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INTRODUCTION

liffsQuickReview Math Word Problems is designed to give a clear, con-

cise, easy-to-use review of the basics of solving math word problems.
Introducing each topic, defining key terms, and carefully “walking” through
each sample problem type in a step-by-step manner gives you insight and
understanding to solving math word problems. The goal of this book is to
guide you through successful basic algebraic problem solving.

The prerequisite to benefit the most from this book is some basic pre-
algebra skills and knowledge—knowing what a variable is, being able to
use the order of operations, being able to perform arithmetic with nega-
tive numbers, being able to find the least common multiple, and being
familiar with solving a simple equation. The process of solving a simple
equation is reviewed in detail. If you need to be reminded of some of the
terminology and properties, use the Glossary at the back of this book.

One of the skills you develop by reading this book is the ability to identify
what type of word problems you are asked to solve. Another skill is the abil-
ity to match a word problem with the appropriate problem solving strategy.
For this reason, at the end of each chapter, you are given review problems
of several different types. These can be challenging and will test what you
have learned. Remember that, in life, problems are not in section order!

Chapter 4 is the first chapter in which you begin solving story problems.
The first three chapters set a firm foundation upon which you build your
skills for solving word problems.

Why You Need This Book

Can you answer yes to any of these questions?
m Do you need to review math word problems?
B Do you need a course supplement to a math class?
m Do you need a concise, comprehensive reference for math word problems?

m Do you want to have more confidence when faced with a word problem?

If so, then CliffsQuickReview Math Word Problems is for you!
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How to Use This Book

You can use this book in any way that fits your personal style for study and
review—you decide what works best with your needs. You can either read
the book from cover to cover or just look for the information you want
and put it back on the shelf for later. Here are a few ways you can search
for topics:

B Use the Pocket Guide to find essential information, such as keywords
to identify operations, keywords for translating in the correct order,
indications to insert parentheses, ways to solve equations, and ways
to choose the appropriate strategy for the word problem.

B Look for areas of interest in the book’s Table of Contents, or use the
index to find specific topics.

B Flip through the book looking for subject areas at the top of each page.

B Get a glimpse of what you'll gain from a chapter by reading through
the “Chapter Check-In” at the beginning of each chapter.

B Use the “Chapter Checkout” at the end of each chapter to gauge your
grasp of the important information you need to know.

B Test your knowledge more completely in the CQR Review and look
for additional sources of information in the CQR Resource Center.

B Use the Glossary to find key terms fast. This book defines new terms
and concepts where they first appear in the chapter. If a word is bold-
faced, you can find a more complete definition in the book’s Glossary.

B Or flip through the book until you find what you're looking for—we
organized this book to gradually build on key concepts.

Visit Our Web Site

A great resource, www. cliffsnotes. com, features timely articles and tips,
plus downloadable versions of many CliffsNotes books.

When you stop by our site, don’t hesitate to share your thoughts about
this book or any other Wiley product. Just click the Talk to Us button. We

welcome your feedback!



Chapter 1
TRANSLATING EXPRESSIONS

Chapter Check-In

QO Addition and subtraction keywords
QO Multiplication and division keywords

Q Turnaround words

he first step in solving a word problem is always to read the problem.

You need to be able to translate words into mathematical symbols,
focusing on keywords that indicate the mathematical procedures required
to solve the problem—both the operation and the order of the expression.
In much the same way that you can translate Spanish into English, you can
translate English words into symbols, the language of mathematics. Many
(if not all) keywords that indicate mathematical operations are familiar
words.

Keywords of Basic Mathematical
Operations

To begin, you translate English phrases into algebraic expressions. An alge-
braic expression is a collection of numbers, variables, operations, and
grouping symbols. You will translate an unknown number as the variable
x or n. The grouping symbols are usually a set of parentheses, but they can
also be sets of brackets or braces.

In translating expressions, you want to be well acquainted with basic key-
words that translate into mathematical operations: addition keywords, sub-
traction keywords, multiplication keywords, and division keywords, which
are covered in the four following sections.
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Addition keywords

Some common examples of addition keywords are as follows:

SUM OF AND

TOTAL OF AND
PLUS
INCREASED BY

GAIN

RAISE

MORE

INCREASE OF

The first two keywords (SUM and TOTAL) are called leading keywords
because they lead the expression. The second two keywords (PLUS and
INCREASED BY) are keywords that indicate the exact placement of the
plus sign. The last four keywords can be found in word problems and may
indicate addition.

When an expression begins with the leading keywords SUM or TOTAL,
the leading keyword defines the corresponding AND. The plus sign then
physically replaces the AND in the expression.

Example 1: Translate the following: the sum of five and a number
The following steps help you translate this problem:

1. Underline the words before and after AND when it corresponds
to the leading keyword SUM OFE
the sum of five and a number

2. Circle the leading keyword and indicate the corresponding
AND that it defines.

the nd a number

3. Translate each underlined expression and replace AND with a
plus sign.

The expression translates to 5 + x.

Example 2: Translate the following: the total of a number and negative
three

Use the following steps to translate this problem:
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1. The keyword TOTAL OF is a leading keyword that defines AND,
so underline the words before and after AND: “a number” and
“negative three.”

the total of a number and negative three

2. Circle the leading keyword and indicate the corresponding
AND that it defines.

the d negative three

3. Translate each underlined expression and replace AND with a
plus sign.

The expression translates to x + —3.

Example 3: Translate the following: the sum of seven and negative four
Translate this example in the following way:

1. The word SUM OF is a leading keyword that defines AND , so
underline the words before and after AND: “seven” and “nega-
tive four.”

the sum of seven and negative four

2. Circle the leading keyword and indicate the corresponding
AND that it defines.

the d negative four

3. Translate each underlined expression and replace AND with a
plus sign.

The expression translates to 7 + —4.

Reminder: The AND keyword translates to mean “plus” because the lead-
ing keyword is SUM OF. With other leading keywords (discussed in the
following sections), AND can mean other things. Also notice that you do
not simplify the expression and get “3” for the answer because you are just
translating words into symbols and not performing the math.

Two other keywords on the addition keyword list, PLUS and INCREASED
BY, can be correctly translated by the direct translation strategy. In the
direct translation strategy, you translate each word into its corresponding
algebraic symbol, one at a time, in the same order as written, as shown in
Example 4.
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Example 4: Translate the following: a number increased by twenty-four
The expression translates to x + 24.

Some additional keywords, such as GAIN, MORE, INCREASE OF and

RAISE, are commonly found in story problems, as in Example 5.

Example 5: Translate the following story problem into a mathematical
expression about the weight of the linebacker: The defensive linebacker
weighed two hundred twenty-two pounds at the beginning of spring train-
ing. He had a gain of seventeen pounds after working out with the team
for four weeks.

The expression translates to 222 + 17.

Note: Not all numbers mentioned in a word problem should be included
in the mathematical expression. The number “four” is just interesting fact,
but it is not information you need in order to write an expression about
the linebacker’s weight.

You may also be wondering why the answer isn't 239 pounds. That’s
because the question asks you to translate the story problem into a math-
ematical expression, not to evaluate the expression.

Example 6: Translate the following word problem into a mathematical
expression about the cashier’s current hourly wage: A cashier at the corner
grocery was earning $6.25 an hour. He received a raise of 25 cents an hour.

The expression translates to 6.25 + 0.25.

Note: The hourly wage is stated in dollars, and the raise is stated in cents.
Any time you are adding two numbers that have units, make sure both
numbers are measured with the same units; if they aren’t, convert one of
the numbers to the same units as the other. Having both numbers mea-
sured with the same units is called homogeneous units. In this example,
you convert his raise, the 25 cents, to $0.25 because his hourly wage is mea-
sured in dollars, not cents, so the raise must also be in dollars.

Subtraction keywords
Subtraction keywords also include leading keywords, keywords that can be
translated one word at a time, and keywords that are found in story prob-
lems. Look at the following list of subtraction keywords:
DIFFERENCE BETWEEN AND
MINUS
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DECREASED BY
LOSS
LESS
FEWER
TAKE AWAY
One subtraction keyword (DIFFERENCE BETWEEN) is a two-part
expression that begins with a leading keyword that defines the corre-

sponding AND. You can use the same methods of underlining and circling
the keywords shown in the preceding section to translate these expressions.

Example 7: Translate the following: the difference between four and six

Here is how you translate Example 7:

1. Because the keyword DIFFERENCE BETWEEN is a leading
keyword that defines the corresponding AND, underline the
words before and after AND: “four” and “six.”

the difference between four and six

2. Circle the leading keyword and indicate the corresponding
AND that it defines.

the ifference between) four and six

3. Translate each underlined expression and replace AND with a
minus sign.

The expression translates to 4 — 6.

Note: AND is not always translated to mean addition. Here, the DIF-
FERENCE BETWEEN is the leading keyword that defines the AND to

mean subtraction.

Other subtraction keywords, such as MINUS and DECREASED BY, use
the direct translation strategy. Example 8 is a subtraction word problem that
is translated one keyword at a time, in the exact order of the expression.

Example 8: Translate the following: twenty-four decreased by a number
The expression translates to 24 — x.

In a story problem, you may find the subtraction keywords LOSS, LESS,
FEWER, and TAKE AWAY, as shown in Example 9.
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Example 9: Translate the following word problem into a mathematical
expression about the current value of materials at the job site: A con-
struction company stored $1,253 worth of materials at the job site. The
company suffered a loss of $300 due to storm damage.

The expression translates to 1,253 — 300.

Multiplication keywords
Some common examples of multiplication keywords are as follows:
MULTIPLY BY
PRODUCT OF AND
TIMES
DOUBLE
TWICE
TRIPLE
PERCENT OF
FRACTION OF

For two of the multiplication keywords, MULTIPLY and PRODUCT OF,
a leading keyword defines the corresponding BY or AND, as shown in
Example 10.

Example 10: Translate the following: the product of seven and a number
Translate this example in the following way:

1. Because PRODUCT OF is a leading keyword that corresponds
to AND, underline the words before and after AND: “seven”
and “a number.”

the product of seven and a number

2. Circle the leading keyword and indicate the corresponding
AND that it defines.

the nd a number

3. Translate each underlined expression and replace AND with a
times sign.

The expression translates to 7 X x.
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Note: Keep in mind that AND does not always indicate addition. The
keyword PRODUCT OF defines the AND in this expression to mean
multiplication.

A multiplication expression that is translated by the direct translation
method is shown in Example 11.

Example 11: Translate the following: a number times fifteen
The expression translates to x X 15.

Some multiplication keywords, such as DOUBLE, TWICE, and TRIPLE,
translate into a number and the operation of multiplication, as shown in
Examples 12 and 13.

Example 12: Translate the following: twice a number
The expression translates to 2 X x.

Example 13: Translate the following word problem into a mathematical
expression: Jennifer had $15 dollars in the bank. Over the next two weeks
she doubled her money.

The expression translates to 2 X 15.

One of the keywords that indicates multiplication is OF. In word prob-
lems, however, you may see more than one use of the word “of.” The only
OF that indicates multiplication is the one that follows the keyword PER-
CENT, the percent sign, the keyword FRACTION, or a fraction. See
Examples 14 and 15.

Example 14: Translate the following: twenty five percent of four hundred
dollars

The expression translates to 0.25 X 400.
Note: Remember that a percent is changed to a decimal before multiplying.
Example 15: Translate the following: one-third of twenty-seven

The expression translates to % X27.

Division keywords

Some common examples of division keywords are as follows:
QUOTIENT OF AND
DIVIDE BY
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DIVIDED BY
DIVIDED EQUALLY
PER

The keywords PRODUCT OF and QUOTIENT OF are difficult for
some people to differentiate. Here is a hint to help you remember which
one indicates division and which one indicates multiplication: Quotient is
a “harder” word than “product,” and division is a “harder” operation than
multiplication.

Remember: Leading keywords define the corresponding AND or BY to
mean divide, usually designated with the symbol +.

Example 16: Translate the following: the quotient of seven and a number

1. Because the keyword QUOTIENT OF is a leading keyword that
defines AND, underline the words before and after AND:

“seven” and “a number.”
the quotient of seven and a number

2. Circle the leading keyword and indicate the corresponding
AND that it defines.

the (quotient of )seven and a number

3. Translate each underlined expression and replace AND with a
division sign.

The expression translates to 7 + 7.

Note: Here, the keyword QUOTIENT OF defines AND to mean division.
Example 17: Translate the following: divide negative thirty-six by nine

1. Because the word DIVIDE is a leading keyword that defines the
BY, underline the words before and after BY: “negative thirty-

six” and “nine.”

divide negative thirty-six by nine

2. Circle the leading keyword and indicate the corresponding BY
that it defines.

@ negative thirty-six by nine




Chapter 1: Translating Expressions 11

3. Translate each underlined expression and replace AND with a
division sign.

The expression translates to =36 + 9, _T%’ or9 i—36.

Note: The first number goes in the numerator when using a fraction bar
to indicate division. The number in the numerator (the —36) goes inside
the “house” when using the long division symbol.

Some division keywords can be translated one word at a time. Instead, you
just follow the sentence and replace with algebraic notations as you go along.

Example 18: Translate the following: a number divided by 16
The expression translates to x + 16 or %

Often, in story problems, the keyword that indicates division is PER. When
a story problem asks for the speed of a vehicle in miles per hour, set up the
expression to divide the number of miles by the number of hours. You not
only directly translate “miles” + “hours,” but also identify the number of
miles and number of hours by finding them elsewhere in the problem. See
Example 19.

Example 19: Translate the following word problem into a mathematical
expression about speed: It takes three hours to travel 150 miles to grand-
mother’s house. How do you find your average speed in miles per hour?

You find “miles” + “hours” in the question. In the first part of the word
problem, you find the number of miles, 150 miles, and the number of
hours, three hours.

The expression translates to 150 + 3.

Keywords That Indicate a Change in Order

Some keywords are not included in other lists in this chapter because they
are a bit different from other types of keywords. This section gives you addi-
tional keywords, called turnaround words, and these indicate a change in
order from the original English phrase.

Throughout this chapter, you use keywords in one of two ways:
M Translate the words directly, in the order they are given.

M Recognize leading keywords and find the corresponding AND, TO,
BY, or FROM that tell you how to translate the equation.
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To help you understand turnaround words, think about the directions on
a box of cake mix. If the directions say “three eggs added to the mix,” which
do you put into the bowl first? You put the mix into the bowl first, and
then add the eggs. The word TO is one of the basic turnaround words dis-
cussed in the following section, and to help you remember to turn the
expression around, you box the word.

three eggs added[ro]the mix

Basic turnaround words

Certain keywords indicate a turn around in the order of the translation.
All of the keywords indicating a change in order contain the following
words:

TO
FROM
THAN

Addition turnaround words
Addition keywords that indicate a turnaround are
ADD TO
ADDED TO
MORE THAN

Example 20: Translate the following: twelve added to negative four
To help you translate this problem, box the turnaround word.

twelve added |to |negative four
Replace each word with algebraic symbols and turn the expression around.
The expression translates to —4 + 12.
Example 21: Translate the following: add negative three to five

Example 21 uses both a turnaround word and a leading keyword, and it is
translated as follows:

1. Because the first word in the expression, ADD, indicates an oper-
ation, ADD is a leading keyword. ADD defines the TO, so under-
line the words before and after TO: “negative three” and “five.”

add negative three to five

2. Circle the leading keyword and indicate the corresponding TO
that it defines; box the turnaround word, TO.
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@ negative three|to|five

3. Translate each underlined expression, replace TO with a plus
sign, and turn the expression around.

The expression translates to 5 + —3.

People sometimes argue that a turnaround word is not necessary with addi-
tion because of the Commutative Property of Addition; that is, both -3
+ 5 and 5 + =3 result in the same answer for Example 21 (+2) when
simplified. However, the latter (5 + —3) shows an understanding of the
order indicated by the keyword. You have two reasons to learn to translate
expressions in the correct order:

B Good habits are formed for correct translation of subtraction and divi-
sion expressions, which are not commutative.

M Just as the makers of a cake mix intend for you to put the cake mix
in the bowl first and add the eggs later, the author of the problem
intends to have you perform the addition in the prescribed order.

Subtraction turnaround words
Subtraction keywords that indicate a turnaround are

SUBTRACT FROM
SUBTRACTED FROM
LESS THAN

Example 22: Translate the following: a number less than seven

To help you solve this problem, box the turnaround word, THAN.
a number less seven

Replace each word with algebraic symbols and turn the expression around.
The expression translates to 7 — x.
Example 23: Translate the following: subtract seventeen from fifty-four

1. Because the word SUBTRACT is a leading keyword that defines
FROM, underline the words before and after FROM: “seven-
teen” and “fifty-four.”

subtract seventeen from fifty-four



14 _ CliffsQuickReview Math Word Problems

2. Circle the leading keyword and indicate the corresponding
FROM that it defines; box the turnaround word, FROM.

fifty-four

3. Translate each underlined expression, replace FROM with a
minus sign, and turn the expression around.

The expression translates to 54 — 17.

Multiplication turnaround words

None of the multiplication keywords indicates a turnaround. All multi-
plication expressions can be translated using the direct translation strategy
or leading keywords.

The product of a number and 8 can be translated 7 X 8, but most often,
you see the expression written as 8 X 7 or 87, because mathematicians have
set a standard that the coefficient is written before the variable. (In this
example, the number 8 is the coefficient.)

Note: The expression 87 uses implied multiplication. Multiplication is
implied when a number is placed next to a variable, or when a number is
placed next to an expression surrounded by parentheses. Although a mul-
tiplication sign is not shown, its use is implied.

Division turnaround words
Division keywords that indicate a turnaround are:
DIVIDE INTO
DIVIDED INTO

Notice that TO, a basic turnaround word, is included in the word INTO
and indicates a turnaround.

Example 24: Translate the following: divide five into 125
Solve Example 24 as follows:

1. Because the word DIVIDE is a leading keyword that defines
INTO, underline the words before and after INTO: “five” and
“125.,,

divide five into 125
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2. Circle the leading keyword and indicate the corresponding
INTO that it defines; box the turnaround word, INTO.

3. Translate each underlined expression, replace INTO with a divi-
sion sign, and turn the expression around.

The expression translates to 125 + 5.
Example 25: Translate the following: twenty-five divided into one hundred

To help you translate this problem, box the turnaround word, INTO.
twenty-five divided 100

Replace each word with algebraic symbols and turn the expression around.

The expression translates to 100 + 25.

Chapter Checkout

Q&A

Translate the following English phrases into algebraic expressions or fill in
the blanks.

. The sum of six and a number

. Seven plus five

. The difference between a number and eleven
. Three minus a number

. Multiply four by a number

. Ten percent of twenty

. One fifth of forty-five

. Triple a number

. A number divided by eight

. The quotient of forty-nine and a number

© 0O N O G M ON =

[T p—
- O

. The basic turnaround words are , , and

. Add four to a number
. A number added to three

. Seven more than five

- o
H WON
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15. Subtract three from four

16. Thirty-six less than a number

17. Divide five into twenty-five

Answers: 1.6+ x2.7 + 53.x— 114.3 - x5.4x6.0.10 X 20 7. 1 X 45
8.3x9.x+810.49 + x11. TO, FROM, THAN 12. x + 4 13. 3 + x
14.5+715.4-316.x—3617.25+5



Chapter 2
INSERTING PARENTHESES

Chapter Check-In

Translating a comma
Leading keywords
Adjacent keywords

U U uU U

Turnaround words

xpressions with multiple operations may need parentheses in order to
be properly translated. You have four ways to tell when parentheses are
needed, and they are discussed throughout this chapter.

First, however, look at the three following examples, which review the tech-
niques for translating expressions with multiple operations that do not
require parentheses.

Example 1: Translate the following: a number plus seven minus four
The expression translates to x + 7 — 4.

Example 2: Translate the following: twenty-one decreased by three times
a number

The expression translates to 21 — 3x.
Example 3: Translate the following: twice a number divided by nine

The expression translates to 2x + 9.

Translating a Comma and IS

A comma in an expression indicates the completion of one operation and
the beginning of another. The word IS also acts as a separator in the same
way that a comma does. Put parentheses around the expression that pre-
cedes the comma or IS.
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Example 4: Translate the following: the sum of thirteen and a number,
subtracted from four

Translate Example 4 as follows:

1.

Because a comma follows the word “number,” put parentheses
around the expression that ends with the word “number.”

(the sum of thirteen and a number), subtracted from four

Do you notice the leading keyword, SUM OE, that defines the cor-
responding AND? You underline the words before and after AND.

Underline “thirteen” and “a number.”
(the sum of thirteen and a number), subtracted from four

Circle the leading keyword and indicate the AND that it
defines.

Do you notice the turnaround word, FROM?

(the nd a number), subtracted from four

Box the turnaround word to remind you to turn the expression
around.

(thed a number), subtracted four

Translate each underlined expression, replace AND with a plus
sign, and turn around the expression.

The expression translates to 4 — (13 + x).

Example 5: Translate the following: the difference between a number and
five is added to twelve

Here is how you translate Example 5:

1.

Because of the separator IS after the word “five,” put parenthe-
ses around the expression that ends with the word “five.”

(the difference between a number and five) is added to twelve

Remember: The keyword DIFFERENCE BETWEEN is a leading
keyword and defines the corresponding AND, so you underline the
words before and after AND.
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2. Underline “a number” and “five.”
(the difference between a number and five) is added to twelve

3. Circle the leading keyword and indicate the AND that it
defines; box the turnaround word.

The turnaround word is TO.

(the difference between) a number and five) is added twelve

4. Translate each underlined expression, replace AND with a
minus sign, and turn around the expression.

The expression translates to 12 + (x — 5).

In both Examples 4 and 5, notice that a whole phrase is turned around. But
not all expressions with parentheses need to be turned around; only those
with turnaround words. Example 4 has the word FROM that indicates a
change in order. Example 5 has the turnaround word TO. As Chapter 1
tells you, the turnaround words are TO (including INTO), FROM, and
THAN.

Example 6: Translate the following: the product of five and a number,
minus eight

Translate this problem as follows:
1. Because of the comma after the word “number,” put parenthe-
ses around the expression that ends with the word “number.”

(the product of five and a number), minus eight

2. Because of the leading keyword PRODUCT OF, underline

“five” and “a number,” which come before and after AND.
(the product of five and a number), minus eight

3. Cirde the leading keyword and indicate the AND that it defines.

(the five and a number), minus eight

4. Translate each underlined expression and replace AND with an
indication that you are multiplying.
The expression translates to (57) — 8.
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Are the parentheses necessary in the preceding answer? No. If you follow
the order of operations, multiplication will be performed before subtrac-
tion, so you can say simply, 57 — 8. (57) is an example of placing harmless
parentheses in the expression; that is, parentheses that are not necessary,
but do not do any harm in the expression.

Leading Keywords

When you see a leading keyword, underline the phrases before and after
the corresponding AND, TO, BY or FROM, just as in Chapter 1. Then,
if the underlined portion also contains a keyword, put parentheses around
the underlined expression.

As described in Chapter 1, the following leading keywords indicate
addition:

SUM OF AND
TOTAL OF AND
ADD TO
The following leading keywords indicate subtraction:
SUBTRACT FROM
DIFFERENCE BETWEEN AND
Those that indicate multiplication are as follows:
MULTIPLY BY
PRODUCT OF AND

And, finally the leading keywords that indicate division are those that
follow:

DIVIDE BY
DIVIDE INTO
QUOTIENT OF AND

Leading keywords may indicate the need for parentheses if, after underlin-
ing the words around the corresponding AND, FROM, BY, TO and INTO,
you see another keyword in the underlined expression. See Example 7.

Example 7: Translate the following: the difference between a number and
the sum of a number and four

You translate this problem in the following way:
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1. Underline the expressions before and after the AND that corre-
spond to the leading keyword DIFFERENCE BETWEEN.

the difference between a number and the sum of a number and four

2. Because of the keyword in the second underlined expression,
enclose that second expression in parenthesis.

the difference between a number and (the sum of a number and
four)

3. Circle the leading keywords and indicate the ANDs that they

define.
the difference between)a number and

(the(um of)a number ind four)

4. Translate each underlined expression and replace the ANDs
with the appropriate subtraction or addition symbol.

The expression translates to x — (x + 4).

Example 8: Translate the following: add the difference between four and
twice a number to the sum of five and the number

Here is the translation broken down step-by-step:

1. Because Example 7 contains a leading keyword, ADD, begin by
underlining the words before and after the corresponding TO.

add the difference between four and twice a number to the sum of
five and the number

2. Because each underlined expression contains a keyword,
enclose each expression in parenthesis.

add (the difference between four and twice a number) to (the sum
of five and the number)

3. Circle the leading keyword and indicate the TO that it defines;
box the turnaround word.

(the difference between four and twice

a number) [to| (the sum of five and the number)
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4. Translate each underlined expression individually.

a.

In the first underlined expression, underline the terms before
and after AND that corresponds to the leading keyword DIF-
FERENCE BETWEEN.

the difference between four and twice a number

. Because a keyword, TWICE, appears in the second underlined

expression, put parenthesis around that expression.

the difference between four and (twice a number)

. Circle the leading keyword and indicate the AND that it

defines.

the (difference between)four and (twice a number)

. Translate each underlined expression and replace AND with a

minus sign.
The first underlined expression translates to [4 — (2x)].

Note: Brackets are used when parentheses are nested inside
parentheses.

. Turning to the second underlined expression, follow the same

technique: Underline “five” and “a number.”
the sum of five and the number

Circle the leading keyword and indicate the AND that it defines.

thend the number

. Translate each underlined expression and replace AND with a

plus sign.

The second underlined expression translates (5 + x).

5. Finally, the expression in the original example also has a
turnaround word, TO, so you translate the entire expression

to (5+x) +[4-(2x)]
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Example 9: Translate the following: subtract a number plus twelve from
the difference between twenty and the number

1. Underline the expressions before and after FROM, which cor-
responds to the leading keyword SUBTRACT.

subtract a number plus twelve from the difference between twenty
and the number

2. Seeing the keyword in each underlined expression, enclose each
expression in parentheses.

subtract (a number plus twelve) from (the difference between
twenty and the number)

3. Circle the leading keywords and indicate the FROM and AND
that they define; box the turnaround word.

@ (anumber plus twelve)|from
(theifference between) twenty and the number)

4. Translate each underlined expression, and then replace FROM
with a minus sign. Don’t forget to turn the expression around!

The expression translates to (20 —x) — (x + 12).
Example 10: Translate the following: the product of seven minus a num-
ber and the difference between the same number and four
Translate this word problem in the following way:

1. Underline the expressions before and after AND, which corre-
sponds with the leading keyword PRODUCT OFE

the product of seven minus a number and the difference between
the same number and four

2. Because of the keyword in each underlined expression, enclose
each expression in parentheses.

the product of (seven minus a number) and (the difference between
the same number and four)

3. Circle the leading keywords and indicate the ANDs that they
define.

Remember: There is no turnaround in multiplication (see Chapter 1).
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the(seven minus a number) and
(thedifference betweenDthe same number and four)

4. Translate each underlined expression and replace each AND
with the appropriate multiplication or subtraction symbol.

The expression translates to (7 — x) X (x — 4).
Example 11: Translate the following: divide the sum of seven and a num-
ber by the same number minus three
Translate this problem as follows:

1. Underline the expressions before and after BY, which correspond

to the leading keyword DIVIDE.

divide the sum of seven and a number by the same number minus
three

2. Because each underlined expression contains a keyword,
enclose each in parentheses.

divide (the sum of seven and a number) by (the same number
minus three)

3. Circle the leading keywords and indicate the BY and AND that
they define.

(the d a number) by

(the same number minus three)

4. Translate each underlined expression. Replace AND with a plus
sign, and replace BY with a division sign.

The expression translates to (7 + x) + (x — 3).

Adjacent Keywords

Another indicator that you need to insert parentheses in your expression
is when you have two adjacent keywords (even if a word such as “the”
appears between the keywords): You separate the two keywords with an
open parenthesis and close the parentheses at the end of the expression.
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Example 12: Translate the following: twice the sum of a number and eight

Translate this problem using the following steps.
1. Notice that TWICE and SUM OF are both keywords indicat-

ing operations, multiplication and addition respectively, and
are, therefore, adjacent keywords. Place an open parenthesis
between the two keywords and a close parenthesis at the end
of the expression.

twice (the sum of a number and eight)

Underline the expressions before and after AND, which corre-
sponds to the leading keyword SUM OF.

twice (the sum of a number and eight)
Circle the leading keyword and indicate the AND that it defines.

twice (the nd eight)

Translate each underlined expression and replace AND with a
plus sign.

The expression translates to 2(x + 8).

Example 13: Translate the following: seven times the difference between
twelve and negative four

Translate this problem as follows:

1.

Notice that TIMES and DIFFERENCE BETWEEN both indi-
cate operations, multiplication and subtraction respectively, and
are, therefore, adjacent keywords; place an open parenthesis
between the two keywords and a close parenthesis at the end.

seven times (the difference between twelve and negative four)

Underline the expressions before and after AND, which corre-
sponds to the leading keyword DIFFERENT BETWEEN.

seven times (the difference between twelve and negative four)
Circle the leading keyword and indicate the AND that it

defines.
seven times (the (difference betwee

twelve and negative four)
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4. Translate each underlined expression and replace AND with a
minus sign.

The expression translates to 7[12 — ( — 4)]. Note that this equation
has been translated, but not simplified. In Chapter 3, you learn to
simplify expressions.

Turnaround Words

If the keyword includes a turnaround word, such as TO, FROM, or
THAN, and the expression(s) that is to be turned around has another key-
word, that expression(s) must be enclosed in parentheses before turning it
around.

Example 14: Translate the following; fourteen less than three plus a number
Translate this problem as follows:

1. Notice the turnaround word THAN; draw a box around the
turnaround word.
fourteen less three plus a number
The two expressions to be turned around are “fourteen” and “three
plus a number.”

2. Because the second expression includes the keyword PLUS,
that expression must be enclosed in parentheses.

fourteen less (three plus a number)

3. Translate each expression and turn them around.
The expression translates to (3 + x) — 14.

Note: If the expression had included a comma between “three” and PLUS,
the expression would have translated to (3 — 14) + x.

Chapter Checkout

Q&A

Translate the following into algebraic expressions.
1. Nineteen minus six increased by two
2. The sum of fourteen and a number, subtracted from five
3. The difference of five and a number, subtracted from four
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. The product of five and the sum of a number and five

. Subtract three from the sum of a number and four

. Add the difference between a number and four to twice the number
. Divide eight by the sum of a number and four

. The sum of one and the quotient of fifty-six and eight

. The difference between the sum of a number and five and a number
10.
11.
12.
13.

Two times the quotient of a number and eight
Ten minus the sum of three and four
Three times the sum of a number and four

Nine added to a number minus five

Answers: 1. 19 -6 +22.5-(14+x)3.4—-(5-x) 4. 5(x + 5)
5.(x+4)—36.2x) + (x—4) 7.8+ (x+4)8.1+(56+8)9.(x+5)—x

10.

206+ 8)11.10-(3+4) 12.3(x + 4) 13. (x—5) + 9






Chapter 3
SIMPLIFYING EXPRESSIONS

Chapter Check-In

Q Distributive property of multiplication over addition
O Combining like terms

Q Distributing a negative number

hapters 1 and 2 explain how to translate expressions. Simplifying those

expressions is the next step and is the focus of this chapter. An alge-
braic expression is simplified by using the distributive property and com-
bining like terms.

Use Example 1 to test your translating skills. While reading the material,
you may want to cover up the answer to the example to see whether you
can arrive at the same answer on your own. This method lets you review
what you have learned up to this point. If you need help determining
which keywords are leading keywords, what the turnaround words are,
and when to include parentheses, refer to Chapters 1 and 2, as well as the
Pocket Guide at the front of this book.

Example 1: Translate the following: six added to four times the difference
between a number and three

Read the problem carefully, looking for any keywords that indicate the
operation, and then follow these steps:

1. When you see a turnaround word (TO, FROM, or THAN),
draw a box around the turnaround word to help you remember
to change the order of the translation.

In this case, you have the turnaround word TO.

six addedfour times the difference

between a number and three
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2. When you see two adjacent keywords, separate the two key-
words with an open parenthesis and a closed parenthesis at the
end of the expression.

Here, the keywords TIMES and DIFFERENCE BETWEEN
are adjacent. Do not be thrown off when the word “the” or “a”
appears between adjacent keywords; the keywords are still consid-

ered adjacent.

six added four times (the difference

between a number and three)

3. Look for a leading keyword; when you see one, circle the lead-
ing keyword and indicate the keyword to which it leads, under-
lining the expressions before and after the corresponding
keyword.

Here, DIFFERENCE BETWEEN is the leading keyword, and
you underline the expressions before and after the corresponding
keyword AND. Use an arrow to indicate that the subtraction sign
goes between “a number” and “three.”

six added four times (the

between a number and three)

The expression translates to 4(x — 3) + 6.

Distributive Property of Multiplication
over Addition

When you see parentheses in an expression, use the distributive property
to remove the parentheses before combining like terms, as shown in

Example 2.
Example 2: Simplify the following expression: 5(2x + 7)

The distributive property allows you to distribute the multiplication by
five to each term in the parentheses. Drawing arrows to each term may
help you remember to multiply every term.

Z N
5 times (2x + 7)

When a number is placed adjacent to a parentheses or a variable, multi-
plication is implied. In Example 2, multiplication is implied between the
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5 and the expression in parentheses. (Multiplication is also implied between
the 2 and the x, but that expression is simplified, so no further simplifica-
tion needs to be done to it.) To simplify, multiply 5 times each term in the
parentheses. The expression in simplified form is 10x + 35.

Although this could also be written as 35 + 10x, the standard in mathemat-
ics is that a term containing variables (such as x) comes first, while constant
terms (terms without variables) come last.

Example 3: Simplify the following expression using the distributive prop-
erty: 6(x + 5)

Distribute the 6 over the terms in the parentheses; in other words, multi-
ply each term in the parentheses by 6.

6 times (x + 5)

After using the distributive property, the expression in simplified form is
6x + 30.

Example 4: Use the distributive property to simplify the expression:
23x+y+4)

Distribute the 2 to all three terms in the parentheses.

AN

2 times (3x + y + 4)

The expression in simplified form is 6x + 2y + 8

Combining Like Terms

Like terms are terms with the same variables raised to the same powers, as
shown in Example 5.

Example 5: Simplify the following expression: 9x* + 3x” — 4y

The first two terms are like terms because they both have a constant mul-
tiplied by the variable x raised to the second power. Like terms can be
added or subtracted, like this: 12x* — 4y

You have probably heard the expression “you can’t add apples and oranges.”
Combining like terms can be thought of using that analogy. If you read
Example 5 as “nine apples plus three apples minus four oranges,” you can
see that you can add apples to apples (like terms). Twelve apples minus
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four oranges is as simple as the phrase can get. You cannot subtract four
from twelve and get eight because the units would not make sense.

Example 6: Simplify the expression translated in Example 1 of this chap-
ter: 4(x—3) + 6

Follow these steps to solve Example 6:

1. Distribute the 4 to each of the terms within the parentheses.

7 X
4 times (x—3) +6
After multiplying, the expression becomes 4x— 12 + 6
2. Look for like terms and combine them.

Are there any like terms? Yes: —12 and 6 are both constant terms
and are, therefore, like terms. When you add —12 and 6, the result
is —6.

The simplified equation is 4x — 6.

Remember: If you need to review operations with signed numbers,
read CliffsQuickReview Basic Math and Pre-Algebra by Jerry Bobrow
(Wiley Publishing).

Example 7 uses many of the concepts covered to this point.

Example 7: Translate and simplify the following: twice the sum of five
and a number is added to twelve

Carefully read the expression and notice:

The two adjacent key words: TWICE the SUM OF
The separator: IS

The leading keyword: the SUM OF AND
The turnaround word: TO

Here’s how to proceed:

1. Place opening and closing parentheses, as determined by the

adjacent keywords, TWICE and SUM OF, and the separator, IS.
twice (the sum of five and a number) is added to twelve

2. Within the parentheses is the leading keyword SUM OF.
Underline the two expressions to be added.

twice (the sum of five and a number) is added to twelve
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3. The leading keyword SUM OF indicates a plus sign where the
corresponding keyword AND is in the expression. Draw an
arrow to indicate the placement of the plus sign.

twice (the of five and
a number) is added to twelve

4. The turnaround word TO indicates the twelve will be at the

beginning of the expression instead of the end. Place a box
around TO.

twice (the of five and
a number) is addedtwelve

5. The expression translates to 12 + 2(5 + x).
The expression is now translated, but it needs to be simplified.

6. When you see parentheses in an expression, use the distributive
property to remove the parentheses before combining like
terms.

Here, multiply 2 times each term in the parentheses.

/T Ta
12 + 2 times (5 + x)

This gives you 12 + 10 + 2x.

Note: If you try to combine 12 and 2 before distributing, you
arrive at an incorrect answer. Always use the distributive property
to get rid of the parentheses before combining like terms.

7. Combine like terms, and you get 22 + 2x.

8. Put the equation in the standard form (variables first), and
your simplified equation is 2x + 22.

Distributing a Negative Number

Pay special attention when distributing a negative number.
Example 8: Simplify the following: —2(x + 3) — 6

You can simplify the expression as follows:

1. Multiply both terms in the parentheses by 2.
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-2 t@ +3)—-06
This gives you —2x— 6 — 6
Remember: When you multiply a negative number by a positive
number, the answer is always negative. When both numbers have

the same sign (whether positive or negative), the answer is always
positive.

2. Now combine like terms: —2x — 12.

This is the simplified expression.

While a problem such as Example 8 does not seem difficult, if the order is
changed slightly, the distribution is not as obvious, as shown in Example 9.

Example 9: Simplify the following: =7 — 2(x + 3)

A common error is to distribute a +2. A =2 must be distributed through-
out the parentheses because the entire expression is subtracted from —7. If
you distribute a +2, the expression will be incorrect because you will add
6 instead of subtracting 6.

Remember that subtracting 2 yields the same result as adding —2. When
subtracting signed numbers, you may want to change the subtraction sign
to an addition sign and change the sign of the second number, like this:

7 +2(x+ 3).
You then simplify the equation as follows:

1. Distribute -2 to each term in the parentheses, like this:

—7 + =2 times (x + 3)

2. Simplify the equation to -7 + —2x + —6.
3. Using commutative property of addition, place like terms adja-
cent to each other: -2x + -7 + —6.

4. Combine like terms to yield the simplified answer: —2x — 13.

Sometimes, you are given a negative sign, but no number has to be distributed
over the parentheses. In this case, you can use the identity property of mul-
tiplication to place a 1 in front of the parentheses so that you can distribute
a—1. Remember that any number multiplied by 1 has the same value.
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Example 10: Simplify the following expression: =17 — (x — 12)
In this expression, x — 12 is being subtracted from —17. Follow these steps:
1. Use the identity property of multiplication to multiply the
expression in parentheses by 1, like this: -17 — 1(x — 12).
2. Change subtracting 1 to adding a —1: =17 + -1(x — 12).
3. Distribute the negative one: —17 + —1x + 12.

4. Using commutative property of addition, place like terms adja-
cent to each other: —-1x + -17 + 12.

5. Combine like terms to yield the expression in simplified form:
-1x - 5.

6. Mathematics standards dictate that you do not have to include
coefficients of 1, so you may simplify this one more time to

—x —5.

Chapter Checkout

Q&A

Simplify the following expressions by using the distributive property and
combining like terms.
L3x+ 2(x + 2)
.x+5(x+4)

.4x +3Q2x+ 6)
.10 + 2(x—3)
.3(x—-3)+6

. 2(x +5) — 3x

. 3(x+4) +5

. 2(x—4) +5

. 3x—2(x + 6)

L dx—2(x—2)
.—3(x-5)+6
Lx— 2+ 4)

4 —(x-5)
.3—-(x+4)

L 9—(x+y-2)
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Answers: 1. 5x+42.6x+203. 10x+ 18 4.2x+45.3x—36.—x + 10
7.-3x—78.-2x+139.x-1210.2x + 4 11. -3x+ 21 12. -x— 8
13. x+914. «x—-115. —x—y + 11



Chapter 4
EQUATIONS

Chapter Check-In

Keywords indicating equality
Solving simple linear equations

Checking solutions

U U uU U

Checking translations

Translating English statements into equations is the next step in the
successful solving of word problems. An equation is made up of two
expressions that are set equal to each other. The easiest way to differenti-
ate between an expression and an equation is that an equation has an equal
sign.

In this chapter, you solve equations, check your solutions and your transla-
tions, and continue translating and simplifying expressions (see Chapters 1

through 3).

Keywords Indicating Equality

One of the hardest parts of solving word problems is creating the correct
equation after reading the problem. Many people agree that, in compari-
son to setting up the correct equation, solving the equation is easy.

The following keywords indicate equality and, when translated, become
the equal symbol, =.

IS

IS EQUAL TO

EQUALS

YIELDS
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RESULTS IN
THE RESULT IS
IS THE SAME AS
The direct translation strategy works for all the equality keywords, which

means you do not need to change the order. The equal sign is placed exactly
where the keyword is located.

Example 1: Translate the following sentence into an algebraic equation: Twice
the difference between a number and five is equal to negative fourteen

Start by making the appropriate markings on the English sentence as you
read it. Did you notice the adjacent keywords, the leading keywords, and
the IS? Here’s how you make the appropriate markings:

1. Put an open parenthesis between the adjacent keywords and
close the parentheses before IS.

Twice (the difference between a number and five) is equal to negative
fourteen.

2. Underline the two expressions to be subtracted as indicated by
the leading keyword, DIFFERENCE BETWEEN.

Twice (the difference between a number and five) is equal to negative
fourteen.

3. Use an arrow to remind you that AND is replaced by a minus

sign.
Twice (the(difference between)a number and

five) is equal to negative fourteen.

Note: The TO that is part of IS EQUAL TO is not a turnaround
word. Remember that the direct translation strategy works for all
the equality keywords. The expression on the left side of the equa-
tion does not have to be turned around with the expression on the

right side.
4. Translate the equation.

The equation translates to 2(x — 5) = —14.

In the following section, you not only translate but also solve. For now,
though, just practice translating.
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One of the most confusing keywords indicating equality is IS. In a trans-
lation problem, you may see more than one IS, as Example 2 demonstrates.

Example 2: Translate the following sentences into an algebraic equation:
When a number is subtracted from twelve, the result is five. What is the
number?

The second IS is the only one translated to the = symbol. Any IS placed
directly in front of a keyword for an operation does not indicate equality.
When a number directly follows IS, however, IS does indicate equality.

Remember: Mark the turnaround word to remind you to translate in the
correct order.

When a number is subtracted[from|

twelve, the result is five. What is the number?

The equation translates to 12 —x = 5.
Check more of your translation abilities with Example 3.

Example 3: Translate the following statement into an equation: The prod-
uct of eight and a number yields twenty-four.

What operation should replace AND in this equation? The leading key-
word, PRODUCT OF, indicates the eight is multiplied by a number.

The eight and a number

yields twenty-four

Note: The first expression is translated, then the equal sign is translated, and
then the expression on the right of the equal sign. Often, in mathematics,
breaking the problem up into smaller pieces can increase your success. Instead
of translating the whole equation at one time, translate the first expression,
the equal sign, and then the second expression.

The equation translates to 8x = 24.

Solving Simple Linear Equations

Algebraic equations are translated from complete English sentences. In
Chapter 1, you translate English phrases to algebraic expressions, which
cannot be solved; they can only be simplified. Equations, however, can be
solved. In fact, in order to successfully solve a word problem, an equation
must be written and solved.
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Look at these two definitions in the following sections and compare the
examples to ensure you know the distinction between an expression and
an equation.

Defining an algebraic expression
An algebraic expression is a collection of constants, variables, symbols of
operations, and grouping symbols, as shown in Example 4.

Example 4: 4(x—3) + 6

Defining an algebraic equation
An algebraic equation is a statement that two algebraic expressions are
equal, as shown in Example 5.

Example 5: 4(x— 3) + 6 = 14 + 2x

The easiest way to distinguish a math problem as an equation is to notice
an equals sign.

In Example 6, you take the algebraic expression given in Example 4 and
simplify it to review the process of simplification. An algebraic expression
is simplified by using the distributive property and combining like terms.

Example 6: Simplify the following expression: 4(x — 3) + 6
Here is how you simplify this expression:

1. Remove the parentheses using the distributive property.
4x+-12+6

2. Combine like terms.
The simplified expression is 4x + —0.

Note: This problem does not solve for x. This is because the original prob-
lem is an expression, not an equation, and, therefore, cannot be solved.

Four steps for solving simple linear equations
In order to solve an equation, follow these steps:

1. Simplify both sides of the equation by using the distributive
property and combining like terms, if possible.

2. Move all terms with variables to one side of the equation using
the addition property of equations, and then simplify.
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3. Move the constants to the other side of the equation using the
addition property of equations and simplify.

4. Divide by the coefficient using the multiplication property of
equations.

In Example 7, you solve the equation given in Example 5, using the four
preceding steps to find the solution to the equation.

Example 7: Solve the following equation: 4(x — 3) + 6 = 14 + 2x
Use the four steps to solving a linear equation, as follows:

1. Distribute and combine like terms.
4x—12+6=14+2x
4x—6=14 +2x
2a.Move all terms with variables to the left side of the equation.
In this example, add a —2x to each side of the equation.
4x—6+-2x=14+2x+-2x

The addition property of equations states that if the same term is
added to both sides of the equation, the equation remains a true
statement. The addition property of equations also holds true for
subtracting the same term from both sides of the equation.

2h. Place like terms adjacent to each other and simplify.

Note: Subtracting 6 is changed to adding —6 because the commu-
tative property of addition works only if all operations are addition.

4+ 2x+-6=14
2x—6=14

3. Move the constants to the right side of the equation and simplify.
2x—6+6=14+6

Note: The opposite operation was used to move the constant.

2x=20
4. Divide by the coefficient and simplify.
2x _ 20
272

The solution is x = 10.
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Example 8: Solve the following equation: 12 + 2(3x—7) = 5x — 4
Use the four steps to solving a linear equation, as follows:
1a. Distribute and combine like terms.
12+6x—14=5x—-4
1b. Place like terms adjacent to each other and simplify.
6x+12+-14=5x—-4
6x—2=5x-4
2a. Move variables to the left side of the equation.
In this example, add —5x to each side of the equation.
6x—2+-5x=5x—4 +-5x
2b. Place like terms adjacent to each other and simplify.
Note: All subtractions are changed to addition of a negative number.

6x + —5x + -2 =5x+Sx+—4
Ix—2=-4

3. Move the constants to the right side of the equation and simplify.
x—2+2=-4+2

Note: The opposite operation was used to move the constant.
4. Because the coefficient is 1, Step 4 is not necessary.

The solution is x = =2.

Example 9: Solve the following equation: 6 — 3(2 — x) = —5x + 40
Use the four steps to solving a linear equation, as follows:
1. Distribute and combine like terms.
6—06+3x=-5x+40
Did you remember to distribute the negative three?
3x=-5x + 40
2a. Move variables to the left side of the equation.
In this example, add 5x to each side of the equation.
3x + 5x = —5x + 40 + 5x
2b. Place like terms adjacent to each other.
3x + 5x = =5x + 5x + 40
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2c. Simplify by combining like terms.
8x =40
3. This step is not necessary in this example because all of the
constants are on the right side of the equation.
4. Divide by the coefficient and simplify.

8x _ 40
8 8
The solution is x = 5.

Remember: The four steps for solving equations must be done in order,
but not all steps are necessary in every problem.

Checking Solutions and Translations

Confidence in your mathematical skills increases when you check your
solution. Your solution can be checked two ways: in the equation and in
the original word problem.

First, solve an equation in Example 10 and check the solution in Exam-
ple 11.

Example 10: Solve the following equation: 3(2x — 1) = 4x + 1
1. Distribute.
6x—3=4x+1
There was no need to combine like terms because there are no like
terms in each expression.
2a. Move variables to the left side of the equation.
In this example, add —4x to each side of the equation.
6x—3 +—4x=4x+ 1 +—4x
2b. Place like terms adjacent to each other and simplify.

Note: Subtracting 3 is changed to adding —3. The commutative
property of addition works only if all operations are addition.

6x + —4x + -3 = 4x + —4x + 1
2x-3=1
3. Move the constants to the right side of the equation and simplify.
2x-3+3=1+3
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Note: The opposite operation was used to move the constant.

2x=4

4. Divide by the coefficient and simplify.
2x _4
272

The solution is x = 2.

Checking solutions

To check the solution to an equation, replace all of the variables in the orig-
inal problem with your solution. Evaluate both sides of the equation as if
they were order of operations problems. For a review of order of operations
see CliffsQuickReview Basic Math and Pre-Algebra by Jerry Bobrow (Wiley
Publishing).

Example 11: Check the solution to Example 10.

1. Replace the variables in the original equation and place paren-
theses around your solution to prevent sign errors.

3[22)-11=4(2) + 1
2. Evaluate the expression in the parentheses first, performing one
operation at a time.

Remember: The brackets [ ] have the same meaning as parentheses
(). Even though this example has multiple parentheses, only the
set of brackets contains operations. Those operations must be per-
formed first.

Inside the brackets are two operations, implied multiplication and
subtraction. When following the order of operations, multiplica-
tion is performed before subtraction.
3(4-1)=402) +1
3(3) =4(2) + 1
3. Evaluate any exponents.
Because there are no exponents, proceed to the following step.

4. Perform all multiplication and division, working from left to
right.
9=8+1
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Note only one operation was done in each of the two expressions.
To be successful with the order of operations within each expres-
sion, each operation must be performed one at a time.

5. Perform any addition and subtraction, one operation at a time.
9=9v

The solution is correct if both numbers are exactly the same.

In Example 12, you check the solution of the equation solved in Example 7.

Example 12: Check the solution x = 10 of the equation 4(x — 3) + 6 =
14 + 2x

1. Replace the variables in the original equation and place paren-
theses around your solution.

4[(10) — 3] + 6 = 14 + 2(10)
2. Evaluate the expression in the parentheses first, performing one
operation at a time.

Even though there are multiple parentheses in this example, sub-
traction is the only operation in parentheses. Subtraction must be
performed first.

4(7) + 6 =14 + 2(10)
No evaluation was done on the right side of the equation because
there were no operations inside of the parentheses.
3. Evaluate any exponents.
Because there are no exponents, move to the next step.
4, Perform all multiplication and division, working from left to
right.
28 +6=14+20
Note only one operation was done on each side of the equation. To

be successful with the order of operations, perform one operation
at a time.

5. Perform any addition and subtraction, one operation at a time.
34=34v

Because both expressions evaluated to be 34, the solution checks.



46 _ cliffsQuickReview Math Word Problems

Example 13 translates a word problem from start to finish, from translat-
ing to checking.

Example 13: Translate, solve, and check the following word problem:
Twice the difference between three and a number is equal to four times
the number. What is the number?

Here is how you solve this problem:

1. Make the markings that are helpful when you have adjacent key-
words, a separator, a leading keyword, and/or a turnaround word.

Twice (the difference between three and a number) is equal to four
times the number. What is the number?

Twice (the(difference between

three and a number) is equal to four

times the number. What is the number?
2. Translate the words into the correct symbols.
2(3 —x) = 4x

3. Distribute and combine like terms.

6—2x=4x
4. Move the variables to the left side of the equation.

6 — 2x— 4x = 4x —4x

5. Simplify each side of the equation.

6-6x=0

Note: The right side of the equation is now 0. The equation must
have expressions on either side of the equality sign to be solvable.
You cannot just leave the right side of the equation blank. 0 is the
expression on the right side of the equation.

6. Move the constant to the right side of the equation.
Remember: Be careful with negative signs.
6-6x—6=0-6
7. Place like terms adjacent to each other.

—-6x+6+-6=0-06
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8. Simplify the expressions on each side of the equation.

—6x=-6
9. Divide by the coefficient.
—6x _ =6
-6 -6

The solution is x = 1

10. To check the solution, replace the variables in the original
equation and place parentheses around your solution.

2(3-1) =4(1)

11. Follow the order of operations to simplify the expressions on
each side of the equation.

2(2) = 4(1)
h=4y

Checking your translation

Not only can you check your solving abilities, you can also check your
translating abilities. Check your translation by rereading the original trans-
lation word problem and replacing the word “number” with 1, which is
the solution.

The original problem reads: Twice the difference between three and a
number is equal to four times the number. Every place you see the word
“number” replace it with 1.

Twice the difference between three and 1 (pause here because the IS
acts as a separator)

What is the difference between three and 1? The difference between three
and 1 is 2 and twice 2 is 4. So, this expression evaluates as 4.

Evaluate the rest of the statement, “is equal to four times the number.”
Replace the number with 1. Four times 1 is also 4. Both your solution and
your translation check using mental math.

Example 14 is a good one to use to test yourself. (Remember: Successful
students test their own skills by trying to work a problem on their own
before looking in the book at a solution.)

Example 14: Translate, solve, and check the following word problem:
Five plus two times a number equals seventeen. Find the number.
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1.

10.

11.

Make any markings that may be helpful for adjacent keywords,
a separator, a leading keyword, and/or a turnaround word.

These markings are not necessary in this problem.
Translate the words into the correct symbols.

5+2x=17

Distribute and combine like terms.

In this example, there are no parentheses and no like terms on each
side of the equation.

Move the variables to the left side of the equation.
All of the variables are already on the left side of the equation.
Move the constant to the right side of the equation using the
addition property of equations.

5+2x+-5=17+-5
Place like terms adjacent to each other.

2x+5+-5=17-5

Combine like terms.

2x =12
Divide by the coefficient.
2x _12
272

The solution is x = 6

Check the solution by replacing all of the variables in the origi-
nal problem with your solution.

5+2(6)=17
Use the order of operations to evaluate each expression on
either side of the equation.

Multiplication is the first operation to perform.
5+12=17

Addition is the second operation to perform.
17=17V

Check your translation by rereading the original translation
word problem and replacing the word “number” with 6, which
is the solution.
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five plus two times six (pause here because EQUALS separates the
two expressions)

Think “two times six” is twelve and “five plus twelve” is seventeen,
which is equal to the expression on the right side of the equation.

Both your solution and your translation check using mental math.

Chapter Checkout

Q&A
Translate and solve the following equations. Be sure to check your solu-
tion and translation.
1. Twice the difference between four and a number is sixteen. Find the
number.
2. The sum of five and a number is three. Find the number.

3. The difference between two times a number and four is eight. Find
the number.

4. Three times a number added to eight is fourteen. Find the number.

5. A number plus the quotient of fifty-six and seven is eleven. Find the
number.

6. Three times the difference between three and a number is eighteen.
Find the number.

7. Two times a number is the same as the difference between the num-
ber and four. What is the number?

8. Four times a number plus three times the sum of a number and four
is equal to negative nine. Find the number.

9. Three times the total of a number and six is thirty. Find the number.
10. The product of five and a number is twenty-five. Find the number.
11. Five less than three times a number is sixteen. Find the number.
12. Three more than twice a number is thirteen. Find the number.

13. The difference between a number and two times the number is nine.
Find the number.

14. The sum of a number and three times the number is fourteen. Find
the number.

15. Three more than five times a number is twenty-three. Find the number.
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Answers: 1. 2(4 —x) = 16;x=-42.5+x=3;x=-23.(2x) —4 = 8;
x=64.8+3x=14;x=25.x+56+7=11;x=36.3(3-x) =18;
x=-37.2x=x—-4;x=-48.4x+3(x+4) =-9;x=-39.3(x+6) =30;
x=410.5x=25;x=511.3x-5=16;x=712. 2x + 3=13; x =5
13.x—2x=9;x=-9 14. x+ 3x = 14; xZ%IS. 5x+3=23;x=4

Mixed Review

Translate the following. Then, identify the problem as an expression or an
equation: If it is an expression, simplify the expression; and if it is an equa-
tion, translate, solve, and check the equation.

1. The difference between a number and five equals twenty-four. Find
the number.

2. Five times the sum of a number and two.

w

. The sum of a number and three, subtracted from the difference
between the number and two.

. Seven multiplied by the difference between a number and two.
. The difference between a number and fifteen is six. Find the number.
. Twice the sum of five and a number is added to ten.

. Two times the sum of a number and four is subtracted from three.

0 N O O &

. Three times the sum of a number and four is equal to four times
the difference between two times the number and five. What is the
number?

9. The total of twelve and a number is equal to negative twelve. Find
the number.

10. One third of seventy-five subtracted from fifty.
11. Three more than twice a number, added to ten.

12. Four times the sum of a number and three is added to the difference
between a number and two.

13. Three times a number increased by eight.

14. Five times a number yields twenty-five. What is the number?

15. Add two times the sum of a number and four to six.

16. The product of four and a number plus one is eight. Find the number.

17. A number subtracted from the sum of a number and five.
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18. The sum of a number and three is subtracted from the difference
between a number and two.

19. The sum of six and a number is subtracted from five.
20. Four times the sum of a number and three is added to five.
21. The product of six and seven is subtracted from forty-nine.

22. The difference between a number and two is added to three times
the difference between four and the number.

23. Add a number to seven.
24. The sum of three and a number is two. Find the number.

25. The product of five and a number is negative forty-five. Find the
number.

26. A number subtracted from the product of six and a number.
27. Three less than five times a number is seven. Find the number.

28. Three times the sum of twice a number and one is the same as neg-
ative nine. Find the number.

29. A number is two times the difference between eighteen and the num-
ber. Find the number.

30. Find a number such that two times the number is equal to twenty-eight.

31. Ten more than a number is the same as twice the number. Find the
number.

32. The difference between four times a number and twice the number
is twelve. Find the number.

Answers: 1. equation; x — 5 = 24; x = 29 2. expression; 5(x + 2);
5x + 10 3. expression; (x — 2) — (x + 3); —5 4. expression; 7(x — 2);
7x — 14 5. equation; x — 15 = 6; x = 21 6. expression; 10 + 2(5 + x);
2x + 20 7. expression; 3 — 2(x — 4); —2x — 5 8. equation;
3(x+4)=4(2x—5); X:% 9. equation; 12 + x = —12; x = 24

10. expression; 50 — %(75); 25- 11. expression; 10 + (2x + 3); 2x + 13
12. expression; (x — 2) + 4(x + 3); 5x + 10 13. expression; 3x + 8; 3x + 8
14. equation; 5x = 25; x = 5 15. expression; 6 + 2(x + 4); 2x + 14
16. equation; 4(x + 1) = 8; x = 1 17. expression; (x + 5) —x; 5 18. expression;

(x—2) = (x + 3); =5 19. expression; 5 — (6 + x); —x — 1 20. expression;
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5 + 4(x + 3); 4x + 17 21. expression; 49 — (6 X 7); 7 22. expression;
3(4 — x) + (x—2); —2x + 10 23. expression; 7 + x; 7 + x 24. equation;
3 + x=2;x = -1 25. equation; Sx = —45; x = -9 26. expression; 6x — x; 5x
27. equation; 5x — 3 = 7; x = 2 28. equation; 3(2x + 1) = -9; x = -2
29. equation; x = 2(18 — x); x = 12 30. equation; 2x = 28; x = 14
31. equation; x + 10 = 2x; x = 10 32. equation; 4x — 2x = 12; x =6
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GEOMETRY PROBLEMS

Chapter Check-In

Triangles
Rectangles and squares

Multiple shapes

U U uU U

Other easily visualized word problems

Geometry word problems are easy to visualize and, consequently, easy
to understand.

Triangles

A triangle is a three-sided closed figure. The vertices are used to identify
the triangle and also identify the three angles in the triangle.

Some triangle word problems include terminology and symbols describ-
ing the relationships of the measures of angles and lengths of sides. A brief
review of symbols is given in this section. Definitions of acute, obtuse,
equilateral, and scalene triangles are in the glossary.

A right triangle is a triangle with one right angle, an angle that measures
90°, as shown in Figure 5-1.

Figure 5-1 The right triangle AABC.

A
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The angle that measures 90° can be shown with symbols. One symbol used
to show the measure of an angle is 2ZABC = 90°. The square on the angle
ABC is another symbol indicating the angle measures 90°.

Note: A standard way to reference an angle is with the three letters on the
vertices. For example, the right angle is named ZABC with the vertex B
as the middle letter.

The right triangle in Figure 5-1 has three angles with different measures
as indicated by the arc symbols in each angle. If the same arc is in two
angles, those angles have the same measure.

In order to work word problems involving triangles, you should know
some basic facts about triangles, as discussed in the following sections.

Perimeter of a triangle

The perimeter of a closed figure is the sum of the lengths of its sides, as
illustrated in Figure 5-2. The hash marks on each side indicate that all three
sides are of different length in this particular triangle. The formula for
perimeter of a triangle is P=a + & + c.

Figure 5-2 Triangle showing the lengths of the sides.

1]
T
C

Example 1: Find the perimeter of a scalene triangle with sides of 2 m, 5 m,
and 6 m.
To solve this problem, follow these steps:
1. Choose the correct formula.
P=a+b+c
2. Substitute the lengths of the sides into the formula.
P=2+5+6
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3. Solve for the perimeter one step at a time.

P=7+6
P=13
P=13m

The perimeter of the triangle is thirteen meters.

Note: You must put units on your answer to geometric word problems.
There is a large difference, for example, between 13 meters and 13 inches.

Remember: You can use two different ways to correctly solve Example 1.
You can use the formula for the perimeter of a triangle, 7= a + & + ¢, sub-
stitute the given values for the variables, and then solve the equation for the
one unknown variable. You also could use the broad definition of perime-
ter and simply add the lengths of the sides. Using the formula (an equation)
is the preferred method. An equation is necessary to solve more complicated
word problems.

Area of a triangle
The area of a figure is the amount of surface enclosed by a closed figure.
One way to recognize an area word problem is to visualize an area rug cov-

ering the shape.

To find the area of a triangle use the formula 4 = % bh, where b represents

the base of the triangle and 4 represents the height. The base and the height
must be perpendicular to each other. This is represented in Figure 5-3 with
a square on the angle formed by the intersection of the base and the height.

Figure 5-3 Triangle showing the base and the height.

Example 2: Find the length of the base of a triangle with an area of 24 in
and a height of 6 inches.
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Solve Example 2 in the following way:

1. Choose the correct formula.

A=Lbh
2. Substitute the given values for the variables into the formula.
1

3. Using the commutative property of multiplication, place the %
adjacent to the 6 and multiply.

1
24 =3}

4. To solve for b, the base, divide both sides of the equation by
the coefficient 3 and simplify.

2 _ 30
3 3
8=b
b=8in

The base of the triangle is 8 inches.

Note: Area is measured in square units, in” (inches squared), and base and
height are measured in linear units, in (inches).

Sum of the measures of the angles
The sum of the measures of the angles in any triangle is always 180°, as
shown by the following formula and in Figure 5-4:

mZl + mZ2 + mZ3 = 180°

Figure 5-4 Triangle showing another way to reference angles.
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Example 3: Find the measure of ZDEEF, given the following diagram:

E 30° D

110°

F
1. From the figure, you can tell that mZEFD = 110°; mZEDF = 30°.

2. Using the formula for the sum of the angles of a triangle, sub-
stitute the given values.

You need to use only one unknown when solving an equation.
Copy the formula.

mZ1 + mZL2 + mZ3 = 180°
3. Substitute the appropriate values.
mZDEF + 110 + 30 = 180
4. Simplify the left side of the equation.
mZDEF + 140 = 180

5. Isolate the unknown variable by subtracting 140 from both
sides of the equation using the addition property of equations.
mZDEF + 140 — 140 = 180 — 140
mZDEF = 40
mZDEF = 40°

The measure of the unknown angle is 40 degrees.

Note: The degree symbol (°) is the unit of measure.

Example 4: Find the length of the missing side of a triangle with a longest
side that measures 20 cm and a shortest side that measures 9 cm. The
perimeter of the triangle is 46 cm.

In this word problem, a diagram is not provided. To visualize the problem,
draw your own diagram. You do not have to draw the diagram exactly to scale.

9cm a

20cm
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1.

Using the formula for perimeter of a triangle, substitute the
given values.

Make sure you have only one unknown when solving an equation.
P=a+b+c
46=a+20+9
Simplify the right side of the equation by combining like terms.
46=a+29

Isolate the unknown variable by subtracting 29 from both sides
of the equation.

46-29=4+29-29
17=a
a=17 cm

The measure of the unknown side is 17 centimeters.

Remember: As you complete a word problem, ask yourself two questions:

Did I answer the question?

Did I put units on my answer?

Rectangles and Squares

In order to work word problems involving rectangles and squares, you need
to know their definitions and some basic facts.

A rectangle is a four-sided closed figure in which the opposite sides
are parallel and of equal length. All pairs of adjacent sides of a rect-
angle meet at right angles.

A square is a special type of rectangle in which all sides are equal in

length.

Perimeter of a rectangle
For a rectangle, the perimeter formula is P = 2/ + 2w.

Example 5: Find the perimeter of a rectangular garden with a width of
15 feet and a length of 20 feet.

1.

Draw a rough sketch.
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156t + +

N
20ft
2. Copy the correct formula.
P=2[+2w
3. Replace two of the variables with numbers from the problem.
This leaves only one unknown, the perimeter.
P=2(20) + 2(15)

4. Simplify using order of operations one step at a time.

P=40+2(15)
P =40+ 30
P=70

The perimeter of the rectangular garden is 70 feet.

Area of a rectangle
The formula for area of a rectangle is A = /X w.

When measuring the area of any figure, the units for the area will be square
units. In the formula for the area of a rectangle, length and width are mul-
tiplied. If length and width were both measured in yards, the product
would be measured in yards squared.

Example 6: Sharon works at a carpet warehouse. When a customer wants
to carpet his or her rectangular living room, Sharon measures the length
and width of the living room. If the room measures 15 feet by 12 feet,
what is the number of square feet of carpet to be purchased?

1. After reading the problem carefully, draw a rough sketch of the

living room.

12ft
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2. Choose the right formula.

How can you tell that this problem is asking for area? The question
in the word problem always identifies the unknown, and in this
problem, the question asks for the number of square feet. The area
formula is the only formula that uses square feet. The room is
described as “rectangular”; therefore, use the formula for area of a

rectangle.
A=Ixw
3. Substitute the given information into the formula.
A=15x12
4. Multiply and solve the equation.
A=180
A=180 ft’

The number of square feet of carpeting needed for the living room
is 180 square feet.

Perimeter of a square
The formula for perimeter of a square is P = 4s.

Example 7: If the perimeter of a square is 24 in, how long is each side?

1. Draw a rough sketch.

Note: All sides are of equal length, as indicated by the single hash
mark on each side. The square in the lower-left corner shows that
all adjacent sides meet at right angles.

2. Choose the applicable formula.
P=4s
3. Substitute the given information into the formula.

24 = 45
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4. Solve the equation by dividing both sides of the equation by

four.
2% _ds
4 4
6=s5s
s=6in

The length of each side of the square is 6 inches.

Area of a square
The formula for area of a square is A = P

Example 8: Find the area of a square with sides of 6 ft.
1. Draw a rough sketch.

6ft -+
- |
2. Choose the correct formula and plug in the correct numbers.
A=5
A=6"
A=36
A=36f

The square has an area of 36 square feet.

In other words, if the square were to be covered in standard size (1 ft*) floor
tiles, the project would require exactly 36 tiles.

Test your skills by solving Example 9. Draw a diagram and label the dia-
gram with the given information. The diagram should help you visualize
which formula is appropriate for this problem and identify which variable
is unknown.
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Example 9: A rancher wants to construct a rectangular pen. He has a 12
foot gate and 148 feet of fencing material. He wants the pen to be 30 feet
wide. How long can the pen be?

1. Draw a picture.

12ft { 30ft

2. Choose the applicable formula.

Which formula applies to this problem? The problem states that
the pen is rectangular. Is this an area problem or a perimeter prob-
lem? The picture helps determine that this is a perimeter problem.
The fencing will be placed around the edge of the rectangle. The
appropriate formula for this problem is:
P=2[+2w
3. Substitute the given information into the formula.

The question indicates that the length is the unknown. Numbers are
needed for perimeter and width. The problem has three numbers.
Does that mean that one of the numbers is extraneous information?
No, the distance around the pen will be fencing material and the gate.

P=148 + 12
P=160 ft

4. Copy the formula for perimeter of a rectangle.
P=2[+2w
5. Substitute into the perimeter formula.
160 =2/ + 2(30)
6. Solve the equation one step at a time.

160 =2/ + 60
160 — 60 =2/+ 60 - 60
100 =2/
100 _ 2/
2 2
50=/
/=50 ft

The pen can be no longer than 50 feet.
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Multiple Shapes

Some word problems combine more than one shape. These problems are
much easier to understand when you use the following basic steps for solv-
ing word problems:

1.

e o & W N

Read the problem carefully, looking for keywords.
Draw a diagram, if possible.

Label the diagram.

Write an equation.

Solve the equation.

Check your solution in the equation and in the original word

problem.

Follow these steps for Example 10.

Example 10: The length of the side of a square is equal to twice the length
of the side of an equilateral triangle. If the perimeter of the square is
32 inches, find the length of the side of the equilateral triangle.

1.
2.

Read the problem carefully.

Draw pictures of a square and an equilateral triangle.

Label the sides of the figures.

Because the length of the side of the equilateral triangle is not
known, use the variable x to represent the length. The length of the
side of the square is defined in relation to the length of the side of
the equilateral triangle, x. Often, the unknown at the end of the
English sentence is the variable used in the equation.

2x X
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4. Write the equation, and then substitute into the perimeter for-

mula. The formula for perimeter of a square is

P =4
32 = 4(2x)
Solve the equation one step at a time.
32 =8«
32 _8x
8 8
4=x
x=4in

The length of the side of the equilateral triangle is 4 inches.
Check the solution.

Check your answer by replacing “the length of the side of an equi-
lateral triangle” with 4 inches and reread the original word problem
(see Chapter 4 for details). The problem says that, “the length of the
side of a square is equal to twice” 4 inches; therefore, the length of
the side of the square is 8 inches. The problem reads, “the perimeter
of the square is 32,” so the perimeter can be calculated as 4 times

8 inches, which is 32 inches. Therefore, the algebra of solving the
equation and the translation of the problem check.

Practice the six basic steps for solving word problems with Example 11.

Example 11: The length of the side of a square is one-half the width of a
rectangle. The length of the rectangle is three times the width of the rect-
angle. The perimeter of the rectangle is 64 cm. Find the length of the side
of the square.

1.

Read the problem.

2. Draw a picture.

3. Label the picture.
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1
2w T T
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Note: The width of the rectangle is at the end of the first two
sentences. The variable w is easier to use than x for this problem
because the width (w) is unknown.

4. Write an equation by choosing the correct formula and substi-
tute information from the picture into the formula.

The only number given in this problem is the perimeter of a rectangle.

P=2/+2w
64 =2083w) + 2(w)

5. Solve for the unknown one step at a time.

64 = 6w+ 2w
64 = 8w
64 _ 8w

8 8
8=w
w=8 cm

Is this the correct answer? No! Remember to ask yourself two ques-
tions as you complete a word problem.

m Did I answer the question?
m Did I put units on my answer?

The question asked for the length of the side of the square. As you
reread the word problem, the diagram you have drawn helps you
arrive at the correct answer:

The length of the side of the square is 4 centimeters.

6. Check the solution.
Look back at the picture and do mental math to check the dimen-
sions of the rectangle. Does the perimeter add up to 64 centime-

ters? Check your solution using the picture and always be sure to
reread the problem.
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Other Easily Visualized Word Problems

Geometry problems require a diagram because they are always concern-
ing a geometric shape. Visualizing a story problem with a diagram is an
excellent tool for translating a word problem into the correct equation,
even for problems not involving geometry. Board problems may not at
first appear to involve a diagram, but drawing and labeling a board makes
some word problems easier to solve. See Chapter 7 for details on board
problems.

Use the six basic steps for solving word problems (discussed in the “Mul-
tiple Shapes” section) for Example 12.

Example 12: Crystal has a 96-inch long board. The directions for a post
for her new mailbox require three pieces of wood. The longest piece must
be three times the length of the middle-size piece, and the shortest piece
must be 9 inches shorter than the middle-size piece. How long must each
piece be?

1. Read the problem.
2. Draw a diagram.

As you are reading each line of the word problem, add your transla-
tion to the diagram.

First line: Draw a board that is 96 inches long,.

9%5

3. Label the diagram.

Second line: Cut the board into three pieces and label the shortest
piece, middle-size piece, and the longest piece.

longest

shortest middle-si

9MS
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Third line: Put the variables on the board. The first half of the third
line tells you the relationship between the longest piece and the
middle-size piece. The longest piece is written in relation to the
middle-size piece or in terms of the middle-size piece.

shortest middle-size

longest

9MS

The second half of the third line tells you the length of the shortest
piece in terms of the middle-size piece. Don't forget the turnaround
word.

shortest middle-size

longest

9MS

Note: The “middle-size piece” is at the end of the expression and is
used as the variable. Also, note that the variable 7 is used instead of
an x or an 7. The m helps identify the answer to the equation as the
middle-size piece. While there are three unknowns, the relationship
of two of the unknowns to the middle-size piece is given, so 7 is
the only variable in the equation.

4. Write the equation from the diagram.
(m—9) +m+3m=96

5. Solve the equation one step at a time.

5m—9=96
5m—9+9=96+9

5m =105

sm_105

5 5

m=21
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The middle-size piece is 21 inches long. (The lengths of the shortest
and longest pieces are then easily found by looking at the diagram
and doing mental math.) The shortest piece is 12 inches long. The
longest piece is 63 inches long.

6. Check your answer.
21+12+63=96
33+63=96
96=96v

Even though Example 13 is not about a board, drawing a picture of a board
helps translate the problem correctly.

Example 13: A string knotting project for Troop 47 requires three pieces
of string. Each girl has a piece of string that is 42 inches long. The string
must be cut into three pieces such that the length of the middle-size piece

is % the length of the longest piece, and the length of the middle-size piece
is 6 inches longer than the length of the shortest piece. Find the length of
all three pieces.

1. Read the problem.

2. Draw a diagram.

Instead of drawing a string, draw a board.

——
42 inches

3. Label each piece with the variable or expression describing the
length of that piece in terms of one of the other pieces.

The third line defines the relationship of the sizes of the pieces.
The first half of line three ends with, “the length of the longest
piece.” The second half of the third line gives you the length of the
middle-size piece in terms of the shortest piece. When all variables
are not given in terms of just one of the pieces, the shortest piece is
the easiest one to use for the unknown.



Chapter 5: Geometry Problems '~ 69

——
42 inches

For this problem, use the variable 7 to represent the shortest piece.
The variable s may seem logical to use for the unknown, but is ill-
advised because an s can resemble the number 5.

4MS

Only the longest piece of the board is left to label. If the middle-
size piece is one-half of the length of the longest piece, the longest
piece is twice a long as the middle-size piece.

——
42 inches

4. Write the equation.
n+(n+6)+2(n+06)=42

5. Solve the equation.

n+n+6+2(n+06)=42
n+n+6+2n+12=42

4n + 18 =42
4n+18-18=42-18

4n =24

dn_24

4 4

n=06
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The shortest piece is 6 inches. The middle-size piece is 12 inches.
The longest piece is 24 inches.

6. Check your answer.

6+12+24=42
18 +24 =42
42=42

The solution to the equation has checked. If you want to double-check
your answer, reread the problem using 6, 12, and 24 inches to check the
translation of the word problem.

Chapter Checkout

Q&A
Solve the following problems. Be sure to answer the question and include
units.

1. Find the area of a triangle with a base of 6 m and a height of 10 m.

2. Given the perimeter of a triangle that is 25 cm and two sides measure
7 cm and 10 cm, find the third side.

3. The perimeter of a rectangle is 38 in. The length of the rectangle
is 2 in less than twice the width. Find the length and width of the
rectangle.

4. The perimeter of a triangle is 100 cm. One side is three times as long
as the second side. The third side is six times the second side. Find
the measurements of each side.

5. The perimeter of a square is 40 m. Find the length of the side s.

6. The area of a rectangle is 50 m’and the length is 10 m. Find the
width.

7. Jacob mows a yard that is shaped like a rectangle plus a square (see

the following figure). The side of the square is % the length of the

rectangle. The width is two feet less than the length. The entire
perimeter of the yard is 126 ft. Find the length of side of the square.
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8. The length of the side of a square is twice the width of a rectangle. The
length of the rectangle is three times the width of the rectangle.
The perimeter of the rectangle is 48 yd. Find the length of the side of the

square.

9. Jenna had a bar of candy measuring 8 inches long that she was going
to divide into three pieces. She kept the longest piece that was twice
as long as the other two pieces of equal size. How long was the piece
of candy that Jenna kept?

10. A lumber mill cut trees into four pieces of equal length. If a tree mea-
sured 20 ft long, how long was each piece?

11. Michelle wants to decorate the dance hall with streamers for her quin-
sefiera. Michelle wants to use all 250 feet of the streamer. The head
table is at one end of the dance hall. She wants two identical stream-
ers across the width of the dance hall meeting above the head table.
The other two identical streamers also start above the head table and
go to the opposite corners of the dance hall. The streamers going the
length of the dance hall need to be four times the length of the shorter
streamers. Find the length of all four streamers.

Answers: 1. The area of the triangle is A = 30 m”2. The third side mea-
sures 8 cm. 3. The width and length of the rectangle are w =7 in, /=12 in
4. The measurements of the three sides of the triangle are 10 cm, 30 cm,
60 cm. 5. The length of the side of the square is 10 m. 6. The width of
the rectangle is 5 m. 7. The length of the square part of the yard is 13 ft.
8. The length of the side of the square is 12 yd. 9. Jenna’s piece of the
candy bar is 4 in long. 10. Each piece of the tree is 5 ft long. 11. Two

streamers are 25 ft long and the other two streamers are 100 ft long.






Chapter 6
PROPORTIONS AND PERCENTS

Chapter Check-In

Proportion problems
Proportion word problems

Percent problems

I T A

Percent word problems

WOrd problems involving proportions or percentages are some of the

easiest to translate into equations and solve.

In this chapter, you solve equations involving proportions and percents,
and you also recognize and solve word problems that contain proportions
and percents.

Proportion Problems

Many standardized tests contain a section on analogies, in which you are
asked to fill in the blank. An example of this type of problem is

sky is to blue as grass is to

You then fill in the blank with “green” because the relationship between
sky and blue is the same as the relationship between grass and green.

In math, a similar example may be something like this
one is to three as two is to six

The relationship between one and three is that the second number is three
times as large as the first number. In math, we call that relationship a ratio.
The second ratio, two is to six, has the same relationship as the first ratio.
When two ratios are equal, that is called a proportion. Rather than write
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a proportion in English, you can write the proportion “one is to three as
M * 1 2 . . . .
two is to six” as follows: 3¢ Notice that if the second fraction is reduced,

both fractions are %

When solving proportion problems, one of the values is unknown and is,
therefore, assigned a variable, such as x or p. To solve for that variable, you
must solve an equation containing fractions. When an equation has two
fractions set equal to each other, you can simplify both sides of the equa-
tion by clearing fractions. To clear fractions from an equation, find the
least common denominator (LCD) for all the fractions. Multiply both
sides of the equation by the LCD.

Example 1 illustrates the steps required to solve a proportion problem.
Example 1: Solve for x: % = %

1. Simplify the equation by clearing fractions.

The two denominators in this problem are 4 and 20. The least
common multiple of 4 and 20 is 20: 4 times 5 is equal to 20, and
20 times 1 is equal to 20. Writing the least common denominator
over 1 makes canceling easier.

20,320, x
1 741720
520\ 3 12&
x
T XL=T %3
1 1
15=1x
2. Divide each side of the equation by the coefficient of x.
e _ 15
1 71
x=15

You can check a proportion problem by substituting the solution into the
original equation and reducing all fractions. The following shows how to
check the solution:

—_

|
Sie

v

NS [SVRN [V
SN

Practice your proportion solving skills with Example 2.
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Example 2: Solve the following proportion for x and check your answer:
X -2
2779
1. Simplify the equation by clearing fractions.
The least common denominator of 27 and 9 is 27.

27 x _27 2
T X27° 179
12\1 3

X
1T %

X

1
1x=6

22
N

2. Divide each side of the equation by the coefficient of x.

Le_

AN~

x=

3. Check.

)
o \1|°\
Il
[SINGII Y

597

Example 3 uses the same steps, but this time with the unknown in the

denominator instead of the numerator.

Example 3: Solve and check the following proportion for x: 37 =
1. Simplify the equation by clearing fractions.

The least common denominator of x and 5 is 5x. For a review of
least common denominators with variables, see ClifsQuickReview

Algebra I, by Jerry Bobrow (Wiley).
5 3255 8

8
5

AT |
51 15
>, 32 X 8
1 Xxl‘ 1 X\S\l

160 = 8x
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2. Divide each side of the equation by the coefficient of x.

8x _ 160
8 8
x=20

3. Check.

v/

I[N
oo O
oo oo

Proportion Word Problems

When word problems state a relationship between two quantities, they
provide you with a ratio. That ratio can be used to set up a proportion and
solve for an unknown. After you have identified the ratio, the rest of the
equation can be set up using that pattern. Example 4 shows the steps
required to set up, solve, and check a proportion word problem.

Example 4: Missy’s car averages 32 miles per gallon. She wants to drive
home on Christmas day and wants to be sure she has enough gas to get
home without having to stop for fuel. Money is tight, and her car is on
empty. How many gallons of gas should she buy to be sure she can make
the 224-mile trip home?

1. Identify the ratio given in the word problem.
The ratio is 32 miles per gallon. The ratio written as a fraction is
32 miles
1 gallon

2. Write the proportion equation, following the pattern set by the
ratio.
The ratio has number of miles in the numerator and number of
gallons in the denominator. The other information given is the
number of miles, so that number is placed in the numerator.

32 miles _ 224 miles
1 gallon x

Note: After the equation is set up, the units are not needed to find
the solution. They are needed, however, when stating the answer.

3. Simplify the equation by clearing fractions.

The least common denominator of 1 and x is 1x.
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Ix 32 _1x 224

TXT 1T %%
11 32 : 224
x _ Ixo 224
1 Y.~ 71 %

1 1
32x =224
4. Divide each side of the equation by the coefficient of x.
520 _ 224
32 7 32
x=7

Missy must buy at least 7 gallons of gas to be able to get home
without stopping for gas.

5. Check.
32 _ 224
17 7
32_32
T=TY

You may have been able to work Example 4 without an equation. Some
proportion problems are easy enough to work in your head; these are good
problems to practice the skills necessary to solve the more difficult pro-
portion word problems.

Use Example 5 as another way to practice your problem-solving skills.

Example 5: The box of just-add-water pancake mix says to mix one cup
of water with two cups of pancake mix. Bruce is in charge of the prepara-
tion of the pancakes for a pancake supper fund-raiser. Each cook has a six
quart container for the batter. How many quarts of water should be added
to four quarts of pancake mix?

1. Identify the ratio given in the word problem.

The ratio is one cup of water to two cups of pancake mix. The ratio
written as a fraction is:

1 cup water
2 cups pancake mix

Note: A detailed description of the units must be included in this
example, because both water and pancake mix are measured in cups.
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2. Write the proportion equation following the pattern set by the
ratio.

The ratio has volume of water in the numerator and volume of
pancake mix in the denominator. The other information given in
the problem is six quart container and four quarts of pancake mix.
How do you know which number to put in the equation? Follow
the pattern of the ratio. The six quart container holds the batter; it
is neither the volume of water nor the volume of pancake mix. The
four quarts is pancake mix and, therefore, is placed in the denomi-
nator. Notice that you are solving for the volume of water because
the unknown is in the numerator.

1 cup water _ x
2 cups pancake mix 4 quarts pancake mix

Note: After the equation is set up, the units are not needed to find
the solution. They are needed, however, when stating the answer.

3. Simplify the equation by clearing fractions.
The least common denominator of 2 and 4 is 4.

4 1 _4_ «x
T*2°1%%
? % 1 24
x
1 21 1 4 |
2=x
Bruce needs to add two quarts of water to every four quarts of pan-
cake mix.
4. Check.
1_2
274
l1_1
2=27

In Example 6, you work a problem that illustrates the importance of set-
ting up a proportion.

Example 6: The quality-control supervisor at Papel Paper Products has cal-
culated that, out of 5,000 reams of copy paper, 100 reams are usually defec-
tive. How many reams of paper does the quality control supervisor believe
must be produced to fill an order of 2,450 reams that are not defective?
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. Identify the ratio given in the word problem.

The ratio is 100 defective reams for every 5,000 total reams. The
ratio written as a fraction is:

100 defective reams
5,000 total reams

. Write the proportion equation following the pattern set by the
ratio.

The ratio has number of defective reams in the numerator and num-
ber of total reams in the denominator. Can you find another number
of defective reams or total number of reams in the word problem?
No, 2,450 is the number of nondefective reams in the order. Is there
another ratio that can be written from the original problem? Yes, you
can calculate the number of nondefective reams out of the 5,000.
4,900 reams out of 5,000 are not defective (5,000 — 100 = 4,900).

4,900 nondefectivereams _ 2,450 nondefective reams
5,000 total reams x

Note: After the equation is set up, the units are not needed to find
the solution. They are needed, however, when stating the answer.

. Simplify the equation by clearing fractions.

The least common denominator of 5,000 and x is 5,000x.

5,000 % 4,900 _ 5,000 % 2,450
1 5,000 1 x

1 1
55600 % 4,900 5,000)&>< 2,450

1 5,660 1 x
1 1

4,900x = 12,250,000
. Divide each side of the equation by the coefficient of x.

4,900x _ 12,250,000
4,900 4,900

x=2,500

Papel Paper Products must produce over 2,500 reams to ensure
that it can fill the order for 2,450 nondefective reams.

. Check.
4,900 _ 2,450
5,000 ~ 2,500
9_49,

50 50
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Percent Problems

The word percent means per one hundred. One method of solving per-
cent problems is the percent proportion method. This section reviews using
a proportion to solve percent problems.

The three elements needed in a percent problem are the percent, the base,
and the amount. When one of these is unknown (but no more than one),
you can use the percent proportion method to find the missing element.

The first clue that a problem is a percent problem is the word percent or
the percent (%) sign. To work a percent problem, use the following steps:

1.

Identify the percent.

The percent is the number before the word “percent” or the per-
cent (%) sign.

Identify the base.

The base is the number after the word OF.

Identify the amount.

The amount is hardest to identify and is one of the following:

m The last number in the problem

® The number after the word IS

Enter the values in the percent proportion formula.

The percent proportion formula is % = %, where 4 stands for the
amount, & stands for the base, and p is the percent.

Solve the equation for the unknown.

The same steps used to solve proportions are used to solve for the
unknown value. If the percent is the unknown, be sure to include
a % sign with your answer.

Practice the percent proportion method by solving Example 7:

Example 7: What percent of 28 is 72

1.

2.

Identify the percent.

The percent is the unknown in this problem.
=

Identify the base.

The base is the number after the word OF, 28.
b=128
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3. Identify the amount.
The amount is the number after the word IS, 7.

a=7
4. Enter the values in the percent proportion formula.
