, to make the Prefent an accep-
table Recompence for Mr. Nenton’s Method.

Upon the Receipt of this Letter Mr. Oldenburg and
Mr. Collins wroge: preflingly to-Me. Newton, defiring that he
himfelf would defcribe his own Method, to be communicated
to Mr. Leitnitz, .. Whereupon Mr. Newton wrote his Letecr,
dated Fune 131676, deferibing therein the Method of Serics,
as he had done before in the Compendium above-mentioned ;
but with this Difference : Here he defcribed at large the
Redu@ion. of ‘the Dignity of-a Binomial into.a Series, and
only touched upon the Reduction by Divifion and Extrai-
on of affected Roots : There he defcribed at large the Re-
du@ion of Fra@ions and Radicals into Series by Divifion and
Extracion of Roots, and only fet down the two firft Terms
of the Series into which the Dignity of a Binomial might
bereduccd. And among the Examples in this Letter, there
were Series for finding the Number whofe Logarichm is given,
and for finding the Verfed Sine whofe Arc is given: This
Letter was fent to Paris, June z6.1676. together with a MS.
drawn up by Mr. Collins, containing Excracts of Mr. Fames

regory’s Letters. . - S .

For Mr. Gregory died ricar the End of the Year 1675 ;and
M. Collins, atthe Requelt of Mr Leibnitz and fome other of
the Academy of Sciences, drew up Extracls of his Letters,
and the Colleion is {till extant in the Hand Writing of
Mr. Collins with this Titles Extraéts of #r. Gregory's Letters,
to be lent to Mr. Leibnitz to perufe, who is defired to return the
Jame to you. . And that they were {ent is affirmed by Mr. Collins
in his Letter to Mr. David Gregory the Brother of the D:ceas’d,
dated Augnft 11.1676. and appears further by the Anfwers
of Mr. Lzibvi % and Vr. Tfchurnbanfe concerning them,

[he Anfver of Mr. Leibnitzn dire&ed to Mr Oldenburgh and
dated Auzuff 27.1676, begins thus;  Litere tue die Julii 20.
date plura ac memoraliliora circa rem Analyticam continznt quim

2 meiils
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multa volumina [pifla de his rebus edita. - Quare tibi pariter ac
clariffimis viris Newtono ac Collinio gratias ago, qui nos partis
cipes tos meditationum egregiarum cffevoluiftis. And towards the
End of the Letter, after he had done with the Contents of
Mr. Newton's Letter, he proceeds thus.. 4d alia tuarum Lite-
rarum vewio que docliffimus Collinius communicare gravatus non.
eff. Vellem adjeci(fe appropinguarionis Gregorian linearis dze
monfirationem.  Fuit enim his certe ffudiis promovendis aptiffimus.
And the Anfwer of Mr. 7[churnhasfe, dated Sept. 1. 1676, after
he had done with Mr. Newton's Letter about Series, concludes
thus. - Similia porro que inhac re praflitit eximins ille Geometra
Gregorius memoranda.certe funt.  Et quidem optime fame ipfins
confulturi, qui ivfius relicla Manufcripta luci publice ut exponantur
operam mavabunt. In the firlt Parc of this Letter, where
Mr. Z[churnhanfe {peaks of Mr. Newton's Series, he faith chat
he looked over them curforily, to fee if he could find the Se-
ries of Mr. Eribnisz for {quaring the Circle or Hyperbola. 1f
he had fearched. for it in she Excracts of Gregory's Leteers he
might have found it in the Letter of Febr. 15. 1671. above-
mentioncd.  For the MS. of thofe Extracts with cthat Letter

therein is (till extant in che Hand-Writing of -Mr. Collins.
And tho’ Mr Leibnitz had now reccived this Series twice
from Mr. Oldenburgh, yet in his Letter of Augiuft 27, 1676. he
fent it back to him by way of Recompence for Mr. Newton's
Method, pretending that he had communicated it to his
Friends at Paris three Years before or above; thae is, two
Years before he reccived it in Mr.Oldenburgh’s Letter of April
15.1674 3 -at which'Time he didinot know it to be his own,
as'appears by his Anfwer of May 20. 1675 above-mentioned.
He might receive this Series at Lradon, and communicate it
to his Friends at Faris above three Years before he fent it back
to Mr. Oldenturz : but it doth not appear that he had the
Demontration thereof fo carly. - When he found the De-
monfiration, then he composid.it in bis Opsfeulum, and
commu icated thazalfo to his Friends ; and he himfelf has
Hh 4 told
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told ugthat thiswas in the Yeearu675. However, it lies up.
‘onhim to prove thathe ‘had this.Sertes before he received it
from Mr. Oldenburgh. For in his An{wer to Mr.Oldenburgh he
did netknow:any of the Series tlren fent him:to be his own;
and concealed from the Gentlemen at Paris his having recei-
ved it from Mr. Oldewburgh with feveral other Series, and his
‘having feen a Capy of the Letter in which Mr. Gregory had
fent it co Mr. Collins in the Beginning of the Year 1671.

In the fame Letter of Awguff 27.1.676, after Mr. Leibnitz
"had defcribed his Quadrature of the Circle and Equilateral
Hyperbola, *he added « Ficiffim ex [eriehus regre(fusm pro K-
perbela.banc inveni.  Sifit numerus aliquis wnstate minor 1 —m,
ejafgwe logarithmus Elypesbolicus 1. Eritm = 1 = = 1

IR2 1R2X}
. ; —
— s - &c. Sinumerns fit major unitase, ut 1-tn, tun

Pro eo inveniendo mibictiam prodiit Regula que.in Newteni Epi-
, 17 RS T LA L 1t
Solaexpreffa eft = fcilices erit n= Tt ,*z)f,-:l- YR
+&e. - Quod-regreffam ex arcvbus astinet, incideram eqo
divete im Rogulam que ex dato arcu finwm complementi exhibes.

Nempe finus complementi = 1 — 75 t o — & Sed po-
fhea quoque deprehendi ex.eaillum nobis communicatams pro inveni-
endo finw rechoquieff 2o =Pt o &Ke, poffe di-
monfirari. Thus Me. Leibvitz put in his Claim for the Co-inven-
_tion of :thefe four Seriss, :tho’ the Methad of finding. them
awas fent him at his own Requeft, and-he did not yet under-
‘ftand it. ¥For inthis fame'Letter of Auguf 27 1676. he defired
Mir.. Newton to explainiic further.  His Wordsare.  Sed defr-
deraverimius Clariffimus Newtonus nonnulla quogue amplius ex-
plicet 5 us originem Thecrematis. quod initio ponit : Items modum
W0 quantitates P, q, 1, b{;jni: Operationibus invenit : Ac denigue
-guomedo inMethodo regre(fusm [e gerat,ut com ex Logarithmo que-
-rit Nameram. Negque enim explicat quomodo id ex methodo [us dt-
-rivetur.: He pretended to have found twoSeries for theNumber

whofe Logarithm was given, -and yetin the fame Lette;_ dc;
e
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fired Mr. Newtep to explain to him the Method of finding.
thofe very two Series, . : -

When Mr. Newton had received this Letter, he wrote back
that all the faid four Series had been communicated by him
to Mr. Leibnitz 5 the two firft being one and che fame Series in
which the Letter / was put for the Logarithm with its Sign
- or —; and the third being the Excefs of the Radius above
the verfed Sine, for which a Series had been fent to him.
Whereupon Mr. Leibnitz defifted from his Claim. Mr. Newton
alfo inthe fame Letter dated O¢%ob. 24. 1676. further explain-
ed his Methods of Regreflion, as Mr. Leibnitz had defired.
And Mr. Lejbritz in his Letter of June 21. 1677, defired a
further Explication : but foon after,upon reading Mr. Newtor's
Letter a fecond time, wrote back Fsly 12. 1677. that he now
underftood what he wanted ; and found by his old Papers
that he had formerly ufed one of Mr. Newron’s Methods of
Regreffion, but in the Example which he had then by chance
made ufe of, there being produced nothing elegant, he had,
out of his ufual Impatience, negle@ted to ufe it any further.
He had cherefore. feveral direc Series, and by confequence a
Method of finding them, before he invented and forgot the
inverfe Method. And if he had fearched his old Papers di-
ligently, he might have found this Method alfo there ; but
having forgot his own Methods he wrote for Mr, Newton's. .

When Mr. Newton in his Letter dated Fune 13.1676. had
explained his Method of Series, he added : Ex his videre ¢ft
quantum fines Analyfeos per hujufmodi infinitas aquationes ampli-
antur : quippe que earum beneficio ad omnia pene dixerim proble-
mata (fi numeralia Diophanti & fimilia excipias) [efe extendit.
Non tamen omnino sniver(alis evadit, nift per ulteriores quafdams
Methodos eliciendsi Series infinitas.  Sunt enim quadam Problemas
ta in quibus non licet ad Series infinitas per Divifionem vel Extra-
CEionem sadicum fimplicium affectarumuve pervenire.  Sed quomodo
in iftis cafibus procedendum fit jam non wacat dicere 5 ut neque
alia quedam tradere, que circa R;’dﬂﬂianem infinitarum Serierum
2 i n
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in finitasy Wbi vel natura- tulerds, “extogitavi. Nuam parcius [criby,
quod he [peculationes din mibi faidio effe cxperunt s adeo ut 4p
difdem - jam per quimgue fére anmnos abftinmuerim.  To thig
Mr. Leibnitz in his Letter of Augaff 27. 1676. anfwered :
Quod dicere videmini plerafque difecultates Cexcceptis Problemati-
bus Diophantzis) «d [eries Infinitas reduci 5 id mihi on videtur,
Sunt enim multa ufque 'adeo mira & fmplexa ut neque ab equation;.
bus pendeant neque ex Quadratiris. j}t_mlla_'ﬁmt‘(ex multis aliis)
Problemata me: hodi Tangentinm inverf€. And Mr. Newton in
his Letter of Otob.24. 1676, replied : Ubt dixi omnia pene
Problemata folubilia exifteres wolni de iis pr.efertlm imtelligi civea
gue Mathematici (e hactenns.occuparint, vel [altem in quibus Ration
cinia Mashematica locam aliguem obiinere poffunts * Nams alia fane
adeo perplexis conditionibus implicatn excogitare liceat,ut non [atis
comprehendere valeamus : ¢ multo minus tantarum computationum
onus [uflinere quod ifta requirerent.  Attamen ne nimiswm. dixiffe
videar, imverfa de Tangentitus Problemata fant in poteflate, alia-
gque illis dificiliora. -Ad quk filvenda ufus fum, duplici methods,
wna concinnioris alterageneratiors. Utramque Vifum eftimprefen-
ria-literis trahfpa’ﬁfltis'cbnﬁgmre, ne propter alios idem obtinentes,
z':z{/l&'tumm in uliquibus mwtare cogerer. 5 a cod ® 10 e ffh, &e.
id eft,-Una 'methodus confiftis in extraitione fluemtis quantitatis
éx- aquationt femul involvente fluxionems ejus: altera tantum in
dﬂm'nptibm [erdei pro guantitite qualibet incognita; ex: qua catera
commodé derivari poflunts ‘& incollatione terminorsim homologornm
equationis refwltantis ad- eruendos serminos affumpte feriei. By
Mr. Newton’s two Letters, its certain that he had then (or ra-
ther above five Years before) found out the Redu®ion of
Froblems to' flixional Equations and converging Series: and
by the An{wer ‘of Mr. Leibnitz to the firft of thofe Letters,
its as certain that he had not then found out the Redu&ion of
Problems citlier to differential Equations or to converging
Series. ‘

And the fame is manifeft alfo by what Mr. Leibnitz wrote
in the 44 Ernditorum, Anno 1691, concerning this Matter.

Jam
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~ Fam gm0 1675, faith he, compofitum babebam opufculum
Quadrature Arkhmetica ab amicis ab ilio Yempore leflum, [ed quod,
materia [wb manibus crefcente, limare ad Editionem nonw vacavwit,
pofiquam alia occupationes fupervenere 5. prefertim cum munc grfo-
Lixius expomere vulgari miore quz Analyfis noftra paucis exhibet,
on [atis operz presiums videatwr. This Quadrature compofed
‘wulgari-more he began to communicate at Paris in the Year
1675. ThenextYear he was polithing theDemonftration there-
of, to fend itto Mr. Oldenbnrgh in Recompence for Mr. Newton's
Method, as he wrote to - him May12,1676; and accor-
dingly in his Letter of Auguft.a7. x,676.i11,¢ fene it compofed
and polifhed waulzari more. The Winter fohbwing he return-
ed inte Germmy,‘iy England and” Holland, to énterupon pu-
blick Bufinef3, and had no longer any Leifure to fit it for
the Prefs, nor thought it afterwards worth his while to ex-
phain thofe Things prolixly in the vilgar mapget which his

néw Analyfis exhibited in fhore. * He found oje this new. dna-
lyfis therefore after his Return inte .Germany,, and by confe-
quence not before the Year1677: o ‘

The fame is further manifeft by the following Confidera-
tion. Dr. Berraw. publithed. his Method of Tangents. in the
Year 1670:.. Mr. Newton i 'hi$ Leteer 'daced December 1o,
1672. communicaged his Method of Tangenss to, M. Collins,
and added : Hoc ¢ft unum particulare vel Corollarium potins Me
thodi generalis, que extendst e citramolefFim ullum calenlum, non
modo ad ducendum Tangentes ad quafvis Curvas frve Geometricas
Sfive Mechanjcas, vel quomodqmn?gc,_ rectas Limau:l:/'g[w Curvas
refpicientes ; vernm etidm ad réfolvendyim. alia abffrafiora Proble-
matum genera de Curvitatibus, Areis, Longitadinibus, Centris
Gravitatis Cayvaram, &c. Neque (quemadmodum Huddenii
miethodus de Maximis ¢ Minimis) ad [olas refiringitur equasiones
illas, que quantitatibus furdis fmt immmunes, Hanc methodum
intertexsi alteri iftiqua Zquationum Exegefin inffituo, redicen
do cas ad [eries infinitas. Mc.Slufius fent his Method of Tan-
gents to Mr. Ofdenbsrgh Fan, 17, 1672, and the fame was
2 Iiz2 {oon
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foon after publithed ip the Tranfaltions. T¢ ploved to be the
fame with that of Mq,_sN'nrto'n:" I!: was founded upon three
Lemmas, the firft of 'Which Wwas this,’ Differentia dvarum dign).
tatum cjuldem gradus qpphicatd od differentiim laserum dat paries
PSRN -,.‘»1,‘/' . . '“‘vx“‘."';‘,_. - : . PR » L »;__.,'34; R

o T ke S A s PP U SN

s U grads fifis cx Bltomie ¥ S = 1

’ AR o o 4 ' d y3
+ yx+4 %%, that is, in the Notation of Mr.vLe‘ibﬂltz;ll —

=3 95" AiCopy of M. Netwtan's Ectrer of Degemb. 10. 167,
‘was {enced’ My Lefbaitz by My, Oldenbirg amongit the Papers
of Mi! Jamb! Grégsry, dt th ﬁh\e_ tinie with Mr. Néwron’s Let-
ter of Fune 15, 1676. And Mr. Newton having deferibed in
thefe two Létters that'he’hdd a'very general Analyfs, confi-
ﬁébg pactly. QF‘tbe‘Mdgmof "converging Series, partly of
aflothier Mephidd, . By Whithi hé gpplicd thofe Seties to the
Solucton of didloft 4 li"rﬁlem??émprperhaés fome pume-
ral ones ‘K& thoft of 'Didphanius) -and foind® che Tangents,
Areas, Lengths, folid Contents, Centers of Gravity, aud
Curvities of Curyes, and corvilinear Figures Geometrical or
Mechanica %,‘"‘s?gh@;ulfﬁigkiin' ‘at'Surds 3 and that the Method
of Tangéngs o ’.S.%fffﬂ:‘:wq &f _4Branch’ or Corollary of this
other Métholl -’ Mr, Liibnitk if his returning Home through
Elolland, was meditating upon'the’ Improyement of the Me-
thod of ‘Siufius:” For i a Letter to Mr. Oldenburgh, dated
from_ Amfierdam Nov. 5 1676, he wrote thus.  Methodus
Tangentiim s Slufio publicitaWindum réi faftiginm senes. Poteft
aliquid ampliis praftdvi*in’ 05 genere quod meximi fores ufus ad
omnis generls Problemata s tlam ad meam (fine extraltionibus)
LEquationsm ud [eries redui@ionem.  Nimirum poffet brevis que-
dam calculari cirea Tangentes Tabils, coufque continuanda donec
progreffio Tubule apparess.ut eads (cilices quifque quonfque libuerit
fine calowlo-contimnare poffi. "“This was the Improvement of
the Method of Siufus ifito “a general Method, which
M. Leibnitz was then thinking upon, and by his Wgrd},
ote
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Poteft aliquid amplius praflari in co gemere qued maximi foret
ufus ad omnis generis Problemata, it feems to be the only Im-
rovement Which he had then in his Mind for extending the
Method toall forts of Problems. The Improvement by the
differential Calculus was not yet in his Mind, but muft be
referred to the next Year.

Mr. Newtos in his next Letter, dated Ofob. 24. 1676,
mentioned the Amalys communicated by Dr. Barrow to
M. Collinsin the Year 1669, and alfo another Tra@ written
in 1671. about converging Series, and about the other Me-
thod by which Tangents were drawn after the Method of
Slufins, and Maxima and Minima were determined, and the
Quadrature of Curveswas made more eafy, and this without
flicking at Radicals, and by which Series were invented
which brake off and gave the Quadrature of Curves in finite
Equatiois when it might be. And the Foundation of thefe
Operations he' comprehended in this Sentence expreft enig-
matically 4s'above. Data equatione fluentes quotcunque quantitates
involvente fluxiones invenire,¢ wice verfs. Which puts it paft
all Difpute that he had invented the Method of Fluxions be-
fore that time.. And if other things in that Letter be confi-
dered, it will'appear that he had then brought it to greas
Perfe@ion, “and made it exceeding general ; the Propofiti-
ons in his Book of Quadratures, and the Methods of conver-
ging Series and of drawinga Curve Line through any Num-
ber of given Points, being then known to him. For when
the Method of Fluxions proceeds not in finite Equations,
he reduces the Equations into converging Series by the bino-
nial Theoreme, and by the Extraction of Fluents out of
Equations involving or not involving their Fluxions. Ana
when finite Equations are wanting, he deduces converging
Series from the Conditions of the Probleme, by affuming the
Terms of the Series gradually, and determining them bt
thofe Conditions. And when Fluents are to be derived frr )
Fluxions, and the Law of thelFluxions is wanting, he fincs

13
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that Law quam proxime, by drawing a Parabolick Line throug,
any Number of given Points. And by thefe Improvements
Mr. Newton had in thofe Days made his Method of Fluxions
much more univerfal than the Differential Method ¢f
Mr. Leibniiz is at prefent. -

This Letter of Mr. Nenton's, dated Offob.24. 1676, came

to theHands of Mr. Leitnitz in the End of the Winter or Be.
ginning of the Spring following; and Mr. Leibnitz {oon after,
wiz.ina Letter dated Fune 21. 1677, wrote back : Clariffimi
Slufii methodum Tengentium nondum effe abfolutam Celeberrims
Newtono 4ffentior. Et jam & muito tempore rem Tangentinng
generalius tratavi, [cilicet per differentias Ordinatarum. -
Hinc nominandojin polterum,dy differentiam duarum proximarum
y & Here Mr. Leibnitz began firlt to propofe his Diffe-
rential Method, and there is not the leaft Evidence that he
knew it before the Receipt of Mr. Newton's laft Letter. He
faith indeed, Fam & multo tempore rem Tungentinm genmeralius
traitavi, [cilices per differentias Ordinatarum : and o he affirmed
in other Letters, that he had invented feveral converging
Series dire& and inverfe before he had the Method of invent.
ingthem ; and had forgot an inverfe Method of Series before
he knew what ufeto make of it. But no Man is a Witnefs
in his own Caufe. A Judge would be very unjuft, and act
contrary to the Laws of all Nations, who fhould admit any
Man to bea Witnefs in his own Caufe. And therefore it
lies upon Mt. Leibnitz to prove that he found out this Me-
thod long before the Receipt of Mr. Newton’s Letters.  And
if he cannot prove this, the Queftion, Who was the firft In-
ventor of the Method, is decided.

The Matquifs De I’ Hofpital (a Perfon of very great Can-
dour) in the Preface to his Book De Analyf quantitatum infinite
¢ parvarum, publithed 4. C. 1696. tells us, that a little after
“the Publication of the Method of Tangents of Des Cartes,
¢ Mr. F:rmat found alfo a Merhod, which Des Cartes himfelf
‘ac length allowed to be, for the moft part, more fimple than

his
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‘hisown. But it was not yet {o fimple as Mr. Barrow after-
« wards made it, by confidering more nearly the nature of Po-
 lygons, which offers naturally to the Mind a little Triangle,
¢ compos'd of a Particle of the Curve lying between two Or-
¢ dinates infinitely near one another, and of the Difference of
¢ thefe two Ordinates,and of that of the two correfpondent
¢ Abfcif[#'s. And this Triangle is like that which ought to be
‘madeby the Tangent, the Ordinate, and the Sub-ctangent:
“fo that by one fimple Analogy, this laft Mechod faves all
¢ the Calculation which wasrequifite either in the Method of
¢ Des Cartes, or in this {ame Method before.  Mr. Barrow
“ ftopt not here, he invented alfo a fort of Calculation proper
‘ for this Method. But it was neceffary in this as well as in
¢that of Des Cartes, to take away Fractions and Radicals for
* making it ufeful. Upon the Defect of this Calculus, that of
“the celebrated Mr. Leibnitz was introduced, and this learned
‘ Geometer began where Mr. Barrow and others left o, This
“ his Calculus led into Regions hitherto unknown, and there
¢ made Difcoveries which aftonithed the moft able Mathema-
“ ticians of Eurepe,” &c. Thus far the Marquifs. He had noc
feen Mr, Newton'’s Analyfis, nor his Letters of Decem. 10. 1672,
June 131676, and OFob.24.1676 : and fo not knowing that
Mr. Newton had done all this and fignified it to Mr. Leibnitz,
he reckoned that Mr. Leibnitz began where Mr. Barrow lefc
off, and by teaching how to apply Mr. Barrow’s Method
without fticking at FraQtions and Surds, had enlarged the
Method wonderfully.  And Mr. Fames Bernoulli, inthe Acts
Eruditorum of Fanuary 1691 pag. 14. writes thus: Qui calen-
lum Barrovianum (quem in Lectionibus [ois Geometricis adum-
lravit Auétor, cujugque Specimina Junt 1ota illa Propofitionum
iniki comtemtarum farrago,) intellexeris, [calculum] alterum &
Domino Leibnitio inventum, ignorare wix poterit 5 wutpote qué
in prioriillo fundatss eft, & niff forte in Differentialinm wotatione

& operationis aliquo compendio ab eo non differs.
Now
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Now Dr. Barrow, in his Method of Tangents, draws two
Ordinates indefinitely near to one another, and puts the Let-
ter 4 for the Difference of the Ordinates, and the Letter ¢
for the Difference of the A44iff’s, and for drawing the Tan.
gent gives thefe Three Rules. 1. Juter computandum, faith he,
omnes abjicio terminos in quibus ipfarnmm avel e poteftas habeatuy,
vel in quibus ipfe ducumtur in [e. Etenim ifti termini nibil
wvalehunt. 2. Poft equationem conftitutam omnes abjicio terminos
literis conflantes quantitates notas [ew determinatas fignificantibus,
aut in guthus non babentur avvele.  Esenim illi termini femper ad
unam @quationis partem adduiti nikilum adequabumt. 3. Proa
Ordinatam, & proc Subtangentem [sbffituo. Flinc demum Sui-
tangentis-quantitas dignofcetur. Thus fac Dr. Barrow.

And Mr. Leibnitz in his Letter of Fune 21, 1677 above-men-
tioned, wherein he firlt began to propofe his Differential
Method, has followed this Mgthod of Tangents exally,
excepting that he has changed the Letters 4 and ¢ of
Dr. Barrow into dxand 4. For in the Example which he
there gives, he draws two parallel Lines and fets all the
Terms below the under Line, in which 4x and 4y are (feve-
rally or jointly) of more than one Dimenfion, and all the
Terms abovethe upper Line, in whichdx and 4y are wanting,
and for the Reafons given by Dr. Barrow, makes all thelc
Terms vanith. And by the Terms in which 4« and dy are
but of oneDimenfion,and which he fets between the twoLines,
he determines the Proportion of the Subtangent to the Ordi-
nate. Well therefore did the Marquils de £ Hofpital obferve
that where Dr.Barrow lefc off Mr. Leibnitz began: for their
Methods of Tangents are exactly the fame.

But Mr. Leibnitz adds this Improvement of the Meth~d,
that the Conclufion of this Calculus is coincident with the
Rule of Slufius, and thews how that Rule prefently occurs
to any one who underftands this Method. For Mr. Newton
had reprefented in his Letters, that this Rule was a Corolla-
ry of his general Method. "

al
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And whereas Mr. Newson had faid that his Method in draw-
ing of Tangents, and determining Maxima and Minima, &e.
proceedcd without fticking at Surds : Mr. Leibnitz in the
next Place, fhews how this Method of Tangents may be im-
proved fo as not to ftick at Surds or Fra@ions, and then adds:
Arbitror que celare voluit Newtonus de Tangentibus ducendis ab
his non abludere.  Quod addit, ex hoc eodem fundamento Quas-
draturas quoque reddi faciliores me in hac [ententia confirmat
nimiram [emper figure ille [unt quadrabiles que funt ad aquationem
differentialem. By which Words, compared with the preceding
Calculation, its manifeft that Mr. Lesbnitz at this time under-
ftood that Mr. Newton had a Method which would do allchefe
things, and had been examining whether De. Barrow’s Diffe-
rential Method of Tangents might not be extended to the
fame Performances.

In November 1684 Mr. Leibnitz publithed the Elements of
this Differential Method in the 484 Ersditoram, and illuftrae
ted it with Examples of drawing Tangents and determining
Muxima and Minima, and then added. Et hec quidem initia
funt Geometrie cujn[dam multo fublimioris, ad difficillima & pul-
cherrima gquaque etiam mift€ Mathe{cos Problemata pertingentis,
qua fine calculo differentiali AUT SIMILL nontemere quif
quam pari facilitate traitabit. TheWords AUT SIMILI
plainly relate to Mr. Newton's Method,  Andthe whole Sen-
tence contains nothing more than what Mr. Newton had affir-
med of his general Method in his Letters of 1672 and 1676.

And in the 4i#a Eraditorum of Fune 1686, pag. 297.
Mr. Leibnitz added: Malo autem dx & fimilia adbibere quams
literas pro illis, quia iffud dx eft modificatio quedam ipfns x,
&c. He knew that in this Method he might have ufed
Letters with Dr. Barrow, but chofe rather to ufe the new
Symbols 4x and dy, though there is nothing which can be
done by thefe Symbols, but may be donc by fingle Letters

with more brevity.
2 . Kk Tle
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The next Ycar Mr. Newton's Principis Pbi/oﬁ)p/)i.c came
abroad, a Book full of fuch Problemcs as Mr. Leibnitz had
called diffcillima & pulcherrima etiam mifte Mashefcos problema.
ta, gue fine caleulo differentiali aut SUMIULN non temere quif-
quam pari facilita e tracfabie.  And the Marquefs de L’ Fofpi.
14/ has reprefented this Book profgque towt de ce calen!; compo-
fed a'moft wholiy of this Calculus. And Mr. Leiinitz him-
felf in a Letter to Mr. Newton, dated from Flannover, Mirch
7 1693, and ftill extant in his own Hand-writing, and up.
on a late Occafion communicated to the Royal Society, ac-
knowledged the fame thing in thefc Words : Mirifice ampli-
averas Geometriam tuis Seriebns, [ed edito Principiorum opere
oftendifti pasere titictiam que Analyft recepte non fubfunt. Cona-
tus [um ego queque, wotis commodis adhibitis que differentias o
[ummas exhibeant, Geometriam illam quam Tranfcendentem appello
Analyfi quodammodo [ubjicere, nec ves virale proceffit ; And again in
his Anfwer to Mr. Fatio, printed inthe AaEruditorum of My
1700. pag.203. lin.2 1. heacknowledged the fame thing. In the
fccond Lemma of the fecond Book of thefe Principles, the Ele-
ments of this Calculus are dcmonftrated fynthetically, and
at theEnd of the Lemma there is a Scholium in thefe Words. 7
Literis que mibi cum Geomctra peritiffimo G. G.Leibnitio annis
al binc decem intercedchant, cum fignificarem me compotem efc mee
thodi determinandi Maximas & Minimas, ducendi Tangentes &
fimilia peragendi,que in tcrminis [urdis «que ac in rationalitus pro-
cederets ¢ literis tranfpofitis hanc fententiam involvemti’ s [Data
aquationc quotcunquc flucntes quantitates involvente,fluxio-
nes invenite, & vice verla) eandom celarem : referipfis Vir cl4e
riffimus fe guoquc in ejufmodi m:thodum incidiffe, & methodum
Jusm communicavit & mea vix allidentem praterquam in verborum
G- witarum formulis.  Utrinfque fundam:ntum countinetur in heoc
Lemmate.  In thofe Letters, and in another dated Decem. 10.
1672, a Copy of which, at that time, was {ent to Mr. Leibnis ~
by Mr. Olden: urgh, as is mentioncd above, Mr. Nemton had
{o fir explained his Method, that it was not difficule for

M:-.
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Mr. Leibnitz, by the Help of Dr. Barrow’s Method of Tan-
gents, to collect it from thofe Letters.  And its certain, by
the Arguments above-mentioned, that he did not know it
before the writing of thofe Letters.

Dr. Wallis had received Copies of Mr. Newton's two Letters
of Fune 13.and Oifob. 24. 1676 from Mr. Oldenburgh, and
publithed [everal things out of them in his Algebra, printed
in Englifh 1683, and in Latin 1693 ; and foon after had Inti-
mation from KHolland to print the Letters entire, becaufe
M. Newton’s Notions of Fluxions pafled there with Applaufe
by the Name of the Differential Method of Mr. Leibnitz,
And thereupon he took norice of this Matter in cthe Preface
to the firft Volume of his Works publithed A4.C.1695. And
ina Letter to Mr. Lesbnitz dated Decemb. 1.1696, he gave the
Acccuntof it Cum Prafationis (prafigende) poftremum foliums
erat fub prelo, ejufque typos jam poﬁeram Typothete ; me monuit
amicus quidam (harwm rerum gnarus) qui peregre fuerat, tum ta-
lem methodum in Belgio predicari, tum illam com Newtoni me-
thodo Fluxionum quaft coincidere.  Quod fecit ut (tranflatis
8ypis jam pofitis) id monitum interfernerime And in a Lete
ter dated April 10. 1695, and lately communicated to
the Royal-Society, he wrote thus about it. 7 wifb you would
print the two large Letters of June and Auguft [he means Fune
and OZober) 1676. I had intimation from Holland, as defired
there by your Friends, that fomewhat of thas kind were done s be-
caufe your Notions (of Fluxions) pafs there with great Applaufe by
the Name of Leibnitz’s Calculus Differentialis. 7 bad™* this
intimation when all but pars of the Preface to this Polume was
printed off s [0 that I cowld only infers (while the Prefs fay'd) that
fhort Intimation thereof whick you there find. Tow are not fo kind
toyour Reputation (and that of the Nation) as you might be, when
you let things of worth lye by you fo long, till others carry away

* Extat hec Epiftolain tertio volumine operum Wallifii,!
2 Kk Cthe
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Yhe Reputation that is due to yow. Ihave endeavoured to do yoy
Iuftice in that Point, and am now forry that I did not print thofe

two Letters verbatim. .
* The fhort Intimation of this Matter, which Dr. Wallis ip.

ferted into the faid Preface, wasin thele Words.  7r fecund,
Volumine (inter alia) habesur Newtoni Methodus de Fluxionibus
(ut ille loguitur) confimilis nature cum Leibnitii (st hic loquityy)
Caleulo Differentiali (quod quiutramaue meshodum covtulerit furis
animadvertat, ut ut [ub loquendi formulis diverfis) quam ego d;.
[eripfi(Algebre cap. 91. &c. prefertim cg 95) ex binis Newtoni
Literis, aut earum alteris, Junii 13. & O&ob. 24- 1676 44
Oldenburgum datis, cum Leibnitio tums communicandis (iifdem
fere verbis, faltem leviter mutatis, que in illis literis habentar,)
sti METHODUM HANC LE/BNITIO EX.
PONIT, tem ante DECEM ANNOS nedum plures
[id eft, anno 1666 vel 1665] abipfo excogitatam. Quod mones,
nequis caufetur de hoc Calenlo Differentiali nibil a nobls dickum effe.
Hereupon the Editors of the 44 Lipfienfis, the next
Year in Fune, in the Style of Mr. Leibnitz, in giving an
Account of thefe two firlt Volumes of Dr. Wallis, took
notice of this Claufe of the Doctor’s Preface, and complain.
ed, not of his faying that Mr. Newton in his two Letters
above-mentioned explained to Mr Leibnitz the Method of Flu.
xions found by him Ten Years before or above ; but that
while the Do&or mentioned the Differential Calculus, and
faid that he did it nequis caufetur de calewlo differentiali nibil ab
ipfo dictum fuifJe, he did not tell the Reader that Mr. Leibnitz
had this Calcutus at that time when thofe Letters paffed be-
tween him and Mr. Newton, by means of Mr. Oldenburgh.
And in feveral Letters which followed hereupon, between
Mr. Leibnitz and Dr. Wallis, concerning this Matter,
Mr. Leibnitz dénied not that Mr. Newsorn had the Method
Ten Years before the writing of thofe Letters, as Dr. Wallis
had affitmed; pretended not that he himfelf had the Method
fo carly ; brought no Proof that he had it before the Year
3677
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1677 no other Proof befides che Conceffion of Mr. Newsen
that he had it fo early ; affirmed not that he had it earlier ;
commended Mr. Newton for his Candour in this Mat-
ter; allowed that the Methods agreed in the main, and
faid that he therefore ufed to call them by the common Name
of his lifinitéfimal Amabyfis ; reprefented, that as the Me.
thods of Vieta and Cartes were called by the common
Name of Analyfis Speciofs, and yet differed in fome things;
fo FIperhaps the Methods of Mr. Newton and himfelf might
differ in fome things, and challenged to himf{¢lf only thofe
things wherein, as he conceived, they mighe differ, naming
the Notation, the differential Equations and the Exponential
Equations. Butin his Letter of 7une 21.1677 he reckon'd diffe-
rential Equations common to Mt. Newton and himfelf.

This was the State of the Difpute between Dr. Wallis and
Mr. Leibnitz at that time And Four years after, when
M. Fatio fuggefted that Mr. Leibnitz, the fecond Inventor of
this Calculus, ntight borrow fomething from Mr. Newton, the
oldeft Inventor by many Years: Mr. Leibnitz in his Anfwer,
publithed in the 4¢%s Ernditorum of May 1700, allowed that
Mr. Newton had found the Method aparty and did not deny
that Mr. Newton was the oldeft Inventor by many Years, not
afferted any thing more to himfelf, than that he alfo had
found the Method apart, or without the Affliftance of
Mr. Newton, and pretended that when he firft publithed it, he
knew not that Mr. Newton had found any thing more of it
than the Method of Tangents. And in making this Defence
he added : Quam [methodum] ante Domsinum Newtonum ¢ Me
nullus quod [ciam Geometra babuit ; nti ante hunc maximi nominis
Geometram N E M O [pecimine publice dato [¢ habere probavit, ante
Dominos Bernoullios ¢ Me nullus communicavit. Hitherto theres
fore Mr. Leibnitz did not pretend to be the fielt Inventor. He
did not begin to put in fuch a Claim till after the Death of
Dr. Wallis, the laft of the old Men who were acquainted with
what had pafled between the Englih and Mr. Leibnitz

Kk3 Forty
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Forty Years ago. "TheDocor died in O&fober A.C. 1503, and
Mr. Leibnitz began not to put in this new Claim before
Fanuary 1705. .

Mr. Newten publithed his Treatife of Quadratares in the
Yeac 1704. This Treatife was written long before, many
things being cited qut of it in his Letters of U&#ob. 24. and
Novemh, &, 1676. It relates to the Method of Fluxions, and
that it might not be taken for a.new Piece, Mr. Newton re.
peated what Dr. Wallis had publithed Nine Years before
without being then contradi¢ted, namely, that this Method
was invented by Degrees in the Years 1665 and 1666,
Hereupon the Editors of the A4 Lipfienfiain Fanuary 1705,
in the Style of Mr. Leibnitz, in giving an Account of this
Book, reprefented that Mr. Leibnitz was the firft Inventor
of the Method, and that Mr. Newson had fubftituted Fluxions
for Differences. And this Accufation gave a Beginning to
this prefent Controverfy. | L

For M. X¢ill, in an -Epiftle publithed in the Philofophical
Tranfuitions for Sept. and Octob. 1708, retorted the Accufation,
Aaying : Fluxionsm Arithmeticam fine omni dubio primus invenit
D. Newtonus, wt cuilibet ejus Epiftolas a Wallifio editas legenti
facile conftabit. Eadem tamen Arithmeticapofica mutatis nomine ¢
‘notationis modo & Doming Leibnitio inA&is Eruditorum edita eff,

Before Mr. Newton faw what had been publifhed in the
Aéta Leipfica, he exprefs’d himfelf offended at the printing
-of this Paragraph of Mr. Xeill's Letter, leaft it fhould createa
Controverfy. And Mr. Leibnitz, underftanding it in a
fironiger Senfc than Mr. Aeillintended it, complain’d of itasa
Calumny, in a Letter to Dr.Slane dated March 4. 1711 N.S.
-and moved that the Reoyal-Society would caufe Mr. Xeill to
make a publick Recantation. Mr. A¢ill chofe rather to explain
and defend ‘what he had written ; and Mr. Newton, upon be-
ingthewed the Accufation in the 474 Lipfica, gave him leave
todo fo.  And Mr. Leibnitz in a fecond Letter to Dr. Sloare,
dated Decem. 29. 1711, ‘inftead of making good. his 1{%ccu—

ation
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{ation, ashe was bound to do that it might not be deenvd a
Calumny, infifted only upon his own Candour, as if it would
be Injuftice to queftion it; and refus’'d to tell how he came
by the Method ; and faid that the 4¢#s Lipfica had given
every Man his due, and that he had concealed the Inven-
tion above Nine Years, (he fhould have {aid Seven Y ears) that
No body might pretend (he means that Mr. Newton might not
pretend) to have been before himin it ; and called Mr. Aeill a
Novice unacquainted with things paft, and one that aGted with-
out-Authority from Mr. Newtow, and a clamorous Man who
deferved to be filenced, and defired that Mr. Nerton himfelf
would give his Opinion in the Matter. He knew that
Mr. Keill affitmed nothing more than what Dr. Wallis had
publithed thirteen Years before, without being then contra-
di®ted. He knew that Mr. Newton had given his Opinion in
this matter in the Introduc¥on to his Book of Quadratures,
publifhed before this Controver{y began : but Dr. Wallis was
dead ; the Mathematicians which remained in England were
Novites ; Mr. Leibnitz may Queftion any Man’s Candour
without Injuttice, and Mr. Newton muft now retract what he
had publifhed or not be quiet. .

The Royal-Society therefore, having as much Authority
over Mr. Leibnitz as over Mr. Keill, and being now twice
prefled by Mr. Leibnitz to interpofe, and fecing no reafonto
condemn or cenfure Mr. Kei/l without enquiring into the mat-
ter; and that neither Mr. Newten nor Mr. Leibnitz (the only
Perfons alive who knew and remembred any thing of what
had paffed in thefe matters Forty Years ago) could be Wit-
nefles for or againft Mr. X¢ill; appointed a numerous Com-
mittee to {earch old Letters and Papers,and report their Opinion
upon what they found ; and ordered the Letters and Papers,
with the Report of their Committee to be publifhed. And by
thefe Letters and Papers it appear'd to them, that Mr. Newton
had the Method in or before the Year 1669, and it did not

appear to them that Mr. Leibnitz had it before the Year 1677.
For
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For making himfelf the firlt Inventor of the Differentia|
Method, he has reprefented that Mr. Newson at firlt ufed the
Letter o in the vulgar manner for the given Increment of x,
which deftroys the Advantages of the Differential Method;
but after the writing of his Principles, changed o into x, {ub-
flituting x for dx. It lies upon him to prove that Mr. Newton
ever changed o into x, or ufed x for d.x,or left off the Ufe of the
Lettero. Mr. Newton ufed the Letter o in bis Analyfis written
in or before the Years 1669, and in his Book of Quadra.
tures, and in his Principia Philo[ophie, and fRill ufes it in the
very fame Senfé as at firt. Inhis Book of Quadratures he
ufed it in conjunction with the Symbol x, and therefore did
not ufe that Symbol in its Room. Thefe Symbols o and x are
put for things of adifferent kind. The one is a Moment,
the other a Fluxion or Velocity as has been explained above.
When the Letter x is put for a Quantity which flows uni-
formly, the Symbol x is an Unit, and the Letter o a2 Mo-
ment, and 0 and dx fignify the fame Moment. Pricke
Letters never fignify Moments, unlefs when they are multi-
plied by the Moment ¢ either expreft or underftood to make
them infinitely little, and then the Rectangles are put for
Moments. ‘

Mt. Newton doth not place his Method in Forms of Sym-
bols, nor confine himfelf to any.particular Sort of Symbols
for Fluents and Fluxions. Where he puts the Areas of Curves
for Fluents, he frequently puts the Ordinates for Fluxions,
and denotes the Fluxions by the Symbols of the Ordinates,
as in his Analyfis. Where he puts Lines for Fluents, he puts
any Symbols for the Velocities of the Points which defcribe
the Lines, thatis, for the firft Fluxions; and any other Sym-
bols for the Increale of thofe Velocities, that is, for the fe-
cond Fluxions, as is frequently done in his Principia Philofo-
phie. And where he puts the Letters x, 5, = for Fluents, he
‘denotes their Fluxions, either by other Letters as p, 4, 7; or by
<he fame Letters in other Forms as X, I, Z ot %, y, z ; or by

any
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any Lines as D E, FG, H I, confidered as their Exponcats.
And this is evident by his Book of Quadratures, where he
reprefents Fluxions by prickt Letters in the firft Propofition,
by Ordinates of Curves in the laft Propofition, and by other
“Symbols,in explaining the Method and illuftrating it with Ex-
‘amples, in the Introdu@ion.  Mr. Leibnitz hath no Symbols
of Fluxions in his Method, and thercfore Mr. Newton’s Sym-
bols of Fluxions arethe oldeft in the kind. Mr. Leibnitz be-
-ganto ufe the Symbols of Moments or Differences d, 4y, ds
in the Year 1677. Mr. Newton reprefented Moments by the
‘Re@angles under the Fluxions and the Moment o, when he
‘wrote his Analyfis, which was at Jeaft Forty Six Years ago.
‘Mt Leibnitz has ufed the Symbols (¥, fy, fc for the Sums
‘of Ordiniates ever fince the Year 1686 ; Mr. Newton repre-
fented the fame thing in his 4nalyfis, by infcribing the Ordi-
nate in a Square or Reftangle. All Mr. Newton's Symbols
are the oldeft in their feveral Kinds by many Years.

And whereas it has been reprefented that the ufe of the
Lettero is vulgar, and deftroys the Advantagesof the Diffe-
rential Method - on the contrary, the Method of Fluxions,
as'uled by Mr. Newton, has all the Advantages of ths Diffe-
rential, and fome others. It ismore elegant, becaufe in his
Calculus there isbut one infinitely little Quantity reprefented
by a Symbol, the Symbole. We have no Ideas of infinitely
fitele Quantities, and therefore Mr. Newtos introduced Flu-
xions into his Method, that it might proceed by finite Quan-
titiesas much as poffible. It is more Naturaland Geometrical,
becaufe founded upon the prime quantitatim nafcentium ratise
nes, which have a Being in Geometry, whilft 7#divifibles, upon
which the Differential Method is founded, have no Being ei-
therin Geometry or in Nature, There arerasiones prim.e quan- -
titatum nafcentinm, but not quantitates prima nafcentes, Nature
generates Quantities by continual Flux or Increafe ; and che
ancient Geometers admitted {uch a Generation of Areasand
Solids,when they drcw one Linle intoanother by local Motion

L C e
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to generate an Arca, and the Area intoa Line by local Mo.
tion ro generate a Solid. But the fumming up of Indivi-
fibles to compofe an Area or Solid was never yet admitted in-
to Geometry. Mr. Newton’s Method is alfo of greater Ufe
and Certainty, beingadapted either to the ready finding oyt
of a Propofition by fuch Approximations as will create no
Error in the Conclufion, or to the demonftrating ic exadly.
Mr. Leibnitz’s is only for finding it out. When the Work
{ucceeds not in-finite Equations Mr. Newton has recourfe to
converging Series, and thereby his Method bzcomes incom.
parably more univerfal chan that of Mr. Leibnizz, which is
confin'd to finite Equations : for he has no Share in the Me.
thod of infinite Series. SomeY ears after the Method of Serics
was invented, Mr. Leibnitz invented a Propofition for tranf-
muting curvilinear Figures in‘o othier curvilincar Figures of
equal Areas, in-order to {quare them by converging Series:
but che Methods of {quaring thofe other Figures by {uch Series
were not his. By the help of the new Analyfis Mr. Newton
found out moft of the Propofitions in his Principia Philofophia:
but becaufe the Ancients for making things certain admitted
nothing into Geometry before it was demonftrated {yntheti-
cally, he demonftrated the Propofitions {ynthetically, that
the Syfteme of the Heavensmight be founded upon good Geo-
metry. Andthismakesit now diffcult for unskilful Mento
{se the Analyfis by which thofe Propofitions were found our.

It has been reprefented that Mr. Newton, in the Scholium
at the End of his Book of Quadraturcs, has put the third,
fourth, and fifth Terms of a converging Series refpectively
equal to the fecond, third, and fourth Differences of the firft
Term, andtherefore did not then underftand the Method of
fecond, third, and fourth Differences. Butin the firft Pro-
pofition of that Book he fhewed how to find the firft, fecond,
third and following Fluxions iz infinitum ; and therefore when
he wrote that Book, which was before the Year 1676, he

did underftand the Method of all the Fluxions, and by con-
2 fequence
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fequence of all the Differences.  And if he did not under-
ftand it when he added thatScholium to the End of the Book,
which was in the Year 1704, it mult have been becaufe he
had then forgot it. And fo the Queftion is only whether’
he had forgot the Method of fecond and third Differences
before the Year 1704. .

In the Tenth Propofition of the fecond Book of his Pringia
pia Philofophiz, in defcribing fome of the Ufes of the Terms
of a converging Series for folving of Problemes, he tells us
that if the firft Term of the Series re-
prefents the Ordinate BC of any Curve
Line ACG, and CBD1I be a Parallec-
logram infinitely narrow, whofe Side
D1 cuts the Curve in'G and its Tan-
gent C F in F, the fecond Term of the
i 9)) Series will reprefent the Line 7 F, and

: the third Term the Line FG. Nowthe
Line FG is but hdlf the fecond Difference of the Ordinate :
and therefore Mr. Newton when he wrote his Principia, put
the third Term of the Series equal to half of the fecond Diffe-
rence of the firt Term, and by confequence had not then for-
gotten the Method of fecond Differences. A '

Tn writing that Book, he had frequent occafionto confider
the Increafe or Decreafe of the Velocities with which Quanti-
ties are generated, and acgues right about it.  That Increafe
or Decreaft isthe {econd Fluxion of the Quantity, and there-
fore he had not then forgotten the Method of fecond Flu-
xions. , :

In the Year 1692, Mr. Newton, at the Requeft of Dr.Wallis,
fent to him a Copy of the firft Propofition of the Book of
Quadratures, with Examplesthereof infirft, fecond and third
Fluxions : as you may f{ee in the {econd Vélume of the Do~
&or’s Works, pag. 391, 393,393 and 396. And therefore he
had not then forgottes the Method of fecond Fluxions. N

Ll2 or
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Nor is it likely, that in the Year 1704+ when headded the
aforefaid Scholium to the End of the Book of Quadratures
he had forgotzen not only the firlt Propofition of that Bo()k:
but aifo the laft Propofition upon which that Scholium wag
written. 1 the Word [«3; which in that Scholium may have
been accidentally omitced between the Words [#7ir] and [ju;,]
be reftor'd, that Scholium witlagree with the two Propofitions
and with che reft of hisWritings,ahd the Objection will vanifl;.

Thus much concerning the Nature and Hiftory of thefe
Metliods, ic will not be amifs t6 make fome Obfervations
thereupon. : ’

Inthe Commerciwm Epiffolicum, mention is made of three
Tra@s written by Mr. Leibnitz, after a Copy of Mr. Newton's
Principia Philofophie had been fent to Huannover for him, and
after he had feen an Account of that Book publiflied in the
Aa Ernditorum for Fanuary and Febraary 1689. ~And in
thofe Tra&s the principal Proc})oﬁt‘ions of that Book arc
compofed in a new manner, and claimed by Mr. Leibnitz as
if he had found them himfelf before: the publifhing of the
faid Book. But Mr. Leibnitz candot be a Witnefs in his
own Caufe. It lies upon him either toprovethat he found
them before Mr. Newton, or to quit his cYaim. :

In che laft of thofe three Tralls, the 20t4 Propofition
(which is the chief of Mr. Newstor’s Propofitions). is made a
Corollary of the 19¢4Propofition, and the 1914 Propolfition
has an erroncous Demonftration adapted to it. It lies upon
him either to fatisfy the World'that thiefDemonttration is not
erroncous, or to acknowledge that he d4d not find that and
the 20t Propofition tiicreby, but tried to adapt a Demon-
{tration to-Mr. Newton’s Propofition-to make it hisown, For
he reprefents in his 2014 Propofition that he knew not how
Mt. Newton came by it, and by confequeace that he found
it himfelf without the Affiftance of Mr., Néwson.

By the Errors inthe 1544 and 194/ Propofition of the third

Fra@, Dr. Keill hath fhewed that when Mr. Leibnitz wLoE
the
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théfe three Tradts, he did not well underftand the Ways of -
working in fecond Diflcrences.  And this is further manifeft

by the 10th, 11¢h, and 1215 Propofitions of this third Tra&."
For thefe he lays down as the Foundation of his infinitefi-

mal Analyf(is in arguing about centrifugal Forces, and pro-

pofes the firft of them with relation to the Center of Cur- -
vity of the Orb, but ufes this Propofition in the two next;

with Relation to the Center of Circulation. And by con-

founding thefe two Centers with one another in the funda-

mental Propofitions upon which he grounds this Calculus,

he erred in the Superftructure, and for want of Skill in f5.

cond and third Diflerences, was not able to extricate him-

felt from the Errors.  And this is further confirmed by the

fixth Article of the fecond Trad. For that Article is errone

ous, and the Error arifes from his not knowing how to ar-

gue well about fecond and third Differences. 7 hen there-

fore he wrote thofe Tracs he was but a Learner, and this

he ought in candour toacknowledge. :

It feems therefore that as he learnt the Differential Me-
thod by means of Mr. Newton's aforefaid threc Letters com-
pared with Dr. Barrow’s Method of Tangents; fo Ten Years
after, when Mr. Newton'’s Friscipia Fhilofophie came abroad,
he improved his Knowledge in thefe Matters, by trying to
extend this Method to the Principal Propofitions in that
Book, and by this means compofed the {aid three Tralls.
For the Propofitions contained in them (Errors and Trifles
excepted) are Mt. Newton's (or ealy Corollarics from them)
being publithed by him in other Forms of Words before.
And yet Mr. Leibnitz publifhed them as invented by himfeif
Jong before they were publithed by Mr. Newton.  For in the
End of the firlt Tra@, he reprelents that he invented them
all before Mr. Neuton's Frincipia Philifophiz came abroad,
and fome of them before he lefe Paris, that is before OFo.
ber 1676. And the fecond Tra@ he concludes with thefe

Words: Multaex bis deduci poffent praxi accommodata, [ed no-
' bis
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bis nunc fundaments Geometrica jecifle [uffecerit, in quibus mayi.
ma confiflebat difficultas. Et fortafis attente confideranti «jyq
- quafdam novas fatis antea impeditas aperuiffe videbimur. Omnig
autem re[pondent noffre Analyfi Infinitorum, hoc eft calculo Sum.
- marum & Differentiarum(cujus elementaquedam in his Atis d-
Aimus ) communibus quoad licuit verbis hic expreffo. He pretends
here that the Fundamenta Geometrica in quibus maxima confifte-
bat difficultas were firlt laid by himfelf in this very Tract, and
that he himfelf had in this very Tra& opened vias quafdam
novas [atis antea impeditas.  And yet Mr. Newton's Principia
Philofophie came abroad almoft two Years before, and gave
occafion to the Writing of this Tra&, and was written cozs-
munibus quoad licuit werbis, and contains all thefe Principles
and all thefe new Ways. And Mr. Leibnitz, when he pu-
blifhed that Tra&, knew all this, and therefore ought then
to have acknowledged that Mr. Newton was the firft who laid
the Fundamenta Geometricain quitus maximaconfiftebat Difficul-
tas,and opened the wvias novas [atis antea impeditas. In his
Anfwer to Mr. Fatio he acknowledged all this, faying Quam
methodum)] ante Dominum Newtonum & me mllus quod
}ciam Geometra haluit ;uti ante hunc maximi nominis Geometram,
NEMO SPECIMINE PUBLICE DATO [ ha
bere PROBAVIT. Andwhathe thenacknowledged he
ought in Candour and Honour to acknowledge ftill upon all
Occafions.

Mr. Leibnitz in his Letter of May :8.1697, wrcte thus to
Dr. Wallis. Methodum!Fluxionun: profundiffimi Newtoni cogna-
tam effe methodo mee differeniiali non tantum animadverti poff-
guam opus ejus [Principiorum f{cilicet) & 1uam prodiit ; [ed etie
om profe(fus fum in Atis Eruditornm, (& alias qu que monui,
1d enim candori meo convenire judicavi, non minus quam ipfias
merito,  ltaque communi nomine defignare foleo dnalyfeos infini-
tefimalis 5 que latius quam Tetragonifticapatet.  Interim quem-
admodum ¢ Vietxa ¢ Carteliana methodus Analyfeos [peciofe
nomine wenit s difcrimina tam:n noisnulla fuperfunt : ita fortaffe
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¢ Newtoniana ¢& Mea diferunt in nonnullis. Here alfo
Mr. Leibnitz allows that when Mr. Newton's Principles of
Philofophy came abroad, he underftood thereby the Affinity
- that therg was between the Methods, and therefore cailed
them both by the common Name of the infinitefimal Method, -
and thought himfelf bound in candour to acknowledge this
Affinity : and there is ftill the fame Obligation upon him in
point of Candour. And befides this Acknowledgment, he
here gives the Preference to Mr. Newton’s Method in Anti-
quity. For he reprefencs that as the valgar Analyfis in Spe-
czes was invented by Piera, and augmenied by Cartres, which
made fome Differences between their Methods :  fo
Mr. Newton's Method and his own mighe differ in fome
things. And then he goes on to enumerate the Differences
by which he had improved Mr. Newton's Method as we men-
tioned above. And this Subordination of his Method
to Mr. Newton's, which he then acknowledged to Dr. Hallis,
.he oughe flill to acknowledge.

In enumerating the Differences or Improvements which
he had addedto Mr. Newton’s Method ; he names in the fe-
cond Place Differential Equations : but the Letters which
paffed between them in the Year 1676, do fhow thac
Mr. Newton had {uch Equations at thattime, and Mr. Leb-
#nitz had them not. He names in the third Place Exponen-
tial Equations : but thefe Equations are owing to his Cor-
relpondence with the Englifh. Dr. Wallis, in the Interpola-
tion of Series, confidered Fra® and Negative Indices of
Dignities. Mr. Newtsn introduced into his Analytical
Computations, the Fra&, Surd, Negative and Indefinitive
Indices of Dignities ; and in his Letter of Ocfober 24. 1676,
reprefented to Mr. Leibnitz that his Method extended tothe
Refolution of affe@ed Equations involving Dignities whofe
Indices were Fra@ or Surd. Me. Ledbpitz in his Anfwer da-
ted Fume 21 1677, murually defired Mr. Newton to tell him

what he thoughe of the Refolution of Equations involving
Dig.
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Dignities whofc Indices were undctermined, fuch as were
thefe ¥? -+ y* = xy, ¥*+y =xy. And thefe Equations
‘he now calls Exponential, and reprefents to the World that
he was thé firlt Inventor thereof, and magnifies ths Inventi.
‘on as a great Difcovery.  But he has not yet made a publick’
- Acknowledgment of the Light which Mr. Nemtor gave him
intoit, nor produced any one Inftance of the ufe that he has
been able to make of it where the Indices of Dignities are
Fluents. And fince he has not yet rejeted it with his ufual
Jmpatience for want of fuch an. Inftance, we have reafon
to expec® chat he will at length explain its Ufefulnefs to the
World. - '
* Mr. Newton in his Letter of Ofober 24. 1676 wrote  thai
-he had two Methods of refolving the Inverfe, Problems of
“Tangents. and fuch like difficult ones ; one of which ¢on-
fifted in affuming a Series for any unknown Quantity from which
all ‘the reft-might cowveniently be-deduced, and in collating the
homolegons Terms of the refulting Equation, for desermining 1he
Terms of the affamed Series.  Mr. Leibnite many Years after
publithed this Method as his own, claiming to himfelf the
firft Invention thereof. It remains that he either renounce
his Claim_ publickly, or prove that he invented it before
Mr. Newton wrote his faid Letter. o
1t lies upon himalfo to"inake a publick Acknowledgment
of his Receipt of Mr Oldenbargh’s Letter of April 15.1675,
" wherein feveral converging Series for {quaring of Curves,
:and particularly that of Mr. James Gregory for finding the
Arc-by the given Tangenr, and thereby {quaring the Circle,
were communicated ‘tohin.*- He acknowledged it privately
in his Letter to Mr. Oldenturg dated Mayr0.'16 75 ftill extant
in his own Hand- writing, and by Mr Oldenturg Tef entred in
the Letter-Book of the Royal-Sesiety. But he has not yet
acknowledged it publickly, as he ought to kave done when
e publifhed that Series as his own.
Je
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e lies upon him alfo to make a publick Acknowledgment
of his having received the Extralls of Mr. Fames Gregory's
~eteers,-which, at his own Requeft, were fent to him ac
Paris in Fune 1676 by Mr. Oldenburgh to perufe: amongft
‘which was Mr. Fames Gregory's Leteer of Feb. 15.1671 ,con-
cerning that Series, and Mr. Newron's Letter -of December
10. 1672 concerning the Method of Fluxions. -

And whereas in his Letter of Decem. 2.8. 1675:he wrote
to Mr. Oldenburgh, that he had communicated that Series
above two Years before to his Friends at Pasris, and had
.written to him fometimes about it; and in-his Letter of
May 12.1676 {aid to Mr. Oldenburgh that he had - written to -
him about that Series fome Years before ; and .in his Letter
to Mr. Oldenburgh dated Aug. 27: 1676, that he had commu.
picated that Series to his Friends above three Years before ;
that is, upon his firft coming from London to Paris : He is
defired totell us how it cameto pafs, that when he received
Mr. Qldenbargh’s Letter of Apr. 15,1675 he did not know
that Series to be his.own. _ .

In his Letters of Fuly 15. and Octob. 2.6. 1674, he tells
us of but one Series for the circumference of a Circle, and
faith that the Method which gave him this Series, gave him
alfo a Series for dny Arc whofe Sine was given, tho’ the
Proportion of the Arc to the whole Circumference be not
known. This Method therefore, bythe given Sine of 30
Degrees, .gave him a Series for the whole Circumference.
If he had alfo a Series for the whole Circumference dedu-
ced from the Tangent of 45 Degrees, heis defired totell the
World what Method he -had in thofe Days, which could
give him both thofe Series. For the Method by the Tranf-
mutation of Figures will not do it.. He s defired alfototell
us why in his faid Letters he did not mention more Quadsa-
res of the Circle than one. o

And if in the Year 1674 he had the Demonftration of a
Series for finding any Arc whﬁ'e Sine is given, he is defired

m t0
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to tell the World what it was ; and why in his Letter of May
12, 1676 he defired Mr. Cldenburgh to procure from
Mr. Collins the Demonftration of Mr. Newtosi's Series for
doing the fame thing ; and wherein his own Series differed
from Mr. Newton's. For upon all thefe Confiderations there
is a Sufpicion that Mr. Newton's Series for finding the Arc
whofe Sine is given, wascommunicated to him in England;
and that in the Year 1673 he began to communicate it as his
own to fome of his Friends at Paris, and the next Year wrote
of it as his own in his Letters to Mr. Oldenburgh, in order to
get the Demonftration or Method of finding fuch Series.
But the Year following, when Mr. Oldenburgh {ent him this
Series and the Serics of Mr. Gregory and Six other Series,
he dropt his Pretence to this Series for want of a Demonftra-
tion, and took time to confider the Series fent him, and to
compare them with his own, as if his Series were others
different from thofe fent him. And when he had found a-
Demonftration of Gregory’s Series by a Tranfmutation of Fi-
gures, hebegan to communicate it as his own to his Friends
at Paris, as he reprefents in the 4 Eraditernm for April
1691. pag. 178, faying; Fam Anno 1675 compofitum habebam
opufenlum Quadrature Arithmetice ab Amicis ab illo tempore
lectum, &c. Butthe Letter by which he had reccived this
Series from Mr. Oldenburgh he concealed from his Friends,
and pretended to Mr. Oldenburgh that he had this Series a.
Year or two before the Receipt of that Letter. And the
next Year, uponrecéiving two of Mr. Newton's Series agﬁin\
by one George Mohr, he wrote to Mr. Oldenburgh in fuch a.
manner as if he had never feen them before, and upon Prev
tence of their Novelty, defired Mr. Oldenburgh to procure
from Mr. Collins Mr. Newton's Method of finding them. If
M. Leibnitz thinks fit to obviate this Sufpicion, heis inthe
firft Place to prove that he had Mr. Gregory’s Series before he
zeceived it from Mr. Oldenburghe. 1
&
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It lies upon him alfo to tell the World what was the Mc-
thod by which the feveral Series of Regreflion for the Circle
and Hyperbola, {ent to him by Mr. Newton Fune 13. 1676,
and claimed as his own by his Letter of Auguf? 27. following,
were found by him before he received them from Mr. Newton.

And whereas Mr. Newton fent him, at his own Requeft, a
Method of Regreflion, which upon the firt reading he
did not know to be his own, not underftood it; but fofoon
as he underftood it he claimed as his own, by pretending
that he had found it long before, and had forgot it, as he
perceived by hig old Papers : it lies upon him, in point of
Candor and Juftice, either to prove that he was the firft
Inventor of this Method, or to renounce his Claim to it for
preventing future Difputes.

Mr. Leibnitz in his Letter to Mr. Oldenburgh dated Feb. 3.
1673 claimed a Right to a certain Property of a Series of
Numbers Nacural, Triangular, Pyramidal, Triangulo-
Triangular, ¢¢. and to make it his own, reprefented that
he wondred that Monfieur Pafca/, in his Book entituled
Triangulum Arithmeticum, fhould omit it. That Book was pu-
blithed in the Year 1665, and contains chis Property of the
Series ; and Mr. Leibnitz has not yet done him the Juftice to
acknowledge that he did not omit it. It lies upon him there-
fore in Candor and Juftice, to renounce his Claim to this

Property, and acknowledge Mr. Pafchal the firft Inventor.

He is alfo to renounce all Right to the Differential Method
of Mouton as fecond Inventor: for fecond Inventors have
noRight. The fole Right is in the firft Inventor until ano-
ther finds out the fame thing apart. In which cale to take
away the Right of the firft Inventor, and divide it between
him and that other, wou'd be an A& of Injuftice.

In his Letcer to Dr- Sloane dated Decem- 29. 1711, he has
told us that his Friends know how he came by the Differen-
tial Method. It lies upon him, in point of Candor, openly.
and plainly, and without furcher Hefitation, to fatisfy the
World how he came by it. Mm 2 In
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fn-the fame Letter he has told us that he had this Method
above Nine Years before he publifhed it, and it follows from
thence that he had itin the Year 1675 or before.  And yer
its certain that he had it not when he wrote his Letter ¢o
Mr. Oldenburgh dated Aug. 27,1676, wherein he affirmed
that Problems of the Inverfe Method of Tangents and ma-
ny others, could not be-reduced to infinite Series, nor to
Equations or Quadratures. It lics upon him therefore, in.
point of Candor, to tell us what he means by pretending to-
have found the Method before he had found. it. -

We have thewed that Mr. Leibnitz in the End of the Year
1676, in‘returning home from France through England and
Klolland, was meditating how to improve the Method of
Slufins for Tangents, and extend.it to all forts of Problems,
and for -this end propofed the making of a general Table
of Tangents; and therefore had not yet found out the true
Improvement. But about half a Year after, when he was
newly fallen upon the true Improvement; he wrote back 3
Claxifs. Slufii Methodum Tangentinm nondum effe abfolutam Cele-
berrimo Newtono affentior. Etjam 4 MULTO. TE M-
PO RE rem Tangentium generalius-tractavi; [eilicet per diffe-
rentias Ordinatarum. Which is as muchas to fay that he had
this Improvement long before thofe Days. It liesupon him,
in point of Candor, to make us underftand that he preten-
ded. to this Antiquity.of his Invention with fome other De-.
fign than ¢o rival and fupplant Mr, Newton, and to.make us
believe that he had the Differential Methed before Mr. New-
tan explained it to him by his Letters.of - Juse 13. and 072
24. 1676, and before Mr. Oldenburgh {ent him a Copy of.
Mr. Newten’s Letter of Decems. 10. 1672 concerning it.,

The Editors. of the A Eruditorum in Fune 1696, in gi-
ving an Account of the two firft Volumes of the Mathema-
tical Works of Dr. Wallis, wrote thus, in the Style of
Mr. Leibnitz:  Caterum ipfe Newtonus, non minus Candore
quam preclaris in Fem Mathematicam meritis infignis, publice &

I : f!_’.: :
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rivatim agnovit Leibnitium, tum cum (interueniente celeberyi-
mo Viro Henrico Oldenburgo Bremenfi, Socictatis Regie An-
glican tunc Secretario) inter ipfos (ejufdem jam tum Societasis -
Socios )y Commercium intercederet, id eft jam fere ante annos vi- -
ginti & amplins, Calculum [wum differentialem, Seriefque infini-
145, pro iis quoque Methodos géner ales hebuiffe 5 quod Wallifius
in Prafatione Operumy: faite inter cos communicationis mention
nem faciens, pretesiit, quoniam.de co fortalfe non fatis ipfl con-
fabar.  Caternm Differentiarum confideratio Leibnitiana, cujus.
mentionem facit W allifius (ne quis [cilicet, ut ipfe ait, cauferesur
de Calenlo Differensiali nihil ab ipfo dicinm fuifle) meditationes
apernit, que aliunde non eque nafccbantur, ¢re. By the Words
here cited out of the Preface: to the two firlt Volumes of .
Dr. Walliss Works, it appears that. Mr. Leibnitz had
feen that Part of the.Preface, where Mr. Newton is faid
to have explained to him (in the Year 1676) the Method of -
Fluxions found by him Ten Years before or above. :
Mz. Newton never allowed that Mr. Lejbnitz had the Dif-
ferential Method before the Year1677. . And. Mr. Leibnitz
himfelf in the Aa Eruditorum for April 1691. pag. 178, ac-
knowledged - that he found it after he returned home from -
Paris to enter upon Bufinefs, thatis, after the Year 1676. -
And as for his pretended general:Mechod of infinite Series,
it is fo far from being general, that it is of little or no ufe.
I do not know that any other Ufe hath beenmade of it,- than
to colour over the Pretence.of Mr. Leibnitz to the Series of
Mr. Gregory for fquaring the Circle. - ‘

M. Leibnitz, in his Anfwer to Mr. Fatio-printed in the-
Alts Eruditorum for the Year 1700. pag. 203. wrote thus.
Ipfe [Newtonus) [cit snusommium optime, [atifque indicavit pu-
blice cum fws Mathematica Naturx Principia-publicares; Anno
1687, nova gasdam inventa Geometrica, quz ipft communia me-
com fuere, NEUTRUM LUCI AB ALTERO
ACCEPTE, [edmeditationibus quemque [uis debere, & a.
me. decennio. amte [is € anno 1677] expofita fuiffe.. . In the

Mm 3 Book
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Book of Principles here referred unto, Mr. Newton did not
acknowledge that Mr. Leibnitz found this Method without
receiving Light into it from Mr. Newton's Letters above-men-
tioned 5 and Dr. Wallis had lately told him the contrary
without being then confuted or contradited  And if
Mr. Leibnitz ﬁad found the Method without the Affiftance
of Mr. Newton, yet {econd Inventors have no Right.

M. Leébnitz in his aforefaid Anfwer to Mr. Fatls, wrote
further: Certe cum elementa Calculi mea edidi anno 1684, ne
conflabat quidem mihi aliud de inventis ejus [{c. Newtoni] in
hoc genere, quam quod ipfe olim fignificaverat in literis, poffe fe
Tungentes invenire non fublatis irrationalibus, gquod Hugenius
quoque fe poffe mihi fignificavit pofiea, esfi caterorum ejus Calculi
adbuc expers.  Sed majora multo confecutum Newtonum, vifo
demum libro Principiorum ejus, [atis intellexi. Here he again
acknowledged that the Book of Principles gave him great
Light into Mr. Newton's Method: and yet he now denies
that this Book contains any thing of thac Method in it.
Here he pretended that before that Book came abread he
knew nothing more of Mr. Newton’s Inventions of this kind,
than that be had a certain Method of Tangents. and that by
that Book he received the firft Light into Mr. Newton's Me.
thod of Fluxions: but in his Letter of Fune 21.1677 he
acknow!edged that Mr. Newror’s Mcthod extended alfo to
Quadratures of curvilinear Figures, and was like his own,
His Words are ; Arbitror que celare voluit Newtonus de Tane
gentitus ducendis ab bis nin abludere.  Quod addit, ex hoc eo-
dem fundamento Quadraturas quoque reddi faciliores me in fene
sentia hac confirmat 5 nimirum femper figure ille funt quadyabi-
les que [unt ad equationem differentialem.

Mr. Newton had in his three Letters above-mentioned
(copies of which Mr. Leibnitz had received from Mr. 0lden-
bergh) reprefented his Method fo general, as by the Hzlp of
Equations, finite and infinite, to determin Maxima and Mi-
»ima, Tangents, Areas, folid Contents, Centers of Gravity,

2 Lengths
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Lengthsand Curvities of curve Lines and curvilinear Figures,
and this wicthout taking away Radicals, and to extend to
the like Problems in Curves ufually called Mechanical,
and to inver(c Problems of Tangents and others more diffi-
cult, and to almoft all Problems, except perhaps fome Nu«
meral oncs like thofe of Diophantus. And Mr. Leibnitz in
his Letter of ug. 27.1676, reprefented that he could not
believe that Mr. Newtos’s Method was fo generals
Mr. Newton in the Firft of his three Letters fer down his
Method of Tangents deduced from this general Method,
and illuftrated it with an Example, and faid that this Me-
thod of Tangents was but a. Branch or Corollary of his Ge-
neral Method, and that he took the Method of Tangents of
Slufius to be of the fame kind : and thereupon Mr. Leibnitz,
in his Return from Paris through England and Holland into
Germany, was confidering how to improve the Method of
Tangents of Slufu:, and extend it to all forts of Problems,
as we fhewed above out of his Letters. And in his third
Letter Mr. Newton illuftrated his Method with Theorems
for Quadratures and Examples thereof. And when he had
made {o large an Explanation of his Method, that Mr. Lejbe
nitzhad got Light into it, and had in his Letter of June 271.
1677 explained how the Method which he was fallen into
an{wered to the Defcription which'Mr. Newzon had given of
his Method, in drawing of Tangents giving the Method of
Slufius, proceeding without rakingaway Fractions and Surds,
and facilitating Quadrartures ; for him to tell the Germans that
in the Year 1684, when he firft publifhed his Differential
Method, he knew nothing more of Mr. Newton’s Invention,
than that he had a certain v‘ethod of Tangents, is very extra-
ordinary and waats an Explanation.

At chat time he explainzd nothing more concerning his
own Method, than how to draw Tangents and determin
Maxima and Vinima without taking away Fraétions or Surds.
He cereainly knew that Mr. Newson s Method would do d::u

1S
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this, and therefore ought in Candor to have acknowledged
4t After he had thus far explained his own Method, |e
added that what he had there laid down were the Princie
plesof a much fublimer Geometry, reaching to the moit
difficult and valuable Problems, which were {carce to be re-
folved without the Differential Calculus, 4UT SIMIL7,
or another like it. Whae he meant by the Words 4UT
SIMILI was impofiible for the Germans. to underfland
:without an Interpreter. He ought to have done Mr. Nenton
. juftice in plain intelligible Language, and told the Germans
whofe was the Methodus ST M YL1S, and of what Extent
andAntiquity it was, according to the Notices he had recei-
ved from England ; and to have acknowledged that his own
Method was not (o ancient. This would have prevented
Difputes, and nothing lefs than this-could fully deferve the
‘Name of Candorand Juftice. But afterwards, .in his An-
fwer to M. Fatio, to tell the Germans that in the Year 1684,
when’he firt publithed the Elements of his Calculus, he
knew nothing of a Methodss SIMILIS, nothing of
any other Method than.for. drawing Tangents, was very

ftrange and wantsan Explanation. :
It Ires upon himalfo to fatisfy the World why, in his An-
fwer to Dr. Wallis and Mr. Fatio, who had publifhed that
Mr. Newton was the oldeft Inventor of that Method by many
-Years, he did not put in his Claim of being the oldeft Inven-
tor thereof, but.flaid till the old Mathematicians were dead,
and then complained of the new Mathematicians as Novices ;
attacked Mr- Newron himfelf, and declined to contend with
any Body elle, notwithftanding that Mr. Newton in his Let-
terof OFob. 24. 1676 had told him, that for the fake of Qui-
et, he had Five Years before that time laid afide his Defign
of publithing what he had then written on this Subje@, and
.has ever fince induftrionfly avoided all Difputes about Phi-
lofophical and Mathematical Subje&@s, and all Correfpon-
dence by. Letters about thofe Matters, as tending to Dif-
putes.;
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putes ; and for the fame Reafon has forborn te complain of
Mr. Leibnitz, untill it was thewed him that he flood accufed
of Plagiary in the Aia Lipfie, and that what Mr Xeill had
-publifhed was only in hisDefence from theGuilt of that Crime.
It has been faid the Royal-Society gave judgment
againt M Lesbnitz without hearing both Partics.  But this
s a Miftake. They-have not yet given judgment in the
“Matter. Mr. Leilnitz indeed defired the Royal-Society to
condemn Mr. Keill without hearing both Parties ; and by
the fame fort of Juftice they might have condemnecd
Mr. Leibnitz without hearing both Parties; for they have
-an equal Authority over them both. And when Mz. Leib-
nitz declined to make good his Charge againlt Mr. Xeill,
the Royal-Society might in juftice have cenfured him for
not making it good. Bur they only appointed 2 Commit-
tee to {earch out and examin {uch old Letters and Papers as
were flill extant about thefe Matters, and repore their Opi-
nion how the Matter ftood according to thofe Letters and
Papers. They were not appointed to examin Mr. Leibnitz
or Mr. Xeill, but only to report what they found in the an-
.cient Letters and Papers: and he that compares their Re-
port therewith will find it ju®. The Committee was nu-
merous and skilful and compofed of Gentlemen of feveral
Nations, and the Society are fatisfied in their Fidelicy in ex-
amining the Hands and other:‘Circumftances,and in printing
what they found in the ancient Letters and Papers fo exa-
mined, without adding, omitting or altering any thing in
favour-of either Party. And the Letters and Papers are by
order of the Royal-Socicty preferved, thatthey may be con-
{ulted and compared with the Commercium Epiftolicum, when
ever it fhall be defired by Perfons of Note. And in the
mean time [ take the Liberty-to acquaint him, that by rax-
ing the Royal-Society with Injultice in giving Sentence
againft him without hearing both Parties, he has tranfgrefled
one of cheir Statutes which makes it Expulfion to defame
them. N.n The
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The Philofophy which Mt. Néwton in his Principles and
Optiques bas putfued is Experimental; and it is not the Bu-
finefs of Experimental Philofophy to teach the Caufes of
thingsany further than they canbe proved by Experiments,
We are not to fill this Philofophy with Opinions which
cannot be proved by Phanomena. In this Philofophy Hy-
pothefes have noplace, unlefs as ConjeCtures or Queftions
propofed to be examined by Experiments. For this Reafon
Mr: Newton in his Optiques diftinguifhed thofe things
which were made certain by Experiments from thofe things
which remained uncertain, and which lic therefore propofed
in the End of his Optiques in the-Form of Queries. For
this Reafon, inthe Preface to his Principles, when he had
mention’d the Motions of thie Planets, Comets, Moon and
Sea as deduced in thisBook from Gravity, he added - Uri-
nam cutera Natyre Phanomena ex Principlis Mechanicis eodem
argumentandi genere derivare liceret.  Nam multa me movent
ut nonnikil fufpiser ca omnia ex viribus quibufdum pendere poff?,
quibus corporum particule per.canfas nondwm cognitas vel in [e
mutuo impelluntur ¢ [ecundum figuras vegulares coharent, vel &
invicem fugantur & recedant i quibus Wribus ignotis Philofophi’
hackenus Naturam fruftra tentarunt:- And in the End of this
Book in the fecond Edition, he faid that for want of a fuffi-
cient Number of Experiments, he. forbore to deferibe the
Laws of the A&ions of -the Spirit or Agent by which this
Artracion is performed - And for the fame- Reafon he is
filenc about the Caufe of Gravity, there occurring no Ex-
periments or Phxnemena by which lie might prove what
was the.Caufe thereof’ And this he hath abundantly de-
clared inhis Principles, near the Beginning thereof; in thefé
Words; Firium canfas & fedes Yhyficas jam now expends..
And a litele' after: Foces- Attractionis, Impulfus; vel Propenfio-
nis cujufeunique in centrum indifferenter & pro fe mutuo promif-
cue ufurpo, bas Vires non Phyfice fed Mathematice tamtum éonfide-
rando,  Unde caveat LeGtor ne per bujafmodi -voces cogitet me

I Jpeciens
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[peciemvel modum allionis, caufamve aut rasionem phyficam alicubi defi-
nire, el Centris (quee funt punta Mathematica) vires veré & phyfice
tribuere, fiforte aus Centra trabere aut wires Centrornm effe dixero. And
in the End of his Opticks : Qua caufa efficiente b attra&iones [Ic.
gravitas, vifque magnecica & ele@rica] peragantur, bic non inquiro.
Quam ego Attrallionem appello, fieri fane poteft ut ea efficiatur impulfu
wel alio alique modo nobis incognito. Hanc wacem Attraltionis ita bic ac-
cipi velim wt in univerfum.folummodo vim aliquam fignificare intelliga-
tur qua corpora ad fe mutuo tendant; cuicunque demum caufe attribuenda
Jit illa vis. Nam ex Pbenomenis Natura illud nos prius edofos oportet
quasars corppra [¢ invicem attrabant, & quanam fint leges & proprietates
iftius-attraltionis, quam in id inquirere par ffi quanam efficiente canfa pe-
ragatur attradtis. And a lictle after he mentions the fanie Attra-
&ions as Forces which by Phznomena appear to have a Beingin'.
Nature, tho’ their Caufes be not yet known ; and diftinguifhes
them from occult Qualities which-are fuppofed to flow from the
fpecifick.Forms of things. And in the Scholium at the End of:
his Principles, after he had mentioned the Properties of Gravity,
he added : Rationem-vero harum Grawitatis proprictatum ex Phenome-
nis nondum potui deducere, & Hypothefes non fingo. Quicquid enim ex.
Pheenomenis.non deducitur Hypothefis wocanda eff ; & Hypothefes [eu Me~
saphyfice Jen Phyfice, [en Quslitatum occultarum, feubechanice, in Phi-
Iofophia experimentali locum non babent. Jatis eft ‘quod Gravitas
revera exiftat & agat [ecundum leges & nobis expofitas, & ad Corporum
celefium & Maris noftri motus omnes [ufficiaz. And afcer all this, one -
would wonder that Mr. Newron fhould be refleéted upon for not
explaining the. Caufes of Gravity and other Attractions by Hy-
pothefes ; as if it were-a Crime to content himfelfwith Certain-
ties and let Uncertainties alone. And" yet the Editors of the
Alta Eruditorum, (@) have told the World that-Mr. Newron denies
that the caufe of Gravity ‘is Mechanical, and that if the Spiric or
Agent by which Eleérical Actra&ion is performed; be not the
Ether or [ubtile Matter of Cartes, it islefs valuable than anHypothe-
fis, and perhaps may be the Hylarchic Principle of Dr.Henry Moor :
and ‘Mr. Leibnitz (6) hath accufed him .of making Gravity a
nacural or effential Property of Bodies, and-an- occult Quality
and Miracle. And by this fort of Railery they are perfwa.
ding the Germans thac Mr. Newson wants Judgment, and was not
able to invent the Infinitefimal Method..

(#) Anno.x914; menfe Martio, p. ‘14[. 142, (&) {n tra&atu de Bonitate Dei
8 in Epiffulis ad D. Hartfoeker & alibi. 24
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* Tt muft be allowed that thefe two Gentlemen differ very much
in Philofophy. The one proceeds upon the Evidence arifing from
Experiments andPhznomena, and ftops where fuch Evidence is
wanting ; the other is taken up with Hypothefes, and propounds
them, not to be examined by Experiments, but to be believed
without Examination. The one for want of Experimentsto decide
the Queftion, doth not affirm whether the Caufe of Gravity be
Mechanical or not Mechanical : the other that it is a perpetual
Miracle if it be not Mechanical. The one /by way of Enquiry)
actributes it to the Power of the Creator chat the leaft Particles of
Maccer are hard : the other attributes the Hardnefs of Mateerto
confpiring Motions, and calls it a perpetual Miracle if the Caufe
of this Hardnefs be other than Mechanical. The one doth noe¢
affirm that animal Motionin Man is purely mechanical: the other
teaches thaticis purely mechanical, the Soul or Mind (according
to the Hypothefis of an Harmonia Preffatilita) never acting upon
-the Body fo asto alter orinfluence its Motions. The one teaches
that God (the God in whom we live and move and have our Be-
ing) is Omniprefent ; but not as a Soul of the World: the other
that he is not the Soul of the World, but INTELLIGENTIA
SUPRAMUNDAN 4, an Incclligence above the Bounds of
the World ; whence it feems to follow that he cannot do any
thing within the Bounds of the World, unlefs by an incredible
Miracle. “The one teaches that Philofophers are to argue from
Phaznomena and Experiments to the Caufes thereof, andthence to
the Caufes of thofe Caufes, and fo on till we. come o the ficft
Caufe : the other chat all the A&ions of the firlt Caufe are
Miracles, and all the Laws impreft on Natureby the Will of God
are perpetual Miracles and occule Qualities, and therefore not
to be confidered in Philofophy. ~“But muft the conftant and uni-
verfal Laws of Nacure, if derived from'the Power of God or
the A&ion of a Caufe not yet known to us, be called Miracles
and occule Qualities, that'is to {ay, Wenders and Abfurdities ?
> Muft all the Arguments fora God taken from the Phznomena of
Nature be exploded by new bard Names? And muft Experimental
Philofophy be exploded as miraculous and abfurd, becaufe it afferts
nothing more than can be proved by Experiments, and we can-
not yet prove by Experiments that all the Phznomena in Nature
can be folved by meer Mechanical Caufes? Certainly thefe
‘things deferve to be better confidered.

ER RATA. Pag.199.lin 14. put an Aftecisk (*) after the Word Letter,
314



NOTES

SHORT TITLES

Aiton, Vortex Theory E.]. Aiton, The Vortex Theory of Planetary
Motions (London and New York: Mac-
donald and American Elsevier, respec-
tively, 1972).

Johann Bernoulli, Brief- O. Spiess, Der Briefwechsel von Johann

wechsel Bernoulli (Basel: Birkhiuser Verlag,
1955).

Boyer, History Carl B. Boyer, The History of the Calculus

and Its Conceptual Development (New
York: Dover, 1949).

Brewster, Memoirs Sir David Brewster, Memoirs of the Life,
Writings and Discoveries of Isaac Newton
(Edinburgh and London: Thomas Con-
stable and Hamilton, Adams, respec-
tively, 1855).

Cohen, Introduction I. Bernard Cohen, Introduction to Newton’s
“Principia” (Cambridge: Cambridge
University Press, 1971).

Cohen, Papers and Letters I. Bernard Cohen et al., Isaac Newton’s Pa-
pers and Letters on Natural Philosophy
(Cambridge, Mass.: Harvard Univer-
sity Press, 1958).

Commercium Epistolicum [Isaac Newton] Commercium Epistolicum
D. Johannis Collins, et aliorum de Ana-
lysi promota (London: Pearson, 1712;
2nd ed., London: J. Tonson and J.
Watts, 1722).

Des Maizeaux, Recueil Pierre Des Maizeaux, Recueil de diverses
Piéces sur la Philosophie, 2 vols. (Am-
sterdam: For H. du Sauzet, 1720).

D.N.B. The Dictionary of National Biography, ed.
Sir Leslie Stephen and Sir Sidney Lee
(1885-1901; reprint ed., Oxford: Ox-
ford University Press, 1967-8).

D.S.B. Dictionary of Scientific Biography, ed. C. C.
Gillispie (New York: Charles Scribner’s
Sons, 1970 — ).

315



Edleston, Correspondence of
Newton and Cotes

Gerhardt, Briefwechsel

Gerhardt, Math. Schriften

Gerhardt, Phil. Schriften

Hofmann, Paris

Huygens, Oeuvres

Leibniz, Correspondence

Manuel, Portrait

More, Newton

Newton, Correspondence

Oldenburg, Correspondence

Principia, 1687

NOTES

Joseph Edleston, Correspondence of Sir
Isaac Newton and Professor Cotes (Lon-
don and Cambridge: John W. Parker
and John Deighton, respectively, 1850).

C. L. Gerhardt, Der Briefwechsel von G. W.
Leibniz mit Mathematikern (Berlin: Mayer
& Miiller, 1899, all published).

C. I. Gerhardt, G. W. Leibniz Mathema-
tische Schriften, 7 vols. (Halle, 1849-63;
reprint ed., Hildesheim: Georg Olms,
1962).

C. L. Gerhardt, Die Philosophischen Schrif-
ten von G. W, Leibniz, 7 vols. (Berlin,
1875-90; reprint ed., Hildesheim: Georg
Olms, 1960).

J. E. Hofmann, Leibniz in Paris, 1672-76

(Munich: R. Oldenbourg, 1949; En-
glish translation, Cambridge: Cam-
bridge University Press, 1974).

Oeuvres Completes de Christiaan Huygens
publiées par la Société Hollandaise des Sci-
ences, 22 vols. (The Hague: Martinus
Nijhoft, 1888-1950).

J. E. Hofmann, ed., Gottfried Wilhelm

Leibniz Samtliche Schriften und Briefe, 111
Reihe, 1 Band (Berlin: Akademie Ver-
lag, 1976).

Frank Manuel, A Portrait of Isaac Newton
(Cambridge, Mass.: Harvard Univer-
sity Press, 1968).

Louis Trenchard More, Isaac Newton, a
Biography (New York and London:
Charles Scribner’s Sons, 1934).

H. W. Turnbull, J. F. Scott, A. Rupert
Hall, and Laura Tilling, eds., The Cor-
respondence of Isaac Newton, 7 vols.
(Cambridge: Cambridge University
Press, 1959-77).

A. Rupert Hall and Marie Boas Hall,
eds., The Correspondence of Henry Old-
enburg, 11 vols. (Vols. IFIX, Madison:
University of Wisconsin Press, 1965-73;
X~ (in progress), London: Mansell,
1975- ).

Philosophiae Naturalis Principia Mathema-

316



NOTESTOP. 1

tica Autore Is. Newton. (London: Jussu
Societatis Regiae ac Typis Josephi
Streater, 1687.) I have used the fac-
simile issued by William Dawson, Lon-
don [1953].

Principia, 1713 2nd ed., Roger Cotes, ed. (Cambridge:

Cambridge University Press, 1713.

Principia, 1726 3rd ed., Henry Pemberton, ed. (London:

William Bowyer, 1726).

Rigaud, Correspondence S. P. and S. J. Rigaud, Correspondence of

Scientific Men of the Seventeenth Century,
2 vols. (Oxford: Oxford University
Press, 1841).

Turnbull, Gregory H. W. Turnbull, James Gregory Tercen-

tenary Memorial Volume (Edinburgh:
G. Bell, 1939).

Wallis, Works John Wallis, Opera Mathematica, 3 vols.

(Oxford: Oxford University Press,
1695, 1693, 1699).

Whiteside, Math. Papers D. T. Whiteside, The Mathematical Pa-

pers of Isaac Newton, 8 vols. (Cam-
bridge: Cambridge University Press,
1967- ).

Whiteside, Math. Works D. T. Whiteside, The Mathematical Works

of Isaac Newton, 2 vols., (New York and
London: Johnson Reprint, I: 1964; 2:
1967).

1. INTRODUCTION

Hofmann’s writings on Leibniz as a mathematician and on the prior-
ity dispute are numerous; most useful for English readers is Leibniz
in Paris, 1672-76 (Cambridge, 1974). James Gregory’s published
writing influenced Leibniz rather than Newton, and his unpublished
work splendidly demonstrates convergence with that of his two
more celebrated contemporaries; see H. W. Turnbull, James Gregory
Tercentenary Memorial Volume (London: George Bell, 1939). There is
no complete modern edition of either the published or unpublished
mathematical writings of Leibniz, hence C. I. Gerhardt’s Mathema-
tische Schriften (Halle, East Germany, 1849—63; reprinted, 1962) are
still invaluable, as are his editions of Leibniz’s correspondence save
where these have been replaced in the Samtliche Schriften und Briefe

317



Ul W

NOTES TO PP. 1-22

of the Akademie der Wissenschaften der DDR. Newton’s previ-
ously unpublished mathematical papers will all appear in D. T.
Whiteside, The Mathematical Papers of Isaac Newton (Cambridge,
1967- ), 8 vols.

See the lively J. M. Levine, Dr Woodward’s Shield (Berkeley, Calif.:
University of California Press, 1977).

Literally: “If I have seen further it is by standing on ye sholders of
Giants”. Newton to Hooke, 5 February 1676, Correspondence 1: 416;
Robert K. Merton, On the Shoulders of Giants (New York: Free
Press, 1965).

See Newton’s letters to Halley from 27 May 1686 onward (Newton,
Correspondence 11:4334t.).

Hofmann, Paris, pp. 74-5.

2. BEGINNINGS IN CAMBRIDGE

Pierre Des Maizeaux, Recueil de diverses Piéces sur la Philosophie (Am-
sterdam, 1720). Vol. I contains the correspondence between Leibniz
and Newton’s friend (and parish priest) Samuel Clarke on matters
of Newtonian philosophy, which had been previously published in
1717, Vol. II, the letters relating to mathematics exchanged between
Newton and Leibniz and various other correspondents. Voltaire,
Letters concerning the English Nation, Letter XIV.

Newton, Correspondence VI1:454-7;, Cohen, Introduction, p. 291;
Whiteside, Math. Papers 1:7-8, 10.

Whiteside, Math. Papers 1:112, 146, 369-70, 382, 383, 386.

Ibid., pp. 145, 152-3.

Newton, Correspondence 1:15, 26, 32-3, 36 —7 and passim; 11:114,
212ff.; A. Rupert Hall, “Newton’s First Book,” Arch. Int. d’Hist. des
Sciences 13 (1960): 39-61.

Whiteside, Math. Papers 111:20 -1, draft Preface to the Commercium
Epistolicum. On Analysis appears in Vol. Il of this edition; On the
Methods of Series and Fluxions in Vol. III. I have relied heavily on
Whiteside’s rich commentary and annotation.

“The ‘Account,”” Phil. Trans. 29, No. 342 (1715): 204-5; White-
side, Math. Papers 1I: 165-7; Newton, Correspondence 1I: 111, 114,
P. Kitcher, “Fluxions, Limits and Infinite Littlenesse,” Isis 64 (1973):
33-49,

Whiteside, Math. Papers 111:33, 73; Cohen, Introduction, p. 291.
Cohen, Introduction, p. 291; Newton, Correspondence 11:114. He
probably means that only haste persuaded him to agree readily to
the publication of his famous optical letter of 1672, which entailed
so much controversy.

318



1

10

1
12
13
14
15

NOTES TO PP. 24—-42

3. NEWTON STATES HIS CLAIM:
1685

There is no sign of any interest on Newton’s part in the dramatic
events that followed soon after the accession of James II (February
1685), when he was deep in the first draft of the Principia; but it is
curious that Newton was involved in the resistance to the Catholi-
cization of Cambridge by James Il in the spring of 1687 (Macaulay,
History of England, Chap. VIII; Brewster, Memoirs 11:104-10) at
about the time Book III of the Principia was sent to London. Still
later, as is well known, Edmond Halley used the Principia in an at-
tempt to ingratiate himself with the already deeply unpopular mon-
arch (Cohen, Papers and Letters, pp. 403—4).

[ follow the familiar story recorded by Conduitt; see Brewster,
Memoirs 1:296 —7; Cohen, Introduction, pp. 47-52 and Newton, Cor-
respondence 11: Letter 289. On 20 June 1686 Newton told Halley that
Book II had been “finished last summer being short”; Book I was
already being printed in London. However, Newton again refers to
Book II in February 1687 as being “made ready for you [Halley] last
Autumn [1686], having wrote to you in Summer that it should
come out with ye first & be ready against ye time you might need
it . . .” This indicates further work on Book II in summer/autumn
1686. A. Rupert Hall, “Newton and his editors,” Proc. R. Soc. Lon-
don A, 338 (1974): 397-417.

Newton, Correspondence 1I: Letter 278. Newton’s early printed pa-
pers reproduced in Cohen, Papers and Letters; unpublished mathe-
matical writings in Whiteside, Math. Papers, I-1V.

Brewster, Memoirs I1:91ff. Cf. Manuel, Portrait.

D. T. Whiteside, “The Mathematical Principles underlying New-
ton’s Principia Mathematica,” Jour. Hist. Ast. 1 (1970): 116 -38; quo-
tation p. 133, note 17.

Ibid. and Whiteside, Math. Papers VI; Cohen, Introduction, pp.
236 —8; Hall, “Newton and his editors,” 411.

Whiteside, Math. Papers IV:522, note 1; VI:25.
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land and the Turks from Austro-Hungary.
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bution to the Civilization of Early Modern Society (London: British
Academy, 1976). A much more elaborate study of this theme should
be made.
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Ibid., pp. 383-5.

Wallis, Algebra (1685), pp. 346 —7; Opera II: Preface.

Wallis, Opera 11:390 —6; Whiteside, Math. Papers VII:170 —82; com-
pare the English version in Newton, Correspondence 111:222—-8.
Gerhardt, Phil. Schrifien 111:171 note (22 November 1695); Math.
Schriften IV:6 7.

Newton, Correspondence I11I: Letter 392; Wallis, Opera 11:396.
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Huygens, Oeuvres X:213-5, 257-9.

Newton, Correspondence 111: 257-8.

6. THE OUTBREAK: 1693-1700

Newton, Correspondence I11: Letter 464; Huygens, Oeuvres X:257-9;
ibid., Letter 383.
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1710-1713
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Ibid., pp. 115-17.
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sanne and Geneva, 1744), 1:241-2; Whiteside, Math. Works 1:158.
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noulli to Leibniz, 27 May 1713, Newton, Correspondence VI:1-5;
Whiteside, “Mathematical Principles,” op. cit., p. 130.
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Whiteside, Math. Papers 11:264.
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D. T. Whiteside, private communication; Edleston, Correspondence
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Keill, loc. cit., pp. 351-2; Aiton, Vortex Theory, p. 138, writes that
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Ibid., pp. 145; VII:48.

Newton, Correspondence V1:86; 92-3, note 24; 146, note 1.
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lease to Flamsteed of the remaining bulk of the copies of Historia
Coelestis, which he at once destroyed (ibid., pp. 255-6). Halley, as
editor, is often made responsible for this edition of Flamsteed’s ob-
servations, brought about by Newton’s force majeure, and it is true
that the two astronomers were enemies; but Halley acted through-
out under Newton’s direction as president of the Royal Society.
Ibid., pp. 201, 202.

See A. R. Forsyth, “Newton’s problem of the Solid of Least Resis-
tance,” in W. J. Greenstreet, ed., Isaac Newton, 1642—-1727, (London:
George Bell, 1927), pp. 76-86, and Whiteside, Math. Papers
V1:456 -80.
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Dix-huitiéeme Siecle 10 (1978); Gerhardt, Phil. Schriften 111: 653-6;
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nard Cohen, “Newton and the Leibniz-Clarke Correspondence,”
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